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Abstract

We study combinatorial principles known as stick and club. Several vari-
ants of these principles and cardinal invariants connected to them are also
considered. We introduce a new kind of side-by-side product of partial or-
derings which we call pseudo-product. Using such products, we give sev-
eral generic extensions where some of these principles hold together with
—CH and Martin’s Axiom for countable p.o.-sets. An iterative version of the
pseudo-product is used under an inaccessible cardinal to show the consistency
of the club principle for every stationary subset of limits of w; together with

—CH and Martin’s Axiom for countable p.o.-sets.
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1 Beating with sticks and clubs

In this paper, we study combinatorial principles known as ‘stick’ and ‘club’, and
their diverse variants which are all weakenings of &. Hence some of the conse-
quences of < still hold under these principles. On the other hand, they are weak
enough to be consistent with the negation of the continuum hypothesis or even
with a weak version of Martin’s axiom in addition. See e.g. [2], [4], [10] for applica-
tions of these principles. We shall begin with introducing the principles and some
cardinal numbers connected to them.

(?) (read “stick”) is the following principle introduced in S. Broverman, J.
Ginsburg, K. Kunen and F. Tall [2]:

() There exists a sequence (To)acw, of countable subsets of wy such that for
any y € [wi N there exists a < wy such that x, C y.

Of course the sequence (x4)a<w, above is a bluff. What is essential here is that
there exists an X C [w]M of cardinality N; such that for any y € [w;]™ there is
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an r € X with  C y. The formulation above is chosen here merely to make the
connection to the principle (&) introduced later, more apparent.

Note that (1) follows from CH.

The principle (?) suggests the following cardinal number:

P =min{| X|: XClw], WelwMIre XrCyl

We have 8, < ¥ < 2% and (?) holds if and only if ¥ = X;. We also consider the
following variants of ¥:

T/ =min{ x :xk > Ny, there is an X C [s]™
such that | X |=r and Vy € []" 3z € X 2 Cy };

*" = min{x :x >y, there is an X C [x]"
such that | X |=rkand Vy € [x|*"Jz e X 2 Cy };

To=min{| X[ :X C[\"
such that Vy € [\ Jz € X 2 Cy }.

We have 8; < ¢ < ¢ < 2% and A < P, < A% (1) holds if and only if
? = TI = T” = N;. Let us call X as in the definition of ¢ (T/, T” and ¥,
respectively) a $-set (?'-set, ?"-set and ? \-set respectively).

Lemma 1.1

a) P<?

by If? <R, then ¥ = T/. In particular, we have then T” < 1.
¢) IfA<XNthen ?,<7?,.

d t<t,<?

Proof a): Let X C [k]™ be a ?'-set of cardinality ?'. Then X; = X N [wi]™ is
a T-set of cardinality < T/.

b): By a), it is enough to show ? < ?. We show inductively that, for every
uncountable k < ¥,

(%) there exists an X, C [k]Y such that | X, | < ¥ and
Vy € [s]™ Jz € X, (z Cy).

For k = N; this is clear.

Assume that we have shown (%), for all A < k. If k is a successor then by
induction hypothesis, we can find X, C [a]* for all & < & such that | X, | < ?
and Vy € [/ 3z € X, # C y. Let X, = Uycr Xo- Then X, has the desired
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property: | X, | < ¢ is clear. If y € [k]™, there is some a <  such that y € [a]™.
Hence there is an x € X, C X such that x C y.

Suppose now that x is a limit. By assumption, we have cof(k) = w. Let (k,)new
be an increasing sequence of cardinals below s such that £ = U, c, k,. For each
n, let X., C [k,]™ be as in (%), and let X, = U,ep, Xx,. Then X, is as desired:
clearly | X, | < . If y € [k]™ there is an n € w such that y N &, is uncountable.
Hence there exists an z € X,,, C X, such that t CyNk, Cy.

In particular we have shown that (x)s holds and hence T/ <.

new

c): Similarly to a).
d): By a) and c), we have ¥ = ¢, < T? < TT/ =9 [ (Lemma 1.1)

The question, whether T < T/ is consistent, turned out to be a very delicate one:
the problem is connected with some natural weakenings of GCH whose status (i.e.
whether they are theorems in ZFC) is still open. One of them implies that $ = T/
(this is essentially stated in [14, 1.2, 1.2A] in the light of [13, 6.1 [D]]; for more see
[15]) while the negation of the other implies that the inequality is consistent. In this
paper, we shall treat the latter consistency proof (Proposition 3.4). In contrast, the
consistency of the inequality TH < % can be shown without any such additional
set-theoretic assumptions (Proposition 3.5).

The principle (&) (‘club’), a strengthening of (?), was first formulated in
Ostaszewski [10]. Let Lim(w;) = {7 < w; : 7y isalimit}. For a stationary
E C Lim(wy),

&(E):  There exists a sequence (x~) e of countable subsets of wy such that for
every v € B, ., is a cofinal subset of vy with otp(x,) = w and for every
y € [w1]™ there is v € E such that z., C y.

Let us call (2,),cr as above a &(E)-sequence. For £ = Lim(w,;) we shall simply
write (&) in place of &(Lim(w;)). Clearly () follows from (&). Unlike (), ()
does not follow from CH since (&) + CH is known to be equivalent to <& (K. Devlin,
see [10]). This equivalence holds also in the version argumented with a stationary
E C Lim(wy).

Fact 1.2 For any stationary E C Lim(w,), &(E) + CH is equivalent to O(E).

Proof The proof in [10] argumented with £ works. 1 (Fact 1.2)

S. Shelah [11] proved the consistency of =CH + (&) in a model obtained from
a model of GCH by making the size of p(w;) to be W3 by countable conditions
and then collapsing N; to be countable. Soon after that, in an unpublished note,

J. Baumgartner gave a model of “CH 4+ & where collapsing of cardinals is not
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involved: his model was obtained from a model of V' = L by adding many Sacks
reals by side by side product. I. Juhész then proved in an unpublished note that
““CH + MA(countable) + (&)” is consistent. Here MA(countable) stands for
Martin’s axiom restricted to countable partial orderings. Later P. Komjath [7]
cited a remark by Baumgartner that Shelah’s model mentioned above also satisfies
—CH + MA(countable) + (&). In Section 3, we shall give yet another model of ~CH
+ MA(countable) + () in which collapsing of cardinals is not involved (Theorem
3.8). In section 5, we construct a model of “CH + MA(countable) + “&(E) for
every stationary £ C Lim(w;) ” starting from a model of ZFC with an inaccessible
cardinal (Theorem 5.6).

These results are rather optimal in the sense that a slight strengthening of
MA (countable) implies the negation of (). Let MA(Cohen) denote Martin’s axiom
restricted to the partial orderings of the form Fn(k,2) for some s where, as in [8],
Fn(k,2) is the p.o.-set for adding x Cohen reals, i.e. the set of functions from some
finite subset of k to 2 ordered by reverse inclusion.

Fact 1.3 MA for the partial ordering Fn(wy,2) implies § = ¢’ = 2% Further, if
MA(Cohen) holds, then we have also $" = 2%.

Proof Both equations can be proved similarly. For the first equation, it is enough
to show ? = 2% by Lemma 1.1. Suppose that X C [w;]Y is of cardinality less
than 2%. We show that X is not a ¥-set. Let P = Fn(w;,2). Then for each v € X
the set

D, ={q€Fn(w,2) : Ja € dom(q) Nz q(la) =0}
is dense in P. For each o < wy,
Eo={q€Fn(w,2) : I8 >a(f €dom(q) A qb)=1)}
is also a dense subset of P. Let D={D, : 1 € X }U{E, : a <w; } and G be a

D-generic filter over P. Then the uncountable set
Y={a<w : qgla) =1 for some g € G}
contains no z € X as a subset. 1 (Fact 1.3)

We shall see in Proposition 3.5 that MA for the partial ordering Fn(wy,2) is
not enough for the last assertion in Fact 1.3.

&(E) is equivalent to the following seemingly much stronger statement. Let
E C Lim(w;) be a stationary set.

&' (E):  There exists a sequence () cr of countable subsets of wy such that
for every v € E, x, is a cofinal subset of v with otp(z,) = w and for
every X € [wi]™, {a € F : 2, C X } is stationary.
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Fact 1.4 For any stationary E C Lim(w,), &(E) and &' (E) are equivalent.

Proof Like Fact 1.2, an easy modification of the corresponding proof in [10] will
work. Nevertheless we give here a proof for convenience of the reader.

Clearly it is enough to show &(F) = &'(E). Suppose that (z),cr is a &(E)-
sequence. We claim that (z,),cx is then also a &'(E)-sequence. Otherwise there
would be a Y € [w;]™ and a club C' C Lim(w;) such that z, € Y for every
v € C'N E. By thinning out C if necessary, we may assume that Y N« is cofinal
in « for each o« € C. For a € C, denoting by a™* the next element to a in C, let
Yo C [a,a™)NY be a cofinal subset in o™ with 0tp(y,) = w. Now let Y = Upec Ya-
Then Y’ € [wy|™ and Y’/ C Y. We show that {y € E : z, C Y’} = ) which is a
contradiction: if v € £ N C then z, € Y’ follows from Y’ C Y. If y € E'\ C then
there is « € C such that o < < a™. By the choice of y,, Y’ N~ is not cofinal in
7. Hence again z, Z Y. [ (Fact 1.4)

Now, let us consider the following variants of the (&)-principle:

(®w):  There exists a sequence (T )yecLim(w) 0f countable subsets of wy such that
for every v € Lim(w), x, is cofinal subset of v, otp(x,) = w and for
every y € |w1|™, there is v < wy such that x., \ y is finite.

(dyw2):  There exists a sequence (Ty)yerLim(w:) of countable subsets of wy such
that for every v € Lim(wy), x is cofinal subset of y, otp(z,) = w and

for every y € [w ™

{a<w : zoNyis finite} U{a <w; : x4\ y is finite }

18 stationary in wy.

Clearly (&) implies (o). Similarly to Fact 1.4, we can prove the equivalence of
(&) with (! ) which is obtained from (&) by replacing “there is an o < wy ...”
with “there are stationary may a < w; ...”. Hence (&) implies (d2). It is also
easy to see that (dey,) implies (¥): if (2,),erim(wr) 18 @ sequence as in the definition
of (&), then {x, \u : v € Lim(w,), u € [w]<M} is a P-set of cardinality ¥;.
Dzamonja and Shelah [3] gave a model of =CH + (&,,) + —(é). By the remark
above this model also shows the consistency of non-equivalence of (1) and (&)
under =CH. In this paper we prove that (de2) is strictly weaker than (&) by
showing the consistency of =(?) + (&yz2) (Corollary 3.12). The partial ordering
used in Corollary 3.12 does not force MA (countable) hence the following problem

remains open:

Problem 1.5 Is MA(countable) + —(?) + (&y2) consistent?
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2 Pseudo product of partial orderings

In this section, we introduce a new kind of side-by-side product of p.o.’s which will
be used in the next section to prove various consistency results. Let X be any set
and (P;);ex be a family of partial orderings. For p € Il;cx P; the support of p is
defined by supp(p) = {i € X : p(i) # 1p, }. For a cardinal &, let II} ;c v P be the
set

{p€llicx P : | supp(p) | <}
with the partial ordering

p<q < pi)<q(i) foralli e X and
{ieX :p(i) 3 q(i) 2 1p, } is finite .

For k = Ny this is just a finite support product. We are mainly interested in the
case where k = N;. In this case we shall drop the subscript N; and write simply
II;.x P;. Further, if P; = P for some partial ordering P for every z € X, we shall
write IT% y P (or even IT% P when x = N;) to denote this partial ordering.

For p, ¢ € II} ,cx P; the relation p < ¢ can be represented as a combination
of the two other distinct relations which we shall call horizontal and vertical, and

denote by <, and <, respectively:

p<nq & supp(p) 2 supp(q) and p| supp(q) C g¢;

p<.q < supp(p) = supp(q), p(i) < q(i) for all i € X and
{ie X :p(i) 3 q(@) 3 1p } is finite .
For p € II}, ;cx P and Y C X let p[Y denote the element of IT7 ;. P; defined by
plY (i) = 1p, for every i € X \ 'Y and p[Y (i) = p(i) for i € Y.
The following is immediate from definition:

Lemma 2.1 For p, q € 1T} ;. P;, the following are equivalent:

a) p<yq
b)  There is an r € I} ;cx P such that p <, v <, ¢;
c) Thereis an s € 1T} ;o x P; such that p <, s < q.

Proof b)=-a) and c)=-a) are clear. For a)=-b), let r = p[supp q; for a) = c),
s =q| supp(q) Upl (X \ supp(q)). [ (Lemma 2.1)
Lemma 2.2

1) If P, has the property K for all i € X then P = Il P; preserves ¥.

2)  Suppose that X < k. If P; has the strong A-cc (i.e. for every C € [B]* there
is pairwise compatible D € [C]*), then P =TI}, ;. < P; preserves .
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Proof This proof is a prototype of the arguments we are going to apply repeatedly.
1) and 2) can be proved similarly. For 1), assume that there would be p € P and
a P-name f such that

*) pH—P“f : (wp)Y — w and fis1-17.
Then, let (Pa)a<w, and (¢ )a<w, be sequences of elements of P such that

a)  po < pand (Pa)a<w, is a descending sequence with respect to <j, ;
b)  Ga < Pa and ¢, decides f(a) for all @ < wy;
C)  Pal Sa = qal S, for every a < wy where

Sa = supp(ga) \ (supp(p) U |J supp(qp)).
B<a

For oo < wy let dy = Ugq supp(qs). Then (da)a<w, is a continuously increasing
sequence in [X]|<“'. Let uy, = {f € supp(¢a) : ¢u(B) # pa(B)} for a < w;.
By b), u, is finite and by ¢) we have u, C d,. Hence by Fodor’s lemma, there
exists an uncountable (actually even stationary) Y C w; such that u, = u* for all
a €Y, for some fixed u* € [X]<M0. Since Il;c,- P; has the property K, there exists
an uncountable Y’ C Y such that { ¢, u* : a € Y’} is pairwise compatible. It
follows that q,, a € Y’ are pairwise compatible. For each o € Y’ there exists an
Ne € w such that ¢q |Fp “ne = f(a)” by b). By *), na, a € Y/ must be pairwise
distinct. But this is impossible as Y’ is uncountable.

For 2), essentially the same proof works with sequences of elements of P of

length A, using the A-system lemma argument in place of Fodor’s lemma.
[ (Lemma 2.2)

Lemma 2.3 If | P | < 2% for alli € X, then 11} ;cx P; has the (2<%)"-cc.
Proof By the usual A-system lemma argument. [d (Lemma 2.3)

Corollary 2.4 a) Under CH, if P, satisfies the property K and | P; | < Ny for
every i € X, then P = 1I;_P; preserves Xy and has the No-cc. In particular P
preserves every cardinals.

b)  Suppose that 2<% = k. If P; satisfies the strong A-cc for every Xy < XA < kK
and | P; | < k then 1T} ;o x P; preserves every cardinalities < r and has the £ -cc.

*
Ry2E

In particular 1%, P; preserves every cardinals.
Proof By Lemmas 2.2, 2.3. (1 (Corollary 2.4)
Lemma 2.5 For any Y C X and x € X \'Y, we have

I iex P 2L iey P X P X 1L e\ (vuan -
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Proof The mapping from I} ;c x P; to I} oy P X Py X IIE 1 ¢\ vy £ defined by

p = (plY,p(x),pl (X \ (Y U{z})))

is an isomorphism. 1 (Lemma 2.5)

In the following we mainly use the partial orderings of the form Fn(\,2) for some
Aas Py in IT% ;. P;. Note that Fn(A,2) has the property K and strong s-cc in the
sense above for every regular k.

For a pseudo product of the form II}. yFn(x;,2), Lemma 2.2 can be still im-
proved:

Theorem 2.6 (T. Miyamoto) For any set X, and sequence (k;)icx, the partial
ordering P = II'_ yFn(k;, 2) satisfies the Aziom A.

Proof The sequence of partial orderings (<,,)ne, defined by: p <gq & p <gq
and p <, ¢ & p <, q for every n > 0 witnesses the Axiom A of P. We omit
here the details of the proof since this assertion is never used in the following. The
idea of the proof needed here is to be found in the proof of Lemmas 2.7 and 5.2.
[d (Theorem 2.6)

Lemma 2.7 Suppose that | P, | < k for everyi € X and P = Iy jexPio Then

1)  Ifiis a P-name with |Fp“% € V7, then for any p € P there is ¢ € P such
that g <, p and

(1) for any r < q, if r decides & then r[supp(q) already decides 7.

2)  Let G be P-generic. If u € V|G| is a subset of V of cardinality < k%, then
there is a ground model set X' C X of cardinality < k (in the sense of V') such
that u € V|G N (I, o B)]-

Proof 1): Let ® : k — k X K; a — (p1(a),p2(@)) be a surjection such that
p1(a) < a for every o < k. Let (Pa)a<k, (Ph)a<k and (ra.g)a<w ps<x be sequences of
elements of P defined inductively by:

a)  po=D; (Pa)a<x is a descending sequence with respect to <p;

b) for a limit v < &, p, is such that supp(py) = Us<, supp(pa) and, for i €
supp(p-), p4(1) = pa(i) for some a < «y such that ¢ € supp(p,);

¢)  (rap)p<w is an enumeration of {r € P : r <, p, };

d) letr= T'p1(a)pa(e) and

Py =] supp(r) Upal (X \ supp(r)).
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If there is s <, p!, such that s decides &, then let

Pat1 = Dal| supp(pa) U s (X \ supp(pa))-

Otherwise let po11 = pa-
Let ¢ € II}, ;cx Pi be defined by supp(q) = U<, supp(pa) and, for i € supp(q),

q(i) = pa(i) for some a < k such that i € supp(P,). We show that this ¢ is as
desired: suppose that r < ¢ decides ©. Then there is some a < k such that

r[supp(q) = P, supp(pl) Ual (X \ supp(py,))-
By d), it follows that r[supp(q) < r[supp(pas1) decides z.

2): Let @ be a P-name for v and let &,, @ < k be P-names such that |Fp“%, € V7
for every a < k and |Fp“u = {i, : @ < k}”. By 1), for each p € P, we can
build a sequence (pa)a<x Of elements of P decreasing with respect to <, such that

po <p p and
(t)a for any r < p,, if r decides i, then r[supp(p,) already decides .

Let ¢ € P be defined by supp(q) = Ua<x supp(pa) and, for i € supp(q), q(i) = pa(i)
for some a < k such that i € supp(p,). Then ¢ satisfies:

(t1) for any r < g, if r decides &, for some o < k, then r[supp(q) already
decides z,,.

The argument above shows that ¢’s with the property (1) are dense in P. Hence, by
genericity, there is such ¢ € G. Clearly, GNII*

wicsupp(q) i contains every information

needed to construct u. [ (Lemma 2.7)

3 Consistency results

Proposition 3.1 (CH) For any infinite cardinal X\, let P = II3Fn(wy,2). Then
H_P « T -\,

Proof
Claim 3.1.1 |Fp“ % > A",

- If A = X, this is clear. So assume that A\ > N,. For £ < ), let fg be the
P-name of the generic function from w; to 2 added by the &-th copy of Fn(wy, 2)
in P. Let G be a P-generic filter over V. In VI[G] let X C [w;]™ be such that
| X'| < A. Then by Ny-cc of P there exists £ < A such that X € V[G'] for
G = GNIL, (g Fn(wr, 2). Since (fo)[G] is Fn(wy, 2)-generic over V[G'] by Lemma
2.5, we have x Z ((f¢)[G])~*{0} for every z € X. — (Claim 3.1.1)
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Claim 3.1.2 |Fp“ % < A",
- For u € [\]<, let P, be a P-name such that
I p 4Py = (Jwn]t0)V Uedseul »
where fg is as in the proof of the previous claim. Let P be a P-name such that
Fr? =Py ue W™},
For each u € [A\|<N, (f¢[G])ecu corresponds to a generic filter over IT*Fn(w;,2) ~
Fn(w;,2). Hence, by CH, we have |Fp“| P, | =X;”. It follows that |-p | P | =
A”. Thus it is enough to show that |Fp“Pisa T-set”.
Let p € P and A be a P-name such that p|Fp“A € [w|N”. We show that
there is an r < p such that r |Fp“Iz e P 2 C A”.
Now we proceed as in the proof of Lemma 2.2. Let (pa)a<w s (¢a)a<w, be

sequences of elements of P and (£,)a<w, be a strictly increasing sequence of ordinals
< wy such that

a)  po < pand (Pa)a<w, is a descending sequence with respect to <p;
b) o <u Pa and gq |Fp “Ea e A” for all @ < wy;
¢)  Pal Sa = qa| S, for every a < wy where

Sa = supp(qa) \ (supp(p) U |J supp(gp)).
B<a

For a < wy let uop = {6 € supp(qa) : qo(B) # pa(B) }. As in the proof of Lemma
2.2, there exists u* € [A]<™ such that S = {a € w; : u, = u*} is stationary.
Now (ga| 4)aes is an infinite sequence of elements of P, = II,-Fn(ws,2). Since
P, satisfies the ccc, there exists an € € S and ¢ < wy such that ¢.[ u* |-p,. “{& €
SNC: pel u* € G} is infinite”. Let 7 = q. Upe] (supp(pe) \ supp(p.)). Let b be a

P-name such that
rlbpb={¢€SN(:qlu e{plu’:peG}}”.

Let & be a P-name such that 7 |Fp “& = {& : a€b}”. Thenr|Fp“|i|="Ry".
Since b can be computed in V[(f¢[G])ecur] We have 7 | p “4 € P+ 7. Tt is also clear
by definition of & that r |-p “4 C A7, - (Claim 3.1.2)

(1 (Proposition 3.1)

Proposition 3.1 shows that T can be practically every thing. In particular we
obtain:

Corollary 3.2 The assertion ‘cof(?) = w’ is consistent with ZFC. d

10
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Actually, Fn(\,2) forces almost the same situation:

Lemma 3.3 Suppose that X is a cardinal such that ™ < X for every p < \. Then,
for P =Fn(\,2), we have |Fp“ T = \".

Proof |Fp“?% > \” can be proved similarly to Claim 3.1.1. For |Fp“? < \”,
let G be a P-generic filter and let G, = G N Fn(q,2) for « < A\. In V[G], let
X =U{V[Ga]N[wi]® : @ < A}. Then | X | = A (here we need SCH in general).
We show that X is a T-set. For this, it is enough to show the following:

Claim 3.3.1 In V[G], if y C [w1]™, then there is o < X and infinite y' € V[G o]
such that y' C y.

- In V, let §y be a P-name of y which is nice in the sense of [8]. For a < A, let
o =9N{f : f<w}xFn(a,2). Then |Fp“y = Uper ¥’ Hence |Fp“Ia <
A Yo is infinite”. It follows that there is some a* < A such that ' = y,+[G] is
infinite. Since g4+ is an Fn(a*, 2)-name, §,+|G| € V[G4+]. Thus these a* and 3/’ are
as desired. - (Claim 3.3.1)

1 (Lemma 3.3)

Proposition 3.4 (CH) Suppose that

(*)au  There is a sequence (A;)i<, of elements of [N such that | A;NA; | <
Ny for every i, j < p, i #j
holds for some p > X\ > 2%, Then there exists a partial ordering P such that
a) P preserves Ny and and has the Ny-cc;
b) |Fp“? =)\ and
) e tiza
In particular, if ()5, is consistent with ZFC for some p > X > 2% then so is
Pt
Remark. By [12, §6], (*x*), and (x),, for some A < pu are equivalent, where

(%), there are finite a; C Reg \ Ry for i < w; such that, for any A € [wy]™,
max pcf(Uicaa;) > pu.
For more see [15].
Proof Let P be as in Proposition 3.1. We claim that P is as desired: a) follows
from Corollary 2.4 and b) from Proposition 3.1. For d), if X C [A]™ is a T/\—set
then for each ¢ < p there is an x; € X such that z; C A;. Since A;, © < u are
almost disjoint z;, ¢ < p must be pairwise distinct.

The last assertion follows from Lemma 1.1,d). (1 (Proposition 3.4)

Now we show the consistency of the inequality T// <t

11
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Proposition 3.5 Assume 2™ = Ry. Then for any cardinal X\ > R, there exists a
partial ordering P such that

a) P satisfies the N3-cc;

) P preserves Xy and No;

) if AR = X in addition, then |Fp“MA(Fn(wy,2))”;
) JFp“t=)\" and

) et =Ry

Proof Without loss of generality let A be regular and let P = IT};, ;Fn(wi,2). Then
a) and b) follow from Corollary 2.4. For c), note that |Fp “2% ” = X under \™ = ).
Hence, by Lemma 2.7 and Lemma 2.5, we see easily that |Fp “MA(Fn(w,2))”.
An argument similar to the proof of of Proposition 3.1 shows that |-p“ T = \7.

o o o o

For e), we prove first the following:

Claim 3.5.1 Let X = [R]%. Then we have |-p“X is a Y -set”. In particular
H_P« " <N, 7.

|- Suppose that, for some p € P and a P-name ¢ we have p|Fp “y € [wo]™?”.

Let f be a P name such that p|Fp“f : wo — ¢ and fis 1-17. Let (pa)acw, and
(Ga)a<w, be sequences of elements of P such that

f)  po < pand (pa)a<w, is a descending sequence with respect to <p;
g) o <v Pa and ¢, decides f(a) for all @ < wo;
h)  pal Sa = qal Sa for every a < wy where

Se = supp(ga) \ (supp(p) U | supp(gs)).
B<a

For o < wy, let & € wy be such that g, |Fp“f(a) = &7. Let uq = {8 €
supp(qa) : qa(B) # pa(B) } for o < wy. Just like in the proof of Lemma 2.4, we
can find u* € [A]<™ such that S = {a < wy : u, = u*} is stationary in wy. Since
| Fn(wy,2) | = Ny, there exists T C S of cardinality N, such that ¢,| u*, a« € T are

all the same. Let a,,, n € w be w elements of T" and let ¢ = U,,c,, ¢a,, - Then g < p
and q|Fp“{&, :new} Sy —~ (Claim 3.5.1)

Now by d), we have |Fp* T" > N; 7. Hence, by the claim above, it follows that
Fpe =% (] (Proposition 3.5)

Modifying the proofs of Propositions 3.1 and 3.5 slightly, we can also blow up
the continuum while setting ¥ strictly between X; and 2%. For example:

Proposition 3.6 Assume CH and 2% = R,. Then for any cardinals X\, p such
that Ny < X\ < g1 and p™t = p, there exists a partial ordering P such that

12
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) P satisfies the N3-cc;

) P preserves Xy and No;
) |Fp “MA(countable)”;
) e T =7

) et 1 =" and

) |2 =p7.

A 0 T e

¢}

f
Proof For i < pu let

P _ Fn(wy,2), ifi <A,
" ]| Fn(w,2), otherwise.

Then P = 11}, ;. P is as desired. e) can be proved by almost the same proof as
that of Claim 3.5.1. a), b), ¢) can be shown just as in Proposition 3.5. Since P
adds (at least) u many Cohen reals over V and | P | = p, f) follows from a). d) is
proved similarly to Claims 3.1.1 and 3.1.2. For |Fp“ % < A” we need the following
modification of Claim 3.1.2: let P be defined as in the proof of Claim 3.1.2. As
there, we can show easily that |-p “| P | = A”. To show that |-p“P is a P-set”,
let p € P and A be a P-name such that p|Fp“A € [w]M”. Now let (Pa)acw,,
(Ga)a<w;s (Ea)acw,, u* € [p]<N0 and S be just as in the proof of Claim 3.1.2. Let
v* = u*\ \. Since Py = Il;cFP; is countable, we may assume without loss of
generality that ¢, v*, « € S are all the same. Now we can proceed just like in the

proof of Claim 3.1.2 with u* replaced by u* \ v*. l

The following Lemmas 3.7 and 3.9 show that, in spite of typographical similarity,
T3 Fn(ws, 2) and IT5Fn(w, 2) are quite different forcing notions: while the first one
destroys (&) or even (?) by Lemma 3.1, the second one not only preserves a

(&)-sequence in the ground model but also creates such a sequence generically.

Lemma 3.7 Let S = (x,),cr be a &(E)-sequence for a stationary E C Lim(w,).
Let P =1I'Fn(w,2) for arbitrary k. Then we have |Fp“S is a &(E)-sequence”.

Proof Let p € P and A be a P-name such that p|p“A € [w ]} ”. We show
that there is ¢ < p and v € E such that ¢|-p “z, C A”. Let f be a P-name such
that pl-p“f :w — Aand fis 1-17. Let (pa)acw, and (¢a)acw, be sequence of
elements of P satisfying the conditions a) — ¢) in the proof of Lemma 2.2. Also, let
Uy, @ < wq be as in the proof of Lemma 2.2. As there, we can find an uncountable
Y C w; and u* € [k]<™ such that u, = u* for all € Y. Since I,-Fn(w,?2) is
countable we may assume that ¢, u* are all the same for @ € Y. Now for each
o €Y let B, be such that go |Fp ¢ f(e) = Bo” and let Z = { B, : @ € Y }. Since
Ga, @ € Y are pairwise compatible, 8,, a € Y are pairwise distinct and so Z is
uncountable. Note that Z is a ground model set. Hence there exists v € E such

13
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that 2, € Z. Let ¢ = Useyry @a- Then ¢ < p. Since sup{ 3, : @ <y} > v and
IFp“{fBa : @ <~} isan initial segment of Z”, we have g |Fp “ZN~y C A”. Hence
qlbpcz, CA”. [ (Lemma 3.7)

Theorem 3.8 “—“CH+ MA(countable) + there exists a constructible & -sequence”

18 consistent.

Proof We can obtain a model of the statement by starting from a model of
V = L and force with P = II*Fn(w,2) for a regular k. By Corollary 2.4, every
cardinal of V' is preserved in V[G]. Since P adds k many Cohen reals over V'
while | P| = x and P has the Ry-cc, we have V[G] | “2% = k”. By Lemma
2.5, VIG] | “MA(countable)”. By Lemma 3.7, the ¢-sequence in V' remains a
& -sequence in V[G]. [d (Theorem 3.8)

In fact, we do not need a &-sequence in the ground model to get (&) in the

generic extension by ITI* Fn(w,2):

Lemma 3.9 Let k be uncountable and P = II*Fn(w,2). Then for any stationary
E C Lim(w;) we have |Fp “&(E) holds”.

Proof For v € E let
froln vtw) =y
be a bijection and let
Sy, ={x C~v : xis a cofinal subset of v, otp(x) = w }.
For each x € S, let p, € P be defined by
pe={(v+n,{(0,))}) new i€2i=1< f(y+n) ez}

For distinct z, 2’ € S,, p, and p,s are incompatible. Hence, for each v € E, we can

find a P-name &, such that
-p “, is a cofinal subset of v and otp(i,) = w”
and

DslFp 4, =a" foreach x € 9,.

We show that |Fp “(4,),cr is a &(E)-sequence”. For this, it is enough to show
that, for any p € P and a P-name A, if plFp “Ae [w]¥1 7, then there is ¢ < p
and v € E such that ¢ |-p “i, C A”. Let f be such that

plFp“f:w — Aand fis1-17.

14
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Now let (Pa)a<w;s (Ga)a<wrs (Ua)acw, ¥ and u* be as in the proof of Lemma 2.2.
For each a € Y let 3, be such that ¢, |Fp “f(a) =0, andlet Z ={f, : a €Y }.
Let

C ={v € Lim(w) : Usevry(supp(ga) Nw1) S~
and Z N~ is unbounded in 7 }.

Then C' is closed unbounded in w; and hence there exists a v* € C'N E. Let
q" = Unevry a- Then we have ¢ < gand ¢ |Fp“ZNy* C A”. Now let = € Sy
be such that + € Z N~*. Finally let ¢ = ¢’ U q,. Then we have ¢ < p and
glFpiia=2CZNy C A" [ (Lemma 3.9)

Note that E’s in Lemmas 3.7 and 3.9 are ground model sets. To force &(E)
for every stationary E C Lim(w;) which may be also added generically, we need a
sort of iteration described in the next section.

Toward the consistency of —(édey,) + (dy2), we consider first the following lemma
which should be a well-known fact. Nevertheless, we include here a proof:

Lemma 3.10 Assume that there is a sequence (Cg)p<y of elements of [wi]* such
that | Cs N C,, | <X for all f < v < k. Then there exists a partial ordering P with
the property K such that in V' there is a sequence (Bg)s<y of elements of [wi]™
such that Bg C Cg and | BsN B, | <X for all B <y < K.
Proof Let

P={(D,f): D€, f: D — Fn(wy,?2),

f(6) € Fu(Cs,2) for all § € D }.

For (D, f), (D', f') € P, let

(D', f)y<(D,f) < DCD' f(0)C f(9) for all § € D and
(F (O N (f(6)7H{1}], 6 € D are pairwise

disjoint.
By the usual A-system lemma argument, we can show that P has the property K.
Since U3, B < K are pairwise disjoint modulo countable, the set

Dgs={(D,f)e P :feD,dedom(f(s)) and
In >4 (n € dom(f(B)) A f(B)(n)=1)}

is dense in P for every § < k and 6§ < wy. Hence if G is a V-generic filter over P,
then

Bs={a<w : f(B)(a) =1 for some (D, f) € G}

15
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is cofinal in w; and hence uncountable. Also by the definition of < on P, we have
| BsN B, | < Yy for every f < v < k. 4 (Lemma 3.10)

Note that if there is a sequence (Bg)s<y as in Lemma 3.10 then by the argument
in the proof of Proposition 3.4, we have T > K.

Lemma 3.11 There is a partial ordering QQ with the property K such that
Fq “ (doy2) ™.

Proof Let (Qa, Ra)agwl be the finite support iteration of partial orderings with
the property K such that for each v € Lim(w), there is a @), name Uﬂ, such that
Q. forces:

Uy is an ultrafilter over v, v\ 8 € U7 for all g <, R, is a p.o.-set with the
property K and there is an R,-name @, such that

g, “@y is a cofinal subset of y of ordertype w and
| i, \a| <R forallzel,”.

For example, we can take the Mathias forcing for the ultrafilter Uy as Rv- For
successor o < wy let |Fo, “Re = {1}7.

Let Q = Q.,- As (QOC,RQ)OCSW1 is a finite support iteration of property K
p.o.s, @ satisfies also the property K (see e.g. [9]). Now let G be a V-generic
filter over Q. In V[G], if X € [w]™ then the set {a < w; : X Na € V[G,]}
contains a club subset C' of Lim(w;). Let So = {a € C : X Na € U,[G]} and
Si={aecC:a\XecU,G]}. Since U,[G] is an ultrafilter over o in V[G] for
every a € C, we have C' = SyUS;. We have | 7,[G] \ X | < R for @ € Sy and
| 2[G] N X | <N for o € 1. Thus (£a[G])acLim(w) s & (doy2)-sequence in V[G].

Actually this proof shows that (£4[G])acLim(w) is even a (dy2)-sequence in the
stronger sense that it satisfies the assertion of the definition of (de2) with “is

stationary” replaced by “contains a club”. 4 (Lemma 3.11)

Corollary 3.12 There is a partial ordering R with property K such that |- g “ T >
Ry but (dey2) holds”. In particular — (1) + (y2) is consistent with ZFC. Further
if CH holds then for any cardinal k, there exists a cardinals preserving proper partial
ordering R, such that |Fpr,“ Y > K but (dyz2) holds”.

Proof Let R = P * Pg where P, is as P in Lemma 3.10 for x = ¥y and Pg as @
in Lemma 3.11 in V1.

For the second assertion, we let R, = Fn(k,2,w;) * P, x P5. Note that under
CH, Fn(k,2,w;) is cardinals preserving and forces that 2% = k. Hence there is a
sequence (Cg)s<x as in Lemma 3.10 in the generic extension. Thus in VFn(s2wy)
P1 can be taken as in Lemma 3.10 for our . Finally, in VFn(e2w)sPy ot Pg be as
in Lemma 3.11. [d (Corollary 3.12)
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4 (CS*-iteration

In this section, we introduce an iterative construction of p.o.s which is closely
related to the pseudo product we introduced in section 2. We adopt here the
conventions of [5] on forcing. In particular, a p.o. (or forcing notion) P is a pre-
ordering with a greatest element 1p. In the following, we just try to develop a
minimal theory needed for Theorem 5.6. More general treatment of the iterations
like the one described below should be found in [16].

We call a sequence of the form (POHQQ)Oé8 a CS*-iteration if the following
conditions hold for every a < e:

*0) P, is a p.o. and, if & < e, then Q, is a P, name such that |-p, “Q, is a

7

p.o. with a greatest element 1
1) P,={p: pisa function such that dom(p) € [a]=";
p| B € Py for any < a and,
if 8 € dom(p) then plrestrf|p, “p(B) € Qs ).

*2) For p, g € P,, p <p, q if and only if

i) forany 5 <a,pl Blp, “p(B) <a(B)7;
ii)  diff (p,q) = {8 € dom(p)Ndom(q) : p| Bl p, “p(B) = q(B)” } is finite.

We first show that such a sequence (F,, Qa>a§5 is really an iteration in the
usual sense. In the following we assume always that (P,, Qa)age is a CS*-iteration

as defined above.

Lemma 4.1 Suppose that o < 3 < e. Then

0) if p € Ps, then p| a € P,;

1) P, C Pg;

2)  forp,q€ Py, we have p <p, q < p <p, q;
)

3) forp, q € P, if p <p, q then p] a <p, q a.

Proof 1) can be proved by induction on 5. Other assertions are clear from the
definition of CS*-iteration. 1 (Lemma 4.1)

Lemma 4.2 Suppose that « < < ¢ and p, q € Py. Then plp,q < plpyq.

Proof Suppose that p and g are compatible in P,, say r <p, p, ¢ for some r € P,.
Then r € P by Lemma 4.1,1) and 7 <p, p, ¢ by Lemma 4.1,2). Hence p and ¢
are compatible in Pg.

Conversely, suppose that p and ¢ are compatible in P, say s <p, p, g for
some s € P3. Then we have s| a € P, by Lemma 4.1,0), s] a« <p, p] @ = p and
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sl @ <p, q] @ = q. Hence p and ¢ are compatible in F,. 1 (Lemma 4.2)

Suppose that o < f < e, p € Ps. By Lemma 4.1,0), we have p] « € P,. For
r SPQ pr Q, let

p~ r=pl(dom(p)\a) U r.

Forp, e P.,p<h q & p<p qand pldom(q) = ¢; p <} ¢ < p <p. q and
dom(p) = dom(q) (h and v stand for ‘horizontal” and ‘vertical” respectively).

Lemma 4.3 1) Let o, 3, p, v be as above. Thenp ~r € Pg andp ~ 1 <p, r,
p.
2) Forp,qe€ P.,r=q| (dom(q)\dom(p)) U pis an element of P. and r <% p.

3) Ifp, € P. forn € w and p,.1 S}})E pn for every n € w, then ¢ = U{p, : n €
w } is an element of P. and q S}};E pn for everyn € w

Proof 1): By induction on 5. If § = a then p = r = r < pl @ = p. Suppose
that we have shown the inequality for every 5’ < (. Let p and r be as above. If
f is a limit then we obtain easily p =~ r € P and p = r <p, 7, p by checking
*1) and *2) of the definition of CS*-iteration. In particular, *2),ii) holds for the
inequality p = r <p, r, p since diff (p = r,p) = diff (r, p] a) and diff (p ~ r,r) = 0.
If =+ 1 for some v > o, then pl v~ r € P, p[ v~ r <p, r, p| v by induction
hypothesis. If v ¢ dom(p) then it follows p = plv € Pgand p = r <p, 7, p.
Otherwise (p = 7)[ v |Fp, “p(7) <@, p(7)”. Hence again it follows that p = r € Py
and p =~ r <p, 1, p.

2) and 3) are trivial. [ (Lemma 4.3)

Lemma 4.4 Suppose that o < 8 < ¢, p € P, and ¢ € Ps. If p and q are
incompatible in Pz then p and q| o are incompatible in P,.

Proof Suppose that p and ¢[ o are compatible in P,. Then there is r € P, such
that r <p, p, q[ a. Let s = ¢~ r. By Lemma 4.3, we have s <p, ¢, 7. Hence p
and ¢ are compatible in Pj. [d (Lemma 4.4)

Lemma 4.5 Suppose that « < g < ¢ and that A is a mazimal antichain in P,.
Then A s also a maximal antichain in Pg.

Proof By Lemma 4.1,1), we have A C P3. By Lemma 4.2, A is an antichain
in P3. Suppose that A were not a maximal antichain in P3. Then there is some
q € Ps such that ¢ is incompatible with each of p € A. By Lemma 4.4, it follows
that ¢[ « is incompatible with each of p] a = p, p € A. This is a contradiction to
the assumption that A is a maximal antichain in P,. 1 (Lemma 4.5)
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5 (CS*-iteration of Cohen reals

In the rest, we consider the CS*-iteration (P,, Qa)agn for a cardinal x such that

Fp. “ Qo = Fn(w,2)”
for every a < k.

Lemma 5.1 Letp, g € Py be such thatp < q. Then there isr € P, such thatr < p
and for any o € diff (r,q), there is t € Fn(w,2) such that r| a|Fp, “r(a) =1".

Proof We define inductively a decreasing sequence (ay,)n<, of ordinals and a
decreasing sequence (p,)ne, Of elements of P, as follows: Let oy = max diff (p, q).
Choose pf, € P,, so that py < p[ ap and that pf, decides p(ag). Let po = p ~ pj.
If o, and p,, have been chosen, let D,, = diff (p,,q) N . If D,, = () we are done.

Otherwise, let a1 = max D,. Choose p;,, € P, ,, such that p/, ; < p,[ anp

n+1
and pf,,, decides p,(any1). Let ppy1 = pn ~ pl,y. This process terminates after
m steps for some m € w, since otherwise we would obtain an infinite decreasing

sequence of ordinals. Clearly r = p,, is as desired. [ (Lemma 5.1)
Lemma 5.2 P, satisfies the aziom A.

Proof Let <,,, n € w be the relations on P, defined by p <, ¢ < p g’;gﬂ q for
p, ¢ € P, and every n € w (in Ishiu [6] an axiom A p.o., for which the <,’s can
be taken to be all the same, is called uniformly axiom A). (<,,)ne, has the fusion
property by Lemma 4.3, 3). Hence it is enough to show the following:

Claim 5.2.1 For any p € P, and mazimal antichain D C P, there is q g’;gn D
such that {r € D : r is compatible with q } is countable.

F Let @ :w — wxw;n (p1(n),p2(n)) be a surjection such that ¢;(n) < n
for all n > 0 and, for any k, [ € w, there are infinitely many n € w such that
®(n) = (k,1). We construct inductively py, ti, up € P, and a sequence (si)iew
for k € w as follows: let py = p. If pr has been chosen then let (sj;)e, be an
enumeration of Fn(dom(py), Fn(w,2)). If there are t € D and u € P, such that
u < t, pr, diff (u, pr) = domsy, (k),pk) and Ul diff (U, Pr) = Sey (k)pa(k) (Of course we
identify here elements t of Fn(w, 2) with corresponding P,-name £), then let ¢; and
uy be such t and u and let pyy1 = pr Uu| (dom(ug) \ dom(py)). By Lemma 4.3, 2),
we have pr1 € P. Otherwise let ¢, = vy = 1p, and pr1 = k.

Now, let ¢ = Upecw, Pk- Then by Lemma 4.3,3), we have ¢ € P, and q¢ <p_ p.
We show that this ¢ is as desired.

Suppose that ¢ € D is compatible with g. Then by Lemma 5.1, there is u Cp,
t, q such that u| diff (¢,r) has its values in Fn(w,2). Let n € w be such that
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diff (¢,7) € gn and k > n be such that s, ) ek = ul diff (¢,7). Clearly t, € D
by construction. We claim that ¢ = t;: otherwise ¢ and ¢; would be incompatible.
Hence uy and u should be incompatible. But this is a contradiction.

It follows that

{r e D : riscompatible with ¢ } C {t}, : k € w}.

— (Claim 5.2.1)
1 (Lemma 5.2)
In particular, P, is proper and hence the following covering property holds:

Corollary 5.3 Suppose that G is a P.-generic filter over V. Then for any a €
VI[G] such that V[G] = “a is a countable set of ordinals”, there is a b € V' such
that a C b and V = “b is a countable set of ordinals”. 4

Lemma 5.4 If k is strongly inaccessible, then P, satisfies the k-cc.

Proof Suppose that pg € P, for 8 < k. We show that there are compatible
conditions among them. Without loss of generality we may assume that { dom(pg) :
B < Kk} is a A-system with the root x € [k]5™ Let ag = sup{y+1 : v € z}.
Then o < k and pg| x € P,, for every 5 < k. Since | P, | < k there are 3, ' < &,
B # B’ such that pg] © = pg| . But then ¢ = ps Upg € P, and ¢ <p_ ps, ps.
[ (Lemma 5.4)

Lemma 5.5 Suppose that E C Lim(wy) is stationary. Then |-p, “&(E)”.

Proof For each v € E let f, : [y,7+ w) — 7 be a bijection and let
S, ={x C~v : xis a cofinal subset of v, otp(z) = w }.
For each z € S5, let p, € P, be defined by

pe ={(v+n,q7,) new}

where ¢ , is the standard P, ,,-name for { (0,4) } withi € 2andi =1 f,(y+n) €
x. For distinct z, 2" € S, p, and p,s are incompatible. Hence there is a P,-name .,
such that |- p, “, is a cofinal subset of v with otp(¢,) =w” and p, |Fp, “&, =27
for every x € S,.

We show that || p, “ (i )er is a &(E)-sequence”. Suppose that p € P, and A
is a P.-name such that p|-p, A € [wi]™”. We have to show that there is ¢ <p,_ p
and v € F such that ¢ |Fp, “d, C A”.

Let f be a P.-name such that p|Fp. ¢ f:w — A is 1-17. Choose pa, ¢a, Ua for
a < wy inductively such that
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Q

) po <p, p and (Pa)a<w, is a decreasing sequence with respect to <% ;

o

) Ga <Y, Pa and g decides f(a);

) ta = diff (4o, pa) S dom(p) UUs<q dom(gs);
d)  qaf ua € Fn(k, Fn(w,2)).

o

The condition d) is possible because of Lemma 5.1. By Fodor’s lemma, there
is Y € [w]™ and r € Fn(k,Fn(w,2)) such that .| u, = r for every a € Y.
For each o € Y, there is f, € wy such that gq|Fp, “f(a) = B,” by b). Let
Z={ps:acY} Let

C = {7 € Lim(er) : Uneyn(sup(e) M) € 7
and Z N~ is unbounded in ~ }.

Then C' is closed unbounded in w;. Since E was stationary, there exists a v* €
CNE. Let ¢ = Upeyrys G- Then we have ¢ |Fp, “ZNy* C A”. Now let = € S,
be such that © € Z N ~*. Finally let ¢ = ¢’ U p,. Then we have ¢ Sf},ﬁ p and
qlFp, “do=2C ZNy CA”. 1 (Lemma 5.5)

Let (PCX,QQ)O[S,.i be a CS*-iteration as above. For a < k let PR/GQ be a P,-
name such that [p, ¢ N/Ga ={pe P, :plac Ga} with the ordering p <, ,
q < p<p,q”. Asin [5], we can show that P, ~ P, * PR/GQ. Also, by Corollary
5.3, practically the same proof as in [5] shows that

Ip. “P./Ga is ~ to a CS*iteration of Fn(w,2)”.

[e

Now we are ready to prove the main theorem of this section:

Theorem 5.6 Suppose that ZFC + “there exists an inaccessible cardinal” is con-
sistent. Then ZFC + —CH + MA(countable) + ‘&(E) for every stationary E C

Lim(wy)” is consistent as well.

Proof Suppose that x is strongly inaccessible. For P, as above, let G, be a Py-
generic filter over V. We show that V[G,| models the assertions. Let £ C Lim(w,)
be a stationary set in V[G,]. Since P, has the x-cc by Lemma 5.4, there is some
«a < k such that E € V[G,] where G, = G,, N P,. Hence by the remark before
this theorem, we may assume without loss of generality that £ € V. But then, by
Lemma 5.5, we have V|G| E “&(E)”.

Finally, we show that MA (countable) holds in V[G,]. Let D be a family of
dense subsets of Fn(w,2) in V[G,] of cardinality < k. Again by the k-cc of P, we
can find an a < k such that D € V[G,]. Since we have

PH%PQ’*QO(*PK/G.OL-Fl’
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the generic set over V[Gy] added by Q4[Ga] = Fn(w,?2) is D-generic over Fn(w, 2)
in V[G,]. (4 (Theorem 5.6)

At the moment we — or more precisely the first and the third author — do
not know if an inaccessible cardinal is really necessary in Theorem 5.6. As for
CS-iteration, & is collapsed to be of cardinality N, in the model above, since the
continuum of each of the intermediate models is collapsed to N; in the following
limit step of cofinality > wy. Thus the following problem seems to be a rather hard

one:

Problem 5.7 Is the combination MA(countable) + &(E) for every stationary
E C Lim(w;) consistent with 2% > R, ?
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