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2 SAHARON SHELAH

ANNOTATED CONTENT

60  Introduction
§1  Countable Groups

[We present a result on a sequence of analytic equivalence relations on & (w)
and apply it to Ng-system of groups getting a strong dichotomy: being
infinite implies cardinality continuum sharpening [GrSh 302a].|

§2  On A-analytic equivalence relations

[We generalize theorems on the number of equivalence classes for analytic
equivalent relations replacing Ny by A regular, unfortunately this is only
consistent. Noting that if we just add many Cohen subsets to A we get
something, but first the dichotomy is < AT,= 2* rather than < \,= 2*,
second we assume much less.|

§3  On A-systems of groups
[This relates to §2 as the application relates to the lemma in §1.]
g4  Back to the p-rank of Ext

[We show that we can put the problem in the title to the previous context,
and show that in Easton model, §2 and §3 apply to every regular \.|

§5  Strong limit of countable cofinality

[We generalize the theorem on Y systems of groups from §1, replace X, by
a strong limit uncountable cardinal of countable cofinality; this continues

[GrSh 302a] ]
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A usual dichotomy is that in many cases, reasonably definable sets, satisfies the
continuum hypothesis, i.e. if they are uncountable they have cardinality continuum.
A strong dichotomy is when: if the cardinality is infinite it is continuum, as in [Sh
273]. We are interested in such phenomena when A = X is replaced by A regular
uncountable and also by A = 3, or more generally by strong limit of cofinality Ng.

Question: Does the parallel of 1.2 holds for e.g. 3,7 portion?

This continues Grossberg Shelah [GrSh 302], [GrSh 302a] and see history there.
We also generalize results on the number of analytic equivalence relations, contin-
uing Harrington Shelah [HrSh 152] and [Sh 202] and see history there.

On the connection to the rank of the p-torsion subgroup see [MRSh 314] and history
there. See more [ShVs 719].
On Ext(G, Z), rk,(Ext(G,Z) see [EM].
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§1 COUNTABLE GROUPS

Here we give a complete proof of a strengthening of the theorem of [GrSh 302a],
for the case A = Xy using a variant of [Sh 273].

1.1 Theorem. 1) Suppose

(A) Xis Rg. Let (G, Tmn : m < 1 < w) be an inverse system whose inverse
limit is G,, with m, ., such that |G,| < X\. (S0 Ty n is a homomorphism
from G, to Gy < B < v < w = Mg 0By = Ta,y and Ty o 15 the
identity).

(B) Let I be an index set. For every t € 1, let (H} ,m},, - m < n < w) be
an inverse system of groups and HY with ﬂf%w be the corresponding inverse
limit and HY, of cardinality < \.

(C) Let for every t € 1,0t : H. — G,, be a homomorphism such that all dia-

‘ t ot oot t
grams commute (i.e. Ty pn 00, =0, 0,  form <n<w), and let o;, be

the induced homomorphism from H] into G,,.
(D) 1 is countable!

(E) For every u < X and t € I there is a sequence (f; € G, : i < u) such that
1<]= fz-fj_1 ¢ Rang(ol).

Then there is (f; € G,, : i < 2*) such that

1#£j & tel= fifj_1 ¢ Rang(ol).

2) We can weaken in clause (A) to (A)~ replacing |G| < X by |Gn| < A, if we
change clause (E) to

(E)* for every t € I, m < w there are n, f such that f is a member of G,,n <
k<w= 7m,,(f) ¢ Rang(cl) and eq, = mnw(f).

We shall show below that 1.1 follows from 1.2.

1.2 Lemma. Assume for every n < w, &, is an analytic two place transitive rela-
tion on P(w) = {A: A C wt} which satisfies, for each m < w for some infinite
Zm € w we have
($)m.z,, fABCZ" " n€ Zyné¢ B, A= BU{n}, then ~(A&,,B)V~(B&,,A)
(xx) ifm<w,A'&,B and A" &, B then A'&,,A”.

Then there is a perfect subset P of & (w) of pairwise &,,-nonrelated A C w, simul-
taneously for alln, that is A# B & A€P & BeP & m<w= —(46,,B).

Ithis is stronger, earlier I was finite
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1.3 Remark. 1) The proof uses some knowledge of set theory and is close to [Sh

273, Lemma 1.3].
2) We say A, B are &-related if A& B, and we say A, B are non-&-related if -(A& B).

Proof. Let r,, € “2 be the real parameter involved in a definition ¢, (z,y, r.,) of
Em. Let @ = (pm :m < W),7 = (ry, :m < w),& = (&, : m < w). Let N be
a countable elementary submodel of (#((2%°)7), €) to which @, 7, & belong. Now
we shall show

(% %) if (A1, Ag) be a pair of subsets of w which is Cohen generic over N [this
means that it belongs to no first category subset of & (w) x & (w) which
belongs to N] then

() Aj, Ay are &,,-related in N[A;, As] if they are &,,-related
(B) Aj, As are non-é&,,-related in N[A;, As].

Proof of (x x *).

() by the absoluteness criterions (Levy Shednfied)
(8) if not, then some finite information forces this, hence for some n
® if (A}, AS) is Cohen generic over N and A} N {0,1,...,n} = A1 N
{0,1,...,n} and A5, N{0,1,...,n} = Ay N {L,...,n} then A}, A} are
&m-related in N[A], AS].

Choose k € Z,\{0,1,...,n+ 1}. Let AY be Ay U{k} if K ¢ Ay and A;\{k} if
ke A

Trivially also (A, As) is Cohen generic over N, hence by ® above A, Ay are
&m-related in N[AY, As]. By (x x x)(«) we know that really AY, Ay are &,,-related.
By (xx) clearly A;, A} are &,,-related and also A}, A; are &, -related. But this
contradicts the hypothesis (%), z, . So (%) holds.

We can easily find a perfect (nonempty) subset P of {A : A C w} such that
for any distinct A, B € P, (A, B) is Cohen generic over N. So for each m for
A # B € P we have N[A, B] E “A, B are not &,,-equivalent” and by (* * *)(«)
clearly A, B are not &,,-equivalent. This finishes the proof. (o
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1.4 Proof of 1.1. 1) Follows from part (2) as (F) = (F)* when the G,,’s are finite
(use (E) for p* = |Gp| + 1).
2) Let k, = n? and we choose (f, : n < w) such that:

(a) fn € G,
(b) ky, <1< kn+1 = eq, = Wn,w(fi)
(c) for every t € I, for arbitrarily large k we have m41.,(fx) ¢ Rang(o}, ;).

Clearly (a), (b) are straight for (c) use assumption (E)* and bookkeeping.

By induction on n for every n € "2 we choose f, € G, as follows: for n =0, f,, =
ec,, for n =v"(0),v € "*2let f, = f, and for n = v"(1) let f, = f,f,},. Clearly
m<n<w & ne2= Ty o(foim) = Tmw(fy)

Lastly, for A C w, let na € “2 be its characteristic function and g4 € G,
be the unique f € G, satisfying m < n < w = 7 o(fyin) = Tmw(fa). Let
I={t,:m <w} (well we can add trivial H’s) and let &,,, be A&, B< ACw &
BCw & ggl g € Rang(olm). Clearly &, is an equivalence relation hence it
satisfies condition (*x) of 1.2. Lastly, let Z,,, =: {k : mp11.,(fx) ¢ Rang(olm)}. If
A, B,m,k are as in (%) of 1.2 then m11.,(94'98) = Thr1.0(fr) & Rang(o}_ ;). We
have the assumptions of 1.2, hence get its conclusion. (q 1
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§2 ON A\-ANALYTIC EQUIVALENCE RELATIONS

2.1 Hypothesis. A = cf()) is fixed.

2.2 Definition. 1) A sequence of relations R = (R, : € < (x)) on *2 (equivalently
P(N)) ie. a sequence of definitions of such relations in (J#(A\1),€) and with
parameters in J#(AT) is called A\-w.c.a. sequence (weakly Cohen absolute) if: for
any A C A\ we have

(%)a there are N,r such that:
(o) N is a transitive model

(B) N<* C N,A+1C N, the sequence of the definitions of R (including
the parameters) belongs to N

(v) AeN
(8) 7€ *2is Cohen over N; that is generic for (*>2,<) over N
() R. and —R. are absolute from N[r| to V for each € < (x).

2) We say R is (A, p)-w.c.a. if for A C X\ we can find N, 7, (for a < i) satisfying
clauses («), (8), () from above and

(0)" for a # B < p,(rq,78) is a pair of Cohens over N
e)" R. and —R. are absolute from N[r,,r3] to V for each @ # 8 < p and
B
e < g(*).

3) We say A is (), p)-w.c.a. if every A-analytic relation R on *2 is (), u)-w.c.a.
Analytic means that it has the form R(Xy,...,X,;) = (3Y1,..., Y CAxNeo(Y1,..., Yo X1, ..., X5)

2.3 Claim. Assume

(A) e(x) < X and (& 1 € < e(x)) is a (A, pu)-w.c.a. sequence, each & an equiva-
lence relation on P (X), more exactly a definition of one and

(B) ife <e(x) and A,B C X and o € A\B\e, A = BU{a}, then A, B are not
& -equivalent.

Then there is a set & C P(N) of u-pairwise non-&;-equivalent members of P ()
for all € < e(x) simultaneously.

2.4 Remark. If in 2.2 we ask that {r, : n € *2} perfect (see 2.5 below), then we can
demand that so is Z.
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2.5 Definition. 1) & C Z()\) is perfect if there is a A-perfect tree T C *>2 (see
below) such that & = {{a < A :n(a) =1} : n € limy(T)}.
2) T is a A-perfect tree if:
(a) T C *>2 is non-empty
b)yneT & a<lgm)=nlacT
(c) if § < X is a limit ordinal, n € °2 and (Va < §)(n [« € T), then n € T
d) if n e T, lg(n) < a < X then there is v,n<v € T N*2
)

(
(e

C

if n € T then there are <-incomparable vy, 5 € T such that
n<vy & n<av.

3) Lims(7T) = {n:Lg(n) =0 and (Va < d)(n | a € T)}.

Proof of 2.5.
Let T* = *>2.
Let N and r, € *2 for a < p be as in Definition 2.2. We identify r, with {y < X :

ra(y) =1}
By clause (¢)" of Definition 2.2(2) clearly

(%)o if e < e(x), and o # B < p, then & define an equivalence relation in
Nlrq,rg] on P(N)Nlrams],

It is enough to prove assuming o # 8 < p and € < (%) that,
(¥)1 —roéerg.

By clause (¢)" of Definition 2.2(2) it is enough to prove
(¥)2 Nra,rs] = roéivp.

Assume this fails, so N[rq, 7] = roé:rs then for some i < A
(ra [i,mp [1) IFsayx(a>2) “T18eT2”

and without loss of generality > . Define r € *2 by
L—rg(y) ifj=i

So also (r,r) is a generic pair for *>2 x *>2 over N and (rq [ 4,7 | i) =
(ro [ 4,75 [ ) hence by the forcing theorem

(%)3 N[ra,r] Erqéer.
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But rq,73,7 € N[re,rg] = Nrq,r]. As we are assuming that (x), fail (toward
contradiction) we have N[ry,r3] = roé.rs and by (x)3 and the previous sentence
we have Nirq,rg] = ré.r so together by (x)o we have Nlr,,rg] = rgé.r hence
V k= rgé.r, a contradiction to assumption (b). Oo 3

2.6 Definition. We call Q) a pseudo A\-Cohen forcing if:

(a) @ is a nonempty subset of {p : p a partial function from A to {0,1}}
(b) p<gq=pCq

(¢c) #i={p€Q:ic Dom(p)} is a dense subset for i < A

(d) define F; : .#; — .#; by: Dom(F;(p)) = Dom(F;(p)) and

moa = {1

then F; is an automorphism of (.%;, <%| .%).

2.7 Claim. In 2.2, 2.5 we can replace (*>2,<) by Q.

2.8 Observation: So if V = G.C.H., P is Easton forcing, then in V¥ for every
regular ), for Q = ((*>2)V,<) we have: @ is pseudo A\-Cohen and in V¥ we have A
is (), 2*)-w.c.a.

2.9 Discussion: But in fact A being (),2*)- w.c.a. is a weak condition.

We can generalize further using the following definition

2.10 Definition. 1) For ro,7; € A2 we say (rg,r1) or 7g,71 is an R-pseudo Cohen
pair over N if (R is a definition (in (## (A1), €)) of a relation on Z(\) (or *2), the
definition belongs to N and) for some forcing notion Q € N and Q-names rg, 11

and G C @ (G € V) generic over N we have:
(a) 10[G] = ro and 11[G] =1

(b) for every p € G, for every i < X large enough and ¢(x) < 2 there is G’ C Q
generic over N such that: p € G and (r¢[G'])(4) = (r¢[G])(4) < (4,¢) #

(i,£(x))
(c) for e < e(x), R is absolute from N|[G] and from N[G'] to V.
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2) We say A is p-p.c.a for R if for every € 2 (A1) there are N, (r; : i < u) such
that:

(a) N is a transitive model of ZFC~
(b) for i # j < p,(r;,7;) is an R-pseudo Cohen pair over N.

3) We omit R if this holds for any A-sequence of 371 formula in #(AT).

Clearly

2.11 Claim. 1) If X\ is p-p.c.a for &,& an equivalence relation on P (\) and

ACBCM & |B\A| =1= —A&B, then & has > u equivalence classes.

2) Similarly if & = \/ Ee,e(x) < X and X is p-p.c.a. for (& : e < (%)) and
e<e(x)

ACBCAM & |B\A| = |B\A\¢| =1 = —A&.B, then there are A, C X for a < p

such that e < e(x) & a < f < pu= (A6:43).
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§3 ON A-SYSTEMS OF GROUPS

3.1 Hypothesis. X = cf(\).
We may wonder does 2.3 have any cases it covers?

3.2 Definition. 1) We say % = (A, K,G, D, g*) is a A-system if
(4) A
(B) K = (K, : t € A) is a sequence of finite groups

(C) G =(G; :i < \) is a sequence of groups, G; C H K, each G, is closed
teA;

= (A; : i < \) is an increasing sequence of sets, A = Ay = {A4; :i < A}

and 1 <j<A=G,={g A :9€G,}and
Gr={ge [] Ki: (Vi<N(gAi€G)}

teAy
(D) D = (Ds:§ < X (alimit ordinal) ), Ds an ultrafilter on ¢ such that
a<d=la,) € D;s
(E) g =(g9f i< N),gf € Gyand g | A; =eq, = (ek, :t € A;).
Of course, formally we should write A? | K¥' G, D?, g7, etc., if clear from the

context we shall not write this.
2) Let '~ be the same omitting Dy and we call it a lean A-system.

3.3 Definition. For a A-system % and j < A+ 1 we say f € cont(j, %) if:

(a) f=(fii<])
(b) fi € G
(¢) if § < j is a limit ordinal then f5 = Limp,(f [ ) which means:

for every t € A, f5(t) = Limp, (fi(t) : i < 0)

which means

{i<d: fs(t) = fi(t)} € Ds.

3.4 Fact: 1) If f€ cont(j,%),i < jthen f i€ cont(i,#).
2) If f € cont(j,%) and j < A is non-limit, and f; € G then

f{fj) € cont(j +1,%).
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3) If f € cont(j, %) and j is a limit ordinal < A, then for some unique f; € G, we
have f"(f;) € cont(j +1,%).

NIfFj<A+1,feGthen f=(f:i<j)€ cont(j,#).

5)If f,g € cont(j, %), then (f;g; : 4 < j) and {f; ' : i < j) belongs to cont(j, #).

Proof. Straight (for part (3) we use each K, is finite).

3.5 Definition. Let % be a A-system.
1) For g € 7(G)) and j < X\ we define f; € G by induction on j for all such g as
follows:

:O fgzeG:<eKtit€A>
j=1i4+1: fz3= fz1:0i
j limit: fz = Limp,(fz1i 21 < j)

2) We say g is trivial on X if i € X N4g(g) = ¢; = eg
3) For n € *22 let g" = (g} : i < Lg(n)), where

gn:{gf if n(i) =1
i eq, ifn(i)=0

N

recall g7 is part of # (see Definition 3.2).

3.6 Claim. 1) Ifi<j and §,5,3" €7(G)),g 1i=g |i,§ is trivial on [i,7),
1

g 1i,7) =g i,j) and g" is trivial on i, then:
fa = Tg fgr and fg = fgpi.

2) Forn € 2, fgn) = Lim( fgmiy 2 i < A) (i.e. any ultrafilter D\ on X containing
the co-bounded sets will do), so %, a lean \-system, is enough.

Proof. Straight.
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3.7 Claim. Let % be a \-system (or just a lean one), H. a subgroup of Gy for
e < e(x) < X and & the equivalence relation [f'(f")~' € H.] and assume: \ > i >
e=g’ ¢ H..

(1) The assumption (B) of 2.8 holds with fa = f(gn) when A C A\,;n € *2, A =
{i:m(i) =1}

(2) if in addition A, K,G | K,D,g* € £(\") and (H. : ¢ < g(x)) is (A, p)-
w.c.a., then also assumption (A) of 3.8 holds (hence its conclusion).

Proof. Straight.

3.8 Claim. Assume

(A) ¥ a \-system (or just a lean one), A; C AT, |A;| < N\, Gy € A(\T)
e(x) < A,

(15) H = (Hf :i <\ e <e(x)),

€ . € g y
(¢4i) w5, H: — H; a homomorphism,

(iv) forig <iy <ip we have w ; ow; . =T .,

o;m i (f) = (05(f) I Ai,

H3, o5, is the inverse limit (with 5, ) of (Hf, 75,07 11 < j < A) and

AR W R}

)
)
)
)
(v) of: Hf — G,
)
)
)

i< A= Hf € A (\T)

(B) H. = Rang(o%).

() the assumptions of 3.7 holds

(B) if Xis (A, p)-w.c.a. then also the conclusion of 3.7, 2.3 holds so there are
ha € Gy for aMp such that o # 8 < p & & < e(x) :>faf5_1 ¢ H..

Proof. Straight.

We can go one more step in concretization.
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3.9 Claim. 1) Assume

(a) L is an abelian group of cardinality A

)
(b) p a prime number

(¢) if L' CL,|L'| <A, then Ext,(L',Z) # 0
(d) Xis p-w.c.a. (in'V).

Then p < r,(Ext(L,Z)), see definition below.
2) If (a), (b), (d) above, > X, X strongly inaccessible then r,(Ext(L,Z)) ¢ [\, p).

3.10 Remark. 1) For an abelian group M let prime p and r,(M) be the dimension
of the subgroup of {x € M : px = 0} as a vector space over Z/pZ.

2) For an abelian group M let ro(M) be max{|X|: X C M\Tor(M) and is inde-
pendent in M /Tor(M).

Proof. Without loss of generality L is Ni-free (so torsion free).

Without loss of generality the set of elements of G is A\. Let A = Ay =\, L), =L,
for 7 < A, A; a proper initial segment of A such that L; = L | A; is a pure subgroup
of L, increasing continuously with j.

Let Ky =7Z/pZ,G; = HOM(L;,Z/pZ).

Let e(x) = 1, soe = 0; let H; = HOM(L;,Z) and (o5(f))(z) = f(z) + pZ, M, =
Rang(o§) for ¢ < jlet my; : G; — G; is m;(f) = f | Gi. We know that
rp(Ext(G,Z)) is (Gn : My). By assumption (d) for each i < A we can choose
g5 € G\ M. such that g/ | L; is zero. The rest is left to the reader (using 3.8 using
any lean A-system % with G;, K, (%), m; ;,05 as above (and Ds for limit ordinal
< A, any ultrafilter as in 3.2). Os g
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84 BACK TO THE p-RANK OF EXT

For consistency of “no examples” see [MRSh 314].

4.1 Definition. 1) Let

2z = {5\ :A = (), : p < w prime or zero) and for some
abelian (Ni-free) group L, A, = 7, (Ext(G, Z))}.

2) For an abelian group G let rk(G) = Min{rk(G’) : G/G’ is free}.
Clearly =7 is closed under products. Let P be the set of primes.

Remember that (see [Sh:f, AP], 2.7, 2.7A, 2.13(1),(2)).
4.2 Fact: In the Easton model if G is 8i-free not free, G’ C G, |G| < |G| = G/G’
not free then ro(Ext(G,Z)) = 2/9I.

4.3 Fact: 1) Assume p is a strong limit cardinal > N, cf(u) = No, A = p+, 20 = p*
and some Y C [“u]*" is p-free, (equivalently T -free, see in proof).

Let Py, P be a partition of the set of primes.

Then for some N;-free abelian group L, |L| = p*,2* = ro(Ext(G,Z)) and p € Py =
rp(Ext(G, Z)) = 2* and p € Py = 7,(Ext(G, Z)) = 0.

Remark. On other cardinals see [MRSh 314], close to [MkSh 418, Th.12].

Proof. For notational simplicity assume Py # 0. Let Y = {n; : i < A\}. Let

pr:u? — p be a pairing function, so pr(pri(a),pra(a)) = a. Without loss of

generality n;(n) = n;(m) =n=m & n; | m=mn; | m. Let L be @ Zx,. Let
a<A

((ps, fi) : 4 < AT) list the pairs (p, f) where p € Py and f € HOM(L,Z/pZ). We

shall choose (g;, Vi, p;) by induction on i < A such that:
X(a) g; € HOM(L,Z)

(8) (Vz € L)[gi(2)/pZ = fi()]

(v) pi,vi € “pand ni(n) = pri(vi(n)) = pri(pi(n))

(0) (Vi <9)(3Fn <w)(Vm)[n <m <w = g;(Ty,m)) = 95(Lp,(m))

() (Vj < i)(In < w) [for some sequence (b, : m € [n,w)) of natural numbers

we have n <m < w = ( H P)bmt1 = bm +gi(90,,j(m)) — gi(xpj(m))]
pEPoﬁn

(€) vi(m) # pi(m) for m < w.
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Arriving to i first choose a function let h; : ¢ — w be such that j < i = h;(j) > p;
and ({n; [ ¢ : ¢ € [hi(j),w)} : j < i) is a sequence of pairwise disjoint sets
(possible as Y is pt-free). Second choose g; such that clauses () + (8) holds
with n = h;(j), this is possible as the choice of h splits the problem, that is,
the various cases of (¢) (one for each j) does not conflict. More specifically, first
choose g [ {zq @ (Vj < i)(VO)(hi(j) < € < w — o # n;(¢)) as required in (f),
possible as L is free. Second by induction on m > h;(j) we choose b,,1+1 such that
0/pZ’ - bm—|—1/piZ + fi(xuj(m)) - fi(xpj(m)) and then choose gi(xuj(m))vg(xpj(m))
such that the m-th equation in clause (¢) for j holds. Let i = U A® be such that
n<w
Al C Al and |A%L| < p. Now choose by induction on n, p;(n),v;(n) as distinct
ordinals € {a € p : a ¢ {v;(m),pi(m) : m < m} and pri(a) = n;(n)} such that
(9 (@1:(0)) 17 € AL) = (9j(@p,(m)) : § € AL). So we have carried the induction.
Let G be generated by L U {y; 1 1 < A\,m < w} freely except that (the equations
of L and) ( H p)yi,n—i—l = Yin + mui(n) - xpi(n)'
pePoNn

Why is the abelian group as required?

X, G is u*-free
[Why? As (1, : a < pt) is and clause (7).]

Xy if p € Py, then r,(Ext(G,Z)) = 0.
[Why? So let f € Hom(G,Z/pZ) and we should find ¢ € Hom(G,Z)
such that f = g/pZ. Clearly for some i < u™ we have (p;, f;) = (p, f),
now g; was chosen such that we can extend g; to a homomorphism g; ;
from G; =: (LU {yjn :j <i,n < w})g to Z such that g; ;(x)/pZ = f(x)
and if j < i we choose n®/ and (b : m € [n",w)) are as required in
closed (g), we let g;i(yjm) = bm for m € [n",w). Lastly, we define by
induction on j € [i, 4] a homomorphism g; ; from G, into Z such that
9i.;(x)/pZ = f(x) for x € G;,g;,; is increasing with j. For j = i this was
done, for limit take union and for j = € 4+ 1, by clause (4) of X we know
that for some n = n"J we have m[n,w) = g;(¥y,(m)) = 4i(Tp;(n)), so for
m € [n,w) we let g;+1(y-n) = 0 and solve the equations to determine
Gi e+1(Ye,n) by downward induction.]

Xs if p € Py, then r,(Ext(G,Z)) = 2H.
[Why? Because every h € Hom(G,Z/pZ)) has > 1 extensions to h' €
Hom(Go+1,7Z/pZ) hence Hom(G,,, Z/pZ) has cardinality ort > 21, whereas
every h € Hom(L,Z) has at most one extension to ht € Hom(G,Z), so
the result follows.]

Ny ro(BExt(G,Z)) =2+
[Why? Similar to X3, i.e. using cardinality considerations.]
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a3

4.4 Question: Do we have compactness for singular for Ext,(G,Z) = 07

4.5 Claim. [Omitted, see [Sh 724] and x.x.]

4.6 Question: If A € Zz can we derive ' € =z by increasing some Ap's?

4.7 Fact: If X' = (A : p € PU{0}) € Z for i < o and A, = [ [ A}, then
<
(A\p :p e PU{0}) € =5.

Proof. Asif G = @G then Ext(G,Z) = || Ext(G,Z) hence r,(Ext(G,Z)) =
i<a i<
1] rp(Ext(G:, Z)).

<o

4.8 Concluding Remark: In [EkSh 505] the statement “there is a W-abelian group”
is characterized.
We can similarly characterize “there is a separable group”. We have the same

characterization for “there is a non-free abelian group” such that for some p,
rp(Ext(G,Z)) = 0.

Question: What can P* = {p : p prime and A € 27 & )¢ > 0 = ), > 0} be (if
V =L it is (), in 4.5 it is P, are there other possibilities?)

4.9 Claim. If )\ is strong inaccessible or X = u*, u strong limit singular of cofinal-
ity No, S C {6 < A : cf(§) = Ro} is stationary not reflecting and % and Py a set
of primes, then there is a A-free abelian group G such that ro(Ext(G,Z)) = 2> =0
and: p € Py = r,(Ext(G,Z)) = 2* and p prime and p ¢ Py = r,(Ext(G,Z) = 0.
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§5 STRONG LIMIT OF COUNTABLE COFINALITY

We continue [GrSh 302] and [GrSh 302a].

5.1 Definition. 1) We say < is a (), I)-system if &/ = (ML, G, H*,7,5) where
G=(Go:a<w),H=(H":tel),H" = (H,:a <w),T = (Tap Thz:a<f<
w,t €I),5 = (ot 1t € I,a < w)) satisfies (we may write A7, W(’;’:Qg, etc.)

(A) Xis Ny or generally a cardinal of cofinality N

(B) Gy Tim,n : m < n < w) is an inverse system of groups whose inverse limit
is G, with 7, ,, such that |G| < A. (So 7y, 5 is a homomorphism from G,
to G, < <y <w=Tap0mg~y =T, and T, o is the identity).

(C) Iis an index set of cardinality < \. For every t € I we have
(H},,mh, , - m < n < w) is an inverse system of groups and H}, with =/, |
being the corresponding inverse limit HY, with 7/, , and H}, has cardinality

<A

(D) for every t € I,o! : H' — G, is a homomorphism such that all diagrams
commute (i.e. Ty, o00f, = ol onl, , for m <n < w), and let of, be the
induced homomorphism from H}, into G,

(E) Go={eq,}, Hi = {en:} (just for simplicity).

2) We say « is strict if |G| < A\ |HL| < A\ I < A Let & be the following
equivalence relation on G, : f&g iff fg= € Rang(a?).

3) Let nu(«/) = sup{u : for each n < w, there is a sequence (f; : i < u) such that

fi€eGyand p < A= 1y ,(fi) =mw(fo)fori<pandi<j<p & tel=
—fiéifi}

We write nu(«/) =" u to mean that moreover the supremum is obtained. Let
nut (&) be the first p such that for n = 0, there is no (f; : i < p) as above
(so nu(«7) < nut (&) and if nu(«/) > p then nu(«) < nut (&) < nu()*
and nu(«/) < nu' (&) implies nu(«/) is a limit cardinal and the supremum not
obtained).

4) We say / is an explicit (), J)-system if: o/ = (\,J,G, H,7,5) and

(@) A= :in<w),J={J,:n<w)
(6) An < An+17Jn g;Jn+L

n<w nw

(A, I)-system
(6) 1nl < Any|Gal < A |HY| < X and [HP| < [HPT.
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5) We add in (4), full if
() [Hy| < An.

6) For an explicit (A, J)-system &7 let nu (&) = sup{uT:for every n < w there is a
sequence (f; : i < p) such that f; € G, and p < X\ = m, o (p;) = Tnw(fo) for i < p
and i <j<p & ted,=fi&f}

7) For a A-system &7, we define nu; (&) similarly, except we say: for some J =
(T :n < w) such that T= | | 35,35 € Ty

nw

5.2 Claim. 1) For any strict (\,I)-system o/ there are \,J and an explicit (X, J)-
system A such that sys(#) = o so

A= Z An, I = U Jn, nu(AB) = nu()

n<w nw

(and if in one side the supremum is obtained, so in the other).

2) For any (\,X)-system o/ such that X\ > 2% and nu* (&) > pu > X and cfly) ¢

[Ny, 28] there is an explicit (X, J)-system 9B such that X7 = Z N2 19 = U J#
n<w n<w

and nut (&) > nut(B) > u.

3) In part (2) if f : Card N\ — Card is increasing we can demand \,, € Rang(f),

F(An) < Apg1. So if X is strong limit > R, then we can demand 2N < N2 =

Cf()‘n@—&—l)'

4) As in (2), (3) above with nuf instead of nu*.

Proof. 1) Straight.
2) Let A = (A, : n < w) be such that \ = Z A, 280 < Xy < Apat, cf(An) = Ap.

n<w

Let (Gn¢ : £ < w) be increasing, G, ¢ a subgroup of G,, of cardinality < A, and

Gn = U Gy Let (H} ,: £ < w) be an increasing sequence of subgroups of H},
L<w
with union H,, [H} ,| < Ap. Let (J, : n < w) be an increasing sequence of subsets

of I with union I such that |J,| < A,.
Without loss of generality 7, , maps G, ¢ into G, ¢ and 7}, , maps H, , into H} ,
and o], maps H}, , into G, , (why? just close the witness).

Now for every increasing n € “w we let

G ={g € G, : for every n < w we have 7, ,(9) € Gy, y(n)}-
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Clearly

(¥)1(a) G7 is a subgroup of G,,
(8) {G] : n € “w increasing} is directed, i.e. if (Vn < w)n(n) < v(n)) where
n,v € “w then Gl C G,
(v) G, =U{G], : n € “w (increasing)}.

First assume cf(u) # RNg so as cf(u) > 2%0 for some 1 € “w, strictly increasing, we
have

(¥)2 p<sup{|X|*: X CG,pandtecl & f#ge X = fg~" ¢ ol (H.)}.

However, as A < pu, cf(\) = N, cf(u) > 2% clearly p > \; also if X, X5 are as
in (x)2 then for some X C X5 we have | X| < |X;| + |I| and X7 U (X2\X3) is as
required there. So we can choose 1 € “w, increasing such that

(x)3 there is X C G7 of cardinality g such that t €I & f#ge€ X = fg~' ¢
o, (Hy).

Second assume cf(u) = Ng, so let p = Z My b < pn+t1, and without loss of

n<w

generality A, < p, = cf(uy) and p > X = pu, > A\ If p > A, for each
n there is a witness (f? : a < p,) to nut (&) > pu,, so f* € G and as
pn > A > |G|, without loss of generality 7, ., (f7) = T, (fJ) so as we can re-
place f2 by f2. i (fi)*, without loss of generalitym < n = myo(f2) = eq.
For each a let 1, € “w be increasing be such that m,.(fy) € Gn,.m)- As
2% < cf(pn) = ptn, for some increasing 1, € “w we have (F*7a < pn), N = M.
So, hence without loss of generalitya < pu = n} = n,. Let n € “w be n(n) =
Max{n,(n) :m <n}. So we have n < w & o < py, = 7y 0 (f2) € Gy So

(x)4 for every n < w and u{ < p (in fact even p; = n) there are f, € G} for
a < p' such that p < X\ = 1, 0(fa) =eq, anda < g <y & tel=

fo~' ¢ ol (HL).

Lastly, if © = A, so cf(u) = Ng the proof is as in the case p > A & cf(u) = Ny,
except that m, ., (f2) = 70 (f§) holds by the choice of (fZ : o < ) instead of by
“without loss of generality”.

For each t € J,, and strictly increasing v € “w let Ho(f’y) be the subgroup {g € H!, :
for every n < w we have o, ,(g) € H;U(n)}. Solet J/ = {(t,v) :t € Jand v €
“w increasing}.

We define GZ” ¢» & subgroup of Gy, (), decreasing with ¢ by induction on ¢:
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— - no _
§—_0- Gn,g - Gn,n(n)

=e+1: G, ={r:re€G) and v € Rang(mnnt1 [ Goiq )
and n > 0= Ty 1,(2) € Gt yn-1),c}

Climit: G - = ﬂ Gy .

e<(
Let G = ﬂ G" (). T = Tmn | Gy Basily (Gl g, m <n <w)is
¢<At

directed with limit G, with «] , =m, o [ GJ.

Define H(t Y, SLZ)C (for any ¢), HS™), w{t) parallely to G, 7, , but such that
ol maps Hyg ( v ) into G (note element of Hg ) not mapped to G are irrelevant).
Let 00" : HYY) — G be o, | HY and o) = o, [H(t ),

) We have defined actually & = (\*?,J% G, H,7”,5%) where
M=\, n<w),J?= (T . n<w>G‘93 (G” a<w),

H? = <H§:a§w>:xEUJ;
=ty g < (ol a4 0 € U, )

7% = <<U&t’”) ra<w):(tv) e U J'n>

nw

We have almost finished. Still G] may be of cardinality > A,, but note that
for k : w — w non-decreasing with limit w, (G} : n < w) can be replaced by
(Gren) :n < w).

By the definition of %,G% is a subgroup of G and for each ¢t € I for some
n,t € J, and HZ N GZ = U Hffm) hence for f,g € GZ C G we have

nevw

fég & fg' e HY & —(3h € H“‘Z’)(fg‘1 =h) & @GR = (hn:n<w) &
ho = 757 (0hns) O N\ Fg7' T n= b7 (hy)) & —(3R) \/ (R) = (hn 1 n <
nw vew
W) & hy, € HYY & N\ =w2f+1<hn+1> & N fot It n=op (b)) &7
n nw
\/ Gh)(h = (hy i <w) & Nho€ HYY & /\h T by &
vevYw n

2for each ¢ separately, by induction on T'
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N\ fot=ob7 ()& \/ Gh)(h=(hn:n<w) & Nho€HE? & N\ hn=

n<w veYw

ﬂﬁb’fﬂ(hnﬂ) & /\ ﬂfwfg_l) =% (hy,) \/ fgte H(ggy) & \/ f&t)9; s0
n<w veYw veYw

clearly nut (%) < nu'(«). But also nu' (%) > p by the choice of 7, i.e. by (x)s.

3), 4) Easy. Us.2

For the rest of this section we adopt:

5.3 Convention. 1) o is an explicit (), J)-system, so below rk,(g, f) should be
written as rk¢(g, f, &), etc.
NA=D A A =X/, =37 1=17 = | | J,,Go =G, etc.

n<w n<w
3) ky(n) = Max{m :m < n,|H.| < \,} sok; : w— wis non-decreasing converging
to oco.
For the reader’s convenience we repeat 5.5 - 5.8 from [GrSh 302a).

5.4 Definition. 1) For g € H! let lev(g) = « (without loss of generality this is
well defined).

2) Fora < B <w,g€ Hjletg| H, =1 4(g9) and we say g [ H}, is below g and g
is above g | H!, or extend g | HY,.

) Fora<pf<w,feGglet f |Gy =maps(f)

We will now describe the rank function used in the proof of the main theorem.

5.5 Definition. 1) For ¢ € H!,f € G, we say that (g, f) is a nice t-pair if
o, (9) = f 1 Gn.

2) Define, for ¢t € I, a ranking function rk:(g, f) for any nice t-pair. First by
induction on the ordinal a (we can fix f € G,), we define when rk;(g, f) > «
simultaneously for all n < w,g € H!.

(a) tke(g, f) = 0 iff (g, f) is a nice ¢-pair
(b) rke(g, f) > 9 for a limit ordinal ¢ iff for every S < § we have rki(g, f) > 3

(c) rke(g, f) > B+11iff (g, f) is a nice t-pair, and letting n = lev(g) there exists
g’ € H!_, extending g such that rk.(¢’, f) > S

(d) rke(g, f) = —1.

3) For a an ordinal or —1 (stipulating —1 < « < oo for any ordinal «) we let
rke(g, f) = a iff rk¢(g, f) > « and it is false that rki(g, f) > a + 1.
4) rk¢(g, f) = oo iff for every ordinal o we have rkq(g, f) > .

The following two claims give the principal properties of rke(g, f).
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5.6 Claim. Let (g, f) be a nice t-pair.
1) The following statements are equivalent:

(a) rhe(g, f) = o0
(b) there exists ¢’ € H!, extending g such that ol (g') = f.

2) If rk(g, f) < oo, then tki(g, f) < p™ where pu = Z 22 (for \ strong limit,

n<w
p=A).
3) If ¢’ is a proper extension of g and (¢', f) is also a nice t-pair then

(o) rhe(g', f) < rhe(g, f) and
(8) if 0 < rh(g, f) < 0o then the inequality is strict.

4) For f1,fo € G7 n<wandt € U J, we have f1 & fo iff rki(g, f1fy ") = oo for

nw

some g € HZ .

Proof.

1) Statement (a) = (b).

Let n be the value such that g € H!. If we will be able to choose g, € H} for
k < w,k > n such that

(i) gn=9
(11) gg is below gg41 that is Wz’k+1<gk+1) = g and
(”7’) rkt(gk7f) = 00,

then clearly we will be done since ¢’ =: lillgn gr. is as required. The definition is by

induction on k > n.

For k =nlet g9 = g.

For k > n, suppose gi is defined. By (iii) we have rk:(gx, f) = oo, hence for
every ordinal a, rki(g, f) > « hence there is ¢* € H}, 41 extending g such that
rk; (g%, f) > o. Hence there exists g* € H} ,; extending g; such that {a : g* = g*}
is unbounded hence rk;(g*, f) = oo, and let gx11 =: g*.

Statement (b) = (a).
Since g is below ¢/, it is enough to prove by induction on « that for every k > n
when g, =: ¢’ | Hf we have that rk:(g, f) > a.

For a = 0, since ol,(¢') = f | G,, clearly for every k we have ol (gr) = f | Gy so

(gk, f) is a nice t-pair.
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For limit «, by the induction hypothesis for every 8 < « and every k we have
rke(gk, f) > B, hence by Definition 5.5(2)(b), rk¢(gx, f) > .

For ao = 841, by the induction hypothesis for every k > n we have rk;(gx, f) > 5.
Let ko > n be given. Since gy, is below gi,+1 and rke(gx,+1, f) > B, Definition
5.5(2)(c) implies that rk;(gr,, f) > 8+1; i.e. for every k > n we have rk¢ (g, f) > .
So we are done.

2) Let g € H! and f € G, be given. It is enough to prove that if rk;(g, f) > u*
then rk¢(g, f) = oco. Using part (1) it is enough to find ¢’ € H!, such that g is below
g and f = ,(¢).

We choose by induction on k£ < w, gx € H}erk such that gy is below gx4+1 and
tki(gr, f) > pt. For k = 0let gr, = g. For k+1, for every a < ™, as rk;(gx, f) > «
by 5.5(2)(c) there is gx.o € Gntk+1 extending gi such that rk;(gx o, f) > . But the
number of possible gi o is < [HY, 4| < 2Antk+1 < it hence there are a function
g and a set S C ut of cardinality put such that & € S = gr.o = g. Then take
Jk+1 = G-

3) Immediate from the definition.
4) Check the definitions. Os 6

5.7 Lemma. 1) Let (g, f) be a nice t-pair. Then we have rk(g, f) < rk(g™t, f=1).
2) For every nice t-pair (g, f) we have rk(g, f) = rk(g=1, f~1).

Proof. 1) By induction on « prove that rk(g, f) > a = rk(g™!, f~1) > a (see more
details in the proof of Lemma 5.8).
2) Apply part (1) twice. Os.7

5.8 Lemma. 1) Letn < w be fized, and let (g1, f1), (g2, f2) be nice t-pairs with g, €
H} (0 =1,2). Then (9192, f1f2) is a nice pair and rky(g192, f1f2) > Min{rk(ge, fe) :
0=1,2}.

2) Let n, (f1,91) and (f2,g92) be as above. If rki(g1, f1) # rki(ge, f2), then

ki (9192, f1f2) = Min{rk:(ge, fo) : £ =1,2}.

Proof. 1) It is easy to show that the pair (g1 f2, f1, f2) is t-nice. We show by induc-
tion on a simultaneously for all n < w and every g1,g> € H! that Min{rk(g, f¢) :
¢ =1,2} > a implies that rk(g192, f1f2) > .

When a = 0 or « is a limit ordinal this should be clear. Suppose a = 5+ 1 and
that rk(ge, f¢) > B+ 1 for £ = 1,2; by the definition of rank for £ = 1,2 there exists
g, € H} | extending gy such that (g;, f¢) is a nice pair and rk.(gy, fr) > . By the
induction assumption rk: (g1 g5, f1f2) > B and clearly (¢745) [ n = g1g2. Hence g} ¢}
is as required in the definition of rk¢(g192, f1f2) > 5+ 1.
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2) Suppose without loss of generality that rk(g1, f1) < rk(ge, f2), let aq = rk(g1, f1)
and let ay = rki(g2, f2). By part (1), rke(g192, f1f2) > a1, by Proposition 5.7,
rkt(gz_l,fz_l) = ap > 1. So we have

a1 = tke(g1, f1) = tke(919295 5 fifafo )
> Min{rk;(g192, f1f2), tke(g5 ', f5 1)}

= Min{rk;(g192, f1f2), a2} > Min{ay, az} => a;.
Hence the conclusion follows. Os.8

5.9 Theorem. Assume (<7 is an explicit \-system and)

(a) A is strong limit X > cf(\) = N
(b) nu(&?) > X or just nuf () > .

Then nu(</) =+ 2*.

The proof is broken into parts.
5.10 Fact: We can choose by induction on n, (f,; : @ < Ay) such that

(05> fn,i c Gw and fn,i an—i—l = eGn+1

(B) 1 < ] < )\n & te Jn = _‘fn,iéatfn,j

(y) rkt(g,fmf;;) <ooforanyt € J,,k<n,g€ Hjandi#j <M\,

(0) if f* belongs to the subgroup K, of G,, generated by the {f,, ; : m <n,j <
Amtand t € J,, g € U I—I}gt(n)7 then for every igp < i1 < i3 < i3 < A,

m<k¢(n)

each of the following statements have the same truth value, (i.e. the truth
value does not depend on (ig,1,1i2,173))

( rkt(gafnilf;ilof*fnizf;@i) < o0
rkt g, fn ’Lgfn z2f fn zofn 11) < o0
7fn,’i1fn,io)< rkt(g;f)

I'kt (24
kt( )

)

i)tk (

i)k (

v) rke(eq HE )7f7li1fn_zlo) > tki(g, ")

(v) tke(g, f*) < rkt(g,fnzofn“f fn12fn13)

(vi) 1ki(g, [*) < 1%e(Gs frin iy I Frio friy)
) ke
) rki(

( Z ktgf'LO 1,1 )<OO
(viii) 1ke(g, fi, f, < o0

—
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(¢) for each t € J,, one of the following occurs:
(a) forig < i1 <iy <ig < A, we have
-1 —1
rki(eny o Tniofni) < vk(emy s foia Friy)

(b) for some 7y for every i < j < A, we have
Vi = rke(epqe 7fn,ifn_,]1')-

k¢ (n)

Proof. We can satisfy clauses (), (3) by the definitions and clause () follows. Now
clause (6) is straight by Erdés Rado Theorem applied to a higher n.

For clause () notice the transitivity of the order and of equality and “there is no
decreasing sequence of ordinals of length w”. Us.10

5.11 Notation. For a < w let T, = XgcaAp, T =: U T, (note: by the partial

n<w
order <, T is a tree; treeness will be used).

5.12 Definition. Now by induction on n < w, for every n € X,,«p\,, we define
In € G, as follows:

for n = 0: fn =fos = €G.,

forn=m+1: fn = fm,377(m)+1f1;71317(m)f77fm'

5.13 Fact. 1) For n € T,, and m < n < w we have

f?ﬁn er+1 - fn[m erJrl

2) N € XmanAm = fn € K, and K, C K, 4.

Proof. As T, is a homomorphism it is enough to prove (fy1n(form) ™) | Gmi1 =
€@, .1, hence it is enough to provem < k < w = (fnfqu;[%k-y-l)) [ Gy = €q,,y, (Of

course, k < n is enough). Now this statement follows from k < w = f,1x fn_&k 1) I

Git+1 = €q,,,, which by Definition 5.12 means fk,sn(k)ﬂf;;;n(k) I Gre1 = €eapyy
which follows from ¢ < Ax = fin) | Gry1 = eq,,, which holds by clause («)
above. Us.13
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5.14 Definition. For n € T, we have f, € G, is well defined as the inverse limit
of (fopn [ Gn:n <w),son <w — fy [ Gp = fyn. This being well defined follows
by 5.13 and G* being an inverse limit.

5.15 Proposition. Let n,v € T,, be such that (V>°n)(n(n) # v(n)),n(n) > 0,v(n) >
0. If t €I, then f,f,* ¢ ol (H.).

Proof. Suppose toward contradiction that for some g € HY, we have o',(g) = f,, [, .
Let k < w be large enough such that ¢ € Ji, (V) [k < { < w — n(¢) # v(¢)]. Let

& = vhi(g I Hf gy Farerny fesny) and <8 = vki(g T HY onys Foresny Forieny)
(the difference between the two is the use of ki (¢) vis k(¢ + 1)). Clearly

(1 Faresn Forerny = Fesn@ a1 Foane) Farefore) feswe Fose 41
[Why? Algebraic computations and Definition 5.12.] Next we claim that

()2 ¢ < oo for £ >k (£ <w).

Why?
Case 1: n(¢) < v(¥).

Assume toward contradiction £¢ = oo, but by clause () of 5.10 above
rky (€ e 7f€,3n(£)+2fe_,31n(£)+1) < 0o = ¢*, hence by 5.8(2).

ki (£)
_ _1 . —1
rke(9 1 H, 0y fesn) 128 aney o1 It Forerny) = Min{rk; (e s framw+202m011);

rkt(g f H]it(g)a fn[(ﬁ—i—l)fy_&e_yl))} =

I'kt(th

-1
b (0 f£,2n(€)+2fe,2n(£)+1) < o0.

Now (by the choice of f,(s+1), fu1(e+1) that is Definition 5.12 that is ()1, algebraic
computation and the previous inequality) we have

oo > rke(g rH’it(@)7f£5377(€)+2f€_,31’l’)(£)+1f77r(£+1)fl/_[%€+1)) =
rke(9 1 H, 0y (Fesneys2foane) Faref o) Feswe) Fosme 1)

This and the assumption £ = oo gives a contradiction to (J)(i) of 5.10 (for
n =/ and f* = fm[fy_rz € Ky (see 5.13(1)) and (49,11, 12,13) being (3n(¢),3n(¢) +
2,3v(¢),3v(f)+ 1) and being (3n(¢),3n(¢) + 1,3v(¥¢),3v(¢) + 1); the contradiction is
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that for the first quadruple we get rank < oo by the previous inequality by the last
inequality, for the second quadruple we get equality as we are temporarily assuming
&0 = w, the definition of & and (x)1).

Case 2: v(¢) > n(¢).
Similar using (0)(iz) of 5.10 instead of (6)(¢) of 5.10 (using n(¢) > 0).
So we have proved (x)s.

(x)3 &1 < ¢t for £ > k.

Why? Assume toward contradiction that £+1 > ¢¢.
Let f* = fn[(€+1)fu_[%€+1)7 so ¢ = rke(g | Hlit(ul)’ f*) and using the choice of £¢*1

and (x); we have £ = rk(g rH]it(g+1)a f(e+1),3n(e+1)+1fg111,3,7(g+1)f*fz+1,3y(e+1)
—1
f£+1,3u(€—|—1)—|—1)'

I ¢f < xkilemy |, s fernanern)+1 S yesry) then by 5.10(6)(iii) also

¢t < rke(epe ,fg+1,3V(e+1)+1fgjr11,3y(€+1)) hence using twice 5.8(2) we have first

kg (£41)
Cf = rki(g | H,’;t(£+1),fz+173n(4+1)+1fe;lmn(”l)f*) and second (using also 5.7(2))
we have CL; = Tkt(g I H]it(£+1)7 f€+1,3’r](€+1)—|—1fg__|_11’3n(£+1)f*f£+1,3u(€+1)fg:.ll,gy(£+1)+1)v
so by the second statement in the previous paragraph (on £+1) we get ¢, = ¢!

contradicting our temporary assumption toward contradiction —(x)s; so we have

¢
¢ = rkeleny .

. 1 —1
Also if rkt(eH}it(e_H) ) f€+1,3n(€—|—1)—|—1fg_|_17377(4_|_1)) # rky (eHltct(l+1) ) f€—|—1,3v(é—|—1)—|—1fe_|_173,,(g+1)
then ¢’ is not equal to at least one of them hence by 5.10(6)(ii4) + (iv) also ¢* is
not equal to those two ordinals so similarly to the previous sentence, 5.8(2) gives®
1w -1
§ = Mln{rkt(eH}zt(prl)af€+1,377(€+1)+1fg+1737](g+1))7
* —1 . .
rkt(g f H]it(g+1)7 f )7 rkt(eH]tct(Hl) ) fZ+1,31/(€—|—1)—|—1f£+1’3y(5+1))} which is S Ce S0 66—’_1 <

¢*, contradicting our assumption toward contradiction, —(*)s.

f fo
» JA+1,3n(0+1)+1J g1 3n(0+1)"

Together the case left (inside the proof of (x)s, remember 5.7) is:

X Cé = rkt(g I H]f;t(g+1)7f*) > rkt(th

. kg (£41)
s fer13ver 1)1 051 300011))-

—1
’ f£+1,377(€+1)+1fg+1,3n(g+1)) -
ta(eny, )
So in clause 5.10(¢), for n = £ + 1, case (b) holds, call this constant value &*.
As, toward contradiction we are assuming 1 > (¢ during the proof of (*)3; so by
X, &4 > ¢f > £f hence we get, by computation and by 5.8 that if (£ +1) > v(£+

3as the three are pairwise non equal
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1) then rki(g | Hlit(z+1)7fﬁ+1,377(13+1)+2f£111,3n(£+1)f*fé+1,3u(13+1)f£111,3u(e+1)+1) =
Tkt(er (9 | H]it(g+1))7 (fé—i—l,37](E)+2fg__|_11’3n(g+1)+1))(fﬂ+1,377(€+1)+1fg__|_117377(g+1)f*fé—i—l,?w(@)-i-lfg__i_ll’&

ky(£+1)
k(e gt , f€+1,3n(€+1)+2fe;11,377(13+1)) but by (b) of 5.10(¢) proved above the later

k¢ (£+1)
is e < Cé < 5“_1 = rkt(g f H]it(g+1)7 f£+1,3n(€—|—1)+1fg__|_117377(g)f*f£+1,3u(€+1)fg_+11,3y(e+1)+1)
contradiction to 5.10(J)(v) for the two quadruples (3v(¢ 4+ 1),3v(¢£ + 1) + 1,3n(¢ +
1),3n(+1)+2) and 3v(€+1),3v(l+1)+1,3n(f+1),3n(f+1)+1) and n = £+ 1.

If (¢ +1) < v(£+1) we use similarly foi1 gu(e11)+2.50,) sp(e41)- SO (¥)3 holds.

(¥)s ¢F <€
[Why? Look at their definitions, as g | Hlit(£+1) is above g | H};t(@. Now if
ke(£), k(€ + 1) are equal trivial otherwise use 5.6(3).]
(¥)5 if ke (£ + 1) > ke (£) then (¢ < ¢ (so £° > 0)
[Why? Like (x)4.]
(%)6 & > L and if ki (€ + 1) > ky(€) then ¢8> ¢4F1
[Why? By (%)3+ (*)4 the first phrase, and (x)3+ ()5 for the second phrase.]

So (¢¢ : ¢ € [k,w)) is non-increasing, and not eventually constant sequence of

ordinals, contradiction.
Us.15

Proof of 5.9. Obvious as we can find 77 C T, a subtree with A¥ w-branches such
that n # v € lm(T") = (V*°0)n(¢) # v(¢) and n € im(T") & n <w = n(n) > 0.
Now (f, : 7 € im(T")) is as required by 5.15.

5.16 Conclusion: If &7 is a (
cofinality Ny and nu(«?) > A

A, I)-system, and A is an uncountable strong limit of
(or just nuf («7) > A), then nu(e/) =+ 2*.

Proof. So we assume A\ > R hence A > 2% and trivially nu* (&) > nu(«) > .
We apply 5.2(2) to o7 and pu = A (so cf(u) = Vo) and get an explicit (), J)-system
% such that y < nut (%) < nu(«) hence by 5.9 we have nu(%) =* 2* hence by
the choice of Z also nu(«/) =T 2*. The proof for nu} (&) > X is similar. .16

5.17 Concluding Remarks. Can we weaken condition (E)" in Theorem 1.1(2)? Can
we use rank?
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