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ANNOTATED CONTENT

180 Introduction, pg.5-7

[We review background and some definitions and theorems on abstract ele-
mentary classes.]

181 The Framework, pg.8-12

[We define types, stability in A,.# (M) and E,: equivalence relations on
types all whose restrictions to models of cardinality < p are equal. We
recall that categoricity in A\ implies stability in u € [LS(R),\).]

182 Variant of Saturation, pg.13-16

[We define <£,a and “N is (u, k)-saturated over M” and show universality

and uniqueness.|

183 Splitting, pg.17-18

[We note that stability in x4 implies that there are not so many p-splittings.|

184 Indiscernibility and E.M. models, pg.19-27

[We define strong splitting and dividing, and connect them to the order
property and unstability.|

185 Rank and Superstability, pg.28-33

[We define one variant of superstability; in particular categoricity implies
it.]

186 Existence of many non-splitting, pg.34-41

[We prove (e.g. for & categorical in A = cf()\)) that if My <}, , My <q N €
Ry and p € S (M;) does not p-split over My, then p can be extended to
q € . (N) which does not p-split over M.

(Note: up to E,,-equivalence the extension is unique). Secondly, if (M; : i <
J) is gtﬁ—increasing continuous in K, and p € ./(Ms) then for some i we
have: p does not u-split over M,.]

187 More on Splitting, pg.42-44

[We connect non-splitting to rank and to dividing,.]
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[1§8 Existence of nice ®, pg.45-65

[We try to successively extend the ®; of course, the & we use which is proper
for linear orders such that we have as many definable automorphisms as
possible. We also relook at omitting types theorems over larger model (so
only restrictions will appear).]

1189 Small Pieces are Enough and Categoricity, pg.66-73

[The main claim is that for some not too large x, if pi,ps € (M) are
E,-equivalent, ||M|| < X where K is categorical in A we have p; E, ps <

P1=Dp2.
Lastly, we derive that categoricity is downward closed for successor cardinals

large enough above LS(R).]
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§0 INTRODUCTION

We try to find something on
Catg = {\: K categorical in A}

for R an abstract elementary class with amalgamation (see 0.1 below).

The Los conjecture = Morley theorem deals with the case where K is the class
of models of a countable first order theory 7. See [Sh:c| for more on first order
theories. What for 7' a theory in an infinitary language? (For a theory T', K is
the class K = {M : M |= T} we may write Caty instead of Catg, = Catg).
Keisler gets what can be gotten from Morley’s proof on ¢ € Ly, r,. Then see
[Sh 48] on categoricity in N; for ¢ € Ly, x, and even ¢ € Ly, x,(Q), and [Sh
87a], [Sh 87b] on the behaviour in the XN,’s. Makkai Shelah [MaSh 285] proved:
if T C Lgx,,k a compact cardinal then Catr N {p* : p > J(an+iTiy+ } is empty
or is {u" : p > Jignsiry+} (it relies on some developments from [Sh 300] but is
self-contained).

It was then reasonable to deal with weakening the requirement on x to measura-
bility. Kolman Shelah [KISh 362] proved that if A € Catp where T' C L, ,,(7), A >
J(2x)+ where x = |7|+ &, k measurable, then (after cosmetic changes), for the right
<rp the class {M : M = T,|M|| < A} has amalgamation and joint embedding
property. This is continued in [Sh 472] which gets results on categoricity parallel
to the one in [MaSh 285] for the “downward” implication.

In [Sh 88] we deal with abstract elementary classes (they include models of
T C Ly x,, see 0.1), prove a representation theorem (see 0.5 below), and investigate
categoricity in Ry (and having models in Ny, limit models, realizing and materializ-
ing types). Unfortunately, we do not have anything interesting to say here on this
context. So we add amalgamation and the joint embedding properties thus getting
to the framework of Jonsson [J] (they are the ones needed to construct homoge-
neous universal models). So this context is more narrow than the ones discussed
above, but we do not use large cardinals. We concentrate here, for categoricity on
A, on the case “) is successor > Jious(a)y+”. See for later works [Sh 576], [Sh 600,
[ShVi 635] and [Va02].

We quote the basics from [Sh 88] (or [Sh 576]).

We thank Andres Villaveces and Rami Grossberg and earlier Michael Makkai for
much help.

We thank John Baldwin for complaining repeatedly during 2003/2004 on §8,89 and
Alex Usvyatsov for help in proofreading their revisions, so 8.9 (and beginning of
§9) were changed; elsewhere the changes are small.
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0.1 Definition. R = (K, <g) is an abstract elementary class if for some vocabulary
T =7(K)=7(R), K is a class of 7(K)-models, and the following axioms hold.

Ax0: The holding of M € K, N <g M depends on N, M only up to isomorphism
ie. [M e K,M >N = N € K], and [if N <g M and f is an isomorphism from
M onto the 7-model M’ mapping N onto N’ then N’ <g M’].

Azl: It M <g N then M C N (i.e. M is a submodel of N).
AzllI: MO <a M1 <a M2 1mphes MO <a M2 and M <a M for M € K.

AzIII: If X is a regular cardinal, M; (fori < \) is a <g-increasing (i.e. i < j < A
implies M; <g M;) and continuous (i.e. for limit ordinal 6 < A we have
Ms = | J M;) then My <g | M; € &

i<é i<\

AzIV: If X is a regular cardinal, M;(i < A) is <g-increasing continuous and

M; <g N then | ] M; < N.
i<\
AzV: If My C My and My <g N for £ =0, 1, then My <g M.
AxVI: LS(R) exists!; see below Definition 0.3.

0.2 Definition. 1) K, =: {M € K : |M|| = u}.

2) We say h is a <g-embedding of M into N is for some M’ <g N, h is an isomor-
phism from M onto M’.

3) We say that & has amalgamation (or the amalgamation property) when if for
any models M, € R for £ = 0,1, 2 and <g-embeddings hy of My into M, for £ = 1,2
there are M3, g1, go such that M3 € K and gy is a <g-embedding of M, into M3 for
¢=1,2and g1 o hy = g3 0 ho.

4) R has the A-amalgamation means that above M, € K for £ =0,1,2 and ¢ = 3.
5) K has the point embedding property, JEP means that for any M;, My € R there
is M3 € R then <g-embedding g1, g2 of My, M5 into M respectively. The A\-joint
embedding property, JEP, means that above we assume M7, My € R).

6) Let M <g N mean M <g N & N # N.

0.3 Definition. 1) We say that u is a Lowenheim Skolem number of R if
© > No and:

(%) for every M € K, A C M, |A| < p there is M', A C M’ <g M and
M| < p.

IWe normally assume M € & = ||M|| > LS(R), here there is no loss in it. It is also natural to
assume |7(8)| < LS(RK) which just means increasing LS(R).
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2) LS'(R) = Min{u : p is a Skolem Lowenheim number of K}.
3) LS(R) = LS (R) + |7(K)|.

0.4 Claim. 1) If I is a directed partial order, My € K fort € I and
s<rt= M, <g M; then

(a) Ms <g UMt € K for every s € 1
tel
(b) if (vt € I)[M; <g N] then | J M, <g N.
tel
2)IfAC M e K,|A|+ LS (8) < pu < ||M|, then there is My <g M such that
|My|| = p and A C M.
3) If I is a directed partial order, My < Ny € K fort € I and s <;t = M, <g
M, & N, <g N; then | JM; <gq | M.
t t

0.5 Claim. Let & be an abstract elementary class. Then there are 77, T such that:

(a) 7% is a vocabulary extending T(K) of cardinality LS(R)

(b) T is a set of quantifier free types in 7 (each is an m-type for some m < w)

(¢) M € K iff for some 7 -model M+ omitting every p € T we have
M=M"|rt

(d) M <g N iff there are T -models M+, NT omitting every p € T such that
Mt CNt M=M"|7(K) and N=N* | 7(K).

(e) if M <g N and M™ is an expansion of M to a 7T -model omitting every

p € I then we can find a 7 -expansion of N omitting every p € I' such that
Mt CNT.

0.6 Claim. Assume R has a member of cardinality > j(QLS(R))J,- (here and elsewhere
we can weaken this to: has a model of cardinality > 3, for every a < (ZLS(K))JF).
Then there is ® proper for linear orders (see [Sh:c, Ch.VIL§2]) such that:
(a) |7(®)| = LS(R)
(b) for linear orders I C J we have
EM,(I,®) <g EM(J,®)(€ K).

(¢) EM,(I,®) has cardinality |I|+LS(R) (so R has a model in every cardinality
> LS(R)).

Proof. Here see 8.6.
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PART 1
§1 THE FRAMEWORK

1.1 Hypothesis.

(a) 8= (K,<g) an abstract elementary class (0.1) so
Ky={M e K :|M| =X}
(b) R has amalgamation and the joint embedding property

(¢) K has members of arbitrarily large cardinality, equivalently: K has a mem-
ber of cardinality at least Jyrsca)y+.

1.2 Convention. 1) So there is a monster € (see [Sh:a, Ch.I,§1] = [Sh:c, Ch.L§1]).

1.3 Definition. 1) We say K (or R) is categorical in A if it has one and only one
model of cardinality A, up to isomorphism.

2) I(\, K) is the number of models in K (i.e., in K of cardinality A) up to isomor-
phism.

1.4 Definition. 1) We can define tp(a, M, N) (when M <g N and a C N), as

(@, M, N)/E where E is the following equivalence relation: (a', M', N') E (a?, M?, N?)

iff M* <g N*,a* € “(N*) (for some a but the same for £ = 1,2) and M*' = M?

and there is N € K satisfying M! = M? <4z N and <g-embedding f*: N* - N

over M* (ie. f | M* is the identity) for £ = 1,2 satisfying f!(a') = f2(a?). We

can define tp(a, ), N) similarly.?

2) We may omit N when N = € (see 1.2) and may then write & = a/M =

tp(a, M,€). We define “N is k-saturated” (when k > LS(R)) by: if M <g

N,||M|| < k and p € L<“(M) (see below) then p is realized in M, i.e. for some

aC N,p= tp(a, M,N).

3) (M) = {tp(a, M,N):a € “N,M <gx N}.

4) S (M) =S (M) (we could have just as well used 7<% (M) = U S(M)).
n<w

5) If My <g M, and p; € .S*(M,) for £ = 1,2, then py = p1 | My means that for

some a, N we have M7 <g N and a € *N and p; = tp(a, My, N) for £ = 1,2. See

[Sh 300, Ch.II] or [Sh 576, §0] and see 1.10 below.

2what about tp(a, A, N)? The cumbersomeness is that we end up defining essentially tp.(a U
A0, N)
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1.5 Definition. Let R stablein A mean: [|[M| < A= | (M)| < Aand A > LS(R).

1.6 Convention. If not said otherwise, ® is as in 0.6.

1.7 Claim. If K is categorical in A and X\ > LS(R), then

(a) R is stable in every p which satisfies LS(R) < pu < A, hence
(b) the model M € Ky is cf(\)-saturated (if cf(A) > LS(R)).

Remark. The first proof below gives more and uses more.

Proof. Like [KISh 362] but this is immersed with ultrapowers.
First Proof: So® let ® be as in 0.6. Now let I be such that:

(a) I is a linear order of cardinality A

(b) for every J C I,|J| = p there is J; satisfying
() JCJ CI
(B) [l =n

(v) if I’ C I is finite then for some automorphism g of I we have
glJ=1id,
g([l) Q Jl.

(see [Sh 220, AP]).

Now suppose toward contradiction that My € K, |7 (My)| > p, then we can
find M, € K,+ and a; € M, for i < p* such that M <g M; and i < j <
pt = tp(a;, M, M) # tp(a;, M, My). By 1.10(1) below we can find M, € K\
such that M; <g M>. Let ® be as in 0.6. Now M, and EM,(g) (I, ®) are both
models in K\ hence are isomorphic, so by renaming equal. So let a; = 0;(az,) with
t; € " I. By the pigeon-hole principle without loss of generality o; = o*,n; = n*
and let J C I,[J| < p be such that M C EM, ) (I, ®) and let J; satisfy clauses
(b)(a)(8), () above. For each i < pt there is an automorphism f; of the linear order
I such that f; [ J = idy, fi(t;) C J1. So without loss of generality f;(t;) = 5. Now
each f; induces naturally an automorphism f; of EMg () (I, ®), which in particular
is an automorphism of EM;4)(/,®) = M. This automorphism is the identity

3the proof was written because of a requisition of Rami Grossberg!
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on EM; ¢)(J,®) hence on M. Also fi(a;) = file*(81),...,o*(fi(t;) = o*(5), so
is the same. Clearly tp(as, M, My) = tp(as, M, My) = tp(fi(a), f1 (M), M) =
tp(c*(8), M, Ms), as this holds for every i < u™ we have gotten a contradiction.

Alternative proof: Let ® be as in 0.6. Assume N = EM, (A, ®) and M <z N, M €
K,. We can find v C A, |u| = p such that M <z EM;(u, ®). Clearly it is enough
to show

(*) if Bg = 0("'7aa(€,k)a"')k<k(*) € N for ¢ = 1,2 as Oé(g,()) < ..o <
a(l, k(%)) — 1 and

(VB € u)(Vk < k(x)))[(a(l, k) < 8= a(2,k) < B)A
(a(1,k) > B = a(2,k) > B)]

then tp(by, M, N) = tp(ba, M, N).

But (x) is immediate: let N; = EM;(ug, ®) where u; = u VvV {a(l, k) : k < k(*)}
for £ = 1,2, so there is an isomorphism f from EM(uq, ®) onto EM(uz, ®) which is
the identity on {ag : f € u} and maps @q(1,x) t0 Ga(2,k) for k < k(x). So f can be
extended to an automorphism f* of €, f* | M = id,,, f(b1) = ba.

So if M € K,,|-”(M)| > p, there is MT such that M <g M* € K,+ and
{tp(b, M, M*) :be Mt} = pu". Let NT € K, be such that M+ <z Nt € K,.
So there is an isomorphism g from N* onto N. Now g(M),g(M™) contradicts
what we have proved above.

Similarly LS(R) < p=pu < \,M € K, = |-%(M)| < u. So we have proved
clause (a).

Now for proving clause (b); it just follows from clause (a). Oz

1.8 Definition. 1) For u > LS(R), E, = E,,[f], E,, is the following relation,

p E, q iff for some M € K,m < w we have
p.g €S (M) and [N <g M & |[N||[<p=p[N=gqlN].

2) We say p € /(M) is p-local if p/E,, is a singleton.

3) We say R is p-local if every p € /<% (M) is p-local.

4) We say “c realizes p/E, in M*” it M <g M*,c€ M* and [N <g M & ||N| <
H= tp(C,N,M*) =D [N]

1.9 Remark. 0) Obviously E, is an equivalence relation.
1) In previous contexts Epgs(g) is equality, e.g. the axioms of NF in



Paper Sh:394, version 2004-10-29.10. See https://shelah.logic.at/papers/394/ for possible updates.

10 SAHARON SHELAH

[Sh 300, Ch.IL,§1] implies it; but here we do not know — this is the main difficulty.
We may look at this as our bad luck, or inversely, a place to encounter some of the
difficulty of dealing with L, ., (in which our context is included).

2) Note that the p-local does not imply p-compactness which means: if m <
w,M € Rand p = (py : N <g M,[[N|| < p),pn € S™(N) and [N1 <g N2 <g
M & ||[N2f < = pn, = pn, | Ni| then there is p € #™(M) such that
N<gM & [[N|<p=plN=pn.

1.10 Claim. 1) There is no mazximal member in K, in fact for every M € K there
is Ny M <g N € K, ||N|| < ||M|| + LS(R), hence for every A > || M| + LS(R) there
is N € K such that M <g N € K.

2) If po € S*(M3) and My <g My € K then for one and only one p; € S*(My)
we have p1 = ps | M.

3) If p1 € S*(My) and My <g My € K then for some py € /(M) we have
p1 =p2 [ M.

4) If My <g My <g M3 and py € /(M) for £ = 1,2,3 then p3 | Mz = ps &
p2 | My =p1 = p3 | M =p1.

Proof. 1) Immediate by clause (c) of the hypothesis 1.1 and claim 0.6.

2) Straightforward.

3) By amalgamation.

4) Check. Dl.lO

1.11 Claim. If (M; :i < w) is <g-increasing continuous and p, € /*(M,) and
Pn = Pn+1 | My, for n < w, then there is p, € S*(M,) such that n < w = p, |
M, = pn.-

Proof. Let Ny be such that My <g Ny and po = tp(a, My, Ng). We now choose
(Nn, hy,) by induction on n such that:

® (a) N, € Ris <g-increasing
(b) hy, is a <g-embedding of M, into M,
(c)
(

¢) h,, increases with n

d) tp(a,h,(My), Ny) is hy(pr).

For n =0, (N,,idy, ) are as required.
For n+ 1, use pp4+1 [ M,, = p, and straight chasing diagrams. 0411
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1.12 Remark. In 1.11 we do not claim uniqueness and do not claim existence
replacing w for § of uncountable cofinality. In general not true [Saharon add].
Compare with 8.5, 9.2.
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§2 VARIANT OF SATURATED

2.1 Definition. Assuming £ stable in x4 and « is an ordinal < p*, 4 X a means
ordinal product.

1_) M<,,Nit: M e K,,N € K,, M <g N and there is a <g-increasing sequence
M = (M; : i < p x «) which is continuous, My = M, M, o <g N and every
p € .Y M;) is realized in M.

2) We sayM <,}L,Oz Nit M € K,,N € K,,M <g N and there is a <g-increasing
sequence M = (M; : i < pux a), My = M, M,xo = N and every p € 1 (M;) is
realized in M; .

3) If & = 1, we may omit it.

2.2 Lemma. Assume 8 stable in p and oo < p.
0) If £ € {0,1} and a1 < ag < u™ and there is b C ag such that otp(b) = oy
and [{ =1 = b unbounded in o) then <!, , C<! .
1) If M € K,,, then for some N we have M <o IN and for some N, M <L7a N.
2) (o) If M eK, M<gM <, N then M </ / N.
(b) If M € K,,M <g M' <!, , N' <a N € K, then M <5, , N (so
<SS )-
3) If (M; i < a) is <g-increasing sequence in K,,, M; <5 Miy1 and a < wtois a
limat ordinal, then M, St’a U M;.
<o

4) If M <%, N then:

(a) any M" € K, can be <g-embedded into N (here we can weaken |M'|| =

to ||M'|| < )

(b) If M’ <g N' € K<,, h is a <g-embedding of M’ into M then h can be
extended to a <g-embedding of N’ into N.

5) If M* S}L’K N* for £ = 1,2, h an isomorphism from M*' into [onto] M? then h
can be extended to an isomorphism from N into [onto] N2.

6) If M <}, . N* for £ = 1,2 then N* = N? (even over M).

7) If M <ox N, M <g M' € K, then M’ can be <g-embedded into N over M.
8) If 1> r > LS(R) and M <, . N then N is cf(k)-saturated.

Proof. See [Sh 300, Ch.I1,3.10,p.319] and around, we shall explain and prove part
(8) below.
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2.3 Discussion: There (in [Sh 300, Ch.I1,3.6]) the main point was that for £ >
LS(R), the notions “k-homogeneous universal” and x-saturation (i.e., every “small”
1-type is realized) are equivalent.

Not hard, still [Sh 300, Ch.II,3.6] was a surprise to some (including myself). In
first order the equivalence saturated = homogeneous universal for < seemed, with
a posteriori wisdom, natural as the homogeneity used was anyhow for sequences of
elements realizing the same first order formulas so (forgetting about the models)
to some extent this seemed natural; i.e. asking this for any type of 1-element was
very natural.

But here, types of 1-element are really meaningful only over a model. So it seems
that if over any small submodel every type of 1-element is realized (say in ) and
we would like to embed N >g Ny, Ng <g 2 into 2 over Ny, we encounter the
following problem: we cannot continue this as after w stages, as we get a set which
is not a model (if LS(R) > N, this absolutely necessarily fails; and if LS(R) = R at
best the situation is as in [Sh 87al).

This explains a natural preconception making you not believe; i.e. psychological
barrier to prove. It does not mean that the proof is hard.

Note that in [Sh 48], [Sh 87a], [Sh 87b] and even [Sh 88] the types are a still set of
formulas and essentially (after cleaning) first order.

2.4 Remark. Note that <u s
[Why? For limit ordinal § < pt, <) ;€<

uniqueness 2.2(6).]

Still <Y, . is enough for universality (2.2(4)) and is natural, <, . is natural for
uniqueness. BUT <;1L, —<1 x, can be proved only under categorlclty (or something
like superstability assumptlons) For understanding this we may consider a first

order T' stable in p. Then, M </1wc N is equivalent to:

. . 1
k regular are the interesting ones as gm_gwf@

<1 cf(6) by 2.2(0) and equality holds by the

® (1) [M]=[N|=pMNET
(4i)  and there is (M; : i < k) which is <-increasing continuous such that
(@) Mo=M M, =N
(8) (Mz+1, ¢)eenm; is saturated.

Question: Now, is IV saturated when M <;1w N?
Answer: It is saturated iff cf(k) > k,(T"). See [Sh:c, Ch.IIL,§3].

This is similar to S-limit models for S a stationary subset of u™, see [Sh 88].
That is, if M <, N then N is a {§ < AT : cf(§) = s}-limit model. If T is
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first order stable in p, then there are such models for every x < pu; for a = 1
we get the saturated model. Of course, N is a superlimit model (see [Sh 88]) if
k= cf(k) <p= 3BM)(M <, . N).

Before we prove 2.2(8), recall

2.5 Definition. M € K is k-saturated if k > LS(RK) and:
N <g M,||N|| < k,p € S*(N) = p realized in M.

Proof of 2.2(8).
Statement: If M <, . N (s regular) then N is s-saturated.

Note: if K < LS(RK) the conclusion is essentially empty, but there is no need for the
assumption “x > LS(R)”.

Proof. Let M = (M, : i < uxxk) witness M S}W NsoMy=M,M,x. =N,M; <g-
increasing continuous and every p € . (M;) is realized in M.
Assume

() N' <g N,||N'|| < k,p € L (N').

We should prove that “p is realized in N”. But (M; : i < pu X k) is increasing
continuous

cf(p x k) =k > [[N']

so N' <g Mxx = U M; implies there is i(x) < p x &, such that N' C M;(,
T<UXK

hence by Axiom V we have N" <g M;(,). So p has (by amalgamation, i.e., 1.10(3))

an extension p* € (M;()), i.e., p* [ N = p. By the choice of (M; : i < pu x k), p*

is realized in M;()41 so in M;x,, = N and the same element realizes p by the

definition of p we are done. Uoo

Comment: Hence length p (instead of p x k) suffices.
But for the uniqueness seemingly® it does not. See 2.2(4) + (5).

Comment: The definitions of Sg,m §L’K are also essentially taken from

[Sh 300, Ch.IL,3.10]. We need the intermediate steps to construct models so we
have to have u of them in order to deal with all the elements.

4but see [Sh 600, §4] it suffices
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2.6 Claim. If K is categorical in A\, M € K and cf(\) > p then:

if N <¢ M € K\,N € K,,,N' <g M,h an isomorphism from N onto N', then h
can be extended to an automorphism of M.

Proof. By 1.4 we have LS(R) < u < A = R stable in . We can find (M; : i < \)

which is <g-increasing continuous, ||M;|| = |i| + LS(K) and M; <|1i|+LS(ﬁ),|i|+LS(ﬁ)
M; 1. By the categoricity assumption without loss of generality M = U M,;. As
i<
cf(\) > p for some ig < A we have N, N' < M;, .
By 2.2(5) we can build an automorphism. O

To restate in later names

2.7 Definition. For ;1 > LS(R), we say N € K, is (i, k)-brimmed if for some M
we have M <, . N (so & is < y1, normally regular); we then say N is (u, &)-brimmed
over M.

Restating the earlier statements

2.8 Claim. 1) The (u,k)-brimmed model is unique (even over M) if it exists at
all.

2) If M is (p, k)-brimmed, k = cf(k) > LS(R) then M is k-saturated.

3) If M is (u, k)-brimmed for every k = cf(k) < p and p > LS(R) then M is
p-saturated.

2.9 Discussion: It is natural to define saturated as || M ||-saturated. (It may cause
confusions using the closely related notion of being (u, x)-brimmed for every regular
k < p.) This is particularly reasonable when the cardinal is regular, e.g. if K
categorical in A, A = cf(A) the model in K is A-saturated.

Part of the program is to prove that all the definitions are equivalent in the
“superstable” case.

For now in Definition 2.7 we have not said when such a model exists; stability
in p (for our classes which has amalgamation and JEP) is sufficient and necessary.
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63 SPLITTING

Whereas non-forking is very nice in [Sh:c|, in more general contexts, non first order,
it is not clear whether we have so good a notion, hence we go back to earlier notions
from [Sh 3], like splitting. It still gives for many cases p € (M), a “definition” of
p over some “small” N <g M. We need p-splitting because Erg(g) is not known to
be equality (see 1.8). We concentrate (in Definition 3.2 below) on the case Ny, Ny
are models not sequences as in this work this is the most useful case (though those
sequences can be of length < || N||)

3.1 Context. Inside the monster model €.

3.2 Definition. p € ¥ (M) does p-split over N <g M if:

|IN|| < u, and there are Ny, Ny, h such that:

IN1|| = || N2|| < pand N <g Ny <g M, for £ =1,2

h an elementary mapping from N; onto Ny over N such that

the types p | No and h(p | N7) are contradictory (equivalently distinct).

3.3 Claim. 1) Assume R is stable in p, u > LS(R). If M € &>, and p € S (M),
then for some Ny C M, ||No|| =, p does not u-split over Ny (see Definition 3.2).
2) Moreover, if 2% > p, (M; : i < k+ 1) is <g-increasing, a € ™ (My11),

tp(a, M1, Myy1) does (< p)-split over M;, then R is not stable in p.

Proof of 3.3. 1) If not, we can choose by induction on i < u N;, N}, N2, h; such
that:

defined them for ¢ < u™).

Let x = Min{x : 2X > p} so 2<X < p. Now contradict stability in u as in part (2).
2) Similar to [Sh:a, Ch,I,§2] or [Sh:c, Ch.I,§2] (by using models), but we give details.
Without loss of generality M; € K<, for ¢ < k + 1. For each @ < k let N; 1, N; o
be such that M; <g N; ; <g M;11,g9; an isomorphism from N;; onto NN; o over M;
and tp(a, N; 2, Mit1) # gi(tp(a, N; 1, Mi+1). Without loss of generality 2<% < p.
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We define by induction on o < k a model M and for each n € “2, a mapping h,,
such that:

(a) M} € K, is <g-increasing continuous
(b) for n € *2, h, is a <g-embedding of M, into M}
(c) if B < a,n € 2, then hy1p C hy

)

(d) fa=p+1ve ’827 then hy-<o> [ Ni1 = hyur<1> [ Nijo.

There is no problem to carry the definition (we are using amalgamation only in
K<, and if we start with My € K, only in K,). Now for each n € "2 we can
find M; € K,,M; <g M;; and <g-embedding h;; of M. into M; extending
hy, = U hota- Now {tp(h;}(a), My, M) : n € "2} is a family of 2% > p distinct

a<K
members of . (M) and recall M} € K,, so we are done. Os .3

3.4 Conclusion. [Assume the conclusion of 3.2]. If p € /™ (M), M is p™-saturated,
k= cf(x) < p, then for some No <7, . N1 <g M, (so || N1 = p) we have:
p is the E,-unique extension of p | Ny which does not p-split over Ny, which means:
if ge S (M),q | N1 =p | Ny and p does not p-split over Ny, then pE, q.
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§4 INDISCERNIBLES AND E.M. MODELS

4.1 Notation. We can below replace h; by the sequence (h;(t) :t € Y).

4.2 Definition. Let h; : Y — € for ¢ < i*.
1) (h; : © < i*) is an indiscernible sequence (of character < k) (over A) if for every g,

a partial one to one order preserving map from i* to i* (with domain of cardinality
< k) there is f € AUT(C), such that

g(i)=j=hjoh;' Cf

(and id4 C f).

So omitting kK means kK > *.

2) (h; : i < i*) is an indiscernible set (of character < k) (over A) if: for every g, a
partial one to one map from i* to i* (with |Dom(g)| < x) there is f € AUT(C),
such that

g(i)=j=hjoh;' Cf

(and id4 C f).

3) (h; : 1 < i*) is a strictly indiscernible sequence, if i* > w and for some ®, proper
for linear orders (see [Sh:a, Ch.VII] or [Sh:c, Ch.VII]) in vocabulary 7 = 7(®)
extending 7(K), there are M = EM?(i*, ®) with skeleton (z; : i < i*) (so M?! is
the Skolem Hull of {z; : ¢ < ¢*} which is an indiscernible sequence for quantifier
free formulas), and there is a sequence of unary terms (o; : t € Y') such that:

O't(l’i) = hz(t) for 1 < i*,t ey

M| 7(K) <g €.

4) Let h; : Y; — € for ¢ < ¢* we say that (h; : i < i*) has localness 0 if (0 is a
cardinal and):

(%) if AL : Y; — € for i < i* and for every u € [i*]<% there is an automorphism
fu of € such that f, | A= ida and i € u = f, o h; = h}, then there is an
automorphism f of € such that f [ A= ids and i <i* — foh; = hl.
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4.3 Definition. 1) R has the (k, 0)-order property if for every a there are A C &
and (a; : i < a), where a; € "€ and |A| < 6 such that:

(%) if ig < jo < a,i1 < j1 < « then for no f € AUT(C) do we have
f 1A= ida, f(ai, aj,) = a;, " a;,.

If A=0ie. 0 =0, we write “sk-order property”.
2) & has the (k1,k2,0) order property if for every a there are A C € satisfying
|A| <0,(a; :i < ) where a; € "€ and (b; : 1 < ) where b; € "2€ such that

(¥) if ip < jo < a,i1 < j1 < @, then for no f € AUT(€) do we have
fTA= idA,f(C_li0> = ajwf(bjo) = bi,.

4.4 Observation. So we have obvious monotonicity properties and if § < k we can
let A = 0); so the (k,)-order property implies the (k + #)-order property.

4.5 Claim. 1) Any strictly indiscernible sequence (over A) is an indiscernible se-
quence (over A).

2) Any indiscernible set (over A) is an indiscernible sequence (over A); can add
“of character < K”.

Proof. Obvious.

4.6 Claim. 1) If p > LS(R) + |Y| and for each § < J(zuy+ we have h? : Y — €,
fori < @ (e.g. hY = h;) then for any infinite i*, we can find (R} j <i*), a strictly
ndiscernible sequence, with h;- 1Y — € such that:

x) for everyn < w,j; < -+ < jp < 1* for arbitrarily large 0 < Jiouy+ we can
(%) (20)
find iy < - <in <0 and f € AUT(C) such that h’;, o (W)=t cCf.

2) If in part (1) for each 6, the sequence (h? : j < 0) is an indiscernible sequence
of character Xo, in (x) any iy < -+ < i, < i* will do.

3) In Definition 4.3 we can restrict a to a < 3(2H+9+Lsm>)+ and get an equivalent
version.

4) In Definition 4.3(1) we can demand (a"a; : i < «) is strictly indiscernible (where
a lists A) and get an equivalent version. Similarly in 4.7(2).

5) If p > LS(R) + |Y|,N <g € and for each 0 < J(guy+ we have h? : Y — N for
i <0 and N is an expansion of N with |[T(NY)| < u, then for some expansion N>
of Nt with |7(N?)| < p and ¥ we have:
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(a) 7(¥) =7(N?)

(b) for linear orders I C J we have
EM, () (1, ¥) <g EM () (J,¥) € K
and the skeleton of EM, (g (I, W) is (a; :t € I),a; = (ary 1y € Y)

(c) for every n < w for arbitrarily large 6 < J(auy+ for some i < ...i,1 <0,
for every linear order I and tg < --- < t,_1 in I, letting J = {to,...,th—1}
there is an isomorphism g from EM(J,¥) C EM(I,¥) (those are T(N?)-
models) onto the submodel of N? generated by U Rang(h?z) such that

£<n

he (y) = glasy).

Proof. As in [Sh:c, Ch.VIL3§5] and [Sh 88], see 8.7 for a similar somewhat more
complicated proof. Oae

As in the first order case:

4.7 Lemma. 1) If there is a strictly indiscernible sequence which is not an in-
discernible set of character Ng called (@' : i < w), then & has the |lg(a®)|-order
property.

Remark. Permutation of infinite sets is a more complicated issue. That is, assume
(@ : i < i*) is a strictly indiscernible sequence over A of character 6+ but is
not an indiscernible set over A of character 8% and i* > 6%. Does £ have the
(£g(a®),|A| + 0 x £g(a®))-order property.

4.8 Claim. 1) If 8 has the k-order property then:
I(x, R) = 2X for every x > (k + LS(R))"
(and other strong non-structure properties).

2) If R has the (K1, ke, 0)-order property and x > kK = K1 + Ko + 0 then for some
M € K,,, we have |.#"*(M)/E,| > x.

Proof. 1) By [Sh:e, Ch.III,§3] (preliminary version appears in [Sh 300, Ch.III,§3])
(note the version on e.g., A(Ly+ ).
2) Straight. Uas
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4.9 Definition. 1) Suppose M <g N and p € ."(N). Then p divides over M if
there are elementary maps (h; : i < &), Dom(h;) = N, h; | M = idp, (hi : i < R)
is a strictly indiscernible sequence and {h;(p) : i« < K} is contradictory i.e. no
element (in some €', € <g €') realizing all of them; recall & is the cardinality of €.
Let u-divides mean no elements realize > p of them.

2) ku(R) [or k7, (R)] is the set of regular & such that for some <g-increasing contin-
uous (M; : i < k+1) in K, and b € M, for every i < k we have: tp(b, M, M,.+1)
[or tp(b, M;+1, M41)] divides over M;; so k < p.

3) Kpu,0(R) [or K7 4(R)] is the set of regular x such that for some <g-increasing
continuous sequence (M; : i < k+ 1) in Ky and b € M, for every i < k we have:
tp(b, My;, My.1) [or tp(b, Miy1, My11)], p-divides over M;, so k < 6 (see Definition
4.12 below).

4.10 Remark. 1) A natural question: is there a parallel to forking?
2) Note the difference between r, (&) and £}, (8), e.g., 4.11(2) is not clear for x,,(&).
Note that now the “local character” is apparently lost.

4.11 Fact. 1) In Definition 4.9(1) we can equivalently demand: no element realizing
> J(ox)+ of them, where x = || V]].
2) If k € K},(R),0 = cf(f) <k then 6 € ,(KR) and similarly of 7, ,(R).
3) K, (R) C K, (R) similarly &7 5(R) C Ky 0(R).
4.12 Definition. Suppose M <z N,p € ./ (N),M € K<, > LS(R).
1) We say p does p-strongly split over M, if there are (@’ : i < w) such that:
(i) @' € 72€ for i < w, v < ut, (@ :i < w) is strictly indiscernible over M
(i) for no b realizing p do we have tp(a®"(b), M, €) = tp(a'"(b), M, €).

2) We say p explicitly u-strongly splits over M if in addition a® Ua' C N.
3) Omitting u means any p (equivalently p = ||NJ|).

4.13 Claim. 1) Strongly splitting implies dividing with models of cardinality <
if (%), holds where (%), = (*)ux,,8, and

(K)po,0 If (@ :i < i*) is a strictly indiscernible sequence, a' € “@,_l_) € 7> ¢, then for
some u C i*, |u| < 0 and the isomorphism type of (€,a"b) for all i € i*\u
is the same.
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4.14 Claim. 1) Let u(x) = p+ o + LS(R). Assume (@’ : i < i*) and b form
a counterexample to (*),.0,0 of 4.18 and 0 > 3(2u<*>)+ then R has the u(x)-order
property.

2) We can also conclude that for every x > p+ LS(R), for some M € K, we have
.79 (M)| > x, note Lg(b) < o.

8) If in (1) we have 9 < J(gu)y+ " we can still get that for every x > p+o+LS(R)+
0 for some M € K,,, we have |79 (M)| > x?, moreover | 749" (M)/E,| > x°.
4) In part (1) it suffices to have such an example for every 6 < 3(2“(*))+, of course,
for a fized p(x).

Proof. Straight, using 4.15 below.

4.15 Claim. Assume M = EM, ) (I, ®),LS(R)+{g(a;) < p fort € I, pn> |af and
M <4z N,be*N and

(x) for no J C I,[J| < Jiauy+ do we have for allt,s € I\J,
tp(a;"b,0, N) = tp(as"b,0, N).

Then

(A) we can find ®" proper for linear orders and a formula ¢ (not necessarily
first order, but ¢ is preserved by <g-embeddings) such that for any linear
order I’ B
letting M'" = EM(I', ®) having the skeleton (a; : t € I),a} = a' by, Lg(a’) <
p,Lg(by) = o and we have:

M E plat,bs) &t <s
(if o < w, this is half the finitary order property)
(B) this implies instability in every p’ > pif a < w
C) this implies the p-order property and even the (u,|al,0)-order property
Il Il

(D) if we strengthen the assumption to b € *M then “|J| < p*” and just “|J| <
la|T + Ro” in (%) suffices

(E) if x > p, for some N’ € K, then |*(N')| > x moreover | “(N')/E,| >
X-

Proof. As we can increase I, without loss of generality the linear order I is dense
with no first or last element and is (J(ou)+ )" -strongly saturated, see Definition
4.18 below. So for some p and some interval Iy of I, the set Yy = {t € I :
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tp(a;"b,0, N) = p} is a dense® subset of Iy. Also for some ¢ € .%(M)\{p}, the
set Y1 = {t € I : tp(a;"b,0, N) = ¢} has cardinality > J(gu)+ and let Y] C Y; have
cardinality J(ouy+. As we can shrink Iy without loss of generality Iy is disjoint from
Y/ and as we can shrink Y/ without loss of generality (Vs € Y{)(Vt € Iy)(s <! t) or
(Vs € Y{)(Vt € Ip)(t <! s).

By the Erdos-Rado theorem, for every 6 < Ju)+ there are s €Y/ fora <6
such that (s? : o < 6) is strictly increasing or strictly decreasing; without loss of
generality the case does not depend on 6, so as we can invert I without loss of

generality it is increasing. Hence (try (p1,p2) = (p,q) and (p1,p2) = (q,p), one will
work)

(¥) we can find p; # pa such that

(#x) for every § < J(ouy+ there is an increasing sequence (t% : o < 6 + ) of
members of I such that

()  a<0= tp(ag b0,N)=p

(ii) 0 <a<0+0= tp(aw b,0,N)=p.

[Note that we could have replaced “increasing” by
(i) a<B<O=tl <sth<rth o <1ths

Why? Let I} = {t € I : (Vo < ) s, < t}, so every A C I of cardinality < Jgu)+
has a bound from below in I7, so for some ¢; € ./*(M) the set Io = {t € I :
tp(a;"b, 0, N) = q1} is unbounded from below in I;. If ¢; # ¢ then g1, ¢ can serve
as p1, P2, SO assume q; = ¢, SO P, ¢ can serve as pi, pa.]

For every 6 < J(auy+ for every oo < 6 we can find an automorphism fp o of € such
that fe,a(dtg) is Qg if f < a and is gy if B € [a,0), and let b% = fg_’cly(l_)). So in
¢, for 6 < Jigu)+, we have <(dtg,53) : o < 0) satisfies tp(dtgABQ,(Z), €) is pp iff it is
# po iff a > .
Now we apply 4.6(5) with k¢ listing @’ "b% and letting N1 be EM(I, ®) (so 7(N1) =
7(®)) and we get ¥ as there.

So we have proved clause (A) and clause (B) by 4.8(2), by easy manipulations
we get clause (E) and so (C).

We are left with clause (D). Clearly there is t = (¢; : i < 1*) satisfying i* < |a| T+

Ng such that b= (bg : B < ), bg = T8(Qty 5,010 > Aty 5 nem 1)) Where i(8,0) <%, 75

Sas {tp(a, M, ) : a € “¢} is < 2lIMl+[a[+LS(R) by the amalgamation property and the choice
of €.
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a 7(®)-term. So by the version of (%) used in clause (D), necessarily for some
s1, 82 € I\J we have:

p1 # p2 where

P11 = tp<aslAB (DaN)

P2 = tp(dsz AB? (Dv N)

Clearly s; # sy. By renaming without loss of generality s; <! s, and initial seg-
ments J; (¢ < 3) of J we have ) = Jy < J; < Jy < J3 = J and for every t € J,t <!
sieteJand t <! sg <t e Jy. Sofor some 0 =i < iy < iy < i3 =i* we have
t; <181<:>i<i1 and s <Itl' <182<:>i1 <17 < i9 and s <Iti<:>i2<i<i3.

As T is (J(gu)+) T -strongly saturated we can increase J so adding to J (by the sat-
uration of ) without loss of generality 8 < o & ¢ < n(B) = i(5,¢) ¢ {t],t5}, and
Jo={teJ:t<t;}for{=1,2s0t; <sgfor { =1,2. So for every linear order I’
we can define a linear order I'* with set of elements

Ji U (J\JQ) U {<S,t) S I/,t S JQ\Jl}

linearly ordered by:

(a) on Jy U (J\J2) asin J
(b) t1 < (s',t) < (8", ") < taif t1 € Ji,ta € J3\Jo,s',s" € I" and (¥',t" €
Jo\Jy and (s' <" s")V (s’ = 5" & t <;t").

In M = EM(I*,®) define, for s € I
Cs = Cis,ts

bs = (78(Cs,i(8,0)» Cs,i(8,1)> - - - » Cs,i(Bn(B)-1)) : B < ).

Easily

S/ <]/ 5// = tp(a,S/ABS//,Q,M) =D

" <I' s = tp(ay by, 0, M) = ps.

By easy manipulations we can finish. Ug.1s
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4.16 Claim. Assume K is categorical in A\ and

(a) 1 <k and LS(R) < 8 =cf(f) < X and
(Va < 0)(Ja|® < 6)

(b) a; € "€ fori < 6.

Then for some W C 0 of cardinality 0, the sequence {(a; : i € W) is strictly indis-
cernible.

Proof of 4.16. Let M' < €, ||M'|| = 6 and o« < 0 = a, C M’'. There is
M"'" M < M" < & ||M"|| =X So M" = EM(\ ®) and without loss of gen-
erality equality holds. So there is u C A, |u| < 6 such that M’ C EM(u, ®).
Hence without loss of generality M’ = EM(u, ®). So a, € * EM(uq, ®) for some
Uo C U, ug] < K.
Without loss of generality: otp(u,) = j*, so for a < 3, OP,,, 4, the order preserv-
ing map from ug onto u,, induces f, g : EM(ug, ®) ﬁ EM (ug, ®), and without
loss of generality fq g(ag) = Gq.

Now as u is well ordered and the assumption (a), (or see below) for some w € [4]?
the sequence (u, : @ € w) is indiscernible in the linear order sense (make them a
sequence). Now we can create the right ®.

[Why? Let uq = {va,; : j < j*} where 7, ; increases with j. For a < 6, let

Ay ={;:B<a,j<j }tu{ U v8.; +1}. Let Vo = Min{vy € Aq : Ya,; > 7}
B<a,j

and for each av € S5 = {6 < 0 : cf(d) >k} let () = Min{8 <4 : 75, € Ag} (note
that (Ag : B < 0) is increasing continuous, cf(d) > x > [5*| and v; ; € As by the
definition of the Ag’s).

By Fodor’s lemma for some stationary S; C Sy, h [ S7 is constantly 5*. As

(Va < 0)(la]® < 0 = cf(#)) for some Sy C S; for each j < j* and for all § € So,
the truth value of “vs5; € As” (e.g. V5,5 = 75 ;) is the same and (75, : 6 € Sp) is
constant. Now (ugs : 0 € Sy) is as required.] 04 16

That is, see more [Sh 620, §7].

4.17 Observation. If § = cf(f) and (Va < 0)(|a|® < 0) and j* < k and 7,,; is an
ordinal for a < 6,7 < j* then for some stationary set S C {a < 6 : cf(a) = kT } the
sequence ((Yo,j 1 J < j*) : @ € S) is indiscernible.
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4.18 Definition. A model M is A-strongly saturated if:

(a) M is A-saturated

(b) M is strongly A-homogeneous which means: if f is a partial elementary
mapping from M to M, [Dom(f)| < A
then (3g € AUT(M))(f C g).

4.19 Remark. 1) If = p<*, I a linear order of cardinality < p, then there is a
A-strongly saturated dense linear order J, I C J.
2) We can even get a uniform bound on |J| (which only depends on pu).
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§5 RANK AND SUPERSTABILITY

5.1 Definition. For M € K,,p € Y™ (M) (and p > LS(R), of course) we define
R(p), an ordinal or oo as follows: R(p) > « iff for every 8 < « there are M+, M <g
Mt e K,,p Cpt e sS™(M"),R(p") > & [p* p-strongly splits over M]. In
case of doubt we write R,,. This is well defined and has the obvious properties:

(a) monotonicity, i.e., p1 = pa [ My = R(p1) > R(p2)

(b) it M € K,,p € ™(M) and Rk(p) > « then for some N,q satisfying
M <g N € K, and ¢ € /™(N) we have: ¢ [ M =p and Rk(q) = «

(¢) automorphisms of € preserve everything
(d) the set of values is [0, ) or [0, @) U{oco} for some a < (21)T ete.

5.2 Definition. We say 8 is (p, 1)-superstable if:
MeK, & pe /(M) = R(p) < o0 (equivalently < (2“)+>.

5.3 Claim. If (x), from 4.13 above fails, then (u,1)-superstability fails.

Proof. Straight.

5.4 Claim. If R is not (u,1)-superstable, then there are a sequence
(M; : i <w+ 1) which is <g-increasing continuous in K, and m < w and

a € ™(Myy1) such that (Vi < w) [Mfﬂ does p-strongly split over M;].

Also the inverse holds.

Proof. As usual.

5.5 Claim. 1) If R is not (u,1)-superstable then K is unstable in every x such
that XX > x + p + 280,
2) If k € K},(R) and X" > x > LS(R), then K is not x-stable.

Remark. We intend to deal with the following elsewhere; we need stable amalga-
mation
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(A) if k € kK, (R) and " > x = X" > LS(R) or just there is a tree with x nodes
and > y k-branches and x > LS(R), then R is not x stable even modulo E,,

(B) if k € K, (R), cf(x) = K and /\ A< x,
A<LX
then R is not y-stable.

5.6 Remark. 1) Clearly 5.5(1) this implies I(LS(8)*@(@0ta)+n) K) > |o| when
= N,,. We conjecture that [GrSh 238] can be generalized to the context of (1)
with cardinals which exists by ZFC.

2) Note that for complete first order stable theory T, 8 = MOD(T) so <g=<|
MOD(T), for k regular we have (x)§ < ()5 where

(x)% for any increasing chain (M, : i < k) of A-saturated models of length

K, the union U M; is A-saturated,
1<K

()5 K € Kr(R).

From this point of view, first order theory T' is a degenerated case: k,.(T') is an
initial segment so naturally we write the first regular not in it. This is a point
where [Sh 300] opens our eyes.

3) In fact in 5.5 not only do we get || M|| = x, |7 (M)| > x but also |.#(M)/E,| > x.
4) Let me try to explain the proof of 5.5, of course, being influenced by the first
order case. If the class is superstable, one of the consequences of not having the
appropriate order property is that (see 4.15) for a strictly indiscernible sequence
(a; : t € I) over A each a; of length at most u and b, singleton for simplicity,
for all except few of the t,a; b realizes the same type (= convergence, existence
of average). Of course, we can get better theorems generalizing the ones for first
order theories: we can use k ¢ x,(€) and/or demand that after adding to A, ¢ and
few of the a;’s the rest is strictly indiscernible over the new A, but this is not used
in 5.5. Now if € is (p, 1)-superstable the number of exceptions is finite, however,
the inverse is not true: for some non (u, 1)-superstable class € still the number of
exceptions in such situations is finite. In the proof of 5.5(1) this property is used
as a dividing line.

Proof of 5.5. 1)

Casel There are M, N,p,(a; : i < 1*) as in 4.13(x), and ¢, (in fact £g(¢) = 1) such
that ¢ realizes h;(p) for infinitely many i’s and fails to realize h;(p) for infinitely
many ¢’s.
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Let I be a J(x + Jau)+)*-strongly saturated dense linear order (see Definition
4.18) such that even if we omit < j(gu)—}- members, it remains so. By the strict
indiscernibility we can find (a; : t € I), c as above.

So there is u C I, |u| < Jau)+ such that ¢ = tp(a;"¢, 0, ) is the same for all
t € I'\u; without loss of generality ¢ = tp(a; ¢, 0,€) < t € I\u, so u is infinite.
Hence we can find i,, € i* Nwu such that i,, < i,41. Let I’ = I'\(u\{i,, : n < w}),
so that I’ is still x*-strongly saturated. Hence for every J C I’ of order type w for
some cy(€ €) we have

teI'\d = tp(a;"¢s,0,€) =gq

teJ= tp(a;cs,0,€) #q.
This clearly suffices.

CaseIl Not Case 1.

As in [Sh 3] (the finitely many finite exceptions do not matter) or see part (2).

2) If x < 2" the conclusion follows from 3.3(2). Possibly decreasing « (allowable as
k € k% (R) rather than k € £, (R) is assumed) we can find a tree .7 C "Zx;, so closed
under initial segments such that |7 N*> x| < x but |7 N"%x| > x. (The assumption
“X" > x > LS(R)” is needed just for this). Let (M; : i < k+1),c¢ € M,y exemplify
k€ ry(R)and let 7' =7 U{n"(0):n€"Ordandi <k =nli€ T} Nowwe
can by induction on i < k + 1 choose (h, : n € 7' N ), such that:

(a) h, is a <g-embedding from My, into €

(b) J < lg(n) = hnyj C hy

(¢) ifi=j+1,v € TNIx, then (h,(M;) :n € Sucr(v)) is strictly indiscernible,
and can be extended to a sequence of length & such that (h,(p [ M;) :n €
Sucy(v)) is contradictory (i.e. as in Definition 4.9(1)).

There is no problem to do this. Let M <g € be of cardinality x and include
U{hy(M;) : i < k and 7 € F N*x} hence it includes also h,(M,) if n € T Ny as
M, =] M.

1<K
For n € 7 N*y let ¢, = hy <o>(c) and M, = hy,(M;) when n € 7 N*Ord and
i < Kk+1, so by 4.15 clearly (by clause (C))

(%) ifi <w,me TN, and nan € 7 NFy, then
{p € Sucr(n) : for some p1,p<p1 € 7 N"x and

€y, 1eli7ES tD(Cy,, i 15519 (1)) }
has cardinality < :(2u+LS(R))+.
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Next define an equivalence relation e on .7 N "y
m eng iff tp(e,,, M) = tp(cy,,, M).
or just
mene iff (V)[v e T = tp(ey,, My) = tp(cy,, My)].

Now if for some n € 7 N *x,|n/e| > Ju+rsw))+ then for some n* € T N">x, we
have

{v 1 (lg(n™ + 1)) : v € n/e} has cardinality > Jjgu+rscw))+

which contradicts (x); so if x > 3(2,L+L5(§))+, we are done.

But if for some n € .7 N %~ x the set in (*) has cardinality > &, then we can
continue as in case I of the proof of part (1) replacing “infinite” by “of cardinality
> K”, so assume this never happens. So above if |n/e| > 2%, we get again a
contradiction. So if |7 N*x| > 2%, we conclude |7 N“x/e| = |7 N " x|, so we are
done. We are left with the case xy < 2", covered in the beginning (note that for
X < 2" the interesting notion is splitting). Os 5

5.7 Claim. If A > pu,u > LS(&, K) and 8 is categorical in X\ and \ # pu+*, then
1) K is (u, 1)-superstable.
2) Ky, (R) is empty.

Proof. 1) Assume the conclusion fails. If A\ > p*™, we can use 5.5 + 1.7 so
without loss of generality p < A < u™ hence cf(\) > u > LS(R).

By clause (b) of 1.7 if M € K, then M is cf(\)-saturated. On the other hand
from the Definition of (p,1)-superstable we shall get below a non-u*-saturated
model.

Let x = Jxy+. Assume £ is not (u,1)- superstable so we can find in K,
an increasing continuous sequence (M; : i < w + 1) and ¢ € M, such that
Pnt1 = tp(c, Mpy1, My,1+1) p-strongly splits over M, for n < w. For each n < w
let (a' : i < w) be a strictly indiscernible sequence over M,, exemplifying p,4+1
does p-strongly split over M,, (see Definition 4.12). So we can define a}! € € for
i € |w,x) such that (al : i < x) is strictly indiscernible over M,,. Let 7, = {n €
2y in(2m) < n(2m+ 1) for m < n}. For n <w,i <j < xlet h?; € AUT(C) be
such that hi,; | M,, = idy,, i ;(ag at) = aj"a’. Now we choose by induction on
n<w,(fy:n€ ), (gy:n€ T, (a] i< x,n€ T,) such that:
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—
S

fn are restrictions of automorphisms of €
Dom(f,) = M,

gy € AUT(Q)

a; = gy(ai) ifn e 7,

(2

—~
QU o o

f<> - idMov

I € 9n

if n € 2"y, m < n then Iorem) € fn

if n €2y and i < j < x then f,-<;j> C (g, 0 hi;) | My

—
~~ 0O
e’ N e v e N N N

—~~ o~
NS

There is no problem to carry the induction. Now choose by induction on n, M, 1, in, in
such that

(@) in < jn < x and 1, = (ig, Jos - -+, In-1,Jn—-1) SO Nn € I,
) My e Ky, M)y <q M,

(v) Rang(fy,) € My
)
)

~Nn  =Tn : *
a;",a;" realizes the same type over M

ajr,ajm C My,
There is no problem to carry the induction (using the theorem on existence of
strictly indiscernibles to choose i,, < j,).

So U [, can be extended to f € AUT(C). Let ¢* = f(c), M} = UM:;MM;H <g

n<w

¢ includes M} U f(M41). Clearly tp(c, M;; 1, M}, ) does p-split over M hence
M? is not pt-saturated (as cf(\) > p) (see 5.8 below); contradiction.
2) Similar proof. Us.7

5.8 Claim. If u > LS(R),(M; : i1 < §) is <g-increasing continuous,

p € SSH(Ms),p p-strongly splits over M; for all i (or just p-splits over M;) and
§ < ut then Ms is not u* -saturated.

Proof. Straight.
5.9 Claim. Assume there is a Ramsey cardinal > p+ LS(R). If & is not (u,1)-

superstable, then for every x > u + LS(RK) there are 2X pairwise non-isomorphic
models in R, .

Proof. By [GrSh 238] for x regular; together with [Sh:e] for all x.
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5.10 Lemma. 1) If for some M, |7 (M)/E,| > x > ||M||+32u)+ and pn > LS(R)

then R is not (u,1)-superstable.
2)IfX" 2 | S (M) Byl > x=F 2 x 2 [M|[+3@uy+, 1 > LS(R) + 5 then k € k] (R).

Proof. No new point when you remember the definition of E,, (see 1.8).
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66 EXISTENCE OF MANY NON-SPLITTING

Below alternatively we can start with 6.8.

6.1 Question. Suppose £+ LS(R) < p < Aand N = (N; : i < ) is <}, .-
increasing continuous (we mean for i < j, j non-limit N; <, . N;), 6 < (a limit
ordinal) and p € . (Ns). Is there o < 6 such that for every M € K<y, N5 <g M,p
has an extension ¢ € . (M) which does not p-split over N, (and so in particular
p does not p-split over N, )?

6.2 Observation. Let p, A\, 8, N and M be as in 6.1.

1) If p | Nos1 does not p-split over N, then p [ N,11 has at most one extension
in .(M) mod E,, which does not p-split over N, because N,41 € K, is universal
over Ny, Noy1 <g M € K<,. So in 6.1 if p does not p-split over N, then there is
at most one ¢/FE,, for q as there.

2) If the asnwer is yes and p,q € .¥(Ns) and i < § = p | N; = ¢ [ N; then p = q.
3) If the answer is yes and p does not split over N, and N5 <g M € K, then

(i) there is ¢ € ™ (M) which does not u-split over N, and ¢ [ Not1 =p |
Na+1

(74) this ¢ is unique and satisfies p = g | Ns.

Proof. E.g.,

2) For some i1 < 6, p does not p-split over N;, and there is i < §, g does not p-split
over N;,. By monotonicity of non-pu-splitting, without loss of generality iy =@ = 2.
Let a be a sequence of length pu listing N, and let f € Aut(€) extends idy, and
maps Ns into N;;1 and let @’ = f(a).

Now if ¢1, co € € realizes p, q respectively then tp({(c¢)"a, N;,€) = tp({c/)"(a’, N;, €)
for ¢ = 1,2 as p, g does not p-split over N;, tp({c1)"a’, N;,€) = tp((c2)"a’, N;, €) as
p | Niy1 = q [ Niy1. Together tp((c1) a, N;,€) = tp({c2)”a, N;,€) which means
tp(e, Ns, €) = tp(ca, Ny, €). 0.2

6.3 Lemma. Suppose K is categorical in A, cf(\) > pu > LS(R). Then the answer
to question 6.1 is yes.

6.4 Remark. We intend later to deal with the case A > p > cf(A) + LS(RK) as in
[KISh 362].
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Notation. I x ais [ + I + ... (« times) (with the obvious meaning).

Proof. Let ® be proper for linear order such that [7(®)| < LS(R), EM, (g (I, ®) €
K (of cardinality |I| + 7(8)) where I is a linear order, of course and I C J =
EM; s (I, ®) <g EM;(g)(J,®). Let I* be a linear order of cardinality u such
that I* x (a+1) 2 I* for « < p and I* xw = [* and I* = a < b implies that I* is
isomorphic to I* | (a,b), see [Sh:e, AP,§2]. By 1.7 we know that EM, &) (I* x A, @)
is pT-saturated.
First assume only NN; <2’,i N;4q for i < 6; (or just N;1q is universal over N;).

Now we choose by induction on i a triple («;, N/, h;) for i < 4§

(a) «; is an ordinal < p™, increasing continuous with i

(b) N/ € K,, is <g-increasing continuous with i

(¢) h; is an isomorphism from N; onto N/, increasing continuous with i
such that

(d) Ny <g EM,(q)(I* x a;, ®)

(€) EM,(q)(I* x 0, ®) <g N} < EM,(g)(I* X a1, )

(f) if 4 is a limit ordinal then N} = EM,g)(I* x a;, ®).

For i = 0, as EM(I* x A\, ®) is uT-saturated there is a f-embedding hg of Ny into
EM, g (I* x A\, ®). As Rang(h) has cardinality y, there is ug C X of cardinality
p such that Rang(hy) € EMy(g)(I* X up,®). So ap =: otp(ug) is an ordinal
€ [pi, prig1) hence EM, gy (I* X po, ®) =2 EM,(5)(I" X a4, ®) so without loss of
generality ug = «;.

For 7 limit take union. The case i = j+1 is similar to ¢ = 0 using amalgamation.

As we have used only N;;; universal over N; by replacing (N; : i < §) by a
longer sequence and renaming without loss of generality N = EM,g)(I* X a;, ®).

Alternatively,

X, if o < pu* then for some 8 € (o, pt) the model EM, (g)(I* x 8, ®) is <g-
universal over EM, (g (I* x 8, ®).

[Why? We know that there is N € Kjs universal over EM, g (I* x o, ®). As
EM, (g)(I* X\, @) is T -saturated there is a <g-embedding g of N over EM (g (I* x
a,®) into EM,(g)(I* x A\, ®). As |[Rang(g)| < p there is a set u C A of cardinality
p which includes o and Rang(N) € EM, (g (I* X u, ®).

So otp(u, <) is an ordinal of cardinality p call it § and let h : v — [ be an
isomorphism, so h | @ = id, and let h be the isomorphism from EM(I* x u, ®)
onto EM(I* x 8, ®) which h induces. Clearly it is the identity on EM(I x «, ®).
Now 3, ho g are as required.
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My if o < pt and Kk < p then for some § € (o, ut), EM,(g)(I* X o, @) <}, .
EMT(ﬁ)(I* X ,3,(1)) is 77
[Why? Iterate X]

X3 there are (o; : ¢ < d), an increasing continuous sequence of ordinals < p*
and (h; : i < §) such that hyy, is an isomorphism from N; onto EM . (g) (1* x
a;, @), h; increases with 1.
[Why? By Xy and the uniqueness for <;1uv]

onto

Now hs is defined hs : N5 — EM;g)[* x as,®), so as EM,g)(I* x A, @)
is pt-saturated, hs(p) is realized in EM, g (I* X a5, ®) say by a, so let a =
G(Z(ty y1)s - - -3 T(tn,4n)) Where 7 is a sequence of terms in 7(®) and (Z,,7,) is in-
creasing with ¢ (in I* x \). Let § < ¢ be such that:

{717"'77n}ma5 gOéﬁ

Let .
o7 if w<os

/:
K {A+’Y£ if v >as

Then in the model N = EM, g)(I* XA+, @), we shall show that the finite sequence
a = 5(90(151%), cee x(tn%)) realizes a type as required over M = EM_,(g)(I* x A, ®).
Why? Let M, = EM () (I* X o, ®) for v < §. Assume toward contradiction that

(%) tp(a’, M, N) does p-split over Mpg1.

Let €, b € #M realize the same type over M 3+1 but witness splitting.
We can find w C A, |w| < p such that €¢,b C EM(I* x w,®). Choose 7 such
that

sup(w) <y < A.

Let M~ = EM, (x5 (I* x (a5 Uw U [, 1)), ) <g M.
Let N~ = EM, (g (I* x (a5 Uw U [y,A) U\, A+ A)), ®) <g N.
So still €, b witness that tp(a’, M ~, N~) does u-split over Mg, 1.

There is an automorphism f of the linear order I* x (s Uw U [y,\)) U[A\, A+ X))
such that

fT(I" xapy1) = the identity

FTIFx[y+1,A+ X)) = the identity
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Rang(f | (I* x w)) C I* x [agy1, ap42).

Now f induces an automorphism of N~ naturally called f .
So

f 1 Mg = identity
fia) = a
fy=m~

A~

As fis an automorphism (©), f( ) witness that tp(f(@'), f(M ™), f(N7)) does u-
split over f( Mo, );ie. tp(c‘z’ M=, N7) does p-split over M,, So tp(a’, M, N)

pt1 apt2)
does p-split over M,

B+1°
Now choose ., < u' for v € (4, u], increasing continuous by

Qi = 05 + 1

M’Y = EMT(Q)(I* X ay,(I)).

So (M., : v < p) is increasing continuous. So for 1 € [3, u™) thereis f € AUT(I*x
A+ )\)) such that

f 11" x ag= identity
f takes I" X [ag, apy1) onto I X [ag, Ay, 1)
f takes I X (a1, agy2) onto I X {ay, 41}
f takes I X [agy2, @y, 12) onto I™ x {awy, 42}

f T X oy, 42, A+ ) = identity.

As before this shows (using obvious monotonicity of p-splitting)
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tp(a’, M, +2N) p-splits over M., 11.

So {y < p : tp(@’, My41,N) does p-split over M, } has order type p, so without
loss of generality is u. By 3.3(2) we get a contradiction. Os.3

6.5 Theorem. Suppose K categorical in X\ and the model in Ky is p*-saturated
(e.g. cf(A) > p) and LS(R) < p < A.

1) M <, . N = N is saturated if LS(R) < p.

2) If k1,k2 < p are reqular cardinals (or just limit ordinals) and for £ = 1,2 we
have M, <;1w<e Ny, then N1 = Ns.

3) There is M € K,, which is saturated.

4) If k1, ke are as above M S;lww Ny = Ny =5 Ny (in fact this holds for u =
LS(R), too).

6.6 Remark. 1) The model we get by (2) we call the saturated model of |
in p.

2) Formally - we do not use 6.3.

3)If M <, . N, we call N brimmed over M.

Proof. 1) By the uniqueness proofs 2.2 as M <;1w-e N there is an <g-increasing
continuous sequence (M; : ¢ < k) satisfying M; <}W My 1,My = M,M,, = N
and as in the proof of 6.3 without loss of generality M; = EM;x)(a;, ) where
a; < pt.

To prove N = N, is p-saturated suppose p € S1(M*), M* <g N, | M*|| < p;
as we can extend M* (as long as its power is < p and it is <g N), without loss of
generality M* = EM,g)(J,®),J C oy, |J| < p.

So for some v we have [y,y+w)NJ = 0 and v+ w < a,. We can replace
[v,7+w) by a copy of A; this will make the model u-saturated. That is we can find
a linear order I* such that (a5, <) CI* andt € ["\as = [ = “vy<t < (y+ 1)
and A = otp(I* | {t : t € I*\as}) so EM,(4)(I*,®) is a <g-extension of N = N,
and belongs to K hence is pu'-saturated [alternatively, use I*x ordinal as in a
proof of 6.3].

But easily this introduces no new types realized over M*. So p is realized.

2) In detail assume M <, ., N¢ for £ = 1,2. So we can find (M,; : i < k) is
<g-increasing continuous such that M <g My o, M, ; <be0 My i+1 and My ,, = Ny.
So let ap; < p be increasing continuous for ¢ < kg, divisible by p and an isomor-
phism A, from N, onto EM; (g)(,x,, ®) such that hy [ M = ho | M, h¢(Ngiy1) =
EM;(g)(o,14:,®). Let oy, = U{l; : j < k2},I; increasing continuous with
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JiLi+1\Lj| = p. Easily ( EM(I;,®) : j < k) exemplify that h;(Ny) is (u, k2)-
brimmed over h(M). So “M <}, . N = M <, . N and so by 2.2(5) we are done.

3) Follows from the proof of part 1) and 2.2(1)’—# 1.7.
4) Similarly. Us.5

Remark. In part (1) we have used just cf(A) > p > LS(RK).

6.7 Claim. 1) Assume K categorical in A, cf(A) > p > LS(R). If N; € K,

is saturated, increasing with i for i < & and § < u* then N = U N; € K, is
<0

saturated.

2) [K categorical in A, cf(\) > p > LS(R)]. Possibly changing ® (actually as in

Definition 8.4(2). If I is a linear order of cardinality pu then EM; g (I, ®) is p-

saturated. Moreover, if I C J are linear order of cardinality p then EM, () (J, ®)

is a universal <g-extension of EM; (g (I, ®) and even brimmed over it.

Proof. 1) We prove this by induction on §, so by the induction hypothesis without
loss of generality (N; : i < §) is not just <g-increasing and contradicts the con-
clusion but also is increasing continuous and each N, saturated. Without loss
of generality 6 = cf(d). If cf(0) = p the conclusion clearly holds so assume
cf(d) < p. Let M <g N,|M| < p and p € (M) be omitted in N and let
0 =3+ ||M||+ LS(R) < u, and let p < ¢ € ¥(N). Now we can choose by in-
duction on 7 < §, M; <g N; and M;r <g N such that M,; € Klg,M,L-Jr e Ky, M;
is <g-increasing continuous and M N N; C M;,j < 1 = M;“ NN; € M;+1 and
M; <é’w M; 41 and if ¢ does @-split over M; then ¢ [ M;" does 6-split over M;.

So by 6.3, 6.5 we know that Mjs is saturated, and for some i(x) < J we have:
q | Ms does not 6-split over M;(,). But Mt  CN= U Ni,M;{*) NN; C Mt

<9

so Mt

i ()

i(x) € Ms. So necessarily g € Z(N) satisfies i(x) < ¢ < ¢ implies that ¢ | N;

does not 6-split over M.
Now we choose by induction on a < 6T, M;(+),a5 b fo such that:

Miy,a € Ko, M)y <g Mi),a <a Niw) Mi+),a 18 <g-increasing continuous in
a,bo € Ny realizes ¢ [ Mj(4),a, fo is a function with domain Ms; and range
C Nj(x) such that the sequences ¢ = (c: c € Ms) and ¢® =: (fa(c) : c € M;) realize
the same type over M;(,) o and {b,} U Rang(fa) € M) ,a+1- As Ny € K, is
saturated and LS(R) < 6 < p we can carry the construction; if some b, realizes
q | Ms we are done (as p = q | M, M <g Ms and b, € N realizes p). Let d € €
realize ¢ so
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(¥)1 o < B <0 =% (b,) does not realize tp(c™(d), M;(.), €).
[Why? As ¢"(bs) does not realize tp(c”(d), M,(.), €) because d realizes p =
q | ¢ whereas b, does not realize p = ¢q | €.

On the other hand as g does not 6-split over M;(,) we have
tp(c™(d), M;(x), €) = tp(c*"(d), M;(x), €) so by the choice of bg:

(¥)2 if @ < B < O then ¢ (bg) realizes tp(¢™(d), M.y, €).

We are almost done by 4.15.

[Why only almost? We would like to use the “0-order property fail”, now if we could
define (¢°"(bg) : for B < (2%)F) fine, but we have only o < 7, this is too short.]
Now we will refine the construction to make (¢”" (bg) : 8 < 67) strictly indiscernible
which will be enough. As Nj(,) is saturated without loss of generality N;(,) =
EM;(g) (1, ®) and M;,) = EM(x)(0,®) (using 6.8 below). As before for some
v < 6% there are sequences &,b’ in EM;(g) (1 + v, ®) realizing tp(c, Ni(x), €),q [
N« respectively, here we use cf(A) > p rather than just cf(A) > u. For each
8 < 07 there is a canonical isomorphism gg from EM(4)(6 U [it, v + ), ®) onto
EM; (3)(8 +7,®). So without loss of generality M;(,) o = EM; (%) (0 4 Va, ®),c* =
9044, (€),ba = Got, (). So (%)1 + (*)2 gives the (6,1, 6)-order property contra-
dicting categoricity by 4.8(1) as 61 < pu < .

2) By (1) and 6.8 below. Og.7

We really proved, in 6.5 (from A categoricity):

6.8 Subfact. Assume K is categorical in .
1) If I C J are linear order, of power < cf()\);

(¥) t e J\I = [ Fos € J> [s ~1 t] where s ~; t means “s,t realize the same
Dedekind cut”,

then every type over EM, (g (I, ®) is realized in EM, (g (J, ®).

2) If I C J are linear orders of cardinality < cf(A),x < u,|J\I| = |J| and (x) above
then EMT(ﬁ) (I, (I)) </11,,K, EMT(ﬁ) (J, q)) where.

3) We can find @’ (in fact ® <® ¢’ € TTs(s) in the notation of 8.3(3)) such that

(a) @' is asin 0.6

(b) if I C J and LS(R) < |I| < [J] < A then EM, (4 (J, @) is a brimmed over
EM, () (I, ®').
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Proof. 1) Why? Use the proof of 6.5(1).
Replace the cut of t in I by A: we get cf(\)-saturated model.
2) As in the proof of 6.5(2).
3) For a linear order I we can define I, = {n : n is a finite sequence, and for
i < Lg(n) we have i even = n(i) € I and i odd = n(i) € {—1,1}}.
Ordered by n <;, v iff
(Jeveni)(nli=vliAn(i) <;v(i)) or
(Joddi)(nli=v]iAnn(i)=—-1Av()=1)or

tg(n) odd Alg(n) < Lg(v) Av(lg(n)) =1 or

Lg(n) even Alg(n) < Lg(v).
We can choose @', |7(®’)| = LS(R) such that for every linear oder I, EM(I,®’) =
EM(L.,®). Now if I C J,|LS(R) < |J| then |J,| = J, I, C J,., moreover for every
t € J\I. the set {s € J,\I* : s realizes the same cut of I, as ¢t} has cardinality |J|;
moreover we can find |J| pairwise disjoint intervals of J,, disjoint to I, so list them
as ((aa,bo) o < |J| x |J]) for i < |J| x |J|. Let Io = I, 114, = J.\U{|aqa,ba| : i <
a < |J| x|J|} fori < |J| x |J|. So (I, :a <|J| x|J|) is an increasing continuous
sequence of suborder of J., with Iy = L, I;5x5] = J«. Let My = EM(lq,®).
So (Mg : a < [J| x |J]) is increasing continuous, My = EM(I, ®'), M« |j =
EM(J, @), (M., = M, | 7(R) : a < |J| x |J]) is <g-increasing continuous. By the
previous parts (and the choice of the I,’s), every p € .7 (M},) is realized in M/,
hence MI/J\X\JI = EM, (g (J, ®') is brimmed over Mj = EM,g)(I, ®) as required.

6.8
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§7 MORE ON SPLITTING

7.1 Hypothesis. As before + conclusions of §6 for u € [LS(R), cf())).
So

(¥)(a) R has a saturated model in pu.

(b) union of increasing chain of saturated models in K, of length < p
is saturated.

(c) if (M, : i < §) increasing continuous in K, each M, saturated over M;
(the previous one), p € .#(Mjs) then for some i < 0, p does not u-split over
M.

7.2 Conclusion. If p € /™(M) and M € K,, is saturated, then for some
M= <L’w M, M~ € K, is saturated and p does not p-split over M.

Proof. We can find (M,, : n < w) in K, each M,, saturated M, S}L’w M, 1 and
M, = U M, so as M, is saturated, without loss of generality M, = M. Now

n<w

using ()(c) of 7.1 some M,, is O.K. as M. O7.o

7.3 Fact. If M, g}w M, Si,w Ms,p € #™(Ms3) and p does not p-split over My,
then R(p) = R(p | Ma2), see Definition 5.1.

Proof. We can find (by uniqueness) M; € K, such that M, St,w M, §}L,w M, and
we can find M, € K, such that M; g}w M,.
We can find an isomorphism h; from M3z onto My over M; (by the uniqueness
properties <], ). By uniqueness 2.2(1) there is an automorphism h of M extending
hi. Also by uniqueness there is ¢ € /(M) which does not p-split over M, and
extend p [ My (e.g., there is an isomorphism g from M3 onto My over My and let
q = g(p)). As p,q | M3 do not p-split over My and have the same restriction to
M, and My <}, , M, clearly p = ¢ [ M3. Consider ¢ and h(g) both from .&(My),
both do not p-split over My and have the same restriction to M; and idys, C h; as
My <}, , My it follows that g = h(q).
So R(p | Ma) = R(q | My) = R(h(q | Ms)) = R(g | M) = R(p) as required.

U7 .3
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7.4 Claim. [Here?] [K categorical in X\, cf(A) > p > LS(R)]/.

Suppose m < w,M € K, is saturated, p € ™ (M),M <g N € K,,p < q €
S™(N), N brimmed over M, q not a stationarization of p (i.e. forno M~ <7, , M,
q does not p-split over M~ ). Then q does p-divide over M.

Proof. By 7.5 below and 6.3 (just p does not p-split over some N,, where
(No : oo < w) witness Ny <, , M).

7.5 Claim. [R categorical in X and cf(A) > p > LS(R)]
Assume My <, , M1 <}, , My all saturated. If q € /(My) does not p-split over
My and q | My does not u-split over My, then q does not p-split over My.

Proof. Let M3 € K, be such that M, <L’w M3 and ¢ € Mj realizes q. Choose a
linear order I* of cardinality p such that I* x (u 4+ w*) = I* = [* X p, remember
that on the product we do not use lexicographic order. I* has no first nor last
element (see [Sh 220, AP)).

Let Ip = I* x [y = Ip+ I* x 2,0y = I, + I* x Z,Is = I + I* x pu.
Clearly without loss of generality M, = EM,x)(®,I;), let ¢ = 7(a4,...,a,) SO
to,...,tg € Isslet Iy, = o+ 1" x{m:Z =m <n}and Iy, = I + I* x {m :
Z =m < n}and Iy, = I* x a. So we can find a (negative) integer n(x) small
enough and m(x) € Z large enough such that {to, ..., }Ns ()41 € T1 m(s)—1- Let
M, = BM, () (1, ®) and My ,, = EM, (g)(Ion, ®). Clearly My <! My, <!,
M,y </1L,w M, <}L7w M;. Clearly (use automorphism of I3)

(*)o q | Mz, does not p-split over My ,, if Z =n < n(x),m(x) <m € Z.

As g does not p-split over M; and Ms 41 is brimmed over Ms ,, for n € Z, etc.,
by 7.3 with ¢, M, My ,,, Ms, q here standing for My, My, M3, p there we get

(x)1 R(q) = R(q | M2) if n € Z.
Similarly

()2 R(q | My) = R(q | Min)if meZ.
By ()0 and 7.3 we have

(*)3 R(q | Mz () = R(q | My m(s))-
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Similarly we can find a successor ordinal a(*) < p and k(x) € Z such that
{to, -t} NV k)41 € To,a(0)—1

and then prove

(#)a R(q [ Mo) = R(q | Mo,a) if o) < a < pu
(x)s R(q [ M) = R(q [ Mop.o) if a(x) <a < p.

Together R(q) = R(q | My), hence g does not u-split over My as required. 07 4
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PART II

§8 Existence of nice ®

We build EM models, where “equality of types over A in the sense of the existence
of automorphisms over A” behaves nicely.

8.1 Context.

(a) R is an abstract elementary class with models of cardinality > Jorscs))+-

8.2 Remark. Mostly it suffices to assume ((«), (8) for 8.6, 8.7 omitting the second
clause in 8.6(b), 8.7(3); (§) — (¢) for <%, <®
(a)" (o) R is a class of 7(K)-models, which is PCsx ,, and
B)  we interpret LS(R) as x such that
v) & has a model of cardinality > Jorscs))+

0) <gis a PCyx , partial order
S_@ on R

(¢) <gis closed under increasing continuous chains (in 8.5(3) hence
TOr £ ) (see below) for
k > LS(R) is not empty)

(¢) preserve indiscernible isomorphism.

8.3 Definition. 1) Let x > LS(R), now 12" = T"[R] is the family of ® proper
for linear orders (see [Sh:c, Ch.VII]) such that:
|7(®)| < k and 74 C 7(P)

(a)
(c) IS J= EM;g(l,®) <g EM((J,®)
(d) @ is as in 6.8(3), (needed only in §9).

Cc

2) T = T8 is 15 -
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8.4 Definition. We define partial orders <% and <% on 7" (for k > LS(R)):

1) Wy <P Wo if (W) € 7(V2) and EM, () (1, ¥1) <g EMr(g)(I, ¥2) and EM(, ¥y) =
EM;(g,)(I,¥1) € EM,(yg,)(, ¥2) for any linear order I.

Again for kK = LS(R) we may drop the k.

2) For @1, &5 € T, we say P is an inessential extension of ®; and write @4 Sf b,y

if &4 §? ®, and for every linear order I, we have

EMT(,Q) (I7 (I)l) = EMT(ﬁ) (I7 (1)2)

(note: there may be more functions in 7(P3)!)

3) Let Y™ be the class of ¥ proper for linear order and producing linear orders
such that:

(a) 7(¥) has cardinality < k,
(b) EM(Z, V) is a linear order which is an extension of I: in fact
[t el =ux = t]
4) & <% @, iff there is ¥ such that

(a) ¥ e Ylin
(b) ®pe YO for £ =1,2
(c) ®f <'® &y where ), = ¥ o Py, i.e.

EM(I, ®,) = EM(EM(I, ¥), ®;).

(So we allow further expansion by functions definable from earlier ones (composition
or even definition by cases), as long as the number is < k).

8.5 Claim. 1) (Y°",<%) and (T, <%) are partial orders (and <®C<P).
2) If (®; : i < 6) is a <®-increasing sequence, 6 < k', then it has a <®-lu.b. @;
EM(I, ®) = | EM(I, ).
<4
3) Similarly for <$.

Proof. Easy.
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8.6 Lemma. [The a.e.c. omitting type theorem]
If N <g M,|[|M|| > Jeaxy+, x > [[N]| +LS(R), then there is ® € Y so ® is proper
for linear order such that:
(a) EM,(g)(0,®) = N
(b) N <g EM, (s (I, ®), and recall
I € J= EM;),®) <g EM; g (J, ?)
(c) EM,(x)(I,®) omits every type p € .(N) which M omits, moreover if I is
finite then EM () (I, ®) can be <g-embedded into M

(d) |te| < ||N|| + LS(R) and ® non-trivial, hence, |EM(I,®)| = |I| + |7a| for
every linear order I.

Proof. This is a particular case of 8.7 below when N; = Ny; which is proved in
details (or see straight by [Sh 88, 1.7] or deduce by 4.6). Os 6

8.7 Lemma. Assume

(a) LS(R) < x <A
(b) No<g N1 <g M
(©) [[Noll < x [[N1]l = A and [ M| = Ji2x)+ (A)
) To={p?:i <if} C.7(No) each p? omitted by M
) Ty = {p} :z'<z'1 < x} € L(Ny) such that for n0i<i1 and c € M

does c realize p; | E,, [see Deﬁmtwn 1.8; where c realizes p; | Ey means that
c realizes every restriction p} | M, M <g N1, M € Ry )

Then we can find (N/, : a < w), ® and (g}
(@)

(B) N’ € R<y 1s <g- increasing continuous (for o« < w)

) Ny = Ny and N, <g Ny

)

)

)

1 < i}) such that

® proper for linear orders

q; EY(N’) and g} = p; | N,
€) EM, (5 (0, ®) is N

() for linear order I C J we have
EMT(ﬁ) (Ia q)) <g EMT(E)(‘L (I))

(n) for each® finite linear order I, there is a <g-embedding hy of EM, g (I, ®)
into M which extends id N/,

(v
(0
(

Sthe price for this nice formulation is that it may fail to satisfy EM(I1,®) N EM(l2, ®) =
EM(I; N I2,®) for Iy U Iy C Iy, ie., for some n-place function f(z¢,,...,xt,) may be even
constant.
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(0) [main clause] for any linear order I, EM,(g)(I,®) omits every p? fori < i
and omits every qi in a strong sense: for every a € EM,(g)(I,®) and finite
J C I such that a € EM, g (J, ®) we have q; | N|’J| # tp(a,N"JP hi(EMy(q)(I,®))).

8.8 Remark. 1) So we really can replace q; by (g} | N/, : n < w), but for w-chains
by chasing arrows such limit (q}) exists, see 1.12.

2) If @ is a sequence in a model M, cﬁ(a M) is the closure of Rang(a) under the
functions of M.

Proof. By [Sh 88, 1.7] (and see 0.5) we can find 71, 7(R) C 71, |711| < x (here we can
have |71| < LS(8R) < x) and an expansion Mt of M to a 7;-model and a set T" of
quantifier free types (so |I'| < 280 FILS(®)) such that:

(A) (o) M omits every p e T’
(B) if M* is a 7i-model omitting every p € I then M* | 7(R) € K
and N* C M* = N* | 7(8) <q M* | 7(K).
So

then M | 7(R) <g MT | 7(R),

(B) fora e “”M welet My =M™ | cl(a, M)
) <g l—jr I 7(R) where

Rang(a) C Rang(b) = M7 | (R
a€“>(Ny) = |M; | C N,

Note that M, has always cardinality < y. Note that further expansion of M to
M*, as long as |7(M*)| < x preserves (A) + (B); so we can add (for clause (E) we
use the assumption (e), i.e., M omits p;} /E,, not just p;)

(C) No, M <J>r have the same universe
and let M7, = M | (INy| N [M])

(D) No <a M7, | 7(R) <a M; | 7(R)

(E) for i < ii, the type p; | (M7, | 7(8)) is not realized in M | 7(K);

(F) No, N are closed under the functions of M+, so Nt = MT | |[Ng|, N;" =
M | (N7) are well defined 7i-models omitting every p € T.

Now we choose by induction on n, sequence (f” : o < (2X)*) and N/ such that:

(4)

[ is a one-to-one function from 3, () into M
(17) (f7(¢) : ¢ < 3u(N)) is n-indiscernible in M
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(#4i) moreover, if o, 8 < (2X)T, and m < n and (1 < ... < (n < 3o(N) and

§1 <... <&m < 3p(A) then: the sequences a = (f3 (C1), -, f(Cm)),
b= (f5"(&),. .., [5(&m)) realize the same quantifier free type in MT over

N1+ , so there is a natural isomorphism gz ; from M onto M; (mapping
fa(Ce) to fs(&)), moreover
() i <if = go.alpi | (M, [ 7(R)) =pi | (M, | 7(R))

(v) if m < n then for every o < (2X)T there are 5* satisfying o < 8* < (2X)7
and h* an increasing function from 3, (x) to Jg« (x) such that ¢ < J,(x) =
fa(Q) = f5:(h*(C))

(vi) N} <g My and for every m < n < w,a < (2°)" and (g < ... < (my <
Ca(A)s Ny is (M{T OV M G y0cmy) 1 T(R) = Mg cayiecmy 1

As the indiscernibles in clause (iii) are over N;" we can define, for n > 1, N} (@) =
(N, N M;l) I 7(R) for any a as in (iii), i.e., this restriction does not depend on n.

For n = 0 this is trivial. The induction step n + 1 first for each a@ < (2X)* we
apply Erdos Rado theorem for f7, , getting Y C J,4u () of cardinality J,(\)
as in (iii) (also for (iv)) for a = B. Then by the pigeon hole principle for some
X, C (2M)7F of cardinality (2X)* we have: if ay,as € X, (f < ¢ belongs to Yy,
for £ =1,2 then ( gl—&—w(Cll)’ R fgﬁ—w(gé))a ( 32+w(C12)= R 5&%(@%)) realize the
same quantifier free type in M+ over N; .

Now we choose f271(¢) as f2,,,(¢') where o € X, otp(e/ N X) = a,(’ € Yy,
otp(¢'NY,) = (. Having carried the induction we choose ® such that for every n <
w,EM(n, ®) is isomorphic to M, whenever @ = (f7(¢;) : £ < n}, by an isomorphic
mapping ay to f7((,) for £ < n wherever a < (2°)%,(p < ... < (o1 < Ja(N).

Us.7

8.9 Definition. 1) Let K°(+) be the class of I a linear order expanded by the
unary relations P{, P} such that P/ is an initial segment of I and PJ = I\ P{. Let
7(*) be the vocabulary {<, Py, P»}.

2) For k> LS(8) let Y& = T [&] be the family of ® proper for Ko+ (see
[Sh:c, Ch.VII]), such that

(a) 7(®) extends Tg and has cardinality < &

(b) for every I € K°"(+) EM(I, ®) is a 7(®)-model which is the closure (by the
functions FM F € 7(®) a function symbol) of the skeleton (a; : t € I); for
simplicity a; = (a¢) and, of course, s # t = a4 # a¢; and let EM. (I, ®) be
the 7-reduct of EM(I, ®) for 7 C 7(®)

(¢) (a¢ = t € I) is gf-indiscernible in EM(I, ®) which means that: if ¢y <;

<7 tht1,850 <1 .. <1 Sp—1 and s; € Plj Sty € Pll for ¢ < n then
(at, : £ < n),{as, : £ < n) realizes the same quantifier free type in EM(Z, @)
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(d) if I € J € KM then EM(I,®) C EM(J,®) and EM, ) (I,®) <g
EM; (%) (J, ®), so both are in £.

3) If kK = LS(K) we may omit it.
4) If I € Kor(H) @ e TZrH') and h is a partial automorphism of I, then h s

the following function; letting Iy = Dom(h) we have: if n < w,ty <7 ... <;
tn—1 are from Iy and o(xg,...,2n—1) is a 7(®)-term then h(o(at,,...,ar, ,) =
O'(a/h(to), Ce 7ah(tn—1))'

8.10 Definition. 1) Let TL{“(“ be the class of ® proper for K°*(+) such that 74
has cardinality < k, the two-place relation < and unary predicates P;, P> belong
to 7(®) and EM,(,)(I,®) € Ko') for I € K*) and t — a; embeds I into
EM, () (I,®) (so t € P/ < a; € P, hence we may identify ¢ € I with
a; € EM(I,®)).
2) I e Keor() g strongly Np-homogeneous when: if n < w,sqg <7 ... <y Sn—_1,t0 <1
. <ytp—1 and sy € Plf Sty € Pll for £ < n then there is an automorphism A of I
(so mapping P} onto P{ hence it maps PJ onto PJ) satisfying h(s;) = t, for £ < n.
) Ifd e o) [R] and In,I; € I € K°"™) and h is an isomorphism from Iy onto
I, then h is an isomorphism from EM(Iy, ®) onto EM(I;, ®).

8.11 Observation. 1) I € K+ is strongly Ry-homogeneous iff the linear orders
(Pf, <) and (P{, <) are strongly Ro-homogeneous.
2) There is ¥ € TEEH) such that EMT(*)(I ) is strongly Np-homogeneous for

every I € K°' () and EM; (1, ®) Z EM_ (1 | P/, 0).

Proof. Easy, e.g.
2) Let 7(U)\7(*) = {F}, : n < w}, F,, a (2n+1)-place function and we demand that
in any M = EM(I, ¥) we have:

(a) Pi(x¢) A\ Py(x,) = Fp(zo,...,22,) = To,

2n

b) )\ Pe(wi) = Pu(Fp(zo,. .., 72n))
i=0

(c) ifap <M ... <M q, and by <M ... <M b, and {a1,...,an,b1,...,b,} C
PM then z — F,(z,aj,...,an,b1,...,by,) is an automorphism of (P, <M)

mapping a,, to b,, form=1,... n. Os 11
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8.12 Claim. M is saturated if: R is categorical in \ and
® (a’) M = EMT(E) <I7 Q)
) @eTIHg
(¢) Ie K™ satisfies LS(R) < |I| < cf())
(d)  for any 6 < |I| in I there is a monotonic sequence of length 6.

Proof. As in [Sh 394, §6] but we prove in details. To prove that M is saturated, let
N <4 M be of cardinality < |I| and p € .#z(N); then there is J C I of cardinality
< |I| such that N € EM, (g (J, ®), so without loss of generality equality holds. Let
the cardinality of J be 6 so § < |I| hence there is a monotonic sequence (t; : i < 67);
without loss of generality it is increasing. So there is an ordinal i(x) < 0% such that
the interval [t;(,,;)s is disjoint to J whenever i(x) < j < 6* and clearly for some
7 this interval is infinite.

Let I* be like I when we add a copy of A just above t;(,). Let M* = EM_ g (I*, ®)
so M < M* and the latter is |I|-saturated ( as LS(R) < |I| < cf()\) and we know
then M € Ky = M is cf()\)-saturated by [Sh 394, 6.7=6.4tex]) hence p is realized
by some member of M*. By a claim from [Sh 394], every type over N realized in
M* is already realized in M so we are done. Us.12

Below we can manage using only <@ <92 gee remarks.
K YKk

8.13 Remark. Clause (d) in 8.12 is not really necessary but not harmful here.
Why not necessary? E.g., let I’ = I x Q ordered lexicographically. Now

(%) if J C I’ has cardinality < |I| then for some t* € I we have {t*} x Q is
disjoint to .J, hence we can proceed as above.

Now given ® we can find ® such that EM, (I, ®’) is isomorphic to EM, () (I x
Q, ).

8.14 Definition. We define partial orders <®! <2 and <©3 on 7o) (for
k > LS(R)) as follows:
1) Oy <P 0, if:

KR

if / = 3 then any ¥i-automorphism scheme t; there is a Uy-automorphism
scheme t, which extends it, see definition below.
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2) We say that t is a ®-automorphism scheme when it is a ®-automorphism over
Py, (n,nqy)-scheme for some n; < n < w which means that

(a) tisaset of tuples of the form (m,my,u,01(z0, ..., Tm—-1),02(T0,...,Tm-1))
such that m; < m < w,u C m,|u| =n,|uNmi| =ny and o1, 09 are 7(P)-
terms

(b) for every m,my,u and o1(xo, . ..,Zm—1) as above for some oa(xg, ..., Tm_1)
as above the tuple (m, my,u,01(zo, ..., Tm-1),02(0, ..., Tm—1)) belongs to
t

(c) if o(zoy. .., Tm,—1) is a T(P)-term, my < m SO Ty, - - ., Typ—1 are dummy
variables when we use below o(xq, ..., Zm-1), and u C m, |u| = n, [uNm,| =
ny then (m,my,u,0,0) = (m,my,u,o(xo,...,Tm-1),0(T0,...,Tm—-1)) be-
longs to t

(d) for every I € K& and tg <7 ... <1 tns satisfying t, € Pl & ¢ <
ny1 the set of pairs fé, 7ltos - - tn—1] defined below is an automorphism of
EMT(CID) (I, (I))

2A) If we omit “over P;” we omit clause (c).
3) For ®,I,t,ny and tg <y --- <j t,_1 as above f&,’l[to,...,tn_l] is (where M =
EM(I, ®)) the set of pairs

{(U{V"(aso, . ,asmfl),aéw(aso, cooyas, 1)) there is (m,my,u,01(x0,. .., Tm-1),
o2(xoy ..., Tm—1)) € t, and
So <1 -+ <J Sm—1 such that s, € Pll Sl <my

and / € u — sy = t|mg|}.

4) Assume that for m = 1,2, ®,, satisfies clauses (a),(b),(d) of part (1) and t,, is
an ®,,-automorphism scheme for m = 1,2. We say that t5 extend t; when t; C t5.
Again for kK = LS(R) we may drop the k.

8.15 Claim. 1) (T,?r(ﬂ, <94 are partial orders for £ =1,2,3.
2) If (®; : i < 6) is a <P’-increasing sequence, § < k', then it has a <P‘-lu.b.
©; EM(I, @) = | JEM(I, ®;).
<6
3) Assume that
(a) f is an automorphism of EM, s (I, ®)

(b) P, P} are dense (in particular with neither first nor last element)
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(¢) f commutes with every partial automorphism h where h is a (finite) partial
automorphism of I extending the identity on {to,...,t,_1} wheret, € P{ <
{ < nq

(d) if J € K°"™) is finite and include {to,...,tn_1} then f maps EM(J,®)
onto itself.

Then for some ®-automorphism (n,n;)-scheme t we have f = fé,}l[to, ey tpn_q].
4) If in (3) we can add “some ®-automorphism over Py” when we add the assump-
tion

(€) f is the identity on EM(I N PL,®).

5) In clause (d) of Definition 8.14(2) it is enough that for every i < w there

18 such I with every Efto mtn_l}-equivalence class having > k members where

left07...’tn_1}32 iff st,s2 € I\{to,...,tn_1} and s; € Pl & sy € P[4 < n =

51 <1ty & 59 <§2.

Proof. Easy. E.g., 3),4) Let t = {¢ : r has the form (n,n1, u,02(x0, ..., Tm-1),02(0, ..., Tm-1),n1 <
n,u C n,o1,09 are 7(P) terms and there are sy, <; ... <y s’ _; fori = 1,2 such that
leunie{l,2}=s) = twney and f(a1) = az when we let a; = Ui(asé, cey Qg ).

n—1

It is enough to check the clauses (a)-(d) of Definition 8.14(2) and the equality in
the end of the conclusion of part (3).

Clause (a): By inspection of t is a set of tuples of the right form.
Clause (b): By clause (d) of the assumption.

Clause (c): (For part (2)) by assumtion (e).

Clause (d): By part (5) of the claim it suffices to prove this for our present I. But
then this is the equality we have promised and proved below.

The equalities: f = fg ;[to,. .. tn—1].

The inclusion C: Assume f(a;) = ag so for some finite J C I we have a,b €
EM(J, ®) and without loss of generality to,...,t,—1 € J. Let sog <7 ... <7 tm_1
list J hence tere are 7(®)-terms o;(zo,...,ZTm—1) such that a; = o;(as,,_,) for i =
1,2. Let m; besuch that £ <m; =s, € P letu={{ <m:s;€ {ty,...,tn_1}, 50
clearly (m, my,u,01,02) € thence (a1, a;) = (01(asys---,as,,_,),02(Asys---50as,._,)) €
fé.rlto, - tn—1], so we have proved the inclusion C.

The inclusion D: If (a1, a2) € f$71[t0, ..., tp_1] then there are t = (m, my,u,01,02) €

t and s(lJ <7 ...<y S'rln—l which witnesses it, so f < m = { < m; & s% € P{ and
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a; = ai(asé, ce, Qg 71) fori=1,2and € u= s} = t(enw)- But why ¢ € t7 There
should be witnesses s <; ... <; s2,_; for this hence £ < m = [{ < my & s? € P{]
and £ € u = s7 = tynu). Let h = {(s},s7) : £ <m} so his a partial automorphism
of I which is the identity on {tg,...,t,—1}. By clause (c) of the assumption we are
done.

8.16 Claim. 1) For k > LS(R) we have Tzr(ﬂ[ﬁ] # 0.

2) If N is a model, b € N for £ = 1,2 and n < w such that (b’ : n < w) is an
indiscernible sequence over {b3~' : n < w} then we can find ® proper for Ko+
such that 7(®) = 7n and

® if N' = EM(I,(I)),SO <7 .. <7 Sm_1,to <y ... <y tph_1 and sy € Pl",tg €

P{ then the quantifier-type which {as,, ..., as, _,0ty,---,a¢,_,) Tealizes in
N’ is equal to the quantifier free type which (b, ... bk 1, b3,...,b2_1) re-
alizes in N.

3) If in addition T(R) C 7N and for ng < ns < w,m; < mo < w we have (N |
7(R)) I cln{by,- - by, 1,05, -, b5, _1} is a <g-submodel of N | T(R) (or just of
(N T 7(R) T eln({bh, .- bk 1,03 02,1 1)) then ® € T [q].

4) Assume ®; <21 @),

Then we can find ®o € Tzr(ﬂ[ﬁ] such that

(Ck) q)l S?’Z q)g
B) if I € Ko"H) satisfies P{ # 0 then EMy3,)(I, ®2) = EM,(g,)(I, ®})

(v) if I € Ko, then EM,(g,)(I | P{,®3) = EM(I | PL,®1) actually this
follows from clause ()

~~

(0) ifty is a D1-automorphism over Py, (n,ny)-scheme and t, is a P4 -automorphism
(n,nq)-scheme extending t; then there is ta a ®o-automorphism over Py, (n,ny)-
scheme extending t,.

Proof. 1) Because TO'[R] # 0 by [Sh 394].

9) Think.

3) The main possibility implies the “or just of ...” by K being an a.e.c. The statement
itself is easy to check (as we can use just finite I C J and then by the axioms of
a.e.c. the case of ny, mgy, is enough).

4) Let the vocabulary 7o (intended to be 7(®3)) have the same predicates and
function symbols as 7(®%) except that for any function symbol F' € 7(®5)\7(P1)
we change its arity: arity,,(F) = arity,(g,)(F) + 1. For I € K" () we define
My = EM(I, ®5) as follows: let M4 = EM(I, ®)), now M, a To-model is the same
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as Mj except that if F' € 7(P2)\7(®1),n = arity (e, (F) and ag,...,a, € Mj we

define F™2(qay, ..., a,) as follows:
if {ag,...,a,} € EM(I | P{,®;) then FM2(qay,...,a,) = ag
and if otherwise then FM(a, ..., a,) = FM2(ag, ..., an_1).
Now it is easy to check. Us.16

For the version (using <4, ¢ = 1,2 only) we need

8.17 Definition. 1) We say that t is a weak ®-automorphism (n, n1)-scheme over
P; when:

(b), (¢) as in Definition 8.14(2) above
(d) for every I € Ko and tg < ... <y tn_1 satisfying t, € P{ & 0 < ny the

set f = fg rlto, ..., tn 1] satisfies

(o) f is a one to one function

(8) Mj:= (EMyg(I,®)) | Dom(f) is a <g-submodel of EM (g (I, ®)
(v) M7= (EM,(%)(I,®)) [ Range(f) is a <g-submodel of EM (g (I, ®)
(0) f is an isomorphism from M } onto MJ%

2) We say that r is a ®-task if ¢ has the form (n,n1,01(x0,...,pn—1),02(0, ..., Tpn_1)
where o1, 09 are 7(®)-terms.
3) We say that the [weak] ®-automorphism over Pj,(n,nq)-scheme t solves the

P-task ¢ = (n¥,ni, o1 (o, ..., Tn_1),02(x0,...,2s_1)) when (n,n1) = (n¥,nj) and

the tuple (n*,nj,n* oi(xo,...,Tn_1),05(Tq,...,Tn_1)) belongs to t.
4) We say that the ®-task ¢ is [weakly] solvable or ®-solvable if some [weak] -

automorphism (n,n)-scheme solves it.

8.18 Observation. 0) A ®-automorphism over Pj,(n,nq)-scheme is a weak ®-
automorphism over Py, (n,n;)-scheme.

1) If ®; <P1 dy and 1 is a P;-task then 1 is a Po-task.

2) If &4 §?’2 ®,, and 1 is a weakly ®4-solvable ®;-task then r is a weakly ®,-solvable
d,-task.

3) If a ®-task is solvable then it is weakly solvable.

8.19 Remark. For the weak version, in 8.20 it suffices if we weaken the conclusion

® (a) (I)l S?’Q (1)2
(8) the ®q-task ¢ is ®o-solvable.
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[This simplifies the proof.]

8.20 Main Claim. Assume

(a) ®; € YU

b)) ni <n<wandor(...,xe, ... )o<n,02(- -+, Tpy ... )o<n are T(Py)-terms; for
convenience assumeny < mn. Letr = (n,n1,02(... ,Ze, ... Jo<n, 02(T0y -+, Trn1)t<n)

(c) for every a < (2%)% there are I and to,...,t,—1 such that:
o () I€ KW s strongly Ro-homogeneous

(8) |P[>3a

() 1Pl > 3u(P)

(9)

() trePlel<n

(©)

¢

to <7 ...<ptn_1 soare from I

there is an automorphism of EM_ gy (I, ®1) which is the identity
on EM,q)(I | P{,®1) and maps o1(... ,az,,...)e<n to
oo(.o. sy, )i<n-

Then there are is ®5 such that

® (a) @ <3 P,
(B)  there is t such that:
if I € K" M = EM, (I, ®1)
to<p...<ptp_1 andt; € Pl &0 <mn
then there is f such that
(i) f is an automorphism of M which is the identity on EM,g)(I |

Pllaq)l)

(@) flo1(c.. ae,,...)) =02(... ,a4,,...)

(#1i) f is fg, rlto,- - tno1] and t is a ®a-automorphism over Pi,(n,n1)-
scheme t.

Remark. 1) Note that EM, (I | P{,®2) is equal to EM, (g (I | P{,®).
2) In the clause (c) of the assumption, “there are ¢y <; such that” is equivalent to
“for every ty <y ... such that”.
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Proof. For each av < (2%)" we choose I, (t? : £ < n) and f, exemplifying clause
(c) of the assumption. We expand M, = EM(I,,®;) to a model M} as follows:

Now

By

X,

(a) Qéw: = {a;:t € P/*} for £ =1,2 and QM = in: U Qéwi and
+
QM+ = EM(I, | Pl~, &)

+
(b)  the relation <Ma chosen as {(as,a¢) : s <y, t}

+
(c) Hy (2m + 1)-place functions (for m < w) are chosen in X, below
together witnessing I, is strongly Ny-homogeneous
respecting inverses, that is H (H% (x, 5,1),t,8) =«

(d)  the function FMa chosen in X below
+
(e) individual constants céwo‘ =ag for £ <m

(f)  the predicates (PM" : o a 7(®1)-term) and functions Gé\ﬁ (L <w)
as in Xy below

(g) Skolem functions (see K3 below).

for m < w let
(i) h&, be a (> m + 1)-place function from I, to I, such that: if sg <;

. <1, Sm—1 and tg <y, ... <1, tm—1 and sy € Plla =1ty € Pll"
then the function z — h%,(x, S, .. ., Sm—1,%0, - - -, tm—1) is an automor-
phism of I, mapping t, to sy for ¢ < n; we can add: if {tg,...,t;m_1} C
P;a then z ¢ P/ = = = h% (2,50, -+, Sm—1,10,- s tm—1)

(i) H%‘j is the (2m + 1)-place function from M, to M, defined by:
if 50 <7, ... <1, Sm_1,t0 <1, --- <1, tm-1,50 € Pl* =t, € P]*
and M, = “a=o(ar,,...,a,,_,)" and
Té = h%(?‘g, 80y -+ySm—_1500,- - ,tmfl), thﬂ

M+
Hp® (G Qsyy ooy Qs gy Qg e ey Gy ) = J(aré,...,arg_l),

. MF
in other cases Hyp,“ (a,bo,...) =a

recall that f, € Aut(EM,(g) (o, ®1)) is as in (¢) of clause (c) of the as-
sumption of the claim. Let FMa be a unary function, FM:{(b) = fa(b) for
every b € EM;(g) (Lo, ®1).

For every a € M, there aren,ty <;_, ... <y, tn,—1 and 7(Pq)-term o(xg, ..., Tp_1)
such that M, = “a =o(aty,...,at,_,)”. Let n: M, — w be such that n(a)
is the minimal n for which there are ty <, ... <r, t,—1 and o as above. Let
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<.n be a well ordering of the set of 7(®1)-terms of the form o (o, ..., 2, 1)
For a € M, let 0, be the < | ,)-minimal 7(Pq)-term o(zg, ..., Tn—1) such
that for some tg <y, ... <y, tn—1 we have M, = “a = o(ay,,...,as,_,)".

+
Define Gé\/f" M, — Qé% for ¢ < w such that if a € My, n =n(a),o = o,

+ + +
then Géw“ (a) <o <Ma GM+( ) so they all belong to {a; : t € I}

MF M
and M, E a = 04,(Gy*(a),. Gn(‘;) ((a)). Let G, *(a) = a when

¢ € [n(a),w). Now lastly, let Py \ = {aeM:0,=0}.
X3 we further add Skolem functions in particular we have A C M, = (M, |
T(R) I ey (A) <g Mo | 7(R).

The model we get we call M and without loss of generality 7(M) does not de-
pend on a. Now use a variant of the a.e.c. omitting types theorem, 8.6. So there
are a(*) < (2%)* and a model N* and (b¢ : m < w) in it for £ = 1,2 such that

(a) b, € QN (b2, : m < w) is indiscernible over Q)" which include {b}, : m <
w} and
(bl :m < w) is indiscernible over {b?, : m < w} and

Thy(NT) = ThL(M;'( ) (recalling that M+( .y has Skolem functions),

N+ omits all quantifier free types which M ™,

(b
(c

d

)

)
(d) a(x) OMits and
(e) for every m < w for arbitrarily large o < (2%)T,
(Oé) ThL(MJ) = ThL(N+) and
(8) N7 omits all the quantifier free types which M} omits
(f) for some s <r. ... <z, s, from PEIO‘ for ¢ = 1,2 the quantifier free type
of (bg,...,bt _1,b3,...,b2,_1) in Nt is equal to the quantifier free type of
<a5(1),.. . 7a5in—1’a58’ ce ’asfnq) in M;_.

Now there is @’ € Ter') such that

®, for any I* € K" EM(I*,®') is a 7(N*)-model generated by {a, : s €
I*} satisfying so < ... < Spm—1 € P{*,to < Ll <ty € PQI* = the
quantifier free type of (asy,...,as, _,,at,---,a1, ,) in EM(I*, ®") is equal
to the quantifier free type of (b} : i < m) (b? : i < k) in NT.

[Why? There is ®' proper for Ko by 8.16(2). By the choice of N*, (b :m <
w,€=1,2) and 8.16(3) we know that & € Yo' "[g]]
(*)o EM(I,®') = Nt for I € Ko*(+),
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[Why? As M;r(*) has Skolem functions.]
Now

®3 P, <6971 P,
Why? (We prove more). Let I* € K°(+),

Assume N* = EM(I*,®) and let J[N*] € K°(¥) be defined as follows: it is the
set {a : N* = Q(a)} linearly ordered by <" and let PZJ[N*] = Qé\ﬁ for ¢ =1,2.
So identifying ¢ € I* with a; we have I* C J[N*].

As N* = Nt clearly

(%) if k <mand N* | “ap <« a1 < ... <« apm—1 and Q1(ay) for ¢ < k,Q2(ay)
for £ € [k,m)” then the LL(7s,)-quantifier free type which (ag,...,am—1)
realizes in N* is equal to the L(7s, )-type which (b}, ..., b1 _,,b2,...,b2 1)
realizes in NT; this type is determined by ®,,.

We define an embedding j of EM(J[N*], ®) into N* | 7(®1) as follows for ag < jjn+]
oo <JIN*] @m—1 and 7(®y)-term o(zo, ..., Tm-1), we decide: o(ag,...,amn-1) as
interpreted in EM(J[N*], ®1) is mapped to o(ag,...,a,_1) as interpreted in N*
by (*); this is an embedding (for 74, ). This embedding is “onto” as

(%)2 every ¢ € N* is in the closure of {a; : t € J[N*|} under the 7(®;)-functions
(as interpreted in N*)

which holds as

(¥)s M7

a(x) SO N7 hence N* omit the type

p(x) = {—|(E|y0, cos Yk—1)( /\ Qlye) & v =0(yo,---,Yk-1)) : 0(x0,...,Tk_1) € T@l)}.
£<n
Also
(%)4 j is an isomorphism from EM(J[N*], ®;) onto EM_(4,)(/*, ®’) mapping a,
to a; for t € I*.
Now by the choice of the M’s it follows that

(*)5 EM<I*7¢1) - EMT(q)l)(I*?(I)/) and EMT(R)(I*a(bl) <s EMT(R)(I*v(I)/) for
every I € Ko'(+),

Now ®j3 follows.

Note that for some W proper for K°*), |7y | < k we have J[N*] = EM, (. (I*,¥) €
K') recalling 7() = {<, P1, P} and |7(¥)| < k.
Next there is ®5 such that
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®1 O <22 @y and for every I € K if P} # () then EM,(g,)(I,®2) =
EM, (,,(I, ®').

[Why? By 8.16(4).]
Lastly, we have to prove ®, that is the conclusion of 8.20.

CLAUSE («) of the conclusion of the claim:
WHY? By ®4 we have just to lift a ®;-automorphism over P, (n,nq)-scheme t;
to a ®o-automorphism over Py, (n,n;)-scheme.

So let I* € K°'(t) be dense and to <j+ ... <p th_1,te € Pll* & 0 < ny. So
fi= f:I?lJ* [to,...,tn—1] is a well defined an automorphism of EM, ) (I*, ®1) over

EM, g)(I* | P{,®1). As in the proof of ®3 let N* = EM(I*,®’) and let J = J[N*|
be as there. So I* C J hence

() EM(I*,®) C EM(J,®;) = EM (g,)(I*,®) = EM, (g, (I*, ®y).

Let fo be f:;hj[to, .., ty—1], it is an automorphism of EM, (&) (J, ®1) extending fi
hence it is an automorphism of EM, (&) (/*, ®2) extending fi and it is the identity
of EM, (q)(J | P{,®1) which is equal to EM, (g)(J* [ p!", ®2).

Now assume sg <y« ... <y Sm—1,Sm—1 ¢ p{* and 0 = o(zg,...,Tm—_1) is a
7(®')-term and {tg,...,tn—1} C {S0,.--,Sm—1}. So we can find k < w and ¢ <
. <jri—1 and 7(P3)-terms 7 (xq, . .., Tm—1) such that r, = 7(as,,...,as,,_,) for
¢ < kand 7(®q)-term 7*(xq, . . ., Typ—1) such that 7(as,,...,as,, ) = T (Asgy- -+, Qsp_,)-
Without loss of generality {to,...,tn—1} C {ro,...,7%k—1} and let u = {£ <
k:re € {to,...,tn_1}}, so for each ¢ < k for some 7**(zg,...,xx—1) we have
(n,ni,u, 7(zo, .., Th—1), T (T0, ..., Tk—1). Solet fo(T*(asy,---,as,, ,)) = fo(T*(Cryy .. Gr,_,)) =
o (T (To(@sgy -5 sy 1)y e vy The1(Asgs - - s, 1))

So by 8.15(3), clearly there is t; as required except that we should replace Phi’
by ®; but as a, . ¢ EM(I* | P[",®,), there is no problem to correct this.

CLAUSE (p) of the conclusion:

So assume that I* € K°*(+) and I* Ety <...<th,—1and ty € Pll* S0 <n
and let N* = EM(I*,®'), N> = EM(I, ®5).

As I* C J[N*], we have JIN*| = “tg < ... < t,_1” and tp € P/ st < ny. T
n1 = n the identity can serve as the automorphism, so without loss of generality n; <
n hence PY™ # (). Let t; be cév* for ¢ =0,...,n—1, recalling clause (e) of ®;. By the

choice of the functions HM " (see clause (c) of @ above) there is an automorphism
h of the linear order J[N*] such that

®5 h=t(te) =t

Clearly
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®¢ h induces an automorphism & of the model EM; (¢,)(I*, ®’) which is equal to
EM(J[N*], ®1) by (0 (asy, - -+ sy_y) = 0(an(sy)s -+ » Ah(sy,_p)) When sg, ..., 5,1 €
J[N*] and o is a term in 7(Pq).

So clearly

®7 h™(tg),...,h 1 (t,_1) are as in clause (c) of the assumption of 8.20 for the
linear order J[N*] € K°*(+),

Now the property [0, (¢) which is inherited by N* as Nt = N* = M;(*) (and the

+ +
choice of FM«( in ®; above and the choices of t; (and of the céwa above) gives

@' for some automorphism f of EM, ) (J[N*], ®1) we have
() f1 EM, (g (JIN*] I QY",®;) is the identity
(B) flor(---san-—1@,),--)e<n) = 02(- .- sap-1(1,),- - - Je<n because
flor(osans, - Doen) = 02 g, .. )e<n
(v) f(b) = F(b) that is f(b) = FEMUI2)(p) for every b € EM(I*,d');

. M+t
see the choice of F" ) above.

Hence also f/ = hofoh™! is an automorphism of N* | 7(8) = EM; () (J[N*],®1) =
EM, () (I*, ®').

Let us check the demands listed in ®(8) of 8.20. First half of Subclause (3)(1)
holds by @', and Subclause (5)(ii) there holds by clause () of @ above. Next
Subclause (5)(iii) there holds for ® by our choice of f and F Mi(*h i.e., clause ()
of @ and by h being definable by the H,’s and M having Skolem functions.

More fully, let ¢ = (ty : ¢ < n),t* = (t; : £ < n),a} = o1(as,,-..,as, ,). For
every b € N* clearly for some 0 = o(xq,...,z5-1), a 7(P1)-term and sy <; ... <;
sk—1 we have b = 0(as,,...,as,_,) where b€ PN" and s, = G} (b), so” by ®

A~ *

b= h'(b) = HY (bay,...,ai,--.)
= ijzv* (ba G(]')v* (CLT),G{V* (GT)a e 7G7];]—*1(a>{)7087 e 702—1)

by =: f(by) = FN " (by)

“we ignore the case that in o1(x1,...,2n—1) some of the variables are dummy variables just

. *
use at, instead GIV (a?).
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and recalling the end of clause ®g we have

b3 =. iL(bg) = HTJLV* (bg,atg, e ,at;_l,ato, e ,atnil)
Hé\’* (b27067 .. -aC;—lvGéV* (aI>7 s 7G7]¥j1(a1<))

Composing clearly f'(b) = (ho foh™1)(b) = h(f(h=1(b)) = h(f(b1)) = h(by) = bg is
equal to o*(b) for the suitable term o*(z) = o(x, Go(a7),...,Gn-1(aj),ch, ..., ch_1)
of 7(®') which does not depend on b. As M, has Skolem function we can re-

place o*(x) by F'(x,y) for some function symbol F’ € 7(®’). But we need “f’ is
the identity on EM(P{ ,®,)” which is for the second half of Subclause (8)(i); let

be EM(I* | PI",®)) or Just be EM(P; IV *],@1); so for some term o of 7(®;)
and Sg,...,Sm-1 € P| IV = QY we have N* = “b = o(as,,...,as, ,)", hence
(as N* = NT and the choice of FM")

®s f/(0) = (hfh™")(o(asy, - as,,_,)) =

hA( ( ( (aso""7a5m—1)))) =

(h(f(o(an=1(s0)s+ -5 @h=1(s,-1)))))-

[The last equality by the definition of & from h, see @®g.]

But we are assuming that sg,...,$,_-1 € Q[IN*] and by the choice of h in ®5 we
conclude that A~ (s),...,h  (sm—1) € QY hence by clause (a) of @' above we
have

@9 f(O'(Cthl(sO), ... ,ahfl(smfl))) = (U(ahfl(s()), ... 7ah*1(sm,1)))-

By ®g + ®9

~

f/(b) = h(U(CLh—l(SO), - aah—l(sm_l)) = U(C_th—l(SO), ceey C_th—l(sm_l))

=0(asy,---,0s,, ,) =D.

As b was any member of EM (g (I [ Pl 5 ®,) we are done proving the second half
of subclause (8)(7) of ®.

We have shown above strongly version of definability for ®’, so by the way ®,
was constructed from @’ it follows that also subclause (5)(iii) of ® holds that is
8.16(4)(). Ok 20
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8.21 Claim. Assume

(a) R is an a.e.c. with amalgamation, categorical in A
(b) the M € K is x*-saturated (holds if cf(\) > x)
(c) x = LS(R).

Then every M € K of cardinality > Jioxy+ (or just > ) if X > 2LS(R) ) s
x T -saturated.

Proof. If M is a counterexample, let N <g M, ||N|| < x and p € . (N) be omitted
by N. By the omitting type theorem for abstract elementary classes (see 8.6, i.e.
[Sh 88]), we get M’ € K\, N <g M', M’ omitting p a contradiction. O

8.22 Claim. Assume

(a) LS(R) <x
(b) for every a < (2X)T there are My <g No (s0 My # No), [|My]| > 3o and
p € L (M) such that c € Ny = —pE,\tp(c, My, €).

1) For every 8 > x there are M <g N in Ky and p € ./ (My) as in clause (b).
2) Moreover, if ® is proper for orders as usual, |7(®)| < x, J2x)+ < A, K categorical
in A and I a linear order of cardinality 0, then we can demand M = EM_ g (I, ®).

Proof. Straight.
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8.23 Conclusion. 1) For k > LS(R) and ® € T there are a(x) < (2%)* and
®* such that

(a) ® <B3 d* 50 §* € T

(0) if r = (n,n1,02(. .., Tmy v )m<n, 02(T, o, Ty - - Jmen) and @y and (¢ :
¢ < n) satisfies [, () of clause (c) of 8.20 holds with (r, ®*) here standing
for (r,®1) there (so r is a ®*-task) then ®(3) from the conclusion of 8.20
holds.

2) We can replace a(x) < (2)" by a(*) < d,; on d, see, e.g., [Sh:e, VIL,§5].

Proof. 1) We iterate 8.20 recalling that ®; <®3 &, € YT [f] implies that
Ie KW 1 =1 P = EM;s,)({ | PL,®;) = EM(I | P],®;). We choose
®,, by induction on o < A such that (®, : a < \) is S?’?’-increasing continuous,
in Yo Let @ = & and in limit stages we take unions. In the induction step,
a = [+ 1is by 8.20, with (&g, ®,) here standing for (P, P3) there and r = 13 as
in clause (b) of the assumption of 8.20 is chosen such that for every av < A and any
®,,-tasks ¢ (i.e., as in clause (b) for ®,) for some 5 < \,xp = ¢, this is done by
bookkeeping.

2) Reflect. Us.23

8.24 Definition. 1) For ®* € o) [R] let a(®*) be the minimal ordinal a(x)
such that J,) > LS(R) and if ¢ is a ®*-task (see Definition 8.17(2)) and [J, of
clause (c) of the assumption of 8.20 fails for some « then it fails for some o < «(%)
(hence for a = a(x)).

2) For £ = 0,1 let x¢(®*) = x¢(*) = () +a(a)xe and x () = x1(27).

8.25 Observation. 1) If ®, is from Yo' [&] then a(®;) < 6, < (2%)7.

8.26 Remark. 1) Actually because of “f has amalgamation”, it is easier to prove
the following weaker variant of 8.23 replacing “there is an automorphism f of
EM; (g (1, ®*) over EM (g (I | P/, ®*) which maps b* to b*” by “there are models
Ne,{b%,b2} - Ng and EMT(R)(I f P{,‘I)*) <a Ng <a EMT(R)(I7‘I)*)” and iso-
morphism f from N; onto Ny over EM,(g)(I | P}, ®*) mapping b' to b?. This is
actually enough.

2) We can get also somewhat stronger results, see [Sh:F657].
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§9 SMALL PIECES ARE ENOUGH AND CATEGORICITY
Using the context below is justified by the previous sections.

9.1 Context. a) K is categorical in \.
b) ®* as in 8.23.

9.2 Main Lemma=Local Lemma. If M* € K is a saturated model of cardinality
Xoxi(¥) < x < cf(X) < A, see 8.24(2) then .¥(M*) has character or locality
< x1(x), (see Definition 1.8, i.e., if p1 # p2 are in . (M*) then for some N <g
M,N € K, () we havepy | N #pa [ N).

Proof. So ®* as in 8.23. Choose I such that (easily exists by 8.11(2))

a) I € KW is strongly Ro-homogeneous

b)

c)

d) in P, there is a monotonic sequence of length 7 whenever
0 < |P}| for ¢ =1,2.

®1
P} has cardinality x
I has cardinality A

(
(
(
(

Let N* = BEM,(g)(I,*) € Ky and M = EM,g)(I | P{,®*) so M € K, is
saturated (see 8.12 above) hence without loss of generality M* = M. Similarly in
N* every p € ./ (M*) is realized. Assume toward contradiction that p; # po are
from & (M*) but p1/Ey, (x) = p2/Ey,(x), 1.6, M' <g MM'" € K (o) = p1 | M’ =
po [ M’. We can find by, by € N* which realize pq, po respectively. As we can add
dummy variables we can find n and tg <;< ... <y t,—1 and terms oy, 09 of 7(P*)
such that by = o¢(as,,-..,as, ). Let ny < n be such that t, € P{ < ¢ < ny; again
without loss of generality, ni < n.

Recall (8.11(1)) that the linear order (P{,<;) is strongly Ro-homogeneous. We
can find a strongly RNg-homogeneous .J; C P{ of cardinality xi(*) which includes
{ty : £ < n}NPl. Let Jo, C P§ be of cardinality y such that it contains a
monotonic sequence of length 7 for every 6 < x and is strongly Rg-homogeneous
and {t;: £ <n} NP C .

Let J = T | (JyUP) and let M' = EM, (] | P{,®") = EM(J;,d")
and N' = EM, g)(J, ). Easily M’ <g N' € R&y,b1,bs € N',M' € Ry(s),J is
strongly Ng-homogeneous (see 8.10(1)) and by the choice of py,p2, b1, b we have
tpa(b, M',N") = tpg(bs, M',N"). But N’ is saturated by 8.12 hence there is an
automorphism of N’ over M’ mapping by to bo. As A > x1(%) by the choice of

®* i.e., by 8.23 we can conclude that there is an automorphism of N* over M
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mapping b; to by, contradiction to p; # ps. We have to check [J,; so note that
|PY| = |J1] = xo(®*), P = |Jo] = x > x1(®*), ete. o o

9.3 Claim. If T is categorical in A, LS(R) < x(x) < u < X and (M; : i < §) an
<g-increasing sequence of um-saturated models then U M; is pt-saturated.
<9

Remark. 1) Hence this holds for limit cardinals > LS(R).

2) The addition compared to 6.7 are the cases cf(\) = pT, utt, e.g. A= p*. The
only case needed is A = u™ (used in (*)g of the proof of 9.5).

[Saharon: check again! as u™ = X is trivial ]

Proof. Let My = U M; and assume Mj is not " -saturated. So there are N <g Mj;
<9

of cardinality < p and p € .(N) which is not realized in M;s. Choose p; € .7 (My)
such that p; | N = p.
Without loss of generality NV is saturated (by 6.7, or think).

Let x = x(x), without loss of generalityd = cf(d) < p and each M; has cardi-
nality p+ hence i < § = M; is saturated.
We claim

& there are i(x) < § and N* <g M;(,) of cardinality x such that p; does not
Xx-split over N*.

Why? Assume toward contradiction that this fails. The proof of ) splits to two
cases.

Case I: cf(9) < x.
We can choose by induction on i < § = cf(§) models NP, N}! such that

) NP <& M; has cardinality x
) N? is increasing continuous
) NP <o N
d) N <a N} <q M;s

)

)

)
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There is no problem to carry the definition and then N} C U N ]Q and
j<é
(ND i< &),p1 | U N} contradicts 6.3.
<6

Case II: cf(d) > x.
Now by 3.3

() for some N* <g Mjs of cardinality y we have p; does not x-split over N*.

As 6 = cf(d) > p > x, for some i(x) < § we have N* <g M;(,y. This ends the
proof of ).

So i(x), N* are well defined. Without loss of generality N* is saturated. Let ¢ € €
realize p;. We can find a <g-embedding h of EM, (&) (" +p*, ®*) into € such that

(@) N* is the h-image of EM, () (x, ®*)
(b) h maps EM,(g)(u",®*) onto some M’ <g M;,)
(c) every d € N and c¢ belong to the range of h.

By renaming, h is the identity, clearly for some o < pu* we have
NU{c} C EM, (g (aU[p", ut +a),®*), so some list b of the members of N is
(oo s @iy ey Aty - - - ica,j<a (assume o > p for simplicity) and
c=0"(...,Qi...,Qu+4j, - )icujew (U, w C pt finite as, of course, only finitely
many a;’s are needed for the term ¢*) and without loss of generality u Uw C a.

For each v < ut we define b =& (... ,a,,. .. s Q(14y)atjs - - - Ji<a,j<a and
¥ =0"(... .., Q(14y)atj> - - - )i,; and stipulate b= b, " = c and let q =

tp(b"c, N*,€). Clearly (b7 ¢¥ : v < uT) (b c) is a strictly indiscernible sequence
over N* and C Mj U {c}, so also {b7 : v < pu+} C Mj is strictly indiscernible over
N.

[Why? Use I O u* + pt which is a strongly u*™ saturated dense linear order and
use automorphisms of EM(I, ®*) induced by an automorphism of I.]

As ¢ realizes p; clearly tp(c, Ms) does not x-split over N* hence by 9.2 recalling
that M, is a saturated model of cardinality pt mnecessarily tp(b? ¢, N*, €) is
the same for all v < p*, hence v < u™ = tp(l_ﬂAc“Jr, N* &) = ¢, so by the
indiscernibility 8 < v < ut = tp(b®?"c?, N*,¢) = q.

Similarly for some ¢,

B<y<pt = tp(b"c?,N*, €)= q.

If ¢ # q1, we get the (x,1,0)-order property (see Definition 4.3) contradiction to
(or 4.8).
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Hence necessarily 3 < ut & v <put & B # = tp(b’ ¢, N*, &) = q. For
B = pt,y =0 we get that ¢¥ € M;(,) <g Ms realizes tp(c’,N,€) = p; | N as
desired. Lo s

We could have mentioned earlier parts (1) + (2) of the following observation.

9.4 Observation. 1) If M is #-saturated, § > LS(R) and § < A and N <g M,N €
K<y then there is N',N' <g M,N' € Ky and every p € .(N) realized in M is
realized in N’.

2) Assume (N; : ¢ < §) is <g-increasingly continuous, 6 < 67 is divisible by
0,N; € K<p,N; <g M, M is f-saturated, and every p € .7 (N;) realized in M is
realized in N;;; then

(a) if 6 =0 x 0, LS(R) < 0 = cf(0) <0, then Ny is o-saturated
(b) if 6 =0 x 6,0 > LS(R), then Nj; is saturated.

3) In part (1) we can add: N’ is saturated and even saturated over N (here we use
9.3).

9.5 Theorem. (The Downward Los theorem for \ successors).
If X\ is successor 3(2X<*>)+ < x < A, then K is categorical in x.

9.6 Remark. 0) In fact, we can replace J(gx(»y+ by p(x (%))

1) We intend to try to prove in future work that also in K~ ) we have categoricity
and deal with A\ not successor. This calls for using &2~ (n)-diagrams as in [Sh 87a],
[Sh 87b], etc.

2) We need [and can have one but not here|] some theory of orthogonality and
regular types parallel to [Sh:a, Ch.V] = [Sh:c, Ch.V], as done in [Sh:h] and then
[MaSh 285] (which appeared) and then (without the upward categoricity) [KISh
362], [Sh 472]. Then the categoricity can be proved as in those papers.

Proof. Let K' = {M € K : M is x(x)*-saturated hence of cardinality > x(*)}.
So

()o there is M € K which is A-saturated
why? by 2.6, 1.7, as A is regular
[why? by g

(%)1 K’ is closed under <g-increasing unions
[Why? By 9.3 (or 6.7)]

() if x > J(QX(*))JF and M € K, then M € K;(, moreover M is
3(2X<*))+—saturated
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[Why? Otherwise by 8.6 there is a non (x(®*))"-saturated M € K con-
tradicting (x)p, or use 8.21. For the “Moreover” use 8.7 instead of 8.6.
Assume M € K,,x > 3(2X<*))+ and M is not :l(zx(*>)+—saturated. Let
N <g M be of minimal cardinality such that some p € .(N) is omitting
50 Tyt > IN|| > x(x) hence Jgucerys (IN]) = Jconys < [M]. By
9.4, without loss of generality N is saturated, hence by 9.2 for every ¢ € M,
for some N, <g M of cardinality x(x) we have: tpg(c, No, M) # p | N..
Now 8.7 applies and gives contradiction.]

(%) if M € K and p € (M) then for some My <g M, M, € K;C(@*) and p does
not x(®*)-split over M,
[why? by 3.3, 1.7]

(¥)a Definition: for x € [x(x),A) and M € K and p € /(M) we say p is
minimal if:

(a) p is not algebraic which means p is not realized by any ¢ € M

(b) if M <g M’ € K}, and py,p2 € /(M') are non-algebraic extending p,
then p; = ps

(¥)5 Fact: if M € K is saturated, x € [x(*),)), then some p € (M) is
minimal
[Why? If not, we choose by induction on a < x for every n € *2 a triple
(M,,, Ny, ay) and hy, n1p for B < a such that:

(a) M, <g N, and a, € N,\M,

(b) (My5: 8 < «) is <g-increasingly continuous
(c) Mys <>1<,w My y(p+1)
(d) hynyp is a <g- embedding of N,z into IV, which is the identity on

M, 5 and maps a,g to a,
(e) ify < B < a,n €2, then hyypy = .y © hnipniy
(f) My oy = My but

tp(an- 0y, My~ 0y, N~ 0y) # tp(ay-(1y, My~ 1y, Ny~ (1))
(g) ]\477 <g C.
No problem to carry the definition and let kK = Min{x : 2 > x} and
choose M <g € such that |M|| < x and n € **2 = M, C M hence
n € "2 = M, C M so {tp(a,, M,&) : n € "2} is a subset of .7(M) of
cardinality 2 > y. So we can get a contradiction to stability in y, i.e., to
1.7].

()¢ Fix a saturated M* € K, (g-) and minimal p* € .7 (M™)
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(x)7 if M* <g M € KL.,, then p* has a non-algebraic extension p € . (M),

moreover; if M is saturated, it is unique and also p is minimal

[Why? Let M’ € K., be saturated such that M <g M’ |M'|| = | M]||;
and if ||M|| = x(x), M’ is brimmed over M* (see Definition 2.7). Exis-
tence of non-algebraic p’ € .#(M’) holds by as (M*, M) is isomorphic to
(EM.(x(®*), &%), ENL(|[ M|, 8°).

Now for (p’, M') uniqueness modulo E, (. follows from the definition of “p*
is minimal” hence uniqueness for (M’ p’) holds by the locality lemma 9.2.
So we have proved the “moreover”. When M is not saturated applying
what we have proved to a saturated extension M’ of M of cardinality || M||
we get a non-algebraic p’ € . (M') extending p, now p’ | M is as required].

Let A1 be the predecessor of \.

(%)s there are no Mj, My such that:
(a) M* <gq My <g M,
(b) My, M are saturated of cardinality \;
(C) M1 7é MQ

(d) mno ¢ € M\ M, realizes p*

[Why? If there is such a pair (M7, Ms), we choose by induction on ¢ <
A, N¢ € K, which is <g-increasing continuous, each N¢ is saturated, Ny =
Mi,N¢ # N¢yr and no ¢ € Neyi\N¢ realizes p*. If we succeed, then
N = U N¢isin Ky (as N¢ # Neyq!) but no ¢ € N\ Ny realizes p*

C<A
(why? as {¢ : ¢ ¢ N¢} is an initial segment of A, non-empty as 0 is in
so it has a last element (, so ¢ € N¢41\N¢ so realizes p*, contradiction);
hence N is not saturated, contradiction to categoricity in A by (%)g. For
¢ =0,Nog = M, is okay by clause (b). If ¢ is limit < X, let Ng = | J NV,

e<(
clearly N € K, and it is saturated by 9.3. If ( = €+1, note that as N, M,

are saturated and in K, and <g-extends M* which has smaller cardinality,
there is an isomorphism f¢ from M; onto N. which is the identity on M™*.
We define N¢ such that there is an isomorphism fgr from M, onto N¢
extending f¢. By assumption (b), N € K, is saturated and by assumption
(¢), N¢ # N¢qq, and by assumption (d), no ¢ € Ney1\N¢ realizes p* (as
fe | M* = the identity). So as said above, we have derived the desired
contradiction].

(x)g if M € KL, and M* <g M <& N, M has cardinality > 6* = I(QX(*))+, then
some ¢ € N\ M realizes p*.
[Why? Assume this fails, hence by ()2, M, N are #*-saturated. So we
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can find saturated M’ <g M, N’ <g N of cardinality 6* such that M’ =
NN M,M* # N’ (why? by observation 9.4(1)-(3)). So still no ¢ € N'\M’
realizes p*. We would like to transfer (using the appropriate omitting type
theorem) this situation from 6* to A;; the least trivial point is preserving
the saturation. But this can be expressed as: “is isomorphic to EM(I, ®*)
for some linear order I” for appropriate ®, and this is easily transferred).

(%)10 if M € KlgA has cardinality > 6* = 3(2X<*))+ then it is 0*-saturated
(so € KZ,).
[Why? By (*)2.]

(%)11 if M € K/SA has cardinality > 6*, then M is saturated
[why? Assume not; by ()19, M is §*-saturated let 6 be such that M is 6-
saturated but not §1-saturated; by (x)19, 0 > 6*, without loss of generality
M* <g M. Let My <g M be such that My € Ky and some q € . (M) is
omitted by M and without loss of generality M* <g M,.
Now choose by induction on i < 6+ a triple (N2, N}, ;) such that:

a) Ni0 <g Ni1 belong to Ky and are saturated

(b) N? is <g-increasing continuous

Ni1 is <g-increasing continuous

NQ = My and d € N§ realizes q

fi is a <g-embedding of N? into M and fy = idyy,

for each i, for some ¢; € N}\N? we have ¢; € NP,

(
(c
(d
(e
(f
(9
If we succeed, let E = {§ < 67 : § limit and for every i < § and ¢ € N}
we have (35 < 07)(¢c; = ¢) = (37 < d)(¢; = ¢)}. Clearly E is a club of 8T,
and for each § € E, cs belongs to N} = U N} so there is i < & such that
1<0
cs € N}, so for some j < §,c=c¢; socs =cj € N;ﬁ_1 <g NP, contradiction
to clause (f).
So we are stuck for some (, now ( # 0 trivially. Also ¢ not limit by 9.3,
so ¢ = e+ 1. Now if N2 = NI then f.(d) € M realizes q, where d is
from clause (d), a contradiction, so N2 <g N!. Also f-(N?) <g M by
cardinality consideration. Now by (*)g some c. € N2\ N? realizes p*.
We can find Né <ga M such that f.(N?) <g Né € Kg,Né saturated (why?
by 9.4(3)).
Again by (x)g we can find ¢, € N/\f.(N?) realizing p*. By ()57, the
uniqueness part clearly tp(c., fo(NY), M) = f.(tp(ce, N2, N1)) so we can
find NC1 € Ky which is a <g-extension of N} and a <g-embedding g. of Né
into IV g which extends f-! and maps c. to c.. Without loss of generality

~— ~— ~— ~— 0 —

fi is increasing continuous.
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Ng is saturated. Let Ng = g:(N(}) and Ng, c. were already defined. So we
can carry the construction, contradiction, so (x)1; holds].
(*)12 K\ is categorical in every x € [Jigx(y+,A)

[why? by (%)11 every model is saturated and the saturated model is unique].
Uo.5
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GLOSSARY

80 Introduction
Definition 0.1: K is an a.e.c.

Definition 0.2: 1) K,,,h a <g-embedding, & has amalgamation, A-amalgamation,
JEP and M <g N

Definition 0.3: LS(8), LS'(R)

Claim 0.4: directed unions

Claim 0.5: Representing an a.e.c. by EC(T, 0)

Claim 0.6: Existence of EM models see 8.6, CHECK!

§1
Hypothesis 1.1: (a) K a.e.c.

(b) & has amalgamation and JEP
(c) Kx # 0 for every A

Convention 1.2: There is monster €

Definition 1.3: 1) R is categorical in A
2) I(\, K)

Definition 1.4: tp(a, M, N)
2) tp(a, M) = tp(a, M, €) = & = a/m; define M is k-saturated where x > LS(R)
3),4) S*(M),S* (M) =S (M
5)po=p1 | M

Definition 1.5: 8 is stable in A
Convention 1.6: ® as in 0.6

Claim 1.7: If K is cateogorical in A then R is stable in every p, LS(R) < p < A and
any M € K, is cf(x)-saturated [proof] CHECK

Definition 1.8: 1) For y > LS(R),E, = E}[&] = {(p1,p2) : p1,p2 € ST(M) and
(VN e K<) )(N<gM —=pi | N=ps | N)

2) pe S™(M) is p-local if p/E,, is a singleton

3) R is p-local if every p € #<“(M) is p-local

4) ¢ realizes p/E,, is in M* if M <g M*,c € M*, tp(c, M, M*)E,p.

Remark 1.9: 1) E is an equivalence relation
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2) In previous contents Erg(q) is equality; a place to encounter some of the
difficulty
3) p-local # p-compactness

Claim 1.10: 1) Ny is <g-maximal member
2) ps | My is well defined, unique when My <g My, ps € (M)
3) types have extension
4) (p I Ma) | Mo =p | Mo

Claim 1.11: If M;(i < w) is <g-increasing continuous, p, € L*(M,),pn = Pn+1 |
M,, then there s a limit p,, € ' (My),n <w = p, =p, | M,

Remark 1.12:

§2 Variants of saturated

Definition 2.1: Assume £ is stable in p,a < p™

1) M <), N

2) M <, , N

3) default for « is...

Lemma 2.2: Basic properties; assume R stable in g and o < p*

0) when gﬁmgg' ell,, o

1) For M inK, there are N,’s such that N Sﬁ,a N

2) Monotonicity

3) Preservation under increasing

4),7) <}, implies universality

5),6) Uniqueness for <},

8) M <, .= N is cf(r)-saturated [proof later]
Discussion 2.3: On [Sh 300], [Sh 87al, [Sh 87b]
Remark 2.4: On <},

Definition 2.5: Recall k-saturated
Proof of 2.2(8):

Claim 2.6: If K is categorical in A, M € K, cf(\) > p then M is (A, ut)-model
homogeneous

Definition 2.7: N is (u, k)-brimmed
Claim 2.8: 1) Restating properties for brimmness

Discussion:

63 Splitting
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(7 line intro)

Content 3.1: €

Definition 3.2: (M) does p-split over N <g M
Claim 3.3: From stability to non-splitting [proof]

Conclusion 3.4: When p is the E,-unique extension of p [ Ny which does not p-split
over Ny

84 Indiscernibility and E.M. Models
Notation 4.1: A function h : Y — M is the same as sequence (h(t):t €Y)

Definition 4.2: 1) Let h; : Y — € for i < ¢*

1) (h; : i < 4*) is an indiscernible sequence of character < x (...use automor-
phisms

2) (h; 14 < i*) is an indiscernible set

3) (h; : i < i*) is strictly indiscernible sequence if.... (there are ®...)

4) (h; i < i*) has localness 6

Definition 4.3: 1) R has the (k, 6)-order property
2) R has the 9k1, kg, 0)-order property

Claim 4.5: 1) Any strictly indiscernible sequence (over) A is an indiscernible set
(over A)
2) We can omit strictly , we can add “of character < k”

Claim 4.6: 1) Existence of ® € Tpg 4, 3R] immitating h = ((hi i < i*)) if
it < 31 1(LS(R) + Y1), (or use h? = (h? :i < @ for 6 < 31 1(LS(R) + |Y)
2) If (h; : i < i*) is an indiscernible sequence of character Ny, greater similarly
3) Apparent weaking of assumption in 4.3
4) Variants of 4.3(1),4.7(2)
5) Another building of ¢

Lemma 4.7: If there is a strictly indiscernible sequence which is not an indiscernible
set of character Ny with sequence of length v then K hsa the (7)-order property

Claim 4.8: 1) If & has the s-order property then I(x,&) = I for every I(x >
(k +LS(R))" (and more)

2) If R has the (k1, ko, 0)-order property and x > k =: k1 + k2 + 0 then for some
M € R, we have |.7"2(M)/E.| > x

Definition 4.9: 1) p € ™ (N) divides or mu-divides over M <g N (indiscernible
copies of N over M)
2) ku(R), K}, (R) (long diviidng + types for ), sets of cardinals
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3) k- (R) and Ky o(R), similarly with models in Ky and p-dividing
Remark 4.10:

Fact 4.11: 1) Equivalent variant of 4.9(1)
2) k€ Kj(R),0=cf(0) < k=0 € K(R); similarly for £}, ()
3) &,(R) C k,(R), similarly for ;g

Definition 4.12: Assume M <g N,p € S (N),M € R<,, ;n > LS(R)
1) p does p-strongly split over M
2) p explicitly p-strongly splits over M

Claim 4.13: 1) Strongly splitting implies dividing if (x), x,.x, (see below)

Claim 4.14: 1) If (x),,¢,, fails then K has the (u, 0 + LS(R))-order property
2) for x > p+ LS(R) then for some M € K,,,. (M) for some a < o
3) weaker version
4) a variant

Claim 4.15: EM model M, if the skeleton converges in any N, M <g N then we
get e.g. instability, order property [proof]

Claim 4.16: for K categorical, existence of strictly indiscernible sub-sequences
[proof]

Observation 4.17: indiscernible in %«

Definition 4.18: M is A-strongly saturaetd (also automorphic)

§4 (Second version)

Definition 4.2: indiscernible, strictly indiscernible (by EM)
Definition 4.3: (k, 0)-order, £g(a;) = 0, |A| = &, (k1, k2, 0)-order
Observation 4.4: monotonicity

Claim 4.5: triviality

Claim 4.6: existence of indiscernibles toward EM

Claim 4.7: indiscernible sequence not set implies order

Claim 4.8: k-order = I(y, K) = 2X

Definition 4.9: p-divide, p-divide, £, o[ K]

Definition 4.12: u-split, u-strongly split

Claim 4.13: implication
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Claim 4.14: getting order property, unstability
Claim 4.15: almost t € I,a;/b equal
Claim 4.16: every (a; : i < ) contains large strictly indiscernible sub-sequence

Definition 4.18: M strongly saturated

§5 Rank and superstability

Definition 5.1: R(p)

Definition 5.2: (p, 1)-superstable

Claim 5.3: failure from 4.13 = (u, 1)-superstability fail

Claim 5.4: if & not (p, 1)-superstable then (u; : i < w + 1), etc
Claim 5.5: in 5.4 get unstable in y < xN°

Remark 5.6: discussion

Claim 5.7: categoricity = (u, 1)-superstable, r,(8) = ()

Claim 5.8: long splitting = not saturated

Claim 5.9: from Ramsey cardinal....getting I(x, R) large
Claim 5.10: | (M)/Enm|,x > |[M]|| > 3w+, > LS(K]) implies not (u, 1)-

superstable and even kj, (R) large.

86 Existence of many non-splitting

Question 6.1: union of <11L,H—increasing chains of every type in .#(N;) does not split
over some N; (and have many extensions)

Observation 6.1: Implications related to 6.1 = p# g€ ./ (Ns) = (i < )(p [ i #
q 1)
Lemma 6.3: yes, by categoricity but u < A

Theorem 6.5: Assume categoricity in A and the M € K, is pT-saturated, LS(R) <
<A

1) M <, .= N saturated.

2) There is a saturated M € K.

3) M §Lm Ny = N1 = No.
Claim 6.7: union of saturated chains is saturated [2003/10/13, changes 6.5-6.7]
Claim 6.8: (R cateogorical in A, cf(A) > p > LS(RK) or just the M € Ry are
pt-saturated).
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1) If I C J every cut if I realized in J\I is realized infinitely after (or slightly
closed ®) then every p € /(EM, (g (I, ®) is realized in EM,(4)(J, ®), when I €
K}jn.

§7 More on splitting
Hypothesis 7.1: increasing union of u-saturated is u-saturated when p € (LS(R), \)

Conclusion 7.2: M € K,, saturated, p € (M), then p does not p-split over some
M~ <,oM

Fact 7.3: M, is §L7w—increasing, p € S (Ms3) does not split over some M, then
R(p) = R(p | Ma)
Claim 7.4: [categoricity] g not stationary = ¢ split

Claim 7.5: additivity of non-splitting.

68 Existence of ncie ®

Context 8.1: £ a.e.c. YA(K) # 0)

Remark 8.2: On variants

Definition 8.3: T3 = TF[R], T = T7g = Trg(x)

Definition 8.4: 1) <%, partial order on T¢'.
2) ®, is an inessential extension of ®, ®; §i,§ d,.
3) Tlin,
4) <% a partial order on T'.

Claim 8.5: basic properties
Lemma 8.6: The a.e.c. omitting type theories
Lemma 8.7: A two cardinal version [proof]

Remark 8.8: 1) Can use {q; | N/ : n < w).

2) cl(a, M).
Definition 8.9: 1) K°'(): order expanded by PZI , Pl an initial segment P{ its
compliment.

2) o) [R], class of relevant ®

Definition 8.10: 1) Tor() producing reasonable extension of I € K°"(*),

2) I € K°*(+) is strongly No-homogenous.

3) ® for h isomorphic from Iy to I3 both C I € Kor(*), h is the induced homo-
morphism on the models



Paper Sh:394, version 2004-10-29.10. See https://shelah.logic.at/papers/394/ for possible updates.

78 SAHARON SHELAH

Observation 8.11: 1) When I € K°*(+) is strongly Ro-homogeneous.
2) There is ¢ € TLH;H) guaranteeing this [short proof]

Claim 8.12: M is saturated when R is categorical in A\, M € rm EM(I, ®), etc.
[proof]

Remark 8.13: The “I wide not necessary”

Definition 8.14: 1) We define <®-* partial orders on ror)
2) t is a $-automorphism scheme over p;
2A) Without over Py
3) Define fg ;[to, ..., tn—1] the automorphism
4) We use t; C to

Claim 8.15: 1) Basic properties of the objects from 8.14, [proof]
Claim 8.16: Existence of ®’s [proof]

Definition 8.17: 1) t is a weak ®-automorphism
2) ¢ is a P-task
3) t sovles ¢
4) r is P-solvable

Observation 8.18: Basic properties
Remark 8.10: Variant of 8.20, simplifying
Main Claim 8.20: Solving one task, if possible [long proof]

Claim 8.21: Under categoricity in A, etc., even M € K of cardinality > 3(2x)+ is
x T-saturated

Claim &8.22: variants of 8.4

Conclusion 8.23: 1) For x > LS(8), there is a() < (2¢)* and ®* € T2 which
“satisfies all the tasks” it can [proof]
2) On bounds on a(®P)

Definition 8.24: 1) ®* as in 8.23
2) xe(®*)

Remark 8.26: It was enough to prove less

89 Small pieces are enough and categoricity
Context 9.1: R categorical in A, ®* as in 8.23

Main Lemma = Local Lemma 9.2: For saturated M* € K, , x(*) < x < rm cf(\) <
X then every p € .7 (M™*) is x1(x)-local [proof]
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Claim 9.3: If T is cateogorical in A, LS(R) < x(%) < p < XA and (M, : i < §) is
an increasing sequence of pt-saturated models then U{M; : i < §} is put-saturated
[CHECK:!! x(%)?

p < cf(A)? quote 9.27 [proof]

Observation 9.4: 1) If M if f-saturated, § > rm LS(R),0 < A\, N <g N,N € K<y
then for some N’ <g M, N’ € K{ and every p € .%(N) realized in M is realized in
N'.

2) When increasing union is f-saturated.

Theorem 9.5: If A is successor, Jiax(+))+ < x < A then K is categorical in x [proof]

Remark 9.6:

Assignments:
1) See 0.5(d),p.6, [Saharon?]
2) See 1.12,p.8, (fill?)
3) Concerning Definition 2.1, <
, cf(a))-brimmed over M.
4) This applies to Definition 2.8 as well.
5) PC,+ ., 8.377
6) 8.10 not repetition of §1 or §2. 77
7) I1,§1; redo for 734. !

see more [Sh 600, §4], is called there

, O Y
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