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ON CIESIELSKI’'S PROBLEMS

S. SHELAH

Abstract. In the present paper we discuss some problems formulated in
Ciesielski [3].

0. Introduction. I was asked to read and comment on Ciesielski’s
survey paper [3]. I have found it very exciting and illuminating. Quite
naturally I was not able to resist the temptation to look mainly at the open
problems formulated in this nice paper. Some of them are related to my
research in progress and may be solved soon. This is in particular the case
with Problems 5, 1 and 6, for which relevant information should be given by
Ciesielski Shelah [4] and Rostanowski Shelah [14]. For some other problems
(like [3, Problem 3]) I have ideas that could work and this may materialize
in a continuation of the present paper.

Here we would like to present answers to three problems and address a
fourth one. In the first section we solve [3, Problem 8] and we show that,
consistently, d. is a singular cardinal and ¢, < d. (in 1.9; see 1.1 for the
definitions of ¢, d;). In the next section we present some results relevant
for [3, Problem 9]. We do not solve the problem, but it was formulated in
a very general way (When does d. = df or e. = ¢! hold?) making the full
answer rather difficult. The third section answers [3, Problem 7]. We show
there that the Martin Axiom for o—centered forcing notions implies that for
every function f : R?> — R there are functions g,,h, : R — R, n < w,

such that f(z,y) = f gn(z) - hyp(y). Finally, in the next section we deal
n=0
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2 S. SHELAH

with countably continuous functions and we show (in 4.2) that in the Cohen
model they are exactly the functions f with the property that

(VU € []R]Nl)(EiU* € [U]Nl)(f [U* is continuous).

This answers negatively [3, Problem 4].

Notation: Our notation is rather standard and compatible with that of
classical textbooks on Set Theory (like Jech [11] or Bartoszyiiski Judah [1]).
However in forcing we keep the convention that a stronger condition is the
larger one.

Notation 0.1. We will keep the following rules for our notation:

(1) o, 8,7,0,&,(, 1,7 ... will denote ordinals.

(2) Ky A\, 1,0 ... will stand for cardinal numbers, ¢ is the cardinality of
the continuum.

(3) A bar above a name indicates that the object is a sequence, usually
X will be (X; : i < £g(X)), where £g(X) denotes the length of X.

(4) A tilde 1nd1cates that we are dealing with a name for an object in
forcing extension (like z). The canonical P-name for a generic filter
is called Gp.

(5) For a cardinal k, the quantifiers (3%i) and (V*i) are abbreviations
for “there is k many ¢ such that...” and “for all but less than
many ¢...”, respectively.

(6) otp stands for “order type”. When using elements of the pcf-theory
we will follow the notation and terminology of [16]. In particular,
tef will stand for “true cofinality” and J(})d will denote the ideal of
bounded subsets of 6.

1. Around d, and e¢,.

Definition 1.1. Let 6 <  be cardinals.
(1) Let S¢ < 111x]<Y.

1<K

(2) We define the following cardinal coefficients of the space "x:

Qe = min{|F| : F C % & (¥g € ") (3f € F)(3<n)(/(i) = g(i))},
en = min{|F| : F C " & (g € ") (3f € F) (i< n)(f(i) £ 9(i))},
0, =min{|F|: F C "k & (Vg € Hm)(EIf e F)Y(Yi<k)(g(@) < f(3))},
by =min{|F|: F C "k & (Vg € K,)(Hf € F)(3"i<k)(g(i) < f(z))},
c(k,0) =min{|G|: G C 8¢ & (Vg € "k)(3S € G)(V“Z</€))(g Si)}s

¢ (k,0) =min{|G|: G C 8¢ & (Vg € Fr)(3S € G)(FFi<k )
b(k,0) = min{|F|: F C %k & (VS € 89)(3f € F)(VFi<rk i)}
)

S
S
g (f(i) &

b~ (k,0) = min{|F|: F C 'k & (VS € S?)(3f € F)(F*i<r)(f(i) ¢ S;)}.

—
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(3) For functions f, g € Fk we say that f dominates g (in short: g <% f)
if (Vi<r)(g(i) < f(1)).
[Thus b, and 0, are the unbounded number and the dominating
number, respectively, of the partial order (Fr, <%).]

Remark 1.2. (1) The cardinal invariants introduced in 1.1 are natural
generalizations of those studied in Set Theory of the Reals; see e.g.
Bartoszynski Judah [1] or Goldstern Shelah [10].

(2) Using 1.1, we may reformulate [3, Problem 8] as follows:
(a) Is it consistent that d, > e.?
(b) Can d; be a singular cardinal?
(see [3, 4.7, 4.12]).

Proposition 1.3. (1) The partial order ("r,<%) is b,~directed. The
cardinal by, is reqular. If k is regular then b, = b~ (k, k).
(2) by < dg. If k is a successor then d,, = by.
(3) cf(k) < ¢ (k,k) and 0 < kK = Kk <c (K, 01).
(4) Assume that either 6 < cf(k) or 8 = cf(k) is a successor cardinal.
Then d,, = ¢ (k,0).

PrOOF 1) and 3) Should be clear.

2) For a function f € "k let fT € "k be defined by f*(i) = f(i) + 1.
Clearly, if F' C Fk is a family witnessing the minimum in the definition of
d, then {fT : f € F} is a <}-unbounded family. Hence b, < d.

Assume now that x = p™ and let F' C "k be <}-unbounded, |F| = by.
Note that necessarily b, > k. For each a < & fix a sequence (8o ¢ : § < )

such that {fa¢: ¢ <p}=a+1. For f € Fand { < plet hg € "k be such
that (Vi < ) (h{(i) = Bp(e)- Let

F*d:ef{hg:feF&§<u}.

Then |F*| < |F|+ p = b,. Suppose g € "k. By the choice of F, we find

f € F such that the set A e {i < Kk:9(i) < f(i)} is of cardinality . For
i € Alet § < p be such that g(i) = Bf()e,- Then for some { < the set

Ae ={i € A: & =} is of size k. Look at the function hg € F*: for every
i € A¢ we have g(i) = hg(z)
4) First note that plainly ¢~ (k,60) < di, so we have to show the converse

inequality (under our assumptions).

Assume 0 < cf(k). Let G C SY be such that |G| = ¢~ (k,0) and
(Vg € "r)(3S € G)(Fi<k)(g(i) € S;).
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For S € G and i < k fix an enumeration {55’ s < 54} of §; (so 5 < ).
Next define functions A2 € k (for S € G and € < 6) by

- Si S

S _ 2t ife <ed
he (i) { 0 otherwise.

Suppose that g € Fx. Take S € G such that (3%i <x)(g(i) € S;). Then for
some ¢ < 6 we have
(Fi<w)(g(i) = B2 = hZ(0)),

and hence we may conclude that d, < c¢™(k, 0)+0 is witnessed by the family
{h?:8 € G & ¢ < 0}. Finally we note that ¢ (k,0) +60 = ¢~ (x,0) (by (3);
remember ¢~ (k,0) > ¢ (K, K)).

If 0 = cf (k) is a successor cardinal, say 6 = u*, then we proceed similarly:
we may assume that for each S € G and i < k we have |S;| = u = £%% and
we finish as above (as p < cf(k)). ]

Proposition 1.4. Assume that k is a strong limit singular cardinal, cf(k) =
0 > Ng. Then

¢ (k,0) =c(k,0) =d, = 2".

Proor  Clearly K < ¢ (k,0) < ¢(k,0) < 2% (remember 1.3(3)) and
¢ (k,0) < d, < 2% so it suffices to show that ¢~ (k, 8) > 2%.
Suppose that G C SY, |G| =, k < pu < pt < 2.
Choose an increasing continuous sequence (k; : @ < ) such that
> K5+

0 <ry and supk; =k and (Vi<8)(2< < Ki).
<0

Next, using [16, Ch. VIII, §1], pick ¥ = (x; : @ < 6) such that
(i) x is a strictly increasing sequence of regular cardinals,
(i) ki < xi < k for each i < 0,
(ii) tef(TT xi/J5%) = .
1<0

Now, for every S € G define a function hS € 1T xi by
<0

ho(i) =sup{a < xi:a € S, and v < K;}.

Note that {a < xi: a € Sy, v < Ki}| < ki -0 < X3, s0 (as x; is regular)
h9(i) < x;. Tt follows from (iii) that there a function h € ] x; such that
1<0

(VS € G)(h¥ < jpa h).
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Finally define a function g € ®x by:

if supr; <y <k; then g(y) =h(i).
J<t

Note that for each S € G we have
{v<k:g(y)e S} C U{[Sjtg)m],ml) 1i <6, h3(i) > h(i)} C R(S)»

where j(S) = min{j < 6 : {i < 6 : h5(i) > h(i)} C j}. Consequently
the function g shows that the family G cannot witness the minimum in the
definition of ¢~ (k, #) and we are done. ]

Remark 1.5. Actually much weaker assumptions are sufficient to get the
conclusion of 1.4. For example, almost always we may allow § = Ry (see
[17]).

Proposition 1.6. If k is a singular cardinal, 0 < k then ¢, = b(k,0) = k.

Proor  First note that k < e, < b(k,#), so it is enough to show that
b(k,0) < kT.
By [16, Ch. II, 1.5], we may find an increasing sequence (x; : i < cf(k))
of regular cardinals cofinal in k and such that
0 < xo0, tef( H Xi/Jg’fc(lﬁ)) =rt and (Vi< cf(k))(sup x; < xi < K).
i<cf(k) J<

Let (hg :a < k™) C [l xi beac< I )fincreasing sequence cofinal in
i<cf(k) cf(r

( II xis<jgva ). Fori < cf(k) put p; def sup x;j. Then the sequence (; :
i<cf(k) of (1) j<i

i < cf(k)) is increasing continuous with limit x. Now we define functions
fo € Pk (for a < k™) by:

i <E<pipr &i<cf(k) = fal€) =ho(i+1).
We claim that
(VS € 87)(Fa < kM) (VE<k)(fal€) & Se)-

So suppose S € 52. Define a function h’ € IT x: by
i<ct(k)

K3(i) =sup{a < xi ta € Se and & < ;)

(note that the set on the right-hand side of the formula above is of size < x;
so the supremum is below ;). Take a < k* and j* < cf(k) such that

F<i<c(k) =  h3(3) < hali),
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and note that then
{€ <k fal§) € Se} C pyr.

So we are done. []

Proposition 1.7. If k is singular and 6 < k then
() dx 2™ (5,0) 2 ppyna (%),
(b) dx > ¢ and if d,, = ¢ then
cf(k) <0<k = ppy(k)=rT.

PrOOF  To show clause (a) take any p < pp I >(/<;) and essentially repeat

the proof of 1.6 for u* (remember [16, Ch. II, 2.3]). The assertion (b) follows
from (a) and 1.6. ]

Proposition 1.8. Assume that P is a cf(0)—cc forcing notion.
(1) IFp“ (VS € SH(3S* € SN V) (Vi < K)(S; C SF) 7.
(2) IFp “c(k,0) > (c(k,0)V and c=(k,0) > (¢ (k,0))V 7.
(3) If k<M =  then

Fp “c(k,0) = (c(k,0))Y and ¢ (k,0) = (¢ (x,0))V 7.

(4) If 6 = cf(0) < k and either § < cf(k) or 8 = cf(k) is a successor
cardinal then IFp “ d,, = (d.)V 7.

PrROOF 1) Suppose that 4 is a P-name for a set of ordinals, IFp | 4| < 6.

Since P satisfies the cf(6)—cc, we find a cardinal y < 6 and a P-name h such
onto

that IFp“ h: p — A 7. By the cf(0)—cc again, we find sets B; (for i < p)

such that |B;| < cf(0) and IFp h(i) € B;. Let A= U B;. Thenlkp A C A
<[

and: if cf(f) < 6 then |A| < p-cf(f) < 0 and if cf(0) = 0 then |A] < 0 as

p < cf(6). The rest should be clear.

4) Let F C*k, F €V be a family witnessing the minimum in the defini-

tion of d,. We are going to show that

e “ (Vg € 5r)(Ef € F)(3i<r)(g(i) = £(0)) ".

So suppose that p € P and g are such that pl-“g € Kk”. Choose a sequence

(pi : i < k) of conditions and a function g € #x such that
(Vi <r)(p<pi & pilbeg(i) = g(i)).

By the choice of F' we find f € F such that the set A e {i<k:g()=f>)}
is of size k. Next choose a condition ¢ > p such that

qglFp “|{i € A:p;, € Gp}| =k ".
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[Possible, as otherwise p IF“|{i € A : p; € Gp}| < p” for some p < kK
(remember that 6 < cf(k)). So we have a P-name h for a function from g
into A such that p I- (Vi € A)(p; € Gp = i € rng(h)). For each ¢ €
the set Be = {i € A: (3p' > p)(p’ IF h(¢) = 1)} is of size < 0 and hence
| U B¢| <60-p< k. Take any i € A\ |J B¢ and look at the condition p;.|
<p <p
Now note that the condition ¢ forces “ (3% € A)(g(z) =g(3)) .

Thus we have proved that IFp“d, < (d,)V”. For the converse inequality
we use 1.3(4) and 1.8(2). Thus we get

Fp “ de = ¢ (k,0) > (¢ (5,0)Y = (de)V 7,
finishing the proof. [ |

Now may get the affirmative answer to [3, Problem 8] (see 1.2(2)):

Conclusion 1.9. It is consistent that d. is a singular cardinal and e, < d
(modulo existence of high enough measurables).

ProoF  First we force that there is x satisfying the assumptions of 1.4 and
such that 2" singular. How? Start with a supercompact Laver indestructible
x and make 2% to have cofinality T, & still supercompact. Next force &
to have cofinality N;, say as in Magidor [13]. (By [15] we can make k
to be the wj—th fix point among the alephs.) So now we have d, = 2,
cf(2¥) = k't < 2%. Next add xk Cohen reals. Since this forcing satisfies
the Ny—cc and is of cardinality x we conclude that, by 1.8(4), in the final
universe d, = d. remains the same (so it is singular). Finally, by 1.6, we
know that in the resulting model ¢, = kT < d.. [ ]

Remark 1.10. (1) In fact, if we waive the requirement “d, is singular”
then 2° = k™1 is enough for the proof, so we can get even = N,
di = Ny 42 and e, = Ny 1.

(2) What is the consistency strength? By Gitik [8] the consistency

strength of
(®) K is measurable and 2% > k™t
is that of the existence of a measurable cardinal x of Mitchell order
kTT. By Gitik [7], the consistency strength of
(®) k is measurable and 2% = N, +
is that of the existence of a hypermeasurable cardinal with sequence
of measures of length N, +.

2. Around d} and e¢}. In this section we address [3, Problem 9]. The
problem reads

When does d; = d} or e. = ¢} hold?
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(see 2.1 for the definitions of d}, ¢¥). Though we do not answer the question
fully, we are able to give examples of situations in which the equalities hold.
The results here should be combined with those from the previous section,
of course.

Definition 2.1. We define the following cardinal coefficients of the space

K.

dy =
min{|F|: F C ®r & (VGe[*x]")(3f e F)(Vge G)(Fi<r)(f(i) = (i)},
e =

min{|F|: F C ®x & (YG€[Fr))(3f € F) (Vg€ G)(v i < n)(£(i) # (i)},

Proposition 2.2. (1) [Ciesielski and Jordan; see Jordan [12]] If k = K="
then d, = dj, and e, = ¢};.
(2) If K is a successor cardinal then d¥ < cf([d,]¥, Q).
(3) Suppose that \ is an increasing sequence cofinal in k, Lg(\) =6 < K
such that tef( [T Ai/JPd) = 0. Then e, <e¢f <0 <d, <d:.
<9

(4) If k is singular then ¢, = ¢f = k™.

PrROOF  3) Repeat the proof of 1.6, 1.7 with suitable (minor) changes,
see below too.

4) A minor modification of the proof of 1.6 shows it. Proceed like there,
but instead of functions h” (for S € S?) consider functions h; € [] X

i<cf(k)
(for g = (ge : £ < k) C k) defined by
hg(i) = sup{a < xi : oo = ge(Q), & ¢ < i}
The rest should be clear. [ |
Remark 2.3. (1) Concerning the assumptions of 2.4 below, note that

by Gitik Shelah [9] there may be such ultrafilters in various cases.
Necessarily @ > k™; it can be kT, which is the interesting case, and
can have 2" singular. See more in Dzamonja Shelah [5].

(2) Concerning 2.4(c), note that if s is just strongly inaccessible, k < p
and f € Fr satisfies (Vi < k)(cf(f(7)) > |i|) (more if we want to
preserve being a large cardinal) then there is a k—strategically closed

x+—cc forcing notion Q such that I-g“ ] f(i)/JP? is p—directed 7.
1<K
(Just iterate the forcing adding g € [] f(¢) dominating all members
1<K
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of [T f(4) from the ground model; so a condition fixes g [« (for some
1<K
a < k) and promises g >* go € [ f(4).)
1<K
(3) So under the assumption of 2.4 (all parts), e, < d.

Proposition 2.4. Suppose that cardinals 0, k are such that there is a normal
ultrafilter D on k generated by 0 sets. Then

(a) ef <O+ kT,
(b) if for every family A C D of size < p there is B € D such that
(VA € A)(B C* A) then p < d,,
(c) if there is a function f € "k such that ] f(i)/JPY is p-directed
1<K
then p < dj.
PrROOF  (a) Let u = st and let us assume that otp("x/D) > kT (the
other case is handled similarly). Pick up a function f € ¥« such that

(Vi<j<rk)(i<f(i)<f(j) and f(i) is a regular cardinal)

and otp([] f(7)/D) = p (remember that D is a normal ultrafilter on &).
1<K
Let E C k be a club of k such that

(Vo € E)(Vi <6)(f(i) <9),

and let {A, : @ < 0} C D be a family generating D and such that 4, C F
(for all @ < #). Choose a sequence g C [] f(i) such that ¢g(g) = p and
1<K
(9¢/D : ¢ < p) is <p-increasing and cofinal in [] f(i)/D, and g¢(i) > i (for
<K
(< pandi< k).
For o < § and ¢ < p we choose a function h, ¢ € ¥k such that hg (i) =
ge(min(Aqy \ 7)) (for i < k). Let F = {hqc:a <6, (<pu},so|F| <0+ p.
Next, for a function h € ®x define h/ € ] f(i) by:
i<k
0 if h(i) > f(i).

and choose an ordinal ¢(h) < p such that A/ <p ge(n)- Then the set
Ar {i <k :h(i) < gemy(i)} is in D. Since the set

Ap € i < ki limit and (V5 < i) (h(j) < i)}

is a club of k (so in D) we may choose a(h) < 6 such that A,y € AN A,
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Suppose now that G € ["k]", say G = {he : £ < k}. Take ¢ < p such
that sup ((h¢) < ¢ and let a < 6 be such that
E<p

Ao © A Ay N A{i < K2 ge(ne (i) < ge(i)}-
E<k E<k

Claim 2.4.1. If £ <i < i then he(i) # hac(i).

Proof of the claim: First assume that £ < i, 7 € A,. Then, by the choice
of ar, we have g¢ () (i) < g¢(i) and i € A,y Ahe . Consequently,

either hg(’t) > f(Z) or hg(l) = (hg)f(l) < gC(hg)(i) < gg(’i) = ha,g(i) < f(Z)
(and so he(i) # hac(i)). So suppose now that & < i, i ¢ A,. Let j =
min(Aq \ ). Then j € Ay, C Ap, and i < j, so he(i) < j and ha (i) =
gc(g) > j . Hence he(i) # ha (7).
It follows from 2.4.1 that the family F' exemplifies ¢} < 0 + p.

(b) Tt is similar to (a). Using the assumptions we choose f, F,A,,J as
there and we define hf, ¢(h), a(h) (for h € ¥k) in the same manner. Exactly
as in 2.4.1 we show that for each h € "r and i € "k we have hop) c(n) (i) #
h(i) (just consider two cases: i € A,y and i & Ay p))-

(c) Similarly. ]

3. Representing functions on the plane. In this section we answer
[3, Problem 7] showing that it is consistent that ¢ > X; but for every function
f : R? — R there exist functions gy, h, : R — R, n < w, such that

F@y) =" gnlx) - hn(y).
n=0

Let us start with the following technical lemma.

Lemma 3.1. Assume MA (o-centered). Suppose that B is an infinite subset
of w, X is a set of size < ¢ and f,g, : X — R (for n € B) are such that

(®) the sets

A, Y {neB:gu(x) #0}

for x € X are infinite almost disjoint.
Then there is a sequence (b, : n € B) of rational numbers such that
(1) b, # m for alln € B, and
(2) f(z)= > gn(x)-b, foreachze X.
neBb

Proor  Let Q = Q(X, f, B, (gn : n € B)) be the following forcing notion:

a condition in Q is a triple p = (b?,mP, oP) = (b, m, o) such that
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e m € w, o is a finite function such that dom(o) C X and rng(o) C
BN (m+1),

e b= (b, :n € BNm) is a sequence of rational numbers, b, # ﬁ
for n € BNm,

e for each = € dom(o), the sequence

([f(z) = > gnl(z) bn|: k€ BN [o(z),m])
neBNk
is non-increasing;

the order of Q is the natural one: p < gq if and only if
WP <b?, mP<m? and of Col
Claim 3.1.1. Q is a non-trivial c—centered forcing notion.

Proof of the claim: Consider the space X equipped with the product
topology of discrete copies of w. By Engelking Kartowicz [6], this space is

separable (as [X| <c¢). Solet {n,: k <w} C X w be a dense subset of X w.
For m,k € w and a sequence b = (b, : n € BN m) of rationals let

Q?’Bdﬁf{pe(@:mp:m&I_)pzl_)&opgnk}.
Since there are countably many possibilities for (1, b, k) as above and each

member of Q belongs to some Q?’b (remember the choice of n’s), it is

enough to show that the sets Q?’b are directed. So let pg,... ,pr_1 € Qzl’b.

Then b = b, mPi = m and oPi C ny, (for i < £). Put ¢ = (b,m, J oPi). Tt
1<l

should be clear that g € Q?’E is a condition stronger than all pg,... ,pr_1.
Now, for x € X and a positive rational number ¢ let
I def {p €Q:z edom(o?) & |f(x) — Z gn(x) - by| < 8}.
neBNmP

Claim 3.1.2. For every x € X and a rational € > 0 the set I3 is an open
dense subset of Q.

Proof of the claim: Let ¢ € Q and let 7 € Q be defined as follows. If
x € dom(o?) then r = ¢, otherwise

=04, m"=m? and o" =oclU{(x,m7)}.

(So r is a condition stronger than ¢ and x € dom(c").) Use the assumption
(®) to choose m* > m" such that

m* € B A N({B\ A, :y € dom(o")\ {a}},
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remember A, = {n € B: g,(y) # 0}. Let

ef =~ mm{e |f(z Z gn(x) - by}
neBNm”
(so e >e*>0) and let
e mP =min(B\ (m*+ 1)), o = 0",
o WL =0 ifne BNm', b =0ifn € BN[m",m*) and b . # W
be a rational number such that

Z gn(x) - O — € <gm*()bp < f(= Z gn(x) - bh +
neBNm* neBNm*
(clearly the choice is possible as gp,«(x) # 0; if e* = 0 then b . = 0).
One easily checks now that the above choice defines a condition p € 7}
stronger than r.

It follows from 3.1.1, 3.1.2 that we may use MA (o-centered) to find a
directed set G C Q such that G NZ; # () for each x € X and a positive
rational €. Let b =J{b? : p € G}. Tt should be clear that the sequence b is
as required. [ |

Definition 3.2. Let f : RZ2 — R . An f-approzimation is a tuple p =
(X 7gg7gfapp) = (Xa.qO?glvD) such that
(a) XCR,
(b) ge = (9o :n<w), Ggen: X —R (forl <2, n<w),
for £ <2,z € X let agp = (gen(x) 1 n <w),

(©) (Vo € X)(F(@.9) = 3 gon(@) - g10(2).

(d) D is a filter on w including all co-finite subsets of w and generated

by < |X| + Rp sets,
(e) ifx € X, ¢ <2 then

{n<w:gpn(z) € {0, nHQ}}GD and
def
Aa,, = Agm = {n<w:iga(r)= (n+1 2} # 0 mod D,

(f) no finite union of sets Az, , (for £ <2, x € X) is in D,
(g) if (él,Il) 75 (52,1’2) 1,05 < 2, x1,19 € X then agy zq 75 Qo o and
the intersection AZ by AQZNQ is finite.
The set AP/ of all approximations carries a natural partial order:

for f—approximations p, g we let p < ¢ if and only if

XPCXx? D'CD! and g, Cgf, (forl{<2andn<w).
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Theorem 3.3. Assume MA (o-centered). Let f:R? — R . Suppose that
p € AP/ is such that |XP| < ¢ and r* € R\ XP. Then there is ¢ € AP/
such that

p<q and X?1=XPU{r.

PrROOF  First choose pairwise disjoint infinite subsets By, By, B2 of w\ {0}
such that for m < 3:

(o) (VB € DP)(By, C* B),

(8) (9 < 2)(% € XP)(| B 1 4gp | = No),
g0 (for ¢ <2, x € X) almost includes B,,.

(There are such sets by MLA (o-centered); remember 3.2(e),(f).) Next choose
disjoint infinite subsets B, B}, B§ of By such that for k < 3

(8) (V€ < 2)(Vo € XP)(|BEN Aa?,z’ < Np).

(Again, easily possible by our assumptions and 3.2(g) and () above.)
Now we start defining an f—approximation q. We let

X1 =XPU{r},

D1 be the filter generated by DP U{ By},

gg’n(x) = gzn(:n) forz € XP, / <2and n <w,

if n € w\ By then

1 if n =0,
1 .
9.(") =1 e ifn€ B,
0 if n € w\ (ByUBJU{0});

and if n € w\ By then

fer*r*) ifn=0,
g1, =1 G if n € By,

0 ifnew\ (BgUB§U{0}).
Now we want to define g ,(r*), gf,(r*) for other n, but we have to be
careful with that to ensure that the clause 3.2(c) is satisfied. It should be
clear at the moment that we do not have to worry anymore about that clause
if x,y € XP or x =y = r* (for the last case inspect the definition above and
the choice of By, By, B}). So now we use 3.1 to finish the definition. First
note that for each x € X the sets

{n €w\Bi:gj,(r") g1 ,(z) # 0} and {n €w\ By: g5,(%) - 91 ,(r") # 0}

are finite (remember clauses (o) and (6)). Apply 3.1 to the set By, functions
g7, (for n € By) and the mapping

wio f(rta) = D0 gin(r") gl n(2)

new\B1

(7) no finite union of sets A
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(note that the sum is actually finite) to find g(q),n(r*) (for n € By) such that
9o (1) # (n+1)2 and for each z € X

o) = >0 g5,07) gl n(@) = D g5,(%) - gb ().
new\B1 neBy
Next use 3.1 for By, gp,, (for n € Bp) and the mapping
x> f(z,r) ZgOn . n(*)
new\Ba
to choose g(f’n(r*) (for n € By) such that g‘in(r*) # W and for z € X
Z gOn ) ,n Z gOn gln( )
new\Ba neBs

This finishes the definition of gzn( )for £ <2,z € X?and n < w. Checking
that (X9, 58,9, D7) € AP is as required is straightforward. [ |

Since <-increasing sequences of f—approximations have (natural) upper
bounds we may use 3.3 to prove inductively the following.

Conclusion 3.4. Assume MA (o-centered). Then for every function f :
R? — R there are functions g,, h, : R — R, n < w, such that

y) = Z gn(x) ’ hn(y)
n=0

Remark 3.5. Regarding the assumptions of 3.4, remember that by Bell [2]
MA (o-centered) is equivalent to p = c.

Let us finish this section with the following “negative” result.

Proposition 3.6. Let P be the forcing notion for adding Ry Cohen reals.
Then, in VT, there is a function f : R2 — R such that there are no
functions gp, hyn, : R — R satisfying

(Vx,y € R)(f Zgn < hn(

Proor Since we may break P into two steps each adding Ny Cohen
reals, we may assume that V = —-CH. So fix a sequence (n; : i < Rg) of
pairwise distinct real numbers. Then P may be interpreted as the partial
order of all finite functions p such that dom(p) C {(n:, ;) : 4,4 < N} and
rng(p) C 2 ordered by the inclusion. For a set A C {(n;,n;) : i, < Na} let
Ps={peP:dom(p) C A} (so P4 < P).
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Let f be a P-name for a function from R? to R such that I-p J{p : p €
Gp} C f. Suppose that g,,h, (for n < w) are P-names for functions from
R to R. B
Claim 3.6.1.

p “ (3i < j < No)(f(mi,mj) # Zgn i) - hn(n)) 7

Proof of the claim: Let ¢ € P. For each i < Ny fix a countable subset
A; of {(ne,me) + &, ¢ < Ny} such that dom(q) C A; and for some P 4,—names
Tn, $n (for n < w) we have I-p* g, (n;) = rn and by () = sn 7. Let

B € {e: (3¢ < Ro)((me,mc) € Ai o (e, me) € Ai)}

(clearly each B; is countable). Plainly, for i € S = o {6 <Ny :cf(d) =Ny}
we have sup(B; Ni) < i and hence for some j < Ny the set S = {i €
S? . sup(B; Ni) = j} is stationary. Choose ig < i1 from S such that
sup(B;,) < i1. Let

Y = {(7757774) : {éa(} - Bio or {57 C} - Bn}
Note that (ni,,7:,) ¢ Y. Since gn(ni,), bn(ni,) are (essentially) Py—names
and q € Py, We find a condition p € Py stronger than ¢ and deciding the

statement “ Z gn(Mig) = hn(miy) < 37, Let r € P be a condition stronger
than p such that (Mg, Miy) € dom(r) and

o0

1 ifplkp, © o) - hn(niy) < 37,

(Nig i) = DITPpy Eogn(mo) bn(niy) < 3
0 otherwise.

Then oo
riFp f(mo, 772'1) #* Z gn(nio) : bn(”h)?

n=0
finishing the proof. [ |

4. Countably continuous functions. Our aim here is to show that,
consistently, CH fails but every f: R — R satisfying

(VU € []R]Nl)(EIU* € [U]Nl)(f [U* is continuous)

is countably continuous (see Definition 4.1 below). This answers negatively
[3, Problem 4].

Definition 4.1. A function f: R — R is countably continuous if there is
a partition (X, : n < w) of R such that the restriction of f to any X, is
continuous.
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Theorem 4.2. It is consistent with ~CH that every function f : R — R
such that

(@ (VU € [R]Nl)(HU* € [U]Nl)(f [U* is continuous)

1s countably continuous.

Proor  Start with V = CH and let A > X; be a cardinal such that
A0 = X\ Let Py be a forcing notion for adding A many Cohen reals. So Py
can be represented as the set of all finite partial functions p : dom(p) — 2,
dom(p) C A, ordered by the inclusion.

For a set A C Alet Py = {p € Py : dom(p) C A}. Then P4 < P,.
Plainly, Py is a ccc forcing notion and IFp, ¢ = A > Ny.

We are going to show that in VFA, every real function f satisfying (&)
is countably continuous. To this end suppose that f is a Py—name for a
function from R into R such that )

Ikp, “ f is not countably continuous ”.

By induction on @ < w; choose an increasing continuous sequence (A, :
a < wi) such that for each o < wy:

(1) Aq € N1

(2) if n is a P4, name for a real then f(n) is a P4, ,, name;

~ a+1
(3) if h = (hn : 1 < w) is a P4, —name for an w-sequence of partial real
functions such that dom(h,,) is a Borel set and h,, is continuous on
its domain (for n < w) then each hy, is a P4, ,—name and there is a

P4 . ,—name n for a real such that

Fea.,, * (Fn < w)(f() # ha(n) .

a+1

ere are no problems with carrying out the construction. et =
Th bl ith i h i Let A
U Aa,s0 A€ [)\]Nl and IFp, CH. It should be clear that, by (2) above,

a<wi

we have a P4—name IA such that IFp, IA = fHR N VFPa ” Moreover, by
(3), we know that

IFp, f4 is not countably continuous .

Now, using [3, 3.11], we conclude that (remember that we have CH in VF4)
IFp, “ (3U € []R}Nl)(VU* € [U]Nl)(fA [U* is not continuous ) ”.

Let G C P4 be a generic filter over V. Work in V[G]. Let U € []R]Nl be
such that fA [G]U* is not continuous for any uncountable U* C U. We
want to show that this property of the function fA [G] and the set U is



Paper Sh:675, version 1998-02-02_10. See https://shelah.logic.at/papers/675/ for possible updates.

ON CIESIELSKI’S PROBLEMS 17

preserved by the quotient forcing Py /P4 (which is isomorphic to Py 4, of
course). So suppose that p € Py /P4 is such that

plkp,p, “ (AU" € [U]Nl)(fA[G] [U* is continuous) 7.

Every continuous function on a set U* C R can be extended to a continuous
function on a ITy-set. Now, both I19-sets and continuous functions on them
are coded by reals. Consequently we find a countable set B C A\ A such
that dom(p) C B and for some Pp-names W, h we have

“

W is a II3-subset of R, h: W — R is continuous and

plp, /py
Fnel)neW & fAG)(n)=h(n) .

The property stated above is absolute from VA to VFAUB o the condition p
forces the respective sentence in Pg. Now, the forcing notion Pp is countable
so it has the property that every uncountable set of ordinals in the extension
contains an uncountable subset from the ground model. Consequently, we
find (still in V[G]) an uncountable set Uy C U such that

plFp, © Wis a [IY-subset of R, h: W — R is continuous and
(VneUo)neW & fAG](n) = h(n) .

Thus p lFp, © fA [G] [ Uy is continuous ”, and hence easily this statement has
to hold in V[G] already, a contradiction. ]
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