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0 Introduction

In the present paper we deal with cardinal invariants of Boolean algebras and
ultraproducts. Several questions in this area were posed by Monk ([Mo 1],
[Mo 2], [Mo 3]) and we address some of them. General schema of these
problems can be presented in the following fashion. Let inv be a cardinal
function on Boolean algebras. Suppose that B; are Boolean algebras (for
i < k) and that D is an ultrafilter on the cardinal k. We ask what is the

relation between inv( [[ B;/D) and [] inv(B;)/D? For each invariant inv
1<K 1<K
we may consider two questions:

(<inv is inv( [[ Bi/D) < [I inv(B;)/D possible?
<K 1<K

(>)inv is inv( [[ Bi/D) > [I inv(B;)/D possible?
<K 1<K

We deal with these questions for several cardinal invariants. We find it

helpful to introduce “finite” versions inv,, of the invariants. This helps us

in some problems as invt([] B;/D) > [I inv}'(i)(Bi) /D for each function
<K 1<K

1<
f:/@—>wsuchthatlilr)nf:w.

In section 1 we will give a general setting of the subject. These results
were known much earlier (at least to the second author). We present them
here to establish a uniform approach to the invariants and show how the
Lo$ theorem applies. In the last part of this section we present a simple
method which uses the main result of [MgSh 433] to show the consistency

of the inequality inv([] B;/D) < [[ inv(B;)/D for several invariants inv.
1<K 1<K

These problems will be fully studied and presented in [MgSh 433].

Section 2 is devoted to the (topological) density of Boolean algebras.
We show here that, in ZFC, the answer to the question (<)g is “yes”. This
improves Theorem A of [KoSh 415] (a consistency result) and answers (neg-
atively) Problem J of [Mo 3]. It should be remarked here that the answer
to (>)q is “no” (see [Mo 2]).

In the third section we introduce strong A-systems which are one of
tools for our constructions. Then we apply them to build Boolean algebras
which (under some set-theoretical assumptions) show that the inequalities
(>)h—cot and (>)inc are possible (a consistency). These results seem to
be new, the second one can be considered as a partial answer to Problem
X of [Mo 3]. We get similar constructions for spread, hereditary Lindelof
degree and hereditary density. However they are not sufficient to give in ZFC
positive answers to the corresponding questions (>)iny. These investigations
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are continued in [Sh 620], where the respective Boolean algebras are built
in ZFC. The consistencies of the reverse inequalities will be presented in
[MgSh 433].

The fourth section deals with the independence number and the tight-
ness. It has been known that both questions (>)i,q and (>); have the answer
“yes”. In coming paper [MgSh 433] it will be shown that (<)ing, (<) may
be answered positively (a consistency result; see section 1 too). Our re-
sults here were inspired by other sections of this paper and [Sh 503]. We
introduce and study “finite” versions of the independence number getting
a surprising asymmetry between odd and even cases. A completely new
cardinal invariant appears naturally here. It has some reflection in what we
can show for the tightness. Finally we re-present and re-formulate the main
result of [Sh 503] (on products of interval Boolean algebras) putting it in
our general schema and showing explicitly its heart.

History: A regular study of cardinal invariants of Boolean algebras was
initialized in [Mo 1], where several problems were posed. Those problems
stimulated and directed the work in the area. Some of the problems were
naturally related to the behaviour of the invariants in ultraproducts and that
found a reflection in papers coming later. Several bounds, constructions and
consistency results were proved in [Pe], [Sh 345], [KoSh 415], [MgSh 433],
[Sh 479], [Sh 503]. New techniques of constructions of Boolean algebras were
developed in [Sh 462] (though the relevance of the methods for ultraproducts
was not stated explicitly there).

This paper is, in a sense, a development of the notes “F99: Notes on
cardinal invariants...” which the second author wrote in January 1993. A
part of these notes is incorporated here, other results will be presented in
[MgSh 433] and [RoSh 599].

The methods and tools for building Boolean algebras which we present
here will be applied in a coming paper to deal with the problems of attain-
ment in different representations of cardinal invariants.

Notation: Our notation is rather standard. All cardinals are assumed to be
infinite and usually they are denoted by A, , 6, © (with possible indexes).

We say that a family {(s§,...,s%_;) : a < A} of finite sequences forms
a A-system with the root {0,...,m* — 1} (for some m* < m) if the sets
{8%, ..., 8% _1} (for a < A) are pairwise disjoint and

(Vo < A)(VI < m*) (s = s9).

In Boolean algebras we use V (and /), A (and A) and — for the Boolean

0 1_

operations. If B is a Boolean algebra, x € B then z° =z, x —x.



Paper Sh:534, version 1997-03-26_10. See https://shelah.logic.at/papers/534/ for possible updates.

[RoSh 534] September 15, 2020 3

The sign ® stands for the operation of the free product of Boolean al-
gebras (see [Ko|, def.11.1) and [[* denotes the weak product of Boolean
algebras (as defined in [Ko], p.112).

All Boolean algebras we consider are assumed to be infinite (and we
will not repeat this assumption). Similarly whenever we consider a cardinal
invariant inv(B) we assume that it is infinite.

Acknowledgment: We would like to thank Professor Donald Monk for his
very helpful comments at various stages of preparation of the paper as well
as for many corrections and improvements.

1 Invariants and ultraproducts

1.1 Definable cardinal invariants.

In this section we try to systematize the definition of cardinal invariants
and we define what is a def.car.invariant (definable cardinal invariant) of
Boolean algebras. Then we get immediate consequences of this approach
for ultraproducts. Actually, Boolean algebras are irrelevant in this section
and can be replaced by any structures.

Definition 1.1 1. For a (not necessary first order) theory T in the lan-
guage of Boolean algebras plus one distinguished predicate P = Py
(unary if not said otherwise) plus, possibly, some others Py, Po, ... we
define cardinal invariants invrp, inv% of Boolean algebras by (for a
Boolean algebra B):

invy(B) e sup{||P|| : (B, Py)n is a model of T}
inv(B) CE sup{||P||* : (B, Pa)n is @ model of T}
Invy(B) € {||P| : (B, P,), is a model of T}

We call inV(T+) a def.car. invariant (definable cardinal invariant).

2. Ifin 1., T is first order, we call such cardinal invariant a def.f.o.car. in-
variant (definable first order cardinal invariant).

3. A theory T is n-universal in (P, P1) if all sentences ¢ € T are of the

form

(V%l, ey Tp € Po)w(i’),
where all occurrences of x1, ...,y in are free and Py does not appear
there and any appearance of Py in 1) is in the form Py(xi,, . .., x;, ) with

no more complicated terms.



Paper Sh:534, version 1997-03-26_10. See https://shelah.logic.at/papers/534/ for possible updates.

[RoSh 534] September 15, 2020 4

If we allow all n then T' is said to be universal in (Py, Pp).

Note: quantifiers can still occur in (Z) on other variables.

4. Ifin 1., T is universal in (Py, P1), first order except the demand that Py
s a well ordering of Py we call such cardinal invariant def.u.w.o.car. in-
variant (definable universal well ordered cardinal invariant).

5. Ifin 1., Py is a linear order on P (i.e. T says so) and in the definition
of invr(B), invt(B) we replace “|P||” by the cofinality of (P, Py) then
we call those cardinal invariants def.cof. invariant (definable cofinality
invariant, cf—invy); we can have the f.o. and the u.w.o. versions.
We define similarly cf—Invp(B) as the set of such cofinalities. To use
cf—inv we can put it in T (we may omit “cf-” if the context allows
it). We can use the order type instead of the cofinality and cardinality
writing ot-inv. For the cardinality we may use car-inv.

6. For a theory T as in 2., the minimal definable first order cardinal
invariant of B (determined by T') is min Invy(B).

To avoid a long sequence of definitions we refer the reader to [Mo 1],
[Mo 2] for definitions of the cardinal functions below. Those invariants which
are studied in this paper are defined in the respective sections.

Proposition 1.2 1. The following cardinal invariants of Boolean alge-
bras are def.f.o.car. invariants (of course each has two versions: inv
and inv" ):

¢ (cellularity), Length, irr (irredundance), cardinality, ind
(independence), s (spread), Inc (incomparability).

2. The following cardinal invariants of Boolean algebras are def.f.o.cof.
moariants:

hL (hereditary Lindelof), hd (hereditary density).

3. The following cardinal invariants of Boolean algebras are def.u.w.o.car.
moariants

Depth, t (tightness), h-cof (hereditary cofinality), hL, hd.

4. m (algebraic density) and d (topological density) are minimal def.f.o.card.
moariants.

PROOQOF: All unclear cases are presented in next sections. [ |
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Proposition 1.3 1. If invh(B) is a limit cardinal then the sup in the
definition of invy(B) is not obtained and invy(B) = invi(B).

2. If invh(B) is not a limit cardinal then it is (invy(B)) T and the sup in
the definition of invy(B) is obtained. ]

Definition 1.4 A linear order (I, <) is O-like if
]| =0 and (MaecI)(|{bel:b<a}|<O).
(+)

Proposition 1.5 Assume that invy ’ is a definable first order cardinal in-

variant. Assume further that: D is an ultrafilter on a cardinal , fori < k,

B, is a Boolean algebra and B def [1 Bi/D. Then

1<K
(@) if \i < invih(B;) fori < k then [] \i/D < invh(B),
1<K
(b) I inv}(B;)/D < invi(B),
1<K
(c) ifinvyp(B) < [[ invp(B;)/D then for the D-magjority of i < k we have:
1<K
A\ invy(B;) is a limit cardinal and the linear order ] (\i,<)/D is
1<K

(invy(B))*t -like; hence for the D-majority of the i < k we have: \; is

a reqular limit cardinal (i.e. weakly inaccessible),
(d) minInvy(B) < ] minlnvy(B;)/D.

1<K

PROOF: (a) This is an immediate consequence of Los theorem.

(b) Fori < klet A; = inv:(B;). Suppose A < IT Ni/D. As [T (N, <)/D

1<K 1<K
is a linear order of cardinality > A we find f € [] A; such that
1<K
I{g/D € [T Xi/D:9/D < f/D}|| > \.
1<K

Since f(i) < inv4(B;) (for i < k) we may apply (a) to conclude that
A< | [T £@)/Dl < invy(B).
<K
(¢) Let A = invp(B), A\; = invp(B;) and assume that A < [ A\;/D. By

1<K
part (b) we conclude that then
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(%) M =TI inv(B;)/D = [] invy(B;)/D = inv; (B).
1<K 1<K
Let A = {i < k : invp(B;) < inv;(B;)}. Note that A ¢ D: if not then
we may assume A = k and for each i < x we have \; < inv}(B;). By
part (a) and (*) above we get AT = [] A;/D < inv;(B), a contradiction.
1<K

Consequently we may assume that A = (). Thus for each i < xk we have
\i = invp(B;) = inv}(B;) and ; is a limit cardinal, \; = sup Invy(B;) ¢
Invy(B;) (by 1.3).

The linear order [] (A\;, <)/D is of the cardinality A™ (by (*)). Suppose

1<K
that f € ] \; and choose u; € Invy(B;) such that f(i) < p; for i < k.
Z<:‘€
Then || IT f(7)/D] < H wi/D € Invy([] B;/D) € AT. Hence the order
1<K 1<K
[T\, <)/D is AT- hke

1<K
Finally assume that A = {i < k: \; is singular } € D, so w.lo.g. A = k.
Choose cofinal subsets @Q; of A\; such that Q; C \; = sup Q;, ||Q;|| = cf(\;)

(for i < k) and let M; = (N, <,Qj, . ..). Take the ultrapower M = [[ M;/D
<K

and note that M E“QM is unbounded in <™”. As earlier, |QM| =

H |Qill/D < X so cf(I] (N, <)/D) < X\ what contradicts AT-likeness of

<K

the product order.
(d) It follows from (a). ]

Definition 1.6 Let (I,<) be a partial order.

1. The depth Depth(I) of the order I is the supremum of cardinalities of
well ordered (by <) subsets of I.

2. I is ©-Depth-like if I is a linear ordering which contains a well ordered
cofinal subset of length © but Depth™({b € I:b < a},<) < O for each
a€l.

Lemma 1.7 Let D be an wultrafilter on a cardinal k, \; (for i < k) be
cardinals. Then:

1. if there is a <p-increasing sequence (fo/D : a < po) C [ (A, <)/D,
1<K
o is a cardinal then po < Depth™([] (A\;, <)/D),

1<K
2. Depth( I (A, <)/D) < Depth™ ([] (A, <)/D) and hence
1<K 1<K

Depth (T (A, <)/D) < (Depth ™ (I (Ai, <)/D))*.

1<K 1<K
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PROOF: 1) Let u1 = cf( [ (N, <)/D), so pu1 < Deptht (] (\;, <)/D). If

1<K 1<K
o < p1 then we are done, so let us assume that pg > w1 and let us consider

two cases.
CaseE A:  cf(up) # -

Let (g93/D : B < p1) be an increasing sequence cofinal in [] (A\;, <)/D. For
1<K
each ¢ < k choose an increasing sequence <A2 1 & < \j) of subsets of f,, (i)
such that f,,(i) = U Aé and HA%H < Ai. Then
E<A;

(Vo < o) (36 < ) ({i < w2 fuli) € Ay 5} € D)

and, passing to a subsequence of (f,/D : o < pp) if necessary, we may
assume that for some fy < p; for all o < g

{i<k:fali)e Afwo(i)} €D

(this is the place we use the additional assumption cf(uo) # p1). Each set

A;BO @) is order—isomorphic to some ordinal g(i) < A; (as || A;ﬂo (i)H < \).

These isomorphisms give us a “copy” of the sequence (f,/D : o < 1) below
some g/D € [[ \i/D, witnessing pio < Depth™ ([ (s, <)/D).
1<K <K

CASE B: Cf(uo) = 1 < M.

For each regular cardinal u € (cf(uo), po) we may apply Case A to p and the
sequence (fo/D : a < p) and conclude p < Depth™([] (\;, <)/D). Hence
i<K
po < Depth™ ([T (A, <)/D). Let (u® : & < cf(po)) S (cf(uo), mo) be an
1<K
increasing cofinal in pp sequence of regular cardinals. Note that for each
& < cf(up) and a function f € [[ A; we can find a <p-increasing sequence
<K
(R o < pf) C II \i such that f <p h}. Using this fact we construct
1<K
inductively a <p-increasing sequence (ha/D : o < pio) € ][ A;/D (which

1<K

will show that o < Depth™ (] (\;, <)/D)):

1<K
Suppose we have defined h, for a < ué (for some & < cf(pg)). Since pé
is regular and & # p1 the sequence (ho/D : a < pf) cannot be cofinal in
[T (Ni,<)/D. Take f/D € T[] \i/D which <p-bounds the sequence. By
<K <K
the previous remark we find a < p-increasing sequence (ho/D : pué < a <
p&tY) € TT Ai/D such that f <p hye. So the sequence (hq : a < pst1) is

1<K

increasing.
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Now suppose that we have defined h,/D for a < sup ué for some limit
ordinal &y < cf(up). The cofinality of the sequence <§LZ£/OD ta < sup pb) is
cf(€0) < p1. Consequently the sequence is bounded in ] A;/D an§d< i?ze may
proceed as in the successor case and define h, /D for (;<g [gsugp ps, uso).

<o

2) It follows immediately from 1). ]

Proposition 1.8 Assume that invgj) s a definable universal well ordered

cardinal invariant. Assume further that: D is an ultrafilter on a cardinal k,

for i < K, B; is a Boolean algebra and B def [1 Bi/D. Then

1<K

(@) if \i < invi(B;) fori < k then Depth™ [] (A, <)/D < inv(B),
1<K

(b) Depth([] (inv4(B;),<)/D) < invh(B),

1<K
(c) if invyp(B) < Depth [] (invr(B;), <)/D then for the D-majority of i <
1<K
Kk we have: X; def invy(B;) is a limit cardinal and the linear order

[T (\i,<)/D s (invy(B))T-Depth-like; hence for the D-majority of
1<K
the i < Kk we have: \; is a reqular limit cardinal, i.e. weakly inaccesible.

PROOF: (a) Suppose that u < Depth™ [T (A, <)/D. As \; < invh(B;)

1<K
we find P, Pi, ... such that M; %< (B;, Pi,Pi,...) = T, |Pi| > A\i. Look
at M % [1 M;/D. Note that (P}, PM) is a linear ordering such that
1<K

Deptht (P37, PM) > Depth™ J](\i, <)/D.
<K

Thus we find P} C P such that || P;|| = p and (P}, PM) is a well ordering.

As formulas of T" are universal in (P, P), first order except the demand that
o def

Py is a well order on Py we conclude M* = (B, Pt,PM,...) = T. Hence
w= IR < invi(B).

(b) We consider two cases here

CaSE 1: For D-majority of i < k we have invy(B;) < invh(B;).

Then we may assume that for each i < k

i déf ian(Bi) < inv}“(Bi) =\

(2
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By lemma 1.7(2) we have

Depth(][(Af, <)/D) < Depth* (][] (Ai, <)/D).

<K 1<K
On the other hand, it follows from (a) that

Depth* (] (\i, <)/D) < invi(B)

1<K
and consequently we are done (in this case).
CASE 2: For D-majority of i < k we have invy(B;) = inv}(B;).

So suppose that invy(B;) = inv;(B;) for each i < k. Suppose that

g ={9a/D:a<pu)C H inv;(Bi)/D
1<K
is a < p—increasing sequence.

If g is bounded then we apply (a) to conclude that u < invi(B). If g is
unbounded (so cofinal) then there are two possibilities: either p is a limit
cardinal or it is a successor. In the first case we apply the previous argument
to initial segments of g and we conclude p < inv?(B) In the second case

we necessarily have p = cf( [] (invh(B;), <)/D) = pg (for some o) and
<K

po < inv(B). Thus p < invi(B).

Consequently, if there is an increasing (well ordered) sequence of the
length p in H (inv(B;),<)/D then p < inv;(B) and the case 2 is done
too.

(¢) Assume that A def invy(B) < Depth [] (invy(B;),<)/D. By (b) w
1<K
get that then

() At = Depth [] (invy(B;), <)/D = Depth [] (invf(B;),<)/D =
1<K 1<K
invi(B).
Suppose that {i < & : invp(B;) < invi(B;)} € D. Then by (a) we have

Depth™ [ (invr(By), <)/D < inv(B),
<K

but (by (#*) and 1.3) we know that

Depth™ H invy(B;),<)/D = ATt > inv}(B),
<K
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a contradiction. Consequently for the D-majority of i < k we have \; =
invy(B;) = inv}(B;) and \; is a limit cardinal.

Note that if f € [] invy(B;) then Depth™ ] (f(i),<)/D < AT (this is

1<K 1<K
because of the previous remark, (x*) and (a)). Moreover, (**) implies that
there is an increasing sequence (f,/D : a < A1) C [] (invy(B;),<)/D.
1<K

By what we noted earlier the sequence has to be unbounded (so cofinal).

Consequently the linear order [] (invy(B;),<)/D is AT-Depth-like. Now
i<

assume that A = {i < k : \; is singular} € D. Let @Q; C \; be a cofinal
subset of \; of the size cf()\;) (for i < k). Then Deptht ] (Q;,<)/D < A\t

<K
but [[ Q;/D is cofinal in [] invy(B;)/D - a contradiction, as the last order
<K 1<K
has the cofinality AT. [ ]

Proposition 1.9 Assume that invgﬁr) is a definable first order cofinality

invariant. Assume further that: D is an ultrafilter on a cardinal k, for

t < k, B; is a Boolean algebra and B & [1 Bi/D. Then
1<K

(a) if \i € Invp(By) fori <k and A = cf([[ (N, <)/D) then A € Invy(B),
1<K
(b) if invh(B) < cf([] invy(B;)/D) then for the D-majority of i < k we
1<K

have: invy(B;) is a limit cardinal.

PROOF: should be clear. []

Proposition 1.10 Suppose that T is a finite n-universal in (Py, P1) the-
ory in the language of Boolean algebras plus two predicates Py, P1 and the
theory says that Py is a linear ordering on Py. Let inV(T+) be the respective

cardinality invariant. Assume further that: D is an ultrafilter on a cardinal

K, B; is a Boolean algebra (for i < k) and B def Il Bi/D. Lastly assume

<K
A— (u)i, n>2 and X € Inv(B).
Then for the D-magority of the i < k, p < invy(B;).

PROOF: We may assume that 7' = {1, 1)}, where the sentence vy says “P;
is a linear ordering of Py” (and we denote this ordering by <) and

= Nrg <...<Tp-1)(0(T))
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where ¢ is a formula in the language of Boolean algebras. Note that a
formula

(Vxo, ..., Tno1 € Py)(¢(Z))

as in 1.1(3) is equivalent to the formula

A (Vzo,..czp € P N m=m& N zn<z] = ¢)@),
fenn F(R)=£(1) FR)<F(D)

where, for any f : n — n, the formula gbg is obtained from ¢ by respective
replacing appearances of Pj(z;,z;) by either x; = z; or x; # z;. Conse-
quently the above assumption is easily justified.

Let A= {i < k:p <invi(B;)}. Assume that A ¢ D. As X € Invy(B)
we find Py, P; such that || Py|| = A and P; =< is a linear ordering of Py and

(B, Py, P1) |= 1. For each element of [[ B;/D we fix a representative of this
1<K

equivalence class (so we will freely pass from f/D to f with no additional

comments). Now, we define a colouring F': [Fy]" — k by

F(fo/D,..., fn1/D) = the first i € k \ A such that
if f[)/D <... < fn_l/D
then fy(7),..., fa—1(i) are pairwise distinct and

Bi = ¢lfo(i), - fa-1(9)]

The respective i exists since A ¢ D and

B “fo/D,..., fn—1/D are distinct and ¢[fo/D, ..., fn_1/D]”.

By the assumption A — (u)?? we find W € [Py]* which is homogeneous for
F. Let i be the constant value of F on W and put P} = {f(i): f/D € W}
(recall that we fixed representatives of the equivalence classes). Now we may
introduce P} as the linear ordering of P¢ induced by P;.

Note that f(i) # f'(i) for distinct f/D, f'/D € W and if fo(4),..., fn_1(i) €
Pé, fo(Z) <P1i fl(Z) <P1i <P1i fn_l(i) then f()/D < ... < fn_l/D and

hence
B & ¢[fo(i)-- -, fn—1(9)].

As ||PY|| = p, (Bi, P§, P}) = ¢ Ay we conclude that pu < invi(B;) what
contradicts i ¢ A. []

One of the tools in study the invariants are “finite” versions of them (for
invariants determined by infinite theories). Suppose T' = {¢, : n < w} and
if T is supposed to describe a def.u.w.o.car. invariant then ¢ already says
that P is a well ordering of Fy. Let T™ = {¢p, : m < n} for n < w.
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Conclusion 1.11 Suppose that D is a uniform ultrafilter on k, f : Kk — w
is such that li[r)nf = w. Let B; (for i < k) be Boolean algebras, B =

I1 Bi/D.

1<K
1. If T is first order then:
a) if N € Invyre)(B;) (for i < k) then T] A\i/D € Invyp(B),
1<K
b) ] inv},. (Bi)/D < invi(B).
i<k
2. If T is u.w.o. then:
a) if N € Invpr (Bi) (fori < k) and A < Depth™ [] (A\;, <)/D

<K
then X € Invy(B),
b) Depth [] (inv;f(i)(Bi), <)/D < inv;(B).
1<K
PROOF: Like 1.5 and 1.8. [ ]

1.2 An example concerning the question (<);,,.

Now we are going to show how the main result of [MgSh 433] may be used
to give affirmative answers to the questions (<), for several cardinal in-
variants.

Proposition 1.12 Suppose that D is an Xi-complete ultrafilter on k, B;

are Boolean algebras (for a < X\, i < k). Let C : [[ \i/D — [[ \i be a
1<K 1<K
choice function (so C(x) € x for an equivalence class x € T] A\i/D).
1<K
1. If Bi= ® DB then
a<\;

H BZ/D ~ @{H Bi,C(z)(i)/D T € H )\Z/D}

1<K 1<K 1<K
2. If B = [[a<», Bi then

1 B:/D ~T]"{I] Bicwyw/D : = € [] Ni/D}-

<K 1<K 1<K

Definition 1.13 Let O be an operation on Boolean algebras.
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1. For a theory T we define the property Dg :
Dg if p is a cardinal, B; are Boolean algebras for i < u™ then

supinvy(B;) <invp( O B;) and invp( O B;) < p—+ sup invy(B;).
1< [L <[ i<pt i<t

2. Of course we may define the respective property for any cardinal in-

variant (not necessary of the form invy). But then we additionally
demand that 7(B) < ||B|| (where T is the considered invariant).

Proposition 1.14 Suppose that a def.car.invariant invy (or just an invari-
ant T) satisfies either D:(g or DTHw and suppose that for each cardinal x there

is a Boolean algebra B such that x < invy(B) and there is no weakly inac-
cessible cardinal in the interval (x, ||Bl|]. Assume further that

(®) (N 1@ < k) is a sequence of weakly inaccessible cardinals, \; > kT, D is
an Ni-complete ultrafilter on k and [] (N, <)/D is u*-like (for some
1<K
cardinal ).
Then there exist Boolean algebras B; for i < k such that invy(B;) = \; (for

i < k) and invy([[ B;/D) < p. So we have
<K

H inVT(Bi)/D = ,u,Jr > ian(H BZ/D)
<K 1<K
PROOF: Assume that invp satisfies Dg. For i < k and a < ); fix an algebra

B; « such that
ol < invp(Bia) < [|Biall < A

(possible by our assumptions on invr) and let B; = ® B;,o. By 1.12 we
a<A;

have

1<K 1<K <K
where C' : T[] \j/D — T[] A; is a choice function. So by Dg (the second
1<K <K
inequality):
ian(H B;/D) < u+ sup{inVT(H Bz,C(:p)(z)/D) HEONS H )\z/D}
1<K 1<K 1<K
Since || Bioll < Ai and [] (A, <)/D is p*-like for each x € ] Ai/D we have

1<K 1<K

invy (][ Bicw@/P) < [ I1Bicwmll/D < p.

1<K <K
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T
®

o] < invy(Bi o) < inve(B;) < ||Bill = A

Moreover, by the first inequality of 0%, for each o < A;

and thus invyp(B;) = \;. ]

Remark: 1. The consistency of (®) is the main result of [MgSh 433],
where several variants of it and their applications are presented.

2. If invyp is either def.f.o.car invariant or def.u.w.o.car invariant then we
may apply 1.5.c or 1.8.c respectively to conclude that for D-majority of i < &
we have inv(B;) = inv'(B;). Consequently in these cases we may slightly
modify the construction in 1.14 to get additionally inv(B;) = inv™(B;) for
each i < K.

3. Proposition 1.14 applies to several cardinal invariants. For example the
condition DTHw is satisfied by:

Depth (see §4 of [Mo 2]), Length (§7 of [Mo 2]), Ind (§10 of

[Mo 2]), m-character (§11 of [Mo 2]) and the tightness t (§12 of

[Mo 2]).
Moreover, 1.14 can be applied to the topological density d, as this cardinal
invariant satisfies the corresponding condition O0¢. [Note that d( ® B;) =

i<pt
max{\, sup d(B;)}, where X is the first cardinal such that ut < 2*, so
<pt

A < u; see §5 of [Mo 2].]

2 Topological density

The topological density of a Boolean algebra B (i.e. the density of its Stone
space Ult B) equals to min{x : B is k-centered}. To describe it as a minimal
definable first order cardinality invariant we use the theory defined below.

Definition 2.1 1. Forn < w define the formulas ¢ by:
60 = (V2)(FyeRy)(xz £0 = Pi(y,2)) & (Ya)(¥y€ Po)(Pi(y,z) = a #0)
and for n > 0:
¢ = (Vao,...,20)(Yy € Po)(Pi(y,x0) &...& Py(y, ) = 2oA...Azp #0).
2. Forn<wletT} ={¢p: k <n}.

3. For a Boolean algebra B, n < w we put d,(B) = minInvrs(B).
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4. For 1 < n < w, a subset X of a Boolean algebra B has the n—
intersection property provided that the meet of any n elements of X
is nonzero; if X has the n—intersection property for all n, then X 1is
centered, or has the finite intersection property.

Note that d,,(B) is the topological density d(B) of B. Since T3 = (), the
invariant do(B) is just 0. The theory Tg“ says that for each y € Py the

set Xy def {z : Pi(y,z)} has the n 4+ 1-intersection property and |J X, =
yeP
B\ {0}. Thus, for 1 < n < w, dy(B) is the smallest cardinal x such that

B\ {0} is the union of x sets having the n—intersection property.

We easily get (like 1.11):

Fact 2.2 1. For a Boolean algebra B, the sequence (d,(B):1<n <w)
is increasing and d(B) < [ dn(B).
1<n<w
2. If D is an ultrafilter on a cardinal k, f : Kk — w is a function such
that lilljnf =w and B; (for i < k) are Boolean algebras
then d( 11 Bi/D) < I dy@;)(Bi)/D. u
<K <K
Fact 2.3 1. If1 <n <w and X is a dense subset of B\{0}, then d,,(B)

is the least cardinal Kk such that X can be written as a union of k sets
each with the n—intersection property.

2. If X is a dense subset of B\ {0}, then d,(B) is the least cardinal
such that X can be written as a union of k sets each with the finite
intersection property.

3. If B is an interval Boolean algebra then da(B) = d(B).

PROOF: Suppose X C B\ {0} is dense, 1 < n < w. Obviously X can

be written as a union of d,,(B) sets each with the n—intersection property.

If X = | Y;, where Y; have the n—intersection property, let Z; def {b €
1<K

B : (Jy € Y;)(y < b)}. Then each Z; has the n-intersection property and

B\ {0} = U. This proves condition 1; condition 2 is proved similarly.

1<K
Condition 3 follows since for an interval algebra B intervals are dense in B

k
and if a1,...,a; are intervals such that a; A a; # 0 then A a; # 0. [ |
i=1

A natural question that arises here is if we can distinguish the invariants
dn. The positive answer is given by the examples below.
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Example 2.4 Let k be an infinite cardinal, n > 2. There is a Boolean
algebra B such that dp(B) > K, dp—1(B) < 257,

PROOF: Let B be the Boolean algebra generated freely by {z, : n € "n}
except:

if vern, v () Ty ern (forl <n)
then x,y A ... ANz, =0.

Suppose that BT = |J D;. For n € *n let i(n) < x be such that z, € Dj-
<K
Now we inductively try to define n* € *n:
assume that we have defined n*|i (i < k) and we want to choose
n*(i). If there is [ < m such that i(n) # ¢ for each n D n*[i*(l)
then we choose one such [ and put n*(¢) = [. If there is no such
[ then we stop our construction.

If the construction was stopped at stage i < x (i.e. we were not able to
choose n*(4)) then for each | < n we have a sequence 7; € "n such that
n*1i"(l) € mandi(n) =i. Thusay,,...,z,,_, € D;and zy A, . . Azy, | =0,
so that D; does not satisfy the n—intersection property. If we could carry

our construction up to x then we would get n* € "“n such that z,~ ¢ | D;.
1<K
Consequently the procedure had to stop and we have proved that d,,(B) > k.

Now we are going to show that d,,_1(B) < 2<%. Let X be the set of all
nonzero elements of B of the form

Tpg Ao e Ny A (=2 ) Ao A (—2,)

in which the sequences 7, ...,nt € "n are pairwise distinct, 0 < < k < w.
Clearly X is dense in B. We are going to apply fact 2.3(1). To this end, if
0<l<k,a<k,and (vy,...,v) is a sequence of distinct members of “n,
let Dif’a be the set

05--5Vk)

{zpo A A A= A A=) 00 S € "y v, © g € “n}\{0F.

Note that X is the union of all these sets. There are 2<% possibilities for
the parameters, so it suffices to show that each of the sets DUZO‘V’C> has the
(n — 1)—intersection property.

Before beginning on this, note that if 7ny,...,n; € "n are such that

ni #1n; when i <1< j <k and

BlExg A Nog A(=xp ) Ao A (—ay,) =0,
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then necessarily there is v € <*n such that

(Vm < n)(Fi <1)(v"(m) Cn).

Now we check that Délfza ve) has the (n — 1)—intersection property, where
0<l<k<w, a<k,and v,...,v; are pairwise distinct elements of “n.

Thus suppose that

.%'j/\.../\l’j/\(—

) " .%'nlj'+l) FANAN (—:L'ni‘)

Lk,
<V07"'7Vk

BE N zgn..n N oagn Nz Jnn N (mz) =0
j<n—1 0 j<n—1 ! j<n—1 l+1 j<n—1 F

are members of D ) for each j < n — 1; and suppose that

By the above remark, choose v € <*n such that for all m < n there exist

an i(m) < ! and a j(m) < n — 1 such that v"(m) C nf((:nn)) (note that if

jo,j1 <m—1,49 <land [ +1 < i, <k then 775(? + nfll as vy,...,V are
pairwise distinct).

CASE 1: v; C v for some ¢ < k. '

Then for each m < n we have v; C v C v (m) C 7727((:77:)) and consequently
i(m) =i (for m <n). As j(m) <n—1form <n we find my <m; <n-—1
such that j(mg) = j(mi1) = j. Then v (mg) C n/, v"(m1) C n! give a
contradiction.

CASE 2: vy; C v for all i < k.
Note that for all m < n the sequences v"(m) and v;(,,) are compatible. By
the case we are in, it follows that v is shorter than v;(,,). So v"(m) C vy,

i(m) < l. But then by construction, D“**

(Voy.vk) is empty, a contradiction.
|

Example 2.5 Let \; be cardinals (for i < k) such that 2% < ] A\, 2 <
1<K
n < w. Then there is a Boolean algebra B such that

dn1(B) <> [ X and du(B) = ||B| =[] N

a<ki<a <K

In particular, if X is a strong limit cardinal, cf(\) < A\, 2 < n < w then there
is a Boolean algebra B such that d,,(B) = |B|| = 2*, d,,_1(B) < \.

PROOF: Let B be the Boolean algebra generated freely by {z, : n € [] A}
1<K
except that:
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ifa<rkr,ve [TAN,vCye Il N, [{m(a) :l<n}|=n
<o 1<K
then x,y A ... Axy, =0

The same arguments as in the previous example show that

dn1(B) < > [T X

a<lKk i<

Suppose now that [[ Ay = U{D; : j <60}, 8 < I] X\j and if no,...,mn—1 €
1<K <K

Dj, j <0 then xpy A... ANy, , #0. Thus the trees Tj = {nla:a < k,n €

D;} have no splitting into more than n — 1 points and hence [|D;|| < n” <

[T \i for all j < 6 and we get a contradiction, proving d,(B) = [[ ;. ®
1<K 1<K

Corollary 2.6 Let \ be a strong limit cardinal, k < cf(\) < X. Suppose
that D is an ultrafilter on k which is not Ry-complete. Then there exist
Boolean algebras B; (for i < k) such that

d([[ Bi/D) < X< 2* =[] d(B;)/D.

1<K 1<K

PROOF: As D is not Nj-complete we find a function f : kK — w \ 2 such
that lim f = w. Let B; be such that || B;|| = dp().1(Bi) = 28, dyiy(Bi) < A

(see 2.5). Then, by 2.2, we have d([] B;/D) < [] dy;)(Bi)/D < A" = A
1<K

1<K
As d(B;) = df)+1(B;) = 2) we have 11 d(B;)/D = 2N, ]

1<K

Remark: 1. Corollary 2.6 applied e.g. to A =3,,,, kK = w gives a negative
answer to Problem J of [Mo 3].

2. The algebras B; in 2.6 are of a quite large size: ||B;|| = 2*, A strong
limit of the cofinality > x. Moreover the cardinal A had to be singular. The
natural question if these are real limitations is answered by the theorem
below. This example, though more complicated than the previous ones, has
several nice properties. E.g. it produces algebras of the size 2(2%0)* already.

Theorem 2.7 Assume that 8 = cf(f), 0% = 6. Then there are Boolean
algebras By for v < k such that d(By) = da(B) =0 and d( [] B,/D) <0
Y<K

for every non-principal ultrafilter D on k.

PROOF: Let A = 2¢. Choose Noayi € 99 for a < A, i < 07 such that

1. if Mo iz = Mo io then (a1,i1) = (a27i2)7
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2. for each f € 99 and i < 6% the set {a < A : (Ve < 0)(f(€) < Nai(e))} is
of the size A

(the choice is possible as there is 2° = X pairs (f,7) to take care of and for
each such pair we have 29 candidates for Nasi)-
For two functions f, g € %0 we write f <* ¢ if and only if

{e <0 f(e) = g(e)}ll < 0.

We say that a set A C X x 07 is i-large (for i < #T) if for every f € 6 we
have [[{a < X : (i) € A & f <* 1o}l = A and we say that A is large if
sup{i < 6% : A is i-large} = 0.

Claim 2.7.1 The union of at most 6 sets which are not large is not large.

Proof of the claim: Should be clear as cf(0) = 6 < cf()).

Now we are going to describe the construction of the Boolean algebras
we need. First suppose that S C {j < 67 : cf(j) = 0} is a stationary set and
let ST = {(a,j) € Ax 0% : j € S}. Now choose a sequence F = (F; : ¢ < 0)
such that:

3. F. is a function with the domain dom(F.) = S™*,
4. ifie S, a<\then Fy(a,i) = (F.1(a,i), Fra(a,i)) € X X 1,

5. ifi e S, o < Athen the sequence (F; (v, 1) : € < ) is strictly increasing
with the limit ¢,

6. if (A: : e < 0) is a sequence of large subsets of A x 1 then for some
stationary set S’ C S for each i € §’, f € %0 we have

H{a < A: f <" nai & (Ve < 0)(Fo(a,i) € A} = A,

7. ife < (<0 then NE (a,i) <* NF (i)

To construct the sequence F fix i € S. Let {(fa, gas jo) : @ < A} enumerate
with A-repetitions all triples (f, g, ) such that f € 6, j = (j. : € < 6) is an
increasing cofinal sequence in i and g € ?) is such that

(%) e<(<l = Ng(e),je <* Ng(¢).d¢

(recall that cf(i) = 0, A = 29). Now we inductively choose (B4 : a < A) C A
such that o ¢ {Bs5 : 0 < a}, fo <" ng,,; (this is possible by (2)). Finally
for « < X\ and ¢ < 0 define F.(«, 1) by:
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if & = Bs for some § < A then F.(a,i) = (gs(¢),49),
if a ¢ {B5:6 <A} then Fe(a,i) = (ga(e), )

(where js = (j° : € < 0)). Easily conditions (3)—(5) and (7) are satisfied.
To check clause (6) suppose that (A. : ¢ < 6) is a sequence of large sets
and let S’ be the set of all ¢ € S such that there exists an increasing cofinal
sequence (J. : € < 0) C i such that A, is j.-large (for each ¢ < 6). The set S’
is stationary. [Why? For e < 0 let C. be the set of all points in 7 which are
limits of increasing sequences from {j < 0% : A, is j-large}. Clearly each
C. is a club of 7 and thus () C. is a club of #*. Now one easily checks
e<f
that SN N C. C 5]

<0
We are going to show that S” works for (4. : ¢ < #). Take i € S" and

suppose that f € 9. Let j = (j. : € < #) C i be an increasing cofinal
sequence witnessing i € S’. Take g € Y\ such that

e< (<l = [ng(s),js <* M9(¢),j¢ & (9(5)aj5) S Aé]
(possible by the j.-largeness of A, and the regularity of §). When we defined
F.(a,i) (for ¢ < 0, a < )), the triple (f,g,j) appeared A\ times in the
enumeration {(fa, 9o ja) : @ < A}. Whenever (f,g,7) = (fas 9o jo) We had
F.(Bayi) = (9ale), ) = (9(€),je) € Ac and f = fo <* 13, . Consequently
if i € 8, f € %9 then

[{ao <At f <" oy & (Ve <O)(Fe(a,i) € A} = A
and condition (6) holds.

For the sequence F' we define a Boolean algebra Bp: it is freely generated
by {Za;:a <\ i< 01} except that

if Fg(al,il) = (Oég,iQ) for some ¢ < 6

then zq, iy A Tag,i, = 0.

Now fix a sequence (S : v < k) of pairwise disjoint stationary subsets of
{j € 0% : cf(j) = 0} and for each v < & fix a sequence F, = (F) : & < 6)
satisfying conditions (3)—(7) above (for S,).

Claim 2.7.2 For each v < K, d2(Bj, ) > 0.

Proof of the claim: Let F = F7 and suppose that B;;Z = U D.. Let
e<0

Ae = {(a,1) : 44 € D} and let AL = A, if A. is large and AL = X x 61
otherwise. So the sets AL are large (for £ < 6) and by condition (6) the set

AY (o) € A x 0T : (Ve < 0)(Fe(a,i) € AL)}
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is large too. Since A. # AL implies that A. is not large we get (by 2.7.1)
that

ANHA-c A £ AL & e < 0} 0,

So take (a,i) € A\ U{4: : Ac # AL & ¢ < 0}. We find ¢ < 6 such that
Za,i € De (so (o,i) € Az). Then A, = AL and we get F.(a,i) € A.. Hence
Tais T Fy(ayi) € D, and x4 ; A TF. (a) = 0.

Claim 2.7.3 Let D be a non-principal ultrafilter on k.

Then d( [] Bfr,/D) < 9.

Y<K

Proof of the claim: Fix functions h: 8t x §t — @ and h* : 0t x 0§ — 6T
such that for i € (0,07), ¢ € 6:

1<je<i = h(i,j1)#h(i,j2),  h*(,¢) <i and
j<i = h*(i,h(i,j5)) =j.

For v < rlet Z, C Bp be the set of all meets zqy A ... AZa,_, A(=Tp,) A
.. A\ (—=mp,,_,) such that:

ag, . ..,an-1,b0,...,bm—1 € XA x 01 are with no repetition,
for all k,l <mn, r <m and all € < 6

Fg(ak);éal & Fg(br)#al & Fg(al)%br

Clearly Z is dense in B and Z def [I Z,/D is dense in [] BFW/D- For

Y<K Y<K
e€ [] Z, and v < & let:
Y<K

b 6(’7) = A La(e,l,y) A A —Tb(e,l,y)>
I<n(e,y) l<m(e,)

e a(e,l,y) = (ale,l,7v),i(e;1,7)),
e ble,l,v) = (Ble,l,7),i(e,1,7)),
o base’(e) = {a(e,l,v) : I <n(e,y)}U{ble,l,7) : I <m(e,y)},

e base(e) = |J base’(e),
Y<K

o ug(e) ={i <0t : (Ja < \)((a,i) € base(e))},
e ui(e) be the (topological) closure of ug(e),

e us(e) be the closure of uj(e) under the functions h, h*,
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e ((e) be the first € < 0 such that

(Vy < &) (V(e, i) € base(e) Ndom(F7))(sup(u1(e) Ni) < Fy(a,1)).

[Note that [[base(e)]] < < cf(6) = 6, 50 [[uo(e)l, llux(e) |, ua(e)]| <
looking at the definition of ((e) remember that (a,7) € dom(F)) implies
cf(i) =0.]

Next for each v < r, («,i) € ST, (o < 0 choose ¢/ (o, i) < 6 such that
the sequence <77Fg(a’i) (520 (a,1)) : ¢ < (p) is strictly increasing (it is enough
to take 520 (o, ) sufficiently large — apply condition (7) for F, remembering
Co < 0). Further, for (a,i),(8,7) € A x 07, v < k and (o < 6 such that
(8,4) ¢ {F2(a,i) : € < (o} choose e/ ((«v, i), (B, 4)) < 0 such that for every

¢ < (o
either nFZ(a,i)(gzO((avi)> (8:3))) # np,5(l ((,9), (B, )))
OT 5 (a,i) (el () # mp j (el (e, 9))

(this is possible as the second condition may fail for at most one ¢ < (p: the
sequence <77Fg(a7i) (52(01,2’)) : ¢ < (o) is strictly increasing). Next, for each

e€ [] Z, and v < k choose a finite set X, (e) C 0 such that:
Y<K

8. if a,b € base”(e) are distinct then 9, X (e) # np1 X (e),
9. if a € base”(e) N S then 5Z(e) (a) € X, (e),

10. if a,b € base”(e) then sz(e)(a, b) € X,(e) (if defined),

(remember that base”(e) is finite). Finally we define a function H on [] Z,

Y<K

such that for e € [[ Z, the value H(e) is the sequence consisting of the
Y<K
following objects:

11. (n(e,7) : v <K),

12. (m(e,v) :v < k),

13. ((e),

14. (Xy(e) 17 < k),

15. (7L, a(et) [ (€)) o v < kL <nfe,7)),

16. <(ry’lu Mb(e,l,7) [X’Y(e)) 2y < Kyl < m(€77)>7
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17. wua(e) N,
18. {(otp(i Nua(e)),otp(i Nuy(e))) : i € ua(e)}.
Since 0" = 6 we easily check that ||rmg(H)| < 6. For T € rng(H) let

Zy={ec [ Z,:H(e)=T} and Zy={e/D:ecZy}CZ
Y<K
The claim will be proved if we show that
for each T € rng(H) the set Z3 is centered.
First note that if e, e’ € Zy then ua(e) Nuz(e’) is an initial segment of both
uz(e) and uz(e’). Why? Suppose that j < i € ua(e) Nuz(€’), j € us(e). If
j < 0 then j € ug(e’) since uz(e) N = uz(e’) NH. Suppose that < j < 6T,
Then h(i,j) € uz(e) N0 =wuz(e’) N O and so j = h*(i, h(i,5)) € uz(e’). This
shows that ua(e) Nugz(e’) is an initial segment of uz(e). Similarly for ug(e).
Applying to this fact condition (18) we may conclude that uj(e) Nwuy(e’) is

an initial segment of both wu;(e) and wuy(e’) for e, e’ € Zy. [Why? Assume
not. Let i < @ be the first such that there is j € uy(e) Nuy(e’) above i but

i € (ur(e) \ur(e) U (ua(e) \ua(e)).

By symmetry we may assume that i € uj(e) \ ui(e’). Let i* be the first
element of uy(e) above i. Then necessarily i* < j (as j € ui(e) Nuy(e’) C
uz(€e) Nug(e’)) and hence i* € ug(e’) (and ¢* is the first element of usy(e’)
above i). By the choice of 7,7* we have

i,i" € ug(e) Nua(e’), iNuile) =iNui(e’), andi*Nug(e)=1i" Nua(e).
But now we may apply condition (18) to conclude that

(otp(i* N uz(e)), otp(i” Nus(e))) = (otp(i* Nuaz(€’)), otp(i” Nua(e)))
and therefore
otp(i* Nui(e)) = otp(i* Nui(e)) = otp(i Nuy(e)) + 1 = otp(i Nuy(e)) + 1.

As there is no point of u1 (¢’) in the interval [i,i*) (remember uq (') C uz(e’))
we get a contradiction.

For e € Zy we have: n(e,v) = n(y), m(e,v) = m(y), ((e) = ¢*, X, (e) = &,.
Let eg,...,ex_1 € Zv. We are going to show that

I[ Be,/Dleo/DA...Aex1/D#0
Y<K
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and for this we have to prove that

def
Ieo, ey = {7 <K: BF7 ): /\[ /\ xa(ej,l,'y)/\ /\ _$b(ej,l,’y)] + 0} €D.
J<k l<n(v) l<m(v)

First let us ask what can be the reasons for

/\ [ /\ xa(ejvlﬁ) A /\ _xb(eij'Y)] =0.

i<k l<n(y) l<m(v)

There are essentially two cases here: either z, A (—z,) appears on the left-
hand side of the above equality or z, A x ) (a) (for some ¢ < ) appears
there. Suppose that the first case happens. Then we have distinct ji, jo <
k such that a(ej,,l1,7) = b(ej,,l2,7) for some l1,ls. By (15) (and the
definition of Zy) we have Na(ej, 1) [ Ay = Ta(ej, 1 7)1 Xy and by (8) we have
Na(ejy l1,7) rX’Y 7é Mb(ejy l2,7) {X’y Consequently Na(ej, ,11,7) TX«/ 7& Mb(ejy l2,7) foy,
a contradiction. Consider now the second case and suppose additionally
that ¢ < ¢*. Thus we assume that for some ( < (*, for some distinct
J1,j2 < k and some l1,ls < n(y) we have Fg(a(ejl,ll,'y)) = a(ejy, l2,7)-
Then by (15) we get Na(ejy doi) [ Xy = Ta(e;, da,y) [ K- As ( < ¢* we have that
[by the choice of 52*(a(ej1,ll,'y),a(ejl,lg,;y)), ez* (a(ej,,l1,7)) — note that
F2(ales, 1,7)) # aley,. lo. ) for all & < C*J:

either 757 (a(e; 1,7)) (el-(alejy, 1, 7), alejy 12, 7)) #
Na(ej, l2,7) (EZ* (a(e,h y 1, 7)7 a(ejl L2, 7)))
or nFZ(a(ejl 117)) (‘SZ* (a(ej1 ), 7))) 7é na(eh 12,y) (SZ* (a(ej17 l, 7)))

and 52*(a(ejl,l1,'y),a(ejl,lg,'y)),az*(a(ejl,ll,'y)) e X, (by (9), (10); note
that in the definition of 52(@, b) we allowed a = b so no problem appears if
I = l2) Hence an(a(ejl A1,7)) r‘)(’y 7& na(eh 12,7) rX’y and thus 77F2(a(6j1 A1,7)) FX'Y 7&
Na(ejyla,y) IX,, a contradiction. Consequently, the considered equality may
hold only if z, A F}(a) @PPears there for some ¢ > (*.

Asume now that I, ., , ¢ D. From the above considerations we
know that for each v € K\ I, . ¢,_, we find distinct ji(7),j2(v) < k and
11(7),l2(y) < n(y) and ¢y € (¢*,0) such that

Cex)  FY (alejy(h), 1(7),7) = alegy(q), 2(7),7)

(note that (+*) implies a(ej, (), 1(7),7) € dom(F&), i(ej (7)1 (7),7) € S5)-
We have assumed that £\ I, ¢, € D so we find ji,j2 < k such that

def . . . .
J={v€r\ ey, . cr, 1 1(7) = j1,72(7) = j2} € D.
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As we have remarked after (xx), i(ej,,l1(7y),7) € Sy (for v € J) and con-
sequently there are no repetitions in the sequence (i(ej;,,l1(7),7) : v €
J) (and J is infinite). Choose v, € J (for n € w) such that the se-
quence (i(ej,,l1(7n), Yn) : 1 € w) is strictly increasing (so i(ej,, l1(n), ) €
u(ej,) Ni(ejy, 1 (Ynt1), Ynr1)) and let i = liqgni(ejl,ll(q/n),vn). By the def-
inition of ((e),(* and the fact that {, > ¢* for all ¥ € J (and by (5)) we
have that for v € J

i(ejy, 12(7),7) = FZ o(alej,11(7),7)) €
Z.(ej1 ) ll(’Y)v 7) \ Sup(ul(ejl) N Z'(63‘1 ; ll(’}/), 7))
Applying this for 7,41 we conclude
i(ejr, (), 1) < ileja, l2(Ynt1)s Yntr) <iilej i (Ynt1)s Ynt1)

and i = li}an'(ejZ,lg('yn),fyn). Since uq(ej,),u1(ej,) are closed we conclude

that i € uy(ej,) Nui(ej,). From the remark we did after the definition of Zy
we know that the last set is an initial segment of both uq(e;,) and ui(ej,).
But this gives a contradiction: i(ej,, la(Ynt1), Ynt+1) € ui(ej,) \ ui(e;,) and
it is below i € ui(ej;) Nui(ej,). The claim is proved.

Similarly as in claim 2.7.3 (but much easier) one can prove that really
d(B Fv) =0t. |

We want to finish this section with posing two questions motivated by
2.5 and 2.7:

Problem 2.8 Are the following theories consistent?
1. ZFC + there is a cardinal k such that for each Boolean algebra B,
dn(B) <k = dp11(B) < 2%

2. ZFC + there is a cardinal 8 such that 60 = 6 and for each Boolean
algebra B and a non-principal ultrafilter D on w

d(B)<6 = d(B“/D)<2°

3 Hereditary cofinality and spread

3.1 The invariants
The hereditary cofinality of a Boolean algebra B is the cardinal
h—cof(B) = min{x : (VX C B)(3C C X)(||C|| < k & C is cofinal in X)}.
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It can be represented as a def.u.w.o.car. invariant if we use the following
description of it (see [Mo 1]):

(®n—cof) h—cof(B) = sup{||X|| : X C B & (X, <p) is well-founded }.
Let the theory T} _cof introduce predicates Py, P; on which it says that:
e P is a well ordering of P,
o (Vzo,z1 € Py)(zg <21 = Pi(x0,71))

(in the above < stands for the respective relation of the Boolean algebra).
Clearly Ti,_cof determines a def.u.w.o.car. invariant and

Invy, . (B) ={||X]||: X € B & (X, <) is well-founded}.
The spread s(B) of a Boolean algebra B is
s(B) = sup{||S]| : S C Ult B & S is discrete in the relative topology}.

It can be easily described as a def.f.o.car. invariant: the suitable theory
T, introduces predicates Py, P; and it says that for each x € Py the set
{y : Pi(z,y)} is an ultrafilter and the ultrafilters form a discrete set (in
the relative topology). Sometimes it is useful to remember the following
characterization of s(B) (see [Mo 1]):

(®s) s(B) =sup{||X|| : X C B is ideal-independent }.
Using this characterization we can write s(B) = s,,(B), where

Definition 3.1 1. @3 is the formula saying that no member of Py can
be covered by union of n + 1 other elements of P.

2. ForO<n<wletT! ={¢; : k <n}.

3. For a Boolean algebra B and 0 < n < w: sgfL)(B) = inV(TJZ)(B) (so sp,
are def.f.o.car. invariants). k

The hereditary density of a Boolean algebra B is the cardinal
hd(B) = sup{dS : S C Ult B}

where dS is the (topological) density of the space S. The following charac-
terization of hd(B) is important for our purposes (see [Mo 1]):

(®na) hd(B) = sup{||«|| : there is a strictly decreasing sequence of ideals
(in B) of the length  }.
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We should remark here that on both sides of the equality we have sup but
the attainment does not have to be the same. If the sup of the left hand
side (hd(B)) is obtained then so is the sup of the other side. If the right
hand side sup is obtained AND hd(B) is regular then the sup of hd(B) is
realized. An open problem is what can happen if hd(B) is singular.

The hereditary Lindelof degree of a Boolean algebra B is

hL(B) = sup{LS : S C Ult B},

where for a topological space S, LS is the minimal x such that every open
cover of S has a subcover of size < k. The following characterization of
hLL(B) is crucial for us (see [Mo 1)):

(®n) hL(B) = sup{||x| : there is a strictly increasing sequence of ideals
(in B) of the length ~ }.

Note: we may have here differences in the attainment, like in the case of hd.

Definition 3.2 1. Let the formula v say that Py is a well ordering of Py
(denoted by <1).

2. Forn <w let ¢"d, oIl be the following formulas:
?Ld =9 & (\V/CE(], vy Tp41 € Pg)($0 <1 ...<1Tpt+1 = X0 ﬁ x1V.. .\/:En+1)

gb%LE v & (V:L’o,...,l’n+1 S PO)($n+1 <] ...<1x = o LxT1V...V
wn—f—l)-

3. For0<n<wweletTd = {4 k<n}, T}y = {ol: k <n}.

4. For a Boolean algebra B and 0 <n < w:

hd7(1+)(B) _ invgj;) (B), hL7(1+)(B) = inV(T—:;z (B>

hd

So hd,,, hL,, are def.u.w.o.car. invariants and hd,, = hd, hL,, = hL (the sets
Invre (B), Invrs (B) agree with the sets on the right-hand sides of (®na),
(®uL), respectively).

3.2 Constructions from strong A-systems.

One of our tools for constructing examples of Boolean algebras is an object
taken from the pcf theory.

Definition 3.3 1. A weak A-system (for a regular cardinal \) is a se-
quence S = (0, \, f) such that
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a) 9 is a limit ordinal, ||6] < A,
b) A= () :i < d) is a strictly increasing sequence of reqular cardi-
nals,

) f={(fa:a <X C I\ is a sequence of pairwise distinct
1<6
functions,

d) for everyi <0, |[{fali:a <A} <sup);.
i<d

2. A \-system is a sequence S = (6, \, f,J) such that So = (3, \, f) is a
weak A-system and
e) Jis anideal on § extending the ideal J(}Dd of bounded subsets of 9,

f) f is a <j-increasing sequence cofinal in [[ (N, <)/J,
1<d
g) foreveryi <9, |[{fali:a <A} < .

In this situation we say that the system S extends the weak system Sg.

3. S=,\F,J, (A¢ : ¢ < K)) is a strong A-system for & if (8, N, f,J) is
a A-system and
h) cf(d) <k, sup \; < 27,
<4
i) AcC6, Ac ¢ J (for ( < k) are pairwise disjoint.
In ZFC, there is a class of cardinals A for which there are (weak, strong)
A-systems. We can even demand that, for (weak) A-systems, A is the succes-

sor of a cardinal \g satisfying A§ = Ao (what is relevant for ultraproducts,
see below). More precisely:

Fact 3.4 1. If u=" < u® = X then there is a weak \-system S = (5§, \, f)
such that sup \; < u, 6 = kK.
<6
2. If k = cf(k) and
(%) k> RVo, p=p<" <A, cf(\) < p”
or even

() cf(n) =,

(V) (3o < 1) (Vx) (o < x < p & cf(x) =60 = ppy(x) < )
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then there is a A-system S = (6, \, f,J) such that p = sup\;, § = K
1<d
(see [Sh 371]).
3. If kK =Ny, cf(p) =Nog < p and

either \* = cov(u, p, N1, 2)
or A =A% & (Vx < p)(x™ < p)

then for many reqular X € (u, \*) there are A-systems (A = pug really)
(see [Sh 430].

4. There is a class of cardinals A for which there are strong A-systems (for
some infinite k), even if we additionally demand that X\ is a successor
cardinal (see [Sh 400], [Sh 410] or the proof of 4.4 of [Sh 462]). [ |

Theorem 3.5 Assume that there exists a strong A-system for k, A a regular
cardinal. Let 0 be an infinite cardinal < k. Then there are Boolean algebras
B. (for e < 8) such that inV:JFh,COf(Bs) < X and for any ultrafilter D on 0

containing all co-bounded sets we have s ([ B:/D) > A.
€<t

PROOF: The algebras B.’s are modifications of the algebra constructed in
Lemma 4.2 of [Sh 462]. Let (6, A, f, J, (A¢ : ¢ < k)) be a strong A-system
for k. For distinct o, B < X let p(a, ) = min{i < 0 : fo () # f3(9)}.

Take a decreasing sequence (w; : € < ) of subsets of x such that ||w.|| =

kand () w. = 0.
e<6
Fix € < 6.

For i < § choose a family {F; ¢ : ( < s} of subsets of {fq]i : & < A} such
that if X1, Xo € [{fali : @ < A}]<¥ then for some ¢ < k we have X; =
Fi e N (X1 UXy) (possible as 2% > );). Next take a sequence ((j;, () : @ < 0)
such that j; <1, (; < k and the set

{7<d:(V(<hr)(Fecw)Ae Ci{i<d:fi=7& G=(})}

is unbounded in  (possible as cf(9) < k, ||we|| = k).
Now we define a partial order <. on A:

a <. ifandonlyif i=p(e,8) € U Aeand
{€we

farjiEFji,Ci <~ fa(i)<fﬁ(i)'
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The algebra B. is the Boolean algebra generated by the partial order <.. It
is the algebra of subsets of A generated by sets Z, = {5 < A: 8 <. a}U{a}
(for o < A).

Claim 3.5.1 a) If p(«, ) < p(B,7), a, B,y < A then B <. a <= v <. «
and a <. B <= a <. 7.

b) If 7(zo,...,2n-1) is a Boolean term, ot < X for k < n are pairwise
distinct (I < 2), i < & is such that p(al,at) > i (for k < n) but
plak,al)) <i (forl <2, k<K <n)
then denoting X; = T(Zaé, e Zazn_l) we have

1. Xon{a < A : (VE < n)(fali # fagfi)} =XiN{a < X: (Vk <
n)(fali # oo i)}

2. for each k < n,
either X; D {a < A: foli = f,
or XiN{a < A: fyli =
<2
or Xin{a < A: fali = f, [i}z{oz<)\:fOl[i:fagM}\Za%C forl <2
or XiN{a < A\: foli = ag[i}z@forl<2.

g[i} forl <2
a9 i} = Zo‘éc N{a < A: foli = fa% 1} for

=0

Claim 3.5.2 Suppose that (aq : o < \) are distinct members of Be. Then
there exist o < B < X such that a, > ag.

Proof of the claim: First we may assume that for some integers n < m < w,

a Boolean term 7(xg,...,Zp—1,...,Tm—1), ordinals ay,...,an-1 < A, an
ordinal ¢* < § and a function @ : A xn — A\ {ap,...,apm_1} for all 8 < A
we have

asg = T(Z&(B,O)a ey Zd(,B,n—l)a Zan, RN Zam_l), and

if 5 <\ b, K < n, (5,K) # (8, 1) then a(8, k) # a(#, k'), and
{fa@p)li*s fa, 1%k <n,n < k' < m} are pairwise distinct.

As we may enlarge i* we may additionally assume that
(VC < K)(Hf c wa)(Ag Cs {Z <9 jz =i* & Q = C})

Furthermore, we may assume that fg(g 1) [1" = faor) i forall B <A k <n
(remember that ||{fs]7* : @ < A}|| < A). Let B be the set of all i < ¢ such
that

(V¢ < X)(EB < Nk <) (€ < fapp(D)-
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Then the set B is in the dual filter J¢ of J (if not clear see Claim 3.1.1 of
[Sh 462]). Now apply the choice of Fj« ¢’s to find { < & such that for k < n:

if ag N {a <A f&(O,k) 17 = fo [Z*} = Z@(ka) N {a <A fo?(O,k) 1% = fo [Z*}
then fsox) 7" ¢ Fis ¢ and

if ag N {a <A f&(O,k) % = fa [Z*} = {Oz <A f&(O,k) [t = fa FZ*} \ Z@(O,k)
then f&(O,k) [’L* S Fi*7C'

Note that by claim 3.5.1 we can replace 0 in the above by any 8 < A. Take
£ € we such that A¢ Cy {i <6 :j; =" & (; = ¢} and choose i € Ac N B
such that j; = i*, ¢; = (. Since |[{fali : @ < A}|| < A; and i € B we find
Bo < B1 < A such that

(VE < n)(p(a(Bo, k), a(B1,k)) =1) & MAX fi(sy,k) (i) < min fa(s, k) (4).

Now by the choice of ¢, claim 3.5.1 and the property of 3y, 81 we get ag, C
ag,.

Claim 3.5.3 inv: (B.) <\

Th—cof -
Proof of the claim: Directly from claim 3.5.2 noting that A — (\,w)?.

Claim 3.5.4 Suppose that «q,...,n < X are pairwise <.-incomparable.
Then Zoy € Zay U...UZ,,, .

Suppose now that D is an ultrafilter on 6 containing all co-bounded sets.

Claim 3.5.5 s} ([[ B:/D) > \.

e<0

Proof of the claim: We need to find an ideal-independent subset of [[ B./D

e<0
of size A\. But this is easy: for a < A let z, € [] B:/D be such that
<0
Zo(e) ={B < A: B = a}. The set {z, : a < A} is ideal-independent since
if ag,...,a, < A are distinct and € is such that «g,...,q, are pairwise

<c-incomparable then
B = x0y(€) £ oy () V...V x4, (€)
(by claim 3.5.4). Now note that if g < € is such that

U Ae N {plag, o) : l<m<n} =10

5611)50
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then for all € > g9 we have that «ay,...,a, are pairwise <.-incomparable.
Now by Lo$ theorem we conclude

HBE/D):JUQO LToy V...VZq,. N
e<d

Remark: 1. For A such that there exists a strong A-system and A is a
successor (and for the respective 6, k’s) we have algebras B (for ¢ < ) such

that invy(B:) < A and for respective ultrafilters D on k invy( [] B:/D) > A,
<0
where 7' is one of the following:

Th—cof, T;J7 T}(;Jda Tﬁ}L or Tipc.

2. We do not know if (in ZFC) we can demand A = \] and \§ = \o;
consistently yes.

Theorem 3.6 Assume that there exists a strong A—system for k, 0 < n < w.
Then there is a Boolean algebra B such that s} (B) = ||B||T = AT (so
hd!(B) = hL; (B) = AT) but s}/ (B),hd™(B),hL"(B) < \.

PROOF: The construction is slightly similar to the one of 3.5.

Let (§,\, f,J,(A¢ : ¢ < K)) be a strong A-system for , p(a,B) =
min{i < 6 : fo(i) # fg(i)} (for distinct o, < A) and let F; o C {fali :
a < A} (for i < &, ¢ < k) be such that if Xq,Xs € [{fali : a < A}
then there is ( < k with Xy = F; c N (X1 U X3). Like before, fix a sequence
((4i, Gi) =i < &) such that j; <1, (; < k and the set

{1<o6:(V(<r)(FE<K)(AcCs{i<d:gi=j & G=C(})}

is unbounded in 4.
Let B be the Boolean algebra generated freely by {z, : a < A} except

that

(@) if ag,...,anp2 < A, 0 <0, foli = ... = fanially fao(i) < fai (i) < ... <
Janio (1) and fo,l7; € Fj, ¢, then zoy < 2o, V...V Za, ., and

(,3) if ag,...,anta < A, i < o, foli=...= fan+2[i, fao(i) < fal(i) <. <

Jania (i) and foold; € Fj ¢ then zo, Ao A Ta, ., < Tap-
Claim 3.6.1 If ag,...,a, < X are pairwise distinct then
BEza £ oy V... Vq,.

Consequently s;7(B) = hd,} (B) = hL}} (B) = || B||* = AT.
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Proof of the claim: Let h : A\ — 2 be such that h(ap) = 1 and for
ae X\ {ao}

0 if falji ¢ Fji,Ci or
h(a) = falji € Fj ¢, and fol(i +1) € {fo, (1 +1):1=1,...,n},

1 otherwise,

where i = p(ap,«). We are going to show that the function h preserves
the inequalities imposed on B in («), () above. To deal with («) suppose

that Bo,..., 842 < A, fgli = ... = f5n+2[i, fgo(i) < .. < f5n+2(i) and
f8olJi € Fj,.¢c;- If h(Bo) = 0 then there are no problems, so let us assume
that h(By) = 1. Since fg, [(i+ 1) (for k =1,...,n+ 2) are pairwise distinct
we find kg € {1,...,n + 2} such that

fﬁko (i +1) ¢ {fozz[(i+1) 11 <n}.

It is easy to check that then h(f,) = 1, so we are done. Suppose now

that Bo,..., B2 < A, falt = ... = fﬁn+2[i, fgo(i) < ... < fﬁn+2(i) but
fsolJi & Fj, ¢, and suppose h(fy) = 0 (otherwise trivial). If p(ag,B0) < @
then clearly h(B;) = h(Bo) = 0 for all &k < n + 2. If p(ag,Bo) > i then
for some ko € {1,...,n + 2} we have ag # Bk, p(ao,Bk,) = ¢ and easily

h(Br,) = 0.
Claim 3.6.2 hd"(B),hLt(B) < A.

Proof of the claim: Suppose that (ag : 8 < A) € B. After the standard
cleaning we may assume that for some Boolean term 7, integers mg < m <
w, a function & : A x m — A, and an ordinal iy < § for all 5 < A we have:

(#)1 ag = 7(2a(8,0), - - - > Ta(Bm—1))
(*)2 (fasplio : I < m) are pairwise distinct and fz(,)li0 = fa(0,) !0 (for
I <m),

()3 {(a(B,0),...,a(8,m — 1)) : B < A} forms a A-system of sequences
with the root {0,...,mo — 1}.

Moreover, as we are dealing with hd, hL, we may assume that the term 7 is
of the form

l
T(2oy -+ oy Tp—1) = /\ xf( ),
l<m

where t : m — 2. Let ( < k be such that for each | <m

faonlio € Fiy e <= t(l) = 0.
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Take 41 > ig such that j;, =19, (;; = ¢ and

(V¢ < Xiy) (3N < NV € [mo, m))(¢ < fagpn(ir))

(like in the proof of claim 3.5.2). Now, as |[{fali1 : @ < A}|| < Ay, we may
choose distinct By, ..., Bp.(nt2) < A such that for k <m - (n+2),l <m

. . def
fc—v(ﬂo,l) [ = f&(ﬁk,l) 11 = 1

and for each | € [mg, m)

Ja(gon(11) < faan(i1) < - < Ja(B,n iy b (11)-

Note that we can demand any order between [y, . .., By,.(n42) We wish what
allows us to deal with both hd and hL. We are going to show that ag, <
m-(n+2)

ag,. Suppose that [ € [mg,m), 1 < k1 < ko < ... < kpgo <

k=1 N
m - (n+2). If t(I) = 0 then, by the choice of ¢ and i; we may apply clause

(c) of the definition of B and conclude that

Ta(Bo,l) < Ta(By, ) V... xd(ﬂkwrzvl)'

Similarly, if ¢(I) = 1 then

Ta(Bry 1) N+ TaBr, o d) S TalBol)-

Hence, for any distinct ki, ..., kyr2 € {1,...,m-(n+2)} and | < m we have
T (b < ‘”gé%kl,w Vi xg&ww
and therefore
1<m A I<m ol

Remark: Theorem 3.6 is applicable to ultraproducts, of course, but we
do not know if we can demand (in ZFC) that A = A\J, \§ = \.

ZFC constructions (using A-systems) parallel to 3.6 will be presented in a
forthcoming paper [Sh 620]. Some related consistency results will be con-
tained in [RoSh 599].

Problem 3.7 For each 0 < n < w find (in ZFC) a Boolean algebra B such
that sp(B) > spt+1(B). Similarly for hL, hd.
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3.3 Forcing an example

Theorem 3.8 Assume that g < k < u < A = pu* = 2". Then there is a
forcing notion P which is (< \)—complete of size \T and satisfies the AT —cc

(so it preserves cardinalities, cofinalities and cardinal arithmetic) and such
that in VE:

there exist Boolean algebras Be (for & < k) such that hd(Bg),
hL(Be) < X (so s(Bg) < A) but for each ultrafilter D on K

containing co-bounded subsets of k we have ind( [] Be/D) > AT
E<k

(so A* <hd([] Be/D),hL([] B¢/D),s(I] Be/D)).
E<k E<k E<k

PROOF: By Theorem 2.5(3) of [Sh 462] there is a suitable forcing notion P
such that in VF:

there is a sequence (n; : i < AT) C A\ with no repetition and functions ¢, d
such that:

(a) c: A — ),

(b) the domain dom(d) of the function d consists of all pairs (Z, h) such that
h:{— AxAxA\for some ( < pu,and T: pu — ¥\ is one-to-one,
a < A,

(c) for (z,h) € dom(d), d(z,h) is a function from
{a € "(\T) : @ is increasing and (Vi < p)(z; < 14,)}

to A such that d(z, h)(a) = d(z, h)(b) implies sup @ # sup b and denot-
ing t; = nq, A My, for some ¢* < p we have:

(a) level(t;) = level(t;+) for i > i*,

(8) (Ve < )3 < p)(elts) = ),

() for p ordinals ¢ < u divisible by ¢ we have
(i) either there are {y < & < A such that

(Ve < O)(C-&o < mp,, (level(tire)) < C- &1 < nay,. (level(tiye))),

and

h = ((c(tite)s mp,, . (level(tite)) — ¢+ o, My (level(tive)) — (&) 1€ < (),

(ii) or a symmetrical condition interchanging @ and b.
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From now on we are working in the universe V¥ using the objects listed
above.

For distinct 4,5 < AT let p(i,j) = min{€ < X : n;(§) # n;(§)}. For
€0,€1 < K we put

RK

€0,€1

={(i,j) €\t x \T: i #j and n;(p(i,j)) = €0 mod k and
1j(p(i, §)) = €1 mod },

and now we define Boolean algebras By, s for £ = (g9,¢€1,¢2,€3), €0 < €1 <
g9 < £3 < K. By ¢ is the Boolean algebra freely generated by {z; : i < AT}

except:
if (i,7) € RE, ., then z; < xy,
if (4,7) € RE, ., then x; < ;.

Claim 3.8.1 Ifi,j < A%, (i,7) ¢ RE .., (4,1) ¢ RE, o, then Bz |= 2; £ ;.
In particular, if i < j < )\+ then By s |= xi # x; and ||Beg|| = \T.

Proof of the claim: Fix i < AT. A function f : {z; : j < AT} — P(2)
(where P(2) is the Boolean algebra of subsets of {0, 1}) is defined by f(z;) =
{0} and for j € AT\ {i}:

i (1, ) € R, e, or (4,0) € R, then f(z;) = {0,1)
if (i,5) € RE, e or (j,i) € RE ., then f(zj) =0 and
otherwise f(x;) = {1}.

We are going to show that f respects all the inequalities we put on x;’s
in Bye. So suppose that (ji,j2) € RE .. If f(xj,) = 0 then there are no
problems, so assume that both (i, j1) ¢ R82 e, and (j1,1) ¢ RE . . Similarly,
we may assume that f(z;,) # {0,1}, i.e. that both (i,j2) ¢ RE ., and
(j2,7) ¢ RE,.,. Note that these two assumptions imply j1 # i # j2. Now

we consider three cases:
— if p(j1,72) > p(i, j1) = p(i, jo) then f(zj,) = f(zj,),

)
= plivda) = i) = o) then () = {1} = J(z) (remermber
(]17]2) 50,617 ( ,j2)7 (jlai) ¢ R?0,61)7

= if p(41, j2) < max{p(j1,4), p(j2, %)} then either p(j1, ja) = p(i, j2) < p(i, j1)
and (i,J2) € RE _ (what is excluded already) or p(j1,72) = p(i,71 <

€0,€1
p(i, j2 and (j1,i) € R, ., (what is against our assumption too).
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This shows that f(z;,) < f(xj,) whenever (ji,j2) € RZ .. Similarly one
shows that (ji,j2) € RE,., implies f(zj,) < f(zj). Consequently the
function f respects all the inequalities in the definition of B, ;. Hence it
extends to a homomorphism f : B, - — P(2). But for each j < A"

((1,4) ¢ Beyey & (5:0) € RE, o) = (f(ay) € {0, {1}} & f(z:) = {0}).

Claim 3.8.2 Suppose i : AT xn — AT, t :n — 2, n < w are such that
(Va < A7) (VI < la < n)(i(a,l1) <i(a,l2)). Then

(1) Ga<B<A)(BesE /\(z(al) </\(z(ﬁl) D),

(®2) (Ba<pB<AN)(Bug /\ (@i(an)'V > zé\ (@iga0)' D).
Proof of the claim: To prove (®1), (®2) it is enough to show the following:
(@) (Ga< B <AV <n)(Bes E (@ian) W < (2552)"0),

(@3)  (Fa< B <AV <) (Brg b= (@53p)™ > (255,)").
By the definition of By ¢ for (®7) it is enough to have

(®3*)  there are a < 8 < AT such that

l<n&tl)=0 = (io1),i(B,1)) € RE ., ori(a,l) =1i(B,1),

l<n&tl)=1 = (io1),i(B,1)) € RE, ., ori(a,l) =i(B,1),

and similarly for (®3%).

We will show how to get (%*) from the properties of (n; : i < A*). For
this we start with a cleaning procedure in which we pass from the sequence
((i(a,1) : 1 < n) : a < A7) to its subsequence ((i(a,l) : I < n):a € A) for
some A C AT of size AT (so we will assume A = A"). First note that if 4
repeats AT times in (i(o,1) : @ < A*,l < n) then for some | < n we have
[{a :i(a,l) = i}|| = AT and we may assume that for all @ < AT, i(a,l) =
Consequently (%*) holds trivially for this [ (and every a < 8 < AT). Thus
we may assume that each value appears at most A times in (i(a,l) : a <
AT,1 < n) and hence we may assume that the sets {i(a,l) : | < n} are
disjoint for a < AT (so there are no repetitions in (i(a,1) : a < A1l < n)).
Further we may assume that

a< B <At = i(aq,0) < ... <i(a,n—1) <i(B,0) <...<i(B,n—1).
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For | < n, a < AT let apayy = i(a,l). We find £ < X such that for AT
ordinals § < A* divisible by u the sequence (1q,, 1€ : € < p) is with no
repetitions and does not depend on 3 (for these ). Since A = u* = 2#
there are ¢ < \ and a one-to-one sequence Z : r —> ¢\ such that the set

B ={B < \": pisdivisible by p and
(Ve < 1) (Nag,. 1€ = 2c)}

is of size AT. Let h : Kk — A3 be such that for I < 2n:

(0,80,61) if f(l) =0, l <n,

h(l) = (0,e1,60) if t(1—n) =0, n<1<2n,
(0,62,63) if t(l) =1, < n,
(0,e3,82) if t(l—n)=1, n<1<2n.

Consider the function d(z,h). There are distinct Sy, 51 € B such that
d(Z,h)((agy+e : € < w)) = d(Z,h)({ag,+e : € < p)). This implies that we
find § < p divisible by & such that (possibly interchanging 5, 81):
there are &y < & < A such that for some v < A for every ¢ < k

p(aﬁo-i-é-i-aa a51+5+£) =7, and

K- 50 < 77a50+5+5 (7) < K- 51 < 77(1;31+5+a (’7)7 and

h’ = ((C(naﬁo+(5+5 r7)7 n(l50+5+5 (’7) — K- 507 77a51+5+5 — K- gl) HES) < Kj)
Suppose that Sy < f1 and look at the values 74, .., (), Nag, 1511 (v) for
I < n. By the definition of h we have that

— if ¢(I) = 0 then na, ,,,,(v) = €0 mod £ and 74, ,,,, () = €1 mod x (so
(aﬁo+5+l7a51+5+l) € Rgo,a)v and

— if ¢(I) = 1 then na, ,,,,(v) = €2 mod k and 74, ,, () = €3 mod x (so
(ago+o+i>ap,+5+1) € RE, .,)-

Consequently By+d < 8140 < AT are as required in (©3*). If 81 < By then
we look at the values nay (50,10 (7): Mag, 1540y, (7) (for I < n) and similarly
we conclude that 81 +d+n < Bp+ d +n < At witness (&7*).

Similarly one can get @3.

Claim 3.8.3 hd(B,:) < A, hL(B:) < .

Proof of the claim:  Suppose that hL(B,z) > AT (or hd(B,z) > AT).
Then there is a sequence (y, : @ < A™) C By # such that for each a < AT
the element y, is not in the ideal generated by {ys : 8 < a} ({yg : B >
a}, respectively). Moreover we can demand that each y, is of the form

A (mg(mi))ﬂa’l) with i(a,l;) < i(a,lo) for I} < la < n(a). Next we may
I<n(a)
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assume that n(a) = n, t(a,l) = t(l) for a« < AT, [ < n and apply (©1) ((®2),
respectively) of claim 3.8.2 to get a contradiction.

Now, for £ < k let Be = By, (4¢ 4¢+1,4¢+42,4¢43) and B = gl;[,.; Be/D, where
D is an ultrafilter on « such that no its member is bounded in «.
Claim 3.8.4 ind(B) > \T.
Proof of the claim: Let f; € [] Be (for ¢ < AT) be the constant sequence

E<k
fi(€) = z;. Suppose ig < i1 < ...<i,_1 < AT and look at the set

X={{<k:(Fg<H@m<k<n) (i, (p(im,ix)) =4+ j mod &
or nik(p(imyik)) = 4§ + j mod k)}.

Obviously, the set X' is bounded in k. By claim 3.8.1 (or actually by a
stronger version of it, but with a similar proof) we have that for £ € K \ X

Be = “fin(£), .-, fin_1 (&) are independent elements”.

Therefore, we conclude B |= “fi,, ..., fi,_, are independent”. [ |

4 Independence number and tightness

4.1 Independence.

In this section we are interested in the cardinal invariants related to the
independence number.

Definition 4.1 1. ¢ s the formula which says that any non-trivial
Boolean combination of n + 1 elements of Py is non-zero (i.e. ¢

says that if xg,...,xn € Py are distinct then N azy(l) % 0 for each
I<n
tentl2),
2. For0<n<w let]}ﬁd:{¢}€nd:k<n}.

3. For a Boolean algebra B, 0 < n < w we define ind,(B) = invyr (B)
and ind! (B) = inv%ndl (B). We will denote ind") by ind™) too.

4. A subset X of a Boolean algebra B is n—independent if and only if
any non-trivial Boolean combination of n elements of X is non-zero.
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Remark: 1. Note that the theory Ti?ljl consists of formulas qﬁ})nd, i
and thus it says that the set Py is n+ 1-independent. Consequently for each
n < w:

indE:r)l (B) = sup{||X|*) : X C B is n+ 1-independent}.

2. It should be underlined here that the cardinal invariants ind,, (the n-
independence number) were first introduced and studied by Monk in [Mo 4].

Proposition 4.2 Suppose that \ is an infinite cardinal, n is an integer
greater than 1. Then there is a Boolean algebra B such that

PROOF: Surprisingly the example we give depends on the parity of n.
CASE 1: n=2k, k>1.

Let X = {z € *2: ||lz7'[{1}]]| < k} and for @ < A let Z, = {x € X :
z(a) = 1}. Let BE(\) be the Boolean algebra of subsets of X' generated by
{Zy a0 < A}

Claim 4.2.1 ind, (Bf(N\)) = \.

Proof of the claim: For a > 0 put Y, = Zyp Ao Z, (2 stands for the
symmetric difference). We are going to show that the set {Y, : 0 < a < A}
is n-independent. For this suppose that t € "2, 0 < ap < ... < ap—1 < A
Choose x € X such that

if |t=1[{0}]|| < k then x(0) = 0, #(oy) = 1 — t(l) for I < n,
if [|t71[{0}]]| > K then z(0) = 1, () = t(I) for I < n.

. t(l
Then easily z € Yal( ),

l<n
Claim 4.2.2 ind,11(B5()\)) = No.

Proof of the claim: It should be clear that ind(BF(\)) > R, so what we
have to show is ind,+1(BE()\)) < Ry. Suppose that (Y, : a < wi1) € BE(N).
We may assume that

o Yo = 7(Za,0): - -+ Zi(a,m—1)), Where m < w, 7 is a Boolean term,
i wp X m — Ais such that i(«,0),...,i(c,m — 1) are pairwise
distinct,

o {{(i(a,0),...,i(a,m — 1)) : @ < wy} forms a A-system of sequences
with the root {0,...,m* — 1} (for some m* < m).
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Further we may assume that 7(zg,...,zm-1) = V A :sz(i) for some A C
teAi<m

m2. If m = m* (i.e. all the Y,’s are the same) the sequence is not n + 1-
independent. If m* = 0 (i.e. the sets {i(c,[) : | < m} are disjoint for @ < wy)
then either Yo A...AY, =0or (=Yp) A... A (=Y,) =0 (e.g. the first holds
if 1"..."1 =1 ¢ A and otherwise the second equality is true). So we may
assume that 0 < m* < m.

Suppose that 1 € A. We claim that then (=Yp) A... A (=Yi) AYei1 AL A

Yor, = 0. If not then we findx € () Y;\ U Y. Forj < 2k+1 let
k<j<2k+1 j<kt1

t; € ™2 be defined by ¢;(I) =1 — x(i(j,1)). Thust; € Afor k <j <2k+1
and tj ¢ A for j < k+1. As |z~ [{1}]|| < k for some jy < k we necessarily
have (VI € [m*,m))(t;,(l) = 1). Since 1 € A and tj, ¢ A, necessarily for
some lg < m* we have t,(lp) = 0. Now look at ¢; for j € [k + 1,2k]. Since
tjlm* =t;,Im* and t;, ¢ A (and t; € A, remember k+1 < j < 2k) we have

(Vj € [k+1,2k])(3l; € [m*,m))(t;(l;) = 0).

This implies that z(i(j,1;)) = 1 for j € [k + 1,2k] and together with
2(i(j0,lo)) = 1 we get contradiction to ||z~ [{1}]] < k.

Suppose now that 1 ¢ A. Symmetrically to the previous case we show
that then Yo A ... A Y A (=Ygs1) Ao A(=Yar) = 0. The claim is proved.

CASE 2: n=2k+1, k>1.

In this case we consider
X' ={ze’2: |27 [{1}]]| <k or [l '[{0}]]| < k}

and the Boolean algebra BY()\) of subsets of X’ generated by sets Z/, =
{z € X’ : z(a) = 1}. Then the sequence (Z/, : o < A) is n-independent
(witnessing ind,,(BY¥(A\)) = A). Similarly as in claim 4.2.2 one can show
that ind,,1(B¥(\)) = Rg (after the cleaning consider (—Yp) A ... A (=Y%) A
Yk+1---/\}/2k+1)- |

Remark: Note that
indSy) | (BE(V) x BE(A) = A®)
as witnessed by the set {(Zn, —Z4) : @ < A}

Corollary 4.3 Suppose that A is an infinite cardinal. Then there are Boolean
algebras B, (for n < w) such that ind(B,) = Yo but for every non-principal
ultrafilter D on w, ind( [[ B,/D) = A\Y. ]

n<w
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A detailed study of the reasons why we did have to consider two cases
in Proposition 4.2 leads to interesting observations concerning the invariant
ind,, and products of Boolean algebras. First note that

Fact 4.4 For any Boolean algebras B; (i < \) we have

1. indg, (Bo x Bo) < ind,} (By) < ind;} (By x By),

2. imﬁZ o, (Bo X ... x Byq) < ;k ind;} (B;),
i<k
3. ind([[% B;) = supind™(B;). ]

<A

However there is no immediate bound on ind,,+1(B X B) in this context.
One can easily show that the algebra BY()\) from the proof of 4.2 (case 2)
satisfies

indar2(BY(\) x BF(N)) = .
So we get an example proving;:

Corollary 4.5 If )\ is an infinite cardinal, n is an odd integer > 2 then there
is a Boolean algebra B such that ind,,(B) = A and ind,11(B x B) = Ny.
|

The oddity of n in the corollary is crucial. For even n (and A strong limit)
the situation is different. In the lemmas below p is a cardinal, k is an integer
> 1 and B is a Boolean algebra.

Definition 4.6 For a cardinal ;v and an integer k € w we define Tp(p)
inductively by"

To(w) = p, Tppr (p) = @)
Lemma 4.7 1. Suppose that
(®)  indo(B) = Jop(p) ™
or at least

(®7) there exists a sequence (x; : i < Jop(u) ™) C B such that if ig <
1< <lop_g < lop_1 < :Qk(u)Jr then [/\k iy, N (_I'ing) 7é 0.
<

'Remember that 71 (daleth) is the second letter after 3 (beth) in the Hebrew alphabet
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Then
Qf;k there is a sequence (y; : j < p*) C B such that for each
w € [puF)* there is an ultrafilter D € Ult B with

(V) <i")y €D < jew).

2. If indoy,(B) > Ts1(p) then we can conclude W5+

[In 2) it is enough to assume a suitable variant of (&~ ): see the proof.]

PROOF: 1. Assume (¢7). For each ig < ... <'igp_1 < Jog(p)™ fix an ul-
trafilter D{0»izk-1} € Ult B such that A (zi,, A (—Tiy,,)) € DU0ri2k—1},
<k

Let F: [Jop(p) 7]k — 212 be defined by
F({io, - i })(1) =1 <= x;, € Dlomizeh\i}

(where | < 2k +1, 49 < ... <o < Jog(u)™). By the Erdos—Rado theorem
we find a homogeneous for F' set I of the size u. We may assume that the
sequence (x; : i < uT) behaves uniformly with respect to F'.

Put y; = 24.j A (—Tw.j+5) for j < pt. We claim that the sequence (y;
j < pwt) has the required property. For this suppose that jo < ... < jr_1 <
u+ and let iy = w - jy, 19141 = W-J1 + 95 (fOl" < k‘) Then ig < ... < igp_o <
iok—1 < T so we can take D = Dlio:ize—1} Thus y;, = 4, A(=24,,,,) € D
for [ < k. On the other hand suppose that j ¢ {jo,...,jx—1} and look at
i=w-7,17 =w-j+5. Note that for each | < k we have

i<y = i <igy1 = i <igy1 = i <igy.
Since F({Z, io, e ,’igk_l}) = F({i’, io, ce ,izk_l}) we get that
v, €D <— xy €D

and hence y; = z; A (—xy) ¢ D.

2. The proof is essentially the same as above but instead of the Erdés—Rado

theorem we use 4.26 which is a special case of the canonization theorems

of [Sh 95]. We start with a sequence (zq¢ @ o < Tpp1(p), & < p) € B such

that if &,...,&—1 < i, af < af < Tgy1(p) (for I < k) then l/\k(ma?’& A
<

0,1 0 1
QOG0 Qg

(—xa%’fl)) # 0. Then we choose the respective ultrafilters D’ °c * €
Ult B and we consider a function F : [Tpy1(p) x p]?**1 — 2 such that

F((agv 60), (O‘é’ 50)’ SRR) (042_17 ‘fk—l)a (allg_la 5.%—1)7 (a> 5)) =1

0,1 0 1
Qoo X1 %1

if and only if z,¢ € D60 s
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By 4.26 a) we find ag, aé < Tgy1(p) (for € < p) such that for each distinct
507 A 7£k e l’L

F(<a20750)7 (aéoa 50)7 R (agk_pgkfl% (a%k_17§k71)7 (agkv"glﬂ)) =

= F((a207§0)7 (aéoa&))? SRR (agk_lvfkfl)a (a%k_lvfkfl)a (a%kyfk))

Finally put y¢ = Tag ¢ A (_$aé,§)' [

Lemma 4.8 Suppose that there is a sequence (y; : j < p) € B such that
for every w € [u]* there is an ultrafilter D € Ult B such that

Vi<p)y; €D = jew).

Then
indj, (B x B) > p.

PROOF: Consider the sequence ((y;, —y;) : 7 < p) € B x B. To prove that
it is 2k + l-independent suppose that jo < ... < jor < , t € 2*T12. Let
wo = {j; : t(I) = 0}, w1 = {ji : t(I) = 1}. One of these sets has at most k
elements so we find an ultrafilter D € Ult B such that

either (VI <2k +1)(y;, € D < t(I) =0)
or (VI <2k+1)(y;, € D <= t(I)=1).

In the first case A y;-(l) € D, in the second case A (—y;)! € D.

l

1<2k+1 1<2k+1
Consequently (A y;.l(l), A (=y;)t) # 0 and the lemma is proved.
I<2k+1 I<2k+1

|
Theorem 4.9 Let k be an integer > 1, B a Boolean algebra, A a cardinal.
Then
1. indog(B) > max{Jox(\) T, ka1 (AT)} implies indog, 1 (B x B) > AT,
2. If X\ is strong limit, indgg(B) > A then indgg41(B X B) > A.
3. indo ([T} B) < Juw(indopir (ITi%, B))-
PROOF: 1. It is an immediate consequence of lemmas 4.7 and 4.8.

2. Follows from 1.

3. Tt follows from 2 and the following observation.
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Claim 4.9.1 For an integer n > 1 and a Boolean algebra B we have

ind,(["_B)=ind,([["_BxI["_B).

Proof of the claim: By 4.4(1) we have

indn(Hin) < indn(Hin X Hzin).

For the other inequality assume that

) indn(Hin) < indn(H:in x Hin).

Thus we find an n-independent set X C [[%. B x [[%. B of size k*. For

i<w i<w
z € X let ay, by € [[i2,B and m(z) < w be such that

x = (ag,bzy) and (Vm > m(x))(az(m) = az(m(z)) & by(m) = by(m(x))).

Take mp < w and Y € [X]"€+ such that m(z) = mg forz € Y. Forz € Y
let
cz = (az(0), ..., ax(mg),bz(0),..., by (mg)) € BmoT2,

The set Z % {¢z : © € Y} is n-independent as a,(m) = az(myg), by(m) =
be(mg) for m > mg. As || Z|| = kT we conclude that x* < ind, (B*m0+2).
Now note that the algebras []\%,B and B*™0*2 x [[*’. B are isomorphic,
so (by 4.4)

ind,(B*™+?) < ind,,([]_ B).

1<w

and hence £t < ind, ([T{%,,B) = k, a contradiction. ]

Problem 4.10 1. Can Lemma 4.7 be improved? Can we (consistently?)
weaken the variant of the assumption (&) for 2) to sequences shorter
than T, (u) (we are interested in the reduction of the steps in the beth
hierarchy)?

2. Describe (in ZFC) all dependences between indg(B™) (for n,k < w)
[note that we may force them distinct].
4.2 Tightness.

The tightness ¢(B) of a Boolean algebra B is the minimal cardinal x such
that if F'is an ultrafilter on B, Y C UltB and F' C |JY then there is Z €
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[Y]=% such that F C |JZ. To represent the tightness as a def.u.w.o.car. in-
variant we use the following characterization of it (see [Mo 1]):

t(B) = sup{||a|| : there exists a free sequence of the length « in B}

where a sequence (z¢ : £ < a) C B is free if

(V€ < @)(VF € [E])(VG € [a\ <) [ N\ aqg A N\ —ay #0).

nekr neG

Now it is easy to represent ¢(B) as def.u.w.o.car. invariant. Together with
(finite versions of) the tightness we will define a def.f.o.car. invariant utg
which is inspired by 4.7.

Definition 4.11 1. Let v be the sentence saying that Py is a well order-
ing of Py (we denote the respective order by <i). For k,l < w let gi)z,’l
be the sentence asserting that

for each xq, ...,z yo0,...,y1 € Py
ifxg <1...<1 2k <1Yo <1-...<1y then N\ x; £V yi,
i<k i<l

and let the sentence qb};:“l say that

for each distinct xg, ..., Tk, Yo,-- -,y € Py we have /\ x; £ \/ Yi-
i<k i<l

2. Forn,m < w let T"™ = {¢}; : k < n,l <m}U{y} and Ty"™ =
{01l : k <n,l <m} and for a Boolean algebra B:

tnm(B) = invynm (B) & Ubn,m (B) = invynm (B).
3. The unordered k-tightness uty is the def.f.o.car. invariant uty,.

Remark: Note that T,""™ = {¢} if either n = 0 or m = 0 (and thus
tnm(B) = || B|| whenever n -m = 0). The theory T;" "™ says that P is
a well ordering of Py and if g <1 ... <1 &, <1 Yo <1 ... <1 Ym then the

meet A z; is not covered by the union \/ y;. The invariant ¢, ,(B) is just
i<n <m

the tightness of B. Similarly for T,;".
Corollary 4.12 For a Boolean algebra B and n,m < w, 0 < k < w:

1. ind™
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2. Utl(c+) (B) = sup{x™) : &B* holds true}, where the condition #E* is

4.

as defined in lemma 4.7,
the condition &5 is equivalent to:

the algebra BS (k) of 4.2 can be embedded into a homomor-
phic image of B,

uts?(B) < ind$(B), utl”(B) < ind}) (B x B).

PROOF: 1. and 2. should be clear.

8. Assume Qf’k and let (y; : j < k) C B be a sequence witnessing it. Let I
be the ideal of B generated by the set

{yjo/\.../\yjk:j0<...<jk</£}.

Then the algebra Bf(x) naturally embeds into the quotient algebra B/I.
Moreover, if B’ is a homomorphic image of B and QKB/’k then clearly #53F
so the converse implication holds true too.

4. Tt follows from 8. and (the proof of) Proposition 4.2 and the remark
after the proof of 4.2. [ |

Remark: Corollary 4.12(3) is specially interesting if you remember that
sT(B) > X if and only if the finite—cofinite algebra on A can be embedded
into a homomorphic image of B.

From Lemma 4.7 we can conclude the following:

Corollary 4.13 For k > 0 and an algebra B:

1. if either uty kx(B) > Dok (i) or uty k(B) > Tpg1(u™) then uty(B) > u™,
2. if X is strong limit, uty ,(B) > X then utg(B) > A,
3. ut;mk(B) < :lw(utk(B)). |

Proposition 4.14 Suppose n,m < w, k = min{n,m}, B is a Boolean
algebra. Then

tn,m(B) < :ner(Utk(B) + t(B))
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PROOF: Let o = uty(B)+t(B) and assume that ¢, ,,(B) > Jp4m(1). Then
we have a sequence (ay : @ < Jp1m (1)) C B such that

(Voo < ... < apgm—1 < Jn+m(u)+)[(/\ Aoy N /\ —aq,) # 0].

l<n n<ll<n+m
For each ay, ..., ant+m—1 as above fix an ultrafilter Dleosonim-1} ¢ Ult B
containing the element A ao, A A  —aq,. Look at the function
I<n n<l<n+m

P B () T — bt
defined by
F(ao, ce 7an+m)(l) =1 — Qa; € D{a07"'7an+m}\{al}‘

By the Erdos-Rado theorem we may assume that p* is homogeneous for F
with the constant value ¢ € "T™m+12,

If ¢(I) = 0 for each | < n + m then the sequence (a, : o < p*)
witnesses pu* < ut,(B) giving a contradiction to the definition of u (re-
member uty(B) > ut,(B)). In fact, given n elements oy < ... < ap_1,
choose m additional elements a,—1 < ap < ... < Qptm—1. Suppose that
B € put\{ao,. ., antm-1}. Then by homogeneity —ag € Dic0-ntm-1},
proving the result.

If ¢(I) = 1 for each [ then the sequence (—a, : n < a < p*) exem-
plifies 4™ < ut,,(B), once again a contradiction. In fact, take any m ele-
ments n — 1 < a;, < ... < @pym—1 and suppose that 8 € pt\ {0,...,n —
1,an,...,0n+m—1}. Then by homogeneity ag € D0n=Lom,anim_1} ag
desired.

Finally, suppose that there are lp,l; < n + m such that ¢(lp) = 0 and
C(ll) =1.

CaseE 1: 1 <l

Let I' = {f+w: B < uT}. We claim that {a, : @ € T') witnesses ut < t(B),
contradicting p > ¢(B). In fact, let g < ... < ap < ... < ag—1 be elements
of I'; we want to show that

/\aal A /\ —aq, # 0.

I<p p<i<q
Say oy, = B+w. Define v, = [ for all | < Iy, 7y, ...,7V,—1 are consecutive val-
ues starting with 8+ 1, and v, ..., ¥m+n—1 are consecutive values starting

with a,_1 + 1 (none of the latter if [y = n 4 m). Then a,, € D0 Tnt+m—1}
for all I <p and —aq, € Do nem—1} for all [ > p, as desired.
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CASE 2: ll > l()
This is similar, using (—aq : @ € I'). ]

Our next proposition is motivated by Theorem 4.9 and the above corol-
laries.

Proposition 4.15 Let B be a Boolean algebra, k a positive integer. Then
1. indzk( ;U<w B) < min{:lgk,l(indk(B)),:lgk,l(utk(B))},
2. Utk+1<H;U<w B) < jk(Ut;+1(B))~

PROOF: 1. Suppose that \g = Joi—;(indx(B)) < indox(I[;%,, B). Thus
we find a sequence (a, : a < A{) C [[%,, B which is 2k-independent. Let
o = (aa(i) 1 i < w) (for a < A\{). Consider the function F : [\{]* — w
given by F(ag,..., 1) =

min{i € w: B = aa, (1) A (—@a; (1)) A oo A Gagy, (1) A (—aay, (1)) # 0},

where ag < ... < agp_1 < )\ar. By the Erdés—Rado theorem we find a
set I of the size (indg(B))T homogeneous for F; we may assume that [ =
(indx(B))*. Let ig be the constant value of F' (on [(indg(B))*]?*). Look
at the sequence (a,(ip) : a < (indg(B))" & « limit). Any combination
of k members of this sequence can be “extended” to a combination of 2k
elements of (a,(ip) : @ < (indg(B))*") of the type used in the definition of
F. A contradiction.

Now suppose that A; < Ty (utp(B)) < inday(I1%,B). Like in 4.7,
we take a sequence (aq : a < Af) C [[%,,B such that for some n < w, for
each a < \], a, € B" (i.e. the support of a, is contained in n) and

Vap < ... < agp1 < )\f)(/\ Aoy N (—ag,,) 7 0),
<k

and for each o < ... < agp_1 < )\f we choose an ultrafilter D{@0:02k-1} ¢
Ult [T~ B such that

<w
A Qo A (—ay,,) € DIo0r-02:-1}
Qg Q241 .
<k

Now we consider a colouring F' : [)\f]zk 1 2k+1(2 x n) given by

F({CKO, N ,OéQk})(l) = (17 m) < aal = D{QO,.--’Osz}\{al} and
Dleoazb\{ai} i concentrated on
the m™ coordinate.
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By Erdés-Rado theorem we may assume that the set of the first (utx(B))™"
elements of A\ is homogeneous for F. Now we finish as in 4.7 notifying
that for some m < n, for all ap < ... < ag_1 < (utx(B))T the ultrafilter
Dlaoa2e-1} i concentrated on the mt coordinate. So we may use ele-
ments of the form aq..,(m) A (—aa.wis5(m)) (for a < (utg(B))") to get a
contradiction.

2. Assume that utyqq(ITi%, B) > Jx(p), p = ut; ;(B). Then we find a
sequence (aq : @ < (Jg(u))™) C [I;%, B such that for any k + 1 distinct
members of this sequence there is an ultrafilter containing all of them and
no other member of the sequence. We may assume that for some n < w we
have (aq @ a < (Jg(u))t) € B™. For ag,...,ax < (Tp(p))™ let D0
be the respective ultrafilter of B™ (i.e. it contains all a,, (for I < k) and
nothing else from the sequence) and let F(a,...,ar) < n be such that the
ultrafilter D0 is concentrated on that coordinate. By the Erdés—Rado
theorem we find a set A € [(Tx(r))t]*" homogeneous for F. Let m be
the constant value of F' on A. Look at the sequence (an(m) : a € A) — it

witnesses fjrkﬂ contradicting 1 = ut, | (B). ]

Finally note that for the algebra BF(\) of 4.2 we have:
utg(BF(N) = trw(BE(A) = A and

b4 1(BE(N)) = Ubpp 11 (BE(A) = ths1hs1(Bg(A)) = Ro.

This gives us an example distinguishing 5., and ¢34, (and in corollary 4.3
we may replace ind by t). But the following problem remains open:

Problem 4.16 Are the following inequalities possible?:

tk’w(B) > utk(B), tw7k(B) > utk(B), tk,k(B) > tk7k+1(B).

4.3 Independence and interval Boolean algebras.

Now we are going to reformulate (in a stronger form) and put in our general
setting the results of [Sh 503].

Definition 4.17 Let B be a Boolean algebra.

1. For a filter D on [\* we say that B has the D-dependence property
if for every sequence (a; : i < A) C B there is A € D such that
for every {ag,0n,...,a_1} € A the set {any,aay,---,0a, ,} 15 NOt
independent.
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2. For a filter D on [AF and a Boolean term (xg,x1,...,T5_1) we say
that B has the (D, T)-dependence property if for every (a; :i < \) C
B, for some A € D, for every {ag,a1,...,ax—1} € A with ag < aq <
... < og—1 we have B {= T(aag, Gayy - - -5 Qay_,) = 0.

It should be clear that if D is a proper filter on [A]* and a Boolean algebra
B has the D-dependence property then A > ind; (B) (and so A > ind*(B)).

Proposition 4.18 Let 7 = 7(xg,21,...,2—1) be a Boolean term and let
D be a k-complete filter on [\JF. Then any reduced product of < k Boolean
algebras having the (D, T)-dependence property has the (D, T)-dependence
property (this includes products and ultraproducts). [ |

Proposition 4.19 Assume D is a proper filter on [\¥. Then there exists
a sequence (g, aq,...,ax_1) of ordinals < X such that:

(a) {w € [N*: for each £ < k the (-th member of w is < ay} # () mod D,
(b) if oy <y for allt <k, n <k and o), < o, then

{w e [\F: for each £ < k, the £-th member of w is < o/} = mod D.

[Note that necessarily (oy : £ < k) is non-decreasing.]

PROOF: Let F' be the set of all non-decreasing sequences (ay : £ < k) C
A + 1 such that the condition (a) holds. Then F' is upward closed (and
(A,...,A) € F). Choose by induction «ay, ..., a,_1 such that for each ¢ < k

ag=min{f: (3a € F)(all = (ag,...,oq—1) &y =0)}. =N
Definition 4.20 We call a filter D on [\]* normal for (ag, ay,...,ar_1) if
condition (b) of 4.19 holds and
(a)t {w € [N : for each £ < k the £—th member of w is < oy} € D.
Proposition 4.21 Assume that

1. D is a k-complete filter on [A¥ which is normal for (ag, aq, ..., 1),
and ag, . ..,0E_1 are limit ordinals,

2. k(x) = k-2%, i — (my,l;) : k(x) — 2F x k is a one-to-one map-
ping such that i1 < 19 tmplies that, lexicographically, (agil,mil,&l) <
(s miy, biy); for (m, ) € 2% x k the unique i < k(x) such that
(my, 4;) = (m,0) is denoted by i(m, ),
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3. K* is a regular cardinal such that (Vp < k*)(2* < k) (e.g. K* =Ng),
4. for X € D, h: X — p, p < Kg*:
Axp % {w e N (Ym,m! < 26) (wp € X & h(wpm) = h(wny))}

where for m < 2F, w = {Bos -+ Br)—1} € [NE®) (the increasing
enumeration) the set wy, is {Bim,e) : £ < k},

5. D* is the k*-complete filter on [\|**) generated by the family

{Axp: X €D,h: X — p,pn <k},

6. 7" = 7(20, 1,5 Tpy—1) = NN a:f(";n(%, where (fp, : m < 2F)
m<2k £<k ’
lists all the functions in *2.
Then
(a) D* is a proper k*-complete filter on [N**) which is normal for the

sequence {(ay, =i < k(x)),

(b) if a Boolean algebra B has the D-dependence property then it has the
(D*, 7*)-dependence property.

PROOF: Assume that X; € D, u; < *, h; : Xj — p; for j < p < *
and look at the intersection (| Ax;p,. Let X* = (| X;. Then X* € D
J<p J<p
as it < k and D is k—complete. Moreover for some (& : j < p) € [ p; we
J<p
have

X+ e X7 1 (V) < p)(hj(w) = &)} # 0 mod D,

as [[ pj < K (remember £* is regular and (Vu < p*)(2* < k)). Let 79 <
J<p
ry <...<rmrp_1 <r; =k —1be such that

g = ... =0Qpy < Opgtl = ... = Qp; < Opy41 = ...
cee = Oy <Oé7«l*_1+1 = ... =0F_1.

Now we choose inductively {87, ..., 30"} € XT (for m < 2F) such that

B < oy for n <k, m < 2% oy, < BY ) for u < 0%
B$<Bﬁ+lforn<k—l,m<2k, and
< By B < B for uw < 0, m+ 1 < 2,

Tu+1
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How? Since D is normal for {(ayg,...,ar_1) and the a;’s are limit, the set
v, ¢ {we [M\F: for each n < k the n-th member of w is < a,, and

for each u < £* the r, + 1-th element of w is > a,, }

is in D. Thus we may choose wo = {,...,8y_,} in XTNY,. Now suppose
that we defined {87",..., ;" ;}. The set

Yint1 o {we [AF: for each n < k the n-th member of w is < a,, and
for each u < ¢* the r, + 1-th element of w is > B,CZH
and the minimal element of w is > 3%

is in D and we choose wy,+1 = {56”“,...,6?_411} in XTNY,.1. Note
that then ip <41 = ﬁgzo < BZ_% (for ig,i1 < k- 2F) and hence easily
K 11
w & {8+t < k,m < 2F1 ¢ N Ax; ;- Consequently the r*—complete
J<p

filter D* generated on [A**) by the sets Ax p, is proper. The filter D* is
normal for (ay, : i < k(*)) since:

if X ={{Bo,...,Br_1} € [N} : (Vn < k)(Bn < an)}, h is a constant function
on X then

AX,h = {{B(]a s aﬁk(*)—l} € P‘]k(*) : (\V/Z < k(*))(ﬁl < Oéli)} € D*7
if i < k(x), @’ < ay, then the complement X of the set
{w € [A]* : the £;-th member of w is less then o/}

is in D, and if h is a constant function on X then the set Ax j; witnesses
that

{w € [A\]*™) : the i-th member of w is less then o/} = @) mod D*.

It should be clear that the D-dependence property for B implies (D*, 7*)-
dependence property. [ |

This is relevant to the product of linear orders. It was proved in [Sh 503]
that if  is an infinite cardinal, B (for ¢ < k) are interval Boolean algebras

then ind( [] B¢) = 2. The next result was actually hidden in the proof of
(<K
Theorem 1.1 of [Sh 503].

Theorem 4.22 Let k be an infinite cardinal and let p be a regular cardinal
such that for every x < p we have x® < p (e.g. p = (2%)* in (1) below or
=) in (2))
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(1) For a regressive function f: p — u (i.e. f(a) <1+ ), a two-place
function g : p> — x for some x < p and for a closed unbounded
subset C' of p we put:

Acfg = {0, ;a5 €[pl®: ap<ar <...<as are from C,
each has cofinality > K,
flag) = flan) =...= f(as) and

glag, 1) = g(ap, a2) = g(as, as) = g(as, as)}.

Let Dg’,.i be the filter on [u)® generated by all the sets Ac f4. Finally,
let ¢ be the following Boolean term:

def
7'6(330,.731, - 7.26'5) = xo N\ (—xl) A X2 A (—.%'3) A xg N (—.%'5).

Then Dgﬁ is a proper k*-complete filter normal for (u, u, p, i, g, ) and

every interval Boolean algebra has the (Dgﬁ,m)—dependence property.

(2) Let po be a cardinal such that (o)™ = po and (2#0)T < u. For a
closed unbounded set C C u, a regressive function f : u — u and a
two-place function g : u?> — g we let:

ALy = Hao a1, 00,03} € u]*: g < a1 < as < ag are from C,
each has cofinality > k,
flao) = flon) = flaz) = f(as) and

glag, a2) = g(ao,a3) = glai, a2) = g(a1,a3)}.

Let D/‘i,'i be the k-complete filter on [u]* generated by all the sets Ab g
Finally, let

def
74 = 14(T0, 71, T2, T3) = T A (—31) A T2 A (—23).

Then the filter D;‘;H is proper, kT -complete and normal for {u, u, ju, p) and

every interval Boolean algebra has the (wa, 74)-dependence property.

PROOF: (1) Let u be a regular cardinal such that (Vxy < p)(x" < w)
(so u® = p). First note that all the sets Ac ¢4 are nonempty. [Why? Let
f:p — u be regressive, g : u> — x, x < p and let C C pu be a club.
Then for some p the set

S={aeC:cf(a) >k & f(a) =p}

is stationary (by Fodor lemma). Next for each o € S take h(a) < x such
that the set {o/ € S: a < o & g(a,a) = h(a)} is stationary, and note
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that for some § < x the set Z = {a € S: h(a) = 0} is stationary. Take any
ap € Z and then choose a; < ay from (g, ) NS such that

g(ap, 1) = g(ap, az) = 6.

Next choose a3 > ap from Z and ay, a5 € (ag, ) NS such that
glas,ay) = gaz,as) = 6.

Clearly {ao, o1, 09, 3, 04, a5} € AC,f,g']
Now suppose that Cc C pu, fe:p — p, g¢ : ur — X¢s Xe < p (for
¢ < k) are as required in the definition of sets Ac, . g.. Let m: "y — pbe

a bijection (remember p = p). Choose a club C C p such that C C N C¢
(<K
and

ifaeC,f<a,Fe”F then ©(F) < a.

Let
fop—p:a=7m((fe(a): ¢ <K)),

g’ — [ xc: (a.B8) = (ge(a, B) : ¢ < k).
(<K
The function f is regressive on {a € C : cf(a) > &}, outside this set we

change the values of f to 0. Since [] x¢ < p we have Ac s, € Dgﬁ. It
(<K
should be clear that Ac sy € (| Ac, f.g.- Thus we have proved that the
(<K

filter Dg, . generated by the sets Ac r 4 is proper kT—complete. To show that
Dgﬁ is normal for (u, u, p, g, , 1) note that for a < p, £ < 6, if we take
C = (a, ), f,g constant functions then

Acpg N {{ao, . a5} €[]’ :ar < a} =0.

Suppose now that (I, <) is a linear ordering. Let —oo be a new element
(declared to be smaller than all members of I) in the case that I has no
minimum element; otherwise —co is that minimum element. Further, let co
be a new element above all members of I. The interval Boolean algebra B([I)
determined by the linear ordering I is the algebra of subsets of I generated
by intervals [z,y)r ={z €1 :2 <;z <y y} for x,y € I U{—00,00}.

We are going to show that the algebra B([) has the (DS, 4 T6)—dependence
property. Assume that (a, : o < p) C B(I). Since we can find a subset of I
of the size < pu which captures all the dependences in the sequence we may
assume that the linear order [ is of the size u, so I is a linear ordering on .

Fix a bijection ¢ : [u U {—00,00}]<¥ x “Z4 — p.
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For each @ < p1 we have a (unique) <;-increasing sequence
(s 1i < 2n(a)) C pU{—o00,00}, n(a) <w
such that ao = U [55;,85;,1)1. Take a closed unbounded set C' C 1 such
that for each « l€<nC(’a)
(1) if w € [ U{—00,00}|<¥, ¢ € “”4 then ¢(w,c) < «,
(2) if p(w,c) < a then w C aU {—o0, 00},
(3) if B < a then {SZ’B 11 <2n(B)} C aU{—o0,c0}.

For each o < p fix a finite set w, C aU {—00,00} such that —oo, 00 € w,
and

(4) if s¢ € U {—00,00} then s € w, and

(5) if s,t € {s? 11 < 2n(a)} U {—00,0}, s <yt and (s,t); N # O then
(s,t)1 Nwy # 0.

Next let ¢q : wo — 4 (for oo < p) be such that for s € wy:

if (3z <1 8)([z,s)1 C aq),

if (Fz:s<rz)([s,z)r C aq),
if both of the above,
otherwise.

cal(s) =

w N = O

We can think of ¢, as a member of “”4 and we put f(a) = ¢(wq,cq) for
a < p. Note that the function f is regressive on C (so we can modify it
outside C to get a really regressive function). Now, if oy < a1, both in C,

f(ap) = f(aq) then

s = st & i< 2n(ap) & j<2n(n) = s} €way, and

7
Way N {870 11 < 2n(ag)} = wa, N{s;* 17 < 2n(a1)}.
[Why? For the first statement note that, by (3), s{° < «a; (for each i <

7
2n(ap)) so we may use (4). For the second assertion suppose that s5? €
Wqy = Wq,. Then necessarily cq,(s5)) = 1 = cq,(s5)). Checking when
the function ¢, takes value 1 and when 2 we get that s5 = sg‘; for some
j < nfar). Next, if 550 | € wa, = Wa, then ¢(s52, ;) = 0 and 550, = 557,
for some j. Similarly if we start with s;*.] Moreover, if s,t € wq, are two
<g-successive points of wq,, s <y 8§ <y si; <7 t, i+ 1 < 2n(ay), then

(siysip)r N {s5° 14 < 2n(ao)} = 0.
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Let a function g : u? — “w be such that if a < 8, o, 8 € C, f(a) =
f(8) then

gla, B) = (Jwa, 20, ..., thwal=1 0 pllwal=ty g w>,,
where ¢, 0 are such that:
if wa = {wa(0),...,wa(]Jwa| — 1)} (the <j-increasing enumeration),
¢ < ||wg]|| then
=0 < {5 :j < 2n(B)} N (wal), wa(l +1))1 =0,
and if s? € (wa(f),wa (¢ + 1)) then

' =0 = (wal0), )1 N{s3:j < 2n(a)} =0,

V>0 = 8% € (wall),s))r & (%1, 80) 1N {sS 1 j < 2n(a)} = 0.

Suppose now that ag < ... < as from C are such that f(a) = ... = f(as),
g(an, a1) = g(ag, o) = glaz, au) = glaz,as) = (k, 19, k=10 k=1,
Then wo, = ... Way = w = {w(0),...,w(k—1)} (the <;-increasing enumer-

ation). We are going to show that for each ¢ < k — 1
(®) T6(Aagy - - - s ag) A [w(), w(l + 1)) = 0.

Fix £ < k — 1. If t* = 0 then the interval (w(¢),w(¢ + 1)); contains no

87", s7? and therefore

Aoy N [w(l), w(l+1))r = ag, A [wl),wl +1)); € {0, [w),w(l +1))r}

(remember ¢,, = ¢qa,). Hence (—aq,) A aay A [w(l),w(l +1)); =0 and (®)
holds. So suppose that t¢ > 0. Then for each k = 1,2,4,5 the interval
(w(€),w(¢ 4+ 1)1 contains some s5*. We know that if j < j', k = 1,2,
si*, 83 € (w(f),w(f+ 1)); then there is no 57" in [s7*, s7*]; (and similarly
for a3 and k = 4, 5. Assume that v* = 0 and for k = 1,2,4,5 let ji < 2n(oy)
be the last such that s§* € (w(f),w(¢ + 1));. By the definition of the

functions g and f and the statement before we conclude that

either agA\[w(f), s5*)r = 0 (for k = 1,2) and agA[w(f), s5*)1 =0
(for k =4,5)
or ag A [w(f),s55)r = [w(l),s5F)r (for k=1,2) and

az A [w(l),s5%) 1 = [w(l),s3*)r (for k = 4,5)
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and the parity of ji’s is the same (just look at ¢, (w(¢ + 1))). Hence we
conclude that either ag, A (—aa,) A oy A W), w(l 4+ 1)) =0 or (—aa,) A
Aoy N (—as) ANw(l),w(l+1)); =0 (and in both cases we get (®)). Assume
now that v* > 0. By similar considerations one shows that if v/ — 1 is even
then

(—Gaa) A Gy A (—Gag) A [w(0), w(€+1)); =0

and if v¢ — 1 is odd then
Ao N (—0ay ) A Gay) A [w(l),w(l + 1)) =0.

Since g can be thought of as a function from p? to w < u the set Ac, f.9
is in Dgﬁ and we have shown that it witnesses (Dz’m 76 )-dependence for the
sequence (aq : a < p).

2) It is almost exactly like 1) above. The only difference is that showing that
the sets Aa f,g are non-empty we use the Erdés—Rado theorem (to choose
ap, a1, a2, ag suitably homogeneous for g), and then in arguments that B([)
has the dependence property we use triples «q, ao, a3 and aq, as, as. [ |

4.4 Appendix: How one can use [Sh 95].

For reader’s convenience we recall here some of the notions and results of
[Sh 95]. We applied them to reduce the number of steps in the beth hier-
archy replacing them partially by passing to successors. This reduction is
meaningful if the exponentiation function is far from GCH. Generally we
think that % (or even £*7) should be considered as something less than

25,
Definition 4.23 (see Definition 1 of [Sh 95]) 1. For a sequence ¥ =
(no, ..., Nk—1) € kw we denote: n(r) =Y ny, k(F) =k, ni(7) = ny.
<k

2. Let Be (for & < p) be disjoint well ordered sets, ¥ = (ng,...,ng—1) €
Fwo, f: U Bg]”(F) — x, | < n(F). We say that f is (7)'-canonical
<

E<p
(on (Be - € < p)) if

for every & < ... < &1 < p, agp < ... < Qpy—1 N
Bey, any < ... < apgyni—1 M Be, and so on, the value
f(a07 R an(F)—l) depends on ag, . . ., An(F)—1—1» 05 -+ Sk—1

only (i.e. it does not depend on Ap(7) =15 - - - 5 an(f),l).
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3. A sequence (A\¢ : & < p) (of cardinals) has a (ke : & < p)—canonical
form for ' = {(ﬁ)i& 11 < o} (where l;’s are integers, l; < n(r;), xi’s
are cardinals and T;’s are finite sequences of integers) if

for each disjoint (well ordered) sets A¢, ||A¢ll = Ae¢ (for

& < u) and functions f; : [ U Ag]"(m — xi (fori< a)
(<K
there are sets Be C Ag¢, || Be|| = ke such that each function

fi is (73)li-canonical on (B¢ : € < p) (fori < a).

Several canonization theorems were proved in [Sh 95], we will quote here
two (the simplest actually) which we needed for our applications.

Proposition 4.24 (see Composition Claim 5 of [Sh 95]) Let I'; be

{(<n0, RN £ % PR .,nm_1>)gffq : (<n0, oM, ,nm_1>)gu el'3 &
((no,...,nk_g,nk_l—,s»g# el &p=s+npg+...+nn1 &

0<s<mnp_}.

Suppose that the sequence ()\2 2 & < p) has a ()\2 : & < p)—canonical form
for T's and the sequence <)\§ : & < p) has a <)\% : & < py—canonical form for
Is.

Then the sequence <)\§’ : & < p) has a <)\% 1 & < p)—canonical form for I'y.
|

Proposition 4.25 (see Conclusion 8(1) of [Sh 95]) The sequence

(@ e < )

has a (i : € < p)-canonical form for {(F(1))3. : 7 € Fw, k < w}. ]

Recall that for a cardinal p and an integer k we have defined T () by:
To(k) = gy Tepa () = (2700)

Proposition 4.26 Suppose that (A¢ : & < ) is a sequence of disjoint sets,
| Aell = Thg1(p). Let F: [ Ag]**t —s 2¢. Then
&<y

a) there are ag, aé € A¢ (for & < p), ag #* a% such that for each pairwise
distinct &g, ... & < 1

(®) Flogy,0g,,--- 0, 0g,_,,08,) = Flog, ag, . 08, 0 08)



Paper Sh:534, version 1997-03-26_10. See https://shelah.logic.at/papers/534/ for possible updates.

[RoSh 534] September 15, 2020 60

and even more:

b) there are sets Be € [A¢|* (for & < p) such that if &, ..., & < p are
distinct, and agi,aéi € By, are distinct then (®) of a) holds true.

PROOF: It follows from 4.24 and 4.25 (e.g. inductively) that (Tp41(p) : € <
p) has a (u: & < p)—canonical form for I', where I" consists of the following

elements: ) ) A
((2...210)2., ((2...211)3., ((2...2121))3,,
k k k—1
((2...21221))8,,...,((12...21))3k+2,
k—2 k
|
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