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THE LIFTING PROBLEM WITH THE FULL
IDEAL

S. SHELAH

Abstract. We show that there are a cardinal u, a o-ideal I C P(p) and a
o-subalgebra B of subsets of y extending I such that 13/1 satisfies the c.c.c.
but the quotient algebra B/I has no lifting.

0. Introduction. In the present paper we prove the following theorem.

Theorem 0.1. For some u (in fact, p = (280)*F suffices) there is a o-ideal
I onP(p) and a o-subalgebra B of P(u) extending I such that B/1 satisfies
the c.c.c. but B/I has no lifting.

This result answers a question of David Fremlin (see chapter on measure
algebras in Fremlin [2]). Moreover, it solves the problem of topologizing a
Category Base (see Detlefsen Szymanski [3], Morgan [6], Shilling [11] and
Szymanski [12]).

Note that it is well known (Mokobodzki’s theorem; see Fremlin [2]) that
under CH, if [B/1| < (2%0)* then this is impossible; i.e. the quotient algebra
B/I has a lifting.

Toward the end we deal with having better pu.

I thank Andrzej Szymanski for asking me the question and Max Burke
and Mariusz Rabus for corrections.

Notation: Our notation is rather standard. All cardinals are assumed to
be infinite and usually they are denoted by A, &, pu.

In Boolean algebras we use N (and (), U (and |J) and — for the Boolean
operations.
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2 S. SHELAH

1. The proof of Theorem 0.1.

Main Lemma 1.1. Suppose that

(a) u, \ are cardinals satisfying p = po, X < 2%,

(b) B is a complete c.c.c. Boolean algebra,

(c) z; € B\ {0} fori< A,

(d) for each sequence ((u;, fi) 1 i < \) such that u; € [\<N, f; € Wi2
there are n < w (but n > 0) and ig < i1...<ip—1 in X such that:
() the functions fiy, ..., fi,_, are compatible,

(B) BE Nz, =0.
I<n
Then

(D) there are a o-ideal I on P(u) and a o-algebra A of subsets of u
extending I such that /I satisfies the c.c.c. and the natural homo-
morphism A — A/I cannot be lifted.

Proor Without loss of generality the algebra 9B has cardinality AN
(< 2#). Let (Y} : b € B) be a sequence of subsets of u such that any non-
trivial countable Boolean combination of the Y;’s is non-empty (possible by
[1] as p = 1™ and the algebra 9B has cardinality < 2#; see background in [4]).
Let Ay be the Boolean subalgebra of P(u) generated by {Y; : b € B}. So
{Y} : b € B} freely generates 20y and hence there is a unique homomorphism
ho from 2y into B satisfying ho(Yp) = b.

A Boolean term o is hereditarily countable if o belongs to the closure X
of the set of terms () y; for i* < w; under composition and under —y.

i<

Let & be the set of all equations e of the form 0 = o (bg, b1,... ,bn, ... Jn<w
which hold in B, where o is hereditarily countable. For e € &£ let cont(e)
be the set of b € B mentioned in it (i.e. {b, : n < w}) and let Zo C u be
the set o(Yoy, Yous--- » Yo, s - - In<w-

Let I be the o-ideal of P(u) generated by the family {Z, : e € £} and let
20, be the Boolean Algebra of subsets of P(u) generated by TU{Y; : b € B}.

Claim 1.1.1. I Ny = Ker(ho).

Proof of the claim: Plainly Ker(hg) C I N%2Ay. For the converse inclusion
it is enough to consider elements of 2y of the form

n 2n
V=Y - U Y.
/=1 {=n+1
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n 2n
EBE“Nb— U br=0" then easily ho(Y) = 0. So assume that
=1 (=n+1

n 2n
Bl “c=(be— J bb#07,
=1 l=n+1
and we shall prove Y ¢ I. Let Z € I, so for some e,, € £ for m < w
we have Z C UU,,,<,, Ze,,- Let g be a homomorphism from 5 into the 2-
element Boolean Algebra By = {0, 1} such that g(c) = 1, and g respects all

the equations e, (including those of the form b = |J by; possible by the
k<w
Sikorski theorem).

By the choice of the Yy’s, there is o < p such that:
ifbe{by:0=1,...,2n}U |J cont(ey,) then

m<w

gy =1 acy,.

n 2n

So easily o ¢ Z,,, for m < w, and o € (Y, \ U Y, soY is not a
/=1 {=n+1

subset of Z. As Z was an arbitrary element of I we get Y ¢ I, so we have

finished proving 1.1.1.

It follows from 1.1.1 that we can extend hg (the homomorphism from 2l
onto B) to a homomorphism h; from 2y onto B with I = Ker(hy). Let 2y
be the o-algebra of subsets of u generated by 2.

Claim 1.1.2. For every Y € y there is b € B such that Y =Y, mod 1.
Consequently, Ao = Ay.

Proof of the claim: Let Y € 2. Then Y is a (hereditarily countable)
Boolean combination of some Y}, (¢ < w) and Z,, (n < w), where by € B,
Zn€l. Let Z, C U Ze,,,, where e,,, € £, and say

m<w
YZU(}/E)07ZO7%17ZI7"’7}/i)nﬂzn7“')n<ow
Let enm be 0 = 0pnm(bnm,o0,0nm,1,--.). Then clearly U Ze,,, € 1

n,m<w
(use the definition of 7). In B, let b = o(bg,0,b1,0,...,b,,0,...) and let
0" =0"(bo, b1, s bumes - - Inmye<w be the following term

U onm (b0 bnm,1s - - ) U (b= 0(bo, 0,b1,0,. .. b, 0,...))U

’ U(o(bo, 0,b1,0, ... by, 0,...) —b)UO.

Clearly B E“0 = 0”7, so the equation e defined as 0 = o¢* belongs to
£, and thus Z. is well defined. It follows from the definition of o* that
(Y \Y)U(¥\Y) C Ze € L.
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So we can sum up:

(a) I is an Nj-complete ideal of P(u),

(b) 2 is a o-algebra of subsets of ,

(C) I g 9[1,

(d) hq is a homomorphism from 2; onto B, with kernel I,
(e) 9B is a complete c.c.c. Boolean algebra.

This is exactly as required, so the “only” point left is
Claim 1.1.3. The homomorphism hi cannot be lifted.

Proof of the claim: Assume that h; can be lifted, so there is a homomor-
phism g; : 6 — 2l such that hj o g1 = idg.

Fori < Alet Z; = (g1(x;) — Yz, ) U(Yz, — g1(xi)), so by the assumption on
g1 necessarily Z; € I. Consequently we can find e; ,, € £ for n < w such that
Z; € U Ze,, - Let W; = {z;}U U cont(e;,), so W; C B is countable. Let

n<w

n<w

B’ be the subalgebra of B generated by |J W;. Clearly |B’| = A, so there
<A

is a one-to—one function ¢ from A onto B’. Put u; = t~1(W;) € [\]=No,

For each i there is a homomorphism f; from B3 into the 2-element Boolean
Algebra {0,1} such that fj(z;) = 1 and f; respects all the equations e;,,
for n < w (as in the proof of 1.1.1). Let f/ : u; — {0,1} be defined by
fl(a) = fi(t(«)). Then by clause (d) of the hypothesis there are n < w and
19 < ... < ip_1 < A such that:

(o) the functions f] ,...

(8) BNz, =07

<n

, fi _, are compatible,

Hence
(o) the functions f;, [Wig, ... , fi,_, | Wi, _, are compatible!,
call their union g.
Now let o < p be such that:
(@) L<n&beW, = [acY,<g0) =1]
(it exists by the choice of the Y;’s and (a)").
By (®1) and the choice of f;, we have:
(®2) a € Ymie
(because fi,(z;,) =1) and
(®3) «a¢Ze,, forn<w
(because f;, respects e;, , and cont(e;, ) C Wj;,) and

(®4> @ ¢ Ziz

Las functions, not as homomorphisms
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(by (®3) as Z;, C L<J Zeyyn)-

So « € Y% \ Z;, and thus a € g1(x;,). Hence o € N g1(x;,). Since g1 is a
{<n
homomorphism we have

N 91(zi,) = g1([) =4,) = 92(0) =0

l<n I<n
(we use clause (/) above). A contradiction. LT
Remark 1.2. (1) Concerning the assumptions of 1.1, note that they seem

closely related to
(®,) there is a c.c.c. Boolean Algebra B of cardinality < A which is
not the union of < p ultrafilters (i.e. d(B) > ).
(See the proof of 1.7 below).

(2) Concerning (&,,), by [8], if A = T, u = 1~ then there is no such
Boolean algebra. By [9], it is consistent then A = p™+ < 24 Ry <
p = p<* and (@,) above holds using (see below) a Boolean algebra
of the form BA(W), W C [A?, (Vui # uz € W)(|lug Nug| < 1).
Hajnal, Juhasz and Szentmiklossy [5] prove the existence of a c.c.c.
Boolean algebra B with d(®8) = p of cardinality 2* when there
is a Jonsson algebra on p (or p is a limit cardinal) using BA(W),
W NPT utveW = |unv| < |u|/2. The claim we need is
close to this. On the existence of Jonson cardinals (and its history)
see [10]. Of course, also in 1.7 if y is not strong limit, instead “M
is a Jonsson algebra on p” it suffices that “M is not the union of
< u subalgebras”. Rabus Shelah [7] prove the existence of a c.c.c.
Boolean Algebra 9B with d(B) = u for every u.

Definition 1.3. (1) For a set u let
pfil(u) def {w: wCP(u), ue€ w, wis upward closed and
if (u1,u2) is a partition of u then u; € w or ug € w}
[pfil stands for “pseudo-filter”].
(2) The canonical (pfil) w of u for a finite set w is
half(u) = {v Cw: |v| > |u|/2}.
(3) We say that (W, w) is a A-candidate if:
(@) W € =,
(b) w is a function with domain W,
(¢) w(u) € pfil(u) for u e W
(d) if v € [A]<R then cly,w)(v)
finite.

dff{ eW:unv e w(u)} is
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(4) We say W is a A-candidate if (W, half [WW) is a A-candidate.
(5) Instead of A we can use any ordinal (or even set).
(6) We say that U C X is (W, w)—closed if for each u € W

unNUew(u) = uCU.

Definition 1.4. (1) For a A—candidate (W,w) let BA(W,w) be the
Boolean algebra generated by {x; : i < A} freely except

ﬂ xz; =0 for u e W.
€U
(2) For a A-candidate W, let
BA(W) = BA(W, half [ W).
(3) For a A-candidate (W, w) let BA“(W, w) be the completion of BA(W, w);
similarly BA¢(W).

Proposition 1.5. Let (W, w) be a A-candidate. Then the Boolean algebra
BA(W,w) satisfies the c.c.c. and has cardinality X\, so BA°(W,w) satisfies

the c.c.c. and has cardinality < ARo,

PROOF  Let by = 0a(®iy g, -+ s Tig ., _,) be nonzero members of BA(W, w)
(for @ < w1 and o, a Boolean term). Without loss of generality o, = o,
o = n(*) and iq0 < ia1 < ... < fane—1, and ((ige : £ < n(*)) 1 @ < wy)
forms a A-system, so

ia1,€1 = ia2352 & o 7& Qa9 = El = €2 & (VOz < wl)(ia’g1 = ia1,€1>'

Also we can replace b, by any nonzero b/, < by, so without loss of generality

for some s, C n(x) (={0,... ,n(x) —1}) we have
bo= () wio, 0 (] (—zi,,) >0
lEsq Len(*)\sa

and without loss of generality s, = s. Put (for o < wy)

uad:ef{UEWtuﬂ{img:fGS}EW(u)}

and note that these sets are finite (remember 1.3(3d)). Hence the sets
ua:U{u:UEUQ}

are finite. Without loss of generality ({ias: ¢ < n(x)} Uuq : @ < wp) is a
A-system. Now let o # 8 and assume b, N bg = 0. Clearly we have

ba M bﬁ = m(l’ia,g N xig,g) N m (—xia,l N _l"i@’g)
les Len(x)\s
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Note that, by the A-system assumption, the sets {iq¢,ig¢ : £ € s}, {ias, iy :
¢ € n(x)\ s} are disjoint. So why is b, N bg zero? The only possible reason
is that for some u € W we have u C {iq¢,ig¢: £ € s}. Thus

u=(uN{iqge:Lest)U{unig,: e s})

and without loss of generality u N {iq ¢ : ¢ € s} € w(u). Hence u € u, and
therefore u C u,. Now we may easily finish the proof. 5

Remark 1.6. If we define a (\, k)—candidate weakening clause (d) to
(d)eveNN = k>H{ueW:unvew)l},

then the algebra BA(W, w) satisfies the x*-c.c.c.

[Why? We repeat the proof of Proposition 1.5 replacing N; with . There

is a difference only when u, has cardinality < x (instead being finite) and

(being the union of < k finite sets) also u, has carinality p, < k. Wlog

o = i < K. Clearly the set

S L5 < kT ef(6) =t}

is a stationary subset of kT, so for some stationary subset S* of S and
a(*) < k we have:

Va e S*)(ua Na Ca* & uq Cmin(S*\ (a+1))).
Let us define u}, = uq U {iqs : £ € s} \ a(x). Wlog (u}, : a € S*) is a
A-system. The rest should be clear.]

Theorem 1.7. Assume that there is a Jonsson algebra on u, A = 2", and
(Vo < p)(Jaf™ < p = ct(p)).
Then for some A—candidate (W, w) the Boolean algebra BA®(W,w) and A
satisfy the assumptions (b)—(d) of 1.1.
ProoF  Let F: [u]< — pu be such that
(VA € [u")[F"([A]0\ [A]?) = 4]
(well known and easily equivalent to the existence of a Jonsson algebra).
Let (A% : o < 2#) list the sequences A = (4; : i < u) such that

. A; € [2'“]‘“,

o (Vi<p)(Fa)(Ai € [pxa,puxa+p)), and

o i<j<pu = Al‘ﬂAjZQ.
Without loss of generality we have A C p x (1+ «) and each A is equal to
A for 2# ordinals a. Clearly otp(AS) = p.

By induction on o < 2* we choose pairs (W,, w,) and functions F, such
that
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(o) (Wa,wq) is a p X (1 4+ a)—candidate,
(B) B < a implies W = W, N [ x (1+ B)]<N0 and wg = w,, | W,
(v) Fy is a one-to-one function from the set
{u:uClpx(1+a),ux(l+a+1l)) finite with > 2 elements }
into |J Af,
1<p

(0) Wag1 =Wo U{uU{Fy(u)}:ue Wi}, where

W ={u:u asubset of [ux (14+a), ux (1+a+1)) such that Ry > |u| > 2},
(¢) for any (finite) uw € W} we have

Wor1(uU{Fy(u)}) ={v CuU{F,(u)} :u Cvor Fy(u) €v & vNu# 0},

() F, is such that for any subset X of J, = [ux (14+a), ux (1+a+1))

of cardinality ;¢ and 7 < p and v € A for some finite subset u of X

with > 2 elements we have Fi,(u) € A¥\ .
There is no problem to carry out the definition so that clauses (8)—({) are
satisfied (to define functions F,, use the function F' chosen at the beginning
of the proof). Then (W,,w,) is defined for each o < 2 (at limit stages «
we take W, = |J Wps, wo = | wg, of course).

B<a B<a

Claim 1.7.1. For each oo < 2¥, (Wy, W) is a pu X (1 + «)—candidate.

Proof of the claim: We should check the requirements of 1.3(3). Clauses
(a), (b) there are trivially satisfied. For the clause (c¢) note that every
element u of W, is of the form ' U {Fp(u')} for some 8 < a and v’ € Wj.
Now, if u = ug U uq then either one of ug, u; contains v’ or one of the two
sets contains Fj(u') and has non-empty intersection with /. In both cases
we are done. Regarding the demand (d) of 1.3(3), note that if

veE M weW,, u=d U{Fs)}, ueW;, B<a

and v Nu € wgyi(u) then v N’ # () and either v Cv or Fp(u') € u.
Hence, using the fact that the functions F’, are one-to-one, we easily show
that for every v € [2#]<N0 the set

{u e Wy :unwv e wy(u)}

is finite (remember the definition of wg, 1), finishing the proof of the claim.

Let W = Wy, w = Uwq, B = BA(W,w). It follows from 1.7.1

(6% o
that (W, w) is a A-candidate. The main point of the proof of the theorem
is clause (d) of the assumptions of 1.1. So let f, : uqa — {0,1} for
a < 2M, u, € [2#]=N0 ) be given. For each a < 2#, by the assumption that



Paper Sh:636, version 1997-12-23_10.

See https://shelah.logic.at/papers/636/ for possible updates.

THE LIFTING PROBLEM WITH THE FULL IDEAL 9

(V8 < w)[|BIN0 < u = cf(u)] and by the A-lemma, we can find X, € [u]*
such that (f,xa+c : ¢ € Xo) forms a A-system with heart fr. Let

G = {g: g is a partial function from 2" to {0, 1} with countable domain}.

For each g € G let (y(g,7) : i < i(g)) be a maximal sequence such that
9 < figa) and

Dom(f7, ) N Dom(f7, ;) = Dom(g) for j <i

(just choose (g, ) by induction on 7).
By induction on ¢ < wy, we choose Y, G¢, Z; and U¢ 4 such that

(a) Y¢ € [2#]=F is increasing continuous in (,

(b) Ze € U{Dom(f): (Fa e Vo) [ux a <y < px (a+ 1)},

)
(c) G¢e ={g9 € G:Dom(g) C Z},
(d) for g € Ge we have: Ucgis {i:i < i(g)}ifi(g) < p™ and otherwise
it is a subset of i(g) of cardinality u such that

jeUey = Dom(fjy ;)N Zc=Dom(g),

9:3)
(e) Yey1 =YcU{y(9,j) : g € G¢c and j € U g}

Let Y =Y,,. Let {(ge,&) : € < e(x)}, e(*) < p, list the set of pairs (g,§)

such that £ < wi, g € G¢ and i(g) > pT. We can find (( : € < £(x)) such

that (y(ge, () @ € < e(x)) is without repetition and (. € U,_¢.. Then for
some o < 2M\'Y,,, we have

(Ve <e())(Ag ={u xY(ge: ) + T : T € Xy o) })-

Now let g = f5 | Zw,. Then for some (o(*) < wy we have g € G, (4) and thus
Ugc Cig) for ¢ € [Co(*),wr) and (y(g,i) : i < i(g)) are well defined. Now,
a exemplifies that i(g) < pT is impossible (see the maximality of i(g), as
otherwise i <i(g) = 7(9,1) € Yeo(0)+1 € Yan)-

Next, for each v € X, Dom(f,xa+) is countable and hence for some
C1,7(%) < w1 we have Dom(fuxaty) N Zuwy C Z¢, (s As cf(u) > Ny neces-

sarily for some (j(*) < wy we have that X/, o {veXa:Gqyx) <G(x)} e
[u]#, and without loss of generality (i (x) > (o(*).

So for some ¢ < e(x) < p we have g. = g & & = ((x) + 1. Let
Ye =v(ge, (). Clearly

(*)1 f&, fy. are compatible (and countable),

(¥)2  (fuxatry 17 € X[,) is a A-system with heart f.
So possibly shrinking X/ without loss of generality

(¥)3 if vy € X[, then f,xat and f3_ are compatible.
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For each v € X/ let

ty ={B € Xv.: fuxr.+8 and fuxat~ are incompatible}.

As (fuxr.1p: B € Xy.) is a A-system with heart fy_ (and (x)3) necessarily
(x)a v € X/, implies t, is countable.
For v € X, let

Sy def U{u: wu is a finite subset of X/, and

Fo({p x a4 B : B € u}) belongs to t}.
As F, is a one-to-one function clearly
(¥)5 sy is a countable set.
Hence without loss of generality (possibly shrinking X)), as u > Ny,
(%)  if 71 # 72 are from X, then 1 ¢ s,.
By the choice of F,, for some finite subset u of X/, with at least two elements,
letting v/ def {pxa+j:j€u} we have

/8 déf Fa(ul) S {/‘L X rY(gEaCE) + e € X’Y(gags)}

(remember Y. = v(g.,()), so v U{B} € W. Thus it is enough to show
that {fuxa+j :J € u} U{fg} are compatible. For this it is enough to check
any two. Now, {fuxa+; : j € u} are compatible as (f,xa+j : J € Xa) is
a A-system. So let j € u, why are f,xa4j, f3 compatible? As otherwise
B —(ux7Y.) €t; and hence u is a subset of s;. But u has at least two
elements, so there is v € u\{j}. Now u is a subset of X/, and this contradicts
the statement (x)g above, finishing the proof. o

Remark 1.8. In 1.7, we can also get d(BA(W,w)) = u, but this is irrelevant
to our aim. KE.g. in this case let for ¢ < u, h; be a partial function from 2#
to {0,1} such that Dom(h;) N [B, 5 + p) is finite for 5 < 2* and such that
every finite such function is included in some h;. Choosing the (W,, wy)
preserve:

{zg: hi(B) =1} U{—x5: hi(B) = 0} generates a filter of BA(W,, Wa).
Conclusion 1.9. Theorem 0.1 holds.

Proor By 1.1, 1.7. LR
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2. Getting the example for p = (N2)%°, A = 2%2. Our aim here is
to show that there are I, B as in 0.1 for g = (N2)®0. For this we shall
weaken the conditions in the Main Lemma 1.1 (see 2.1 below) and then
show that we can get it in a variant of 1.7 (see 2.2 below). More fully,
by 2.2 there is a 2%2-candidate (W, w) satisfying the assumptions of 2.1
except possibly clause (a), so p is irrelevant in the clauses (b)—(f). Let
p = (Rg)®0 = Ny + 2% and apply 2.2. Now we get the conclusion of 1.1 as
required.

Proposition 2.1. Assume that

(a) n= :U’Nof A< 2K
(b) B is a complete c.c.c. Boolean Algebra,
(c) x; € B\{0} fori < X, and S C {u € [A\]=N0 : (Vi € A\ u)(z; & B.)},
where By, is the completion of ({x; :i € ul)ps in B (for u € [N\]=N0),
(d)~ ifi € u; € (A= for i < A\, then we can find n < w, iy < ... <
in—1 <A and u € S(C [N\|=N0) such that:
O BE =0

<n

(i) g €uy \u forl <mn,

(iii) (ui, \u: € <n) are pairwise disjoint;
e)ueS&ie\u&yeB,\{0,1} = yna; #0&y—x; #0,
(f) S is cofinal in ([u]<N0, C)

[actually, it follows from (d)~].

Then there are a o-ideal I on P(u) and a o-algebra A of subsets of u ex-
tending I such that /I satisfies the c.c.c. and the natural homomorphism
A — A/I cannot be lifted.

Remark: Actually we can in clause (e) omit “y — x; # 0.

Proor  Repeat the proof of 1.1 till the definition of e;, and W; in the
beginning of the proof of 1.1.3 (which says that hy cannot be lifted). Then
choose u; € S such that W; C B,,. (exists by clause (f) of our assumptions).
By clause (d)™ we can find n < w, ig < ... < ip,—1 and u € S such that
clauses (i),(ii),(iii) of (d)~ hold.

Claim 2.1.1. For ¢ < n, there are homomorphisms f;, from B into {0,1}
respecting €;,m for m < w and mapping x;, to 1 such that (f;, [ (W;, NB,) :
¢ < n) are compatible functions.

Proof of the claim: E.g. by absoluteness it suffices to find it in some generic
extension. Let G, C B, be a generic ultrafilter. Now B, < B and (Vy €
Gu)(y Nz, > 0) (see clause (e)). So there is a generic ultrafilter G, of B
extending G,, such that x;, € Gy. Define f;, by fi,(y) =1 < ye Gy
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for y € u;,. By Clause (iii) of (d)~ those functions are compatible and we
finish as in 1.1.

Thus we have finished. LD

Theorem 2.2. In 1.7 if we let e.g. p = No then we can find a 2" -candidate
(W, w) such that BA°(W,w) satisfies the clauses (b)—(f) of 2.1.

PROOF  In short, we repeat the proof of 1.7 after defining (W, w). But
now we are being given (u; : i < \), u; € [2#]=%0 i € u;. For each a < 2#
(we cannot in general find a A-system but) we can find v}, X, such that
Xo € [pHul € 8 C 2% and (uuxati \ ul, 1 i € Xo) are pairwise
disjoint, and i € Xo = p X a+1i € Uyxati \ U, and we continue as
there (replacing the functions by the sets where instead G¢ = {g : g €
Z¢,Dom(g) C Zg} we let he be a one-to-one function from Z: onto p and
Ge={uC Z; : h¢' (u) € S} and instead g = f] Z, let w0 Z,, C Zeo ()5
ul, N Zyy, QUEGc)

DETAILED PROOF  Let F* : [u]<®0 — 4 be such that
(VA € [u]")[F"([A]<7 \ [A]<?) = u].

Let (A% : a < 2) list the sequences A = (A; : i < u) such that A; € [24]#,
Vi < p)Fa)(Ai Clpxapxat+p)andi<j<p = ANA =0
Without loss of generality we have A® C u x (1+ ) and each A is equal to
A% for 2# ordinals a. Clearly otp(A$) = u
We choose by induction on av < 2* pairs (W,, w,) and functions F, such

that
(Wa,wa) is a p x (1 4 «a)-candidate,
ﬂ < «a implies Wg = W, N [p x (1 + B)]<N0 w3 =Wq [ Wpg,
F,, is a one-to-one function from
Clux(14+a),ux(l+a+1)) finite with at least two elements}
into |J A,

<[
(0) Wos1 = Wa U{uU{Fy(u)} : uw € Wk}, where W) = {u : u is a

subset of [ x (1 + a),u X (1 +«a+ 1)) such that Ry > |u| > 2},
(¢) for finite u € W} we have

w(uU{Fy(u)}) ={v CuU{Fy(u)}:u Cvor Fy(u) €v & vNu#D},

(¢) Let F, be such that for any subset X of J, = [u % (1 +a),u x (1+
a+1)) of cardinality p and ¢ < p and v € A$ for some finite subset
u of X we have F,(u) € A\ 7.
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There are no difficulties in carrying out the construction and checking that
it as required. Let W =W, w = Jw,, B = BA(W,w). Clearly (W, w)
[0 [0

is a A-candidate.
Let S* C [u]=N0 be stationary of cardinality . Let

S'={uec[N=N: ifve W and v Nu € w(v) then v C u}.

Now, clause (f) holds as (W, w) satisfies clause (d) of Definition 1.3(3). As
for clause (e) use Lemma 2.3 below.

The main point is clause (d)~ of 2.1. So let i € a; € [M]=N0 for i < A be
given. For each a < A, as u = Ng we can find X, € [u]* and o}, € S’ such
that o € a}, and:

(®a) QFQ&GeXa& eXe = uxatc; N Auxatis c az and

(eXy = wpuxa+(¢a.
For each b € [A]<N0 let (y(b,4) : i < i(g)) be a maximal sequence such that
v(b,i) < A and Wiy N U5 € b and v(b,i) ¢ b for j < i (just choose
~(b, ) by induction on 7).
We choose by induction on ¢ < ws, Y, he, S¢, Ge, Z¢ and Ue 4 such that
(a) Y¢ € [2#]=H is increasing continuous in (,
(b) Z¢ is the minimal subset of A (of cardinality < u) which includes

U{uy s GaeY)uxa<y<px(a+1)}
and satisfies
veW &unzsew(u) = uCZ,
(c) h¢ is a one-to-one function from p onto Z¢, and
Ge={h{(b):beS}u [ J Ge.
£<¢

(d) for b € G¢ we have Uy is {i : 4 < i(b)} if i(b) < pt and otherwise

is a subset of i(b) of cardinality p such that

v
(€) Yeq1 =Ye U{vy(b,j) : b€ G and j € Uep}.
Again, there is no problem to carry out the definition (e.g. |Z;| < p by
clause (d) of 1.3(3)). Let Y =Y. Let {(b:,&:) : € < e(x) < p} list the
set of pairs (b,€) such that £ < wy, b € G¢ and i(b) > pt. We can find
(e + € < e(x)) such that (y(bs, () : € < e(*)) is without repetition and
Ce € Up. g, €(x) < p. So for some o < 2%\ Y,,, we have

(Ve <e(+))(A2 ={pu x v(be,¢) + T : T € Xy )}

jeUyp = Dom(f*(bd-)) NZ: Cb,
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Now, let by = a} N Z,,, so for some (p(x) < w; we have by C Zey(x) As
ay, is countable and G¢ C [ZC]SNO is stationary (and the closure property of
Z¢) there is b* € &' such that b e Z¢o(x) belongs to G¢ and ay, C b
and so Up ¢ C i(b) for ¢ € [(o(*),w1) and (y(b,7) : i < i(b)) are well defined.
Now « exemplified i(b) < p* is impossible (see the maximality as otherwise
i < Z(b) = W(bvi) € ZCO(*)—H - Zw1)'

As for each v € X,, the set a,xa4 is countable, for some (i (%) < wy
we have ayxaty N Zw C Z¢ (). Since cf(p) > Wy necessarily for some
C1(*) < w1 we have

def
X0 S v € Xo: Qa(x) < G(x)} € ()"

and without loss of generality (;(%) > (o(*). Thus for some ¢ < p we have
be =b & & = (1(x) + 1. Let Yo = ~(be, (). Clearly

(%)1 ap,ax_ are countable,

(x)2 yeX, = uxa+7yeca,,

(*)3 71 7£ Y2 & T € X& & Y2 € Xcly = Quxatyr (N Ouxatys C b
So possibly shrinking X! without loss of generality

(¥)a if v € X[, then a(,xq4y) Na¥y, C "
For each v € X/, let

ty ={B € Xr. : @(uxr.48) N Auaty) L 07}
As (fiuxr.48) : B € Xr.) was chosen to satisfy (®v,) (and (*)3) necessarily
(%)5 v € X/, implies t., is countable.
For v € X, let

Sy def U{u: w is a finite subset of X/ and

Fo({p x a4 B : B € u}) belongs to t}.

As F, is a one-to-one function clearly

(%)6 sy is a countable set.
So without loss of generality (possibly shrinking X/, using p > Np)

(%)7 if 71 # 2 are from X/, then v1 ¢ s.,.
By the choice of F,,, for some finite subset u of X with at least two elements,
letting %ef {uxa+j:j€u}l we have

BYE Fo(u') € {ix y(be, ) +7 17 € Xy 0}

Hence v’ U {8} € W, so it is enough to show that {a,xa+; : j € u} U {ag}
are pairwise disjoint outside b*. For the first it is enough to check any two.
Now, {fuxa+j : J € u} are O.K. by the choice of (fuxat; :J € Xa). So let
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J € u. Now, auxa+j, ag are O.K., otherwise § — (u x T.) € t; and hence u
is a subset of s; but u has at least two elements and is a subset of X/, and
this contradicts the statement (x)g above and so we are done. [ P

Lemma 2.3. Let (W,w) be a A-candidate. Assume that w C X\ and u =
clow,w)(u) (see Definition 1.3(1),(d)) and let W =Wwnu<® and wivl =
w | WM. FPurthermore suppose that (W, w) is non-trivial (which holds in all
the cases we construct), i.e.

(%) icveW = ov\{i} €w(v).
Then:
(1) (W wl) is a X-candidate (here u = clww)(u) is irrelevant);
(2) BAWM wlul) is a subalgebra of BA(W,w), moreover BAWM  wlt) <
BA(W, w);
(3) ifi € A\ u and y € BAWM wlul) then
y#0 = ynNnz;>0& y—x; >0;
(4) BAc(WH wlvl)y <« BAS(W, w).
Proor 1) Trivial.

2)  The first phrase: if fg is a homomorphism from BA(W!™ wlt) to the
Boolean Algebra {0,1} we define a function f from {z, : @ < A} to {0,1}
by f(zq) is fo(zq) if @ € u and is zero otherwise. Now

veW = (Baev)(f(zq)=0).
Why? If v C u, then v € W and “f; is a homomorphism”, so fo( N za) =
acv
0. Hence (3a € v)(fo(za) = 0) and hence (Ja € v)(f(z) = 0). If v € wu,
then choose o € v\ u, so f(xq) = 0.
So f respects all the equations involved in the definition of BA(W, w)

hence can be extended to a homomorphism f from BA(W,w) to {0,1}.
Easily fo C f and so we are done.

As for the second phrase, let z € BA(W,w), z > 0 and we shall find
y € BAWM w4 > 0 such that
(Vz)z e BAWM wh)y & 0<z<y = znz#£0).
We can find disjoint finite subsets sg, s1 of A such that 0 < 2’ < z where
2= N zaN N (—2z4). Let

acs) aEesg

t= U{v :v € W a finite subset of A and v N sy € w(v)} U spU sq.
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We know that t is finite. We can find a partition tg,t; of ¢ (so to Nty = 0,

to Uty = t) such that so C tp and s1 Ct; and y* = ) zo N () (—2a) >
acty a€to

0. Note that y def N xzaN [ (—z4) is > 0 and, of course, y €

acuNty acuNtg
BA(WM wlu). We shall show that y is as required. So assume 0 < z < y,
T E BA(W[“] , w[“}). As we can shrink z, without loss of generality, for some

disjoint finite 79,71 C u we have tNu CroUry and z = () zoN ) (—2a),
aEry [ IS4
so clearly t1 Nu C 71, to Nu C 7o.

We need to show xNz # 0, and for this it is enough to show that zNz" # 0.
Now, it is enough to find a function f : {z, : @« < A} — {0,1} respecting
all the equations in the definition of BA(W, w) such that f maps z N 2’ to
1. Solet f(zq) =1 for a € r1Us; and f(x,) = 0 otherwise. If this is O.K.,
fine as f [ro, f |so are identically zero and f [r1, f[s1 are identically one. If
this fails, then for some v € w we have v C r Us;. But then vNr; € w(v)
orvNs; € w(v). Now if vNr; € w(w) as 1 C u necessarily v C u, but
v CriUsyand siNu Ct; Cry, sowv Cryis a contradiction to x > 0.
Lastly, if vNs; € w(v), then v C ¢t so as v C r; Usy we have v C s U (tN71)
and so v C s1 Uty and hence v C t; — a contradiction to y* > 0. So f is
O.K. and we are done.

3) Let fo be a homomorphism from BA(W!M, wll) to the trivial Boolean
Algebra {0,1}. For t € {0,1} we define a function f from {z, : & < A} to

{07 1} by

t if a=i

0 if aeX\u)\{i}.

Now f respects the equations in the definition of BA(W,w). Why? Let
v € W. We should prove that (3o € v)(f(«) = 0). If v C u, then

fHza :a€v}=fol{za:a€v} and
0= fo(Opamwtl wiay) = fo( () 2a) = [ fo(za),

acv acv
so (Ja € v)(fo(za) =0). If v ZuU {i} let @ € v\ u\ {i}, so f(zq) =0 as
required.
So we are left with the case v CuU{i}, v € u. Then by the assumption
(%), vNu=v\{i} € w(v) and v C u, a contradiction.

folze) if acu
f(za) = {

4) Follows. o3

Remark 2.4. We can replace Rg by say x = cf(k) (so in 2.2, p = st in
L7, (Va < p)(Jo|=" < p = cf(u)).
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