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COVERING A FUNCTION ON THE PLANE BY TWO
CONTINUOUS FUNCTIONS ON AN UNCOUNTABLE SQUARE -
THE CONSISTENCY

MARIUSZ RABUS AND SAHARON SHELAH

ABSTRACT. It is consistent that for every function f : R x R — R there is an
uncountable set A C R and two continuous functions fo, f1 : D(A) — R such

that f(azﬂ) € {fo(a76)7fl(a’ ﬂ)} for every (C!,B) € A27 « ;é B.

1. INTRODUCTION

Suppose that X is a topological space and f : X — R is a real-valued function
on X. Is there a “large” subset of X such that the restriction f [ X is continuous?
Obviously, if A C X is a discrete subspace, then f | A is continuous. Hence in
the case when dom(f) = R, we can always find an infinite subset on which f is
continuous. The problem whether there is such “large” set has been investigated
by Abraham, Rubin and Shelah in [ARSh]. They proved that it is consistent that
every function from R to R is continuous on some uncountable set. Later Shelah
[Sh 473] showed that every function may be continuous on a non-meager set.

In this paper we consider functions on the plane, R x R. The reasonable question
to ask in this case is: is there a “large” set A C R such that on A x A the function
f can be cover by two continuous functions? Note that we could not hope for f
to be just continuous on A x A, e.g., if g is a Sierpinski partition, then for every
uncountable set A, g is not continuous on A x A. The main result of this paper
is the following theorem. For technical reasons we consider squares without the
diagonal, i.e. for a set A we consider D(A) = {(x,y) : z,y € A, x # y}.

Theorem . Assume 2% = W1 for | < 4, and Os(N4,N1,Rg), see below. Then
there is a forcing notion P which preserves cardinals and cofinalities and such that
in VF, 2% = R, and for every function f : R x R — R there is an uncountable
set A C R and two continuous functions fo, f1 : D(A) — R such that f(«a,B) €

{fola, B), f1(c, B)} for every (o, B) € D(A).

The proof breaks down into two parts. In Section 2, we prove the consistency of
a guessing principle, diamond for systems. Then, is Section 3, we give the proof of
the theorem.

Remark . (1) We can replace Rg by any p = p<*.

(2) Our main goal was to prove the consistency of the statement in the theorem
with 280 < R,. We get 2% = X, naturally from the proof, but the values X3 or Xy
may be possible.
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1.1. Notation. We use standard set-theoretic notation. Below we list some fre-
quently used symbols.

For A, B subsets of ordinals of the same order type, OPg 4 is the order
preserving isomorphism from A to B.

If C is a set of ordinals, then (C)" denotes the set of accumulation points.
Let A, x be cardinals, y regular. S;‘ ={aeX:cf(a) =x}.

For a statement ¢ we define TV (¢) = 0 if ¢ is true, otherwise TV (¢) = 1.
R =%2.

If M is a model, X C M, then Sk(X) is the Skolem hull of X in M.

L[k, 0) is a ‘universal’ vocabulary of cardinality x<?, arity < 6.

2. DIAMOND FOR SYSTEMS

In this section we prove the consistency of a guessing principle, diamond for
systems Q.

<2

Definition 2.1. A sequence M = (M, : u € [B]=?) is a system of models (of some
fized language) if:

(1)
(2)

M, € Ord, B C Ord,
BN M, =u for every u € [B]<2,

(3) for every u,v € [B]=2, |u| = |v|, the models M, and M, are isomorphic

and OPxg, m, 15 the isomorphism from M, onto M,, OPy, u,(v) = u,

(4) for every u,v € [B]<%, My, N M, C Myn,,

()

if lul = |, v Cu, v ={a€v: (36 e d)|fNul =|anwv])}, then
OPMu,7M'U, g OP]VL“MM and OPM“,MU = ’L'dMu, and Zf \w| = |7.L|, then
OPMu,Mu O OPMU,Mw = OPMu,Mw-

Remark . See [Sh 289] on the existence of “nice” systems of models for A a suffi-
ciently large cardinal, e.g., measurable. Here we do not use large cardinals, and try
to get a model in which the continuum is small, i.e., less than X,,. For this we need
a suitable guessing principle.

Definition 2.2 (Diamond for systems Qs(), 0, 5,0)). Let {Cy : a € A} be a square
sequence on A. (M® :a € W) is a Qs(A, 0,k,0) sequence, (or Qs(\, o, k, 0)-diamond
for systems) if:

(A)

(F)

W C X and for every « € W, M® = (M2 : u € [B,]|=?) is a system
of models, MS is a model of cardinality k, universe C «, vocabulary of
cardinality < k, arity < 6, a subset of L[k, 0).
B, C a=sup(B,), otp(B,) = g, so o = cf(a).
if M is a model with universe A\, vocabulary of cardinality < k, arity < 0,
a subset of L[k, 0), then for stationarily many o € W for all u € [B,]=2,
MY < M,
if a, 8 € W and otp(Cy) < otp(Cg), then

(i) for some ¢ € Bg, | U{MP : u € [B]=2} — U{MP : u € [Bs N (]=?} is

disjoint from \J{MS : u € [Ba]=?},

if « # B in W, otp(Cy) = otp(Cp), then there is a one-to-one map h from
UHE[BQ]SQ Mg onto Uue[Bﬁ]g Mp, order preserving, mapping B, onto Bg,

MS onto M]f(u) which is the identity on the intersection of these sets and
the intersection is an initial segment of \J,¢p <2 My and U,¢(p,)< MPB.
if o = Kk we may omit o.

See https://shelah.logic.at/papers/585/ for possible updates.
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Lemma 2.3. Assume: K < p < \ are uncountable cardinals, A = x+, 2# = v, Oy,
Qgx, k= k<0, u* =p, o, x, K reqular cardinals.
Then there exists a diamond for systems on A, Qs(\, 0, K, 0).

Proor Let C = (C : v € A\) be a square sequence on A\. We assume that each
C, is closed unbounded in v, if 7 is a limit. Let C, = {ozz : ( <otp(C,)}. First
choose a sequence (b : i < x) for every a < A such that b C «, |b] < x, bY
increasing, continuous in 4, o = (J{b§" : i < x}. Next choose a,, for o < A such that

(1) aa C a,

(2) if cf(a) < x, then |aqs| < X,

(3) if B € (C,)', then ag C aq,

(4) it 8 € Cy and i = otp(Cy), then bf C aq,

(5) if otp(Cy) is a limit of limit ordinals, then aa = Uge(c, ) as-

Note that if @ € 53, then there is a club C., C C, such that (ag : f € C.) is
an increasing, continuous sequence of subsets of « of cardinality < x with union
o. Let Hy, H; be functions which witness that A = xT, i.e., Hy, H; are two place
functions, for every a € [x, ), Ho(o, —) is a one-to-one functions from « onto x
and Hi (o, Ho(a, 1)) =i for every a € [x, ) and ¢ < a.

Now by induction on o < A we define the truth value of ‘a € W’ and if we
declare it to be true, then we also define M. Suppose we have defined W N« and
MP? for B € W N a. Now consider the following properties of an ordinal a € .

(a) aq Nx = otp(Cy),
(b) aq is closed under Hy and Hy,
(c) for every 7y € a, we have:
(i) if cf(y) < x, then aq N7y = bth(Ca) and Cy C aq and otp(C,) <

otp(Chq),
“ (1(1) )if cf() = x, then sup(a, N7y) = ath(Ca) and C’aztp(ca) C aq,
d) cf(a) =0.

If o does not satisfy one of the conditions (a), (b), (¢), and (d), then we declare
that o ¢ W. So suppose that « satisfies (a), (b), (¢), and (d). Let (M, : { € x)
be the diamond sequence for S¥, i.e., each M, is a model on ¢, vocabulary as
above, and for every model M on x, there are stationarily many ¢ € SX, such that
M N ¢ = M,. We say that M, is suitable if it is of the form (C, < MZ), where <¢
is a well-ordering of ¢. For each ¢ such that M¢ is suitable, let § = otp((, <¥). Let
h¢ + ¢ — & be the isomorphism between (¢, <7) and (&, <). Let MCEB be the model
with universe &¢, such that h¢ is the isomorphism between M, E and M C@ . Fora e\
let ¢(a)) = otp(Cy). Consider the following properties of a € .

(e) there is a system N¢(®) = (NSC(Q) i s € [Bew)]=%, N§@ < Mé‘?a)’

HNSC(Q)H = K, Be(a) cofinal in & (q), 0tp(Bc¢(a)) = 0,
(f) otp(aa) = &(a)-
If o does not satisfy (e), and (f), then declare o« ¢ W. So assume that o satisfies
(e) and (f). Let go : &¢(a) — @q be the order preserving isomorphism. Let Me =
(M2 : u € [B,]=?) be the system of models on a,, which is isomorphic to N¢(<)
and the isomorphism is g,. If this system satisfies:
(g) for every B € (C,)’ there is v € B, such that ag N J{M : u € [B,]=?} C
U{MZ : u € [B, NV]=2},
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then we declare o € W. This finishes the definition of the diamond for systems
sequence, (M : a € W).
We have to prove that it is as required. Clauses (A) and (B) are clear.

Proof of clause (C). We need the following fact, it is proved essentially in
[Sh 300F], but for completeness we give the proof at the end of the section.

Lemma 2.4. Assume:
(1) A= (27", p=p", k=cf(k) >Ry, k<7 = &,
(2) M is a model with universe A, at most k functions each with < 6 places
and < k relations including the well-ordering of X.
Then: for some club E of X for every 6 € E of cofinality > p+ we can find
I C§=sup(l) and (N;: t € [I|S2,s € I) such that:
() (N;:t € [I]5?) is a system of elementary submodels of M, ||Ny|| = k.

Suppose that A is a model on A, C' a club on \. We have to find o € CNW such
that M2 < A for every u € [B,]=%. Let E C X be the club given by Lemma 2.4.
W.lo.g. we can assume that £ C C’, where C’ is the set of limit points of C, (so
if ) € E, then CN¢isaclubind). Fix § € S;E NE. Let fs:d — x be a bijection
and let

Dy = {¢ < x : ¢ is a limit, f5 maps (as onto ¢}

D, is a o-club, i.e., unbounded, closed under o-sequences. Let Al% be (X,f(;/(<F
d), f(;/ (A 9)). Note that by Lemma 2.4 we have a system of submodels on A [ 4,
we transfer this system on A% by the bijection f5 and, choosing a subsystem if
necessary, we can assume that we have an end-extension system on Al which is
cofinal in Y, i.e., we have N* = (N*:u € I), I C x, sup(I) = x, N; < Al and if
¢ < (in I, then min(N{*C} \ Ny) > sup(]\fi'ﬁg})7 and if u is an initial segment of v,
then N is an initial segment of V). Hence the set

Dy ={C<x: U Ny C ¢}
u€el¢nI)<?

is a club of x and such that for every ¢ € D, there is a system of models on (,
((Ng cuw € [¢NI]=2)).
Note that the set

Ds={¢<x: ozg € C and Ozg satisfies conditions (a) — (d)}

is a o-club of . Note that A is a model on y. Hence by Qgx, for stationary
many ¢ € SX we have guessed it, i.e., the set

S={CesX: M, =AY}
is stationary. Now if ¢ € SN (D7)’ N Dy N D3 then ag e C, and ozg satisfies
conditions (a)-(d). Note that ((ag) = otp(Cag) = (. Moreover, as ( € D1 NS we
have £ = otp(aag), i.e., condition (f) holds. By the construction it follows that

condition (e) holds, (the system of submodels on &, is isomorphic to the system on
O given by Lemma 2.4). Finally, (g) holds, as ¢ € (D;)’ and the system of models

of A is end-extending.
Hence ag e Wnd, and Melis a system of models as required.



Paper Sh:585, version 1997-06-04_10. See https://shelah.logic.at/papers/585/ for possible updates.

COVERING A FUNCTION BY TWO CONTINUOUS FUNCTIONS 5

Proof of clause (E). Suppose o, 8 € W, £ = otp(Cy) = otp(Cg). By the construc-
tion, both a, and ag are isomorphic to M, 569 and the isomorphisms are order preserv-
ing functions. Hence a, is order isomorphic to ag. Note that a, N x =agNyx =¢&.
Since both a, and ag are closed under Hy and H; it follows that an Nag is an
initial segment of both a, and ag.

Proof of clause (D). Suppose that o, 8 € W and otp(C,) < otp(Cg). As above,
since a, and ag are closed under Hy and Hy, it follows that a, Nag is an initial
segment of a,. Let v = sup(aq Nag). We have four cases, we will show that the
first three never occur.

Case 1. v € aq,Nag. We can assume that each a, is closed under successor, so this
case can never happen.

Case 2. v € aq —ag. Note that C,, C a,. Let v3 = min(ag — ). By (¢)(i) for ag it
follows that we must have cf(vy1) = x. Now by (c)(ii), v = sup(ag Ny1) = a;’ép(cﬁ).
So v € C,, and otp(C,) = otp(Cs). Note that cf(y) < x. Hence by (c)(i) for aq
we have otp(Cy) < otp(Cy), a contradiction.

Case 3. v & (aq Uag). Let o = min(a, — ) and ,y1 = min(ag — ). As above we
have otp(C,) = otp(Cy) and otp(C,) = otp(Cy), a contradiction.

Case 4. v € ag — aq. Let 79 = min(a, — ). We have cf(y) = x and otp(Cy) =
otp(Caq), so Cy C aq. Note that an N7y = UCGCW(O’O‘ N ¢). But for ¢ € a, with

— pS _ ¢
cf(() < x we have a, N{ = ip(C)s Hence aq Ny = Uge(cw)’ botp(c.) € B> for

o

some (1 € (Cg)" large enough. Hence by (g) in the definition of the diamond for
systems sequence, the conclusion follows.

Proof of Lemma 2.4 We prove slightly more. In addition to the sequence (IV; :
t € [I]=?) there is a sequence (N{,y : a € I) such that:
(8) N{a},N{a} realize the same Lg g-type over M, for a € I,
(y) we have N{a} < Nio for a € I and for a < f in I we have Ny, =
Sk'(N{a} U N{B}),

Remark . (1) Note that for o < 8, Ny} is not necessarily a subset of Ny, 3.
(2) The idea of the proof is to define Nioys Nz‘l}' and N{, 1y (and more, see definition

of a witness below). Then we use it as a blueprint and “copy” it many times using
elementarity, to obtain a suitable system.

We can assume that M has Skolem functions, even for Lgg. Let x* be large
enough. Let for i < A\, B; < (H(x*),€,<}.) such that [|B;|]| = 2 < A, and
M € B;, B; increasing continuous with 4, and if cf(i) > p* or ¢ non-limit, then
Bi <1, .+ (H(x*),€,<})- Let E= {5 < A:disalimit and Bs N\ = 0}, it is a
clubof A. Fix § € EN Sg/ﬁ. Note that Bs <r , ., (H(X"),€, <)

We say that (N, Nfo}v Nfl}', Nfo,1}va0a aq) is a witness if:

(1) Ni < M, |N;| = 5, Nigy N\ Niyy' = N, N§.Nigy < M | B, Ny |y =
Sk(N{,"UNG,),

(2) Niyy, N Bs = Nj, ag € Niy, — Nj, a1 € Njyy' — N,

() ifae N \Nf‘l}/, g = min(NE‘l}’ \ «), then cf(8) > uT,

(4) for every A C Bs, |A| < p there are Nil} < Ny1y and Nyg 1y such that
(a) N{l},N{O71} < M N Bs,
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b) N/., is order isomorphic to N},,’,
{1} {1}
¢) Ny is order isomorphic to N7,
{1} {0}
(d) OPN{OJ}’NZOJ} is an isomorphism from N7, ;y onto Ny 1y which is the
identity on Nfl}', maps Ny, onto Ny},
(e) for o € N7, 3 \Nfl}/) if B = min(Ny,, — ), then OPN{O,l}xNEOJ}(a) €
sup(A N B, B),

Claim 2.5. There is a witness.

We can find C <z, 1, (H(x"), €, <y~) such that ||C|| = u, "C CC, p+1 C C and
(M,Bs,6) € C. As Bs <r,, ., (H(X"),€,<}~) it follows that there is a function
f, dom(f) =C, rang(f) C Bs, f | C N Bs is the identity, f preserves satisfaction of
L,+ .+ formulas, i.e. f is an isomorphism.

Let N' < (H(x*), €, <}) be such that {B;,C, f,0} € N, [[N]|| = k. Let N1 =
NNC, Ny = NN Bs. Let Nj = f(N1), note that Nj C Ny. Let 69 = f(d1).
W.lo.g. we can assume that N' = Sk(Ny,N1). Let Ny = BsNCNN. We claim
that (Ng, No, N7, N, g, 01) is a witness. Note that

(x) if a e NN (§+ 1), then min(C — ) € N;.
Let us check condition (3). Suppose that « € N'— Nj and let § = min(N; — ).
Note that by (*) we have 8 = min(C—a). But as p+1 C Cand C < (H(x*), €, <}~)
we must have cf(8) > u™.

Now to verify (4), suppose that there is a set A such that the conclusion of (4)
fails. Then A is definable from: A7, the isomorphism type of N over A; and the
isomorphism type of Ny over Ng. As N1, Ny arein C and C <, ., (H(x*), €, <}~)
and k < p it follows that such set A is in C. But now the witness itself is a
counterexample. Note that clause (e) follows from (x).

Claim 2.6. If there is a witness, then there is a system as required, (for our
§eENSY,. )

By induction on o < p* we define J, < ¢ and a system (N{a},N{a},N{a’B}%
for 8 < a.

Suppose that we have defined the system for all 8 < . Let A = [J{N, : u €
{05 : B < a}]=?}. Let N{,y and Nia}, Nio,q} be as in the definition of a witness,
for the above A. For 8 < a let Nyg oy = Sk(N{f;%N{a}). It follows that IV, is

isomorphic to Ny and N{p,a} is isomorphic to N. Let 6, = OPN{O,Q}»NEQ_l}(OéO)'
Note that I = {0, : @ < pt} is such that sup(I) = 6 and N, NI = u for every

u € [I]=2. This finishes the proof.
3. PROOF OF THE THEOREM

Start with a model satisfying the assumptions of the theorem, i.e., we have
2% =Wy for | < 4, {Cy : @ € wy} is a square sequence and (M? : i € W) is
a diamond for systems, O4(N4, N1, Ny, Rg). Let M? = (M! : u € [B;]<?) and let
B; = {al : € < w;} be the increasing enumeration.

Definition 3.1. (1) A set b C a is Q | a-closed, i.e. o € b= a, C b.

(2) K = K, is the family of FS-iterations Q = (Po,Qa,a,: o < &*) such that:
(a) aa C a,
(b) laal < p,
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(c) B€aq=apCaq,

(d) for b € o, B = {p € P, : dom(p) C band (V8 € dom(p))p(pB) is a
Pl;kﬁa name }}

(e) Qq is a P; -name, (see 3.2 below),

(f) PZ. has the property K, (= Knaster).

Remark . The above definition proceeds by induction on a*, so part (d) is not
circular.

Lemma 3.2. Suppose Q = (Po,Qu,00,: a < a*) € K. Ifb C a* is Q-closed, then
Py < P

PrROOF  Straightforward, see [Sh 288] and [Sh 289].

Let f : “122 — R; be one-to-one, such that if 7 < v, then f(n) < f(v). For
p € W2 let w, = {f(p [ i) : i < Ny} € [N¥. Note that if p; # py in Y12,
then |w,, Nw,,| < Xy. Let R be the countable support forcing adding N4 many
Cohen subsets of wy, p; (i < wyg). Note that in VE, {w,, : i € wy} is a family of
almost disjoint, uncountable subsets of w;. Let B; = {a’ : € € w,,}. Note that
{M¢ :u € [B;]=?} is still a system of models on i, hence without loss of generality
we can assume that w,, = wy. For ¢ € wy define B;(¢) = {al : e < ¢}. In VE we
shall define an iteration (P;, Q;,a; : i < x) € Kyx,. Working in V| we define Q | 1,
by induction on i < wy, and we prove that it is as in 3.1 (in V).

We call i good if it satisfies: i € W, each M has a predetermined predicate
describing @ | M{ (as an R-name, with the limit P) and an R | M} % P{-name
J for a function from “2 x “2 into “2 and each M} is Q-closed. (Recall that we
do not distinguish between the model M{ Nan its universe). In this case we put
a; = J{M} : u € [B;]=?} and define Q; below.

If 4 is not good we put a; = () and define Q; to be the Cohen forcing, i.e.,
Qi = (Y2, <). We can assume that if a € B;, then @, is Cohen, (or just replace
B; by {a+1:«a€ B;}). For a € B;, let 7, be the Cohen real forced by Q.

Remark . The reason we add N4 almost disjoint subsets of w; is that, in VE if
i # j are good and otp(C;) = otp(C};), then the systems associated with ¢ and j
are almost disjoint, i.e., there is { € wy such that

U{M’ u € [Bi]=*}) N U{MJ u € [B;]=?}) C
(UM = w € [Bi(Q)=2) N (UMY, = w € [B;(Q)]=?})

Note that if otp(C;) # otp(C;) then we have almost disjointness by 2.2(D)(i).

Notation For £, € wy let Z¢ . = M{ag,aé} U M{aé}
Now we fix a good i. Our goal is to define Q);.

U M:?

{ai },Z = M:

{O‘g}

Definition 3.3. For p,q € R (or in P}, ), dom(p),dom(q) C Z}, we say that p
and q are dual if OPz; 7i(p | Z5) = q | Z} and OPy;i z:(q | Z§) =p | Z3.

e rﬁ]*l € R for

Using G, My We choose, by induction on k < w, conditions 7’
ne k27 l < 2, such that:
(a) ri e (R 25)/Grium

(b) van=r} <rh.
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(c) if l=m+1,ifne 2,1 <2, thenril € (R| Zi,)/Grg, M and 7, grf?*l I

Zi <ri o<t and OPy; 7 () < r” | Zi < OPy; 7i(r)~o1_ys), and 77,°
and rn are dual.
(d) ri{l forces that AZ’Z = {pzln :n € w} is a predense subset of P}, , such

0,1
that each pZiL forces the value f,;’i of f(rai,rai) I k.
(e) AP and A}' are dual, ie. for every m € w, pZ’?n and PZ:n are dual.
Moreover if ki < ko, then AZ"Z refines A"’l.

Suppose we have 7. We define 7,°, rit and A}l o Al 0 as follows.

1. Let ry =17} UOPT zi (7, 7).

2. Let 0 Z r1, 10 € R [ 2,1, forces a maximal antichain A; o of P}O . such
that each element of Ay forces a value of f(r,:,r41) [ k-

3. Let ro = OPZz Zz (7'1 0 F Zé)UOPZz Z7 (rl,O r Zi) Let T2,1 Z T2, 721 €R r Z071
forces Az, to be a predense subset of P* - such that each element of Aj; forces
a value of f(ryi,rqi) [ k. Moreover, Asy = (J{Ap : p € A1}, where for every
g € A, we have ¢ > OPZ{’ zi(p | ZHu OPg: zi(p | ZY).

4. Let r3 = OPZ{,Z(% (7“2,1 r Zé) U OPZé,Z{' (7“271 F Zi)

5. Let 30 = T3 U 71,0 (note: 73,0 is dual to 7‘271). Let A37Q = {p U OPZ{,Z@ (q r
Zy)UOPgi zi(q 1 Z1) 1 q € Ap}.

6. Let T%’O =173,0, ’I”%’l =721, AZ’O = A370 and Az’l = Ag’l.

Let for n € “2, ) = Uy, rf”k. In V' choose (n} : € < wy), distinct members of
“2. Recall that p; (j < Ry) are the Cohen subsets of wy forced by RIn V[{p; : j €
{i} Ua;)] we can find w® € [w;1]“* such that

(Oé) if € € w’ then OPZi,Zé(TUf) S GR[Z;W
(8) if eg < €1 are in w', I = TV (n?, <iz 1,), then
il
OPZL Zo,l(rnzoﬁﬂékl) € GRer.O,el'

€0-€1”

We choose the members of w? inductively using the fact that R has (< R;)-support.
Notation For £ € w' denote ré =Tai

Let H be R-generic and G be P -generic. In V[H][G] we define Q;. A condition
in Q; is (u,v,7,m, Fy, Fy), where:
(1) w is a finite subset of w".
(2) v is a finite set of elements of the form (7, p), where
(a) n,p € “=2, 1h(n) =1h(p), p #n,
(b) m < g, p <1y for some a, 8 € u and if v = n; N nj then for every
v € u we have: if n < rl, then 9% | (Ih(v) + 1) = nZ | (Ih(v) + 1), and
if p <7l then 7% [(1h()+1)—nﬁf(lh() 1).
(3) 7 is a function from v into % ~2 such that for (n, p) € v we have: v(n, p) is
such that there is o, 8 € u such that n <7, p <7 and v(n, p) = n; N0,
(v is well defined by (2)).
(4) m is a function from v to w. For (n, p) € v, m(n, p) is such that for every

o 3 3 . X vl
@, B € u such that n <77, p < rj, we have OPZ?.,B,Z(%J(plh(n),m(n,p)) € G,
where | = TV (07, <iz 1) and v =, Nnj.
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(5) For I = 0,1, F} is a function from v into % ~>2, defined by: for (n, p) € v,

Fy(n, p) is the value of f(ro,71) | lh(n) forced by pf]’fz;l)),);?ll(n,p)'

(6) For (n,p), (m,p1) € v, if n < and p < p1, then Fi(n, p) < Fi(n, p1), for
1=0,1.
Order: (u,v,v,m, Fy, F1) < (ut,0r, 0t m!, F§, F}) if
(7) u Cul,
(8) v C ot
9) FF=F'lv,o=v'Tv,m=m!v,1=0,1

Lemma 3.4. Suppose (qa;pa), (for a € wy), are in P} * Q;, qo forces po to be
a real 6-tuple in Q;, not just a P; -name of such a tuple, dom(qs) (o € wy) form
a delta system with the root A, ¢ € wy. Let b = J{M{ : u € [B;(¢)]=?}. Suppose
A —{i} Cb and dom(ga) Nb=A for a € wy.

Then there is an uncountable set E C wy such that for every o, 8 € E, (qa,Pa)
and (gs,pg) are compatible, moreover if ¢ € P, ¢ > qo | b,qp | b, then ¢, (¢, Do)
and (qg,pg) are compatible.

Proor By thinning out we can find an uncountable set F C w; such that:

(a) For a € E let w, = J{u € [B;]=? : dom(q,) N M} # 0}, (each w, is finite).
The sets w,, (@ € E) form a delta system with the root w and if a < 3,
£ € wq, ¢ € wg, then £ < (.

(b) uP> (a € E) form a delta system with the root v and o < 3, £ € uP+,( €
uPs, then £ < ¢, |uPe| = n*.

(c) vPe = v* for @ € E and the structures (uP>,{qa(§) : £ € uPe}, 0", {n; |
m* : £ € uP>}) are isomorphic, (isomorphism given by the order preserving
bijection between respective uP>’s), where m* is such that Ih(n; Nnf) < m”
for every & # ( in uPe.

Lemma 3.5. P,y has the property K.

Proor Let {pn : @ € w1} be an uncountable subset of P;11. W.l.o.g. we can
assume that dom(p,), (o € wy) form a delta system with the root A. We have
to find an uncountable subset £ C w; such that for any o, 8 € E, p, and pg are
compatible. We prove it by induction on k& = |A]|.

For k = 0, trivial. For the induction step assume that A = {ig, ... ,ix} ordered
by <, where for a, f < wy, we define a < g iff otp(Cy) < otp(Cpg) or otp(Cy) =
otp(Cp) and o < .

By the induction hypothesis there is an uncountable set £’ C w; such that for
a,B € E', pa | Ujcpaiy and pg | ;- a;, are compatible. Note that there is ¢ € w;
such that a;, N (U;cp @i,) € U{M* : u € [B;, (¢)]=?}, (see 2.2(D)). Now use the
previous lemma.

Now suppose that G(7) is Q;-generic. Let
A = J{u: 3w, 7,m, Fy, Fy), (u,0,0,m, Fy, F1) € G(i)}.
In V[G] let A= {ri :a € A’} and let f; : [A]*> = “2 be defined by:
filre,rh) = U{FZ(U,P) : 3w, v, v,m, Fo, F1) € G(i),
a, B € u,(n,p) 67},77<1rfx,p<r%}.
Let V = J{v: 3(u,v,m, Fy, F1) : (u,v,0,m, Fy, F1) € G(3)}.
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(1) For every a,8 € A" and n € w there is (n,p) € V such that

Ih(n) =1h(p) > n and n < re and p < rg,
(2) A is uncountable,
(3) fo, f1 are continuous,

(4) for every (a,B) € [A]?, if | = TV (i}, <iz m3), then f(rh,1h) = fi(rh,75).

PRrOOF (1) and (2) follow by a density argument. To prove (1) suppose that
(p,q) € P; * Q;, p forces that a, 8 € u?. W.lo.g. o,8 € dom(p). Let p; € P; be
such that dom(p) = dom(py), p(¢) = p1(¢) for ¢ € dom(p) \ {a, 8}, p(a) < p1(a),
p(B) < p1(8), Ih(p1(a)) = h(p1(B8)) > n, (remember that Q,, Qs are Cohen). Let
n=npi(a), p=pi(B), v=m;0ns 1 =TV, < n3). Let m € w be such
that OPz, ,, Zo’l(pﬁ’ll(n)’m) is compatible with p;, and let p; be the common upper
bound. Now define ¢; > ¢ as follows. u? = u?, v¥* = 02U {(n,p)}, 7% (n, p) = v,
m(n, p) =m, Ef*(n, p) is the value forced by pﬁ;l(n)’m. Hence (p2,q1) > (p, q) and
it forces what is required.

To prove (2) it is enough to show, in V', that for every a € wy and (p,q) € P;*Q;
there is 8 > « and (p1,41) > (p,q), such that 8 € u?. Let 8 > « be such that
dom(p) N Z7 ;5 C My and 3 > « for every v € u?. Let v € u? be such that
(m5, Nmg) < (3 Nng) for every v1 € u?. Define condition ¢1(8) = ¢(v) and let py

be a condition extending p and each of conditions OP;: 2 1(plﬁh(("n§) )7;i(n p)) such
Y¥1.87 5 B 5

that (n,p) € v, n < q(n), p < q(vy) and I = TV(n}, <mnj). Finally extend ¢ to ¢
such that u? = u? U {S}.

Condition (3) follows from (1) and (5) and (6) in the definition of Q;.

To prove (4) it is enough to show that for every n € w, f(r, %) [ n = fi(rh,75) |
n. By condition (1) there is (n,p) € V such that k = lh(n) > n and n < 7’ and
p < rfg. Recall that p = pp("’p)’l forces that f(ry,r%) | k = h for some fixed

1h(n),m(n,p)
bl ) € R P; | Z},. By the construction the

h. Now working in V consider (r’  .,p
Uaﬁm;

condition (r',p) = OPy: 7 l(r;’i ﬁn;;,p) € H x G, and forces that f(r},,r}) = h.

On the other hand, by definition Fj(n, p) = h and Fi(n, p) < fi(re, r%) This finishes
the proof.
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