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Abstract

We study the generalized Cantor space 2 and the generalized
Baire space "k as analogues of the classical Cantor and Baire spaces.
We equip "k with the topology where a basic neighborhood of a point
n is the set {v: (Vj <1i)(v(j) =n(j))}, where i < k.

We define the concept of a strong measure zero set of #2. We
prove for successor k = k<" that the ideal of strong measure zero sets
of #2 is by-additive, where b, is the size of the smallest unbounded
family in “k, and that the generalized Borel conjecture for ©2 is false.
Moreover, for regular uncountable x, the family of subsets of #2 with
the property of Baire is not closed under the Souslin operation.

These results answer problems posed in [2].

1 Introduction

A systematic study of measure and category in the generalized Cantor space
#2 and the generalized Baire space "k in these spaces was started in [2]; it
turned out, however, that the former is quite problematic.

There are natural generalizations of the concepts of meager and strong
measure zero sets from the space “w to the space k. Many results and their
proofs concerning these concepts, e.g. the Baire Categoricity Theorem, are
just straightforward generalizations of the corresponding results of “w. It
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was proved in [7] that, assuming the Generalized Martin’s Axiom GMA of
7], the family of meager subsets of 12 is closed under unions of length < 281,

In Section 2 we prove the same additivity result for the family of strong
measure zero sets of *2.

The generalized Borel conjecture for *2, GBC(k), states that every strong
measure zero subset of “2 has the cardinality at most x. The consistency of
the Borel Conjecture for the space “2, i.e. GBC(w), was shown by Laver in [4].
However, in Section 3 we show that GBC(k) fails assuming k = k<" = u™.
It is an open problem whether the statements “x strongly inaccessible +
GBC(k)” or “k the first (strongly) inaccessible + GBC(k)” are consistent.

In the final section we show that the property of Baire is not preserved
by the generalized Souslin operation

U M4

ferk i<k

We show this by pointing out that the set CUB of characteristic functions of
closed unbounded sets of k lacks the property of Baire and yet is obtained
from open sets by this Souslin operation.

We thank Jouko Vaananen for reading this paper and suggesting many
improvements, and Taneli Huuskonen for helping the first author to prepare
the paper.

Our set theoretical notation is standard, see [3]. Ordinals are denoted
by «, B, €, &, 1, j; cardinals by k, u and sequences by n, v. Length of a
sequence 7 is denoted by lg(n). We denote [o,8) = {i | a < i < B}. If
n and v are sequences, then n <lv means that 7 is an initial segment of v.
For a cardinal x and a set A we denote [A]" = {B C A : |B| = k} and
[A]=" ={B C A:|B| < k}.

2 Strong measure zero sets

Instead of the generalized Baire and Cantor spaces we study somewhat more
general closed subsets of the former in this section.

Assumptions 2.1 Assume that x is regular and uncountable. Let T' C <"k
be a normal tree with & levels. Let T; be the i-th level of T and T, = lim, (7).
Assume that

i<j<k=(nel)3veT;)(nav).
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We also assume that i < |T}] < k for each 1 < K and_]TH| > k. Let F; : T; —
|T;| be one to one. We denote F' = (F; :i < k) and Flon= (F;(nli):i<k)
for each n € T.

We introduce some notation and terminology. If v € T then [v] = {n €
T, :v<an}. Aset A C T, is open, if for all v € A there exists i < k such
that [v]i] C A. For X C k and f,g € ¥k,

f<tg = [{ieX:f(i)=g()} <

The following generalization of the classical notion of a strong measure
zero set was first introduced in [2].

Definition 2.2 A C T, has strong measure zero, A € SZ, if for every
X € [k]" we can find (fe : € € X), fe € Tt such that

Ac s

feX

Remark 2.3 (a) If kK = k<", then T = <"2 and T = <"k satisfy 2.1. So,
in particular, 2.1 is true for T = <“'w; under CH and for T' = <fk
where k is strongly inaccessible.

(b) If T = %2, then T, does not have strong measure zero. (Choose X =
{€+1: &< k}and n(€) =1 — fe(€); then n € Ty~ Ugex [fe].)

(c) If k is a successor and T a k-Kurepa tree, then T}, has strong measure
zero. (If k = p* and X = {x; : i < K}, enumerate T, as {t¢ : { < p}.
Choose fy, = te [ x¢.)

Next we give two characterizations of strong measure zero sets.

Lemma 2.4 The following are equivalent for A C Ty

(a) A has strong measure zero

(b) if {a; 1 i < K) is a strictly increasing continuous sequence of ordinals
< Kk then we can find
Y, € [T,

]S|ai\
Qiq1

such that
(Vn € A)(F%) (i € V).
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Proof. (a) implies (b). Let {a; : i < k) be a strictly increasing continuous
sequence. For each i < k apply (a) to

Xi={aj1:j =i}
getting (fia,., € To,,, 2 J > ). Let

}/i - {fE,OtH_l P € S Z}

Now |Y;| < |i| < |oy| and if n € A then for any ¢ < k there is j > i such that
nlogp = fiyaj+1 €Y.

(b) implies (a). Let X € []". Choose by induction on i < K, 7; < k such
that if ¢ is limit then +; = U{y; : j <}, and if i = j + 1 then choose ~; > ~;
such that the set X; = [y;,7) N X has cardinality |v;|. Apply clause (b) to
(vi 11 < k) let

(Y; € [T

%‘+1]§|’m 1 < l{>

be as guaranteed by clause (b). So |Y;| < |X;| and we let h; : Y; — X; be one
to one. Let (fe: & € X), fe € T¢, be such that if £ = h;(g) for g € Y; then
fe =gl As [g] C [fe] we are done. O

Lemma 2.5 Ifx = p* and |T;| = k fori < k large enough then the following
are equivalent for A C Ty

(a) A has strong measure zero

(V') like 2.4(b), but
Y; € [T,

<p
ai+1] ‘

(c) for every X € [k]*, there is f € Xk such that
~(f < (Fon)lX)
for each n € A.

Proof. Under the assumptions, 2.4(b) is clearly equivalent to 2.5(b’). This
is where we need the assumption x = u*.

(b’) implies (c). Let X € [k]". We may assume that o > sup(a N X) for
each @ € X and if @ € [min X, k) then |T,| = k. Let the closure of X U {0}
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be enumerated in {q; : i < k} where «; are increasing with i. Apply clause
(b') and get (Y; : i < k), Y; € [Ta,.,]5*. Choose f € Xk such that

(o7
flaipr) = min{y < K : F,,, (n) < for every € Y;}.

Now let n € A. Then H = {i < k : nla;41 € Y;} has cardinality ~ and
Fov(nlais1) < faig) for each i € H. This means —(f <% (Fon)X).

(c) implies (b’). Let («; : ¢ < k) be strictly increasing continuous sequence
of ordinals < k. We should find (Y] : ¢ < k) as in clause (b’). Apply clause (c)

for X = {a;y1 i < k} and get f € ¥k. Let

Y; = {77 € Tai+1 : Fai+1 (77) < f(ai+1>}'

Let n € A. Then H = {i < r : F,,,(nloviy1) < f(aigr)} has cardinality
and nla;4 € Y foralli e H. U

A family F C "k is bounded, if there is g € "k such that f <! ¢ for all
f e F. Afamily F C "k is dominating, if for each g € "k there is f € F such
that g <% f. Let 0, be the size of the smallest dominating family and let b,
be the size of the smallest unbounded family. Clearly x < b, <0, < 27,

For successor &, condition (c) of Lemma 2.5 can be rephrased as follows:
For each X € [k]* the family {(F on)|X : n € A} is not dominating. Hence,
every A C [T,]=°* has strong measure zero.

In the sequel we will often abuse the terminology and say that a tree Tj
is dominating or bounded, when we actually mean that the family {(F on) :
neT,} is.

Remark 2.6 (a) In [1] Cummings and Shelah prove the following general-
ization of Easton’s result on the possible behaviour of x +— 2%. Assume GCH.
Then for any class function  — (8(k), d(k), u(k)) from regular cardinals to
cardinal triplets satisfying

(1) the functions /3, 6 and p are increasing, and

(2) kT < B(k) = cf(B(k)) < cf(d(r)) < (k) < u(k) and cf(u(k)) > K for

all

there exists a class forcing preserving all cofinalities such that in the generic
extension b, = B(k), 0, = d(k) and 2" = p(k) for all k.

(b) If k is strongly inaccessible, then *2 is bounded, even though *2 does
not have strong measure zero.
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Theorem 2.7 Assume that k = pu*. Then the ideal of strong measure zero
sets of "2 is b, -additive.

Proof.  Assume that (A : € <), v < by, is a sequence of sets with strong
measure zero. Let A ={J,_, A¢. We prove that A has strong measure zero.
Let X € [k]*. Using (c) of Lemma 2.5 for each ¢ < v we find f¢ € ¥k such
that

~(fe < (Fon)lX)
for all n € Ag. Since the set {f¢ : £ < v} is bounded, there is f € ¥k such
that

fe<i f
for all £ < . But then
~(f <k (Fon)lX)
for all n € A. Hence A is a strong measure zero set by Lemma 2.5(c). O

A version of generalized Martin’s axiom for arbitrary x, GMA(k), is the
following.

Assume that a partial order P satisfies

(a) if p and ¢ are compatible, then they have an infimum in

P.

(b) if (p; : i < ) is a descending chain, where v < &, then

(c) if (p; : i < k™) is any sequence in P, then there are a cub
set C' C kT and a regressive function h : k* — k1 such
that for all o, 5 € C' we have

cf(a) = cf(5) = &k, h(a) = h(B) implies p,|pg-

Then for every family D of dense subsets of P such that |D| <
2% there is a D-generic filter K C P.

It is possible to prove the relative consistency of GMA(k) for arbitrary x
with Kk = k<". See [7] 1.10 on page 302.

Lemma 2.8 ([6]) Assume k = k<" and GMA(k). Then b, = 2".
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Proof. Let {F, : « < v} C "k, where v < 2%. We want to construct a
function F' dominating all the F,,. Let P be the set of pairs (f, g) satisfying
the following conditions:

(1) f: Kk — kis a partial function with |f| < k.
(2) ¢g:7v — kis a partial function with |g| < &.

(3) For all & € dom(g) and j € dom(f) such that j > g(«), we have
fG) > Fa(j)-

We define (f1,91) < (f2,92) if fo C f1 and g2 C ¢1.

Clearly, if (f1, g1) and ( f2, g2) are compatible, then (fiU fa, g1Ugso) is their
infimum. Similarly, it is easy to see that P satisfies condition (b) above.

Let then ((fa,ga) : @ < kT) be a sequence of conditions. We choose an
arbitrary bijection k : kT X k X kK — kT and bijections Hs : <" — & for
B < kt. Let

C1={B <r":Va < f(dom(ga) € B)}
and
Co={B <kt k[Bx kK xkK]CpB}

For 5 € Cy N Cy, define hy(B) =sup{a+1:a € fNdom(gs)}, and let
WB) = k(hi(B), Hu(fp): Hn(s) (9811 (8))),
if cf(B) = k; otherwise, let h(5) = 0.

Claim 1 The cub set C' = C; N Cy and the function h defined above witness
the truth of condition (c).

Proof: Clearly hi(8) < § whenever cf(f) = k. Since C C Cs, the
function h is regressive on C. Assume «, 5 € C, cf(a) = cf(f8) = k, a < B,
and h(a) = h(B). Thus hi(a) = hi(B), and, by the injectivity of the He,
we further have f, = fg and go[hi(a) = gglhi(B). Since § € Cy, we have
dom(g,) C 5. Hence

dom(g,) N dom(gg) € B Ndom(gs) C hi(B),

and therefore g, U gs is a function. Now (fa, go U gg) is a common extension
of (fa,9a) and (fs,9p), and the claim has been proved.

7
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Now, let K be D-generic, where D = {D; : i < k} U{E¢ : { < v} and
D; ={(f,9) € P:i€dom(f)}, Ec ={(f,9) € P:& € dom(g)}. Then for
F=WU{f:(f,9) e K} and G=J{g: (f,9) € K} we have

F(i) > Fe(i),
whenever ¢ > G(§), i.e., F' dominates the family {F, : a« < ~}. O

Actually, the consistency of b, = 2" can be shown by simpler means than
using GMA (k). For instance, it follows immediately from Remark 2.6(a).

Corollary 2.9 The ideal of strong measure zero sets of 2 is 2%-additive for
successor k = k<", assuming GMA (k).

Remark 2.10 Assume « is a successor, and let F be a dominating family
of size 0,. Let X € [k]" be such that X contains no limit ordinals. For
each f € F we can find n; € T}, such that f <* (F on;)]X. Now the set
A ={n;: f € F} does not have strong measure zero by Lemma 2.5. Hence
the ideal of strong measure zero sets is not 07 -additive. So consistently
k = k<%, the ideal is not k™ T-additive and s+ < 2%,

3 The generalized Borel conjecture

The main result of this section is Lemma 3.5, which further shows the failure
of the GBC under suitable assumptions.

Throughout this section we assume that k is regular uncountable, T is
a set of sequences of ordinals < x each of length < k, T' closed under intial
segments, T; is the set of members of T of length i, T}, the set of sequences
of length k every initial segment of which belongs to 7', and every x € T has
more than one extension in 7). Note that in this section we do not assume
k= K<".

Definition 3.1 (1) A C T, is nowhere-dense, if T,\ A contains an open
and dense set. A C T, is meager if it is a xk-union of nowhere-dense
sets. A C "k is comeager if "k A is meager.

(2) We say that A C T}, is weakly (<p)-Baire if it is not the union of <
nowhere-dense subsets and weakly u-Baire if it is weakly (<u™)-Baire.
A is (< p)-Baire (respectively, pu-Baire) if ANU is weakly (< p)-Baire
(weakly p-Baire) for every set U that is open in A.

8
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We consider the following properties of 1"

Pry T, has > xk members.
Prqy T, is unbounded.
Pry T, is k-Baire.

Proposition 3.2 (1) Pry implies Pry, assuming that |T;| > k for i large
enough.

(2) Pry implies Pry.
Proof. Pry — Pry: Assume T}, is bounded by g € *k. Let

A ={feT,: (Vji>i)F;(flj) <g())}

A; is nowhere-dense in T,: Let v € T. By our assumption we can choose
a successor 17 € T of v such that F;(n[j) > g¢(j) for some j > ¢. Then
n] € T,\A;. Therefore T,, C |J{A; : i < k} would be meager, hence not
k-Baire.

Pry — Pro: If p; € T, for i < K, then g: g(i) = sup{F;(n; [ i) :j < i}
dominates F on,. O

From now on, we always assume at least Pry.

Lemma 3.3 Let k > w be reqular. There is a sequence (C, : a < 0y) of cub
sets of k such that for each cub set C' C k there is a < 0, such that C,, C C.

Proof. Let D C "k be a dominating family of size 0,. We may assume that
each g € D is strictly increasing. For each g € D let

Cy={0 <r:6limit AVi(i < <= ¢g(i) <9I)}.

Cy is a cub set: closed: Let 6; € C, for all i < j where j < k is a limit
ordinal. Then for i/ < ¢ = sup{d; : ¢ < j} we have i/ < §; for some
i < j and hence ¢(i') < ¢; < 6. unbounded: Let ¢’ < k. Let §p = ¢’ and
Opt1 =sup{g(i) : i < d,}. Now d = {0, : n <w} € C,,.

Let C; = {7y : @ < k}. Suppose C = {f; : i < K} is a cub set. We
assume these enumerations are strictly increasing. Then there is g € D and

9
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ip < rsuch that f; < g(i) for all i > ig. If ig < j < 74, then 85 < g(J) < Vg,
Hence v,; = sup{f; : j < 74:} € C for each i large enough. Now we can
enumerate {C,Ni: g € D, i < k} as (Cy : @ < 0,) and it has the required
property. [

Definition 3.4 The generalized Borel’s conjecture (abbreviated by GBC) for
T, is the statement SZ = [T,,]=". GBC(k) is the statement GBC for *2.

Theorem 3.5 Assume that k is regular, |T| = k, T, is (<0,)-Baire and
every Y € [T.]<° has strong measure zero. Then there is A € [T,]° which
has strong measure zero.

Proof. Let (Cy : a < 0,) be a sequence given by Lemma 3.3. Let nacc(C,)
be {i € C, :i > sup(C, Ni)}. Let F, be the set of functions f with domain
T such that

(1) for every z € T, x <7 f(z) and lg(f(x)) € nacc(Cy)
(2) if & # y are from T then lg(f(x)) # l3(f(y))
Let for f € F,,, a <0,
X; =% {neT,:for k members z of T, f(x) <7 n}.

Clearly X is comeager, since X; = (,_, X} where X} = {n : (3z)(lg(z) >
iNf(z) <7 n)} are open and dense: given z € T, choose 2’ such that © < 2
and lg(2') > 4. Then [f(2')] € X}.

Now we choose by induction on o < ?,, 7, and f, such that

(1) na € T\ {ns - f <}
(2) fo € Fa
(3) Na € Xy, forall B < a.

If we succeed then we will show that Z = {n, : « < 0,} is a subset of T
of cardinality 9, (by (1)) which is of strong measure zero.

Let us carry the induction. First we choose 7, to satisfy the demands,
the only relevant ones are (1)+(3). But since T} is (<0, )-Baire, the set

(Ton{ns : 8 < o) () X,

B<a

10
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is non-empty. So we can find 7, which satisfies the requirements.

Next let us choose f,, the only relevant demand is (2). Enumerate T' =
{z; 1 i < k}. We choose f,(z;) by induction on i < k, by defining a sequence
{B; i < Kk} such that

(1) Ty <r fa(xi) and fa(xi) S Tﬁi
(2) B; € nacc(Co)N{B; : j < i}.

Now we show that Z = {n, : @ < 0,} has strong measure zero. Let

C = {a; : © < K} be cub and choose @ < 0, such that C, C C. Let

Co={Bi:i<k}. Let Z* ={nz : B <0, B>a}and Z' = {nz : B < a}.

We define Y; € [T, |5l as follows: By our assumption Z’ has strong
Jleil s § < k) such that

measure zero. So there is (Y € [T,,,,
(Vn € Z')(3"% < k)(nlai € Y]).
For each 7 < & if there is j < x such that o; = [3; then let
Y = {fal@) it 1g(falz)) = Bjs1}-
Otherwise let V;* = @. Let YV; =Y/ UY;*. We claim that
(Vn € Z)(F%i < K)(nloi1 € Y)).
If n € Z* then n € Xy, and so {z | fo(z) <r n} has cardinality x. Since

B = {lg(fa(x)) : fa(z) <r n} C nacc(C,) has cardinality x, we see that
nla; 1 € Y; for each ¢ such that o; € C,. U

Remark 3.6 Consistently there are such 77s even if k<% > k = cf(k) > V.
From Theorem 3.5 we get the following corollaries.

Corollary 3.7 Assume that T, is k-Baire and 3, = . Then there is a
strong measure zero subset of Ty, of cardinality k.

Theorem 3.8 (Baire Category Theorem) Assume T is a tree with k
levels, (<k)-complete with no isolated branches. Then T}, is k-Baire.

11
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Proof. Suppose (D; : i < k) is a sequence of open dense sets. For each i < k
let fi : T — T be such that for every x € T, x < f(x) and [fi(z)] C D;.
We will define n € ({D; : i < &} by induction. Let z;41 = fi(z;) and
x; = U{z; : j < i} if 7 is limit. Since T is < k-complete x; € T. Now
n=Wuzi:i<r}e.,Di O

Corollary 3.9 Assume 0, = k1 and kK = k<% > Rg and T is a tree with k
levels, (< k)-complete with no isolated branches. Then there is a subset of
T,. of cardinality k™ which is of strong measure zero.

This finally implies the failure of GBC(k) for successor k = k<".

Corollary 3.10 If k = k< = p*, |T;| = k fori < k large enough and T is
closed under increasing sequences of length < k then there is an A € [TH]”+
of strong measure zero.

Proof. Case 1. 0, > ™ then any set of size k™ has strong measure zero by
Lemma 2.5.
Case 2. 0, = k7. Theorem 3.9 O

Remark 3.11 The failure of the generalized Borel conjecture follows di-
rectly from this corollary by setting 1" = *2.

4 The property of Baire

We show that the property of Baire is not preserved in the Souslin operation
on "2, contrary to the corresponding theorem for reals. We say that A C "2
has the property of Baire, if there is an open set O C "2 such that (ONA) U
(ANO) is meager.

Let

CUB = {n € "2 for some club C of x (Vi € C)(n(i) =1)}.

Lemma 4.1 There is a system (A, : v € <"k) of open sets such that

CUB = J [)Ani

fEFRI<K

12
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Proof. For v € <"k let
Ay ={ne"2: (Vi e dom(v))(n(v(i)) = 1)}

if v is a strictly increasing continuous sequence and let A, be empty otherwise.
Let n € CUB and let («; : i < k) be an increasing enumeration of a club set
such that n(a;) = 1 for all i < k. Then n € A< for all 7. Conversely, if
n € Ay for all 4, then clearly f is strictly increasing and continuous, hence
n e CUB. O

The above lemma shows that the set CUB can be obtained from open
sets by means of an operation which is analogous to the Souslin operation.
Thus the following result shows that the property of Baire is not preserved
by this “Souslin” operation. Recall that in the space “2 the property of Baire
is preserved by the ordinary Souslin operation.

Theorem 4.2 Let k > Ny be reqular. Then CUB does not have the property
of Baire.

Proof. ~ We show that for all open set O, (ONCUB) U (CUBNO) is not
meager.

Suppose first O is empty. We show that CUB is not meager. Let R C "2
be nowhere dense for ¢ < k. We choose «;, 1; by induction on ¢ < k such
that

(1) m; € %2

(2) if j <@ then o < o; and n; <A,

(3) if 4 is limit then o; = U, _; o and n; = U;; mj
(4) mi1(es) =1

(5) ~(Fp)(nir1 <pAp € Rj).

Now 7, € CUBN U, Re, whence CUB # |, _, Re.

If O is non-empty then we choose v such that [v] C O. Then ONCUB D
[V]N\CUB. Similarly as above we show that [v|\CUB is not meager. We
proceed as above except ag = lg(v), 1o = v and

(4") Miza(au) = 0.

13
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Then 7, € ([VNCUB)N U, Be. U

Let us call a subset of #2 Borel if it is a member of the smallest algebra
of subsets of “2 containing all open sets and closed under complements and
unions of length < k. It is proved in [2] that Borel sets have the property of
Baire. Hence CUB is not Borel. This improves the result in [5] to the effect
that CUB is not IS or ¥. Assuming x = X; = 2% non-Borelness of CUB
follows from the stronger result that CUB and NON-STAT = {n € “12 :
for some cub C' C w;(Vi € C)(n(i) = 0)} cannot be separated by a Borel set
8].

14



Paper Sh:662, version 2001-01-23_10. See https://shelah.logic.at/papers/662/ for possible updates.

References

[1] J. Cummings and S. Shelah. Cardinal invariants above the continuum,
Annals of Pure and Applied Logic 75 (1995) 251-268.

[2] A. Halko. Negligible subsets of the generalized Baire space w{*, Ann.
Acad. Sci. Ser. Diss. Math. 108 (1996).

[3] T. Jech. Set Theory, Academic Press, New York—San Francisco-London,
1978.

[4] R. Laver. On the consistency of Borel’s conjecture, Acta mathematica,
vol. 137 (1977), pp. 151-169.

[5] A. Mekler and J. Vaananen. Trees and IIj-subsets of “w;, J. Symbolic
Logic vol. 58 (1993), pp. 1052-1070.

[6] F. Rothberger. On some problems of Hausdorf and Sierpinski, Fund.
Math. vol. 35 (1948), pp. 29-46.

[7] S. Shelah. A weak generalization of MA to higher cardinals, Israel J.
Math., vol. 30 (1978), pp. 297-306.

[8] S. Shelah and J. VAddnéinen. Stationary sets and infinitary logic, to ap-
pear.

Aapo Halko
Department of Mathematics
P.O. BOX 4
FIN-00014 University of Helsinki
Helsinki, Finland
aapo.halko@helsinki.fi

Saharon Shelah
Institute of Mathematics
Hebrew University
Jerusalem, Israel

15



