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2 SAHARON SHELAH

INTRODUCTION

After the main gap theorem was proved (see [Sh:c]), in discussion, Harrington
expressed a desire for a finer structure - of finitary character (when we have a struc-
ture theorem at all). I point out that the logic Lo x,(d.q.) (where d.q. stands for
dimension quantifier) does not suffice: suppose; e.g. for T'= Th (A x “2,Ey,), _,,
where (a,n)E,(B,v) =:n [ n=v | nand for S C “2 define Mg = M | {(a,n) :
eSS =a<w]|and [n € “2\S = a < w|}. Hence, it seems to me we should
try Loox, (d.q.) (essentially, in € we can quantify over sets which are included in
the algebraic closure of finite sets, see below 1.1, 1.3), and Harrington accepts this
interpretation. Here the conjecture is proved for N.-saturated models.

Le., the main theorem is M =p__  (a.q) IV <& M = N for Rc-saturated models
of a superstable countable (first order) theory T' without dop. For this we analyze
further regular types, define a kind of infinitary logic (more exactly, a kind of type
of ain M), “looking only up” in the definition (when thinking of the decomposition
theorem). Recall that for as N.-saturated model M of a superstable DNOP theory
an N.-decomposition is (M, a, : n € 7) where

orthogonal to M, for p «v and (the last is not essential but clarifies)

(e) (M, : n € I) is non-forking enough: for every v € I the set {a, : n €
Sucy(v)} € M is independent over M,,.

The point is that if n = v"(«), M, , a,, are chosen then to a large extent (M,,a, :
n<p € I) is determined. But the amount of “to a large extent” which suffices in
[Sh:c], is not sufficient here, we need to find a finer understanding. In particular,
we certainly do not like to “know” (M,,ay). So we consider a pair (A, B) where
ACM,, AU{a,} € B C M,, stp(B,A) F stp.(B, M,) and we try to define the
type of such pairs in a way satisfying;:

(a) it can be impressed in our logic Lo x_

(b) it expresses the essential information in (M,,a, : n<p € I).

To carry out the isomorphism proof we need: (1.27) the type of the sum is the sum
of types (infinitary types) assuming first order independence. The main point of the
proof is to construct an isomorphism between M; and My when My =g, (d.q.)
My, Th(M;) = T where T and =p__ ,_(q.4.) are as above. So by [Sh:c, X] it is
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enough to construct isomorphic decompositions. The construction of isomorphic
decompositions is by w approximations, in stage n, ~ n levels of the decomposition

tree are approximated, i.e. we have I C "ZOrd and dg’e e My fornel,, l=1,2

such that tp(apioary ... a0, M) = tp(ayg ap: ... ap? 0, My) with a*
being e-finite, so in stage n + 1, choosing d’&“’e we cannot take care of all types

(’zgﬂ’bd?c’é so addition theorem takes care. So though we are thinking on N.-

decompositions (i.e., the M, ’s are X.-saturated), we get just a decomposition.

In the end of §1 (in 1.37) we point up that the addition theorem holds in fuller
generalization. In the second section we deal with a finer type needed for shallow
T, in the appendix we discuss how absolute is the isomorphism type.

Of course, we may consider replacing “N.-saturated models of an NDOP su-
perstable countable T” by “models of an NDOP Ny-stable countable T7”. But the
use of e-finite sets seems considerably less justifiable in this context, it seems more
reasonable to use finite sets, i.e., Lo x,(d.q.). But subsequently Hrushovski and
Bouscaren proved that even if T" is Ry-stable, Lo x,(d.q.) is not sufficient to char-
acterize models of T up to isomorphism. This is not sufficient even if one considers
the class of all N.-saturated models rather than all models. The first example is
No-stable shallow of depth 3, and the second one is superstable (non Wy-stable),
NOTOP, non-multi-dimensional.

If we deal with R .-saturated models of shallow (superstable NDOP) theories T,
we can bound the depth of the quantification v = DP(T); i.e. ]LZQNE suffice.

We assume the reader has a reasonable knowledge of [Sh:c, V,§1,§2] and mainly
[Sh:c, V,§3] and of [Sh:c, X].

Here is a slightly more detailed guide to the paper. In 1.1 we define the logic
Loo,x, and in 1.3 give a back and forth characterization of equivalence in this logic
which is the operative definition for this paper.

The major tools are defined in 1.7, 1.11. In particular, the notion of tp, defined
in 1.5 is a kind of a depth a look-ahead type which is actually used in the final
construction. In 1.28 we point out that equivalence in the logic Lo ». implies
equivalence with respect to tp, for all a. Proposition 1.14 contains a number of
important concrete assertions which are established by means of Facts 1.16-1.23.
In general these explain the properties of decompositions over a pair (f). Claim
1.27 (which follows from 1.26) is a key step in the final induction. Definition 1.30
establishes the framework for the proof that two N.-saturated structures that have
the same tp, are isomorphic. The induction step is carried out in 1.35.

I thank Baldwin for reading the typescript pointing needed corrections and writ-
ing down some explanations.

-1.1 Notation: The notation is of [Sh:c], with the following additions (or reminders).
If n =v"(a) then we let n~ = v; for I a set of sequences ordinals we let



Paper Sh:401, version 2005-12-20_10. See https://shelah.logic.at/papers/401/ for possible updates.

4 SAHARON SHELAH

Sucy(n) = {v : for some a,v =n"{(a) € I}.
We work in €°1 and for simplicity every first order formula is equivalent to a relation.

(1) L means orthogonal (so ¢ is L p means ¢ is orthogonal to p),

remember p | A means p orthogonal to A;i.e. p L ¢ for every
q € S(act(A)) (in €°9)

(2) L, means almost orthogonal

(3) Ly means weakly orthogonal

(4) & and a/B means tp(a, B)

(5) 4 or A/B means tp.(A, B)

(6) A+ B means AUB

(7) W{B;:i< a} means {B; : i < a} is independent over A

(8) AlJC means {A,C} is independent over B
B

(9) {C; :i < a} is independent over (B, A) means that?
Jj<a= tp.(C;,U{C; UB :i# j}) does not fork over A
(10) regular type means stationary regular type p € S(A) for some A

(11) for p € S(A) regular and C a set of elements realizing p, dim(C, p) is
Max{|I| : I C C' is independent over A}

(12) acl(A) = {c: tp(c, A) is algebraic}
(13) dcl(A) = {c: tp(c, A) is realized by one and only one element}

(14) Dp(p) is depth (of a stationary type, see [Sh:c, X,Definition 4.3,p.528, Definition
4.4,p.529]

(15) Cb(p) is the canonical base of a stationary type p (see [Sh:c, I11,6.10,p.134])

(16) B is N.-atomic over A if for every finite sequence b from A, for some find
Ag € A we have stp(b, Ag)) = stp(b, 4), equivalently for some e-finite
Ao C acl(A) we have tp(b, Ag)) F tp(b, acl(A)).

L Actually by the non-forking calculus this is equivalent to {C; : i < a} is independent over A
where we let C,, = B.



Paper Sh:401, version 2005-12-20_10. See https://shelah.logic.at/papers/401/ for possible updates.

CHARACTERIZING MODELS OF NDOP THEORIES 5

§1 N.-SATURATED MODELS

We first define our logic, but as said in §0, we shall only use the condition from
1.4. T is always superstable complete first order theory.

1.1 Definition. 1) The logic L x, is slightly stronger than L., x,, it consists of
the set of formulas in L, 7+ such that any subformula of ¢ of the form (37)¢ is
actually the form

(3%, 2") |eu(@h9) & N\ (0i(],2°) & (3T02)0:(2,2°)) |

1<Lgx!

with z° finite, Z! not necessarily finite but of length < |T|*; so ¢ “says” z! C
acl(z°); note that always our final proof of the theorem uses |T'| > Ny.

2) Lo, (d.q.) is like Lo x, but we have cardinality quantifiers and moreover di-
mensional quantifiers (as in [Sh:c, XIII,1.2,p.624]), see below.

3) The logic IL,ZO’Ne consist of the formulas of L x. such that ¢ has quantifier depth
< 7 (but we start the inductive definition by defining the quantifier depth of all
first order as zero).

4) LY,y (d.q.) is like L7,  but we have cardinality quantifiers and moreover di-
mensional quantifiers.

1.2 Remark. 1) In fact the dimension quantifier is used in a very restricted way
(see Definition 1.9 and Claim 1.28 + Claim 1.30).

2) The reader may ignore this logic altogether and use just the characterization of
equivalence in claim 1.4.

1.3 Convention. 1) T is a fixed first order complete theory, € is the “monster”
model, as in [Sh:c|, so is k-saturated; €°9 is as in [Sh:c, I11,6.2,p.131]. We work in
€% so M, N vary on elementary submodels of €9 of cardinality < k. We assume T’
is superstable with NDOP (countability is used only in the Proof of 1.5 for book-
keeping, i.e., in the proof of 1.30 (and 1.29).

Remember a, b, ¢, d denote members of €9, a, b, ¢, d denote finite sequences of mem-
bers of €%, A, B, C' denote subsets of €°? of cardinality < k.

Remember acl(A) is the algebraic closure of A, i.e.

{b : for some first order and n < w,p(z,y) and a C A we have €% = p[b,a] &
(F="y)e(y,a)}

and a denotes Rang(a) in places where it stands for a set (as in acl(a). We write
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a € A instead of a € “>(A).

2) A is efinite, if for some a € “~ A, A = acl(a). (So for stable theories a subset
of an e-finite set is not necessarily e-finite but as T' is superstable, a subset of an
e-finite set is e-finite as if B C acl(a),b € B is such that tp(a, B) does not fork over
b, then trivially acf(b) C A and if acl(b) # B, tp.(B,a"b) forks over B, hence
([Sh:c, I11,0.1]) tp(a, B) forks over b, a contradiction.

So if acl(A) = acl(B), then A is e-finite iff B is e-finite).

3) When T is superstable by [Sh:c, IV, Table 1,p.169] for F = Fy, all the axioms
there hold and we write N, instead of F and may use implicitly the consequences
in [Sh:c, IV,§3].

We may instead Definition 1.1 use directly the standard characterization from 1.4;
as actually less is used we state the condition we shall actually use:

1.4 Claim. For models My, Ms of T' we have My =r_ ,,_(d.q.) M2 iff

Q) there is a non-empty family F such that:

(a) each f € .F is an (My, Ms)-elementary mapping, (so Dom(f) C M,
Rang(f) € M>)

(b) for f € %, Dom(f) is e-finite (see 1.3(2)) above)

(c) if feF,are My({=1,2) then for some g € F we have:
f C g and acl(ay) € Dom(f) and acl(az) C Rang(f)

(d) if fU{{a1,a2)} € F and tp(a1,Dom(f)) is stationary and regular
then dim({al € My : fU{{al,a2)} € F}, My)

= dim({ad € My : fU{{a1,ad)} € F}, Ms).

Our main theorem is

1.5 Theorem. Suppose T is countable (superstable complete first order theory)
with NDOP.
Then

(1) the Loox. (d.q.) theory of an N.-saturated model characterizes it up to iso-
morphism.

(2) Moreover, if My, My are X.-saturated models of T (so My, < €°1) and
®M0,M1 of 1.4 holds, then My, Ms are isomorphic.

* * *
By 1.4, it suffices to prove part (2).
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The proof is broken into a series of claims (some of them do not use NDOP, almost
all do not use countability; but we assume 7' is superstable complete all the time

(1.7(1)).

1.6 Discussion: Let us motivate the notation and Definition below.

Recall from the introduction that we are thinking of a triple (M, N, a) which
may appear in X.-decomposition (M,,a, : n € I) of N, in the sense that for some
n € I\{<>} we have (M, M’,a) = (M,-, M,,a,) so M, M" are X.-saturated, a, €
M'\M', M’ is X_-prime over M + a and tp(a, M) is regular. But this is “too large
for us” hence we consider an approximation (A, B) where A C M(= M,-),A C
B C M'(= M,)),a = a, € B and B/M(= B/M,-) does not fork over A. We
would like to define the a-type of (4, B) in N, which tries to say something on the
decomposition above (M, M', a) = (M, -, M,, a,), i.e.,on (M,,a, : n<dp € I). There
are two natural “successor” of (A, B) we may choose in this context: the first 1.7
below replaces (A, B) to (A’, B") such that AC A" C M(=M,-),BC B C M'(=
M,) and (as M’ is R.-prime over M + a) we have stp,(B’, A’ U B) - stp(B’, M),
so tp(B’, A’ U B) is almost orthogonal to A’; we can think of this as “advancing in
the same model”; in other words as A, B are e-finite, we have to increase them in
order to capture even (M, M"). This is formalized by <, in Definition 1.7 below.

The second is to pass from (M, -, M,,a) to (M,, M,, a,) for some v an immediate
successor (in I) of n € I. So the old B is included in the new A" and B’ = A’ U {a}
where tp(a, A’) is regular and is orthogonal to A (as in the decomposition we require
tp(a,, M, - )(M, when v <n~). This is formalized by <j, in Definition 1.7 below.

1.7 Definition. 1) T'= {(A, B) : A C B are e-finite}. Let
I'(M)={(A,B)eT: AC BC M}.

2) For members (A, B) of I' we may also write (i); if A¢ B we mean (BEA).
3) (ﬁi) <a (ﬁz) (usually we omit a) if (both are in I" and)

Al Q AQ,Bl Q BQ,Bl LU AQ and % J_a AQ.
Ay

4) (f{i) <p (fz) if Ay = By, By\Ay = b and A% is regular orthogonal to A;.

5) <* is the transitive closure of <, U <j. (So it is a partial order, whereas in
general <, U <j, and <}, are not).

6) We can replace A, B by sequences listing them (we do not always strictly distin-
guish).

Remark. The following observation may clarify.

1.8 Observation. If (gi) < (ii) then we can find (B} : ¢ < n) and
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co 11 < ¢ < n)for some n > 1, satisfying (5) <, By ,co € B). ., < regular,
ymg 4, 041 g

By B
Bé+1 !/ / /
it Bl 1. B),Ay =B, _,,By=B,,.

Remark. 1) Note that actually <, is transitive. This means that in a sense <j, is
enough, <, inessential. B
2) We may in 1.7(4) use b = (c), does not matter.

Proof. By the definition of <* there are k¥ < w and (ﬁﬁ) for ¢ < k such that:
£ Bé-}—l

0 k
(4¢) <o (4e1) for € < kand 2(0) € {ab} and (o) = (1) (4x) = (32) and
without loss of generality x(2¢) = a,x(2¢ + 1) = b. Let Ny < € be X.-prime
over () such that A° C Ny, By ||J No and fo = ida,. We choose by induction on
AO
¢ < k,Nyi1, fee1 such that:

(a) Dom(fe41) = B*
(b) Ne < Nngl
(c) if x(¢) = b then fy41 is an extension of f; (which necessarily has domain
Ay, check) with domain Bf such that f,(B) ||J N¢and Ngyq is R.-prime
fe(A)
over Ny U fo(BY)
(d) if x(¢) = a, then fy, 1 maps A’ into Ny_1, B into Ny and Ny 1 = Ny.

This is straightforward. Now on (N, : £ < k + 1) we repeat the argument (of
choosing (B, : ¢ < n)) in the proof of 1.14(6) above, i.e., choose B C N, by
downward induction on /¢ large enough as required. Uhis

1.9 Definition. 1) We define tpa[(ﬁ),M] (for AC BC M, A and B are
e-finite and « is an ordinal) and ya((f) y M), Lo (A, M) and .77 ( (]j) M), L7 (A, M)
by induction on a (we mean simultaneously; of course, we use appropriate vari-

ables):

(a) tpo[(ﬁ),M] is the first order type of AU B
(b) tpa+1[(ﬁ),]\/[] = the triple (Yj:%’M,Yj:%’M,tpa((ﬁ),M)>
where:

Yj:%,M =: {tpa[(i),M] : for some A’, B’ we have (i) <. (ﬁ:) € F(M)},
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and Y13, = {(T Aip): T eSI(B,M) }
where A&B = dim [{d tpa[(B+d ), M] = ,B}

(c) for ¢ a limit ordinal, tps[(5), M] = (tpa[(5), M] : a < &)
(this includes § = oo, really ||M || suffice).

(d) Lo(A,M) = {tpa[(i),M] : for some B such that B C M,
and (ﬁ) € I‘(M)}
(e) Y;((lj),M) = {tpa[(Bgc),M] : for some ¢ € M we have

5 L Aand 3 is regular}
(f) L2(A,M) = {tpa[(A+C),M] rce M and § regular}.

2) We define also tps[A, M], for A an e-finite subset of M:

(a) tpo[A, M] = first order type of A
(b) tpa+1[A, M] is the triple <Yj,’?\‘4,ij\‘4,tpa[A,M]) where
Yot = Fa(A; M) and

Yj?/_, = {(T dim{d € M : tpa[(A+d),M] =T} :T e S(A, M)}
(c) tps[A, M] = (tpa (A, M) : a < 0)

3) tpa[M] = tpa[0, M].

1.10 Discussion: Clearly tp[(ﬁ) , M] is intended, on the one hand, to be expressible
by our logic and, on the other hand, to express the isomorphism type of M “in the
direction of (i)”. To really say it we need to go back to the N.-decompositions of
M, a central notion of [Sh:c, Ch.X].

For the reader’s benefit, by the referee request, let us review informally the
proof in [Sh:c, Ch.X]. Let M be an X.-saturated model, and we choose (M, :
n € I N"0rd),{a, : n € I N"A) by induction on n. For n = 0, of course,
IN°%rd = {<>}, we let No~. < M be X.-prime over () and let I~ a maximal
subset of {¢ € M : tp(c, N.~) regular} which is independent over N, let (a<q> :
a < [Ics|) list Ios. Similarly for n + 1,7 € I N ""'O0rd let N, < M be R.-
prime over M, - + a,, let I, be a maximal subset of {c € M : tp(c, M,;) is regular
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orthogonal to M, -} independent over N,. Lastly, let (¢, <a> @ o < [I)|) list I,
and let 7 N""0Ord ={n" < a>:ne€IN"0rd and a < |L,|}.

To carry this we use the existence of N.-prime models (and the local character
of indpendent). Also looking at the set U{M, : n € I}, its first order type is
determined by the non-forking calculus. In fact, for any n € I\{<>}, the set
U{N, : nav € I},U{N,, : =(n < v) and v € I} are independent over N,,. Let N < M
be N.-prime over U{N,, : n € I}, now if M = N we are done decomposing M, if not
some ¢ € M\ N realize a regular type (we use density of regular types). By NDOP,
the tp(c, V) is not orthogonal to some IV,,. Choose 7 of minimal length hence v<n =
tp(c, M,) L N,. By properties of regular types, without loss of generality tp(c, V)
does not fork over N,, so we get a contradiction to the maximality of {a, : v €
Sucy(n)} (this explains the role of & in Definition 1.11(5) below).

We are interested in the possible trees (N, : n<v € I).

Now the tree determines M up to isomorphism, but there are “incidental”
choices, so two trees may give isomorphic models (for investigating the number
of non isomorphic models it is enough to find sufficiently pairwise far trees I).

Here we like to get exact information and in as finitary way as we can. So we
replace (M, -, M,,a,) by (JAB), where A C M,-,A+a, C B C M,, tp(B,M,-)
does not fork over A.

Now for n € I\{<>} we are interested in the possible trees (N, : n<v € I), over
(N oo N an). But not only different trees may be equivalent (giving isomorphic
N.-prime models) but the other part of the tree, (N, : v € I but —(n <v)) may
apriori cause non equivalent trees to contribute the same toward understanding M .
This is done in [Sh:c, Ch.XII], but here we have to deal with e-finite A, B.

The following claim 1.11 really does not add to [Sh:c, Ch.X], it just collects the
relevant information which is proved there, or which follows immediately (paricu-
larly using the parameter (A, B)). We allow here a, /M, - to be not regular, but
this is not serious: we can here deal exclusively with this case and we can omit
this requirement in [Sh:c, Ch.X]; however, this does not eliminate the use of regular
types (in the proof that M is N.-prime over every W.-decomposition of it).

1.11 Definition. 1) (N,,a, : n € I) is an X.-decomposition inside M above (or
for over) the pair (ﬁ) (but we may omit the “N. — ) if:

(a) I a set of finite sequences of ordinals closed under initial segments
(b) (),(0) € I,n e IN{()} = (0) I, let I~ = I\{()}, really a( is meaningless
(C) A - N<>,B - N<0>,N<> UJB and dcﬁ(a@)) - dCZ(B),

A

(d) if v =n"(a) € I then N, is N-primary over N, Ua,, Ny is Re-prime
over A
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(e) for n € I such that k = £g(n) > 1 the type a,/N,jx-1) is orthogonal to
Nai(e—2)

(f) n<v= N, <N,

(9) M is N.-saturated and N,, < M forn e I

(h) if n € I\{()}, then {a, : v € Sucy(n)} is (a set of elements realizing over
N, types orthogonal to N, - and is) an independent set over N,,.

2) We replace “inside M” by “of M” if in addition
(i) in clause (h) the set is maximal.

3) (Ny,a, :n € I) is an R.-decomposition inside M if (a), (d), (e), (f), (g), (k) of
part (1) holds and in clause (h) we allow = () (call this (h)"). We add “over A”
ifAC M.-.

4) (Ny,ay : n € I) is an R.-decomposition of M if in addition to 1.11(3) and we
have the stronger version of clause (i) of 1.11(2) by including n = (), i.e. we have:

(i)* for v € I, the set {a, : n € Sucy(v)} is a maximal subset of M independent
over IV,.

We may add “over A” if A C M.
5) If (N,),a, : 1 € I) is an R.-decomposition inside M we let

P((Ny,an:nel),M)= {p € S(M) : p regular and for some n € I\{()} we have

p is orthogonal to NNV, - but not to Nn}-

As said earlier it is natural to use regular types.

1.12 Definition. 1) We say that (NV,,a, : n € I), an X.-decomposition inside M,
is J-regular if J C [ and:

(*) for each n € I\J there® is ¢, such that a, € acl(N, + c;)

]f,—’; is regular and if n # () then Nnalcn La Ny

2) We say “(N,,a, :n € I) is a regular X.-decomposition inside M [of M]” if it is
an N.-decomposition inside M [of M] which is (-regular.

3) We say “(N,,a, : n € I) is a regular N.-decomposition inside M [of M] over
(ﬁ)” if it is an N.-decomposition inside M [of M| over (ﬁ) which is {()}-regular.

2without loss of generality ¢, = a
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1.13 Claim. 1) Every N -saturated model has an R.-decomposition (i.e. of it).

2) If M is X.-saturated, (Ny,a, : n € I) is an Rc-decomposition inside M, then

for some J, and N,,a, forn € J\I we have: I C J and (Ny,a, : n € J) is an

N, -decomposition of M (even a (J\I)-regular one).

3) If M is Ne-saturated, (N,,a, : n € I) is an X.-decomposition of M then M is

N .-prime and N.-minimal® over U N,y ; if in addition (Ny,a, :n € {(),(0)}) is an
nel

N -decomposition inside M above (ﬁ), then (Np,a,:nel & (n# () — (0) <In))

15 an N.- decomposition of M above (i).

4) If (Ny,ay : n € I) is an N.-decomposition inside M above (f), then it is an

N -decomposition inside M.

5) If (Ny, a, :n € I) is an N-decomposition inside M [above (ﬁ)], nel,

ne N{()},a = Min{p :n°(8) ¢ I},v = n"{(a),a, € M\Nn,]‘f]—: is orthogonal

to M- if n= if # (), N, < M is Rc-primary over N, + a,, and a, ||J U N,
Ny \per

(enough to demand {a, : p~ = n and p € I} is independent over a,/N,) then

(Np,ap: pe IU{v}) is an Rc-decomposition inside M [over (]AB)]

6) Assume (Ny,a, : 1 € I) is an R.-decomposition of M, if p is reqular (stationary)

and is not orthogonal to M (e.g. p € S(M)) then for one and only onen € I, there

is a regular (stationary) q € S(Ny) not orthogonal to p such that: if n= is well

defined (i.e. n # ()), then p L N,-.

7) Assume I = U I, for each o we have (N, a, : n € 1) is an R.-decomposition
a<o(x)

inside M [above (ﬁ)/ and for each n € I for every n < w and vy = n"{(B¢) € I for

¢ < n, for some o we have: {vy : £ < n} C I, (e.g. I, increasing). Then

(Ny,ayn :m € I) is an X.-decomposition inside M [above (ﬁ)/ )

8) In (7), if n # () and some vy is not <-maximal in I and NL:; is regqular, it is

enough:

UG <ty <n= \/ [{Vgl,I/gQ}gIa].
a<a(x)

9) If (Ny,ay : m € I) is an Rc-decomposition inside M, 1,1, C I are closed under
wnitial segments and Iy = I, N I then U N, W U N,

nel; U ]\[77 nela

n€lp

Shere we use NDOP
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10) Assume that for £ = 1,2 that (N;g, ag :n € I) is an N.-decomposition inside My,

and forn € I the function f, is an isomorphism from N,% onto Ng andndv = f, C

fu. Then U fn is an elementary mapping; if in addition (N;g, ag :n € 1) is an N.-
nel

decomposition of My (for ¢ = 1,2) then U fn can be extended to an isomorphism

nel
from My onto M.

11) If (Ny,ay = m € I) is an X.- decomposition inside M (above (2)) and M~ < M
18 Ne-prime over U N,, then (Ny,a, :n € I) is an N.-decomposition of M

nel
(above (i))
12) If (Ny,an;n € I) is an R.-decomposition inside M/ of M [above (Aj)] and
a, € Ny and Ny is Rc-prime over N,- + a; forn € I\{<>} [and a’_y. = a<o>
or at least dcl(a’-y~ ) C dcl(B)] then (Ny,a; = n € I) is an R.-decomposition inside
M/ of M [above (lj)/

Proof. 1), 2), 3), 5), 6), 9)-12). Repeat the proofs of [Sh:c, X]. (Note that here
a,/N, is not necessarily regular, a minor change).

4), 7) Check.

8) As Dp(p) > 0 = p is trivial, by [Sh:c, ChX,7.2,p.551] and [Sh:c, ChX,7.3]. [J; 13

We shall prove:

1.14 Claim. 1) If M is N.-saturated, (ﬁ) € I'(M), then there is (Ny,a, :n € I),
an N¢-decomposition of M above (B).
2) Moreover if (Ny,ay : 1 € I) satisfies clauses (a) — (h) of Definition 1.11(1), we
can extend it to satisfy clause (i) of 1.11(2), too.
3) If (Ny, a, :n € I) is an X.-decomposition of M above (ﬁ), M~ < M is X -prime
over U N, then:

nel

(a) (N :ne€l)is a N.-decomposition of M~

(b) we can find an R -decomposition (Ny,a, :n € J) of M such that J O I and
ne JJ\I & (n# () and =(0) <n)], moreover the last phrase follows from
the previous ones.

4) If in 3)(b) the set J\I is countable (finite is enough for our applications), then
necessarily M, M~ are isomorphic, even adding all members of an e-finite subset
of M~ as individual constants.

5) If (Ny,ay :n € I) is an R.-decomposition of M above (]j),l CJ and
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(Np,ay :n € J) is an Rc-decomposition of M, M~ < M is R.-prime over U N,
nel

and (f) <* (lji) and By C M and c € M and B% 1 Ay and B% is (stationary and)

reqular then

(a) c J_U{Nn:neJ\I}

By N
(B) & is not orthogonal to some p € P ((Ny,a, :n € 1), M™).

6) If (Ny,a, : n € I) is an R.-decomposition of M above (i), then the set & =
P((N, :ne€l),M) depends on (lj) and M only (and not on (N, :n € I) or M~
when M~ < M is X.-prime over U{N,, : n € 1}), recalling:

P =P((Ny,:nel),M) = {p € S(M) :p regular and for some
n € I\{<>}, we have:

p 1s orthogonal to N, - but not to Nn}'

So let 2((5), M) = Z((N, :n € I),M).
(7) If % 18 reqular of depth zero or just % <a %, % reqular of depth zero and M is
N.-saturated and B C M then
(a) for any o, we have tpa((i),M) depend just on tpo((ﬁ),M)
(b) if (ﬁ) < (i/) e I'(M) then tpa((i/),M) depends just on tpo((i),M) (and
(A, B, A", B) but not on M ).

8) For a < 3, from tpﬁ((lj),M) we can compute tpa((ﬁ),M).
9) If f is an isomorphism from My onto My, Ay C By are e-finite subsets of M,
and f(A1) = Az, f(B1) = By then

(31 ):20) = (7). 3

(more pedantically tpa((]jz),]\/[g) = f[tpa((ﬁi),Ml)] or considered the Ay, By as
indezed sets).

We delay the proof (parts (1), (2), (3) are proved after 1.22, part (4), (6) after 1.23,
and after it parts (5), (7), (8). Part (9) is obvious.
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1.15 Definition. 1) If (ﬁ) € I'(M), M is N-saturated let @%) be the set & from

A

Claim 1.14(6) above (by 1.14(6) this is well defined as we shall prove below).

B
A A

2) Let 93( )= {p : p is (stationary regular and) parallel to some p’ € c@(QBf; }

1.16 Definition. If (Nf;,an :n € J) is a decomposition inside € for £ = 1,2 we
say that (N, a, i1 € J) <lieer (N2, ay:n € J) if:

—direct
1 9
(a) N<> < N<>
() N§ U {agay : (a) € J}
Ny

2 ; : 2
(c) for n € J\{(}, N; is Re-prime over N, UN?_.

1.17 Claim. 1) M is Ne-prime over A iff M is X.-primary over A iff M is X.-
saturated, A C M, M is N.-atomic over A (see -1.1(16)) for every I C M in-
discernible over A we have: dim(I, M) < Rg iff M is X.-saturated, A C M, M is
N, -atomic over A and for every finite B C M and regular (stationary) p € S(AUB),
we have dim(p, M) < .

2) If N1, Ny are Ne-prime over A, then they are isomorphic over A.

Proof. By [Sh:c, IV,4.18] (see Definition [Sh:c, IV,4.16], noting that we replace F_
by N. and that part (4) there disappears when we are speaking on Fg_). (116

However, we need more specific information saying that “minor changes” preserve
being N.-prime; this is done in 1.18 below, parts of it are essentially done in [Sh
225] but we give full proof.

1.18 Fact. 0) If A is countable, N is N.-primary over A then N is N -primary
over ().

1) If N is R.-prime over ), A countable, NT is R.-prime over N U A then NV is
N.-prime over ().

2) If (N, : n < w) is increasing, each N, is N.-prime over ) or just N.-
constructible over () and N, is N.-prime over U N,, then N, is N.-prime over

nw
(), (note that if each N,, is N.-saturated then N, = U Ny,).
B _ n<w

2A) If N is N.-prime over C,a"b C N, tp(b, a) is regular (stationary) and orthogo-
nal to C' then dim(tp(b,a), N) < Ng; also if ¢ € S(C Ua) is a non-forking extension
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of tp(b,a) then dim(q,C Ua) = dim(tp(b,a), N) = N.
2B) If CUa@ b C N and a/b is a regular type orthogonal to C' and ¢ € S*(®(N)
is a non-forking extension of a/b then dim(p | (C + b),N) < dim(a/b, N) <
dim(p | (C +b), N)+ Ro; moreover, dim(p | (C+b), N) < dim(a/b, N) < dim(p |
(C+b), N)* +Ry.
3) If Ny ||J Ny, each Ny is N, -saturated, No is R.-prime over Ny U a, and N3 is
N
N.-prime 0(\)7er N5 U Nj then N3 is N-prime over N7 U a.
4) If N7 < Ny are R.-primary over () then for some N.-saturated Ny < Nj (neces-
sarily N.-primary over (}) we have: N1, Ny are isomorphic over Nj.
5) In part (4), if A C N; is e-finite then we can demand A C Nj.
6) If My is N-saturated, A ||J B, M; is X.-primary over My U A then M; |J B.
My My
7) Assume Ny < Ni < Ny are N.-saturated, Ny is N.-primary over Ni + a and
Nil 1L Ny (and a ¢ Nl) I_f N(l) < No,Né < N{ < Nl,N{ UJ, Ny and N7 is N.-
Ny
primary over No UN7, A} C Ny, A5 C Ny are e-finite and tp. (A%, N1) does not fork
over A7, then we can find o', N} such that: NJ is N.-saturated, N.-primary over
Ni{+a',N{ < Nj < Ny, Ny ||J Nj and Ny is R.-primary over Ny UN} and A5 C NJ.
N
8) Assume Nj < Ny < N; and a € Ny and N; is X-prime over Ny +a and ~ + N}
and Af C N}, A7 C N; are e-finite and tp. (A7, Ny) does not fork over Af then we
can find a/, N such that o’ € N',NJ < N{ < N1, Ny ||J No, N{ is X.-prime over
N
N{+ a and Ny is R.-prime over Ny + N and A} C Ny.
9) If Ny is N-prime over ) and A C B C N; and A, B are e-finite, then we can
find Ny such that: A C Ny < Ni, Ny is Ne-prime over ), A C Ny, B||J No, and Ny
A

is N.-prime over Ny U B.
10) If Ny is N.-prime over A and B C Nj is e-finite, then Ny is X.-prime over AU B
(and also over A’ if A C A’ C acl(A)).

1.19 Remark. In the proof of 1.18(1)-(6),(10) we do not use “I" has NDOP”.

Proof. 0) There is {a, : @ < a*}, a list of members of N in which every member
of N\A appears such that for a < a(x) we have: tp(an, AU {ag : B < a}) is
N.-isolated (which means just F§ -isolated).

[Why? by the definition of “N is R.-primary over A”). Let {b, : n < w} list A
(if A = 0 the conclusion is trivial so without loss of generality A # (), hence we
can find such a sequence (b, : n < w)). Now define * = w + § and b,+a = aq
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for o < a*. So {bg : f < [*} lists the elements of N (possibly with repetitions,
remember A C N and check). We claim that tp(bg, {b, : v < B}) is F§ -isolated
for g < B*.

(Why? if 8> w, let 8/ = —w (so f < a*), now the statement above means
tp(ag, AU{a, : v < f'}) is F§ -isolated which we know; if 8 < w this statement
is trivial)]. By the definition of “F§ -primary”, clearly (bs : 8 < w + «) exemplify
that N is Fg - primary over {).

1) Note

()1 if N is Ne-primary over () and A C N is finite then N is X -primary over A
[why? see [Sh:c, IV,3.12](3),p.180 (of course, using [Sh:c, IV, Table 1,p.169]
for F§ |

()2 if N is N.-primary over )y A C N is finite and p € S™(N) does not fork
over A and p | A is stationary then for some {a, : { < w} we have: ay € N
realize p, {a, : ¢ < w} is independent over A and p [ (AU U ag) Fp

I<w
[why? [Sh:c, IV proof of 4.18] (i.e. by it and [Sh:c, 4.9](3),4.11) or let N’
be N.-primary over A U U ae and note: N’ is Ne-primary over A (proof

I<w
like the one of 1.18(0)) but also N is R.-primary over A so by uniqueness

of the N.-primary model N’ is isomorphic to N over A, so without loss of
generality N/ = N; and easily N’ is as required].

Now we can prove 1.18(1), for any ¢ € “” A, we can find a finite B C N
such that tp(¢, V) does not fork over Bl, let b, € “> N realize stp(a, Bl) and let
Bz = Bl Ubg, so tp(¢, N) does not fork over B and tp(¢, Be) is stationary, hence
we can find (a§ : ¢ < w} as in (x)2 (for tp(¢, Bz)). Let
A =U{B;:ce v At U{aj : c € “7A and ¢ < w}, so A’ is a countable subset
of N and tp.(A,A") F tp(A,N) = stp(A,N). As N is R.-primary over () we can
find a sequence (d, : @ < a*) and (w, : @ < a*) such that N = {d, : a < a*}
and w, C « is finite and stp(da,{dg : B € wa}) F stp(da,{ds : B < a}) and
g <a= dg # dg.

We can find a countable set W C a* such that A C {d, : « € W} and
aeW = w, CW. Let A” = {a, : « € W}. By [Sh:c, 1V,§2,83] without loss of
generality W is an initial segment of o*.

Easily

a<a” & a¢gW = stp(da,{dsg: 5 € wa) F stp(da, AU{ds : B < a}).
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As Nt is X -primary over NUA we can find a list {d,, : a € [a*,a**)} of NT\(NUA)
such that tp(da, NUAU{dg : B € [a*,a™)}) is N-isolated. So

(do : o & W, < a**) exemplifies that Nt is N.-primary over A U A”, hence by
1.18(0) we know that N T is N .-primary over ().

2) We shall use the characterization of “N is F{, -prime over A” in 1.17, more
exactly we use the last condition in 1.17(1) for A =0, M = N,,. Clearly N, is X.-

saturated (as it is N.-prime over U N,,). Suppose B C N, is finite and p € S(B)
n<w
is (stationary and) regular.

Case 1: p not orthogonal to U N,.

n<w
So for some n < w, p is not orthogonal to N,,, hence there is a regular p; € S(N,,)

such that p,p; are not orthogonal. Let A; C N, be finite such that p; does not
fork over A and p; | A; is stationary. So by [Sh:c, V,82] we know dim(p, N,) =
dim(py | Ay, N,), hence it suffices to prove that the latter is Xg. Now this holds
by [Sh:c, V,1.16](3),p.237 or immitate the proof of (%), above.

Case 2: p is orthogonal to U N,.

n<w
Note that if each IV, is N_-prime then U N,, is N -saturated hence N = U N,
nw nw
hence this case does not arise. Let A = U N, so dim(p, N) < ¥, follows from
nw

2A) below.

Alternatively (and work even if we replace IV, by a set A,,, F{§ -constructible over
(), see below).

2A) By 2B).

2B) The first inequality as immediate (as T is superstable and a, b are finite), so
let us concentrate on the second. Let B C C be a finite set such that tp.(a"b, O)
does not fork over B and stp,(a'b,B) - stp.(a’b,C). Recall ¢ € S(N) extend
a/b and do mnot fork over b, let b* € € realize ¢ and let ¢; = stp(b*, B Ub) and
g2 = stp(b*,CUD). Now by the assumption of our case ¢ is orthogonal to tp,(C, B)
hence (see [Sh:c, V,83]) q1 F ¢2 and let {an : @ < a*} C (q1 | (bU B))(N) be
a maximal set independent over C' + b, so |a*| < dim(a/(C + b),N) and ¢ |
(CUbU{aq : a < a*}) F q. Also clearly stp,({aq : @ < o*},bU B) F stp,({aq :
a < a*},buU 0). Together dim(qy, N) < |a*| and as |B| < Ry = k,.(T) clearly
dim(a/b, N) < ¥g + dim(q;, N)*, so we are done.

We can use a different proof for part (2), note:

®; if kK = cf(k) > k. (T) and B, is F%-constructible over A for o < 6,0 < &
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and o < B < § = B, € Bg then U B, is F!-constructible over A

a<d

[why? see [Sh:c, TV,§3], [Sh:c, IV ,5.6,p.207] for such arguments, assume
A = (A, (af 11 <ig), (B 11 <ia)) is an F%-construction of B, over A.
Without loss of generality i < j < iq = af # af, and choose by induction
on (, (ug‘ : o < 0) such that: ug C iq,ud increasing continuous in 4, uy =
0, [ugy \ug| < kK, ug is u-closed and o < 8 < § implies {af : j € u¢} C
{af 1€ u?} and tp*({af NS u?},AU {a$* 1 i < in}) does not fork
over AU {ai :i € uZ}. Now find a list (a; : j < j*) such that for each
¢, {j:a; €af:iecu? for some a < §,¢ < (} is an initial segment [ of j*
and Bcy1 < B¢ + k]

We use ®; for kK = Ng.

So each N,, is N.-constructible over () hence U N,, is N.-constructible over () and
nw

also N, is N.-constructible over U N,, hence N, is N.-constructible over (). But

nw
N, is N-saturated hence N, is N.-primary over (). Alternatively use: if B is F%-

constructible over A, k > k,.(T) and I is indiscernible over A, |I| > « then for some
J C T of cardinality < k,I\J is an indiscernible set over B.
3) Suppose Nj is N -saturated and Ny +a C Ni. As Ny is X.-prime over Ny + a
and Ng +a C Ny +a C N} we can find an elementary embedding fy of No into N
extending idy,+a. By [Sh:c, V,3.3], the function f; = fp Uidy, is an elementary
mapping and clearly Dom(f;) = N3 U Ny. As N3 is X.-prime over N3 U Ny and f;
is an elementary mapping from N; U Ny into N4 which is an RN.-saturated model
there is an elementary embedding f3 of N3 into N} extending fo. So as for any
such N/ there is such f3, clearly N3 is R.-prime over Ny + a, as required.
4) Let No be Ngp-prime over () and let {p; : i < a} C S(Np) be a maximal family of
pairwise orthogonal regular types. Let I; = {a’, : n < w} C € be a set of elements
realizing p; independent over Ny and let I = U I, and N{ be F‘;(O -prime over NyUL.
1<
Now

(%) if @,b C N{ and a/b is regular (hence stationary), then dim(a/b, N{) < No.

[Why? If a/b L Ny then dim(a/b, Nj) < g by part (2A) and the choice of the p;
and I; for i < a. If a/b+ Ny, then for some b’ "a’ C Ny realizing stp(b"a, 0), we have
a' /b’ +a/b hence dim(a/b, N|) = dim(a’/b’, N{), so without loss of generality b"a C
No, similarly without loss of generality there is i(*) < a such that a/b C Pi(+) and
Pi(+) does not fork over b now easily dim(a/b, N{) = dim(a/b, No)+ dim(p;(.), No) <
Ng + Ny = Rg (see [Sh:c, V,1.6](3)). So we have proved (x)].



Paper Sh:401, version 2005-12-20_10. See https://shelah.logic.at/papers/401/ for possible updates.

20 SAHARON SHELAH

Now use 1.17(1) to deduce: Ny is F'§ -prime over () hence (by uniqueness of R.-prime
model, 1.17(2)) N = N;.
By renaming without a loss of generality N7 = N;. Now

(x%) () (N1,6)ceny, (N2, ¢)cen, are N-saturated and
(B) if a € €,b € Ny,a/b a regular type and alJ(No + b) (for £ =1 or £ = 2),

b
then

dlm(a/(i) U N()), Ng) = No.

[Why? Remember that we work in (€°%, ¢).cn,. The “N-saturated” follows from
the second statement.
Note: dim(a/(bU Ny), Ny) < dim(a/b, N;) < Xy (first inequality by monotonicity,
second inequality by 1.17(1) and the assumption “Ny is N.-prime over (). If a/b
is not orthogonal to Ny then for some i < a we have p; £ (a/b) so easily (using
“Ny is W.-saturated”) we have dim(a/(bU No), Ny) = dim(p;, Ng) > ||L|| = No;
so together with the previous sentence we get equality. Lastly, if a/b L Ny by
part (2B) of 1.18, we have dim(a/(bU Ny), N;) < R = dim(a/b, N¢) < Xg which
contradicts the assumption “Ny is R.-saturated”.] So we have proved (x%) hence by
1.17(1) we get “Ny, Ny are isomorphic over N as required.
5) This is proved similarly as if N is N.-prime over A and B C N is e-finite then
N is R.-prime over A + B and also over A" if A+ B C A’ C acl(A + B), see part
(10).
6) By [Sh:c, V,3.2].
7) First assume that A5 C N7 and a/Nj is regular. As N; is R.-prime over Ny U Ny
and as 7" has NDOP (i.e. does not have DOP) we know (by [Sh:c, X,2.1,2.2,p.512))
that N7 is N.-minimal over Ny U N{ and ~- is not orthogonal to Ny or to Ny.
But a/N; L Ng by an assumption, so a/N; is not orthogonal to Ni hence there
is a regular p’ € S(Nj) not orthogonal to ~; hence (by [Sh:c, V,1.12/p.236]) p’
is realized say by @’ € Ny. By [Sh:c, V,3.3], we know that Ny is N.-prime over
Ny +a’. We can find N} which is X.-prime over Ni + a’ and N4 which is N.-prime
over N1 U N/ hence by part (3) of 1.18 we know that N is N.-prime over N1 +a’ so
by uniqueness, i.e. 1.17(1), without loss of generality V) = N5 hence we are done.
In general by induction on a choose Nj , such that Nj, is N.-prime over Ny U
A3, N3, is increasing with a and Ny ||J N3 . Easily for some a, Nj , is defined
Ni
but not Nj ;. Necessarily Ny is N.-prime over Nj U Ny . Lastly let a’ € Ny,
be such that tp(a, N1 U N ,) does not fork over Ny + a’. Easily Nj , is R.-prime
over Ny +a’ by (1.17(1)).
8) Similar easier proof.
9) Let N be X.-prime over A such that B|]J N/}, and let Ni be X.-prime over
A
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N{UB. By 1.18(1), we know that Ny is RX.-prime over ), and by 1.18(10) below N{
is Ne-prime over AU B, hence by 1.17(2) we know that N, Ny are isomorphic over
AU B hence without loss of generality Nj = Ny and so Ny = N| is as required.

10) By [Sh:c, IV,3.12)(3),p.180. Oi1s

1.20 Fact. Assume (N, ,a, :n € I) <} (NZ,ay : m € I) (see Definition 1.16)

—direct
and AC BC Nl and /\ N} < M.
nel

(1) If v =7 (a) € I, then N2 [y N} and even N2 |J | | J N, |; and

NT} N% pel
—n<p

n<v € I implies N2 ||J U N,

N% peT
—n<p

(2) (N,%, an :n € I) is an R.-decomposition inside M above (]j) iff
(N,%, an :n € I) is an R.-decomposition inside M above (]j).
.. . « .- .. B\

(3) Similarly replacing “N.-decomposition inside M above ( A) by

“N.-decomposition of M above (ﬁ)”.

Proof. 1) We prove the first statement by induction on fg(n). If n =<> this is

clause (b) by the Definition 1.16 and clause (d) of Definition 1.11(1) (and [Sh:c,

V,3.2]). If n #<>, then ]‘7\‘,—2 1 N(ln,) (by condition (e) of Definition 1.11(1)).

By the induction hypothesis N (277‘) U N, and we know N is N.-primary over
1

N,
(n=)
N(Zn_) U N,;; we know this implies that no p € S(N,;) orthogonal to N$_ is realized
. NZ 1 NZ .
in N? hence ]‘f]—tll 1 N—;{, SO ]‘\‘,—2 - ]C\L,—l% hence %3} 1 N—;{ hence N, ||J N7 as required.

Nl

"
The other statements hold by the non-forking calculus (remember if n = v" (o) € I
then use tp(U{N, : n J p € I'}, N;) is orthogonal to N, or see details in the proof
of 1.21(1)(«)).
2) By Definition 1.16, for ¢ = 1,2 we have: (Ng,a,7 :m € I) is a decomposition
inside € and by assumption /\ N% < Ng < M. So for £ = 1,2 we have to prove

nel

“(Nf,ayn :m € I) is an Nc-decomposition inside M for (ﬁ)
1 — ¢. We have to check Definition 1.11(1).

7 assuming this holds for
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Clauses 1.5(1)(a),(b) for £ holds because they hold for 1 — ¢.
Clause 1.5(1)(c) holds as by the assumptions A C B C N1,. < N2,.,A C N1

Clauses 1.5(1)(d),(e),(f),(h) holds as (N}, a, : n € I) is a decomposition inside €
(for £ =1 given, for ¢ = 2 easily checked).
Clause 1.5(1)(g) holds as /\Ng < N,g < M is given and M is N.-saturated.
3) First we do the “only if:’7 direction; i.e. prove the maximality of (N, ,a, : 7 € I)
as an N.-decomposition inside M for (ﬁ) (i.e. condition (i) from 1.11(2)), assuming
it holds for (N7, a, : n € I). If this fails, then for some n € I'\{<>} and
a€ M, {ay<a>:1n" <a>€l}U{a}is independent over N% and
a ¢ {ay(ay : (@) € I} and NL}] L N,_. Hence, if n"(ay) € I for £ < k then
a = (a)"(ay <a,> : £ < k) realizes over N, a type orthogonal to N, _, but
N%_ =< N%,N%_ =< Ng_ and N} NLQ N} (see 1.20(1), hence (by [Sh:c, V,2.8])
tp(a, N7) L Ng_ hence {a}U{anAJ} : £ < k} is independent over N2 but k,n" (ay) €
I for ¢ < k were arbitrary so {a} U {a,~y : 7" (@) € I} is independent over N/
contradicting condition (i) from Definition 1.11(2) for (N7?,a, : 1 € I).

For the other direction use: if the conclusion fails, then for some n € I'\{<>}
and
a € M\N\{ay <a> : 7" < a >€ I} the set {a, (o) : 7" (@) € I} U {a} is inde-
pendent of Nﬁ and tp(a, Ng) is orthogonal to Ng,; let N' < M be N.-prime over
N} 4 a. But N is R.-prime over N, U Ng, (by the definition of <-direct) so by
NDOP tp(a, N;}) & N, hence there is a regular ¢ € S(N,}) such that ¢+ tp(a, N).
Hence some o' € N’ realizes g, clearly {a,"<q> : 7" < o >€ I}U{a’} is independent
over N? (and o’ ¢ {“717*<a> ;" < a>e I}) hence over (N7, N,}) and easily we get
contradiction. Ui.20

1.21 Fact. Assume (N, a} :n € I) is an R.-decomposition inside M.
1) If Nl < N2, < M, N} is R.-prime over §) and
N2, U {al.. :<a>€ I} then

NZ

(@) [N2. U |JN,| and
Ni> nel
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(B) we Can find N} (77 € I\{<>}) such that N < M, and
<N7% U€I> dlrect <N7?’ n - 776]>

2) If Cbcj\fT": C NY. < NL_ oratleast N, < Nl_ and ]\7{” + N2 whenever
< a >€ [ then we can find N) < M and a) € N, (for € I\{<>}) such that
<N07 17 7761> dlrect <N17 T] T]EI>

3) In part (2), if in addition we are given (B} : n € I) such that By is an e-finite
subset of N, tp«(B;, Ny) does not fork over By and BZ. C N2_ then we can

demand in the conclusion that n € [ = B} C Nf]) .

Proof. 1) For proving («) let {n; : i < *} list the set I such that n; <n; = 1 < j,

so g =<> and without loss of generality for some a* we have

ni € {<a><a>el}<icll,a*). Now we prove by induction on § € [1,i*)

that N2_ (|J U{Nﬁi :1 < B}. For =1 this is assumed. For g limit use the local
NZ.

character of non-forking.

If =v+1¢€][l,a%), then by repeated use of [Sh:c, V,3.2] (as {a,, : j € [1,0)}
is independent over (N1.,N2.) and Nl_ is R.-saturated and Nﬁj (7 € [1,7)) is
Ne-prime over N1 + a,. ) we know that tp(a,, , N2, U U Néz) does not fork over

1<y
NZ.. Again by [Shic, V,3.2], the type tp.(N,_ ,NZ. U U N%) does not fork over
1<y
N1 hence U N, ! U NZ. and use symmetry.
i< N<>

Lastly, if 8 € v+ 1 € [a",i"),tp(a,-, Ny, ) is orthogonal to N1, and even to

N (1 - SO again by non-forking and [Sh.c, V,3.2] we can do it, so clause («) holds.
T~

For clause (3), we choose N7 for i € [1,7*) by induction on i < ¢* such that
Ni_ < M is N.-prime over Ns', U N% By the non-forking calculus we can check
Definition 1.7. '

2) We let {n; : i < i*} be as above, now we choose N? . a

D ,a) by induction on i € [1,i*)
such that:

(*) N <N, and Nl W N and N, is Rc-prime over N U N$—
N "

(+*) a) € N and N, is N -prime over N0 +a)

/L

The induction step has already been done: if £g(n;) > 1 by 1.18(7) and if £g(n;) = 1
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by 1.18(8).
3) Similar. Ui .21

1.22 Fact. 1) If (N, ay : 1 € I) <} (NZ,a, : n € I) and both are R-

—direct
decompositions of M above (ﬁ), then

g@((N;,a,l? mel),M)=P((N2a®:necl),M).

n>-m

Proof. By Defintion 1.11(5) it suffices to prove, for each n € I'\{<>} that

(%) for regular p € S(M) we have
pJ_N%_ & pj:N,%@pJ_Ng_ & p:i:Ng.

Now consider any regular p € S(M): first assume p L N%— & p+ N% where
n € I\{<>} so p£ N} (as N, < N} and p + N;) and we can find a regular
q € S(N%) such that ¢ £ p; so as p L Né_ also ¢ L N?%" now q L Ng_ (as
N% U{ Ng_ and g L N% see [Sh:c, V,2.8]) hence p L Ng_.

n

Second, assume p L Ng, & pEN; wheren € I\{<>}; remember Né, Ny, N2, N}
are
N.-saturated, N% W Ng_ and Ng is N-prime over N% U Ng_ and T does not have

NY

n
DOP. Hence N7 is R.-minimal over N, U Ng_ and every regular ¢ € S(N?) is not

orthogonal to N, or to Ng_. Also as p & N7 there is a regular ¢ € S(N;?) not or-
thogonal to p, so as p L Ng, also g L Ng,; hence by the previous sentence q + N,%

hence p &+ N, . Lastly, as p L Ng, and Né, =< Ng, clearly p L N;,, as required.
[1.22

At last we start proving 1.14.

Proof of 1.14. 1) Let N° < € be R.-primary over A, without loss of generality
NO||) B (but not necessarily N° < M), and let N! be R.-primary over N° U B.
A

Now by 1.18(0) the model N? is X.-primary over () and by 1.18(1) the model N! is
N-primary over () hence (by 1.18(10)) is N-primary over B, hence without loss of
generality N1 < M. Let New =: N° No» = N} T = {<>,<0>}and aco~ = B.
More exactly a, is such that dcl({a,}) = dcl(B). Clearly (N,,a, : n € I) is an
N.-decomposition inside M above (ﬁ). Now apply part (2) of 1.14 proved below.



Paper Sh:401, version 2005-12-20_10. See https://shelah.logic.at/papers/401/ for possible updates.

CHARACTERIZING MODELS OF NDOP THEORIES 25

2) By 1.13(4) we know (N, a,, : n € I) is an R.-decomposition inside M, by 1.18(2)
we then find J O I and N,,a, for n € J\I such that (N,,a, : n € I) is an X-
decomposition of M. By 1.18(3), (Ny,a, : n € J') is an R.-decomposition of M
above (]j) where J' =: {ne J:n=<> or (0) IneJ}
3) Part (a) holds by 1.13(2),(3). As for part (b) by 1.13(2) there is (N, a, : n € J),
an N.-decomposition of M with I C J; easily [(0) <n e J=n € I].

U11401),2),3)

1.23 Fact. If (Nﬁ, af; :n € I') are R.-decompositions of M above (i), for  =1,2

and Nl = NZ_ then Z((N;,a} :neI'),M)=P((N2 a2 :ne€I?),M).

Proof. By 1.14(3)(b) we can find J' D I' and N, ,a, for n € J'\I' such that
(Ny,a} :n € J') is an R-decomposition of M and moreover we have n € J'\I' &
n# () & —((0)<an). Let J> = I*U (J'\I') and for n € J?\I? let o =: aj,
Nj =: N,. Easily (N2,a2 : 7 € J?) is an R.-decomposition of M. By 1.13(6) we
know that for every regular p € S(M) there is (for £ = 1,2) a unique n(p, ) € J*
such that p = Ny, & p L Ny~ (note ()~ — meaningless). By the uniqueness
of n(p,£), if n(p,1) € JI\I' then as it can serve as n(p,2) clearly it is n(p,2) so
n(p,2) = n(p,1) € JIN\I! = J2\I?; similarly n(p,2) € J2\I? = n(p,1) € J'\I' and

np,1) =) © np,2) = (). So
() n(p,1) € IN{()} & n(p,2) € I\ {()}.

But
(xx) n(p,0) € I{()} & p e P((N,ay, :n eI, M).

Together we finish. U123

We continue proving 1.14.

Proof of 1.14(4). Let A* C M~ be e-finite, so we can find an e-finite B* C U{N,, :
n € I} such that stp(A*, B*) = stp(A*,U{N, : n € I}). Hence, there is a finite
non empty I* C [ such thatd <>¢& I'*, I'* is closed under initial segments and B* C
U{N,, : m € I}, so of course stp,(A*,U{N,, : n € I*}) - stp(A*,U{N, : n € I}).

We can also find (By : n € I*) such that Bj is an e-finite subset of N,, B} =
acl(By) and B* CU{By :n € [*},n #<>= a, € By and if n<v € I* then By C
B} and tp. (B}, N,,) does not fork over B;. Without loss of generality B C BZ. .
For n € I\I* let By, = By, where { < £g(n) is maximal such that n | £ € I", such
¢ exists as £g(n) is finite and <>€ I*.
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Let N,,% = N, and a717 = a, for n € I and without loss of generality J # I hence
J\I # 0.

Let N2_ < M be R.-prime over U Ny; letting J\I = {n; : i < i*} be
veJ\I

such that [n; <m; = @ < j] we can find N2 ; (for 7 < i*) increasing continuous,
N2_ o= Ncs and N2_ ;. is Re-prime over N2 ;U N,, hence over N2_ ; + ay,.
Lastly, without loss of generality N2>,i* = Ni>.

By 1.18(1),(2) we know N2 is R.-primary over () and (using repeatedly 1.18(6)
+ finite character of forking) we have N2_ ||J a<o>. By 1.18(4)

NE.
(with NLo,N2_,B%_ D Cb(acs/NL.) here standing for Ni, No, A there) we
can find a model N2_ such that aco> (J Nl. and Cb(acs/NL.) C B, C
NS,

N2 NS, < N1, ,NY. is R.-primary over ) and N1., N2  are isomorphic over
N2.. By 1.21(1) we can for n € I choose N} < M with N} < N? and (N, a, :
n € I) <hireet (N7,a) = m € I). Similarly, by 1.21(2) (here Suc;(<>) = {(0)})
we can choose an N.-decomposition (N, a) : n € I) with (N),ad : g € I) <% .
(Ny,ay = n € I). Moreover, we can demand 1 € I* = B} C N, using 1.21(3).
By 1.13(12) + 1.14(3) we know that (N;,a) : n € I) is an R.-decomposition
of M~ and easily (Ng,ag : n € I) is an R.-decomposition of M. Now choose
by induction on n € I an isomorphism f, from N# onto N,? over NS such that
van = fu € fpand n € I = fy | By = idp;. For n =<> we have chosen
NT? such that N,%Ng are isomorphic over Nf;. For the induction step note that

Jm—) Y ing is an elementary mapping as N(Qn,) gj NS and f,-) U ing can
(n~)

be extended to an isomorphism f, from N} onto NZ as N} is R-primary (in fact

even N.-minimal) over N(en,) U N for £ = 1,2 (which holds easily). If n e I*

there is no problem to add f, [ B = idp;. Now by 1.13(3) the model M~ is

N.-saturated and N.-primary and N.-minimal over U N, = U N,}; similarly M is

neJ nel
N, -primary over U Ng. Now U fn is an elementary mapping from U N% onto
nel n nel
U Ng hence can be extended to an isomorphism f from M~ into M. Moreover

nel

as stp.(A*,U{B; :n € I*}) I stp(A*,{N,} : € I}), by [Sh:c, CH.XIL§4] we have
tp.(A*,U{B;; : n € I*} - tp(A*,U{N,} : n € I} hence tp.(A*,U{B} : 7 € I*}) has
a unique extension as a complete type over U{N% : 1 € I} hence over U{Nﬁ :nel}
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so without loss of generality f | A* = id4«. By the X.-minimality of M over U N,

nel
(see 1.13(3)), f is onto M, so f is as required. 04 14

We delay the proof of 1.14(5).

Proof of 1.14(6). Let (N}, al : n € I*) for £ = 1,2, be Rc-decompositions of M

above (1), sodcl(a’.) = dcl(B). Let p € S(M), and assume that p € 2(( N}, a) :
n eIy, M), ie. for some n € I'\{<>}, (p, L N,-) and p, = N,.. We shall prove
that the situation is similar for £ = 2; ie. p € P((N7 a7 : n € I?),M); by
symmetry this suffices.

Let n = £g(n), choose (B : £ < n) and d such that:

(Oé) A - Bo,
(B) B g Bla
(7) ane € By C Nérev for ¢ <n
(6) Bey1r U N,
¢
Bg+1 B£+1
(€) Betayiorry  Npretagieqn)’

(€) d € By, ﬁ is regular +p, (hence | B,,_1)
(n) By is e-finite.

[Why such (By : ¢ < n) exists? We prove by induction on n that for any n € I of
length n and e-finite B’ C N,,, there is (B : £ < n) satisfying (o) — (¢), (n) such
that B’ C B,. Now there is p’ € S(N,}) regular not orthogonal to p, let B C N,
be an e-finite set extending Cb(p’). Applying the previous sentence to n, B! we get
(B : £ <n),let d e N, realize p’ | By,
Now as n > 0, tp(d, B,,) L. N,- hence tp(d, B,,) L B,_1, hence

tp(d, B,) L tp«(N,-, By,), hence as tp(d, By,) is stationary, by [Sh:c, V,1.2](2),p.231,
the types tp(d, B,,),tp«(V, -, Bn) are weakly orthogonal so

tp(d, By) b tp(d, Ny~ U By) hence petir - fatiy

Now replace By, by B, U{d} and we finish].
Note that necessarily

(0)* B, éu Nr}[m for m < n.
[Why? By the non-forking calculus].

(€)+ +aB— J—a Bm for m <n.
Bm I (m+1)

[Why7 As N\, is Re-saturated].

See https://shelah.logic.at/papers/401/ for possible updates.
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Choose D* C Ni> finite such that NBf"jLB does not fork over D* 4+ B.
<>

[Note: we really mean D* C N2_, not D* C N1_].
We can find N2, N.-prime over §) such that A C N3_ < N2_ and D*|J N3
A

<>
and N2 is N.-prime over N2_ UD* (by 1.18(9)). Hence B, |JN2. and B, ||J N2
A B

(by the non-forking Calculus) As tp. (B, N2.) does not fork over A C N2_ C N2

by 1.21(2) we can find N}, a3 (for n € 12\{<>}) such that <N3 >:mel)isan

N.-decomposition inside M above (%) and (N2, a3 : n € I?) <3, .ot (Ng, sime IQ>

and a2, = a2 (remember dcl(aZ,.) = dcl(B)). By 1.20(2) we know (N7, a3 :

n € I?) is an R.-decomposition of M above (B).

By 1.22 it is enough to show p € Z((N;},al : n € I?),M). Let N2, < N2, < M

be R -prime over N2 UBj. Now by the non-forking calculus B [J(N2. UBy) [why?
A

because

a) as said above B, ||JN2. but By C B,, so By||JN2., and
<> <>
B B

(b) as BN, and By C N1 we have B(]J By so By||J B
A A A

hence (by (a) + (b) as A C B)

(c) ﬁ does not fork over A,

also

(d) BUN2. (as AC N2_ C N2_ and tp(B, NZ2.) does not fork over A)
A

putting (c) and (d) together we get

(e) W{Bo, B, NZ.}
A

hence the conclusion].

Hence B |J By so B |J Ni. (by 1.18(6)) and so (as N2, is N.-prime over
N2 NZ.
N3 +dcl(a®.) = N3_ +dcl(B)) we have N2_ |J N2,. and by 1.21(1) we can
NZ.
choose N, < M (for 7 € 12\{<>}) such that (N,},a3 : 1 € I?) >girect (N, an n e
I%). So by 1.20(1) (N2,a : n € I?) is an R.-decomposition of M above (%) hence
ai0>/Nj71 does not fork over A but A C By C N4> SO a<>/N4 does not fork over By
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and by 1.22 it is enough to prove p € & ((Nf;, a:?, :m € I?), M) Now as said above
B U Ni. and B|JN2. so together B||JNZ., also we have A C By C Ni_,
NS, A A
hence B |J N, and
By

Bu_ = _Ba |, By (by (e)* above) but a®. () N1 hence

Bo+B — Bota’,. 5
By

___Bn
1 3
NZs+aZgs

N-isolated. Also letting B] = B,\{d} we have W is N.-isolated and & L
<> <> n
By (by clause (¢)), and clearly d ||J (N2, U BJ,) so - L N2_. Hence we can find
B, !
(Np,a) = m € I°) an R.-decomposition of M above (ﬁ) such that N2, = N2_,

del(B) = dcl(a%ys ), Bn\{d} € N2;. and d = a2 - (on d see clause (¢) above)
sod ) N2ys.
B,

By 1.23 it is enough to show p € Z((N},a) : n € I°), M) which holds trivially
as tp(d, B,\{d}) witness. 04 14¢6)

Proof of 1.14(5). By 1.8, with A, B, A1, By here standing for Ay, By, As, B there,

we know that there are (Bj : £ < n),(c;: 1 < ¢ < n) as there. By 1.18(9) we can

choose N1. such that By C N1 ,NL o () Bn, NL. is R.-primary over . Then
By

N————

n
= C‘Z’Bég(n) C N% and we choose

we choose (N, a, 17 € {<>,<0>,<070 >,...,<0,...,0 >}>, (where

1 1
Nop. .. o>3Madl>0=a_, o

— —
e

N% by induction on £g(n) being N.-prime over N%_ U a717 hence a%/N;_ does not

fork over Bég(n‘) hence N% is N.-prime also over Né_ + Bég(n)‘ So <N$,a717 :n €

<>,...}) is an N.-decomposition inside M for (Z'). Now apply first 1.14(2) and
A

then 1.14(6).

Proof of 1.14(7). Should be easy. Note that

()1 for no (ﬁ:) do we have (ﬁ) <p (151:)
Why? By the definition of Depth zero.

(x)o if (]j) <a (]j:), then also (ﬁ:) satisfies the assumption.

Hence



Paper Sh:401, version 2005-12-20_10. See https://shelah.logic.at/papers/401/ for possible updates.

30 SAHARON SHELAH

(xx) for no (ii), (ﬁ;’) do we have

B < By < By
A) = \4) P \A)
[Why? As also (lji) satisfies the assumption].

Now we can prove the statement by induction on « for all pairs (ﬁ) satisfying the
assumption. For a = 0 the statement is a tautology. For « limit ordinal reread
clause (c) of Definition 1.9(1). For o = f+1, reread clause (b) of Definition 1.9(1):

on tpg( (ﬁ) , M) use the induction hypothesis also for computing Yj’g s (and reread

the definition of tpy, in Definition 1.9(1), clause (a)). Lastly YZ:BB’ s is empty by
(x) above.

Proof of 1.14(8),(9). Read Definition 1.9. D1.14(5),(7),(8),(9)

Discussion. In particular, the following Claim 1.26 implies that if (N,,a, : n € I)
is an N.-decomposition of M above (]j) and M~ is N.-prime over U{N,, : n € I}
then (i) has the same tp, in M and M ~.

1.24 Claim. 1) Assume that My < My are R.-saturated, (ﬁ) € I'(My). Then the
following are equivalent:

(a) ifpe 2((3), M)

(see 1.14(6) for definition; so p € S(My) is regular) then p is not realized

m M2
b) there is an N.-decomposition of My above BY which is also an N, -decomposition
( ) p A)s p

of My above (]j)

(c) every W.-decomposition of My above (ﬁ) 18 also an N.-decomposition of Mo
above (ﬁ).

2) If M is R.-saturated, (ﬁi) < (23) are both in I'(M) then ,@((iz),M) C
2((4;), M).
3) The conditions in 1.24(1) above implies

(d) pe 2((5), M) = p+ M.
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Proof. 1) (¢) = (b).

By 1.14(1) there is an N.-decomposition of M; above (ﬁ). By clause (c) it is
also an N_-decomposition of My above (ﬁ), just as needed for clause (b).

b) = (a

Let (Ny,a, : n € I) be as said in clause (b). By 1.14(3)(b) we can find J;,I C J;
and N,,a, (for n € J1\I) such that (N,,a, : n € Jp) is an R.-decomposition of M,
and v € J1\I = v(0) > 0. Then we can find Jo, J; C Jy and N, a, (for n € Jo\Ji)
such that (N, : n € Jy) is an X.-decomposition of My (by 1.14(2)). By 1.14(3)(b),
ve Jo\I = v(0)>0. SoneI\{()} = Sucy,(n) = Sucr(n), hence

(x) if n € I\{()} and q € S(IV,) is regular orthogonal to NN, - then the station-
arization of ¢ in S(Mj) is not realized in Ms.

Now if p € @((f),Ml) then p € S(M;) is regular and (see 1.14(1), 1.11(5)) for
some n € I\{()},p L N,-,p£N,, so there is a regular ¢ € S(V,)) not orthogonal to
p. Now no ¢ € Ms realizes the stationarization of ¢ over M; (by (x) above), hence
this applies to p, too.

a) = (c

Let (N,,a, : n € I) be an R.-decomposition of M; above (]j). We can find
(Np,a, : m € J) an N.-decomposition of M; such that I C J and v € J\I =
v(0) > 0 (by 1.14(3)(b)), so M is R.-prime over U{N, : n € J}. We should
check that (N, : a, : n € I) it is also an R.-decomposition of M, above (f), ie.
Definition 1.11(1),(2). Now in 1.11(1), clauses (a)-(h) are immediate, so let us
check clause (i) (in 1.11(2)). Let n € I\{()}, now is {a,~(ay : 7" (@) € I} really
maximal (among independent over NN, sets of elements of M» realizing a type from
Py = {p € S(N,) : p orthogonal to N, -})?. This should be clear from clause (a)
(and basic properties of dependencies and regular types).
2) By 1.14(5).
3) Left to the reader. 04 24

1.25 Conclusion: Assume M; < My are N.-saturated and (ﬁi) <* (ﬁ;) both in
['(My). If clause (a) (equivalently (b) or (c)) of 1.24 holds for (ﬁi),Ml,Mg then
they hold for (52), My, Ms.

Proof. By 1.24(2), clause (a) for (§1)7M1,M2 implies clause (a) for (ﬁz),Ml,MQ.
Ui.25
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1.26 Claim. If (21) € I'(M) and (Ny,a, : n € I) is an X.-decomposition of M

above (ﬁi) and M~ C M is N.-saturated and U N, € M~ and o is an ordinal
nel

tpa[(fi),M] - tpa[(ii),M}

Proof. We prove this by induction on « (for all B, A, (N,,a, :n € I),I, M and M~
as above). We can find an X.-decomposition (N, a, :n € J) of M with I C J (by
1.13(4) 4+ 1.13(2)) such that n € J\I < n # () and —(0) < n and so M is N-prime
over U N,, and also over M~ U{N, :n e J\I}.

nedJ

then

Case 0: a = 0.
Trivial.

Case 1: « is a limit ordinal.
Trivial by induction hypothesis (and the definition of tp,,).

Case 2: a = [+ 1.
We can find M* < M~ which is N.-prime over U Ny, so as equality is transitive
nel

wo ()2 = o ((52)r)
e () ) = e (G o)

By symmetry, this means that it is enough to prove the statement when M~ is

it is enough to prove

and

N.-prime over U N,.
nel
Looking at the definition of tpgy; and remembering the induction hypothesis
our problems are as follows:
First component of tp,:
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given (ﬁi) <, (§§)> By C M, it suffices to find (iz) such that:

(%) thereis f € AUT(€) such that: f [ By = idp,, f(A2) = As,
f(B2) = Bg and By € M~ and tpg[(52), M] = tpp[(5?), M~]
(pedantically we should replace By, A; by indexed sets).

We can find J’, M’ such that:
1) I CJ CJ |J\I| <RNg,J closed under initial segments
(1) : 7 g :
(1) M’ < M is R.-prime over M~ UU{N,, : n € J'\I}
(ii) Bs C M.

The induction hypothesis for § applies, and gives

tpﬂ[(iz)ﬂﬂ = tpﬁ[(i)»M'}-

By 1.14(4) there is g, an isomorphism from M’ onto M~ such that g [ By = id.
So clearly g(B3) C M~ hence

tps [(ii) ,M'] = tps [(ggz;) M~

So (22) =: g(gi) is as required.

Second component for tp,:

So we are given Y, a tpg type, (and we assign the lower part as B) and we have to
prove that the dimension in M and in M~ are the same, i.e.

dim(I, M) = dim(I~, M), where: I={ce M : T = tpg((,), M)} and
Im={ceM :YT= tpg((Bcl),M_)}.

Let p be such that: tpg ((Bcl),M> =T =p= Bil. Necessarily p L A; and p is

regular (and stationary).
Clearly I~ C I, so without loss of generality I # () hence p is really well defined,
now

(x) for every ¢ € I for some k < w,c, € M~ realizing p for £ < k we have ¢

depends on {c,c},...,c),_,} over Bj.
[Why? Clearly p L Nos (as By ||J N<s and p L A;) hence
Ay

tps( U Ny, N<s) L p hence
neJ\I
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tpx«( U N,,M~) L p, but M is R.-prime over M~ U U N,, hence
neJ\I neJ\I

by [Sh:c, V,3.2,p.250] for no ¢ € M\M ™ is tp(c, M ™) a stationarization of

p hence by [Sh:c, V,1.16](3) clearly (x) follows].

If the type p has depth zero, then (by 1.14(7)):

I={ce M :tp(e,B) =p} and
I" ={ce M~ :tp(e, B) = p}.

Now we have to prove dim(I, A) = dim(I",A), as A is e-finite and M, M~ are
Ne-saturated and I~ C I clearly 8y < dim(I7, A) < dim(I, A). Now the equality
follows by (x) above.

So we can assume “p has depth > zero”, hence (by [Sh:c, X,7.2]) that the type
p is trivial; hence, see [Sh:c, X7.3|, in (%) without loss of generality k¥ = 1 and
dependency is an equivalence relation, so for “same dimension” it suffices to prove
that every equivalence class (in M i.e. in I) is representable in M~ i.e. in I-. By
the remark on (*) in the previous sentence (Vd; € I)(3dy € I7)[~dy |J da]. So it

By
is enough to prove that:

Q) if dq,ds € M realize same type over By, which is (stationary and) regular,
and are dependent over By and d; € M~ then there is d; € M~ such that

mtm = motar and s [(P5). M] = [ (P5%), M.

Let Mo = Nyy. There are J', My, M such that
(#)1(d
(i

(i3

) J' C J is finite (and of course closed under initial segments)
) () €J,{0) ¢ J'

) My < M is R.-prime over U{N, : n € J'}

)

(iv) M;" < M is N.-prime over M; U M~ (and M; ||J M)
My

(’U) dzEMl—’_.

Now the triple (BlBJrldQ), My, M satisfies the demand on (ii), M=, M (because
(51) <* (PF%) by 1.25. Hence by the induction hypothesis we know that

A1 B1
By +d By +d
ol(P ) 0 = el (P ) 0
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By 1.29(4) there is an isomorphism f from M;" onto M~ which is the identity on
B1 +dy; let d, = f(da) so:

B, +d By + dt _
wal (% ) 2] = wal ()0
Together
B, +d By + d: _
tpﬁ[( B 2),M]: tpﬁ[( B 2),M ).

As {dy,dy} is not independent over By, also {f(d1), f(d2)} = {d1, f(d2)} is not
independent over B1, hence, as p is regular

() {da, f(d2)} is not independent over Bs.

Together we have proved €, hence finished proving the equality of the second
component.

Third component: Trivial.
So we have finished the induction step, hence the proof. 4 .96

2
1.27 Claim. 1) Suppose M is X.-saturated, A C B C M, (i) er, /\[A C Ay

-
=1
M],
A =acl(A), Ay are e-finite, % = %,BUJAl and B||J As.
A A
Then tp,, [(AxB),M} = tp, [(AZL;B),M} for any ordinal a.

2
2) Suppose M is X.-saturated, B C M, (ﬁ) erl, /\[A C Ay C M],A=acl(A),
=1
B = acl(B), A = acl(Ar), Ay is e-finite, %4 = 42 B A1, B As, [ : A1 23 Ay
A A

an elementary mapping, f | A= ida,g 2 f U idp, g elementary mapping from
B1 = acl(BU A;) onto By = acl(B U A,).

Then g (tpa [(ﬁi),MD = tp, [(f;), M} for any ordinal «.
3) Assume that

(a) Ay = acl(Ay) C By = acl(By) € M* for £ =1,2
(b) Ay C Af Cacl(Af) C M for £ =1,2



Paper Sh:401, version 2005-12-20_10. See https://shelah.logic.at/papers/401/ for possible updates.

36 SAHARON SHELAH

(¢) BeJ A fort=1,2
Ay

f is an elementary mapping from Ay onto As
is an elementary mapping from Al onto AJ

9
flAI=g14

AT) extending f and g
(h) f(tpal(5)): Mi]) = tp,[(}32), Ma).

Then h(tp,[(1), M1)) = to[(52), Ma).

Proof. 1) Follows from part (2).
2) We can find A3 C M such that:
(i) % =4
(17) AsJ(BU A1 U Ag).

N

Hence without loss of generality A; (| A2 and even (|J{B, A1, A2}. Now we can find
B A
N.~, an X.-prime model over ), No~ < M, A C N~ and (BU A; U A)||JN<>
A

(e.g. choose {AY U A UB® : a < w} C M indiscernible over A, AY = Ay, A§ =
A, BY = B and let No.~ < M be X -primary over U (AT UAZ UB™UA)).
n<w

Now find (N, a, : n € J) an R.-decomposition of M with
dcl(a<ps) = del(B),dcl(a<is>) = del(A1),dcl(acos) = del(As).

Let I={neJ:n=<> o <0><Inland J'=TU{<1><2>} Let
N2_ < M* be R.-prime over Nejs UNcos. By 1.21 there is (Ng,a77 :n € 1) an N-
decomposition of M above (ﬁ) such that (Np,a, : 0 € I) <direct (N,%,a77 :n € I).
Let M’ < M be R.-prime over U N,,? and M~ < M’ be R .-prime over U N,. So

nel nel
M~ <M < M and M’ is N.-prime over M~ U N1~ U Noos.

Now by 1.26 we have tp,, [(/Ji),M} = tpa [(AB/Z),M’} for £ = 1,2 hence it suffices
to find an automorphism of M’ extending g. Let B* = acl(N.~UB), A} = act(BU
Ay), let a, list A} be such that a; = g(a;). Clearly tp(as, B™) does not fork over
A C B and acf(B) = B and so stp(a;, BT) = stp(as, BT). Also tp.(As, Bt U 4;)
does not fork over A hence tp(as, BT U a;) does not fork over A C BT hence
{a;,a,} is independent over BT hence there is an elementary mapping ¢ from
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acl(B* Ua;) onto acl(BT Uay),g" O idg+ Ug and even ¢’ = g+ U (¢g7)~! is an
elementary embedding.

Let a lists acl(N<s U A1) so clearly a5 =: g*(a}) list acf(N.~ U Ay). Clearly
g’ | (8 Ua)) is an elementary mapping from a) U a} onto itself. Now N2 is -
primary over N~ UA;UAg and N UA;UA, C @ Ua), C acl(NosUA;UA3) so by
1.18(10) N2, is R-primary over N~ Ua)} Ua), hence we can extend ¢’ | (] Ua))
to an automorphism h.~ of Ni> so clearly hos | Nov = idy_.. Let éf list
acl(BT U A;) and a5 = g*(af). So tp(a,, N2.) does not fork over a;(C NZ2.)
and acf(a}) = Rang(a)) (= acl(N.sUA;))and ho~ | @) = g* | @] hence ho~Ug™
is an elementary embedding. Remember g* is the identity on BT = acl(N.~ U B),
and tp.(N<o>, N2.) does not fork over N~ hence tp.(N<os, Bt UNZ.) does not
fork over B, so as acl(B1) = B™ necessarily (h<sUg")U idy_,. is an elementary
embedding. But this mapping has domain and range including N.og> U N2 and
included in N2,., but the latter is N.-primary and RN.-minimal over the former.
Hence (h<> Ug")U idy_. can be extended to an automorphism of N2, which
we call hgs.

Now we define by induction on n € [2,w) for every n € I of length n, an
automorphism h,, of Ng extending h,- U idy, , which exists as Ng is Ne-primary over
N? UN, (and N7 NLU N,). Now U hy is an elementary mapping (as (N : € I)

n- nel

is a non-forking tree; i.e. 1.13(10)), with domain and range U N,g hence can be

nel
extended to an automorphism h* of M’, (we can demand h* | M~ = idy;- but
not necessarily). So as h* extends g, the conclusion follows.
3) Similarly to (2). Oy .27

1.28 Claim. 1) For every T = tpé[(ﬁ),M}, and a,b listing A, B respectively
there is 1 = 9¥(Ta,Zp) € Loox. (q.d.) of depth § such that:

tp(;[(i),M} T MEya b

2) Assume ®M1’M2 of 1.4 holds as exemplified by the family F and (ﬁ) e I'(M)
and g € Z,Dom(g) = B; and « an ordinal then

o ((3)0) - (5) ).

3) Similarly for tp, ([A], M), tp,[M].
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Proof. Straightforward (remember we assume that every first order formula is
equivalent to a predicate). 7 98

1.29 Proof of Theorem 1.2. [The proof does not require that the M*¢ are R.-
saturated, but only that 1.27, 1.28 hold except in constructing g,(.) (see ®14, ®15
in 1.30(E), we could instead use NOTOP].

So suppose

(¥)o M' =1 (d.q) M? or (at least) @1 a2 from 1.4 holds.

We shall prove M1 = M?. By 1.28 (i.e. by 1.28(1) if the first possibility in (x)o
holds and by 1.28(2) if the second possibility in () holds)

()1 tPoo[M1] = tpoo[M?2].

So it suffices to prove:

1.30 Claim. Assume that T is countable. If M', M? are X -saturated models (of
T,T asin 1.5), then:

(*)1 = M= M2,

Proof. Let (W, W/ : k < w) be a partition of w to infinite sets (so pairwise disjoint).

1.31 Explanation: (If seems opaque, the reader may return to it after reading parts
of the proof).

We shall now define an approximation to a decomposition. That is we are ap-
proximating a non-forking tree (Nf;, af; :m € I'*) of countable elementary submodels
of M* for £ = 1,2 and (f;; : n € I*) such that f; an isomorphism from N, onto N}

increasing with 7 such that M¢ is R.-prime over U Nf;.
nelr*

In the approximation Y we have:

(o) I approximating I*,
[it will not be I*N"=O0rd but we may “discover” more immediate successors
to each n € I; as the approximation to NN, improves we have more regular
types, but some member of I will be later will drop]

(6) Af, approximates Ng and is e-finite

(v) af; is the af; (if i survives, i.e. will not be dropped)
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(0) Bf;, bf;ym expresses commitments on constructing Ag: we “promise”
Bf; C Ng and Bf; is countable; bf],m for m < w list Bf, (so in the choice
Bf; C M* there is some arbitrariness)

(¢) fn approximate f

€) pgvm also expresses commitments on the construction.

Since there are infinitely many commitments that we must meet in a construction
of length w and we would like many chances to meet each of them, the sets Wy, W}
are introduced as a further bookkeeping device. At stage n in the construction we
will deal e.g. with the bf},m for n that are appropriate and for m € W} for some
k < n and analogously for pf;’m and the W,.

Note that while the Af; satisfy the independence properties of a decomposition,
the Bf; do not and may well intersect non-trivially. Nevertheless, a conflict arises

. Y J4
if an a, - ;. N <i> ) :
elements realizing regular types over the model approximated by A; but now a, - ;-

is in that model. This problem is addressed by pruning n~ < ¢ > from the tree I.

falls into Bf; since the a are supposed to represent independent

1.32 Definition. An approximation Y to an isomorphism consist of:

(a) natural numbers n, k* and index set: I C "=Ord
(and n minimal)

(b) (AL, Bf,al,bl ., :neland me U Wy) for £ = 1,2 (this is an approxi-
k<k*

mated decomposition)
(€) (fpinel)
(d) (pm:mel and m e U W)

k<k*

such that:

(1) I closed under initial segments
(2) <>€1
(3) AL C BL € MY AL is efinite, acl(AL) = AL, Bl is countable,
Bf ={bh,, :me (] Wi}
k<k*
(4) AL C Al ifvanel

v
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4
(5) if n € I\{<>}, then Aea—” is a (stationary) regular type and al, € AL; if in

(n=)
4
addition Zg(n) > 1 then # 1 Afn__) (note that we may decide a% . be
not defined or € A%.)
Al .
(6) 145;7—1(17] J_a Af]_ 1f7] S I,gg(’f]) >0

(7) if n € I, not <-maximal in I, then the set {a’ : v € T and v~ = 1} is a
maximal family of elements realizing over Af] regular types L Afn_) (when
n~ is defined), independent over (Af77 Bf;), (and we can add: if

0 ¢
al/

_ _ al,
vy =vy =nand 3+ 5 then al, A, =d!,[Ay)

(8) fy is an elementary map from A, onto A2
(9) f(n*) - fT] when ne I7gg(77) >0
(10) fn(a}?) = a%
Al A2
(11) (a) fo (tpoo {(Al” ),Ml}) = tPoo {(AZ” ),MZ} when n € I\{<>}
n7) n7)
(ﬁ) f<> (tpoo [A1<>,M1}) = tpoo [A2<>,M2]
(12) Bf < M* moreover, B} Cyna M*, ie., ifa C N;j,b € M*\Bf and M* |
¢(b,a) there for some b/ € B, |= ¢(V,a) and b ¢ acl(a) = b' ¢ acl(A)
(13) (pf,, :me U W}) is a sequence of types over A (so Dom(p! ,,) may be

k<k*
a proper subset of Af;).

1.33 Notation. We write n = ny = n[Y],I = Iy = I[Y], Al = AL[Y],
By = BilY), fy = £y = Hl¥]ap = ayY], ) = VY], k* =k = £°[] and
pn,m :pnyk[y]'

4
Remark. We may decide to demand: each a";‘—<i> is strongly regular; also: if two
n

such types are not orthogonal then they are equal (or at least have same witness ¢
for (¢, G”A%) regular). This is easy here as the models are N.-saturated (so take
p’ £+ p, rk(p’) minimal).

1.84 Observation. (x); implies that there is an approximation, (see 1.29).
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Proof. Let I = {<>}, A%, = acl(0),k* = 1 and then choose countable B%_ to
satisfy condition (12) and then choose fy, pj,, b, (for k € W§ and m € W) as
required.

1.85 Main Fact. For any approximation Y,i € U (W, UW,) and m < ny and
k<k
¢(x) € {1,2} we can find an approximation Z such that:

(R)(a) ny = Max{m +1,ny}, Iz N™=0rd = Iy N™=0rd,
(we mean m not ny) and k}, =k} + 1
(8) (a) ifnely,lg(n) < m then

AnlZ) = A7),

B,[Z] = B,[Y]

(b) ifnelynliz k<kj and j € W] then
pfm-[Z] =pf;,j[Y]

(¢c) ifnelynlz k<kj and j € Wy then
4 _ 1l
bn’j[Z] = bn,j[Y]

(V) if n € Iy,Lg(n) = m,k < ki and* i € W}, and the element b € M*)

satisfies clauses (a), (b) below then for some such b we have: AZ( )[Z]
acl(Ay Al )[ Y] U {b}); where

(a) V3] ¢ A7[Y] and Lg(n) > 0= s Lo A0[Y]

(b) ome of the conditions (i),(ii) listed below holds for b
(i) b=0b[Y] and

lg(n) >0 = Lo AV or

b
Ay n
(7i)  for no b is () satisfied (so £g(n) > 0) and b € M*),

¢ £(x)
bp; W bandflg(n) >0= La A, Y]

e( )
AL v

4recall that i is part of the information given in the main fact, and of course, k is uniquely
determined by 1
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(7)? assume 1 € Iy, Lg(n) = m,k < k¥ and i € W, then we have:
(a) i_fpf](j) is realized by some b € M**) such that

O(*
Rk (W,L, OO) = R(pn(l),L, oo) and

(%
{Eg( )>0= AL >[Y] 1, An()[Y]}
then for some such b we have

A;712) = act (A Y] U {v})

£(%)

(b) if the assumption of clause (a) fails but p, ;" is realized

by some b € Mé(*)\Af;(*) such that

{ﬁg(n) >0= Lo A )[Y]]

A ] >[Y1

then for some such b we have
A712) = act | A Y] U {0} ]

(0) If n € Iy and Lg(n) = m, then Bi[Z] = {b! ;[Y]:j € U{Wy : k < k}}}
is a countable subset of M*, containing {B[Z] : v <n and v € Y} UBfi[ ],
with Bf[Z] < M* moreover Bi[Z] Cna M ie. if a C BL[Z],¢(z,7) is
first order and (3z € M*\acl(a)) (33 a) then (3z € Bi[Z]\acl(a))p(z,a))
and {an caslY]:n"(a) € Iy and af ¢ Bf;[Z]} is independent over
(BLZ), ALY )

(€) if n € Iy, Lg(n) > m, then n € I; < a niman Y] € Bf][m[Z]

) if? €ly ﬂeIZ,Eg( n) > m then Al[Z] = acl(AL[Y]U Af]rm[Z]) and
B,[Z] = B,[Y]

(n) if n € Iz\Iy then n~ € Iy and £g(n) =m+1

(9) {pgi[Z] 11 E Wl::*z—l} is “rich enough”, e.g. include all finite types over Af;

n <a>[ ]

(1) {bfm 11 € Wi 1} list Bf; [Z], each appearing infinitely often.
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Proof. First we choose Af;(*) [Z] for n € I of length m according to condition
(7) = () + (7)%. (Note: one of the clauses (v)!, (7)? necessarily holds trivially as

UwenJwi =0).

Second, we choose (for such 1) an elementary mapping fnZ extending f: and a set
Ag_g(*)[Z] C M3—4*) gatisfying “f7 is from A}[Z] onto A%_E(*)[Z]” such that

()2 if m > 0, then
Al A2
FZ (tpos ((A;"_[[ZQ]) 1)) = (" ), M)

()3 if m =0, then f7 (tpeo (AL[Z], M1)) = tpos (A7[Z], Ms).

[Why possible? If we ask just the equality of tp, for an ordinal «, this follows by

the first component of tpa41. But (overshooting) for o > [(||My]| + \|M2H)‘T|]+,
equality of tp, implies equality of tpoo].

Third, we choose Bf[Z] for n € Iy, £g(n) = m according to condition (§) (here we
use the countability of the language, you can do it by extending it w times) in both
sides, i.e. for £ =1, 2.

Fourth, let I' = {n € I : if £g(n) > m then af;
Iy N Iz).

Fifth, we choose AL[Z] for np € I': if Lg(n) < m, let Af[Z] = ALY], if Lg(n) = m
this was done, lastly if £g(n) > m, let Af] [Z] = act (Af, YU Af; mlZ]).

Y] ¢ B%. [Z]} (this will be

[(m+1) nlm

Sixth, by induction on k < ny we choose fnZ for n € I' of length k: if £g(n) < m,
let fnZ = 73/, if £g(n) = m this was done, lastly if £g(n) > m choose an elementary
mapping from A} onto A extending f," U f 77Z‘ (possible as f) U fg_ is an elementary
mapping and Dom(fg/) N Dom(fnZ,) = Ai(,*), Dom(fg/) W Dom(fnz,)

AZ(*)

n
and Af;(,*) = acﬁ(Af;(,*)).) Now fnZ satisfies clause (11) of Definition 1.32 when

¢g(n) > m by applying 1.27(3).

Seventh, for n € I', of length m < nz, let v, =: {a : n"(a) € I}, and we choose
{ay-coslZ] © o € uy}, o € uy = 7 (a) ¢ I], a set of elements of M' realizing
(stationary) regular types over A}[Z], orthogonal to A, -[Y] when £g(n) > 0, such

that it is independent over (U{a%A<a>[Y] :n"(a) e 'Y UBJ[Z], A, [Z]> and max-
imal under those restrictions. Without loss of generality sup(v,) < min(u,) and

for ay € v, Uwu,, and oy € u, we have:
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(x)1 if (for the given s and 7) oy is minimal such that

a}f o [2] a:f g [Z] ai]h o [Z] aif D) [2]
atlz -+ TAlfn o then —nir— =~
¥)g if a1 < an anda ZAlZ_a Z1/AL[Z] and for some b € M*
1 (az) n

0 <ag> 2]
realizing % we have

b ¢ a77 <ap> and
Alg[Z}

1
b . Ap-<a
tPoo [(Aé <a2>)7Mi| = P [(AgAZalgé) ’M:|
and a; is minimal (for the given ay and 1) then

oo | () M| = o | (), .

N <ag> n <op>

Easily (as in [Sh:c, X]) if o € u,, and " (8) € I’ then nA<loE>][Z] L "A<16[1>/][Y]-
For a € u, let AL ___[Z] = act (A;[Y] U {a;<a>[z1}).

Eighth, by the second component in the definition of tp,41 (see Definition 1.9) we
can choose (for o € u,) a%A<a>[Z] A% <a>|Z] and then fnZA<a> as required (see (7)
of Definition 1.32).

Ninth and lastly, we let Iz = I'U{n" <a>:nel' lg(n) =m <nz and a € u,}
and we choose Bf, for n € Iz\Iy and the pf;’i, bf;d as required (also in other case
left).

U135

1.36 Finishing the Proof of 1.11. We define by induction on n < w an approximation

Y, =Y (n). Let Yy be the trivial one (as in observation 1.30(C)).
Y41 is gotten from Y, as in 1.35 for my,i, < n,l,(x) € {1,2} defined by
reasonable bookkeeping (so i,, € U (Wi U WY))) such that any triples appear
<kl )

infinitely often; without loss of generality: if ny < no & n € If N If;2 then

n e ﬁ I,.

n=ni

Let I[* = I[x] = lim([ Y(n)) : {n: for every large enough n,n € I, };

for n € I* let: A[«] = | J AL[Y,], i1« = (] £} and

nw nw
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Bl = | Bl

nw

Easily

@B, <>€ I* and I* C“>0Ord is closed under initial segments
D, for n € I*, <Bf; [Y,] : n» < wand n € I[Y,]) is an increasing sequence of

Cha-elementary submodels of M ¢
[Why? By clause (12) of Definition 1.32, Main Fact 1.35, clauses (5)(a), (6), (¢).]

hence
P, forn e I*,Bf;[*] Cra M.
Also
@B, vaneI* = Bf[x] C Bl
[Why? Because for infinitely many n, m,, = £g(n) and clause () of Main Fact 1.35].

D, ifnellY,,]NnI*,n~ =vand n; <ng then

AllY] U ALYl
AL [V, ]

[Why? Prove by induction on ns (using the non-forking calculus), for no = n; this
is trivial, so assume ny > ny. If m,,_1) > lg(v) we have AL[Y, ] = AL[Y,,_1] (see
1.35, clause (3)(a) and we have nothing to prove. If m,,_1) < £g(v) then we note

that Al{ [YHQ] = aCl(Azl; [YTLQ*l]UAr{[ [Ynz]) and Arej [Y?”Lz*l] UJ All; MM (g —1)
AE

VIMm(ny—1)

(as v € I[Y,,], by 1.35 clause () last phrase) and now use clauses (5), (6) of Defi-
nition 1.35. Lastly if m,,_1) = £g(v) again use v € I[Y;,] by 1.35, clause (4), last
phrase].

Yo, ]

M(ny—1)

P, ifneIlY,,]NnI*,n~ =vand n; < ny then

A 4]

1, A
AY[¥] + apl+]

v

[Why? By clause (6) of Definition 1.32, and orthogonality calculus].

@D if n € I, then Af,[*] - Bf,[*] < M* moreover
Q7 Ap ¥ Coa Byl Coa M.
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[Why? The second relation holds by &),. The first relation we prove by induction
on £g(n); clearly AL[x] = acl(AL[«]) because AL[Y,] increases with n by 1.35 and
Af;[Yn] = acl(Af;[Yn]) by clause (3) of Definition 1.32. We prove “Afl(*)[*] Cha
Bf; [*]” by induction on m = £g(n), so suppose this is true for every m’ < m,m =
lg(n),n € I*, let (x) be a formula with parameters in Af[«] realized in M* as
above say by b € M*. As <A$ [Y,] :n <w,n €Y,) is increasing with union Af7 %],
clearly for some n we have b ||J AL [«].
ALY,

So {p(z)} = pf;’i for some i and for some n’ > n defining Y,,/+; we have used
1.35 with (£(x),i,m) there being (¢,4,£g(n)) here, hence we consider clause (y)? of
1.35. So the case left is when the assumption of both clauses (a) and (b) of (v)?
fail, so we have £g(n) > 0 and

/

b
/ £ / L / £
V' ¢ A Y], b € M° = p[b'] = —Af;[ ” + A, - [Yo].

We can now use the induction hypothesis (and [BeSh 307, 5.3,p.292]).]
P if n € I* and £ = 1,2, then
{af}<a>[*] :n"(a) € I*} is a maximal subset of

{ceM,: LA [+]}

c
Apls]

regular, ¢ ||J Bf; [*] and lg(n) >0 =
A [+]

Ajl+]

independent over (A![«], B [«]).
[Why? Note clause (7) of Definition 1.32 and clause (§) of Main Fact 1.35].
®y AL [] = BL [4]

[Why? By the bookkeeping every b € B _[#] is considered for addition to A% [x]
see 1.35, clause (y)!, subclause (b)(i) and for () there is nothing to stop us].

B} [x]

Al +

@ ifnel*\<>andpe S(Af; [x]) is regular orthogonal to Af’_ [x] then
P.

¢ ¢ -
[Why? If not, as A, [*] Cua B, [+] by [BeSh 307, Th.B,p.277] there is

ce Bf,[*]\AfI [x] such that: aip] s P Asc e Bf; [*] = U Bfi [Y,.], for every n < w

n

n<w
large enough ¢ € Bf[Y,], and p does not fork over AZ[Y,]. So for some such n
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the triple (i, ¢y, my) is such that ¢, = ¢, m, = fg(n) and b%,in = ¢, so by clause
(7)*(b)(ii) of 1.35 we have ¢ € AL[Y,] C AL [«].]

&, if n € I*,¢ € {1,2} then {a, <o> : 7" (a) € I*} is a maximal subset of
{c € M* : a7 regular, L Af’ _[%] when meaningful} independent over

Af; [*].

[Why? If not, then for some ¢ € M, {af;wa) : (o) € I"} U {c} is indepen-
dent over A![x] and tp(c, AL[«]) is regular (and stationary). Hence by ®1o we
have {af;[Yn] : n*(a) € I'} U{c} is independent over (Af;[*],Bf;[*]). Now for
large enough n we have ¢ ||J AL[¥] and by ®10 we have ¢ ] Bf[%], hence
ALY, A Y]
¢ U Bj[Ya], and so by Definition 1.32(7) {c} U {aj- ,[Va] : 7" (@) € I[YV,]} is
Af;[*]

not independent over (Af[Y,], BL[Y,]), but {afﬂa> [Yan] : n™ () € I[Y,]} is inde-
pendent over (AL[Y,], Bf[Y,]). So there is a finite set w of ordinals such that
a€w=n{a) € I[Y,] and {c}U{aT7 (|
(AL[Y,], BL[Yz]), and without loss of generality w is minimal. Let ny € [n,w) be
such that « € w & af}<a> € Bf;[*] = af; € Bf;[Ynl]; clearly exist as w is finite
and let u = {o € w : an cas & Bf;[*]; clearly « € u = 7" < a > I*. Now
{a oy ¥ 0 {a) € I7} U B [%] includes {af;%a> [Y,] : @ € w}, easy contradiction to
the second sentence above.]

Y,] : @ € w} is not independent over

P, £ = U folYn] (for n € I*) is an elementary map from A [+] onto AZ[+].

m<w

[Easy].

D, = U fy is an elementary mapping from U Al ] onto U A2
nel* nel* nel*

[Clear using by ®5 + ®¢ + ®12 and non-forking calculus].

@,, We can find (d%, : @ < a(x)) such that:
(a) d’, er,5<a;»df # d,
U AK U{dz B < a}) is Re-isolated and Fy -isolated, and

nGIH

o = U fru {{(d},d?) : a < a(x))} is an elementary mapping,
nelr
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(¢) «a(x) is maximal, i.e., we cannot find d(lx(*) such that the demand in
(a) holds for a(x) + 1.

[Why? We can try to choose by induction on «, a member d’ of M\ U U{dé :
nell+]
B < a} such that tp(d?, U Af7 [*] U {d}j : B < a}) is N-isolated and F{_-isolated.
nel[+]
So for some a(x), d}, is well defined iff @ < a(*) (as 8 < o = djy # d}, € M").

Now choose by induction on a < a(x),d? € M? as required above, possible by “M?
being N -saturated (see [Sh:c, XI1,2.1,p.591], [Sh:c, TV,3.10,p.179].]

Q15 Dom(ga(x)), Rang(ga(s)) are universes of elementary submodels of M*, M?
respectively called M, M} respectively.

[Why? See [Sh:c, XI1,1.2](2),p.591 and the proof of ®14.
Alternatively, choose a formula ¢ (z,a) such that:

(@) @ € Dom(ga(x)) and |= J2¢(x,a) but no b € Dom(gq(x)) satisfy ¢(z,a)
(b) under clause (a), Rk(¥(x,a), L 7|, 00) is minimal

(or just has no extension in S(Dom(gqa(«))) forking over a).

Let {¢¢(z,7¢) : £ < w} list that L, p)-formulas and we choose by induction on / as
formula 1, (x, @,) such that:

a C Dom(ga(x))
= (F2)n (2, an)
nt+1(%; Gny1) (2, Gn)

O(xa C_LO) = ¢($7 C_L)

Rk(Vn11(2; @ni1), {@n(2,9n)},2) < Rk (2,a), {¢n(2,7)},2)
(on this rank see [Sh:c, I1,52]).

So p = {¢n(r,a,) : n < w} has an extension in S(Dom(gq(«))) call it g. Now ¢
is N.-isolated because 1 (z,a) € ¢ € S(Dom(ga(x)). For every n, ¥ 1(x,a,) Fq |
{¢on(z,7n)} by clause (v) above so as ¥,41(x,a,) € ¢ and this holds for every n
clearly ¢ is Fﬁo—isolated.

&, If M* # M, then for some d € M,\M, 1% is regular.
4
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[Why? By [BeSh 307, Th.5.9,p.298] as N} Cna M* by ®;].
&, if M* £ M, then for some 1 € I*, there is d € M*\ M, such that % is
regular, d () M, and [Eg(n) >0= AKL[*] 1 Af;_ [%]].
A [¥] ’

[Why? By [Sh:c, XII,1.4,p.529] every non-algebraic p € S(M/) is not orthogonal
to some Af; [+] so by ®16 we can choose 7 € I* and d € M*\M, such that ;% is
4

regular +A![+]; without loss of generality £g(n) is minimal, now Af[%] C,a M* and
by [BeSh 307, 4.5,p.290] without loss of generality d (|J Mj; the last clause is by
us
“lg(n) minimal”].
D15 My = Mj.
[Why? By @11 + @17]-

P, there is an isomorphism from M; onto M, extending

U £

nel*
(Why? By @,, + &5 we have M| = M3, so by ®15 we are done]. O1.36 O1.30
1.37 Lemma. Assume B||JC,A = acl(A) = BN C and A,B,C are e-finite,
A

AUBUC C M, M an X.-saturated model of T'. For notational simplicity make A
a set of individual constants.
Then tpy__  (d.q)(B+C; M) = tp_  (d.q)B; M)+ tbL_ (a.q)[C; M]

where

1.38 Definition. 1) For any logic L and b a sequence from a model M, let

tpe(b; M) = {go(a:) :M = ¢[B], ¢ a formula in the vocabulary of M,

from the logic .Z (with free variables from

Z, where T = (z; 11 < Eg(l_))))}.

2) Replacing b by a set B means we use the variables (z : b € B).
3) Saying p; = pz + p3 in 1.37 means that we can compute p; from py and ps (and
the knowledge how the variables fit and the knowledge of T, of course).
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Proof of the Lemma 1.37.
It is enough to prove:

1.39 Claim. Assume

(a) M, M? are N -saturated and
(b) A% ) AL fori=1,2
Ap
(c) Al = acl(A}) and Al is e-finite for i = 1,2 and m < 3

(d) form =0,1,2 we have f,, : AL onte A2 is an elementary mapping preserv-

ing tps, (in MY, M? respectively) and
(e) fo C f1,f2-

Then there is an isomorphism from M?' onto M? extending fi U fs.

Proof of 1.39. Repeat the proof of 1.5, but starting with Y, such that

AL Y] = Al AL [¥o] = AL AL (Yol = AL 28 = fo, f¥e = f1, /28, = £ and
that (), (0), (1) belongs to all I[Yy]. During the construction we preserve (0), (1) €
I1Y,,] and for helping to preserve this we add also the demand

®2.m BLL[Ya] U AL U AS.
A£
0

During the proof, when we have to increase B ., we use 1.18(1) + 1.16(1).
U1.30

1 1
Discussion: A natural version of 1.39 to say is the conclusion only that tp, [(AGXIAZ) , MY =
0

2 2
tpa[(AlngQ), M?] and to prove this by induction on a. The case a = 0 and « limit

are obvious. If a = 8+ 1, for the condition of <,, we use the induction hypothesis
and claim 1.27(1). The condition involving <y, is similar but harder. 1 39
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§2 FINER TYPES

We shall use here alternative types showing us probably a finer way to manipulate
tp.

2.1 Convention. T is superstable, NDOP
M, N are N.-saturated < €°4,

2.2 Definition. I's = {(2) :a C b are e—ﬁnite}

a

ry, = {({)) : a is e-finite, p € S(a) is regular (so stationary)}

[y = { (p,_r) :a is e-finite, p is a regular type of depth > 0,
p £ a (really only the equivalence class p/ + matters),
r = r(x,3) € S(a) is such that for (c,b) realizing 7,

Z(Tf??)ip}-

c/(a+0b) is regular + p, and

Q| oo

We may add (to I';) superscripts:

() fifa (or @"b) is finite
(B8) s: for I's if g is stationary, for I'y if p is stationary which holds always and

for I'y if 7 is stationary and every automorphism of € over a fix p/+
(7) cifa (or a,b) are algebraically closed.

2.3 Claim. If p is regular of depth > 0 and p = a and a is e-finite then for some
a,a Ca Cacl(a) and for some q we have (%) € T's.

Proof. Use, e.g., [Sh:c, V,4.11,p.272], assume %:I:p; we can define inductively equiv-
alence relations E,,, with parameters from acf(a’),a’ = a"(b/Ey)" ---"(b/E,_1),
such that tp(b/E,, acl(a™)) is semi-regular. By superstability this stop for some n
hence b C acl(a™). For some first m tp(b/ E,,, acl(a™)) is £p, by [Sh:c, X,7.3](5),p.552
the type is regular (as because p is trivial having depth > 0; see [Sh:c, X,7.2,p.551]).
L3
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2.4 Definition. We define by induction on an ordinal « the following (simultane-

ously): note — if a definition of something depends on another which is not well
defined, neither is the something)

tpé[(i),M] for (2) el'h,aCM
tp2 [(p;_lr),M] for <p, T) e, aCM

a

b b _
tpi[(a),M] for <a> ers,acbC M

Case A o =0: tp} [({’),M] is tp((c,a), D) for any c realizing p.

a

tpi [(p;_f)’M] is tp((c, (_), C_L),(Z)) for any (C, E) realizing r

tpi[(Z),M} is tp((b,a), 0)

(i.e., the type and the division of the variables between the sequences).

Case B a=8+1:

(a) tpl [(B), M] is:
Subcase al: if p has depth zero, it is w,(M/a) (the p-weight, equivalently, the
dimension)

Subcase a2: if p has depth > 0 (hence is trivial), then it is {(y, A] ;) : ¥y} where

)‘g,p = dim(Ig,p[ML a) where Ig,p[M] =

e
c € M : crealize p and y = tp% “ (OH_—C) , M
acl(a)

where a* list acl(a) and ¢* list acl(a + c)}

an alternative probably more transparent and simpler in use is:
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Aoy = dim{c € M :c realizes p and

y:{tpgK“““> ]cEp ) and ¢ ||J ¢}

acl G

a a*

pedantically y = {t 5( ),M]; where

a” list acl(a) and

¢ list acl(a+ '), € p(M) and c’UJc}}.
a

(b) tp2 [(%"), M] is:

tpl [(cléT), M} for any (c, b) realizing r, b* = acl(a+b), i.e., b¥ lists acl(a-+
b) (so not well defined if we get at least two different cases; so remember

c/bt € S(bT)).
() 3 [ (2), M] is {<p, tp2 [(%), M]) : (%) € T3 and p L a}.

Case C: o limit: For any ¢ € {1,2,3} and suitable object OB:

tpL[OB, M) = (tp5[OB, M] : 8 < a)).

2.5 Definition. 1) For () € T'y where a € M, let (remembering 1.14(8)):

pM = {q € S(M) : q regular and : ¢ + p or for some

(2)
c € p(M) we have ¢ € ﬁé\g)}

2) For (%) € I'y let

a

P )= {q € S(M) : q regular and : ¢ £ p or for some

(P,r
a

(¢,b) e r(M),q € @é\ib)}
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3) For a set & of (stationary) regular types not orthogonal to My, let My <5 M,
means M, < Ms and for every p € & and ¢ € Mo, MLl L p.

4) If (in (3)), & = @é‘f; we may write (¥) instead &2, similarly if & = @é\f;) we

may write (7).

2.6 Claim. :
1) From 104 [(2). ] we can compute 1L, [(2).M] ¥ Dp(p) < .

a

2) From tp? [(péq),M} we can compute tp2, [(piq),M} if Dp(p) < a.

a

3) From tp3, [(2), M] we can compute tp3, [(b),M} if Dp(b/a) < a.

a

4) If Definition 2.5(2) we can replace “some (c¢,b) € r(M)” by “every (c,b) €
r(M)”.

Proof. 1),2),3) We prove this by induction on «. By the definition.
4) Left to the reader.

2.7 Observation. From tp% (OB, M) we can compute tpg [OB, M| and tpg (OB, M|
is well defined if § < « and the former is well defined.

2.8 Lemma. For every ordinal o the following holds:

tpa [(5), Mi] = tog [(§), Ma].
(5) Ifae M, (") e s, My S(g) Ms then

5 [(%7), Ma] = w7, [(%)), Ma].
(6) Ifa CbC My, () €T5, My <) My then

wd | (2). 0] = 0 (1), 222].

5i.e. in all the cases we have tried to define it in Definition 2.9



Paper Sh:401, version 2005-12-20_10. See https://shelah.logic.at/papers/401/ for possible updates.

CHARACTERIZING MODELS OF NDOP THEORIES 55

Proof. We prove it, by induction on «, simultaneously (for all clauses and parame-
ters).

If « is zero, they hold trivially by the definition.

If « is limit, they hold trivially by the definition and induction hypothesis. So
for the rest of the proof let a = 5 + 1.

Proof of (1),. If p has depth zero — check directly.
If p has depth > 0 - by (3)s
(i.e. induction hypothesis) no problem.

Proof of (2)a- Like 1.27 (and (4),).

Proof of (3)a- Like (2)a.

Proof of (4)4. Like 1.26 (and (3)4, (6)3).

Proof of (5)a. By (2)a we can look only at (c,b") in My, then use (4),.

Proof of (6)«- By (5)a- Las

2.9 Lemma. For an ordinal o restricting ourselves to the cases (the types p,p;
being) of depth < a:

(A1) Assume (g) eIl'y,a Ca; € M,a, is e-finite, %1 L p and py is the station-
arization of p over a;.
Then from tpl, [(2), M} we can compute tpl, [(21), M}
(A2) Under the assumption of (Al) also the inverse computations are O.K.
(A3) Assume (%) €Ty for £=1,2,a C M and py + ps.
Then from tp}y[(pal),M} (and tp((a,ci,c2),0) where c1,co realizes py,pa

respectively, of course) we can compute tpl, [(pc_f),M].

(B1) Assume (pé(ll”) el's¢ fort =1,2,a € M and p1 £ po.
Then (from the first order information on a,pi,p2,7r1,72, 0f course, and)
tp2 [(pl_’”),M] we can compute tp2 [(m_’”), M}

al a
(B2) Assume a C a; C M, %1 1L p, (p(ilr) e s, r Cry € S(ay),r1 does not fork
over @, ( so (pclgl) eTy).

Then from tp2, [(P1"), M] we can compute tp2, [(P12), M].

a
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(B3) Under the assumption of (B2), the inverse computation are O.K.
(C1) Assume (?) els,aCbC M,aCap,bllJar,b; = acl(a; +b).
a

a

Then from tpi [(2),M] we can compute tpf’x[(gi),M].

(C2) Under the assumptions of (C1) the inverse computation is 0.K.
(C3) Assume @) €T3, b Cb*, Z’g— Lo @, b* = acl(b*). Then from tpz[(g),M} we

: :

can compute
{tpg (2, M| :bC ¥ € M and
Proof. We prove it, simultaneously, for all clauses and parameters, by induction on
a and the order of the clauses.

For a = 0: easy.

For « limit: very easy.

So assume o = [ + 1.

ST
®||°;‘

Proof of (Al)a. As p is stationary L <, for every ¢ € p(M), < =, which

necessarily is p1, hence p(M) = p1(M). Also the dependency relation on p(M) is
the same over a;, hence dimension. So it suffices to show:

(%) for c € p(M), from tpj [(acﬁ(c‘;fj_f)), M] we can compute
(5, M.

acl aq

But this holds by (C1)z3.
Proof of (A2)4. Similar using (C2)g.

Proof of (A3),. If p1 (equivalently ps) has depth zero — the dimensions are equal.
Assume they have depth > 0 hence are trivial and dependency over a is an equiv-
alence relation on py (M) U pa(M).

Now for ¢; € p1(M), from tp% [(acf((fg(gl)) , M| we can compute for every complete

type over acl(a -+ c1) not forking over a, and d realizing 7, tpj [(aci(jéiz‘;l)), M] -

by (C1)s, then we can compute for each such r, d,



Paper Sh:401, version 2005-12-20_10. See https://shelah.logic.at/papers/401/ for possible updates.

CHARACTERIZING MODELS OF NDOP THEORIES 57
acl(a+d+ o) C2 7
tp> ), M| ey € po(M) and _ 1o (@+d
{ Ps {( acl(a+ d) ) } ¢z € po(M) an acl(a+d+cr) (@+d

(necessarily c2 |J J)}

a

(this by (C3)g3).

Proof of (B1),. As in earlier cases we can restrict ourselves to the case Dp(p¢) > 0.

We can find (cg, by) € re(M), b1 ) ba, c1b1 |[J b2 (by [Sh:c, X,7.3](6)]. By 2.8(2) (and
a a

the definition) from tpZ [(P2™), M] we can compute that it is equal to

0 [(“heegacny ) M.

By (Al), we can compute tpl, [(Cl/acé(d+élfg2))7M} hence by (A3), we can com-

o acl(a+bi+bsa)
1 [(c2/acl(a+bi+b2)
pute tpl, [( 2(104(@4_51_'1_52)2 ), M].

Now use (A42), to compute tp} [(CQJ&ié(ig;B)Q)),M] and by 2.8(2), 2.4(2) it is equal
to 2 [77). ).

Proof of (B2),. Choose (c,b) € 7(M) such that cBU_Jdl.

a
From tp? [(p’_”),M} we can compute tpl, [(C/Eatb)), M} (just — see 2.8(2) and

a a+b_ ?
Definition 2.4), from it we can compute tp}, [(C{éi’%izil;)),M} (by (Al),), from it
we can compute tp2 [(pézz),M] (see 2.8(2) and Definition 2.4).

Proof of (B3)y. Let ( ) e I'’,p L a; be given. So necessarlly L + p (this to
,3

enable us to use (B2

the case Dp(p) = 0. B o B
So p is regular +by, L @y, hence p+b,p L a, and as a C b, b = acl(b) we can find

r, (p’ ') € Ty, (see 2.3) and we know tp2 [(p’gl) , M|, and we can find ro, a complete

type over by extending r; which does not fork over b;. From tp? [(p ’g 1) , M } we can

compute tp? [ (% :2) M] by (B2)q, and from it tpoé[(b1 ), M| by (B1),.

by
). It suffices to compute tp? [( :),M } and we can discard

Proof of (C2),,. Similar, use (B3), instead of (B2),.
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Proof of (C3),. Without loss of generality Z’g— is semi regular, let p* be a regular
type not orthogonal to it and without loss of generality Dp(p*) > 0 = %* regular
(as in 2.3). )

If p* has depth zero, then the only p appearing in the definition tpi([%] , M )
is p* (up to &) and this is easy. Then tp? is just the dimension and we have no

problem.
So assume p* has depth > 0. We can by (B1),, (B2), compute tp2 [(7z7), M]
when p’ £ b, p’ + p* (regardless of the choice of b*). Next assume p’ & p*; by (B1),

without loss of generality ¢’ does not fork over b. As Dp(p*) > 0, it is trivial (and
we assume wy,(b*,b) = 1) hence b* /b is regular so in tp? [(pl—;f/),M} we just lose a
weight 1 for one specific tp% type: the one b* realizes concerning which we have a
free choice. We are left with the cases p’ +b,p’ £ p*; well we know tp% but we have

to add tp2? Use Claim 2.6(3) (and (A1), as we add a parameter). Oao

2.10 Claim. tp?’y[(g),M],tpg [EL,M],tp?’y [M] are expressible by formulas in
L) « (dq.).

By 2.9 we have

2.11 Conclusion. If Dp(T) < oo then:
1) From tp3, [(ﬁ), M] we can compute tpso [(i),M} (the type from §1).
2) Similarly from tp3_ [A, M] we can compute tp..[(A4), M].

From 2.6, 2.10, 2.11 and 1.30 we get
2.12 Corollary. If~y = Dp(T) and M, N are X.-saturated, then

M = N & tp3[M] = tp2[N] & M =10 (da) V-
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APPENDIX

The following clarifies several issues raised by Baldwin. A consequence of

Q) the existence of nice invariants for characterization up to isomorphism (or
characterization of the models up to isomorphism by their Z-theory for
suitable logic .Z)

naturally give absoluteness, e.g. extending the universe say by nice forcing preserve
non-isomorphism. So negative results for

(%) is non-isomorphism (of models of T') preserved by forcing by “nice forcing
notions”?

implies that we cannot characterize models up to isomorphism by their -Z-theory
when the logic .Z is “nice”, i.e. when Thg (M) preserved by nice forcing notions.
So coding a stationary set by the isomorphism type can be interpreted as strong
evidence of “no nice invariants”, see [Sh 220]. Baldwin, Laskowski, Shelah [BLSh
464] show that not only for every unsuperstable; but also for some quite trivial
superstable (with NDOP, NOTOP) countable T, there are non-isomorphic models
which can be made isomorphic by some ccc (even o-centered) forcing notion. This
shows that the lack of a really finite characterization is serious.

Can we still get from the characterization in this paper an absoluteness result?
Note that for preserving N.-saturation (for simplicity for models of countable T')
we need to add no reals®, and in order not to erase distinction of dimensions we
want not to collapse cardinals, so the following questions is natural, for a first order
(countable) complete T

(*)7 assume V7 C Vy are transitive models of ZFC with the same cardinals and
reals, the theory T' € V. If the models My, M5 are from V; and they are
models of T not isomorphic in V;; must they still be not isomorphic in V5"

(*)1. like (%)% we assume in addition 2 (k)V? = P (k)V2.

2.13 Theorem. 1) For countable first order complete T' the answer to (x)r and
()7, for any k is negative except when possibly T is superstable, NDOP, NOTOP.
2) For any first order complete T for the class of N.-saturated models, the answer
to (), 7| 1s negative except possible when T is superstable with NDOP.

6(the set of {acl(a) : @ € “> M} is absolute but the set of their enumeration and of the
{f I (acl(a)): f € AUT(C), f(a) = a} is not).

"Note we did not say they have the same w-sequences of ordinals, e.g. if Vo = le, P Prikry
forcing, then the assumption of (*)7 holds though a new w-sequence of ordinals was added. So
for Vi C V5 as in (%), the cfooml—theory is not necessarily preserved.
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Proof. By quoting.
So we restrict ourselves to these. It should be quite transparent that L x, (g.d.)-
theory is preserved from V7 to Vy (as well as the set of sentences in the logic).

Hence

2.14 Theorem. For the class of N.-saturated models of superstable NDOP, NO-
TOP theory T the answer to (), 7| is yes.

Proof. In Vy for £ = 1,2 let o = {A C M, : A is e-finite and acl(A) = A}.
Clearly the same definition gives 7 in Vo and M7, My are N -saturated also in V.

Ac oy = |A| <|T|and let F* = {f: for some A; € o and As, o, f is a one-
to-one function from A; onto Ay which is an (M, Ms)-elementary mapping}. Again
this definition gives the same set. We can define a rank function rk::#* — Ord U

{oo} such that rk(f) = oo iff (M1, a)ac Dom(f) SLe . ,(d.q.) (M2, f(@))ac Dom(s) and
it too is absolute.

Easily in both universes

(@) My = My iff My = (4.q) Ma.
[Why? By Theorem 1.5.]

(b) My =Loo o, (dg) M2 iff there is .# C .#* as in ®p, a, from 1.4.
[Why? By 1.4.]

(c) there is .# C .F* as in @y, v, from 1.4 iff co belongs to the range of the
rank function.

[Why? Well known.|
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