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2 SAHARON SHELAH

§0 INTRODUCTION

Convention. In §0 and §1, “group” here means “abelian group”, and “free” means
in this variety.

We assume there is a A-free, non-free (abelian) group of cardinality A\. We shall
prove that there is a A-separable non-free abelian group of cardinality A, apriori
a stronger statement. We rely on the characterization of A as in the hypothesis
from [Sh 161]: the existence of S, (< st : £ < n >:n € Sf), (((k) : k) as there
(see appendix; i.e. §3 here). Mekler Shelah [MkSh 251] dealt with a similar weaker
problem in a parallel way: if there is a A-free not free abelian group of cardinality A
then there is a strongly A-free one. In Eklof Mekler [EM], the present problem was
raised, discussed and sufficient conditions were given, depending on the form of S,
see [EM], p.242-242, the problem in [EM],p.453. The direct sufficient condition is
that for every S’ C Sy of cardinality A there is a well ordering <* such that for
each n € Sy, U sf; is almost disjoint to U{ U s v <*nand v € S}. In particular

£<n £<n
from the assumption for A, the conclusion for A* (i.e. the existence of such S) was
gotten. However, not all cases were done there. Our approach is more algebraic.
In §2 we deal with generalizations to other varieties and in §3 we present relevant
material from [Sh 161] (on A-systems) to make the paper self-contained.

Explanation of the proof of the main theorem. It may be helpful to read this
explanation if you are lost or stuck during the proof but it assumes some notations
from the proof. We construct G that is freely generated by z[a] (for a € U By)

neS.
and yy ., (for n € Sy and m < w) except the equation

(*)n,m 2Ynm+1 = Yn,m + E{x[a?m] 0 <n}.

Let G = GIO, IO = I<>7)\.

Let o < A and we want to show that if & < X and («) ¢ S then G~ , (which
is essentially the subgroup generated by the vy, ,, and x[af;’m] satisfying 7(0) < «)
is a free direct summand of G = G .

We do not see combinatorially why this holds, so we find Iy 2 I«~ o, I € KT such
that

(%) n e S\S¢L] = U st is almost disjoint to Y'[I4]
£<n

So let g1, .1, be the natural homomorphism from Gy, to G, ; well, why does it work?
by (xx).

Also gy,,1, is the identity on Ges o and G, \G<> o is = G, where Iy = [1\I<> o,
but I € KT so G, /G<s q is free hence G. , is a direct summand of Gy, so
there is a projection f from Gy, onto Gy, , 80 f oy, is a projection from G onto
Gr,, . and we can complete the proof.
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To accomplish (+*) we need good control over how e.g. s/ (n(0) > a) intersect
B_.4~, and this is the information we put in the appendix on the A-system (really
old [Sh 161] is O.K., but we retain the appendix to ease reading).

0.1 Definition. For = a set of variables, I" set of equations in some variables (maybe

outside Z) let G(E,T") be the (abelian) group freely generated by =, except the
equations in I' [ =, i.e. the equations from I' mentioning only variables from =.

0.2 Observation. 1) A sufficient condition (assuming = C =’ sets of variables) for

—~
*

~—
Q

—

(1] [1] [1]

~ <

',T) is a free extension of G(Z,T") (i.e. the mapping induced by idz from
I') into G(Z’,T"), which is always homomorphism, is an embedding, and
,I') divided by the range of this mapping is a free group),

G

Q

is

!/
Y

[1]

(*x) there is an increasing continuous sequence (Z¢ : ¢ < (*), Eg = Z,E¢+ =
and G(Z¢41,1") is a free extension of G(Z¢,T").

2) Another sufficient condition for (x) of 0.2, is that by change of the variables in
='\E, the set of equations T' [ 2" isonly T" | Z.
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§1 PROVING A-SEPARABILITY

Here we prove the main theorem; the reader is advised to look at 3.6, 3.7 at least
during reading the beginning of the proof, and also to look again at the explanation
in §0 of the proof when arriving to read the middle of the proof.

1.1 Definition. A group G is \-separable if:

H C G,RE(H) < A= H included in a free direct summand of G.

(Remember: for an uncountable group H, its rank, Rk(H ) is equal to its cardinality,
|H|.)

1.2 Main Theorem. If there is a A-free non \*-free (abelian) group (A > Ng, A
necessarily reqular) then there is a \-free, A-separable, not \*-free group.

Proof. The hypothesis of the theorem on the existence of such groups is analyzed in
detail in [Sh 161] (most relevant are [Sh 161},3.6,3.7), and in particular, it implies
the existence of n, S, \(n, S), (B, : n € S.), (sf; :m € Sy, £ < n) with the properties
as in [Sh 161],3.6,3.7 presented in 3.6, 3.7 of the Appendix here, and let

(af;’m tm < w) list sf; in increasing order for the order of B¢~ (x(y1e)) (see clause
(i) of 3.7) and without loss of generality we have in addition

(x) for n € S¢, ¢ < n, we have

Qe =t min{p : a’f),m S B(nré)A<5>} <An145S5)
is non-decreasing in m,

and we call its limit 3*(n,£) (so s, C B(yo)- (8+(n.00) and 5*(n, £) < n(£)).

(xx) if p € S;,v<p, k= Lg(v) and cf(p(k)) = A(p, S) then

(a) for B < A(p,S) we have sup{*(n,k) : p*(B8) In e Ss}is < p(k)
(b) the sequence (min{8*(n,k) : p"(B) <In € St} : B < A(p, 5)) is strictly
increasing with limit p(k).

(see Appendix, clauses (f)(a), (f)(B) and (g) of 3.6).
Let

K={I:ICS.and[n#v & nel & vel= —(n<v)]and
" <B>el & a<pf=n <a>ell},

K+={IEK:I#@aHd’I7A<CY>€I:>\/,3<)\(77’[)[77A<ﬂ>§é[]}.

For I € K let J[I] =: {n € S;: for some a,n" < a > € I}, so for n € J[I] there is a
unique az[n] < A(n, S) such that [n” < a>€ I & a < arln]], note:

Ie Kt npe JlI) = arn <An,S). For I € K let

S¢[I] =:{n € Sy : for some k,n | k € I} ; note that the k is unique and if
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I # {<>}, then k > 0, so we choose to write k = ky(n) + 1 (so for
I ={<>} kr(n)=-1). Also let

Y[I] =: U{B, : for some n € I we have n Jv € S}

For n € Sy let wy(n) = {£ < n : for every m < w,al ,, € Y[I]} (equivalently: for
infinitely many m < w,al ,, € Y[I]).

For every I € K we define a group G, it is freely generated by

Er = {ypm :m <wand n € S¢[I]} U{x[a] : @ € Y[I]} except the equations (we
call this set I'y):

(x)r  for n € S¢[I] and m < w, the equation 7', defined as:
(*)}”n 2Yn m+1 = Yn,m + Z{x[aﬁ’m] : ¢ < n and afhm e Y[}

Note that '\ € K, and let G = G(1y); this abelian group is the example as in

(*A)
[Sh 161], Lemma 5.3, in particular G is not free. Let <y, be lexicographic order of
S, clearly it is a well ordering.

A Fact. If ] € KT then Gy is free.

Proof. We can find functions ¢ and m, where for n € S¢[I] we have
l(n) € {kr(n),...,n—1} and m(n) < w and we can find a list (n¢ : ¢ < ¢*) of Sy[!]
such that:

(%) {af;(jf,%l :m € [m(ne),w)} is disjoint to {af;am : af%e’m eY[l]l,m < w,

e < (0 <n}and {ne S¢[I]:n <g v} is an initial segment of (n; : ¢ < ¢*)
for each v € J[I]

[why? for each v € J[I] well order {n € Sf[I] : v <n} by [Sh 161], 3.10 (and 3.6
clause (c) and the definition of K1), say by <%, then order the blocks by <]
Without loss of generality m(n) is minimal such that (x) holds.

For ¢ < (" let H¢ be the subgroup of G generated by
Ec = {zlaf_ ] e < (m < w,l € [k(n),n)}U{yn.m : € < {,m < w}. Let
HC*+1 - G[.

Now (H¢ : ¢ < ¢* + 1) is increasing continuous, Hy = {0}, H¢«41 = G and
H¢yq/H¢ is free. Why? we use 0.2(1), so it is enough to prove G(E¢4+1,I1) is a
free extension of G(Z¢,I's) for each ¢ < ¢*. For ¢ = (*, we just add variables
({zla] : @ € Er\E¢-}) but no equations. For ¢ < ¢*, we can "forget” y,  n for

m < m(n¢) and replace/omit x[aﬁ(g’fg] for m € [m(n¢),w), so G(E¢41,1) is freely

generated over G(Z¢,I'r) by
—_ —_ l
{Ynem 2 m > m(ne)} U{zla] : 2la] € Zc i1 \Ec\{elant™$)] : m > m(nc)}}.

B Notation. Let I, , =: {n" < 8 >: 5 < a} (for n € 5;). Let G, o =: Gy, , so:

o

G<> . is the group G (which we shall prove exemplifies the
conclusion of 1.2)

JIcs 2] = {<>}
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C Definition. 1) I; < I; (from K) if S¢[I1] C Sf[I2] and (Vi € Sy(11))[kr, (n) >
kr,(n)]. This implies Y[/;] C Y[[2] and there is a clear relation between I';, and
L'y, : each equation ¢ = ¢f! | in I';, “appears” in I'y, as ¢ = 7, but ¢ is
with more x[afhm]’s (for same old 1 but new ¢£’s which appear “because” of some
v € Sfll2]\S¢[[1]) and I'7, has members (not related to any equation from I'z,)
involving a new 7. Another way to state this relation is

(Vne ) (Fv e L)y In).

2) I} <? I if I, < Iy and J[I1] is a <g,-initial segment of J[I5].

D Fact. 1) < and <¢ are partial orders (of K).

2)If I € K\{{<>}} then I = ] I 0,0
neJ[I]
3) If I} <% Jy then Y[I1] is a subset of Y[I5].

Proof. Check.

E Definition. Assume I; <¢ I; (both in K), let hr, 1, be the homomorphism from
Gy, into Gy, defined by h(z[a]) = z[a], h(yn,m) = Yn,m for zla] € Y[I1],n € S¢[1].

F Fact. hp, j, is really a homomorphism.
Proof. Look at the relevant equations.

G Fact. If I; <? I, are from K+ and (Vn) [n € J[I1] = n (a1, (n)) ¢ S] then

(o) Gr,/h1,,1,(Gr,) is free and

(B) hr, 1, is one to one.

(v) Rang(hy, 1,) = (Ypm,xla] : a € Y[I1],n € Sy[l1] and m < w)g,, (i.e. the
subgroup generated by this set)

so we look at hr, 1, as the identity.

Proof. Like the proof of Fact A.
H Conclusion. If I; <? I, (so are from K) then hi, 1, is an embedding.
Proof. As a direct limit of ones satisfying the assumptions of Fact G.

I Fact.

(@) G=Gpuyny =G = U G <> o (increasing continuous)
a<<A
(B) for a < A the group Gcs 4 is free.

Proof. For clause (a) as I'1yy = U (T {yn’m,x[aﬁ,m] :n(0) < a}), using Fact H
a<

(see Fact G last line).

For clause () see Fact A.
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J Definition. For I; < I, (in K), satisfying ®y, j, below, let g7, 1, be the homo-
morphism from Gy, into G, defined by:

(i) if a € Y[I1] then gy, 1, (z[a]) = z[a]
(iig if a € Y[I]\Y[1] then gy, 1, (z]a]) =0
)

(iii) if n € Sy[L] then g1, 1, (Yn.m) = Yn.m
(iv) if n € S¢[Ix]\Sf[L1] and {afﬁ€ : k € [m,w) and ¢ > kr,[n| (equivalently

at ;. € Y[Io))} is disjoint to Y'[I1] then gr, 1, (¥ym) = 0

(this is enough for defining gz, r,)
where

®r,.1, for n e S¢[I]\S¢[11], U sf; is almost disjoint to Y [I1]

telkry (n):n)
(i.e. has finite intersection).

K Fact. Assume I; < Iy are in K. Then

() g1,,1, really defines a homomorphism which is onto (when I; < I and ®yp, 1,
holds)

(8) Kernel(gr, 1,) is the subgroup of Gy, generated by the set of z[a]’s and
Yn,m’s which by Definition J are sent by g7, 1, to 0.

Proof. Check the equations.

Main Fact L. If « < XA and < a >¢ S then G- , is a direct summand of

Proof. We can define by induction on k a number ¢, < n : ¢, = 0, if ¢ is defined
and < n, let ;41 be the unique ¢ such that ¢, </ <nandne Sy = cf(n(ly)) =
A(n [ £,S) (exists by 3.3(f), all n € Sy behave the same by 3.6(a) (and see 3.2(6)(d)),
note: if n € Sy = cf(n(fy)) = No then £ = n. Clearly if ¢} is defined and < n
then ¢ < fx11 < n. So for some k*, {3« = n.

We shall define by induction on k < k* the following J; and, when k < k*,

(o 1 m € Ji) such that:

(0) Ji C SN be )

(1) ap < A(n,S) and " (o) ¢ S for n € Jy

(2) Jkr1={n:neSn 1 xand n |l € Jp but n(lx) > aye, }

(3) if n € Jpp1,k+1 < k(*),a € (o, A(n,5)) and n° < o >< v € Sy then
st N BnM#(%rek) is finite

(4) Jo={<>}acs =0

For k = 0 use clause (4). For k+1 we define Ji1 by clause (2), now if k+1 < k()
for n € Ji4+1 we have to find oy, to satisfy clauses (1), (3), this is possible by (x),(x)
in the beginning of the proof of Theorem 1.2.

Let In ={< 8 >: 5 < A},

I = {n" < B >:for some k < k* we have n € J; and 3 < a,},
I =L\{< B> <acs},
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Li={<f8>pF<a=acs}
Note that by the inductive choice of the Jj’s:

® if n € Sp\S¢[N] then {af ,, : £ < nand m < w} has a finite intersection
with Y[I1].

(Use (3) noting that if n € Sy\Sf[I1] then n(€x) > au e, for every k < k* such that
n [l € Jk)
Note also that: Iy € K,I; € K+,Ig S K+,Ig € K*. Also I3 Sd I; and I3 Sd I
and I, < I < Ij (see Definition C(1)) and Gy, = G.

Note that gz, 1, is well defined (see Definition J and Fact K).
[Why? We have to check ®;p, 1, as defined there, but ® above says this|. Note also
that gr, 1, is well defined (again we have to check ®jp, j, as defined in Definition

J, but for n € S;(11)\Sf(I2) by their definitions, 17(0) < a<s so easily U sfl is

<n

disjoint to the required set). Look at the sequence G = G, — G, — Gy,.
919,11 914,15

We know that G, is free (by Fact A as I € K1), g1, 1, is a homomorphism from
G1, onto Gy, (see above, by Fact K, clause (a) and ® above) hence Ker(gr, 1,)
is a direct summand of Gy, so there is a projection g* of G, onto Ker(gr, 1,)-
Also hy, 1,, hi,,1, are embeddings (by conclusion H) as I3 <? I, I3 < I, (check or
see above). Also hr, 1, (Gr,) = Ker(gr, 1,) (compare Fact G clause () and Fact K
clause (3)). Hence hy, 1, 0 h;;h © g* o gy, 1, is a projection from G = G~ = Gy,
onto Rang(hy, 1,) i.e. essentially G~ ,. This finishes the proof of the main fact,
hence the theorem 1.2. 42

[Question: here we can increase oy,;; can we make it exact? (See Appendix 3.6)].

1.3 Claim. We can strengthen the conclusion of 1.2 to: for any given W C \ we
can demand: there is a A-free non-free group G with set of elements \ such that

{6 e W :G |6 is a subgroup of G,

and is a free direct summand of G}
s a stationary subset of \.

Proof. In the proof of 1.2;

(A) for any Wy C {a < A : (o) € S} stationary subset of A, we can replace S
by {n:n €S and £g(n) > 0= n(0) € Wy}

(B) assuming that the set of member of G is A then
{6 < X : 4 is the set of elements of G s} is a club of .

Together with Main Fact L and Fact I, we are done. Oy 3
1.4 Discussion. We can rephrase the proof of 1.1 combinatorially; i.e. explicitly

write a set of generators X such that G = G, @ (X)¢g, do not think it is clearer.
To some extent this is done in Fact A of the proof of 2.2.
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§2 THE GENERAL CASE: FOR A VARIETY

We note here that a parallel theorem holds for any suitable variety considering
two variants of A-separable (see Definition 2.1(2) and Definition 2.4). We do the
general case in less details.

2.1 Definition. 1) T is a variety if 7' is a theory (in a vocabulary 7) all whose
axioms are equations or just has the form Vzi,...,x,¢, ¢ an atomic formula.
Without loss of generality every member of 7 (function symbol or predicate) appears
in some axiom of 7.

2) A model M of T is called A-separable if for every A C M,|A| < A we can
represent M as a free product M; x My such that A C M; and M is free.

3) T has the n-th h-construction principle if we can find N, by,

(for £ <n,m < w) and Ny, (for m € "w) such that:

(i) N a model of T of cardinality < |T'| + Rg
(ii) N is free, moreover, for each £* < n and m* < w we can complete
{be : 0 <n,m <w and [ =¢* = m < m*|} to a free basis of N, call the
set of additional elements Cy ,
(i) (o) if m' = (mb: € <n) € "w (for i =1,2) and m' <m? (i.e.
(V¢ < n)(mj <m?) then Ny2 C Ny C N,
(8) bem € N(mk:k<n> < m > my and
(7) N is the free product Ny, * ({bgm : £ < n,m < my})n.

(iv) for no free model F of T', is N« F'/(bgm : £ < n,m < w)y free (equivalently
N * F has a free basis extending {by ,, : £ < n,m < w}).

2.1A Remark. On the n-th construction principle see Eklof Mekler [EM2] and then
Mekler Shelah [MkSh 366]. The difference (between the n-th construction principle
and the n-th h-construction principle) is clause (iii), it is not clarified here if it
adds anything. In all cases the hope is that the analysis of [Sh 161],§3,54 exhausts
the reasons of the existence of the desired complicated object in A, and the crucial
parameter of the system S (see beginning of the proof of 1.2 or §3) is n = n(S). So
the hope is that for each T, the class of cardinals A where we have an example is,
for some o™ < w

Cpr = {)\ :there are n, S, (A\(n,S) :n € 5;),(By :n€S;)

<sf] :n € Sy, ¢ <n)asin 3.6,3.7and n < a*}.

Usually we deal with varieties with countable vocabulary.
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2.2 Theorem. Assume there is a \-free not X\ -free abelian group exemplified by
n, S, <sf; : ¢ <n andn € Sf) as in the proof of 1.2 and the theory T has the n-th
h-construction principle and |T| < \.

Then T has a A-separable model of cardinality \ which is not free.

2.2A Conclusion. If there is a A-free not A\*-free abelian group then for the variety
of groups (not the abelian one) there is a A-free, A-separable group G of cardinality
A which is not free. (I.e. G is a non-free group of cardinality A, G can be represented

as U G, G, increasing continuously of cardinality < A, each G, free and G is the

a<<A
free product (for the variety of groups) of G,41 and some H,;; for each a < \).

Proof of 2.2A. We should just check the condition of 2.1(3) which is straight as in
[Sh 161].

[I.e. let N be the group freely generated by

{bem s €€ [1,m) and m < w} U {ym : m < w}, let:

) bo,o =: o

) bo,m—+1 is the product by m41b2.m41 - bn—1,m+1 b0,m (Yo,m+1)>

(©) Com = on K € [m,0)} U {beo}

) for m € "w clearly

{be.m : £ € [1,n) and m < w} U{bgn : n < mo}UCo.m, is a free basis of N
and let N, be the subgroup of N generated by

{be,m 1 £ <m and m € [mg,w)} U{ym : m € [mp,w)}.

Now check].

Proof of 2.2. Let (N,bpm,Nm : £ < n,m < wand m € "w) exemplify the n-th
h-construction principle. We choose n, S, ... as in the proof of 1.2.
Let M be freely generated by z[a] (for a € U B,) and y, . (for n € Sy and
neSe
¢ € N) except that:

(1> Yn,e = £E[CL] ife= bé,m and a = a%,m

(1) ©(Yn,cqs---»>Yn,c,) Whenever N |= “p(c1,...,ck)
T-atomic formula.

7 and ¢ is a

Fact A. For a < X such that (a) ¢ S we can find Yy, Y1, Ys, Sp, S1,.S2 such that:

(a) S =S Ya= ] By
nESe
(b) So ={ne€Sy:n(0) <a}and Yy =U{B, :n €S, and n(0) < a}
(¢c) So €851 CSyand Yy CY; CY; and Y is downward closed (remember Yo
is a tree, see 3.6) so af;vm €Y & mi <m=al ey

n,msi

(d) for n € S3\S the set {af ,, : £ <n,m <w}NY; is finite
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(e) there is a list (¢ : ¢ < ¢*) of S1\Sp without repetitions and (¢(¢) : ¢ < ¢*)
such that 0 < ¢(¢) < n and (m(¢) : ¢ < ¢*), m(¢) < w such that:
(a) {af;(fzn :m € [m(¢),w)} is disjoint to
You{al ,,:€<n,e<{m<uw}
(8) {anm :m <w} C V1.

Proof. Included in the proof of Theorem 1.2.

Remark B. We can add

(f) Si is S¢[I1] from the proof of Theorem 1.2 so for some function k from
S1\Sp to n ={0,...,n — 1} we have
Yi=YyU {af;om :n €S, m<wand /€ [k(n),n)}.

Fact C. Under the conclusion of Fact A, letting
My =: ({z]a] :a € Yo} U{ypn.c :n € So,c € N})n we have: M is free and for
some My, M = My x M.

Proof. Clearly M; is free (for T') as in the proof of Fact A in the proof of 1.2. The
new point is to find M>.

For each ¢ < n,m < w, let Cy,, € N be such that

Coom U{beym, 01 # €,my <wor ly =0,my < m} is a free basis of N with no
repetitions.

We let M5 be the submodel of M generated by:

(A) Yne,e if ¢ < ¢ and ¢ € Cyieym(e)
(B) x[ f;( m) if ¢ < C*,agom € Y1\Y, and for no € < ¢* do we have
ok
ah m € {a, 0, k € [m(e),w)}
(C) z[a] ifa € Y2\Y1
(D) yn,c if n € S2\S1,¢ € N, ():0<n)y Where my(n) = min{m : a%ym ¢ Y1}

Now
(*)1 M = <M0,M2>.
First we prove by induction on ¢ < ¢* that {z[a’ Apem] 1 € <nmandm < w} C

(Mo, M3) and {yy, . : c € N} C (Mo, M). Arriving to ¢ we split the proof to cases.

Case 1: anC m € Yo.

Then II?[ n(ym] S YO - MO - <M07M2>.

Case 2: a ne,m € Y1\Yo and for some € < ¢,al . € {ae(a) k€ [m(e),w)}.

We use the induction hypothesis on .

n¢,m

Case 3: agom eYi\Yoand £ £ () V[l =4(() & m <m(C)]

and for no ¢ < ¢, do we have al_,. € {ag(e) ke m(e),w)}.

n¢,m



Paper Sh:521, version 1995-03-10_10. See https://shelah.logic.at/papers/521/ for possible updates.

12 SAHARON SHELAH

. . )
Now & < ¢* implies af, ¢ {an(j}C 1k € [m(e),w)}.
[Why? If € < ¢ this is assumed in the case, if ¢ = ( this is follows by ¢ # ¢((), and
if ¢ € (¢,¢*) this follows by clause (e)(«) (with ¢’s here standing for (,e there).

Hence the assumption of clause (B) holds.]
By clause (B), z[a’_,.] € My C (Mg, M>).

ne,m

Case 4: afmm € Ys\Y;.

By clause (C), x[af;om] € My C (My, Ms).

Case 5: No previous cases.
By the earlier cases £ = ¢(() and

{alantm,] : €5 < nymi < wand [0 # €(C) = mf < m(Q)]} € (Mo, Ma).

Let N' =:{c € N : yy, . € (Mg, M3)}, so by the previous sentence
{bey m, 41 <m,mq <wand ¢, =£(¢) = my <m(¢)} C N’, and by clause (A)
also Cy¢),m(c) € N’ hence (see clause (ii) in Definition 2.1) clearly N’ = N,

SO x[af?(’m] € (Mo, M3) and y,, . € (Mo, M3).

We have proved {z[a] : a € Y1\Yy} C {x[afmm] < nm < w, (<} C
(Mo, Ms3). As {z[a] : a € Yo} C My C (My, Ms) and by clause (C') we have
{z]a] : a € Y2\Y1} C (My, Ms) we conclude {z[a] : a € Yo} C (My, Ms).

Also we have proved {y, . :c € N,( < ("} C (My, M) (this was done during
the proof of case 5) so {y,..:n € S1\So and c € N} C (M, M>).

Also for n € S5\ Sy, letting N7 = {c € N : y, . € (My, M)},

mg = min{m : af, ¢ Y1} we have: by clause (D), N(y,.0<ny C N, and

{af;’m 0 <n,m<w} CYss0bpm, € N" hence N7 = N so

{yn,c :m € S2\S1,c € N} C (My, Ms). Lastly if n € Sy we have

{yn,c:c€ N} C My C (Mo, Ms). Together {y,.:n € Se and c € N} C (Mo, My);
and also we note above {z[a] : a € Yo} C (Mg, Ms); we can conclude M = (M, Ms),
e (%)1.

So to finish the proof we need
(*)2 M = MO * M2

(i.e. they generate M freely).

Look at the equations in the definition of M and together with the proof of (x);
rewrite them in terms of the generators of My and of Ms. The equations either
trivialized or speak on generators of My or speak on generators of M. [more?]
Da.2

Note that as the variety of abelian groups is very nice, e.g. a subgroup of a free
abelian group is free, distinct definitions for general varieties become identified for
it; so Theorem 1.2 has various generalizations and Theorem 2.2 is not the unique
one. Another generalization is presented below.

2.3 Theorem. Assume \ is as in 1.2 with n, S, <st 0 < n,ne Sy such that T
has the n-th construction principle (i.e. in Definition 2.1 we omit clause (iii), but
demanding each Cy p, is infinite; this holds without loss of generality by clause (iv)
of Definition 2.1). Then there is a model M of T, not free of cardinality A\, but is
A-proj-separable, where:
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2.4 Definition. For a variety T" and a model M of T" and cardinality \ we say M
is A-proj-separable, if for every A C M, |A| < A there is a free M’ C M including
A and a projection h from M onto M’.

Proof of 2.3. We define M, z[al, y, . as in the proof of 2.2. For every {(x) < n and
m(x) < w,m(*) > 0 there is a homomorphism gy(.),m+) from N onto (by, : £ <
n,m < w and [{ = {(x) = m < m(x)]) v which is the identity on (by, : £ <n,m <
w and [{ = £(x) = m < m(x)])n (maps the members of Cy.) (x) onto {bye)0}-)

Let T" be the set of equations which we make the generators satisfy. We choose
Yo, Y1, Y5, S, 51,52 as in Fact A from the proof of 2.2 and without loss of generality

¢ <¢*=m(¢) >0. Let {nc: ¢ €[¢*, ™)} list S2\S1.
For each n; € S3\S1 we can choose

0(C) =Llgx—1,m({) = Min{m :0 < m < w and af;(ﬁr)b ¢ Y}

Let M, be the model of T generated by
21 = {zfal ] : £ <n,neS,m<w}U{yyc:ce N,ne Sy} freely except

I'y :{ymc =zla] 1 c=bym,a= afhm and n € Sl}U

{gp(ymcl, oo Unen) P N E@(er, ..., ), a T-atomic formula}.

Let M5 be the model of T generated by (note: Iy, Jj are from the proof of 1.2)

=, = {x[a] :a € Yz but if a € By~ (x(,5))
lg(n) = li=—1 and n € Jp«_1 C J[I1] then a is in the first level
(i.e. like af]’fg) or a € By (a,)

(ov, from the choice of I 1)}

freely except the equations

r; =1, :{ymc =zfa] :c=bpm,a= a%m,n € 51,0 <n,m < w and zla] € EQ_}U

{go(yn,cl, ce s Unex) P N E@ler, ..., ], ¢ a T-atomic formula, n € 51}.

(Note that if n € Jy_1 and n<av € Sy then cf(v(lk-_1)) = o).

Clearly MO Q M1 Q M2_ Q M.

We define a homomorphism hy from M into My : hy | My is the identity, and for
n=nmnc € 52\S1 and c € N we let:
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ha (yn,C) = Yngec).mer(©)-

Note: hg(a:[afgom]) = x[aﬁc’m] when ¢ # £(¢) V m < m(() by the tree structure

of U B,,, the cases of the definition of hy are compatible and the equations are
neSe.

preserved. So hg is a homomorphism and even a projection from M onto M, .
Trivially, we can find a projection h; from M, onto M;.
Next note that M is a free extension of My (a free basis is

{Une.c : ¢ € Coeym(c) and ¢ < ¢*}U {zla] : @ € Y1\ and for no ¢ < (* is
l(e
a € {anim 1 m € [m(e),w)}}.

So we can find a projection hg from M; onto My. So hg o hy o hy is a projection
as required. Oy 3

2.5 Claim. Theorems 2.2, 2.3 can be strengthened as in 1.3.

2.6 Discussion. Implicit in the proof of 2.3 is an alternative criterion sufficient for
the conclusion of 2.2.
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§3 APPENDIX: CHARACTERIZING THE EXISTENCE
IN A OF AN ALMOST FREE ABELIAN GROUP

To make the main theorem 1.2 more easily read we present part of [Sh 161], more
exactly a variant to [Sh 161],3.6,3.7,p.212.
Numbers are as in [Sh 161].

3.1 Definition.
(1) For a regular uncountable cardinal A\(> Rg) we call S a \-set if:

(a) S is a set of strictly decreasing sequences of ordinals < A.

(b) S is closed under initial segments and is nonempty.

(¢c) Forne Sifwelet W(n,S)=:{i:n" <i>€ S} and
A(n,S) =: Sup W(n,S) then whenever W (n,S) is not empty, A(n,5) is a
regular uncountable cardinal and W (n, S) is a stationary subset of A(7,.S).
Also A\(<>,S5) = A (and by clause (a) we know A\(n” < a >,95) < |a|).

(2) For a A-set S, let S¢(= set of final elements of S) be {n € S : (Vi)n" <i>¢ S}

and S;(= set of initial elements of ) be S\Sf so (Sf ={n € S: A(n,S) =0}).
We sometimes allow A = 0. Then the only A-set is {<>}.

(3) For A-sets S',82 we say S! < S? (S! a sub-A-set of S?) if S C S? and

A(n, SY) = A(n, S?) for every n € St (so S} = 81N S2). Clearly < is transitive.

Notation: In this section S will be used to denote A\-sets.

3.1A Remark. Many of the properties below holds also if we waive the “decreasing”
demand in clause (a) but not all, and for what we want to analyze we can get such
S, so we have concentrated on this family of sets.

3.2 Claim.
(1) If S is a A-set, A(n, S) > Kk for every n € S; (holds always for k = Ry) and G is
a function from Sy to k then for some S' < S we have: G is constant on S}c.
(2) If S is a \-set and n € S;, then S = {v:n"v € S} is a A(n, S)-set, and
v, St = X(n"v, S) for every v € St
(3) If S is a A-set, k a regular cardinal, (Vn € S) (A(n,S) # k) and G is a function
from S to k then for some S' < S and v < k for every n € S* we have G(n) < .
(4) If X > Vg is reqular, W C X stationary, for § € W, S° is a \s-set for some
As <6 or S0 ={<>} then S = {<>}U{{8)'n:n€S°6c W} isalset and
A< 6>"1,8)=An,5°) fors e Wne S and S; = {()}u | J S7.

few
(5) If S is a A-set, F' a function with domain S\{<>}, F(n"{(a)) < 1+ « then F
is essentially constant for some S' < S which means F' | {n € S' : lg(n) = m} is
constant for each m.
(6) For any \-set S there is a A\-set St < S such that:

(a) allm € Sy has the same length n
(b) for each ¢ < n either

(1) every n(f) (n € Sf) is an inaccessible cardinal (not necessarily strong
limit), or
(ii) every n(f) (n € Sy) is a singular limit ordinal,
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(c) for each ¢ < n, either

(i) A | (€+1),8)=n(l) for every n € Sy or
(i) An | (£+1),8)=AG" for every n € Sy (for a fized NG).

(d) The truth value of “cf(n(€)) = A(n [ m,S)” is the same for all n € Sy (for

constant £,m < n).

Proof. Straightforward, e.g.

(5) In first glance we get only: if p € S; then F' | {p" () : « € W(p, S)} is constant
(by Fodor’s lemma and the demand “W(p,S) is a stationary subset of A\(p, S)”.
However, as every n € S is (strictly) decreasing sequence of ordinals we can iterate
this (simpler if we first apply part (6) clause (a)). Os .o

3.3 Claim. Suppose P is a family of sets which exemplify the failure of PT(\, k™)
(where X\ > k) i.e. a € P = |a|] < k, P has no transversal (= one to one choice
function) but every P' C P of cardinality < X\ has a transversal. Then there is a
A-set S and function F' with domain Sy such that:

(a) For eachn e Sy, F(n) is a subfamily of P of power < k.
(b) Forn e S; we have A(n,S) > k.
(c) Forne“>(A+1), let FO(n) = U{F(1) : T <z m and T € Sy}, where <y,
is the lexicographic order, F'(n) =: U{F (1) :n <7 € S¢} and
F2(n) = U{A: Ae FO(n"(A(n, S)HNU{A: A e FO(n)}.

Note that for n € S we have F%(n"(\(n,S))) = F°(n) U F'(n).

(d)
(a) Forme Sy, F(n)/F°(n) is not free, (that is F*(n) has no one to one
choice function with range disjoint to U{A : A € F°(n)}).
(B) Formn e S;, F*(n)/F°(n) is X(n, S)-free not free and |F1(n)| = \(n, S)
(this follows as |{T:m <71 € S})=An,9)).

(e) If n” < a>€ S then «a is a limit ordinal, cfla) < A" < a >,5)+k < |a]
and if B < A(n,S) is an inaccessible cardinal (> Vo) then f N W (n,S) is
not a stationary subset of 5.

(f) If n° < a > <v € S and cfla) > K then for some natural number k we
have n® < a ><v [ k and AN(v | k,S) = cf(a) (so if a is an inaccessible
cardinal then k = £g(n)).

Proof. See [Sh 161].

Remark. Note clause (f), it is crucial; without it we won’t be able to prove the
desired conclusion.
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3.4 Definition.

(1) A A-system is (B,, : 7 € S;) where:
(a) S is a A-set, and we let S, =: {n"(i) : n € S; and i < A\(n,5)}
(b) By-iy € By-(jy whenn € S; and i < j < A(n,S)
(c) If (5 1s a limit ordinal < A(n, S) then B, -5 = U{B,~) : i < J}
(d) |Bp-@y| < A(n, S) for i < A(n, S).

(2) The A-system (B, : n € S.) is called disjoint if the sets {B,~(x¢;,5)) : 7 € Si}
(see (3) below) are pairwise disjoint.

(3) We let S, =: S\{<>}, BUA(A(n,S» =: B;]k = U{BWA(Q 11 < /\(77, S)} for n € S;.

3.5 Claim. Suppose X is a reqular uncountable cardinal, (B, :n € Sc) a A-system,

and forn € S¢, s, C U By e+1y. Then {s, :n € Sy} has no transversal.
£<€(n)

Proof. Straightforward (or see [Sh 161]).

3.6 Claim. Suppose PT(\, k™) fails (see 3.3).1 Then there is a disjoint \-system
(By :m € Sc) and sets st (forn € Sy and £ < Lg(n)), and Cs (for § < X a limit
ordinal) and €, ¢ (forn € S and ¢ < lg(n)) such that:

(a) S satisfies the conclusion of Claims 3.2(6),3.3(e) and 3.3(f), in particular
neSy=Lg(n) =n
(b) 85 C Bypes1),0 < |sh| < k.

(c) For every I C S¢: if |I| < X\ then {U sf; :m € I} has a transversal (as

¢

as indezxed set). Moreover, for every p € S; if I C {v:p <v e St} and

|I] < )\(p, S) then the family

{ U n :m € I} has a transversal.

>£g(p)

(d) If sy Nsyt # 0 then

(o) ¢ = m and the sequences n,v are different only at the {-th place i.e.
p=nll=vilandn|[{+1,n)=v][{+1,n) and

(B) Anli,S)=Av/liS) whenl+1<i<n and

(v) either A(n | (¢ +1),5) =n() and \(v | (¢ +1),5) = v(¢) are both
inaccessible cardinals or A(n | (¢ +1),5)=Av | ({+1),5).

(e) Forn™ < >€ S we have
(a) Cs is a closed unbounded subset of 6, Cs = {((0,17) 11 < ¢f(5)}, €(6,1)

increasing continuously with i

(ﬁ) In addition Zf” =1 f 6,1/ S 51777 S Su)‘(n? S) = Cﬂ”l(@] > NO thﬂ
Ene 18 a strictly increasing function from (v, S) to A(v, S)

(v) in clause (B) if 6 =: n(¢) is an inaccessible cardinal (hence necessarily
lg(n) =L +1) then
0 =W(v,S)N{{(0,7) : i belong to the range of €, ¢}

Iwe are interested mainly in the case k = N
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(f)

() If£<m<n ne Sy, cfin(0)] = Xn [ m,S) > k then
st C Biey (c+1)\Biey ¢y where ¢ = ¢(n(£), en,e(n(m ))+2) i.e. € is
the (en(n(m)) +2)-th member of Cyp). Moreover if sbNsh, #0,n#v
then (1(£), n(m)) = C(v(£), v(m)).

(B) I/t <m<n=tgmn e Spcfly®)] = A | m,S) < x then
st C Bye+1)\Byre~¢) where ¢ = ((n(£),n(m)); i.e. ¢ is the
(n(m) + 1)-th member of Cy 41y and § < n({) = |Sn\B(n )" <§>| = K.
Moreover if 877 Nst #0,n+# v then
¢(n(€),n(m)) = C(w(€),v(m)).

(g) If € < Lg(n),n € Sy, cfn(0)] < k then for no ¢ < () is sh € Byje~(c)-
h) For some well ordering <} of B} (n € S;) if n" (i) Jv € Sy, then
n n !
[ef(i) > k= s?" has order type k] and cf (i) < Kk = sy &m
order type k x (cf|st|)]. (This is not really used.)

has

Proof. Straightforward and in the most important case see 3.7’s proof.

Remark. In the proof we get that each s has order type w.

3.7 Claim. Suppose in Claim 3.6 that kK = Xg. Then we can add

(i) for n € S;, By, has the structure of a tree with w levels (e.g., is a family
of finite sequences, closed under initial segments except that () ¢ B, ), and
n<v € Sy implies sf; = {af%m :m < w} is a branch (of order type < w) (a
branch is a maximal linearly ordered subset), and for m < £, and k < w,
the k’th element of s)', together with v | £ determines the k-th element of
st. Alsoif £ < m < n = Lg(n),n € Sy, cfinf)] = X | m) = Vg then

(Min{€ : in si 0 Byey~(e) there are at least k elements} : k < w) is strictly
increasing with limit n({).

Proof of 3.7. Without loss of generality let P exemplify PT'()\, k) fails, so there are S
(a A-set) and F, F°, F'', F? asin claim 3.3. As we can shrink S, we can assume that
it satisfies the conclusion of 3.2(6). Without loss of generality n € Sy = lg(n) =
n. Choose Cys, ((6,7) as required in clause (e) (for subclauses (c), (a), (8) totally
straight and for subclause (¢)(y) we use clause (e) of 3.3). For n € S;, a < A\(n, 5),
we let Dy~ =t U{F?(n" < B> B <a,n <f > Stso(D,:neb)isa
disjoint A-system, without loss of generality disjont to S.

Forne Sy and £ =0,...,n — 1, we define tf; =: D41y NU{A: A€ F(n)}.

For n € S; and a < A(n, S) we let

By oy = {p :p is a finite sequence, of length > 3+ (n — £g(n)),

Rang p C D~ oy Ua U {n} but Rang(p) € a}.
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Let
R = {(K,m,n) m € Si,lg(n) =m, € <lg(n)
and A3, 5) = cll6)] > .

For ({,m,n) € R clearly (U{t{ : n<v € S and v(m) < a} : a < A(n,S))
is an increasing continuous sequence of subsets of B which may have cardinality
> A(n,S), each of cardinality < A(n,S). But (B(,;10)~(c(ne),i) ¢ < A(n,5)) is an
increasing continuous sequence of sets with union B,41) (remember (((n(€),1) :

i < A(n,S)) is an increasing continuous sequence of ordinals with limit 7(¢) which
has cofinality A(n,S)). Hence

E, o =: {z < A(n,S) :iis a limit ordinal such that

U{s, :nav € Sy} N By ¢y

= U{s’ :nav e S and v(m) <i}

is a club of A(n, §), so let €, 4 : A(n, S) = A(n, S) be a strictly increasing continuous
function with range E, ,.

It is clear that (B, : n € Sc) is a disjoint A-system (note | B~ ;| < A(n,S) as A(n, S)
is uncountable). Let tf; = {a(n,¥,i) : i < w} (possibly with repetitions).
We define sf, by cases:

() if there is m such that ¢ < m < lg(n), ({,m,n [ m) € R and X\(n [ m,S) >
Ng (there is at most one such m, and then
0</l<m,cf(nl)) =Anlm,S)>Ng) we let
Py =1 (C(n(0), e, L(n(n)) + 1), £,m)"(n [ [( +1,n)),
tt =:{p " (a(n,£,5) : 7 <m):m <wand m > 0}
(B) pf; = <07€7 n>A77 | [£+ 17”)7 if Cf(n(E» <k we let

sf; = {pf;A(yo, ooy Yam—1) m < w,m > 0, for each k < m,
Yor, = min{¢ € Cyy) : a(n,£,0),...,

a(n,l, k) € Bye-(¢y yand yory1 = a(n, £, kﬁ)}

Note that by clause (f) of 3.3, exactly one of those cases occurs.
Now (By, : 1 € Sc), sty (for n € Sy, < £g(n)) are as required in 3.6. The least
trivial is (c). Suppose I C Sy, |I| < A, so {U tf7 : ) € I} has a transversal, so there
£<n
is a one-to-one function g, Dom g = I and g(n) € Utf]. Let g(n) = a(n, h(n), g(n)).
¢
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Now we define a function ¢g* : Dom ¢* = I, g*(n) = pf,"(a(n, h(n),i) : 0 < i < g(n)).
Clearly g* is one-to-one, g*(n) € U sf].
I<n

Let for n € S;, <, be a well ordering of {n} U D,~~,5)> of order type A(7,5)
such that 7 is first, and each {n} U D,-(,) is an initial segment defined by o.
Now <} will be p; <} ps iff (max<, Rang p1)"p1 <z (max., Rang p2) pa <is is
lexicographically according to <,,.
It is also obvious that (i) holds, except possibly the last phrase; but the correction
needed is small so we finish. Os 7

3.8 Claim. Suppose (B, :1n € S.),sh(n € Sg, £ < L(n)) are as in Claims 3.6, 3.7;
we can omit 3.6(h)).

Then for any p € S;,m = {(p), and I C {n € Sy : p < n} the following are
equivalent:

(A)p,r The family { U sf; :n € I} has a transversal.
L>m
(B),,1 There are a well ordering <* of I and {u, :n € I} such that:

(i) forn <* v (both inI), uyﬂ(U sf]):Q).
<m
(i) For everyn € I for some £, m < { < {(n),u, is an end-segment of sf;.
(1it) If§ < Min{n(m) :n € I} is given, we can demand that each u,(n € I)
is disjoint to By (¢).

(C)p,1 There is no A(p, S)-set S* such thatn € S} = p'n € I.
(D)p,r Suppose & < Min{n(m) :n € I}, there are u,(n € I) where
(i) the u, are pairwise disjoint
(it) uy is an end segment of some shm < £ < {(n)
(iii) uy is disjoint to B, (e).
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