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2 SAHARON SHELAH

ANNOTATED CONTENT

81  Tp via true cofinality

[Assume D is a filter on x, u = cf(p) > 2%, f € "Ord, and: D is

N;-complete or (Vo < u)(o™° < u). We prove that if Tp(f) > u (i.e. there
are fo, <p f for a < p such that f, #p fg for @ < 8 < p) then for some
A € DT and regular \; € (2%, f(i)] we have: pu is the true cofinality of

H Ai/(D+ A). We end summing up conditions equivalent to Tpya(f) > p
1<K
for some A € AT ]

§2  The tree revised power

[We characterize more natural cardinal functions using pcf. The main one
is \* | the supremum on the number of k-branches of trees with A nodes,
where k is regular uncountable. If A > "% it is the supremum on max
pcf{f: : ( < Kk} for an increasing sequence (0 : ( < k) of regular cardinals
with ( < kK = A > max pcf{f. : ¢ < (}.]

83 On the depth behaviour of ultraproducts

[We deal with a problem of Monk on the depth of ultraproducts of Boolean
algebras; this continues [Sh 506, §3]. We try to characterize for a filter D
on k and \; = cf(\;) > 2%, and p = cf(p), when does (Vi < kg)[\; <
Depth™(B;)] = u < Depth*(H B;/D) (where Deptht(B) = U{u* : in B
1<K
there is an increasing sequence of length p}). When D is Rj-complete or
(Vo < p)[o™0 < p] the characterization is reasonable: for some A € DT
and A\, = cf(\)) < A\; we have yu = tcf H A./(D + A). We then proceed
1<K

to look at Depthgf) (closing under homomorphic images), and with more
work succeed. We use results from §1.]

84  On the existence of independent sets for stable theories

[Bays [Bays Ph.D.] has continued work in [Sh:c] on existence of independent
sets (in the sense of non-forking) for stable theories.

We connect those problems to pcf and shed some light. Note that the
combinatorial Claim 4.1 continues [Sh 430, §3].]

65 Cardinal invariants for general cardinals: restriction on the depth

[We show that some (natural) cardinal invariants defined for any regular A(>
Np), as functions of A satisfies inequalities coming from pcf (more accurately
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norms for Rj-complete filters). They are variants of depth, supremum of
length of sequences from *\ (increasing in a suitable sense) and also the
supremum of sizes of A-MAD families. Contrast this with Cummings Shelah
[CuSh 541]. Also we connect pcf and the ideal I[)]; see 5.20.]

86 The class of cardinal ultraproducts mod D
[Let D be an ultrafilter on x and let
reg(D) = Min{f : the filter D is not #-regular}, so reg(D) is regular itself.

We prove that if g = p"8(®) + 2% then p can be represented as | H i/ D,
1<K
and for suitable u’s get p-like such ultraproducts.]

We thank Todd Eisworth for doing much in corrections and improving presen-
tation, and Andres Villaveces similarly for §4.
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81 Tp VIA TRUE COFINALITY

We improve here results of [Sh 506, §3] but do not depend on it. See more related
things in §6. Our main result is 1.6, which we will use in §3 in our analysis of
ultraproducts of Boolean Algebras?.

1.1 Claim. 1) Assume

J is an Ni-complete ideal on k
f € "0rd, each f(i) an infinite ordinal > u
T2(f) > A =cf(\) > pu >k (see 1.2(1) below)

(d)~(i) if a C Reg, and
(Moeca)(pu<O< X & pu<O<supf(i))
1<K
and |a| < &, then |pcf(a)| < p
(i) |/ ] < A

(iii) 2% < A.

Then for some A € J* and X = (\; : i € A) such that p < \; = cf(\;) < f(i) we
have H Xi/(J | A) has true cofinality X.

€A
2) If we can clause (e) below that we can add i€ A=\, = f(i)

(€) if g € "Ord and g <; f then T7(g) < X or just

(e) if Ac J* then [ £(i)/(J | A) is not A-directed.
€A

1.2 Remark. 1) Remember T%(f) = Min{|F|: F C H f () and for every
1<K
g € Hf(l) for some ¢’ € F we have =(g #; ¢')}. See [Sh 506, §3] on the
1<K

relationship of relatives of this definition; they agree when > 2%. The inverse of the
claim is immediate, i.e., the conclusion implies that A < T3 (f)-

2)If Ay ={i <k: f(i) > A} € J" then the conclusion is immediate, with \; = .
3) Note if Ay = {i < k: f(i) < (2°)T} € JT then T?(f) < 2%. If in addition

2Claim 1.1 was revised June 2004
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k\As € J then any X satisfying the conclusion satisfies A < 2%,
4) We can omit the assumption clause (d)~ (ii7) and weaken (here and in 2.6) the
assumption “|u”/J| < A7 (in clause (d)~) and just ask:

) g thereis FF C " p of cardinality < A such that for every g € "u we can find
F' C F of cardinality < u such that for every A € J* for some f € F’ we
have {i € A:g(i) = f(i)} € J*, or even

@; ..\ We require the above only for all g € G, where G C " has cardinality < A
and: if (§; : i < k) is a sequence of regulars in [Rg, p] and ¢’ € H 6; then
for some ¢” € G we have ¢’ <j ¢" <j (0; 1 i < k). =

Considering (d)~ (7i7) in the proof we weaken g, | A € N for some ¢’, A’ C k from
g [ A=;9"TA"

5) Also in 1.6 and 1.7 we can replace the assumption A > 2" by the existence of a
w satisfying A > p > k such that (d)~ as weakened above holds.

6) Note that we do not ask (Va < \)[|a|< e&(/) < ).

7) Of course, we can apply the claim to J | A for every A € J* hence {A/J :
A€ JT, and for some A = (); : i € A) such that u < \; = cf(\;) < f(i) we have
H Ai/(J | A) has true cofinality A} is dense in the Boolean Algebra Z(k)/.J.

i€A

1.3 Remark. The changes in the proof of 1.1 below required for weakening in 1.1
the clause [/ J| < Ato @, \ from 1.2(4) are as follows.

As J,u, A € N there are FF C "u,G C "u as required in @;’“’A belonging
to N (hence C N). After choosing g™! and B, apply the assumption on G to
g™3 € ®u when ¢"3 | B, = (¢™? | B,) and g™3 | (k\B,) is constantly zero and
0 = (0; :i < k) where 0; = cf(g,(i)) if i € B,, and 0; = X if i € k\B,,.

So we get some g™ € G such that ¢"3 <; g% <; (0; :i < k). As G € N,
|G| < X clearly G C N hence g™* € G. Let F! be a subset of F of cardinality < p
such that: for every A € J* for some f € F/, we have {i € A : g"™*(i) = f(i)} € J*.

Now continue as there but defining g,,+1 use g™* instead g™ and choose &2} 11
as

{ti<wsgmiiy=san:se .
The rest is straight.

Remember
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1.4 Fact. Assume

(a) N < (H(x), € <3)and p < A < x and {u,\} € N,
(b) NN Ais an ordinal,
(¢) i* < p, and for i < i* we have a; C Reg\u™,|a;| < p,0; € pef(a;) N A and
(a;,0;) € N, and let a = U a;.
i<

Then

(x) for every g € Ila there is f such that:
() g< fella
(8) f1bg,la;] € N,and if §; = max pcf(a;) we have f [ a; € N.

Proof. By [Sh:g, Ch.II,3.4] or [Sh:g, VIIL,§1].

Proof of 1.1. 1) We can find f’ <; f such that f’ € H f(i) + 1) which satisfies the
1<K

requirements on f and clause (e), so it is enough to prove part (2).

2) Note that assuming 2% < A slightly simplifies the proof, as then we can demand
gAn = gn | A. Assume toward contradiction that the conclusion fails. Let x be
large enough, and let N be an elementary submodel of (7 (x), €, <} ) of cardinality
< A such that {f, A\, u} belongs to N and N N\ is an ordinal and if we assume only
clause (d)~ then3

X for every f € "u there is g € N N "p such that f =g mod J (if J € N this
is immediate).

Let F =: (H f(z)) N N so Z cannot exemplify that T%(f) < |Z|(< A), thus
1<K
giving a contradiction.
As 7 C Hf(z), there is g witnessing “# does not exemplify T?(f) < |Z|
1<K
hence
(x) g € H f(3) is such that for every ¢’ € .% we have (g #; ¢’) i.e.
1<K

{i<k:¢'(i)=9g@()} € J.

3note we did not forget to ask J € N, we just want to help reading this as a proof of 1.5, too
for the case 27| > X, so there J’ does not necessarily belong to N.
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We now define by induction on n < w the function g,, and the family &, and ideal
J, on k such that:

X (i) go=f,gn € "Ord, and gn1 < gn
(1)  Gnt1 < gn mod Jpy1,Jo = J, Jn C Jpta
(i11) () P, is a family of < p members of J*
(B) Ae ., NBeJ,=ANBeJ
(v) ifn=m+1and A € &, then for some A" € &, we have
ACA
(iv) if Ae PP, then ga, =:gn [ A€ N hence A € N but if 27 > \
we just assume that for some g4, € H f(i) we have
gan =9gn | Amod J and g4, € N hance Ae N
(v) Po={k}and Jy=J
(vi) if A€ %, and BC Aand B € J,, and (VB' € J,)(BNB' €J)
then for some A’ € 2,1 we have A’ CA & A'NBeJ!,

(vii) g < g, mod J,

(viti)(a)  g(i) < gn(i)
(B)  g(i) < gn(i) = gnt1(i) < gn(i)

() gnt1(8) < gn(9)

(6) {i:gnt1(i) = gn(i)} € Jn

() ifie Ae P, then g,y then g(i) < g, (7).

(i) Jpp1={A1UAy: A € J,, Ay C k and if Ay ¢ J,, then

H gn+1(2)/(Jn | A2) is A-directed}, note that: J; = J by the
i€As
assumption toward contradiction.

€

Why is carrying the definition enough?
Let

()1 Ji={A:Ac Jyor Ac Jf and A > cf([[ gn | (J 1 A))} s0
€A
(¥)2 Jpy1 ={ACk:if Be(J; )" then ANB € J,}

()3 for n >0, let g7 € H(gn(z) +1) for o < X be <;:-increasing.
1<K
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[Why it exists? By (%)1 + (%)2 and the pcf theorem.]

For every i < k let n(i) be the minimal n such that g, (i) < g(i) (equivalently
gn (i) = g(7)) and let g, (i) € g1(4) code (ga(i) : € [L, n(a)]).
)a gaengl ) for a < A
1<K

(#)s if a < B < Athen B=:{i <k:gi(i) =g3(i)} € J.

[Why? If not, then for some n(x) we have B, = {i € B : n(i) = n(x)} € J*. Now
we try to choose A, € &, by induction on m < n(x) + 2 such that B, N A,, ¢ J
and m=k+1= A,, C A;. For m = 0 this is possible as we can choose A,, =
(see X(v)) so B,NA,, =B, ¢ J.

Assume m < n(x) and Ay, ..., A, has been defined and we cannot choose A,, 11
by the choice of J,,4+1, see X(iz) our inability to choose A,,t; it follows that
B. N A, € Jut1. However, by X we know that Z2(A,,) N Jp, = P(An) N J hence
P(Am) NV, = P(Am) N Iy, hence (g5 | Ay 0y < A) to <jx pa,,-increasing hence
<J,.1A,,-increasing hence by the choice of B* we have B*N A,, € J,,, contradictin.
So we can choose A, 1. So we have chosen Ay, ..., Ay )42 as required.

Butic Ae Py Ni€ A= n(i) >m, by M(viii)(e) but B, N A, 42 # 0, so
there is i € B, N A, (4)42, contradiction.]

Together

(%)6 (9% : a < A) witness Ty(g1) > A.
But f = go by X(i), g0 < g1 mod J; by K(ii) and J; = Jy, X(ix), so
(¥)7 g1 < f mod J.

However (x)g + (*)7 contradict clause (e) of the assumption.

Carrying the induction for X: Also the case n = 0 is easy by (i) 4+ (v). So assume
we have g,,, &, J,, and we shall define g,,11, Z,11, Jnr1. In N there is a two-place
function e, written es(i) such that es(7) is defined iff § € {a : & a non-zero ordinal <

supf(i)}, and ¢ < cf(d), and if § is a limit ordinal, then (es(7) : ¢ < cf(J)) is strictly
1<K
increasing with limit § and e,+1(0) = «; of course, Dom(eqo+1) = {0}.

We also know by assumption (d) or (d)~(¢) that

Q for every A € P, letting a”y =: {cf(gan(i)) : i € AF\ut, the set pcf(a’})
has at most © members.

So ¥ =: {(A,a’;,0) : A € &, and 0 € AN pcf(a’y)} has at most |Z,| x
p < px p = p members (as |Z,| < p and |pcf(a’y)] < p by @ above) so let
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{(AZ,al,07) : € < g} list them with £} < u. Clearly a € N (as ga, [ ALY € N),

and since p+1 C N and |pcf(al)| < u, we have % C N. For each € < & we define
h? € 1lal by:

hZ(0) = Min{C <0:ifie A, g(i) < gn(i), and
0= ctlgn () then g(0) < e, (€)

[Why is A" well defined? The number of possible i’s is < |A?| < k < u, for each
relevant i, every ¢ < 6 large enough is OK as (e, ;(¢) : ¢ < ) is increasing
continuous with limit g, (7). Lastly, 8 = cf(f) > p (by the choice of al’) so all the
demands together hold for every large enough ¢ < 6.]

Let a, = [ J af and let h, € Ila, be defined by h,(0) = sup{h?(f) : & <

e<ej,

ef and 0 € a}, it is well defined by the argument above. So by 1.4 there is a
function ¢! € Ila,, such that:

(@) hyp < g™
(B) g™t bgn[a?] € N (and 07 = max pcf(al) = bgn[al] = al).

Also we can define g™? € “Ord by:

g™2(i) = Min{¢ < cf(gn (i) : ey, 1) (C) > g(i)}.

So letting B, = {i : 1 < cf(g,(i)) < p} clearly g™? | B,, € P»pu. Now if assumption
(d) holds, then u*/J < A, hence u® C N so we can find g3 € N such that
g™? = ¢g™3 mod (J + (k\B,)); if assumption (d) fails we still can get such g™?3 by
X above. Lastly, we define g,,+1 € “Ord:

eg. (i) (9" (cfgn (@)  if  cf(gn(i)) € an and g, (i) > g(i)
gn1(1) = § e, (i) (9™3(ct(gn (7)) if  cf(gn(i)) € [1,p] and g, (i) > g(4)
gn (1) it g(@) = gn(i) or p < cf(gn(i)) ¢ an

and P41 = (P9, U P 1)\J where
Pr1 = {{i € AL i cf(gan n(i)) € bon[al]} 1 e < 62‘2}

and
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Prii= {{Z € A% : cf(ga-n(i)) < p}p: A" € Wn}

Jp+1 is defined as in clause (ix).
(Note: possibly (229, U P!, )N J # 0 but this does not cause problems).

So let us check clauses (i) — (iz).
Clause (¢): Trivial by the choice of e and g, 1.

Clause (i7): By the definition of g,,41(7) above it is < g, (i) except when g, (i) =
g(7), but by clause (vii) we know that g < g, mod J,, hence necessarily
{i <k:gn(i)=g(i)} € Jy, so really gnt1 < g, mod J,.

Clause (4i7): Clearly if A € £, .1 then A C k and A € (J + %,+1)" by the
choice of P11, Py < | D] + |ef| + Ro and |, < p by clause (i4i) for n
(i.e. the induction hypothesis) and during the construction we have shown that
lex| = |#| < p. The last phrase of clause (iii) holds by the choice of J,,41.

Clause (iv): let A € &,,+1 so we have two cases.

Case 1: Ae 20 .,.
So for some € < g, we have (07 € AN pcf(al) and) A =: {1 € AL : cf(gar n(i)) €
bgn[al]}. Let gany1 € H f (%) be defined by ga n+1(7) = €gan (i (€) (9" (cf(gan n(4)))).
i€A
By the choice of g™! € Ila,, we have:

g™ | bgn[al] € N.

Now the set A is definable from A7, gan ., and bgn[al], all of which belong to N
hence A € N. Also A7 € N and clearly g4 n+1 is definable from the functions
g™t 1 bg [al], 9™, gar n, AL and the function e (see the definition of gn41 by
cases), but all four are from N so gan+1 € N. Lastly, gnt1 [ A =7 gan+1 as
i €A & gann(i) = gn(i) & gn(i) > g(i) = gny1(i) = ga,nt1(i) and each of the
three assumptions fail only for a set of ¢ € A that belongs to J.

Case 2: Ae 2, ;.
So for some A* € &,, we have

A={i<k:i€ A" and cf(ga~ (7)) < u}.
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Let gA,n-l-l(i) =€y, (ng(Cf(gA*,n(i)))' Again, JgAn+1 € N, JAn+1 =J Gn+1 f A.
Looking at the definition of ga 41, clearly ga , is definable from g2 € N, ga«
and the function e, all of which belong to N.

Clause (v): Holds trivially.

Clause (vi): Assume A € &, and B C A satisfies B € JT (so also A € JT) and
(VB" € J,i1)(B'N B € J) we have to find A’ € &,,.4, such that A’ C A &
ANBeJTt.

Case 1: By ={i € B:cf(gan(i) <pu}eJt.
In this case A’ =: {i € A: cf(gan(i)) < ppe P, C Priiand ANBe Jt by
the assumption of the case.

Case 2: For some ¢ < ¢} we have A = A” and

By ={i € B:cf(gan(i)) € bon[al]} € JT.

In this case A’ =: {i € A : cf(gan(i)) € bor[aZ]} € J* belongs to P}, C P,
is C Aand BN A’ € J* by the assumption of the case (remember B N %11 = ).

Case 3: Neither Case 1 nor Case 2.
So B3 = B\B; € Jt and let \; = cf(ga.n(7)).
We shall show that H cf(gan(i))/J is A-directed. This suffices as letting
i€B3
Ni = cf(gan(i)) € (i, f(7)], by [Sh:g, I1,1.4](1),p.46,50 for some X, = cf(\]) < A,
we have
lim infy,p, (N, : i € Bs) = lim inf;;,(\; : ¢ € By) and
A= tef H A:/(J | Bs) and this shows that the conclusion of 1.1 holds, contra-
iCBs
dicting our initial assumption, so the A-directedness really suffices.
Now i € B\By = \; = cf(g,(i)) > p; and if J] Ai/J is not A-directed, by
i€Bg
[Sh:g],1,§1 for some By C B3 and 6 = cf(f) < A\ we have: By € J* and H i/ J
i€B4
has true cofinality 6. Hence 0 € pcf{cf(ga (7)) :i € A and cf(g,(i)) > u}, and as
6 > p, for some € < ¢ we have A = A” and 0 =0 so A’ = {i € A: cf(gan(i)) €
bg_[al]} is as required in case 2 on By (note: we could have restricted ourselves to
0’s like that).

Clause (vii): By the choice of g™, g™? and g" clearly i < k & g(i) < gn(i) =
9(1) < gn+1(i). As g < g, mod D it suffices to prove B =: {i: g(i) = gnt1(i)} € J.



Paper Sh:589, version 2005-07-05_10. See https://shelah.logic.at/papers/589/ for possible updates.

12 SAHARON SHELAH

If not, we choose by induction on ¢ < n+1 a member By of & such that B,N B €
JT. For £ =01let By =k € P, for £ + 1 apply clause (vi) for £ (even when £ =n
we have just proved it). So B,y1NB € J™ and gp11 | (Bps1NB) =g | (Bpy1NB)
hence =(gn+1 | Bnt1 #J gn | Bna1) but gni1 [ Bni1 € N so we have contradicted
the choice of g as contradicting (x).

Clause (viit): Easy.
Clasue (ix): By the choice of J,41. Uha

1.5 Claim. Assume

(d)~ (i) ifa C Reg, and
VMoca)(p<O< X & p<b<f(i))
and |a| < k then |pcf(a)| < p
(13) |u"/J| <AV (Vg € "u)[|llg/J| < A] and p is regular
(€) a< A= |af < A

Then for some A € JT and X\ = (\; : i € A) such that p < cf(\;) = N\ < f(i) we
have H Xi/J has true cofinality .
€A

Proof. We repeat the proof of 1.1 but we choose N such that “ N C N, (possible by

assumption (e) as A is regular), and let F' =: (H f(@)) N N. If 2% < X then clearly
<K

F = {g € H f(@) : for some partition (A, : n < w) of k and
1<k
gn € NN Hf(z) we have

1<K

o= Ut 140}

n<w

4compared to 1.1 we are omitting “J is Nj-complete”.



Paper Sh:589, version 2005-07-05_10. See https://shelah.logic.at/papers/589/ for possible updates.

APPLICATIONS OF PCF THEORY SH589 13

Then assume (x) (from the proof of 1.1) fails and g € H f (i) exemplifies it and we
1<K
let J' be the ideal J/={ACk:g[ A=g | A for some ¢ € F}.

Clearly J’ is Wy-complete, J" C J (as g is a counterexample to (x) and the
representation of F' above) and we continue as there getting the conclusion for J'
hence for J.

If 2% > X, let F' = N0 [] f(i), then

1<K

Q for g € H f(i) and A € JT we have (i) < (ii) where:

1<K
(i) there are g), € F’ for n < w such that {i < & : \/ g(i) = g.(i)} 2
nw
A mod J

(ii) for some ¢’ € F’ we have {i < k:¢g(i) =¢'(i1)} 2 A mod J.

[Why? <« is trivial; now = holds as g, € N also (¢, : n < w) € N hence
({gn(i) 1 n <w}:i < k) €N and use w”/J < p*/J < A (or just B, , from
1

Let g € Hf(z) be such that f € NN Hf(z) = g #; f. Now we repeat the
1<K 1<K

proof of 1.1 with our &, f, A\, N, F, g this time using the demands in clause (viii) (i.e.
9(i) < gn(i)). The proof does not change except that we do not get a contradiction
from n < w = gn41 <y gn. However, for each i < K, (g,(i) : n < w) is non-
increasing (by clause (viii)) hence eventually constant and by that clause eventually
equal to g(i). So clause (i) of () above holds hence clause (ii) so we are

done. O 5

1.6 Conclusion. Assume J is an ideal on k, f € "Ord,i < kK = f(i) > 2",
A= cf(\) > 2% and

(%) J is Ny-complete or (Vo < \)(Jaf®0 < A).
Then (a) & (b) & (b))t < (¢) & (¢)™ where

(a) for some A € J* we have T7,,(f [ A) > A

(b) for some A € JJr and \; = cf()\ ) € (2%, f(i)] (for i € A) we have

H Ai/(J | A) is A-directed
€A
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(b)* like (b) but H Ai/(J | A) has true cofinality A
€A
(c) for some A € J*, and n = (n; : i < k) € "w and ideal J* on
A* = U ({i} x n;) satisfying

i€A
(VBC A)BeJe |J{i} xn) e
i€B
and regular cardinals A(; ,,) € (2", f(7)] we have H Ainy/J" is
(i,n)€A*
A-directed
()™ asin (¢) but H Ain)/J" has true cofinality .

(i,n)€A*

Proof. Clearly (b)T = (), (b) = (¢), ()" = (¢)T and (¢)* = (¢). Also (b) = (b)"
by [Sh:g, Ch.IL,1.4](1), and similarly (¢) = (¢). Now we prove (¢) = (a); let
Ai = max{A(p) :n < n;} and let g; be a one-to-one function from

H Ai,n) into A; and let (fo : @ < A) be a <j--increasing sequence in

n<n;
[T A Define £ € T i by £2(i) = gi (fo T ({i} x n3)). So if & < B, then
(i,n)€A* icA
{icasri=nof={is A ftim =gt}

so by the assumption on J* and the choice of (f, : @ < A), for a < 8 < A we get
fo #5 f5 hence {f : o < A} is as required in clause (a).
Lastly (a) = (b) by 1.1 (in the case J is Ny-complete) or 1.5 (in the case (Vo <
A)(Jaf < X)). We have gotten enough implications to prove the conclusions.
Ui

1.7 Conclusion. Let D be an ultrafilter on . If

Hf(i)/D’ > A= cf(\) > 2°
1<K
and (Va < M)[|a|¥ < )], then for some regular \; < f(i) (for i < k) we have

A= tef(J[ /D).

1<K

Remark. On | H Ai/ D], see [Sh 506, 3.9B].

1<K
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§2 THE TREE REVISED POWER

2.1 Definition. For k regular and A > « let

A — sup{|lim, (T)| : T a tree with < X nodes and & levels}

where lim, (7') is the set of x-branches of T'; and let when A\ >y > k and 6 > 1

Am6) — Min{u :if T' is a tree with A nodes and & levels,
then there is & € [[T]e}“ such that

n e lim,(T) = (A € P)(n C A)}.

AR — \(k)

Recall [A]" =: {B: B C A and |B| = k}.

2.2 Remark. 1) Clearly A0 < \mtr < \(5:0) 1 g,

2) If k = Vg then obviously \®% = \¥,

3) Of course, A < cov(\, 01, kT k) and kK < 0 < 0 < X = AW < \mo) 4
cov(\, 07 kT k). (See [Sh:g| if these concepts are unfamiliar.)

2.3 Theorem. Let k be reqular uncountable < A. Then the following cardinals
are equal:

(3) A

(17) A+ sup{max pcf(a) : a C RegN A\k,a = {0 : { < Kk} strictly increasing,
and if & < Kk then max pcf({f: : ¢ < &}) <0 < A}

Remark. We can add

(1)~ like (i¢) but we demand only max pcf({f; : ¢ < &}) < A
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Proof. First inequality. Cardinal of (i) (i.e. A%*?) is < cardinal of (ii).

Assume not and let p be the cardinal from clause (ii) so p > A.

Let T, a tree with s levels and A nodes, exemplify A\{*) > u. Without loss of
generality T C "\ and <p=< [ T.

Let {T,k, A\, u} € By, < (H(x), €<}), 1+ 1 C By, [[B]| = p, for n < w,

B, € B,ri1,B8, < B, and let B =: U B,. So P =: BN [T]S* cannot
nw

exemplify (i). So there is n € lim,(T) such that (VA € 2)[{n | (:{ <k} € Al
We choose by induction on n, N2, N} such that:

(a) NY < N}! <3,

©) 2 = Siml{€:¢ <UL 1 €€ < g T and
= Sk%o({c 10 < ’%} U {’%nu?)‘?T})

(¢) ||NZ|| =K

(d) N E%n+1

(e) Ny = Sk, (NJU{n[(:(<r})

(f) 9 e AT N Reg N N\k' = sup(NY,; NO) > sup(NiN6).

(Here “Sk” denotes the Skolem hull.)

Let us carry the induction.

For n = 0: No problem.

For n + 1: Let a® =: NN Reg NAT\xT, so a™ € B, ; and a” is a set of cardinality
< k of regular cardinals € (k, A™T).
Let g™ € Ila™ be defined by ¢g™(#) =: sup(N! N @). Let

(%)1 I ={b Ca": for some f € (Ila™) N *B,,11 we have ¢g" [ b < f},

so we need to show a™ € I"™.
An easy induction on pcf(a™) tells us that

(¥)2 J<pla™] € I™ (in particular all singletons are in 1™).
Fact: There is f* € 8,41 N1Ila™ such that:
= {0 ca”: f(0) <g"(0)}
satisfies

[67]=" C J<[a”]
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(yes! not J<,[a"]).

Proof. In 9B, there is a list {a, . : ¢ < K} of N2. For each v € T let v be of
level ¢ and let N, , = Sk, ({(ane,v | €) : € < (}). So the function v — N, ,
(i.e. the set of pairs ((v, N, ,): v € T)) belongs to By, 1. Clearly (N, .. :( < k)
is increasing continuous with union N,. Let g, € II(a” N N, ,) be defined by
g (@) =sup(@ NN, ), s0 {(a" NN} ,.g,,):veT} e By, Now Ia™/J<x[a"]
is AT-directed, hence as |T'| < X there is f* € IIa™ such that:

(x)3 veT = grlw <Jealan] I

and by the previous sentence without loss of generality f* € %B,.1. Note that for
0 € a™ the sequence <g}1mc(9) : ( < k) is non-decreasing with limit ¢g" ().
Let c={0 €a™: f*(0) < g¢g™(f)}, now note

(x)4 if @ € ¢ then for every ( < k large enough, f*(0) < g;mc(e).

Hence ¢’ € [¢]<" = ¢/ € J<,[a"] as required in the fact.
(Why the implication? Because if ¢ C ¢, |¢] < & then by (x)4 for some ¢ < k we
have f* [ ¢’ < g, .+ | ¢ which by ()3 gives ¢ € J<[a"]) so let b" = c. OFact

Now if b™ is in J<,[a"], by (*)1 + (*)2 above we can finish the induction step.
If not, some 7* € Reg \u't satisfies 7* € pcf(b™); let (¢ : ¢ < k) be an in-
creasing continuous sequence of subsets of a” each of cardinality < x such that
b" = U ¢c and so (by the fact above) ( < K = 7* > A > max pcf(cc). We

(<K
know that this implies that for some club E of x and 6 € pcf(cc), for ¢ € E,

7 € pctycomplete({0c : ¢ € E}) and (0 : ¢ € E) is strictly increasing and max
pcf{f; : ( € ENE} < 0¢ for € € E, by [Sh:g, Ch.VIIL1.5](2),(3),p.317.

Now max pcf{f. : ¢ € (N E} < max pcf(ce) < A so p < 7% < the cardinal from
clause (i) of 2.3, against an assumption. So we have carried out the inductive step
in defining N2, N!.

So N2, N} are well defined for every n, clearly U NN = U NI

n<w nw

(see [Sh:g, Ch.IX,3.3A,p.379]) hence U N'NT = U N} N T, hence for some
n<w n<w

n, NON{n | ¢:¢ < k} has cardinality k. Now
A={veT: for some p we have v<ap € N°}

belongs to B, 11 N[T]* and {n [ ( : ( < k} C A, contradicting the choice of 7.
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Second inequality Cardinal of (i7) < cardinal of (7).
By the proof of [Sh:g, I1,3.5]. Oy 3

2.4 Definition. 1) Assume I C J C (k),I an ideal on k,J an ideal or the
complement of a filter on &, e.g., J = 7 (k) = Z(k)\{k} stipulating
f#rge{i<k:f(i)=g()} e J. Welet

T;i,(f, ) =sup{|F|": FeZr;(f, N}
and
T1,5(f,A) =sup{|F|: F € F1 ([, N},
where
Fro(N=AFC[[f@):f#9eF=f+s9g

1<K

and Ac =\ >|{fA:feF}}

2) For J an ideal on k,0 > k and f € "(Ord\{0}), we let

U, (f,0) = Min{|2|:2 C [sup Rang(f)]? and for every g € H (@)
1<K
for some a € & we have {i < r: g(i) €a} € J*}.

If 0 = k (= Dom(J)), then we may omit 0. If f is constantly A we may write A
instead of f.

3) For I C J, I ideal on k,J an ideal or complement of a filter on k, u > 6 > k and
f € #(Ord\{0}) let

Ury(f,0,1) =sup{U,;(F,0): F' € F; (f, 1)}
where
Fi(fom) = {FF C [ £(i) and

1<K

Ael=pn>|{f1A:feF}}
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and

U, (F,0) = Min{|2|:2 C [sup Rang(f)]’ and for every f € F
for some a € & we have {i < k: f(i) €a} € J*}.

2.5 Fact. Let A\ > k = cf(k) > No.

1) )\H’tr = TJEd79—(R)(A, )\) and )\<H’0> < UJEd ()\, 9)

2) If A > I, thﬁ N\ftr > Mn,tr and \<r> > M<K>~

3) Amtr = \(R) g et

4) Assume I C J are ideals on k. Then T} (f, \) > p if:

(i) each f(7) is a regular cardinal \; € (k, \)
) H f(@)/J is p-directed
1<K
(i73) for some A C k for ( < (* < M<inf(j) we have:
I<K

max pcf{f(i) : i € A¢} < A (hence Cf( H f(z)) < A) and {A¢ : ¢ < 7}
iEA(
generates an ideal on k extending I but included in J.

5) UJ()\) S UJ()\, 8) S UJ()\) + Cf([@]n, g) S UJ()\) —|—9F” and T[(f) S U](f) + 2F
and Uy ;(f,\) <T75(f,A) < Uz s(f,A) + 2" where I C J are ideals on k.
Also obvious monotonicity properties (in I, J, A, 6, f) hold.

Proof. 1) Easy. Let us prove the first equation. First assume F' € Z jua 5 () (A, ),
and we define a tree as follows: for ¢ < k the ith level is

Ti={fli:feF}
and

T = U T;, with the natural order C .
1<K
Clearly T is a tree with k levels, the ¢-th level being T;.
By the definition of .7 jba g () (A, A) as i < & = {j : j <i} € J24, clearly |T;] < A.
Now for each f € F, clearly ty =: ((f [ i) : ¢ < k) is a k-branch of T, and
fi # fo € F =ty #ty, soT has at least |F'| k-branches.
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The other direction is easy, too. Note that the proof gives =7 i.e., the supremum
is obtained in one side iff it is obtained in the other side.

2) If T is a tree with p nodes and s levels then we can add A nodes adding A
branches. Also the other inequality is trivial.

3) First Aot > A (R) hecause if T is a tree with A nodes and x levels, then we know
llim, (T)| < A®*, hence &2 = {t : t is a k-branch of T} has cardinality < \*" and
satisfies the requirement in the definition of A\<%~.

Second A% > g by part (2) of 2.5.

Lastly, A% < A\<F> 4 g% because if T is a tree with A nodes and x levels,
we know by Definition 2.1 that there is & C [T]* of cardinality < A<"> such
that every k-branch of T is included in some A € &2, without loss of generality
r<ryceAeP=uxe€A;so

[lim, (T)| = |{t : t a k-branch of T'}|

= | U {t C A:ta rk-branch of T'}|
Aez

< Y Nimy (T | 4)
S |gg‘ + ,{n,tr S )\<n> + ,{n,tr.

4) Like the proof of [Sh:g, Ch.IL,3.5].
5) Left to the reader. O 5

2.6 Lemma. Assume

(a) I C J are ideals on K
(
(€) T (f: ) > p=cf(p) > p* > T (", 5)

)

b) I is generated by < p* sets, u* > K

)

(d) k is not the union of countably many members of I.

Then We can find Ag C A1 C---C A, C... from I with union k, such that for
each n there is (A\I' 11 € Ay), p* < A = cf(A]") < f(i) such that:

H A/ J is p-directed
€A,

AC A, AeT= (][N <A
1€EA
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2.7 Remark. The point in the proof is that if I is generated by {B, : v < v* < p*},
and {n, : a < pt} are distinct branches and f € 4(A + 1\{0}),4 C x and
i€ A= cf(f(i)) > p*, then for some g < f for every v < v* and a < ™,

{i <7 :ifna(@) < f(@) then 94 (i) < g(i)} =~ mod Jox+(f [ 7).

Proof. Similar to the proof of 1.1 adding the main point of the proof of 2.3, the
“fact” there.

We can further generalize

2.8 Definition. For I C J C #(k), function f* € "Reg and A, we let

Tl () = {F C [ 7 :if A€ J then

1<K

NS {(FTAI: fe F}|}

(so I is without loss of generality an ideal on s and this is just ., (f*,\))

9€I’J’A)(f*) = {F - H f (@) :if Ae J, and f,g € F are distinct

1<K

then {i € A: f(i) =g(i)} € I}

ﬁ(:)’l,‘],)\,é)(f*) = {F C H f*(@) :if A € J, then for some
1<K
G C H[f*(z)]e of cardinality < A we have
i€EA

(Vf € F)3g € G)i € A: 1(i) ¢ gli)} € f}.

If = is a set of such tuples, then we let FL(f*) = ﬂ F(f)
Te=
If in all the tuples A is the third element, we write triples and f, \ instead of f.
For any Z% we let T4(f*) = sup{|F| : F € Z4(f*)} but: instead of T we have
F € Z1(f) exemplifying Uy ;(f,A) > p; i.e. Ur j(F,\) > p. Then n € F satisfies
(VA € 2)[{i:n(i) € A} € J]. We choose N?, N} satisfying (a)-(f) with ~,, = 1.
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§3 ON THE DEPTH BEHAVIOUR OF ULTRAPRODUCTS

The problem originates from Monk [M] and see on it Roslanowski Shelah
[RoSh 534] and then [Sh 506, §3] but the presentation is self-contained.

We would like to have (letting B; denote Boolean algebra), for D an ultrafilter
on K:

Depth(] [ Bi/D) >

1<K

[ Depth(B:) /D‘.

1<K

(If D is just a filter, we should use T instead of product in the right side). Because
of the problem of attainment (serious by Magidor Shelah [MgSh 433]), we rephrase
the question:

Q@ for D an ultrafilter on s, does \; < Depth™(B;) for i < k imply

IR /D' < Depth™ (][ Bi/D)

1<K 1<K
at least when \; > 2%;

&' for D a filter on s does \; < Depth™(B;) for i < s imply (assuming
A; > 2% for simplicity):

p= cf(p) <TH, 4((\i 17 < k)) for some A € D =
< Depth+(H B;/(D + A)) for some A € D™

1<K

As found in [Sh 506], this actually is connected to a pcf problem, whose answer
under reasonable restrictions is 1.6. So now we can clarify the connections.

Also, by changing the invariant (closing under homomorphisms, see [M]) we get
a nicer result; this shall be dealt with here.

The results here (mainly 3.5) supercede [Sh 506, 3.26].

Done 24/Feb/95
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3.1 Definition. 1) For a partial order P (e.g. a Boolean algebra) let

Depth™(P) = min{\ : we cannot find a, € P for a < A such that
a<fB=aq<pag}.

2) For a Boolean algebra B let

D} (B) = Depth; (B) = sup{Depth*(B’) : B’ is a homomorphic image of B}.

3) Depth(P) = sup{u: there are a, € P for o < p such that
a<f<p=as <pag}.

4) Depthy, (P) = Dy (P) = sup{Depth(B’) : B’ is a homomorphic image of B}.

5) We write D, or Dy, , or Depth, if we restrict ourselves to regular cardinals. Of

course we could have looked at the ordinals.

3.2 Definition. 1) For a linear order .#, let the interval Boolean algebra, BA[.¥]
be the Boolean algebra of subsets of .# generated by {[s,t).s : s < t are from
{00} U F U {+00}}.

2) For a Boolean algebra B and regular 6, let comy(B) be the (< 6)-completion

of B, that is the closure of B under the operations —x and \/ x; for o < 6 inside
<o
the completion of B.

3.8 Fact. 1) If B is the interval Boolean algebra of the ordinal v > w then
(a) D (B) ="
(b) Depth®(B) = |v|*.

2) If B’ is a subalgebra of a homomorphic image of B, then D} (B) > D;"(B’).
3) If D' O D are filters on k and for i < k, B} is a subalgebra of a homomorphic
image of B; then:

() H B;/D’ is a subalgebra of a homomorphic image of H B;/D, hence
1<K <K

(8) Df (11 Bi/D) = DI (]] BI/D").

1<K 1<K

4) In parts (2), (3) we can replace D), by D if we omit “homomorphic image”.

Proof. Straightforward.
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3.4 Claim. 1) If D is a filter on k and for i < Kk, B; a Boolean algebra,
\; < Depth (B;) then

N
(a) Depth;; (][ Bi/D) > sup <tcf(H )\i/Dl)>

1<K D12D 1<K
(i.e. sup on the cases tcf is well defined)
ept i 1s > Dept K and 1s at least
b) Depth; (|| Bi/D Depth;f (2 (k)/D) and l
1<K
sup{[tcf(H N./D)]" A < Depth™(B;), D1 D D}.

1<K

2) u < Depth; (B) iff for some a; € B for i < p we have that: o < 8 < p,n < w,
and ay < B¢ < p for € < n together imply that B = “(ag—aq)— U (@a, —ag,) > 07.
3) Let A€ DY (D a filter on k). In H B;/D there is a chain 2;Zrder type T if in
H B;/(D+ A) there is such a chamz.<;fT = X\;cf(\) > 27 also the inverse is true.
Zmlf,u < Depth+(H B;/D) and cf(u) > 2%, then we can find A € DT and

fa € H B; for a ;<; such that letting D* = D + A:

a < BK: = (H B;/D*) = fo/D* < f3/D* moreover fo <p+ f3.

5) Like (1) repilz'cimg Depth;" by Depth™, D1 D D by {D+ A: A€ Dt}

Proof. Check, e.g.:

2) The “if” direction:

Let I be the ideal of B generated by {aq —ag : a« < B < pu},h : B — B/I the
canonical homomorphism, so (a,/I : a < p) is strictly increasing in B/I.

The “only if” direction:

Let h be a homomorphism from B onto B; and (b, : o < u) be a (strictly) in-

creasing sequence of elements of By. Choose a, € B such that h(a,) = ba, so

a < f=aq\ap € Ker(h)but a, ¢ Ker(h), moreover f < o = ao—ag ¢ Ker(h).

3) The first implication is trivial, the second follows from part (4).

4) First, assume p is regular. Let (f,/D : o < p) exemplify p < Depth+(H B;/D).
1<K
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Then a« < < p = fo <p fs & —(fa =p f3), so for each «, ({i < & :
fa(i) = f3(i)}/D : B < p) is decreasing and |2%/D| < p = cf(p) hence for some
B € (a 1) we have (Y8)(Ba < B < = {i < 5 : fal)) # Fon(i)} = i < -
fa(i) # f3(i)} mod D (as f,/D is increasing). So ({i: fa(i) = f5,(4)}/D : oo < p)
is decreasing and [27/D| < 2% < pu, hence for some A* C k the set F = {a <
i <k foli) < fa, (i)} = A* mod D} unbounded and even stationary in p.
Let D* = D + A*, so for a < 8 < p we have f, <p fs hence f, <p- f3, but
acE & B> o= foF#p f3. Hencesome E' C {0 € E: (Va <dNE)(Ba <9I)}
is unbounded in p and clearly (Va, B)(a < 8 & a € E' & S € E' = fo <p- f3).
So {fa : @ € E'} exemplifies the conclusion.
Second, if p is singular, let p = Z e, fie > 275 pe strictly increasing and each
¢< cf(p)
pe is regular. So given (f, : a < p), for each ¢ < cf(p) we can find E, C ,u?
of cardinality ,uzf and Ac € DT such that « € E; & € E; & a<f =
fa <D4a. [p. For some A, cf(u) = sup{¢ : Ac = A}; so A and the f,’s for
a € {EN\{Min(E¢)} : ¢ < cf(p) is such that A; = A} are as required. Os .4

We now give lower bound of depth of reduced products of Boolean algebras B; from
the depths of the B;’s.

3.5 First Main Lemma. Let D be a filter on k and (\; : i < K) a sequence of
cardinals (> 2%) and 2" < p = cf(p). Then:

1) () & ()" = (B) & (B)” & (1) = (7) = (9).

2) If in addition (Vo < p)(o®° < p) V (D is Ny-complete) we also have (v) <
(7)< (0) so all clauses are equivalent

where:

(o) if By is a Boolean algebra, \; < Depth™ (B;) then p < Depth+(H B;/D)
1<K
(B) there are cardinals v; < A; for i < k such that, letting B; be
BA[y;] = the interval Boolean algebra of (the linear order) ~;, we have
p < Depth™ (] [ B:/D)
1<K
(v) there are ((Nin :m < ny) i < K) where A\;, = cf(Nin) < A and a non-
trivial filter D* on U ({i} x n;) such that:
<K
(i) p=tcf(]] Ain/D")
(i,m)
(i1) for some A* € DY we have
D+ A* ={A C k: the set U ({i} x n;) belongs to D*}
€A
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(8) for some filter D' = D+ A, A € DY and cardinals X, < \;
we have i < Tp/((\; 11 < K))
) like (B) we allow ~y; to be an ordinal
(B8)~ letting B; be the disjoint sum of {BA[Y] : v < \;} we have:
p < Depth (] [ Bi/D).
i<w
()t for some filter D* of the form D + A and N, = cf()\)) < \; we have p =

tef (H A /D*)

1<K
(a)t if B; is a Boolean algebra, A\; < Depth™(B;) then for some A € DT we

have, setting D* = D + A, that u < Depth™ H B;, <D*> ; moreover for
1<K
some fo € HBi for a < p we have o < B = {i : B; = fo(i) < fs(i)} =
1<K
k mod D*.

Proof. 1) We shall prove (o) < (8) = (8) = (B)” = (8) = (7)™ = (B) and
(@) < (a) and ()" = (7) = (9).

This suffices.
Now for (a)™ = (a) note that if (\;, B; for i < k are given and) A € DT,
(fa © o < X) exemplify (o)t then letting f}, = (fo [ A) U0\ a); Le., fo(i) is
fa(i) when i € A and Op, if i € rk\A, easily (f! : @ < A) exemplifies («). Next
(@) = ()™ by 3.4(4).

Now (8) = (8)' = (B8)~ holds trivially and for (8)" = (y)* repeat the proof of
[Sh 506, 3.24,p.35] or the relevant part of the proof of 3.6 below (with appropriate
changes, the case there is more complicated). Also (5)~ = (8)" as in the proof of
3.6 below. Easily (7)* = (8); also (8) = («) because

() if y; a cardinal < Depth™ (B;), the Boolean Algebra B A[~;] can be embedded
into B;, and
(73) if B} is embeddable into B; for i < x then B’ = H B!/D can be embedded
1<K
into H B;/D
1<K

(i74) if B’ is embeddable into B then Deptht(B’) < Depth™(B).
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Now (a) = (f) trivially. Also ()" = () trivially and () = (4) as in the
proof of 1.6. Next we note (8) = (J), as if B; = BA[v;] and v; < A; and p <
Deptht(IIB;/D), then by 3.4(4) there is a sequence (f, : o < u) satisfying f, €
HBi and A* € DV such that @« < 8 < u = fo <pta fs. So {fa : @ < pu}
1<K

exemplifies that Tpy 4 ((|B;| : i < K)) > u, as required in clause (9).

2) Assume (Vo < p)(o™0 < p) V (D is Rj-complete).

Now 1.6 gives (§) = (7)* hence (7) & (7)* < (9). Os.5

Now we turn to the other variant, D;{.

3.6 Second Main Lemma. Let D be a filter on k and (\; : i < k) be a sequence
of cardinals (> 2") and 2" < p = cf(p). Then (see below on (a),...):

1) (a) & (@)F & (B) & (8)" & (7) and (1) = (1) & (8) = (3).

2) If (Vo < p) (o™ < p) V(D is Ry -complete) we also have (8) < (7) < (7)T < (6)
(so all clauses are equivalent)

where:

(@) if B; is a Boolean algebra, \; < Depth, (B;) then u < Depch(H B;/D)
<K

(B) there are cardinals v; < A; for i < k such that, letting B; be

BA[y;] = the interval Boolean algebra of (the linear order) ~;, we have

pu < Depth;; (][ B:/D)

1<K

(7) there are ((Nip, i < my;) 1 < k) where A, = cf(N;in) < A and a non-

trivial filter D* on U{z} X n; such that:

1<K

w= tcf(H Xin/D*) and D C{A C k : the set U{z} x n; belongs to D*}
(in) icA

(0) for some filter D* O D and cardinals X, < \; we have

p < Tp-((Ni 1 i < K))

(B) like (B) but allowing v; to be any ordinal < \;

(B)~ letting B; be the disjoint sum of {BA[y] : v < A} (so Depth™(B;) = \;) we
have:
p < Depth! (][ Bi/D)

1<K

()t there are N, = cf(X)) € (2%, \;) for i < k and filter D} D D such that
H \./D* has true cofinality u
icA
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(@)t if B; is a Boolean algebra, \; < Depth; (B;) then for some filter D* O D

we have pi < Depth; <H Bi/D*> :

<K

Proof. Now (8) = (B) trivially and (8)" = (8)~ by 3.3(3) as BA[y;] can be
embedded into B;, and similarly (5) = («) by 3.3(3), and («) = (B) trivially. Also
(o) = ()T trivially and (o)™ = () easily (e.g. by 3.3(3)).
Also (y)™ = () trivially and (8) = (d) easily (as in the proof of 3.5).

We shall prove below () = (5),(8)" = (y) and (8)” = (5)’.
Together we have (@) = (a)" = (@) = (8) = (8 = (8) = (8) = () = (8) =
(o) and ()" = (7) = (0); this is enough for part (1).

Lastly, to prove part (2) of 3.6, by part (1) it is enough to prove (§) = (y)* as
in the proof of 3.5.

) =(8)
So we have \; ,, (for n < n;,i < k), D* as in clause () and let (g. : ¢ < p) be
< p+-increasing cofinal in H Ai.n but abusing notation we may write g.(i,n) for
(i,n)

9:((i,n)). Let v, = max{\;, : n < n;} and B; =: BA[y,], clearly v; < \;, a
(regular) cardinal as by assumption A; , < A; < Depth+(BZ-) is regular for n < n;.
In B; we have a strictly increasing sequence of length ;. Without loss of generality
{N\in :m < n;} is with no repetition (see [Sh:g, 1,1.3](8)) and \jo > A\i1 > -+ >
)\i,nifl~

So for each ¢ we can find a; ,, € B; (for n < n;) pairwise disjoint and
(@in,c ¢ <Ay (again in B;) strictly increasing and < a; .

Let b;. € B; be U Qjn.g. (i) (it is a finite union of members of B; hence a

n<n;
member of B;). Let b, € H B;/D be b, = (b; . :i < k)/D. Let J be the ideal of
1<K
B =: HBi/D generated by {b. —b¢ : e < ( < p}. Clearly ¢ < ( < p = b, <

1<K
be mod J, so by 3.4(2) what we have to prove is: assuming ¢ < ¢ < p,k < w and
Em < Cm < pufor m <k, then B = “b¢ —b. — | J (be,, — bc,,) # 07

m<k
Now

Y =: {(z,n) :ge(i,m) < ge(i,n) and

e, (1,n) < g¢,, (i,n) for m=0,1,.... k — 1}
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is known to belong to D*, hence it is not empty so let (i*,n*) € Y. Now
Bi« = bix ¢ N+ p» = Qi > ge (i*,n*), fOr every & < p, in particular for { among
€,(yEm, Cm (for m < k). As (i*,n*) € Y we have

Bis = (bir ¢ = bixe) N e 2 bix ¢ Naix e — bix e N @

= Qi* = gc (1% ,n*) — Gi* e g, (i*,n7) > 0

(as g¢(i*,n*) > g-(i*,n*) since (i*,n*) € Y) and similarly
B'i* ): (bi*ﬁs'm - bi*vC?n) m ai*:'n* = O
Hence

B« }: “bz'*,C - bz’*,s - U (bi*,sm - bi*,Cm) 7& 0.

m<k

As this holds for every (i*,n*) € Y and Y € D*, by the assumptions on D* we
have

{i* <k :Bix | “bix ¢ — bix e — U (bix e, = bizc,,) # 07} € DT

m<k

hence in B,bs —b. ¢ J as required.

B) = (v)
Let B; be the interval Boolean algebra for ~;, an ordinal < ;.

To prove clause () we assume that our regular p is < Depth;{(H B;/D), and
1<K

we have to find n; < w, A\, < A; for i < k,n < n; and D* as in the conclusion

of clause (7). So there are f, € H B; for a < p and an ideal J of the Boolean

1<K
algebra B =: H B;/D such that f,/D < fz/D mod J for a < S.
1<K
Remember p > 2%. Let f, (i) = U [Jo,i,205 Jouyi20+1) Where joie < Jaie+1 <
L<n(o,i)

vi for £ < 2n(a,i). As p = cf(u) > 27, without loss of generality n(«,i) = n;
for all @ < p. By [Sh 430, 6.6D] (better yet, see [Sh 513, 6.1] or [Sh 620, 7.0]) we
can find A C A* =: {(4,€) : i < K,£ < 2n;} and (7], : @ < K, £ < 2n;) such that
(i,£) € A=}, is a limit ordinal of cofinality > 2" and

(%) for every f € H vi¢ and o < p there is 8 € (, u) such that:
(i,0)eA
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(Z',f) € A*\A = jgmg = ’y;:g
(i,0) e A= f(i,0) < Jgie < ’}/ZE

For (i,¢) € A* define 37, by
Te= sup{";,, : (i,m) € A" and 7}, < Vi and m < 2n;
(actually m < ¢ suffices)}.
Now [}, <}, as the supremum is on a finite set, and the case 0 = 57, =7, , does
not occur if (i,¢) € A. Let

Y = {a < p:if (i,£) € A"\ A then jo 0 =7,

and if (i,£) € A then 3]y < ja,i < ’Y:,e}-

Clearly {f, : a € Y'} satisfies (%), so without loss of generality Y = p.
Clearly

(%)1 (i, : £ < 2n;) is non-decreasing (for each i).

Let u; = {€ < 2n; : (Ym < O)[v/,,, <7;,}-

For i < k0 < 2n; define b; ¢ =: fo (i) N [B}4,7; ) € Bi.
Let w; =: {¢ € u; : for every (equivalently some) oo < pu we have

Bi ’: “[ :,b’y;‘k,@) N foz(i) is 7£ 0 and 7£ [52677226)”}'
So

(%)2 fal2)\ U b; ¢ does not depend on «, call it ¢;(€ B;).

lew;

Let for £ € w;

Ui p =: {n <N [Jai2ns Jai2nt1) is not disjoint to [87 4,7 )

for some (equivalently every) a < ,u}.
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Ay = {(i,é) 1 < K, ¢ € w; and for some n € u; o we have, for some

(= every) a < p that jai2n < 87 < jai2nt1 < ’y;:g}.

A = {(z’,é) i < K, L € w; and for some n € u; ¢y we have, for some
(= every) a < pthat 8y < ja,iz2n <7ie < ja,i,2n+1}-
Let
b =: U{[ﬁ;é,y;e) .0 € w; and (i,0) € Ao} € B

bl =: U{[BZZ77ZZ) : 0 € w; and (i,¢) € Al} € B;

ch=b0Nbi,cZ=b0N(1—0b}),c;=(1-b)Nb;,ci=(1-b))N(1—0b;)

bo=: (b :i<kK)/DEB
by =:(bj :i<k)/D€EB

ct = {ct:i<k)/D€EB

7

c=(c:1<k)/DeB.

Let J1 = {b € B : ((fo/D)Nb: «a < p) is eventually constant modulo J, i.e.,
(Fa<p)(VB)a<B<u—(fo/D)Nb—(fs/D)Nbe J]}. Also B |=c < f,/D.

Clearly J; is an ideal of B extending J and 1p ¢ J;. Also if x € JlJr then for
some closed unbounded E C p we have: ((fo/D) Nz : « € E) is strictly increasing
modulo J.

Hence by easy manipulations without loss of generality:

(¥)3(a) if c; € JiF then ((fo/D)Nes : a < p) is strictly increasing modulo J
(b) for at least one t,c; € J;".
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By () we can find 0 < ap < oy < ag < p such that:

(x)4 if i < K, € < 2n;, /\ ’yf,e > Ja,ie and k < 2 then
a<p
SUP{Jak,inty * Jonier < Vig and €1 <203} < jay e

Now if in (x)3,c4 € J;~ occurs then

Bi):“fao(>mfa1( _U{ fOéo mfal())
N [51-,@,%-74) 0 € w; and (i,0) ¢ Ao, (i,0) ¢ Ay}

— U OBZ- — OBi”

Lew;

(as for each ¢ € w; such that (i,¢) ¢ Ay U A;, the intersection is the intersection
of two unions of intervals which are pairwise disjoint) whereas we know (fs,/D) N
(for/D)Neqs —c =y fao,/D Necy —c ¢ J; contradiction.

Next if in (*)3,c3 € J;~ holds then
| (fal( ) C - cl) (.foéo( C - cl U{ foq zé?fysz,é)

— fao () NV [Biesvi;)) £ € wi and (i,0) € Aj\Ag} = U Op, = 0B,

lew;

(as for each ¢ € w; such that (¢£,i) € A1\ Ap the term is the difference of two unions
of intervals but the first is included in the right most interval of the second) and

we have a contradiction.
Now if in (x)3,¢1 € JT holds then

By b= “(fas () N} = ) = (fay () Net = ) U (fa(8) Nl = c:)
U (Uan 0) = Far )V fap (00) N [870:77) : € € wi and (1,0) € Ao 1 41}

= |J 05, =05,"

lew;

and we get a similar contradiction.

So

(*)5 in (*)3,62 S Ji'_
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Without loss of generality

(%)¢ for a < p,7 < k and ¢ < 2n; such that (i,¢) € A we have
sup{jea,ie, : {1 < 2n; and Joa,ie, < Vit < J2a+1,i0-

Let v; = {£ € w; : (3,0) € Ao, (i,€) ¢ A}, so ¢f = U{[Bf4,7)y) + £ € vi}. As
¢ € v, = (i,£) € Ay necessarily

()7 if £ € v; then £ is odd and ju -1 = ﬁ;e < Ja,i2e+1 < 'y;g.
Now for every a < p define f!, € H B; by

1<K

fo() = U (87 os max{joa,i2nt1 1 1 € Ui p}).

Lev;

Clearly

Bi | “faa(i) N ¢} =i < fo (i) < faara(d) Nef =7

Let Y* =: U ({i} x v;) and we shall define now a family Dy of subsets of Y™*.
For Y CY*, ;?1’21 for o < p define f v € H B; by
<K
fa,Y(i) = U{[ja’@gg,ja’i’%_i_l) A= Vi and (Z,f) ¢ Y}
Forge G= [ [, define fy € [] Bi by f,() = [J 1814, 9((i.0))), now
(i,0) ey <K Lev;

x)g for every a < pu for some g = g* € G we have [ = f,.
a o' g
[Why? By the previous analysis; in particular (x)7].

Let

Dy = {Y C Y™ : for some g € G for every g € G satisfying
[(i,£) € Y*\Y = g¢(i,0) = 3] ] we have
fg/D = fg,/D belongs to Ji }

it is a filter on Y*.

()9 if g1,92 € G then
() 01 <y 62 B = (/D) Nz < (/D) N0
(b) 91 <po 92 & B = (f./D) N2 < (fgo/D) Nez
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(*)10 for every g’ € G for some a(g’) < p we have g’ < g,y (see (x)s).

[Why? By (x).]
Now
® of( [ /Do) = .
(i,£)eY ™
[Why? If not, we can find G* C G = H [B70:7i¢) of cardinality < p,

(t,£) ey
cofinal in H Yie/Do. For each g € G* for some a(g) < p we have
(i,£)eYy ™
9 < gh, hence a € [a(g), 1) = g <p, g5, let a(x) = sup{a(g) : g € G} so
a(*) < pso /\ 9 <Dy Ga(x); contradiction, so ) holds].
geG

So for some ultrafilter D* on Y™* extending Dy, u < tcf H Yie/D* |, hence
(i,0) ey~
< tcf H cf(7;¢)/D* and by [Sh:g, I1,1.3] for some
(i,6)eY ™

Ao = cf(N ) < cf(v],) <7 < A wehave p = tef H Ni¢/D™ | as required
(i,£)eYy™
(we could, instead of relying on this quotation, analyze more).

B~ = (8)

Let B; , be the interval Boolean algebra on v for v < A;,i < k, and we let B},
be generated by {aé’7 :j < v} freely except a;’j < a;‘-’;’ for j1 < jo < 7.
So without loss of generality B; is the disjoint sum of {B;_ : v < A}. Let
€in = 1B, (so (e 17 < A;) is a maximal antichain of B;, B; [ {x € B; : x < e;,}
is isomorphic to B; ., and B; is generated by {z : (Iy < N;)(x < e;4)}. Let
(fo : @ < p) and an ideal J of B exemplify clause ().

Let I; be the ideal of B; generated by {e;~ : v < A;}, so it is a maximal ideal;
let I be such that (B,I) = H(Bi,li)/D so clearly |B/I| = |2%/D| < 2% < cf(p)

1<K

(actually |B/I| = 2if D is an ultrafilter on k), so without loss of generality o < <
w= fo/D = fz/D mod I. We can use (fi+o/D — fo/D : a < u), so without loss
of generality f,/D € I, hence without loss of generality f, (i) € I; for a < p,i < k.
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. 2,y (a,2,e .
Let fo(i) = 70,i(... ,em(a,i’s),aj(ya(’i’s) ),...)5<na,i where n,; < w and 74,; is

a Boolean term. As p is regular > 2%, without loss of generality 7,, = 7; and
Na,; = Ny Let ’724,1',5 = 7(057 ia 8) and ’Yé,i,s = j(aa ia E)
By [Sh 430, 6.6D] (or better [Sh 620, 7.0]) we can find a subset A of
A* ={(i,n,¢) :i < Kk and n < n; and £ < 2} and
(Vipe i <kandn <n; and £ < 2) such that:

(x)(A) (i,n,0) e A= cf(ﬁ’nyz) > 2K

B) for every g € ~F. , for arbitrarily large o < p we have
g i,mn,l
(i,n,£)eA

(i1, 0) € ANA S Yo 50 = Vine
(i,n,0) € A= g(i,n,0) < vﬁ%n < Yine
Let
Bine =sup{y g in’ <m0 < 2and 3], 0 < i)
Without loss of generality

(iv n, 6) €A & a< B = Vé,i,n S (6;,71,57’7:,71,()

(i,n,0) e A\A & a<pu= Vﬁ%n = ﬁ’n’é.
Also without loss of generality
(x) for o < p and (i,n,¢) € A we have
yéaﬂm > sup{7§;7i,n/ i<kl <2,n <ng,

VA *
and ’7204,2',71’ < ’Yi,n,f}'

Let Ay = {7},0:n <n; and (i,n,0) € A*\A} and

B; = B; [Z{eiﬁ S Al}
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We define f, € [ [ B} by £4(i) = faar1(i) N ( | eiy) € B} C Bi.
i<k RISTAY
Now easily f%/D < font1/D and (in B) fao/D — f/D < foa/D — fios1/D € J,
hence (f! : a < A) is increasing modulo J, even strictly. So (B} : i < k), (f :
a < p) form a witness, too. But B, is isomorphic to the interval Boolean algebra
of the ordinal v; = Z v < A, so we are almost done. Well, v; is an ordinal, not
S (STAY]
necessarily a cardinal, but we are proving ()’ not (). Os.6
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§4 ON THE EXISTENCE OF INDEPENDENT SETS FOR STABLE THEORIES

The following is motivated by questions of Bays [Bay] which continues some
investigations of [Sh:a] (better see [Sh:c]) dealing with questions on Pry(u),Pr’. for
stable T' (see Definition 4.2 below). We connect this to pcf, using [Sh 430, 3.17]
and also [Sh 513, 6.12]). We assume basic knowledge on non-forking (see [Sh:c,
Ch.IILI]) and we say some things on the combinatorics but the rest of the paper
does not depend on this section. For simplicity, we concentrate on the regular case.

4.1 Claim. Assume \ > 0 > k are reqular uncountable. Then the following are
equivalent:

(A) If u < X and a,, € [p]<" for a < X then for some
A € [\]* we have U aq has cardinality < 0
acA
(B) if 6 = cf(0) < k and 1o € °X for a < \ and
H{na Ti:a <\ i<d} <A\ then for some A € [\
the set {no [i:a € A,i <6} has cardinality < 6.

Remark. Of course, if a, is just a set of cardinality < k, by renaming a, € [\|<F
and for some stationary S C A and o < y, (a,\a* : a € S) are pairwise disjoint,
renaming o = p < A, etc., see more in [Sh 430, §2].

Proof. (A) = (B). Immediate.

—|(A) = —|(B)

Case 1: For some p € (0, \) we have cf(u) < x and pp(p) > A.
Without loss of generality p is minimal. So

() a € Reg Nu\b,|a| < k,sup(a) < p = max pcf(a) < p.

Subcase la: A < pp™(u).
So by [Sh:g, Ch.VIIL,1.6](2),p.321, (if cf(u) > Ng) and [Sh 430, 6.5] (if cf(u) =
Ng) we can find (A, : @ < cf(u)), a strictly increasing sequence of regulars from

(0, 1) with limit g and an ideal J on cf(u) satisfying J(E’f‘(j“) C J such that A =

tef H Ao/J | and max pct{Ag : B < a} < A,. By [Sh:g, II,3.5], there is
a< cf(p)
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(fc + ¢ < A) which is <j-increasing cofinal in H Ao/J with [{fc T a: (<
a< cf(p)
AH < Aa-
Easily (f; : ¢ < ) exemplifies =(B) : if A € [\]* and B =: U Range(f¢) has
(eEA
cardinality < plet g € H Ao be: g(a) = sup(AoNB) if < A, zero otherwise and let

ap = Min{a < cf(p) : Ao > |B|}. Soap < cf(p) and ¢ € A= f¢ [ [, cf(p)) < g,
contradiction to “ < j-cofinal”.

Subcase 1b: cf(u) > Ng and pp™ (1) = pp(p) = .
Use [Sh 513, §6] and finish as above.

Subcase lc: cf(n) = Rg and A = ppT(u) = pp(p) = A

Let a,(b, : 7 € R),{f : 7 € R) be as in [Sh 513, §6], so |b,| = Ny. Let 7, be
an w-sequence of ordinals enumerating Rang(f,) for 7 € R, now {n, : 7 € R} is as
required.

Case 2: Not Case 1.
So by [Sh:g, Ch.IL,5.4], we have § < u < A= cov(u,d,k,R1) < A.
As we are assuming —(A), we can find pg < A\, an € [po]<" for a < X such that
Ae N = | U aq| > 6, but by the previous sentence we can find pu; < A and
acA
{bsg : B < 1} C [po]<? such that: every a € [ug]<" is included in the union of
< Ny sets from {bs : B < p1}. So we can find ¢, € [u1]™° for a < X such that

ae C | bs. Now for A € [N*,if | | caf < 6 then

BEcy aEA
| J{aa:ae A} <[ J{ | bs: e A}
BEca
= [ Jts:8€ | ca}l < min{o: 0= cf(0) > |bg| for B < 1}
acA
+lJelt<o0+0=0
acA

contradicting the choice of (a, : @ < A).
So
(¥) cq € [p1]=%e, for o < A\, p1 < X and

Ae = el>0
acA
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Let 1, be an w-sequence enumerating c,, so (1, : @ < \) is a counterexample to
clause (B). Laq

We concentrate below on A, 6, k regular (others can be reduced to it).

4.2 Definition. Let T be a complete first order theory; which is stable (€ the
monster model of T and A, B, ... denote subsets of €°? of cardinality < ||€°9])).
1) Prr(A, x, ) means:

(%) if A C €° |A| = A then we can find A’ C A, |A’| = x and B’,|B’| < # such
that A’ is independent over B’
(i,e. a € A" = tp(a, B’ U (A'\{a})) does not fork over B’).

2) Pri. (A, p, x, 0) means:

(xx) if A C €°9 is independent over B where |A| = X\ and |B| < pu,B C €
then there are A’ C A,|A’| = x and B’ C B satisfying |B’| < 6 such that
tp(A’, B) does not fork over B’ (hence A’ is independent over B’).

3) Pri: (A, x,0) means Prin(A\ A\, x, 0).

4.3 Fact. Assume A is regular > 0 > k,.(T) then

(1) if x = A then Prp(\, x,0) < Pri(A\ A, x, 6)
(2) it A > x > p >0 then Prp (A, x,0) = Prin(\, p, x, 0).

Proof. 1) The direction < is by the proof in [Sh:a, III].
[In detail, let A, B be given (the B is not really necessary), such that A = |A| >
|B| + £,(T) so let A= {a;:i < A}; define
A ={a; - j <i}, S ={i < X:cf(i) > k(T)}, so by the definition of ,(T) for
a € S there is j, < a such that tp(aq, Ao U B) does not fork over A; U B so for
some j* the set S’ ={§ € S: js = j*} is stationary, now apply the right side with
{as : 6 € 8"}, Aj« U B, here standing for A, B there].

The other direction = follows by part (2).
2) This is easy, too, by the non-forking calculus [Sh:a, III,Th.0.1 + ](0)-(4),pgs.82-
84 but we give details. So we are given a set A C €°? independent over B, where
|A] = X and |B| < p. As we are assuming Prr (A, x, ) thereis A’ C A, |A’| = x and
B',|B’| < 0 such that A’ is independent over B’. So for every finite ¢ C B for some
Az C A’ of cardinality < x(T) (< k,(T)) we have: A"\ Az is independent over B'Uc.
So A* = |J{A¢ : ¢ C B finite} has cardinality < x,(T) + |B|T < x so necessarily
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A"\ A* has cardinality y and it is independent over U{c : ¢ C B finite}UB’ = BUB' ]
Uas

4.4 Discussion. So in order to understand the model theoretic property it suffices
to prove the equivalence
Pri(A\ i, x,0) < Pr(X\, u, x, 0, k) with k = k,.(T), where

4.5 Definition. Assume
(%) A > max{p,x} > min{u,x} >0 >k > Ry and p > 0 and for simplicity

A, 0, k are regular if not said otherwise (as the general case can be reduced
to this case).

1) Pr(\, u, x, 0, k) is defined as follows: if u, € [u]<" for o < X\ and | U Ua| < 1

a<A
then there is Y € [A]X such that | U uq| < 6,
acY
2) Pr*(\, i, X, 0, k) is defined similarly but for some tree T' each u, is a branch

of T
3) We write Pr(\, < p, x, 0, k) for Pr(\, ut, x,0, ) and similarly for Pr* and Pr.

4.6 Fact. Assume A\, pu, x, 0, k = k,(T) satisfies (x) of Definition 4.5. Then
1) Pr(A\ p, X, 0, 6-(T)) = Pri(\, pu, x,0) = Pr'™(\, i, x, 0, £, (T)).

2) Pr(\, x, x, 0, 5+(T)) = Prr(\ x,0) = Pr(\ x, x, 0, k- (T)).

3) We have obvious monotonicity properties.

Proof. Straight.

1) First we prove the first implication so assume Pr(\, u, x, 0, k,.(T)), let & = k,.(T),
hence (x) of 4.5 holds and we shall prove Pri.(\, i, x,0). So (see Definition 4.2(2))
we have A C €° is independent over B C €°4 |A| = X and |B| < p. Let A =
{aq : o < A} with no repetitions and B = {b; : j < j(*)} so j(x) < pu. For each
a < A, there is a subset u,, of j(x) of cardinality < ,.(T) = & such that tp(an, B)
does not fork over {b; : j € ua}. So uy € [p]<* and | U ue| < |7(%)| < p hence

a<
as we are assuming Pr(\, u, x, 0, k), there is Y € [A]X such that | U Uq| < 0. Let
acY
B'={bj:je | Jus}, A ={aa:a€Y}soB CB,|B|<0and A’ C A |A|=x
acY
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and by the nonforking calculus, tp(A’, B) does not fork over B’ (even {a, : « € Y'}
is independent over (B, B')).

Second, we prove the second implication, so we assume Pri. (A, i, x,0) and we
shall prove Pr*(\, u, x, 0, k.(T)). Let k = k,.(T).

Let T be a tree and for v < A\, u, a branch, |us| < &, | U Ue| < p. Without loss

a<<
of generality T = U Ug, A = U A¢, where A¢ = {a: otp(uy) = ¢}. Without loss
a<<A (<K
of generality T C *~u, T = U T¢ where Ty = (J{uqn : v € A¢} and
¢<r

n € T\{<>}=n(0) = ¢

Now T can be replaced by {n [ C¢s : n € T¢} where 0 € C¢, otp(C¢) = 1+
cf(¢),sup(C) = ¢. So without loss of generality

T=U{T,:0€ Reg Nk}

<>#neT,=n0)=o.

Without loss of generality A = U{A, : 0 € Reg Nk} and U Uo = T,. Tt
aEA,

is enough to take care of one o (otherwise a little more work is required). So

without loss of generality:

a < A= otp(u,) = 0.

As 0 = cf(0) < k there are A; C €°9 such that (4; : i < o) increases continuously
and p € S(A,) and for each i < o the type p [ A;41 forks over A; say o(z,¢;) € p |
A4 forks over A; and A; = {c¢; : j < i}, (recall we work in €°?).

By the nonforking calculus we can find (f,, : n € T), f,, elementary mapping

Dom(f,) = Agg(n)

(fy : n € T) nonforking tree, that is

van = tp(Rang(f,), U{Rang(f,) : p € T,p | (bg(v) +1) 4 n})

does not fork over A, .
Fora < A/ let g, = U{f, : v € an}, Aq = U Rang(f,) = ga(As) and po, = ga(p).

vEaqg

Let b, € € realize p, for a < A be such that:
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tp(ba, U Rang(f,) U {bg : B # a}) does not fork over A,.
neT

Now we apply Pri- (A, 1, x,0) on

A={by:a <A}

B = U Rang( f,).

neT

So there are A’ C A, |A’'| = x and B’ C B, |B’| < 0, tp(A’, B) does not fork over
B’, hence (for some Y € [A\]X) we have A" = {a, : @ € Y} independent over B’. So
there is 7" C T, subtree such that |T"| = |B’| + ¢ < 6 and such that B’ C U A,
peT”’
Throwing “few” (< |B’|T+k,(T)) members of A’ that is of Y we get A’ independent
over B’ as by the nonforking calculus, if & € Y then tp(bs, U Rang(f,)) does not

fork over U Rang(f,,) hence uo, CT". So clearly Y is as required.

ner’
2) By part (1) and 4.3.
3) Left to the reader. Ui

4.7 Discussion So by 4.6(1) if Pr and Pr'" are equivalent, k = £,.(T) then Prk is
equivalent to them (for the suitable cardinal parameter, so we would like to prove
such equivalence). Now Claim 4.1 gives the equivalence when 0 = k,.(T), A = x =
cf(A) and “for every u < A”. We give below more general cases; e.g. if A is a
successor of regular or {0 < A : cf(d) = 6*} € I(\) or ...

4.8 Fact. Assume A, i, x, 0, k are as in (x) of Definition 4.5 and p* € [0, u) and
cf(p*) < k.

0) Pr(\, i, x,0,5) = Pr(\, u, x, 0, k).

[Why? Straight].

1) If Kk < XMand p < X and cf(p) > K, then Pr(\, < u, x,0,k) < (Vi1 < p)Pr(A, <
U1, X, 0, k); similarly for Pr'.

2) If pp(p*) > X then — Pr*(\, i, x, 0, %) (by [Sh 355, 1.5A], see [Sh 513, 6.10]).
3) If pp(p*) > X and

(a) {6 < X:cf(0) =0} € I[A] or just
(a)~ for some S € I[\], (Vé € S),cf(d) = 6 and
(a)s for every closed e C X of order type x,e NS # 0.
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Then — Pr*™(\, u, x, 0, k).
[Why? Asin [Sh:g, Ch.VIIL6.4] based on [Sh:g, Ch.II,5.4] better still [Sh:g, Ch.II1,3.5]].

4) If X is a successor of regular and 67 < A, then the assumption (b) of part
(3) holds (see [Sh:g, Ch.VIIIL,6.1] based on [Sh 351, §4]).

5) If p < X and cov(u, 0, k,N1) < A (equivalently

(V[0 <7 <p & cf(r) <K = PPRy-complete(T) < Al then =Pr(X, u™, x, 0, k)
implies that for some p1 € (u, A) we have =Pr(\, 1, x,0,81) (as in Case 2 in the
proof of 4.1).

6) Pr(\, i, x,0,81) & Pr*(\ u, x,0,81).

7) Pr(\, u, A\, 0, k) iff for every 7 € [0, ) we have: Pr(\, < 7,\, 7, k); similarly for
Prtr.

8) Pr(\, < u, A\, 0, k) iff Pri"(\, < u, A\, 0, k) (by 4.1).

4.9 Claim. Under GCH we get equivalence: Pr(\, i, x, 0, k) < Pr*™ (X, i, x, 0, k).

Proof. Pr = Pr' is trivial; so let us prove = Pr = = Pr', so assume
{aa : a0 < A} C [u]<" exemplifies —Pr(\, p, x, 0, k). Without loss of generality
lag| = k* < k. By 4.8(1) without loss of generality A > pu, so necessarily

() A=pt,n>r*> cf(u) or
(d) X=pt, k=N

In Case (a) let T' be the set of sequences of bounded subsets of p each of cardinality
< k* of length < Min{cf(u), k*}. For each a < X let b = (by . : € < cf(u)) be a
sequence, every initial segment is in 7" and a, = U ba e, SO

e< cf(p)
to = {b% | ¢ : ¢ < cf(u)} is a cf(u)-branch of T, and it should be clear.

4.10 Remark. We can get an independence result by instances of Chang’s Conjec-
ture (so the consistency strength seems somewhat more than huge cardinals, see
Foreman [For|, Levinski Magidor Shelah [LMSh 198]).
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§5 CARDINAL INVARIANTS FOR GENERAL REGULAR
CARDINALS: RESTRICTIONS ON THE DEPTH

Cummings and Shelah [CuSh 541] prove that there are no non-trivial restrictions
on some cardinal invariants like by and 0, even for all regular cardinals simulta-
neously; i.e., on functions like (by : A € Reg). But not everything is independent
of ZFC. Consider the cardinal invariants Dp§+, defined below.

5.1 Definition. 1) We are given an ideal J on a regular cardinal \.
If A > Ny let

oyt = Min{u : there is no sequence (C,, : a < u) such that:

(a) Cq is a club of A,
(b) B<a=|C\Cs| <A,

(¢) Cai1 C acc(Ca)},

where acc(C) is the set of accumulation points of C.
If A Z NO let

Dpit, = Min{,u : there are no f, € *\ for
a < psuch that a < 8 < pu = f, <Jf5}.

If A >Ry let

Dpi’\t, = Min{,u : there is no sequence (A4, : a < p) such that:
A, € J" and
a<B<p=[Ag\As €JT & A\Ap € J]}.
If J = JP4 we may omit it. We can replace J by its dual filter.

2) For £ € {1,2,3} let p§ = sup{p: p < op4}.
3) For a regular cardinal A let
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0y = Min{|F| :FC*\and (Vg € *\)(3f € F)(g <Jpa f)}
(equivalently g < f)

by = Min{|F| : F C*\and ~(3g € *\)(Vf € F)[f <ba g]}

We shall prove here that in the “neighborhood” of singular cardinals there are some
connections between the Dpf\+’s (hence by monotonicity, also with the by’s).

We first note connections for “one \”.

5.2 Fact. 1) If A = cf(\) > Xy then

by < opy" <opit <opit.

2) by, < Opyi = 0py
3) In the definition of 9p}*, Coyy € acc(Cy,) mod JP suffices.

Proof. 1) First inequality: by < opy'.

We choose by induction on a < by, a club C,, of A such that
B <a=|C,\Cs|l < Aand Czy1 C acc(Cp).

Fora=01let C, = A, for a = f+11let C, = acc(Cp), and for a limit let, for each
B < a, fz € *X be defined by fz(i) = Min(Cy\(i+1)). So {fs: 8 < a} is a subset
of X of cardinality < |a| < by, so there is g, € *A such that 8 < a = f3 <jbd Ga-

Lastly, let C, = {6 < X : 0 a limit ordinal such that (V¢ < 0)[ga(¢) < 4]}, now
C,, is as required.

So (C, : a < by) exemplifies by < Dp}\+.

Second inequality: Dpifr < Dp§+

Assume p < 0pyT. Let (O : a < ) exemplify it, and let us define for o <
the function f, € *X by: f,(¢) is the ({ + 1)-th member of C,; clearly f, € *\
and f, is strictly increasing. Also, if 8 < « then C,\Cp is a bounded subset of
A, say by 61, and there is d2 € (01, ) such that otp(d2 N Cp) = 2. So for every
¢ € [02,A) clearly f3(¢) = the (¢ + 1)-th member of Cs = the (¢ + 1)-th member
of C\01 < the (¢ + 1)-th member of C,. So 8 < a = f3 <jva fa- Lastly, for
a < p,Cqat1 C acc(Cy) hence fo(¢) = the (¢ + 1)-th member of C, < the ({ + w)-
th member of C, < the (¢ + 1)-th member of acc(C,) < the (¢ + 1)-th member of
Cat1. So B <a= fg <jpa fa41 <yva fa, s0 (fo: @ <)) exemplifies p < op3 7.
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Third inequality: DpiJ’ < Opi’f
Assume p < 0p5+ and let (f, : a < p) exemplify this.
Let ¢: A x A = X\ be one to one and let

Ag ={c(¢,€) : ¢ < Aand £ < fo(C)}-

Now (A : @ < ) exemplifies pn < 0p3 7.
2)5 3) Easy. |:|5.2

5.3 Observation. Suppose A\ = cf(\) > Ng.

1) If (fa : ¢ <77) is < jpa-increasing then we can find a sequence (Cq : o <7*) of
clubs of A, such that a < 8 = |C,\Cs| < X and Cpy1 C acc(Cy)modJPd.

2) Dpiﬁ' = Dpj\'Q or for some ,u,bpi*’ = ,u+,0p§\+ = ptt (moreover though there is
in (N, <J§d) an increasing sequence of length u™, there is none of length u* +1).

Proof. 1) Let

C* = {5 < A:0 a limit ordinal and (V5 < 6)f+(B) < 6

and w® = ¢ (ordinal exponentiation)};

this is a club of .
For each oo < ~* let

C, = {5+wfa<5> B0 €C* and B < ful0)
and fo () < fy (6)}
2) Follows. Us.3

Now we come to our main concern.
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5.4 Theorem. Assume

(a) kK is reqular uncountable, ¢ € {1,2,3}
(b) (mi :i < k) is (strictly) increasing continuous with limit p,
Xi=p A =pt
(c) 28 < p and pf < p
(d) D a normal filter on k
(e) 0; < Dpﬁj and 0 = tcf(H 0;/D) or just
1<K
0 < Depth* (][] 6:/D).

<K

Then 6 < Dpf\’L.

Proof. By 5.15, 5.16, 5.6 below for £ = 1,2, 3 respectively (the conditions there are
easily checked). Us.4

5.5 Remark. 1) Concerning assumption (e), e.g. if 2% = u> and 2* = p+°, then
necessarily ptt = tcf(H pit/D) for £ =1,...,5 and so /\ Opﬁj =2 =y =
1<K 1<K

2 and we can use p; = (2°)T N\ = pi, 0; = pf°,0 = pto.

So this theorem really says that the function A — 0p, has more than the cardi-
nality exponentiation restrictions.
2) Note that Theorem 5.4 is trivial if H Ai = 2% = )\, so (see [Sh:g, V]) it is natural

1<K

to assume E =: {D’ : D’ a normal filter on } is nice, but this will not be used.
3) Note that the proof of 5.16 (i.e. the case ¢ = 2) does not depend on the longer
proof of 5.6, whereas the proof of 5.15 does.
4) Recall that for an Nj-complete filter D, say on k, and f € “Ord we define ||f||p
by [[fllp =U{llgllp+1:g €"*Ord and g <p f}.
5) Below we shall use the assumption

(%) |[Mlp+a = X for every A € DT.
This is not a strong assumption as

(a) if SCH holds, then the only case of interest is if (x; : @ < k) is increasing
continuous with limit y and ||[(x;” : i < k)||p = x* for any normal
filter D on k; so our statements degenerate and say nothing,

(b) if SCH fails, there are nice filters for which this phenomenon is “pop-

ular” see [Sh:g, V,1.13,3.10] (see more in 5.18).
—> scite{5.11A} ambiguous
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5.6 Theorem. Assume

(a) D is an Ni-complete filter on k

(b) (N 14 < K) is a sequence of reqular cardinals > (2%)*
() A i < &)|[pya=A for A€ DF

(d) pi <opyf

(e) p= tcf(H,ui/D) or at least

)

(e7) p < Depth™ (s, <p) and p > 2~.

Then p < Dpi’fr.

Remark. Why not assume just ||f|][p = A for f =: (\; : i < k)? Note that
cla?(f, A), see below, does not make much sense.

We delay the proof of 5.6 until we complete some preliminary work.

5.7 Fact. Assuming 5.6(a), for any f € ®(Ord\(2%)") we have: Tp(f) is smaller or
equal to the cardinality of || f||p remembering (5.5(4) above and)

To(5) = supf{ [Pl F € T] £ and g€ F = f #0 g,

1<K

Proof. Why? Let F be as in the definition of Tp(f), note: f; #p f; & fi <p
fi = fi <p fj. Note that as i < k = f(i) > (2")7, necessarily |F| > 2". Now
for each ordinal o let FI*l =: {f € F : |f|lp = a}. Clearly Fl* has at most
2% members, as otherwise some f; € Fl® for i < (2%)* are pairwise distinct so
for some ¢ < j, f; <p f; (by [Sh 111, §2]) or simply use Erdés-Rado on ¢(3, j) =
min{¢ < : fi(C) > f;(0)})-

So [|fllp > sup{llgllp : g € F} > otp{a: FI*) £ 0} > [{a: Flod £ 0} > |F| /25 =
[F[. So [|fllp = Tb(f)- s 7



Paper Sh:589, version 2005-07-05_10. See https://shelah.logic.at/papers/589/ for possible updates.

APPLICATIONS OF PCF THEORY SH589 49

5.8 Definition. For f € "Ord (natural to be mainly interested in the case 0 ¢

Rang(f)) and D an Rj-complete filter on & let H f@)={g:Dom(g) = &, f(i) >
1<K

0= g(i) < f(i) and f(i) = 0= g(i) = 0} and
1) cla(f, D) = {(g,A) g€ Hf(z’) and A € D+}

cla®(f, D) = {(g,A) € cla(f, D) : [|gllp+a = a}.
Here “cla” abbreviates “class”.

2) For (g, A) € cla(f, D) let

(g, A) = {BCr: if Be (D+ A" then llglorayrs > lglpeal-

3) We say (¢',A") ~ (¢, A”) if (both are in cla(f, D) and) A’ = A” mod D and
Jp(g’, A") = Jp(g", A”) and ¢’ = ¢” mod Jp(g', A").
4) For I an ideal on « disjoint to D we let

IxD={ACk:for some X € D we have ANX € I},

(usually we have {k\A: A€ D} CIsolxD=1)and let

clar(f, D) = {(g,A) : g € || /(i) and A € (I« D)*}.

<K
5) On clas(f, D) we define a relation =~
(91, A1) =1 (92, A2) if:

(a) Ay = A2 mod D and
(b) there is By € I such that: if By C B € I then

||gl||(D+A1)+(I€\B) = ||g2||(D+A2)+(n\B) and
J(D+an+(\B) (91, A1) = J(Dya,)+(m\B) (92, A2).

6) Jp,1(91,41) = {A C kK for some By e I if ByC Bel
we have A € J(D+A1)+(H\B)(917A1)}'

7) Let com(D) be the maximal 6 such that D is §-complete.
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5.9 Fact. For f € ®*Ord and D an N;-complete filter on x and A € DT:
0) If fi < fo then cla(fi, D) C cla(fs, D) and for ¢',¢" € Hfl(i),A C k we

1<K
have (¢', A) =~ (¢, A) in cla(f1, D) iff (¢’, A) = (¢”, A) in cla(fa, D) (so we shall be
careless about this).
1) Jp(g,A) is an ideal on k,com(D)-complete, and normal if D is normal.
2) A does not belong to Jp(g, A), and it includes {B C k : B =) mod (D + A)}.
If B € J}(g, ) then AN B € D* and gllps(an) = lgll o 4.
3) & is an equivalence relation on cla(f, D), similarly ; on cla;(f, D).
4) Assume

(i) (9,4) € cla®(f, D), g € [] £(i) and
1<K
(7)) (a) ¢ =g mod(D+ A) or
(b) for some B € Jp(g,A) we have o € B = ¢'(a)) > ||g||p

(or just [|gl[p+a < ||l p+5) and
g 1 (kK\B) =g [ (k\B) mod D.

Then (¢/, A) ~ (g, A).
5) For each «, in cla®(f, D)/ ~ there are at most 2" classes.
6) For f € #(Ord), in cla(f, D)/ = there are at most 2" +sup 4cp+ || f||p+4 classes.

Proof. 0) Easy.

1) Straight (e.g., it is an ideal as for B C x we have

l9llp = Min{|lgl[p+a; |9l D+ (s—a)}, where we stipulate ||g| () = oo see [Sh 71]).
2) Check.

3) Check.

4) Check.

5) We can work also in cla®(f + 1, D) (this change gives more elements and by
(0) it preserves ). Assume « is a counterexample (note that “< 22"” is totally
immediate). Let x be large enough; choose N < (7 (x), €, <}) of cardinality 2"
such that {f, D,k,a} € N and "N C N. So necessarily there is (g, A) € cla®(f, D)
such that the equivalence class (g, A)/ =~ does not belong to N, by the definition
of cla®, clearly ||g||p+a = . Let B=:{i <k :g(i) ¢ N}.

Case 1: B e Jp(g,A).
Let ¢' € H(f(z) + 1) be defined by: ¢'(i) = g(i) if i € kK\B and ¢'(i) = f(i)
1<K
if i € B. By part (4) we have (¢’, A) = (g, A) and by the choice of N we have
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(¢A)e Nas Ae #(k) C N,¢g € N (as Rang(¢’') C N & "N C N). Thus, there
is (¢’, A) € N such that (¢/, A) =~ (g, A) as required.

Case 2: B ¢ Jp(g,A).

Let ¢" € "Ord be: ¢'(i) = Min(N N (f(3) + 1)\g(@)) < f(i) if i € B,¢'(i) = g(7)
if i ¢ B (note: f(i) € N,g(i) < f(i) so ¢’ is well defined).

Clearly ¢’ € N, (as Rang (¢’) € N and "N C N), and

(A (x), € <) F(Er)(x € H f(@) A (Vi € K\B)(2(i) = g (1))
(Vi € B)(z(i) < ¢'(1)) Azl p4anp) = @)

(Why? Because x = g is like that, last equality as B ¢ Jp(g, A)). So there is such
x in N, call it ¢”. So ¢" € H(f(z) + 1) and ||¢"|| p+(anB) = @ and for

1<K
i€ B,¢"(i) € ¢'(i) N N hence ¢”(i) < g(i) by the definition of ¢(7).
So g” < g mod D+ (AN B), but this contradicts [|g” || p4+(ans) = @ = [|9||p+anB)>
the last equality as B ¢ Jp(g, A).
6) Immediate from (5). Os.0

5.10 Fact. Assume f € "Ord and D an N;-complete filter on x and I an com(D)-
complete ideal on k.

1) If (g, A) € clas(f, D) then Jp 1(g, A) is an ideal on x, which is com(D)-complete
and normal if D, I are normal.

It B € (Jp,1(g, A))* then llgl|ps (anm) = lgllp+a, and (D + (AN B) N1 =0.

2) &y is an equivalence relation on cla(f, D).

3) If (9, A) € cla(f,D) and ¢’ € H f(i) and ¢’ = g mod Jp 1(g, A) then for some
1<K

A’ we have (¢, A") =1 (g, A) so (¢, A") € cla(f, D) and [|¢[pyar = [lgl[p+a (in

fact A’ ={ie A:¢'(i) =g(i)} is O.K.).

Proof. Easy.

5.11 Fact. Let k, f, D be as in 5.10.
1) If fo € ®Ord, for ¢ < 9, cf(6) > ~ and for each i the sequence (f¢ (i) : ( < 6) is
increasing continuous then || f5||p = sup|| f¢||p-

(<6

2) It 6 = || fllp, cf(d) > 2% then {i: cf(f(2)) <27} € Jp(f, k).
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3) If | fllp = 6, A € JS(f, k) then [ f(4)/(D + A) is not (cf(6))*+-directed.

1<K

4) If || f|lp = 6 and A € JS(f, k) then cf() <cfo /(D + A))

1<K

5)If || fllp =6 and A C k, (Vi € A)cf(f(i)) > K and
max pcf{f(i) :i € A} < cf(9)

(or just cf(d) > max{cf Hf(z)/D' : D" an ultrafilter extending D + A}) then
1<K

Ae JD(f, K,).
6) If || fllp =9, cf(d) > 2%, then Hf )/JIp(f, k) is cf(d)-directed.

1<K

7) If || f||p = 6, cf(§) > 2%, then for some A € J}(f, k) we have

H f@@)/JIp(f, k) + (k\A) has true cofinality cf(d).

8) Assume || f|lp = A = cf(\) > 2F.

Then (VA € D¥)(||fllp+a = A) implies tef(] [ £(i)/D) =

1<K

9) If || fllp = 6, cf(6) > 2% then tef [ £(i)/Jn(f,x) = cf(0).

1<K

Proof. 1) Let g <p fs,s0 A ={i <k :g(i) < fs(i)} € D, now for each i € A
we have g(i) < f5(1) = (Fa < §)(g9(i) < fa(i)) = there is a; < 0 such that
(Va)[a; < a <6 = g(i) < fa,(7)]. Hence a(x) =: sup{e; : i € A} < § as cf(d) > &,
80 g <p fa(x) hence [|g||lp < ||facsllp; this suffices for one inequality, the other is
trivial.

2) Let A = {i : cf(i) < 2%}, and assume toward contradiction that A € J}(f, k).
For each i € A let C; C f(i) be unbounded of order type cf(f(i)) < 2.

Let FF = {g € H . if i € A then g(i) € Cy, if i € K\ A then g(i) = f(i)}.
1<K

So |F| < 2" and:
(x) if g <pya f then for some ¢’ € F,g <pya ¢,
hence 0 = || f||p+a = sup{||lg||p+4 : g € F'} but the supremum is on < |F| < cf(9)

ordinals each < 0 because ¢’ € F' = ¢’ <pia f as ||fl|lp =9 = f #p O, contra-
diction to cf(d) > 2".
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3) Assume this fails, so ||f||p = 6, A € J(f, k) and Hf /(D + A) is (cf(d))"-

1<K
directed. Let C' C ¢ be unbounded of order type cf(6); as || f||p+a = 0 (because

Ac J;(f, A)) for each o € C there is fo, <pia f such that ||fo|lp+a > « (even

= « by the definition of | — ||[p4a). As H f(@)/(D+ A) is (cf(d))"-directed there
1<K

is f" <pya fsuch that o € C = f, <pya f'. By the first inequality || fp, 4| <

|fllp+a = 9, and by the second inequality « € C = a < |[fallp+a < |If'llD+a

hence § = sup(C) < || f'||p+a, a contradiction.

4) Same proof as part (2).

5) By part (4) and [Sh:g, Ch.IL,3.1].

6) Follows.

7) Toward contradiction assume that not; by part (2) without loss of generality

Vilcf(f(i)) > 2%]; let C C § be unbounded, otp(C) = cf(d). For each a € C

and A € Jg(f, k) choose fo 4 <p f such that | fo allp+a = a. Let f, be

fa(i) = sup{fa.a(i) : A € J5(f,k)}. As (H fa(i), <up(t.)) i cf(d)-directed
1<K
(see part (6)), by the assumption toward contradiction and the pcf theorem we

have Hf(z')/JD(f, k) is (cf(d))T-directed. Hence we can find f* < f such that
1<K
a € C = fo <upirw) 5 Let B = sup{||f*llptp : B € J5(f,A)}, itis < ¢
as cf(d) > 2%; hence there is a, 8 < a € C, so by the choice of f* we have
fo <sppm) [5oand let A = {i < K : fo(i) < f*(i)} so A € Jh(f.k),
faa < fa lp+a < |f*lp+a < B con-
tradicting the choice of a.
8) For every a < A we can choose f, <p f such that ||f.|lp = a. Let an =
Nfallpsa: A€ D} as Ae DY = a < fullp < Ifallora < Iflp1a = A
clearly a, is a subset of A\«, and its cardinality is < 2" < A. So we can find an
unbounded E C A such that « < 8 € E = sup(a,) < . Soifa< f,a € E,B € E,
let A= {i < : fali) > f5(i)}, and if A € D*, then |fallpsa < [lfallpra <
sup(a) < B, contradiction. Hence A = () mod D, that is f, <p fz. Also if
g <p f, then a =: {||g|]|p+a : A € DT} is again a subset of \ of cardinality < 2
hence for some 3 < A, sup(a) < 3, so as above g <p fg. Together (f, : @ € E)
exemplify A = tef(I1f (i), <p).
9) Similar proof (to part (8)), using parts (6), (7). Os5.11

5.12 Remark. We think Claims 5.9, 5.10, 5.11 (and Definition 5.8) can be applied
to the problems from [Sh 497] probably saving some uses of niceness so weakening



Paper Sh:589, version 2005-07-05_10. See https://shelah.logic.at/papers/589/ for possible updates.

54 SAHARON SHELAH

some assumptions; but we have not checked.

Proof of 5.6. Fix f € "Ord as f(i) = \; and let =, ~; be as in Definition 5.8.
For each i < k let X* = (X! : o < p;) be a sequence of members of [\;]* such that

a<B<pi=X\Xpe X & XP\X, ¢ L3

(it exists by assumption (d)).
Let g* = (gz‘ : ¢ < p) be a <p-increasing sequence of members of H Wi, it exists
1<K

by assumption (e) or (e)~.
Let I =: {B C k:if B € D" then ||f||pyp > A}, it is a com(D)-complete ideal on
k disjoint to D, i.e., I = Jp(A\, k) 2 {k\A : A € D}, and ~j,~ are equal because
I is the ideal on k dual to D which holds by assumption (¢). For any sequence
X =(X;:i<r)e [N, let

1<K

Y[X] =: {HhHD‘f'A the HX,L- and A € [+}

1<K

and

W(X] = {(h,A)/ ~:h e HXZ' and (h, A) € claf(\, D)

1<K

for some o < )\}

Note: Y[X] C X\ and Z[X] C #* =: U cla®(\, D)/ =.
a<A
Note that by 5.9(6)

X U cla®(f, D)/ ~ has cardinality < A.
a<
(x)o for X € H[)\i]’\i, the mapping (g, 4)/ ~r+ ||g||p+a is from #[X] onto
1<K
Y [X] with every a € Y[X] having at most 2% preimages
[why? by 5.9(5)]
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()1 if X € H[)\i]A" then #[X] has cardinality \.

i<k
[why? by the definition of | — ||p for every a < A for some g € H Ai/D we
1<K
have ||g||p = «; as sup(X;) = A\; > ¢(i) we can find ¢’ € H(Xz\g(z)) such

1<K
that ¢ < ¢’ < (\i 1 i < K), so o= ||gllp S/ ld'llp < I\ =i < &Y|lp = A
Clearly for some o’ and A,(¢’,A) € cla® (f,A), so A € IT C D%, and

a <o = |¢dllpra < Ifllpra = X (as A € I'). So o € Y[X] hence

Y[X] € a; as a < X was arbitrary, Y [X] has cardinality > A, by X equality
holds hence (by (x)o) also #'[X] has cardinality .|

(#)2 if X', X" € J]AJ™, and {i < k: X/ € X/ mod J}4} € D then
1<K
(a) Y[X'] CY[X"] mod JYd
(b) Z[X'\#Z[X"] has cardinality < \.
[Why? Define g € H Ai by ¢g(i) = sup(X\X/) if
1<K
i€ A = {i < k: X] C X/ mod JYI} and g(i) = 0 other-
wise. Let a(x) = sup{|lgllpta +1 : A € IT}, as X is regular
> 2% clearly a(x) < A (see assumption (c) or definition of I). As-
sume 3 € Y[X']\a(x) and we shall prove that 3 € Y[X"], moreover,
W [X'] N (cla®(X,D)/ =~7) € #[X"], this clearly suffices for both
clauses. We can find f* € H((X{ NX.)U{0}) such that ||f*||p > 3.
1<K
So let a member of % [X']N (cla®(A, D)/ =) have the form (h, A)/ =,
where A € I*,h € [[ X/ and 8 = ||h[|p4.a and let
1<K
Ay = {i <k :h(i) <g(i)}. We know
B =|hllp+a = Min{[|h|p+(ana,), 1Al p+avan} (if ANAy = 0 mod D,
then ||h||p+ana, can be considered oo).
If B = ||h||p+(ana,) then note b <py(ana,) g hence
B = |Ihllp+ana) < l9lp+ana,) < a(*), contradicting an assump-
tion on 3. So B = ||h|lpt(a\a,) and AN Ay € Jp(h,A). Now
define b’ € T £(5) by: (i) is h(i) if i € A\A; and B'(i) is f*(i) if i €
1<K
k\(A\A1). Soh' € H f(i) and b’ =p (a\a,) h hence [|A'[| py(ava,) =
1<K B
[hllD+(a\ay) = B, and clearly 8 = [[h/[|py(a\a,) € Y[X"], as required
for clause (a), moreover (h, A) = (h’,; A) so (W, A)/ =) € #[X"] as
required for clause (b).]
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(#)s If X', X" € [N and {i < & : X} ¢ X] mod J{!} € D then
i<
%[ X"\ [X'] has cardinality \.
[Why? Let a < A, it is enough to find 5 € [a, A) such that

(ZX"NZ[X']) 0 (cla”(f, D)/ =) # 0.
We can find g € H A; such that ||g]|p = a. Define ¢’ € HX{' by: ¢'(i) is

1<K 1<K
Min(X/\X/\g(¢)) when well defined, Min(X/) otherwise. By assumption
g <p ¢’ and, of course, ¢’ € HX{' C HAZ-, so ||l¢'llp > . So
1<K i<k
((¢',r)/ =) € Z[X"] but trivially ((¢',k)/ =) ¢ Z[X’], so we are done]
Together (x)o — (%)3 give that <@[<X;Z (@) 14 < k)] ¢ < p)is a sequence of subsets

of #* of length i (see (*)1), |#*| = A, which is increasing modulo [#*]<* (by
(*)2), and in fact, strictly increasing (by (*)s, see choice of (g7 : ¢ < p) in the
beginning of the proof). So modulo changing names we have finished. (In fact, also
<Y[<X;Z(i) 11 < k)] : ¢ < p) is as required.) Os.6

A related theorem

5.13 Definition.

ay = Min{ 1 there is no & C [A]* of cardinality

usuchthatA;éB€<@2>|AﬂB|<)\}.

5.14 Theorem. Assume

(a) D is an Xy-complete filter on k
(b) (N :i < k) is a sequence of reqular cardinals > (27)*
(©) (X 2@ <K)[pya=Afor Ae DT

)
)
)
d) My < ay,
) m
)

)

(
(e) pu=tct(Ilp;/D) or at least
(e7) p < Depth™ (I, <p) and p > 2~.
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Then p < ay.

Proof of 5.14. Similar to the proof of 5.6

5.15 Theorem. Assume

(a)
(b
(

d

D an Ny -complete filter on k

= (\; 11 < K) 1is a sequence of regular cardinals > 2"
A= H>‘”D+A for Ae DT
Mg < Dp

See https://shelah.logic.at/papers/589/ for possible updates.

) A
¢)
(d)
(e) < Depth+ (I wi»<p)-

1<K

Then p < Dpifr.

Proof. Let Club(\) = {C : C a club of A} so Club()\) C [A]* for A = cf(\) > N,.
For any sequence C' € H Club()\;) let €(C) be the set acc(cl(Y(C)) where

1<K

Y[C] = {llgllp : g € [JCHE N); ie. G(C) = {6 < A: 6 =sup(dNYIC)}.
1<K
Clearly
(%), for C € H Club();) we have €(C) € Club(\)
1<K
[the question is why it is unbounded, and this holds as ||A|[p = A by its
definition]
(x)2 if C’,C" € ] Club(X;),g* € IIA;, and C}' = C/\g* (i) then
i<

€ (C") =% (C") mod JP4.

[Why? Let a(x) = sup{llg*llp+a : A € D¥ and |lg"[p+a < A} + 1,
so as 2" < A = cf(A) clearly a(x) < A. We shall show & (C’)\a(x) =
% (C")\a(x); for this it suffices to prove Y (C')\a(x) = Y (C")\a(x). If
a € Y(C)\a(x) let o = ||h||p where h € HC’Z{, and let A = {i <

—

Kk h(i) < g*(1)}, so if A € (Jp(\ k)T then a < ||h||pya < A and

Ihllpra < lg*||lp+a < a(x) but @ > a(x), a contradiction. So A € Jp(\, k)

hence A ¢ DT by clause (c) of the assumption, so ¢g* <p h. Now clearly

there is i/ =p h with I/ € HC’Z”, so a = ||h||p = ||#'||p € €(C"). The
1<K

other inclusion is easier.]
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(x)3 if C",C" € H Club()\;) and {i < k : C' C acc(C!)} € D then
1<K
G(C") C acc(€(C")). )
[Why? Let 8 € €[C"] but 8 ¢ acc(€(C")) and we shall get a contradiction.
Clearly 8 > sup(¢'(C')Np) (as B ¢ acc(€(C’)). As €[C"] is acc(clY[C"]),
clearly there is a € Y[C"] such that 8 > a > sup(%(C’) N B), but Y[C"] =
{llglp : g € HC’Z{’}, so there is g € HCZ(' such that ||g]lp = a. As
1<K 1<K

{i:C! C acc(C})} € D, clearly

B=:{i<k:g(i) € acc(C])} € D.

Soifh € H Ai,h <p g then we can find b’ € HC{ such that h <p b/ <p g

<A 1<K
(just A'(i) = Min(C}\(h(i) + 1) noting B € D) hence
a=|gllp = sup{||h|lp : h(i) € g(i)NC; when i € B, h(i) = Min(C}) otherwise}
and in this set there is no last element and it is included in Y'[C'], so neces-
sarily o € €(C"), contradicting the choice of o : B > a > sup(€(C’) N 3).]

(x)4 if C",C" € H Club(A;) and {i : C} C acc(C;) mod JY9} € D then
1<K
€(C") C acc(€(C')) mod JR4.
[Why? By (%)2 + (x)3, i.e., define C}” to be C!'\g(i) where
g(1) =: sup(C/\ acc(Cl)) + 1) when C/ C acc(C]) and the empty set
otherwise. Now by (*)2 we know €' (C") = ¢ (C"") mod J?? and by (x)3 we
know %€ (C"") C acc(€(C")).]

Now we can prove the conclusion of 5.15. Let (CY, : a < p;) witness p; < Opij and

(go = @ < p) witness p < Depth+(H \i,<p). Let Cy, =: %((C’;Q(i) 11 < K)) for
1<K

a < p. So (Cy : v < ) witnesses p < Dp}\Jr. Os.15

5.16 Theorem. Assume

(a) Kk is reqular uncountable

(b) (A\i 11 < K) is a sequence of reqular cardinals > Kk

(¢)
)

A=
¢) D is a normal filter on k (or just Vy-complete)
A=

IA||lp = tef H/\Z/D A regular

1<K

(d

2
(e) i <opyF
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(f) w < Depth* (] mir <p).-
1<K

Then pu < op5T.

Proof. Let (fi : a < p;) exemplify u; < Dp;f, let (go : @ < p) exemplify p <
Depth™ (] 1, <p), and let (h¢ : ¢ < A) exemplify A = tef(] [ Ai. <p).
1<K 1<K
Now for each o < p we define f, € *X as follows:
Fo(Q) = Iy iy (he (@) : i < &I

Clearly f,(¢) is an ordinal and as f;a(i) c (X)) clearly <f;a(i)(hg(i)) 11 < K) <p
(\i 11 < k) hence fo(¢) < ||IM|p = A, so

(*)1 fa € )\>\~

The main point is to prove f < a < = fz <pa fa-

Suppose < o < p, then gz <p go hence A =: {i < £ : g3(i) < ga(i)} € D so
1€ A= f;ﬁ(i) <J§? f;a(i). We can define h € H Ai by:

1<K

h(i) is sup{¢ +1: f;ﬁ(i)(g“) > f;a(i)(C)} if i € A, and h(7) is zero otherwise.

But (h¢ : ¢ < A) is <p-increasing and cofinal in (H Ai, <p) hence there is

1<K

C(*) < A such that h <p hC(*)'
So it suffices to prove:

() << A= f5(0) < falQ).
So let ¢ € [((%),A), so

B =:{i < r:h(i) < h¢py(i) < he(i) and i € A}

belongs to D and by the definition of A and B and h we have

i € B= fy iy (he(@) < fy_ @ (he(d).
So

<f;ﬁ(i)(hC(i)) i < K) <p <fgia(,-)(hg(i)) D1 < K)
hence (by the definition of || — || p)
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1f 550 (he () =i < R)llp < [IKfg, iy (he (@) i < m)llp

which means

f8(¢) < fa(C).
As this holds for every ¢ € [((x),\) clearly

fﬁ <J§d fa-

S0 (fa : o < ) is <jva-increasing, so we have finished. Os.16

5.17 Discussion: Now assumption (c) in 5.15 (and in 5.6) is not so serious once
we quote [Sh:g, V] (to satisfy the assumption in the usual case we are given A =
cf(N), p < A < p”, cf(p) = k, Va < p)(Jaf® < p) and we like to find (N, : i < k),
and normal D such that ||[(\; : i < K)||p+a = A). E.g., ([Sh:g, Ch.V]) if SCH fails
above 22° 6 regular uncountable, D a normal filter on 6, Ifllp > A= cf(A) > 22"
(so if & = family of normal filters on 6, so & is nice and rk3,(f) > ||fllp > A), so
gr from [Sh:g, Ch.V,3.10,p.244] is as required.
Still we may note

5.18 Fact. Assume

(a) D is an Rj-complete filter on &

(b) f* € %0rd and cf(f*(i)) > 2" for i < k.

Then for any C = (C; : i < k),C; a club of f*(i) and o < || f*||p we can find
fe H C; such that:

1<K

(@) Ae(Jp(f*, k)" = a<|fllpra=Iflo <o

(8) A€ Jp(f*, k)N DT = ||fllp+a = /"D

Proof. We choose by induction on ¢ < x* a function fe and (f¢ 4 : A € (Jp(f*,k))™)
such that:

(a) fc € HCi

1<K

(b) e< (= /\fg(i) < feld)
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(c) for ¢ limit f¢(i) = supfe(4)

e<(
(d) for A € (Jp(f*, A))", letting a¢ a4 =: || f¢|lp+a we have
fea€ [T £ @), 1 fcallp > ac.a and
Fonli) > fo(i) for i <
(e) fe,a(i) < feta(i) fori <k, A€ (Jp(f* A))T
(f) Ifollp = a and
A€ Jp(f*, k) = |follp+a = (11" llp-

There is no problem to carry out the definition: for defining fy for each A €
Jp(f*, k) choose ga <pia f*suchthat ||gallp+a > ||f*||p (possible as || f*|| p+a >
| /*||p by the assumption on A). Let g* < f* be such that ||g*||p > «, (possible as
a < ||f*|p) and let fo € [ ] £*(i) be defined by fo(i) = Min(C;\ sup{g* (), ga(i) :
1<K
A € Jp(f*,r)}). For ¢ limit there is no problem to define f¢; and also for
¢ successor. If f¢ is defined, we should choose fr 4. For clause (d) note that
I f*lpsa=|f*llp as A € (Jp(f*, A))" and use the definition of || f||p. We use, of

course, /\ cf(f*(i)) > 2"~.

Now f.+ is as required. Note: f <p f.+ = \/ f <p f¢, and for
(<Kt

A e (Up(f* 6Tl futllpra = sup | fellp4a = supaca < sup [|[fepillp =
C<nt C<nt C<nt
| fot || D

. . Us.18
—> scite{5.11A} ambiguous

5.19 Conclusion. 1) In 5.15 we can weaken assumption (c) to
(1) ()77 (A4 < m)l[p = A

2) In 5.6 we can weaken assumption (c) to (c)~.

Proof. 1) In the proof of 5.15, choose g** € H A; satisfying (exists by 5.18):
1<K
—> scite{5.11A} ambiguous

(+)o A€ Jp(A k)N D* = [|g" | psa > A (which is X[ p).
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We redefine Y[C] as {||g|lp : g € HC’i but g(i) > ¢**(i) for i < k}. The only
1<K
change is during the proof of (x)s there. Now if a € Y[C']\a(*) then there is
h € H)\i such that [i < kK = h(i) > ¢**(i)] and ||h||p = a and let A = {i <
1<K
Kt h(i) < g*(i)}. Now if A € (Jp(A k)" we get a contradiction as there and
if A =0 mod D we finish as there. So we are left with the case A € Jp(A, k) N
Dt I AMlp+a > ||Mlp < X hence ||g**||lp+a < X hence ||h|[p+a < A > « hence
necessarily ||h||p+\a) = @ (as [|h][p = Min{||h|psa, [P/ D4\ 4)}). Now choose
n e H)\i by b/ | (k\A) = h | (k\A) and [i € A = K/'(i) = Min(C/\h(7))] so
1<K
well[c! h<h <XNA<|blpsa < W pra < |IW|lpsa and so
<K
17" = Min{[[P'|[ o4 a, [|P/]| D4y )} = e
So we are done.
2) Let g** be as in the proof of part (1). In the proof of 5.6 we let

Y[X] ::{||h||D+A e [I(Xg™ (@) and 4 e I+},

remembering I = Jp(\, k).

V(X = {(h,A)/ ~rh e [](Xi\g™ (i) and

1<K

(h,A) € claT (A, D) for some a < )\}

and we can restrict ourselves to sequences X such that X;Ng**(i) = (). In the proof
of (%) make g > g**. Us.10

5.20 Claim. Assume

(a) J is a filter on Kk
(b) A a regular cardinal, \; > 27,6 > 27
(c) H i/ J is A-like, i.e.,
i<w
(i) A =tcflIN;/J
(13) Tj((N\i:i<k))=A (follows from (i) + (iii) actually) and
(4i3) if ps < N then Ty((u; 11 < K)) < A
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(d) k< O0=cf(0) <\ fori<k
(e) i< k= Sy ={5 <\ :cf(d) =0} €I\ (see below)
(f) (Ve < O)flaf™ < 0].

Then Sy = {0 < \: cf(d) =0} € I\
Remark. Remember that for A regular uncountable

I\ = {Ag)\:forsomecluonf)\and3”2(3%:04<)\> with

Do C© P(a),|2] <A
for every 6 € AN E,cf(d) < § and for some closed
unbounded subset a of § of order type < 9,

Va<d)@FB <d)(anae 3”/3)}

Proof. Clearly each \; is a regular cardinal and A = tcf( H Xi/J), so let

f = {(fa:a <)) bea < j-increasing sequence of memberslzg H Ai, which is cofinal

in H \i/J. So without loss of generality if f | § has a <J—elz;:f’ then fs =5 f'.
?ol; each i < k (see the references above) we can find &' = (¢!, : a < \;) and FE;

such that:

(i) FE;is a club of \;

(i1) €, C a and otp(e?) < @

(#11) if B € €, then ey = e, N3

(iv) if § € E; and cf(8) = 6, then § = sup(e}).

Choose N = (N; : i < A) such that N; < ((x), €, <%) where, e.g., x = Js(A) T,
|N;|| < A, N; is increasing continuous, N | (i + 1) € Nyy1, N;N A is an ordinal, and
{f, N (N ri<k),(e:i<k)} €Ny Let E={0<X:NsN A=}, so it suffices
to prove



Paper Sh:589, version 2005-07-05_10. See https://shelah.logic.at/papers/589/ for possible updates.

64 SAHARON SHELAH

(¥) if § € EN S} then there is a such that:
(i) aCd
(ii) 0 =sup(a)
(131) |a| < A
(iv) a<d=anN Ny € Ns.

By clause (b) in the assumption necessarily f | § has a <j-eub ([Sh:g, Ch.II,§1])
so necessarily fs is a <j-eub of f | §. Moreover, A* = {i < r : cf(f5(i)) =
6 and f5(i) € E;} = x mod J by clause (f) of the assumption. So for each i €
A*, ezj}é (iy is well-defined, and let e}é(i) = {a} : ¢ < 0} with af increasing with (.
For each ¢ < 6§ we have (af : i < k) <; f5 hence for some () < & we have
(ag 11 < k) <g [y, but Tp(fy ) < A and () € Ny¢)11 hence fy ) € Nyo)+1
hence for some g¢ <y fy(¢) we have: g¢ € Ny)41 and A¢ = {i < K : g¢(i) = ozé} #
) mod J. As § = cf(f) > 2" for some A C k we have B =: {( < 0 : A = A} is

unbounded in 6.

Now for ¢ < 6 let

ac = { Min{y < A :=(fy <ji@\a) 9)}

g€ H{O‘235< ()= Hefaé)}‘

1<K 1<K

Clearly ¢ < &€ < 0 = a¢ C a¢. Also for ( < 6,a; is definable from f and
gc | A, hence belongs to N,)41, but its cardinality is < 6 + 2% < A hence
it is a subset of N,()+1. Moreover, also (a¢ : & < () is definable from f and
(({al e <& ii<A): £ <) hence from f and g¢ | A and (€' : i < k), all of
which belong to Nog < Ny )41, hence ( € B = (a¢ : £ < () € Ny)41 & acisa
bounded subset of §. Now

(%) U ag is unbounded in 4.

£<o
[Why? Let 8 < ¢, so for some ¢ < 6 we have:

fa(i) < f5(i) = fa(i) < ag < f5(i)

SO
Min{y : =(fy <yim\a) (o 1@ < k) € (B,0) Nac}.
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Let w = {¢ < 6 : a¢ is bounded in ac41}
a'c = {Min{’y € ag41 @y is an upper bound of a¢} : £ < C}.

So U{ag : ¢ < 6} is as required. Us.20

5.21 Remark. 1) If we want to weaken clause (c) in claim 5.20 retaining only (i)
there (and omitting (ii) + (iii)), it is enough if we add:

(g) for each i < x and 6 € Sy7, {y < §: cf(y) > x and v € ek} is a stationary
subset of .

2) In part (1) of this remark, we can replace cf(y) > x by cf(y) = o, if D is o™-
complete or at least not o-incomplete.
3) This is particularly interesting if A = u™ = pp(u).
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§6 THE CLASS OF CARDINAL ULTRAPRODUCTS MODULO D

We presently concentrate on ultrafilters (for filters: two versions). This continues
[Sh 506, §3], see history there and in [\CK ], [Sh:g].

Recall

6.1 Definition. 1) A filter D is #-regular if there are A, € D for ¢ < 6 such that
the intersection of any infinitely many A.’s is empty.

2) For a filter D, let reg(D) = min{# : D is not #-regular}.

Note that reg(D) is a regular cardinal.

6.2 Fact. Assume

(a) D is an ultrafilter on k and 6 = reg(D)
(b) p= cf(p) and a < p = |af<reeP) <y
() n=(n;:i<k),0<n <w A* = U({z} X n;)

1<K
(d) for each i < k,n < n; we have A ) is regular > & strictly increasing with
n, stipulating A¢; ) = p.

Then for some (m; : i < k) € H n; + 1) and B € D we have:

(@) p< tef(J ] Miimy /D)
1<K
(B) p> max pef{A; ) 14 € B and n < m;}.

Proof. We try to choose by induction on ¢ < reg(D), B and (nf 11 < K) such
that:

(Z BCED

)
(47) n <n; non—decreasmg in ¢
(tii) Be = {i: n < nCJr } and

)

1) max pcf{Ag ) : z<nandn<n< < W
(i,n) -
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If we succeed, then {B¢ : ¢ < reg(D)} exemplifies D is reg(D)-regular, contradic-

tion. During the induction we choose B¢ in step ¢+ 1. For ¢ = 0 try nf = 0, if this
¢ _

fails then m; = 0 (for ¢ < k) is as required. For ( limit let n; = nf for every £ < (

large enough, this is O.K. as
max pcf{A;n) 7 < kand n < nf} < H max pcf{A ) 17 < Kk and n < nf} < p
£<¢
by assumption (b). Lastly, for ¢ = £ +1,{i < s : n* < n;} € D (otherwise
contradiction as A¢; n,) = p and clause (iv) contradict assumption (d)), and if
p< tcf(H Ané 41/ D) we are done with m; = nf + 1, if not there is B¢ € D such
1<K
that max pcf{\ ¢, , 17 € B} <p and let

n; = ¢ . .
n; if  otherwise.

{n§+1 if i€ Be,nt<n,

Us.2

6.3 Lemma. Assume
(i) D is an ultrafilter on K
(43) p=cf(p) and a < p = |a|<™8P) <
(7i1) at least one of the following occurs:
(@) a<p=|afs® <pu
(B) D is closed under decreasing sequences of length reg(D).

Then there is a minimal g/D such that:

= tcf (H g(z)/D) and /\ cf(g(i)) > k.

1<K 1<K

We shall prove it somewhat later.

6.4 Remark. 1) Note that necessarily (in 6.3)

{i < k:g(i) a regular cardinal} € D.
2) g is also <p-minimal under: p < tcf (H g(z)/D) & {i:cf(g(i)) > K} € D.
i<k

[Why? assume ¢ <p gg,p < tef <H g’(i)/D), and X = {i : cf(g(i)) < k} =

1<K
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f mod D; clearly u < tef (H cf(g’(z'))/D). If Limp cf(¢’(7)) is singular, by
1<K

[Sh:g, 11,1.4](1),p.50 for some (\; : i < k), we have u = tcf(II)\;/D) and

LimpA; = Limp cf(g(i)) and (Vi)[cf(g(i)) > k — A\; > K], so again without loss of

generality /\ Ai > K. Now (\; : 7 < k) contradicts the choice of g. If Limpcf(g(i))
i<k

is regular, it is p and all is easier.|

3) If |k"/D| < p then we can omit (in the conclusion of 6.3 and of 6.4(2)) the clause

“Ji:cf(g(i)) >k} € D”.

6.5 Conclusion. If assumptions (i)-(iii) of 6.3 hold and

(iv) p> 27

then without loss of generality each g(7) is a regular cardinal and (H g(i)/D, < D>
1<K

is p-like (i.e. of cardinality p but every proper initial segment has smaller cardinal-

ity.

6.6 Remark. We use p > 2% in 6.5 rather than p > |£"/D| as in 6.4(3) (which
concerns 6.3, 6.4(3)) as the proof of 6.5 uses 1.4.

Proof of 6.5. If D is Ry-complete this is trivial, so assume not hence reg(D) > N.

Let g € "(u+ 1) be as in 6.3, so without loss of generality as in 6.4(2), and
remember 6.4(1) so without loss of generality each ¢(7) is a regular cardinal. Clearly
H g(i) has cardinality > p. Assume first = x 7.
1<K
Let ¢’ € H g(7), then by 6.4(3) and choice of g

1<K
sup{tef TI\;/D : \; < ¢'(4) for i < k} < x.

But as reg(D) > Vg by clause (ii) of the assumption we have a < p = |a|f <

w so 1.5 applies (say for J = {k\A : A € D}, as D is an ultrafilter clearly

T%(f) = (H f(i)/D) and by assumption (ii), clause (e) of 1.5 holds. So we get
1<K

| H g'(i1)/D| < ¥, so really H g(i)/D is p-like.

1<K 1<K
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If 11 is not a successor, then it is weakly inaccessible and p = sup(Z), where
Z ={x" :|k"/D| < x® = x < u}, so for each y € Z we can find g, € "(u+ 1)
such that H gy (1)/D is x-like so necessarily for x; < x2 in Z we have gy, <p Gy,-
1<K
It is enough to find a <p-lub for (f, : x € Z), and as p > 2" this is immediate.
Us.5

Proof of 6.5. First try to choose, by induction on «, f, such that:

(A) fa€"(p+1)

(B) p=tef (H fa(i)/D>

1<K
(C) B<a= fa<p f3

(D) each f4(7) is a regular cardinal > k.

Necessarily for some a* we have: f, is well-defined iff @« < a*. Now a* cannot be
zero as the constant function with value p can serve as fy. Also if o is a successor
ordinal, say a* = f+1, then f3 is as required in the desired conclusion (by 6.4(2)’s
proof).

So o is a limit ordinal, and by passing to a subsequence, without loss of gener-
ality a* = cf(a*) and call it 6.
Without loss of generality

(E) p= max pcf{f,(i) :i < k}.
We now try to choose by induction on ¢ < reg(D) the objects a, A¢, b such that:

(a) ¢ < 0 is strictly increasing with ¢
(b) Ac € D
(c) be € {fac(i): £ <, and i€ A¢}
(d) be is increasing with ¢
(e)
(f) for each i the sequence

(fae(i) 1§ < (and i€ A¢ and fq, (i) & be) is strictly decreasing
(9) ap=0,40 =r,bc =10
(h) acy1 =a¢+1 and

Acyr1 =1{1 € A¢ ¢ facy, (1) < fa (i) and fo (i) € b¢}

e) max pcf(be) < p
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(7) for ¢ limit, a is the first a < 6 which is > U ae such that for some B € D

e<(
we have:
p > max pef{ fo. (i) : £ < (,i € A¢ and i € B and fo, (i) < fo(i)}
(J) ber1 =b¢

(k) for ¢ limit A. satisfies the requirements on B in clause (i) and
be = Jb- U J{fe()): E < Cand i€ Ac, Ae N A¢ and fo, (i) < fa, (i)}
e<(¢

(€) for £ < (¢ we have {i € A¢: fa (i) € bc} € D.

So for some ¢* < reg(D) we have (o, A¢, be) is well defined iff ¢ < ¢*.
We check the different cases and get a contradiction in each (so o must have been
a successor ordinal giving the desired conclusion).

CASE 1: ¢* =0.

We choose ag = 0, Ag = K, by = 0; so clause (g) holds, first part of clause (a)
(i.e. a¢ < 0) holds, clause (b) and clause (c) are totally trivial, clause (e) holds as
max pcf(()) = 0 (formally we should have written sup pcf(be)), clause (f) speaks on
the empty sequence, and the other clauses are empty in this case.

CASE 2: (*=(+1.

We choose acx = acy1 = ac + 1, Aex = {i € A¢ t facy1(i) < fa (i) and fo (1) ¢
b} and bey1 D be is defined by clause (j). Clearly o < aey1 < 0 and Acq € D
as A¢ € D and fo, 41 <p fa. and {i: fo (i) & b¢} € D by clause (¢); so clause (b)
holds. Now clause (a) holds trivially and clauses (g) and (i) are irrelevant. Clause
(h) holds by our choice.

For clause (f), the new cases are when f, ,, (i) appears in the sequence, i.e.,

1 € A<+1 such that fa<+1(i) ¢ U bg = b<+1 = bc but 7 € AC+1 =1 € AC &
£<C+1

fac (i) & be so also fa (i) appears in the sequence and as i € Acy1 = fo (1) >

facii () = fac,, (@) plus the induction hypothesis; we are done.

As for clause (¢) for £ < ¢ + 1, if £ < (¢ this holds by the induction hypothesis
(as bey1 = be) so assume £ = ¢+ 1. Clearly {i € A¢ @ fo, (i) € bey1} = AeN{i <
Kt fae(i) & bey1}. Now the first belongs to D by clause (b) proved above and
the second belongs to D as max pcf(beyi) < p by clause (e) proved below as

tcf(H fae (z)/D) = u by clause (B).
1<K

We have chosen bey1 = be, so (using the induction hypothesis) clauses (c), (d),
(e) trivially hold and also clause (j) holds by the choice of b¢«, and clause (k) is
irrelevant so we are done.
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CASE 3: ¢* = ( is a limit ordinal < reg(D).
Let bX = U be, so by basic pcf:
£<¢

X max pcf(bf) < H max pcf(be) < p
£<¢

as
= cf(p) & (o < p)lla]<*=P) < p)] & ¢ < reg(D).

Now we try to define ¢ by clause (i).

SUBCASE 3A: o is not well defined.

Let w; = {§ < ¢ :i € A¢ and fo (i) ¢ b7}. Note that by the induction hy-
pothesis (clause (f)) for each ¢ < ¢ and i < x we have the sequence (fa, (i) :
§ < candi € A¢ and fqo (i) ¢ be) is strictly decreasing, so as b, C b¢ clearly
(fae (i) : € < e and £ € wy) is strictly decreasing. As this holds for each € < ¢ and
( is a limit ordinal, clearly (fo, (i) : £ € w;) is strictly decreasing hence w; is finite.

Now for each B € D we have (first inequality by clause (E) and clause (b) on
the induction hypothesis on ¢, second by the definition of the w;’s)

u< maxpcf{fg(i) 1€ < (1€ A andiEB}

< max{max pcf(be), max pef{fe(i) : £ € w; and i € B}},

and max pcf(b?) < p as said above, hence necessarily
(*) B€D = p< max pef{fq, (1) : £ € w; and i € B}.

As w; is finite and each f, (i) is a regular cardinal > k we have {i : w; # 0} € D.
By Claim 6.2 (the case there of {i : m; = n;} € D is impossible by (x) above)
we can find g € H w; /D, more exactly g € “Ord, w; # 0 = ¢(i) € w; and B € D

such that: =
(a) < tef(ﬂgu)/D)

(B) u> max pef{fo,(7) 1§ € w; and i € B and fo, (i) < g(4)}.
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Now by the choice of (f, : @ < ) and clause («) necessarily (and [Sh:g, Ch.II1,1.4](1),p.50)
for some o < 6 we have f, <p g. Now for £ < ¢, let BS = {i < k : fo(i) > fae (1)},
if B € D then B* ={i <rk:{€w; and i € B and go(i) > fa, (i)} 2{i <k :i€
A n{i <kt fali) € b7} N{i < K1 fali) > fac (i)} which is the intersection of
three members of D hence belongs to D, but {f., (i) : i € B*} is included in the set
in the right side of clause (3) hence p > max pcf{fa, (i) : i € B*} contradicting
B* € D, tcf(H fae(i)/D) = p. So necessarily BS ¢ D, hence fo <p fa, hence
1<K
a < ag. So Uag <a<0. Let B =BnN{i<k: foli) < g(i)} so B € D and

£<¢
first inclusion by the choice of B’, second inclusion by the choice of b
¢

{f%(z) < CieAcandic B and fo (i) < fa(i)} c
{fag(i) €< (i€ Ag and i € B and fq, (i) <g(i)} C

67U { fuc0) € € w1 and () < 900}

hence

max pcf{f%(i) &< (i€ Acand i€ B and fo,(i) < fa(z)} <

max{max pcf(be), max pef{ fa, (i) : £ € w; and i € B and

Fac (i) < g(z’)}} <u

(the first term is < p as the statement X was proved in the beginning of Case 3,
the second term is < p by clause (5)). So « is as required in clause (i) so a¢ is well
defined; contradiction.

CASE 3B: a¢ is well defined.
Let B € D exemplify it. We choose A as B and we define b¢ by clause (k).
Now clause (a) follows from clause (i) (which holds by the assumption of the
subcase), clause (b) holds by the choice of B (and of A¢), clause (c) by the choice
of be, clause (d) by the choice of b¢, clause (e) by the choice of b:. Now for clause (f)
by the induction hypothesis and clause (d) we should consider only fu, (i) > fa, (%)
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when ¢ < (,i € A¢ N A¢ and fo, (i), fa. (i) ¢ be, but clauses (i) + (k) (i.e. the
choice of b;) take care of this, clauses (g), (h), (j) are irrelevant, and clause (¢)
follows from clause (e).

So we are done.

CASE 4: ¢* = reg(D).
The proof is split according to the two cases in the assumption (iii).

SUBCASE 4A: a < pu = |af*e(P) < .

Let b = U{bs : & < (*} so max pcf(b) < p, hence for each £ < (* we have
Ap = {i € Ag @ fo (i) € b} € D. Let w; = {£ < (" i € A; and fo, (i) ¢ b}.
Now for any ¢ < ¢* and 7 < k the sequence (fq, (i) : £ < ¢ and § € w;) is strictly
decreasing (by clause (f)) hence (fa, (i) : § < ¢* and § € w;) is strictly decreasing
hence w; is finite. Also for each { < (* the set Ag belongs to D, so {Ag : £ < (*}
exemplifies D is |(*|-regular, but (* = reg(D), contradiction.

SUBCASE 4B: D is closed under decreasing sequences of length reg(D).

Let b= | b
¢
In this case, for each { < (¥, the sequence ({i € A¢ : fo (i) € be}: ¢ € [€,¢7]}) is
a decreasing sequence of length (* = reg(D) of members of D so the intersection,
A ={i € A¢: fa (i) ¢ b} € D, and we continue as in the first subcase. Oe.3

6.7 Definition. 1) For an ultrafilter D on & let reg’ (D) be: reg(D) if D is closed un-
der intersection of decreasing sequences of length reg(D) and (reg(D))" otherwise.
2) reg”’ (D) is: reg(D) if (a)~ below holds and (reg(D))" otherwise

(a) reg'(D) = reg(D) or just

(@)~ letting @ = reg(D), in /D there is a <p-first function above the constant
functions.

6.8 Theorem. If D is an ultrafilter on k and 0 = reg’ (D) then
p=p<?>|2¢/D| = p e {lIN;/D: \; € Card}.

Proof. Apply Lemma 6.5 with D, k, u* here standing for D, k, i there; note that
assumption (iii) there holds as the definition of reg’(D)(= #) was chosen appropri-
ately.
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Let g*/D = (\f : i < k) be as there, so as <H A;‘/D) is p*-like, for some
<K
fe H i, we have | H f(i)/D| = u as required. Oe.s

1<K 1<K

Remark. Canreg’ (D) # reg(D)? This is equivalent to: D is not closed under inter-
sections of decreasing sequences of length 0 = reg(D). So if reg’ (D) # reg(D) =0
then 6 is regular and for some function i : kK — 6 the ultrafilter
D'={AC0:i'(A) € D} is an ultrafilter on 6, with reg(D’) = 0 so D’ is not
regular.

This leads to the well known problem (Kanamori [Kn]): if D is a uniform ultrafilter
on k with reg(D) = k does k" /D have a first function above the constant ones?

6.9 Fact. If p =60 = reg(D) < reg'(D),pu = Z,ui, pi = pi < priy1 and
1<

| T1 /(0/DI = p then | [] £)/D] = 1 = .

1<K 1<K
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