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ABSTRACT. We deal with systematic development of stability for the context of
approximate elementary submodels of a monster metric space, which is not far, but
still very different from first order model theory. In particular we prove the analogue
of Morley’s theorem for classes of complete metric spaces.
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§1 INTRODUCTION AND PRELIMINARIES

We work in the context of a compact homogeneous model € which is also a
complete metric space with a definable metric d(z,y) and all the predicates and
function symbols respect the metric. Such a monster model will be called a “mon-
ster metric space” (a momspace), Definition 2.17. We investigate the class K of
“almost elementary” complete submodels of €, Definition 2.19.

This paper is devoted to categoricty of such classes K in uncountable cardinalities
(generalizing Morley’s theorem to this context). Since we believe that isometry is
too strong as a notion of isomorphism for classes of metric structures, we try to
weaken the assumptions and work with e-embeddings instead (Definitions 6.2, 6.4).

Several suggestions for a framework suitable for model theoretic treatment of
classes arising in functional analysis and dynamics have been made in the last 40
years by Chang, Keisler, Stern, Henson, and more recently by Ben-Yaacov. All
these attempts were concerned with allowing a certain amount of compactness
(e.g. “capturing” ultra-products of Banach spaces introduced by Krivine), without
having to deal with non-standard elements. In this paper the authors choose to work
in the most general context which still allows compactness, therefore generalizing
all the above frameworks. The main tools and techniques used here are borrowed
from homogeneous model theory.

Homogeneous model theory was introduced and first studied by Keisler, devel-
oped further by the first author, Grossberg, Lessmann, Hyttinen and others. It
investigates classes of elementary (sometimes somewhat “saturated”) submodels of
a big homogeneous model (“monster”), see precise definitions later.

In [Sh 54], the first author classified such “monsters” with respect to the amount
of compactness they admit. Monsters which are compact in a language closed under
negation are called “monsters of kind II”. Later Hrushovski suggested the name
“Robinson Theories” for such classes, see [Hrxz]. Monsters which are compact
in a language not necessarily closed under negations are called “monsters of kind
III”. Recently Ben-Yaacov has studied this context in great detail. He called such
monsters “compact abstract theories”, in short CATS, see [BY03].

A simple generalization (replacing equality by definable metric) allows us to
speak of a monster model of a class of metric spaces. We call such monsters “mon-
ster metric spaces”, see Definition 2.17 below. Several results are proven in this
general context, but some require compactness, Definition 2.15(2). Therefore, our
main theorem (Theorem 8.2) holds in the metric analogue of “monsters of kind
III”, “metric cats” in Ben-Yaacov’s terminology.

Independently of our work (and simultaneously), Ben-Yaacov investigated cat-
egoricity for metric cats under the additional assumption of the topology on the
space of types being Hausdorff, which is the metric analogue of “monsters of kind
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IT” (Robinson theories). In this context one can reconstruct most of classical stabil-
ity theory (e.g., independence based on non-dividing), see [BY05]. These methods
fail in the more general context we were working at. Therefore, techniques de-
veloped and used here are very different, and rely heavily on non-splitting and
Ehrenfeucht-Mostowski constructions. These tools do not make any significant use
of compactness, and we believe that this assumption can be eliminated by modify-
ing our methods slightly. At this point we decided not to make the effort, but we
try to mention where exactly compactness is used.

In a recent work [BeUsOy|, Ben-Yaacov and the second author introduce a frame-
work of continuous first order logic, closely related to [ChKe66] and show that once
modified slightly, most model-theoretic approaches to classes of metric spaces (such
as Henson’s logic, see [Helo02], Hausdorff metric cats, see [BY05]) are equivalent
to continuous logic. Although if continuous model theory had been discovered ear-
lier, this paper might have looked differently, we would still like to point out that
equivalences shown in [BeUsOy] do not include monster metric spaces, not even
compact ones. The assumption of the topology on the type space being Hausdorff
is absolutely crucial in [BeUsOy| and [BYO05]; it provides us with the ability to “ap-
proximate” negations, which makes continuous logic very similar to classical first
order logic (of course, this has many advantages). Lacking Hausdorff assumption,
one has to use more general methods in order to reobtain basic properties. This is
why “monsters of kind ITI” (general cats) have been studied and understood much
less than first order or Robinson theories, even in the discrete (non-continuous,
classical first order) context.

Some work has been done, though: the first author proved the analogue of
Morley’s theorem for existentially closed models in [Sh 54], classes of existentially
closed models were investigated further by Pillay in [Pi00], general cats were studied
by Ben-Yaacov in [BY03], [BY03a] and other papers. Our work continues this
investigation in the more general metric context (classical model theory can be
viewed as a particular case with discrete metric).

Several words should be said also about the difference between the discrete and
the metric context. For example, why could we have not simply modified the proof
in [Sh 54] slightly and obtain Theorem 8.27 The answer is that our categoricity
assumption is significantly weaker, as we assume categoricity only for complete
structures. For instance, the class of infinite-dimensional Hilbert spaces is categor-
ical in all densities, but not so is the class of inner-product spaces, not necessarily
complete. Starting with a weaker assumption we aim for a weaker conclusion; but
consequences of our assumption are not as powerful as what one gets in [Sh 54]
(e.g. Ng-stability is lost, we only have a topological version), which complicates life
significantly.

This work was originally carried out as a Ph.D. thesis of the second author
under the supervision of the first one. The paper is an expanded version of the
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thesis which was written in Hebrew and submitted to the Hebrew University.

The paper is organized as follows:

We introduce our context in §2. In particular, we define the class of models
which is being studied (“almost elementary” submodels of €, M <; €). This notion
generalizes Henson’s approximate elementary submodels (see [Helo02]). It has the
following important property: if M <; €, then its completion (metric closure) N
also satisfies N <; €. We will be interested mostly in complete (as metric spaces)
“almost elementary” submodels of €.

The next section, §3, is devoted to different kinds of approximations to formulae
and types. The importance of considering these approximations, i.e. topological
neighborhoods of partial types, becomes clear later, when stability, isolation, and
other central notions are discussed.

In §4 we generalize the notion of stability in a cardinal A to our topological
context. We say that € is 07 — A-stable if for no € > 0 can we find an e-net of A\™
types over a set of cardinality A, i.e. the space of types over a set of cardinality A
has (in a sense) density A. This is a generalization of A-stability for Banach spaces
studied by Iovino in [I099]. It is equivalent to the definitions given by Ben-Yaacov
for Hausdorff cats in [BY05], and in the context of continuous theories it coincides
with the definitions given in [BeUsOy].

We prove equivalence of several similar definitions for 07 — A-stability, connect
0™ — Ny-stability to non-splitting of types, classical stability in homogeneous model
theory, existence of average types, saturation of a (closure of a) union of (D, N;)-
homogeneous models. Notions of isolation are developed and density of strictly
isolated types is proved under the assumption of 0 — Rg-stability.

In §5 we develop the theory of Ehrenfeucht-Mostowski models in our context. As
we lack forking calculus, some basic facts (e.g. existence of (D, ¥;)-homogeneous
models in all uncountable cardinalities) require a different approach, which is pro-
vided by the EM-models techniques. Also in the proof of the main theorem (§8) we
take advantage of the representation of the homogeneous model as an EM-model
in order to find inside it a converging sequence which is “close” to a subsequence
of a given uncountable sequence.

66 is devoted to notions of e-embeddings and e-isomorphisms. We try to weaken
our assumptions as much as we can, and choose to work with the following no-
tion of “weakly uncountably categorical” classes: for every € > 0 there exists
A > Ny in which every two models and e-isomorphic to each other. This prop-
erty seems a priori weaker than uncountable categoricity in some A > N, and even
than “there exists A > Ny such that for every € > 0 any two models of density A
are e-isomorphic”. But the main theorem (8.2) states the following: assume € is
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weakly uncountably categorical. Then every model of density A > Rg is (D, \)-
homogeneous (in particular, unique up to an isometry). So all the above notions
turn out to be equivalent.

In §7 we prepare the ground for the proof of 8.2, showing that any wu-categorical
(weakly uncountably categorical) momspace is uni-dimensional (in the sense of [Sh
3]), i.e., any (D, ¥;)-homogeneous model of density character A is, in fact, (D, \)-
homogeneous.

The last section, §8, contains the proof of the main theorem, Theorem 8.2. We
assume that € is weakly uncountably categorical, but has a non-(D, A)-homogeneous
model in some density character A > Yy. By §7 this model is not (D, N )-homogeneous.
Applying the analysis done in §4 and §5 (and some infinitary combinatorics), we
show that it is possible to construct non-(D, X;)-homogeneous models of arbitrarily
large density characters. By §4 and §6, this contradicts weak uncountable cate-
goricity.

We recall now basic definitions considering homogeneous model theory (see [Sh
3],[Sh 54] and [GrLe02]):

1.1 Definition. 1) Let 7 be a vocabulary, D a set of complete T-types over () in
finitely many variables. A 7-model M is called a D-model if D(M) C D (where
D(M) = the set of complete finite 7-types over () realized in M). M is called
(D, \)-homogeneous if D(M) = D and M is A-homogeneous.

2) We call D as in (1) a finite diagram if for some model M, D = D(M).

3) Aisa D-set in M if AC M and a € “” A = tp(a,0, M) € D. For A a D-set,
p € SB(A, M) if there are N, a such that M < N,a € N realizes p and AUa is a
D-set in N.

1.2 Remark. Let D be a finite diagram. M is (D, \)-homogeneous iff M is uni-
versal for D-models of cardinality < A (or just A-sets when A < |7| 4+ 8g) and
A-homogeneous iff D(M) = D and M is (D, \)-saturated (i.e. every D-type over a
subset of cardinality < A is realized in M).

Proof. Easy (or see [GrLe02](2.3),(2.4)).

This motivates the following
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1.3 Definition. Let A* be big enough. A (D, \*)-homogeneous model € will be
called a D-monster (or a homomogeneous monster for D) . We usually assume
€]l = A

Recall:

1.4 Definition. 1) A finite diagram D is called A-good if there is a (D, A)-homogeneous
model M of cardinality > A.
2) D is good if it is A-good for every A.

1.5 Remark. So D is good iff it has a monster.

1.6 Convention. In this paper we will fix a good finite diagram D and a D-monster
model €.

1.7 Observation. 1) If (D is good, € a D-monster model) p € Sp(A), A C B then
there is ¢,p C ¢ € Sp(DB).

Question: Why can we use “good D”?7 There are several answers.

Basically, Claim 1.8 says that every D which is the finite diagram of a compact
momspace (see Definitions 2.17, 2.21) is good. Claim 1.9 says that even without
compactness, categoricity implies stability, which implies D is good by [Sh 3]. The
reader can easily omit these claims in the first reading.

1.8 Claim. Assume
(a) D is a finite diagram, i.e., a set of complete n-types in L(7¢)
(b) € is (D,Ng)-homogeneous
(¢) A is full for € (see Definition 2.15)
(d) € is A-compact.
Then

(¥) (o) D is good
(B)  if k(D) < oo then k(D) < (|1e| + No)T (k(D) as in [Sh 54]).

Proof. See [Sh 54], the discussion of monsters of kind III or [BY03], existence of a
universal domain.
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1.9 Claim. 1) Assume that

T =1TD

wu-categorical (see Definition 6.4).

Then D 1s stable, hence is good.

Proof. By 6.6, 4.10 hence we get stability, D is good follows by [Sh 3].

1.10 Notations.

T infinite cardinals

a, B,y infinite ordinals

) limit ordinals

v,n sequences of ordinals
w, Y, formulae

¢ the monster model

M,N models (in the monster)
A, B,C sets (in the monster)
g,(, & positive reals

I1,J order types

LJ indiscernible sequences

d a metric
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§2 MAIN CONTEXT - MONSTER METRIC SPACES

In this section we discuss our main context. We start with some notations.

2.1 Definition. Let (X,d) be a metric space.

1) We extend the metric to n-tuples: for (a; : i < n),(b; : i < n) we define
d(a,b) = max{d(a;, b;) : i < n}.

2) For @ an n-tuple, A a set of n-tuples, d(a, A) = d(A,a) = inf{d(a,b) : b € A}.
3) For sets A, B C X", we define two versions of distances:

d,(A,B) =inf{d(a,b):a € A,b < B}

d»(A, B) = sup{{d;(a,B) :a € Ayu{di(A,b): b B}}.

4) We denote the density (the density character) of X by Ch(X). So Ch(X) is the
minimal cardinality of a dense subset of X. B
5) We denote the topological (metric) closure of a set A by A or mcl(A).

2.2 Definition. 1) We call a vocabulary 7 metric if it contains predicates Py, 4,(,y)
forall 0 < g1 < g9 rationals. We call the collection of these predicates a metric scheme.

2) Given a metric vocabulary 7, we call a T-structure M semi-metric if for some
(unique) d:

(i) M is a metric space with the metric d

(i) d is definable in M by the T-metric scheme, i.e., d(a,b) € [¢1,q2] iff M =
P,, 4,(a,b) for all rationals ¢, g2 and a,b € M.

3) We call a semi-metric structure complete if (M, d) is complete as a metric space.

2.3 Remark. Given a semi-metric 7-structure M, we will usually write M |
“d(a,b) < ¢”, etc., forgetting the T-metric scheme.

Note that in a semi-metric structure for each ri,r, € R, the property “r; <
d(z,z) < 19" is 0-type-definable by a set of atomic formulas.
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2.4 Definition. 1) (M,d) is a metric structure (or model) when:

(a) T(M) is a metric vocabulary and (M, d) is a semi-metric structure
(b) PM C arity(P) ) s closed (with respect to d) for every predicate P € 1y

(¢) FM . aity(F)Af 5 N is a continuous function for every function symbol
F ey

2) (€,d) is a (homogeneous) metric monster if: (€,d) is a metric model, € is a
D-monster for some finite diagram D, constant here.

2.5 Remark. Each homogeneous monster admits the discrete definable metric, i.e.,
d(a,b) =1 for all @ # b € €, and it is definable by the equality and inequality. So
each homogeneous monster is a metric monster with the discrete metric.

2.6 Notations. We will often identify ¢ = ¢(Z,a) (for ¢ a formula, a € €) with the
set of the realizations in € of ©(Z,a), i.e., p(€,a) = % =: {b € 9@ : € |= p[b,al}.
So d1 (i, ) in fact means d; (%, %), etc.

x * *
The following definition is the analogue of abstract elementary classes (see [Sh 88r])

in our context.

2.7 Definition. Let (8, <g) be an ordered class of 7 = 7(R) complete metric
structures (7 is a metric vocabulary), 8 closed under 7-isomorhisms. We call
(R, <g) an abstract metric class (a.m.c.) if

(1) (M; : i < ) is a <g-increasing sequence (from R, of course), then M =
mcl(U M;) € R. Moreover, [i < § = M; <g M] and [M; <g N for all

(2) for M; C My C M3 from ﬁ, [Ml,MQ <g Mg] = M; <g Mo

(3) for some cardinal LS(R) we have the “downward Léwenheim-Skolem theo-
rem”, i.e., for each M € K, A C M, there exists N € R, N <g M;A C N,
Ch(N) < |A] + LS(R).

2.8 Definition. We say that a set of formula A for a homogeneous metric monster
¢,d is admissible if for each ¢(Z) € A, the set p* = {a € €, € |= p(a)} is closed
with respect to the metric d (topology induced by it).
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2.9 Definition. In €, ¢, are contradictory if d;(¢%, %) > 0.

2.10 Remark. Later (see 3.7) we show that in our context this is equivalent to
Pt NPt =0.

2.11 Example. If d is discrete, then each subset of € is closed, so the set of all
formulas A = LL(7¢) is admissible.

In order to give a non-trivial example, we define

2.12 Definition. For a metric model (M, d) and a formula ¢(z, a) with parameters
a € M, we say that M = F*xp(x,a) (there almost exists x such that ¢(x,a)) if for
every € > 0 there exist b,a’ such that M = ¢(b,a’) and d(a,a’) < e.

2.13 Definition. 1) We define positive formulae by induction: each atomic formula
is positive, for ¢, 1) positive, ¢ A, @ V ¥, F*xp, Vrp are positive. So negation and
implication are not allowed.

2) Positive existential formulae are defined similarly without allowing Vzp.

2.14 Observation. For (M,d) a metric model and positive ¢(Z) € L(7ar), oM =

{a € WM : M |= ¢[a]} is a closed subset of “9@) M (under d), i.e., A = “the
positive formulae” is admissible.

2.15 Definition. 1) For a homogeneous monster €, a set of formulae A is called
full if

(1) foralla € €, A C €, tp(a, A, €) is determined by the A-type tpa(a, A, €)
(i) if p € Aja € € and € = —¢(a), then there exists ¢» € A such that (¢, ) is
contradictory (see 2.9) and € |= ¢(a).

2) We call € A-compact (where A is a set of formulae, i.e., C IL(7¢)) if each set of
A-formulae with parameters from € of cardinality < |€| which is finitely satisfiable
in €, is realized in €. We omit A if constant, and abusing notation write A = A(C).

2.16 Definition. We say that A is fullt if: as in 2.15 but in (ii) the quantifier
depth of v is < the quantifier depth of .

Now we make the main definition of this section, introducing the context of this
paper.
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2.17 Definition. 1) A metric homogeneous class (&, <g) (equivalently: its metric
homogeneous monster €) is called A-momspace (monster metric space) if A = A(€)
is a set of formulae containing the metric scheme, such that

(a) A C L(7e) is closed under A, 3* and subformulae
(b) A is admissible
(¢) A is full for €.

2) Let “€ is momspace” mean “for some A” and choose such A = A(€) (well, it is
not necessarily unique but we ignore this).

3) The metric d = d¢ can be defined from € so we can “forget” to mention d,
but still will usually say (€, d), e.g. to distinguish from € when we use the (D, \)-
homogeneous context.

2.18 Convention. (€,d) is a fixed momspace.

The class of models we are interested in is defined below.
2.19 Definition. 1) K; = Ky is the class of M such that:
(a) MCC
(b) M <% € which means:

if e >0,¢ = p[b,al, ) €
(5"

o(y, T € 9 M then for some b’ € 9O M we
have € = (3z,79)(¢(y,2) AN d

@ €
z,b'"a) <e).
2) K is the class of members of K which are complete.
2.20 Claim. 1) Assume M C € and N = mcl(M). Then
(a) M € Ky iff N € Ky iff N € K¥.

2) (Kf, Q) is an abstract metric class .

2.21 Definition. A momspace (€, d) is called compact if € is A(€)-compact.

2.22 Convention. We work in a compact A-momspace (€, d), M, N denote submod-
els which are from K7; though really interested in the closed (complete) ones, i.e.
versions of categoricity are defined using complete models. BUT we try to mention
when we use compactness.
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2.28 Observation. [€ compact] For p(z,7) € A,a € €, we have € = F*zp(z,a) <
¢ |= Jzp(x,a) [so we can “forget” about the new existential quantifier and use the
classical one].

Proof. Assume € |= F*zp(x,a). Then the set {o(z,7),d(7,a) < + : n < w} is
consistent in € (by compactness), so € = Jxp(z,a). O

2.2/ Ezxamples. 1) Let T be first order, € a big saturated model of T, then € is a
compact momspace (with discrete metric), A(€) = £ (all formulae).

2) Let T be a Robinson theory (see [Hrxz]), € its universal domain. Then it is a
compact momspace.

3) Consider the unit ball of a monster Banach space as in [Helo02], Chapter 12.
Then (€, - ||) is a compact momspace (we write the norm here instead of the met-
ric) where A(C€) = positive formulae (more precisely positive bounded formulae,
see [Helo02], Chapter 5), 8 = Kf = {M : M <4 €}, see [Helo02](6.2) for the
definition of < 4. Compactness is proven in Chapter 9 there. One can easily show
that <4=<X, see also 3.9, [Helo02](6.6).

4) Metric Hausdorff CATSs, see [BY03] for a definition of a Hausdorff CAT. A CAT
is metric if its monster is metric. See [BY05] for more on Hausdorff metric cats.
5) The main example we have in mind: (€, d) is a compact momspace for A(€) =
positive existential formulae, 8 = K{. So in particular it is a metric cat (not nec-
essarily Hausdorff).
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§3 APPROXIMATIONS TO FORMULAS AND TYPES

The following notions of e-approximations of formulae is of major importance.
We give two different definitions and will use both for different purposes. Note that
3.1 simply defines topological neighborhoods, while in 3.2 by moving the parameters
we allow the formula to change a little, see also 3.9. Let € denote a non-negative
rational number.

3.1 Definition. 1) For a formula ¢(Z) possibly with parameters, we define ¢!*!(z) =
' (p(2') Ad(z,7) < €). 3090[6(7 a) = (32)[d(z,7") < e A p(7',a)].

2) For a (partial) type p, define plel = {( /\ o)l in <wand po, ..., 001 € p}.
I<n

3.2 Definition. 1) For a formula ¢(z,a) let <7 (z,a) = (37",7")(e(Z,y") A
d(z',z) <end(¥,a) <e).
2) For a (partial) type p,p<c>(Z) = {(/\ 0o(Z,a0))<%” 1 n < w and @p(T,a,) € p

¢
for ¢ < n}.

3.3 Definition. 1) For a (partial) type (maybe with parameters) p, or set B and
e > 0, we say that & € B realizes plfl if € |= pl¢l(¢). We say that pl¢! is realized in
B if some ¢ € B realizes it.

2) Similar for p<=~.

3.4 Remark. 1) Note that ¢l¥l(z, @) is equivalent to gog ]( ), when we expand € by

individual constants for a and let ¢1(Z) = ¢(Z,a).
2) el E p<c~ for all .

3) For a formula without parameters ¢, o/l =
4) For ¢ > e > 0,9l = ld] p<e> = p<¢>,

5) For € = 0, lfl = p<c> = .

<e>

3.5 Observation. 1) If ¢ = ¢(Z,b) (as usual is admissible), then ¢ = /\ ol

e>0
2) If p = ¢(Z,a) then p = /\ \/
e>0 (¢e(0,e)
3) Similar for ¢<¢~
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Proof. 1) [a = ¢ :> a = N{¢l! : € > 0}] is obvious.
Suppose a = el for all ¢, so for each n there exists @, such that ¢ = ¢lay] and
d(a,a,) <x.So (a,:n¢€ w) converges to a, therefore @ |= ¢, as % is a closed set.

2),3) Similar.

3.6 Claim. ) (9<C1>( ))<C2> = 9<C1+C2>(i.)'
2) (p<€1>( ))< 2> = p<GtC>
3) Assume d(b,b') < (1 — (o then <> (2, V') = <> (z,b).

3.7 Claim. 1) If € is A-compact then a pair (of admissible A-formulas) ¢ =
o(z,a),% = (z,b) is contradictory (see definition 2.9) iff p% N Y% =

2) [€ not necessarily compact] A pair as in (1) @, is contradictory iff for some
e > 0,0l el =

3) If p, v in (2) are without parameters, we can add “iff <> NY<> = O for some
e>0".

4) If € is compact, (3) holds for formulae with parameters.

Proof. 1) Obviously if (y, ) is a contradictory pair then ¢ ¢Ny% = (). Now assume
d;(p,v¥) = 0. So for each n > 0 there exists a,,b, € € such that d(ay,b, ) <1
and ¢(a@n, @), ¥ (b, b) hold. Therefore the set {¢(z,a), ¥ (y,b)}U{d(Z,7) < 2 :n=
1,2,...} is finitely consistent. By compactness we obtain a*,b* realizing it, but
necessarily d(a*,b*) = 0, so @* = b* realizes both ¢ and 1 and we are done.

2) Trivial.

3) Follows from (2) and 3.4(3).

4) Assume @<>Mp<> £ ( for all € > 0, so the set { <> (z,a) AP <> (z,b) : £ > 0}
is finitely satisfiable (by 3.4(4)) and therefore realized in €, now by 3.5(3) ¢Nv # 0,
therefore ¢ and 1 are not contradictory. The other direction is trivial. Us.7

3.8 Claim. [Let (€,d) be a compact momspace], p a type over a set A.
Then a € € realizes pl! iff there exists @' € € realizing p,d(a,a’) < e (so pll is just
the “c-neighborhood” of p).

Proof. The if direction is obvious. Now suppose a [= plél, so [p(a)]!¥] holds for all
¢ € p, but there is no @’ |= p such that d(a,a’) < e. Then the set

{d(7',a") <e}U{p(T): ¢ €p,pis a A(€)-formula}

is inconsistent (as A is full for €), and by compactness we get a contradiction
(because in the definition of plfl we essentially close p under conjunctions).
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We connect the relevant notion of submodel defined in 2.19 with the “logical” notion
of approximation:

3.9 Observation. M <X N (M, N structures, see 2.19 for the definition 0f_—<1A) iff
for every ¢(y,7) € A,e > 0, if N |= 3yp(y,a),a € M, then N |= ¢<*~(b,a) for
some b € M.

Note that the assumption above of M being complete in fact follows from (D, X;)-
homogeneous:

3.10 Observation. Let M € K; be (D, N;)-homogeneous, then M € KY, ie., is
complete.

Proof. Let (a, : n < w) converge to a € €,a, € M. So the set {d(z,a,) <
d(a,ay) : n € N} is realized in M, so (a, : n < w) converges in M (to the same
limit, of course). Us.10

3.11 Definition. We call M € K{ pseudo (D, A)-homogeneous if for every A C
M, |A| < A, for every p € ST (A), for every € > 0,p<¢~(\) is realized in M (see
Definition 3.3).

Note that replacing p<¢~

above by ple!, we get (D, X)-homogeneous, see 3.13 below.

3.12 Definition. We say that a type p € S(A) is almost realized in B (or B almost
realizes p) if for all € > 0 there exists b. € B, b. |= plel.

3.13 Claim. [(€,d) compact] Let M € Kf be such that every 1-type over a subset
of M of cardinality less than X is almost realized in M (X infinite). Then M is
(D, \)-homogeneous.

Proof. Let p € SL(A),A C M,|A] < A. Choose by induction b, = plz#l. b, €
M, d(bpy1,bn) < gt

Why is this possible? Let g, = p(z) U {d(z,b,) < 5=}. As b, |= plzrl, some
b* € € realizes g, (see 3.8) and let ¢ = tpp(b*/AU{b,}), so ¢ € SL(AU {b,}),
and by the assumption there exists b,11 € M realizing (q;‘;)[ﬁ}. So bpy1

1 .
p[2”+1],d(bn+1,bn) < o + 57 < 57, as required.

Now, (b, : n < w) is a Cauchy sequence, let b € M be its limit (M € K¢, so is
complete). Now b |= plél for all € > 0, so b |= p (see 3.5(1)), and we are done.
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3.14 Corollary. Let M € K¢ be non-(D, \)-homogeneous. Then there exists A C
M,|A| < \,p € SEH(A) and € > 0 such that pl! is omitted in M.

Proof. This is just restating 3.13; but we prefer this form for later use.

3.15 Remark. We will not use the notion of pseudo homogeneity (Definition 3.11),
in this paper (as a postoriori all the models will turn out to be (D, A)-homogeneous),
but it is interesting to point out what non-categorical classes can look like. See 4.23
later.

3.16 Claim. If AC €, p € Sp(mcl(A)) and ¢ € € realizes p | A then it realizes p.

Proof. If p(x,a1,...,am) € p (p € A of course, parameters not suppressed) then
for each n < w we can choose b} € A (for £ =1,...,m) such that d(as,b}) < n+r2
Hence o(z, b}, ..., b7 )<Y/"+2> belongs to p as p(z, a1, ..., ay) implies it, hence it
belongs to p | A.

So if ¢ € € realizes p | A then = ¢(c,b7,...,b%)</"T2> for each n. If € =
—plc,ay, ..., am,] then some ¥, = Y(y,x1,...,2,) € A and ¢(y,z1,...,2,) are
contradictory and € = lc,ay,...,a,]. So for all n, the tuples cb?,..., b7 lies in
both (g0<%+2>)¢ and (¢<%+2>)¢, therefore <= N<=> # () for all £ > 0, which
contradicts ¢ and 1 being a contradictory pair, see 3.7(4).
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§4 STABILITY IN MOMSPACES

We define a topological version of stability. The intuition behind the definition
is that there may be many types, but the density of the space of types is small. Our
definition generalizes Iovino’s stability for Banach spaces, see [1099]. For Hausdorff
cats and continuous theories, it coincides with definitions given in [BY05], [BeUsOy]
respectively. Note that for elementary homogeneous class (i.e. discrete metric), this
definition coincides with the usual one (so certainly for an elementary class, i.e.,
¢ saturated). For a non-discrete metric the classical A-stability of D (counting
types, as in [Sh 3]) is stronger than the topological relative we define here, and is
equivalent if and only if A = A®o. Stability in our sense (i.e., A-stable for some \)
is equivalent to stability for D, but for a specific A (e.g. A = Rg) the notions differ.

4.1 Hypothesis. (€,d) is a momspace for A = Ag.

4.2 Definition. 1) A momspace (€,d) is called 0" — A\-stable if for all A C €
of cardinality A there exists B C € of cardinality A such that each p € Sp(4) is
realized in mcl(B) = B (i.e., the topological closure of B).

4.3 Claim. [(€,d) compact] For a compact momspace €, the following are equiv-
alent:

(A) € is 0T — A\-stable

(B) for each A C €, |A| < A, there exists B,|B| < X such that for each ¢ > 0
and p € Sp(A), pl#l is realized in B (B almost realizes all types over A, see
Definition 3.12)

(C) there are no A,|A| < A\, (p; : i < AT) a sequence of members of Sp(A), i.e.,
complete D-types over A and € > 0 such that p[a] ﬂpg-s] =0 foralli,j < \T.

i

Proof. (A) = (C).

Assume (A). Suppose (C) fails, so we have (p; : ¢ < AT) over A as there. By
(A) we can find B of cardinality < X such that each p; is realized in mcl(B) = B,
by, say, a;. As {a; : i < AT} form an e-net (by the nature of the p;’s), it is obvious
that density of B is at least A*, contradiction (|B| = \).

(C) = (B).
Let A be given. We construct B,, by induction:
—By=A
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1

n+1’
if p € Sp(B,,) then for some a € B, 11, tp(a, Bn)[#l](@) ﬂp[n%l]((’:) # 0

—|Bn| =X\

B = UB,, is obviously as required in (B).

How is B, 41 constructed? Let e = 1/2(n + 1) and let (p¥ : i < ) be a maximal
e-disjoint set of complete types of s-tuples over B, (Le. (p¥)Eln (pf)[e] = () for all
ij)

Bny1 = B, U{akf : a¥ realizes p¥ for some i < A\, x < w}.

Now each complete k-type p over B,, is %ﬂ-realized in B,+1, as there is 1 < A
such that (pF)El(€) N plel(€) is non-empty, let b be in the intersection. We can
replace b by any b’ realizing tp(b, B,,) hence without loss of generality d(b, a¥) < .

—B,, 41 realizes all complete D-types over B,, up to ie.

Also we can find ¢ realizing p such that d(b,¢) < . So a¥ witnesses p is %H—realized
in Bn+1 .
(B) = (A).

Let A be given. Define By = A, B,,+1 almost realizes all types over B,, B, C
By11,|Bn] = A. Let B = U B,. Let p € Sp(A). Pick by induction on n >

nw

1,a, € B, such that a, | p[%} and d(an,an—1) < 2% if n > 1 (possible by 3.8
as B, almost realizes all types over U B,). {(an : n < w) is obviously a Cauchy
i<n

sequence, let a be its limit in B and we are done by 3.5(1) as a |= pl#! for all n.

4.4 Observation. 1) If € is A-stable (in the sense of D, see [Sh 3]), then it is 07 — \-
stable.
2) If € is 0T — A-stable and A = A® then € is A-stable.

Proof. 1) Trivial.
2) Recall |B| = |B|M.

Recall

4.5 Definition. A (partial) type ¢ splits over a set A if there are (7, a),v¥(Z,b) €
q,9(Z,9),v(z,y) contradictory, and tp(a/A) = tp(b/A).

4.6 Notation. We write @ =4 b for tp(a/A) = tp(b/A).

4.7 Observation. For a complete type p, p[e]_splits over A < there exist p(Z,a),¥(Z,b) €
p,di(e(Z,9),¥(2,9)) > 2¢, tp(a/A) = tp(b/A).
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Proof. pl¥l splits over A < there exist gp el(z,a), (2, b) € ple! (where p(z,a),v(Z,b) €
p) such that a =4 b and (p[*(z, 7),¥(z, 7)) is a contradictory pair [so (¢, ) is a

2e-contradictory pair].

4.8 Observation. 1) The type p splits over A iff for some € > 0, the type plel splits
over A.

Proof. p splits over A iff some contradictory pair (¢, ) witnesses this, now pick

di(p,7)
3

£ = and use 4.7.

4.9 Lemma. Let € be 07 — Ng-stable. Then for any B C €,p € Sp(B) and
e >0, plel does not split over a finite subset of B.

Proof. Suppose ple! splits over every finite subset of its domain. We construct finite
sets A, for n < w and elementary maps F), for n € “~2 as follows:

(1) Ag=10
(2) A1 = A,U{ay,b,}, where there are @, (Z, 7), ¥, (Z, §) such that o, (T, @), ¥n (T, by,)
exemplify ple! sphts over Ay, i.e. Gn =4, bn,0n(Z,an), Yn(Z,b,) € plE! and

gp[n](q;a'n) ﬂ@bn ( 9 n) - @
(3) for n € "2, F, : A,, — € is an elementary mapping
(4) for n € "2, Fn/\ (0) ((_ln) = F77’\ <1>(6n) and Fﬂ’\ <0>,F77A (1) extend F"7'
The construction is straightforward. Now denote for n € “2, F, = U Foin, by =

nw

F,(p), A = U{Rang(F,) : n € “~2} (so it is countable) and choose' py,p} C p, €
Sp(A). Obviously, n #v € “2 = p7[7] N p = (), contradicting 0T — Ry-stability by

4.3 by an implication not using compactness.
4.10 Claim. Assume (€,d) is 07 — Rg-stable. Then

(a) if p € Sp(B) then p does not split over some countable A C B

(b) D is stable (in the sense of [Sh 3]), k(D) < .

Lthis uses “D is good”
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Remark. Note that it is close but not as in first order; there may be R exceptions.

Proof.
Clause (a):

By the previous claim for every € > 0 for some finite B. C A, p does not e-split
over B.. Let B = U{B;/(n+1) : n < w}, so B is a countable subset of A and by 4.8
and the obvious monotonicity of non-e-splitting, p does not split over B.

Clause (b): Follows from (a).

4.11 Definition. Given an uncountable indiscernible set I C ™€ and a set A C €,
define the average type of I over A, Av(A,I) as follows:

Av(AX) = {p(Z,a) :o(Z,y) € A, lg(Z) =m,a € A, and for infinitely many
¢ €I, ¢(¢,a) holds}.

4.12 Fact. If € is stable, then any indiscernible sequence is an indiscernible set.

Proof. Standard.

We often say “I is indiscernible” meaning an indiscernible sequence, which is the
same as indiscernible set.

4.13 Claim. Let € be 0T — Xg-stable.
1) If 1 C ™€ is indiscernible uncountable, A C € a set, then Av(A,I) € ST (A).
2) If A,1 are as in (1), then

Av(AX) ={p(Z,a) :p(Z,y) € A, lg(Z) =m,a € A and for all but
countably many ¢ € I does ¢(¢,a) hold}.

Proof. Using the standard argument, one shows that for a given contradictory pair
(p, ) = (p(Z,2),¢¥(Z,2)) and a € M, one of the sets {¢ € I := p(¢,a)},{c €I
(¢, a)} is finite (otherwise, let ¢ = d; (¢, 1), and construct 2% e-distant types over
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a countable set, contradictory 0 — Rg-stability; in fact, one constructs 2%° pairwise
distinct (¢, 1)-types, i.e., types mentioning only ¢ and ).

Now given a formula ¢(Z,a) over M, if {¢ € I: ¢(¢, a) holds} is infinite, then for
each ¢(Z, Z) such that (¢, 1) is contradictory, the set J, = {¢ € I : ¢(¢, a) holds} is
necessarily finite, so taking the union of J, over all such v, we obtain a countable
set of exceptions

J=UJy ={cel:E=-p(ca)}

This completes the proof of clause (2). For clause (1), let ¢(Z,a) be a formula over
A, lg(z) = m. If for uncountably many ¢ € I, (¢, a) holds, then ¢(z,a) € Av(A,I),
otherwise for some (Z,a) such that (¢,) is a contradictory pair, ¥(¢é,a) holds
for uncountably many ¢ € I, so ¥ (z,a) € Av(A,I). Clearly, only one of the two
options above is possible, so (1) follows.

Discussion: Why countable and not finite in the definition of averages? Even if
the majority satisfies ¢(Z,a), for each ¢ there can be finitely many ¢ € I such that
¢ = 9¥(¢ a) and (p,) are e-contradictory, and this finite number can increase
when ¢ goes to 0.

4.14 Lemma. If M is (D,X;)-homogeneous, p € S™ (M) then for some uncount-
able I C ™M, we have p = Av(M,I).

Proof. Let B be as in 4.10, clause (a). Let m = 1 for simplicity. Choose a, € M
realizing p [ BU{ag : f < a} by induction on a < wy. Now I = (a, : @ < wq) is
indiscernible over B by [Sh:c, 1,52].

If ¢ = Av(M,I) # pstill ¢ € Sp(M) (by 4.13(1)) and we can find p(x,b) €
q,%(z,b) € p and they are contradictory. So u = {a < w; : € = @[aa, b]} is infinite
let v C u be of cardinality o, let v C a(*) < wy and choose ajz € M (S € [a(*),w)
realizing p [ (BU{a; : i < a(x)}UbU{dl, : v € (a(x),8)}.

Easy contradiction: for a given contradictory pair (¢,1) all but finitely many ele-
ments of I have to “make a choice”, see also 4.13(1).

4.15 Definition. 1) A momspace (€,d) is called (u, *)-superstable if given (M, :
i < w) an increasing chain of (D, u)-homogeneous models (M; € K¢, of course),
mcl( U M;) is (D, p)-homogeneous.

1<w
2) We omit p if this holds for every p large enough.
3) Fully x-superstable means for every pu > |7¢| + No.
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Remark. This definition generalizes superstability for € a saturated model of a first
order theory, and € a homogeneous monster.

The following claim will be mainly of interest for us when p = Ny:

4.16 Claim. Let (€,d) be 0T — Rg-stable and compact. Then (€,d) is (ut,*)-
superstable for every pu > Ng.

Proof. Let (M,, : n < w) be an increasing sequence of (D, u+)-homogeneous models,
and assume p € S(A), A C U M, of cardinality < p is not realized in M,, = |J M,,.

nw

By increasing A and the 07 — Rg-stability (i.e., for every € > 0 trying to build
a tree (p, : n € “72) of e-contradictory types) without loss of generality p has
a unique extension in Sp(M,), call it ¢. By 3.14 as (€,d) is compact we can
add that for some ¢ > 0,pl? is not realized in M,,. Without loss of generality
A Cmcl(AN U M,,) hence by 3.16 without loss of generality A C U M, (aspis
n<w n<w
determined by its restriction to A N ( U M,)).

n<w

Now by 4.9 there is a finite B C A over which ¢ [ U{M,, : n < w} does
not (¢/5)-split. Let n < w be such that B C M,, without loss of generality q |
M,, does not split over A N M, (by increasing A and 4.10(a)). Let ¢, = ¢q |
M, and let A, = M, N A. As M, is (D, u")-homogeneous, by Lemma 4.14,
there is an uncountable indiscernible sequence I,, in M,, with Av(M,,I,) = gu;
without loss of generality |L,| = p*, and I, is indiscernible over A (not just A,!)
(as for each finite type b from A, tp(b/I,) does not split over a countable subset,
so we can remove a subset of I, of cardinality p). Now since elements of I,, do not
realize pll, for some formula ¢(z,a) € p (really Z is a singleton) there exists (Z, 2)
such that di (¢, %) > ¢ and Ve € 1,,,9(¢, a).

For k < w let ¢, € I,, be pairwise distinct. We can find @’ € M,, which realizes
tp(a, A, UBUU{¢ : k < w}). So by Claim 4.13 we know that for all but countably
many ¢ € I,, we have € = 1[¢,a’] (as this happens for {¢; : k < w} C I,,), hence
Y(z,a’) € gn C q.

Now we obtain: for some m > n,a € M,, hence (p(Z,a),1(Z,a’)) witness that
q | U{M; : ¢ < w} does e-split over B, hence ¢q does, which is a contradiction to the
choice of B. ]

We shall now proceed to proving an analogue of density of isolated types. As the
“right” notion of a type in our context seems to be an e-neighborhood of a complete
type, the assumption of “non-isolated” will not be enough for us.
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4.17 Definition. We say that M € K; (< ¢€)-omits p(z), a type over A C M,
when for no ¢ € [0,¢)r and b € M, does b realize pl!.

4.18 Definition. 1) We say that a formula 1 (Z,b) pseudo (g, () isolates a type
p(z) if <> (z,b) = plfl(Z) (note that the roles of ¢, ¢ are not symmetric and the
different notions of approximation!). In other words, if € = ¢<¢>[a,b] then for
some @ € p(€) we have d(@’,a) < € (so @ realizes p, a realizes 1< (z,b)).

2) We say that A is a pseudo (< e)-support for p(Z) or A pseudo (< €)-supports p
when there is a consistent ¥(Z,b),b C A and positive (1, (o such that 1)<¢>(z,b) |=
plE=¢I(Z). So (Z,b) pseudo (g — (2, (1 )-isolates p(Z).

3) We say that A really (< e)-omits p(Z) if it does not pseudo (< €)-support p(Z).

4.19 Claim. 1) If M € K¢ (< g)-omits p(Z),p(z) € S™(A), A C M then M really
(< g)-omits p(T).
2) If p(z) is a type over M and M really (< €)-omits p(z), then M (< €)-omits p.

Proof. 1) Assume M is a pseudo (< &)-support for p(z), i.e., there exist ¢ (z,b)
over M and (;,(, > 0 such that <> (z,b) = ple=%1(2). ¢ |= Joy(z,0), M € K7,
so for some @ € M, ¢ = <> (a,b) (see 3.9), therefore pl*=<I(a) holds, and we
have p(<%)(z) is realized in M.

2) Easier: assume a = pl*=<(z) for ¢ > 0,a € M. Then the formula “Z = a@” is
over M and pseudo (e — (2, (1)-isolates p(z) for (o = (1 = %

4.20 Definition. 1) We say ¢(Z,b) strictly (e, ()-isolates a type p if ¢(Z,b) € p
and ¢(z,b) pseudo (g, ()-isolates p.
2) We say ¢(z,b) is strictly (g, ()-isolating over A when

() bC A
(b) if (z,b) €p € SeDg(j)(A) then o(Z,b) strictly isolates p.

3) We say that p € STy (A) is strictly (e, ()-isolated if some ¢ strictly (e, ¢)-isolates
it.

3A) “Strictly e-isolate” means “for some ¢ > 0, strictly (g, {)-isolate”.

4) We say that p € S5(A) is strictly isolated when for every ¢ > 0 for some
o(Z,a) € p and some ¢ > 0 the formula ¢(z,a) strictly (g, ()-isolates the type p
(i.e., p is e-strictly isolated for all € > 0).
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4.21 Claim. [(€,d) is compact]
Assume that

(a) p € STH(A) or just p is an m-type closed under conjunctions

(0) ¢(jal—7) €p
(¢) e>0and (> 0.

Then one of the following occurs

(a) there is a pair (Y1(Z,7),1%2(Z,y)) of formulas and a sequence b* from A
such that b < b*,Lg(b*) = Lg(y) such that (Z,b) A 1(z,b*), <> (Z,b) A
o (Z,b%) are e-contradictory (and both consistent, of course), hence for no
a,¢ = (37)(d(z,a) < /2 AY(x,b) AYi(Z,b%)) and € = (37)[d(Z,a) <
e/2 Np<t>(Z,b) Ao (Z,b%)]

(B) for every @ such that € = <¢>[a’, b] there is a sequence a” realizing p such
that d(a’,a") < e (so (x,b) strictly (e, )-isolates p, see 4.20).

Proof. We can assume that clause () fails and let @’ exemplify it. So for every a”
realizing p we have d(a”,a’) > e.

Let q(5) = tp(@', A) 50 $<¢(5,5) € ¢ as € | 9= (@,F), and let r(z, ) =
p(z) Uq(y) U{d(z,y) < e}. If r(z,y) is consistent, so is r(Z,a’), and any a”
realizing r(Zz,a’) is as required in clause (), contradicting our assumption. So
r(z,y) is inconsistent. As (€,d) is compact and p(z),q(y) are closed under con-
junctions, ¥(z,b) € p(z),v<%>(y,b) € q(y) and as we can add dummy vari-
ants, there are b* C A,b<b* and 1 (Z,b*) € p(Z),v2(y,b*) € q(y) such that
{p(2,b) A1 (Z,b*), <> (Z,b) Ao(,b*),d(Z,7) < e} is contradictory. O

So we get clause («).

4.22 Isolation Claim. [(€,d) is 07 — Ng-stable and compact]

1) If a C A and p(Z,a) is consistent and € > 0 then we can find ¢1(Z,a1) and
¢ > 0 such that a1 € A and p(Z,a) A p1(Z,a1) is strictly (e,()-isolating over A,
see Definition 4.20.

1A) Similarly omitting ¢ getting strictly e-isolating.

2) The set of strictly isolated p € ST (A) is dense, i.e. for every o(Z,a) with a € A,
there exists p € ST (A), p(z,a) € p,p is strictly isolated.

Proof of 4.22. Part (1A) is restating Part (1). Also part (2) follows from part (1)
by choosing ¢, (Z, a,) such that ¢(Z,a) A p1(Z,a1)A... Apn(Z,ay) is %ﬂ—isolating
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over A (iterating 1A) and applying compactness of €. So we concentrate on proving

part (1) .
We can choose ¢, > 0 for n < w such that, e.g. 3{¢, :n <w} <e/b

Assume that 1(Z,b),b C A is a counterexample. Now we choose (¥, (Z,a,) : n €
"2) by induction on n such that

X (a) a, CA
(b) y(Z,a,) is consistent

(¢) Yes(Z,acs) = Y(T,D)

(d) if v(0), v (1) € "2 then ¥~ (o) (T, Gy~ (0)), Yo~ 1) (T, G~ (1)) are

e-contradictory

(e) ifn=v"(0) € "2 then ¢, (Z,a,) = ¥.(z,a,)

(f) ifp=v"(1) € "2 then ¢, (7, a,) )wac">(i,&u)-
By 4.21 there is no problem to carry the definition, i.e., having v, (%, a,), clause
(8) of 4.21 cannot hold (with ,,a, here standing for 1, b there) as “¥(z,a) is a
counterexample”. Hence clause («) there holds, let us choose 1, ~ <y~ (Z, Gy~ <)
for £ =0, 1.

Now let &, = X{(;n : m € [n,w)}, so clearly

(¥) ifn(1) < n(2) < wandn, € "2 for £ = 1,2 and ny<ny then w;ﬁn(zp(:ﬁ, an,) =
<§n D> = =
Lt v (I7a’771)

[Why? By 3.6 using clauses (e) + (f) of X we get ¢, = w;f"(l)’"@p, where
En(yn(2) = 2{Gm :m € [n(1),n(2))}. Now use 3.6 again.|

Now let C' = U{a, : n € “~2}.
Hence
(x) for n € “2 the set {w;r%>(:i, ann) 1 M < w} is consistent, hence is included
in some p, € S(C)
(x) if v™(l) anp € “2 for £ =0,1 then p7[781/5] (Z) Up,[752/5] (Z) is inconsistent.
[Why? By X(d) and the choice of ¢,], a contradiction to 07 — Rg-stability.
Ua.22

*x * *

The following is not used at present but clarifies non-categoricity. Recall Defi-
nition 3.11 and Claim 3.13. Note that 3.14 says that a non-(D, A\)-homogeneuos
model omits some pl¢!. Here we clarify what happens in the case of pseudo (D, \)-
homogeneous non-(D, \)-homogeneous model.
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4.23 Claim. Assume M € K{, A > Rg + |1¢| and M is not (D, \)-homogeneous.
Then (x) or (*x)

(a) N <x M, |IN| <X

(b) p€Sp(N)

() if € is 0T — p-stable for some p € [Rg + |7¢|, \) then p has a
unique extension in Sp(M)

(d) &>0 and M omits p<¢~

(x%) (a)  for every B C M,|B| < X and g € Sp(B) and ¢ > 0, the type ¢<>
is realized in M (so M is pseudo \-saturated)

(b) N <x M, |re]+Ro <||N| <A

(¢) peSp(N)

(d) if € is 0T — p-stable for some p € [|T¢| + No, A) then p has a unique
extension in Sp(M)

(e) &> 0,pl is omitted by M

(f)  for every n, for some cy,en, ¢, we have 1/(n+1) >, > (,
>0, ¢, € M realizes p<¢7> and d(c,,p<"~(€)) > 10 x £, — (p-

Proof. Clearly there is A C M such that |A] < X and p € SL(A) is omitted. Let
= |Al+|me| + N so u < . If € is 0T — p/-stable for some p’ € [|7¢|+ Vo, A), easily
without loss of generality p has a unique extension in Sp(M) and A = |N|,N <X
M. 1If for some € > 0,p<¢~ is also omitted by M, the case (x) holds. So we may
assume (x) fails, in other words, clause (a) of (#x*) holds.

Let n* < w,e* = % (any €* > 0 works). We are going to find ¢,«,epx, (p as
required in clause (f) above. First, we try to choose b, € M by induction on n < w
such that

®p (a) bpeM
(b) by, realizes p
(¢) ifn=m+1 then d(by,,b,) <10 x £*/2™.

<e*/(n+1)>

For n = 0 there is by € M realizing p<¢ /1> = p<="> by clause (a) of (x%). So we
can begin.

Point 1: We cannot succeed to choose (b, : n < w).

Why? Suppose we have succeeded. Then (b, : n < w) is a Cauchy sequence and
therefore converges to some b* € M. We will show that b* = p. If ¢(z,a) € p, then
for each n, € = o<¢"/("+1>(p,. @) so there is a, € “>€, b, € € such that
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X (a) d(by,,bn) <e*/(n+1)
(b) d(ap,a) <e*/(n+1)
(c)  E lby,an].
Now

(bl : n < w) converges to b*

(Gn, : m < w) converges to a
hence = ¢[b*,al. So b* |= p,bx € M, a contradiction.

Point 2:

So we are stuck in some n = m+1so let ¢« 1= by, epx = % /2", (i = e*/2”+2. If
the demand in (f) of () fails, then there is b, € € realizing p<¢»* > (z)U{d(z, b,,) <
10 X £« — (e } hence p<¢»*> (z) U {d(z, by) < 10 X £« — (p+ } is consistent hence
it is contained in some ¢, € S(N U {b,, }).

So for every ¢ > 0 (we use ¢ small enough) there is b, € M realizing ¢<¢>(z)
(recall we are assuming (x*)(a)!). So b, realizes (p<¢»*>)<¢> hence p<¢»* T¢> hence
if ¢ is small enough, p<=" /("> Also d(by, by) < (10 X gpe — Cpx) + ¢+ ¢ < 10 X
enx = 10xe* /2" (because if (a’,b') realized d<¢> (z,y) < & thend(a’,b’) < £+(+Q).

So by, is as required in ®,,(a) — (¢) above, so we could have continued choosing
the bn. D4.22
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§5 EHRENFEUCHT-MOSTOWSKI MODELS

In this section we adapt the technique of constructing Ehrenfeucht-Mostowski
models to our context. The reader should have a look at chapter 7 of [Sh:c| for the
basic definitions (® proper, etc.). The basic idea is the following: we start with €
in vocabulary 7. Adding skolem functions, we obtain vocabulary 7/. Choosing an
indiscernible sequence and taking its type (its EM - “blueprint”) ®, for each order
type J we can construct EM(J, ®) (like in chapter 7 of [Sh:c]), which will be an
elementary submodel of € expanded to 7/, therefore its restriction to 7, EM,(J, ®)
is an elementary submodel of €, although not necessarily complete. Taking the
completion, we obtain a model in Kf{. Adding more structure to the language we
can make it (D, \)-homogeneous, and more, see below.

Given a vocabulary 7* with skolem functions, and a 7*-diagram of indiscernibles
® (EM-blueprint), we denote for each order-type I, the EM-model (the 7*-skolem
hull of a sequence (a; : i € I)) by EM,«(I,®) or EM(I, ®) if 7* is clear from the
context. We denote by EM,, (I, ®) the restriction of EM(I, ®) to the vocabulary
T0 € 7.

Let € be a momspace. Let 7 be the vocabulary of €. It is clear that for any
7% (with skolem functions) expanding 7, a 7*-diagram of indiscernibles ® (in €
expanded to 7*), I an order, we can think of EM, (I, ®) as an elementary submodel
of €, so EM,(I,®) <r(r(¢)) €. This is not necessarily true for the completion, but

EM, (I,®) <} € by 2.20.

5.1 Claim. Let (€,d) be a momspace, T the vocabulary of €, || < Ro,7" 2 7,7’
with Skolem functions, ® a 7'-blueprint.
0A) For every linear order J, EM,(J,®") € K;
and mcl(EM,(J, ®")) € K¢.

0B) If J, C Jy then EM,(J1,®") <L EM,(J2,®); moreover EM,(J1,®’) <
EM, (J1,®') and mcl(EM, (J1, ®')) <4 mcl(EM, (Jo, ®')).
1) There exists T* expanding 7', |7*| = 2% and a 7*-diagram ®* such that for each
finite order J, EM,(J, ®*) is (D, Ny)-homogeneous.
2) If € is (Nq, x)-superstable, then ®* as in (1) works for all orders J, but we have
to take the closure, i.e., mcl(EM,(J, ®*)) which € K¢ is (D,RXy)-homogeneous for
all J.
3) If € is 0T — w-stable, then 7 in (1) and (2) can be chosen of cardinality N;.

Proof. 0) (A),(B) straight.
1) Choose for i < Ny, 7;, ®;, || = 2% with skolem functions expanding 7/ increas-
ing continuous such that for each 7;-type p over a finite subset of the skeleton
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of EM(I, ®;), say ai,...,a,, there exists a function symbol f, in 7,41 such that
fplar, ..., ay) realizes p.

More precisely, we do the following: for any consistent set p of formulas of
the form ¢ = ¢(x,y1,...,yn) € 7i (Y1,-..,Yn are the parameters; some of the

y;’s may be dummy variables) such that p is closed under conjunctions and for
every ¢ € p,Jxp(z,y1,...,Yn) € P;, we add a function symbol f, to 7,41 such
that for every ¢ € p the following formula is in ®;,1 : Jzp(r,y1,...,yn) —

C(fp(yis- s yn)s 1, Yn)-

Now let ®* = U ®; and let M = EM.(J,®*) for some finite J. Choose A C M
i<Ny

countable, p € S(A). As A is countable, it can be viewed as a countable subset of

EM(J, ®;) for some i, p is a type over the finite skeleton, so realized in EM(J, ®;41),

therefore in M, as required.

2) By induction on |J|. We just need to show that for an increasing sequence of

linear orders .J;, UEM (J;, @) = EM( UJ“ ®) and this is clear, since elements of

EM(J, ®) have ﬁmte character, i.e., use only finitely many elements of the skeleton
J. Of course, we then have to take metric closure.

3) Let J,, be a linear order with n elements. Similarly to (1), we choose by induction
on ¢ < wi countable 7; C 7* increasing continuous, closed under skolem functions,
and ®; such that each type over EM(J,, ®;) is almost realized in EM(J,, ®;11):
we choose a countable set B which almost realizes all types over EM(J,, ®;), and
for each such p and for each k we have f, , € ®;4; such that f, .(a) is %—close to
a realization of ¢ for each ¢ € p.

5.2 Corollary. If € is 0T — w-stable, it has a (D,R1)-homogeneous model in all
uncountable density characters.

Proof. Let A > Xg. Consider mcl(EM (A, ®*)), ®* as in 5.1(3) (note that |®*| < V)
and use 5.1(2) + 4.16.

5.3 Discussion: If (€,d) is 0 — Rg-stable, does it have a (D, \) homogeneous model
in every A7 By 7.6 this follows from categoricity, which is good enough for our
purposes.
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66 EMBEDDINGS, ISOMORPHISMS AND CATEGORICITY

In this section we introduce notions of e-embedding and e-isomorphism which
are weaker than isometry. This will lead us to the notion of weak uncountable
categoricity that we investigate in §8.

6.1 Convention. Models are from K = K;.

6.2 Definition. For two metric structures in the same vocabulary 7 and € > 0 we
say

(1) f: My — Ms is an e-embedding if for every A-formula ¢,a € M, M; =
p(a) = M k= pl¥)(a)

(2) f: M; — Msis an e-isomorphism if it is an e-embedding which is one-to-one
and onto

(3) My, My are et-isomorphic if there exists a (-isomorphism fe o My — My
forall ( > ¢

6.3 Observation. 1) 0-embedding is a regular notion of (elementary) embedding,
0-isomorphisms is regular isomorphism (in particular isometry).

2) If there exists a (-isomorphism f¢ : M; — My for all { > €, then there exists
a (-isomorphism g : My — M; for all ¢ > ¢ (so clause (3) of the definition above
makes sense).

Proof. Clear.

The following definition is the central one.

6.4 Definition. Let (€, d) be a momspace, € > 0, A a cardinal.

1) We say € is eT-categorical in \ if every two complete Mi, My € K¢ of density A
are £'-isomorphic.

2) We say € is categorical in A if every two complete My, My € K¢ of density A are
isomorphic.

3) We say that € is possibly categorical (e*-categorical) if it is categorical (e*-
categorical) in some A > .
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4) We say that € is weakly uncountably categorical (wu-categorical) if the following
holds: for each € > 0 there exists a cardinal X such that € is eT-categorical in .

6.5 Observation. 1) If e > ¢ then (*-categoricity implies e*-categoricity (for a
specific \).

2) Possible 0T-categoricity implies weak uncountable categoricity.

3) Categoricity implies all the other notions (for a specific ).

6.6 Theorem. [(€,d) compact]
Let K = K{(€) be a wu-categorical momspace with countable language. Then € is
0t — Ng-stable.

Proof. Let 7 be 7(K), 7’ is 7 expanded with skolem functions, ®-proper for K. So
7' is countable.

6.7 Subclaim. Under these assumptions, let I be a well-ordered set, My = EM (1, ®),
A C M, is countable € > 0. Then each e-disjoint set & of types from Sp(A), 5-

realized in My (so p1,p2 € & = p[f] U p[;} is contradictory and for each p € 2, plz]

is realized in M) is countable.

Proof of the Subclaim. If not, let (pi =@ < Eul) be e-disjoint types over A,pq[;%]
realized in My by b;. Pick by € EM(I, ®),d(b9,b;) < 155. Without loss of generality

A =EM(J,®) for J C I,|J| <Wy. As J is well ordered, by the standard argument,
there are uncountably many bY’s satisfying the same type over A, but ) = pEE] and
p£5]7 ;E] are contradictory for i # j, a contradiction. Ug.7

Now we prove the theorem. Assuming € is not 0™ —w-stable, we get A C € countable
and (p; : i < wy) e-disjoint types over A for some £ > 0 (remember 4.3). Let A be
such that € is 6 T-categorical in A for § << . Now apply the usual argument: choose
M; € K of density A which includes A and (b; : i < wq) realizations of (p; : i < wy),
and on the other hand consider My = EM(A, ®). Applying f : My — My which is
a d1-embedding 6; < 5, we get that (f(b;) : i < wy) contradict 6.7. Us.6
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6.8 Corollary. Let € and K be as in 6.6, then K has a (D,¥;)-homogeneous
model in X (recall this means of density \) for all X > V.

Proof. By 6.6 and 5.2.

6.9 Observation. [(€,d) compact].

1) Every two (D, A)-homogeneous models at density character A and isomorphic.
2) No (D, A)-homogeneous model is 0T -isomorphic to a non-(D, \)-homogeneous
model.

Proof. 1) Standard and does not require compactness.
2) By Corollary 3.14.
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§7 UNI-DIMENSIONALITY

The following notion was explored in [Sh 3] but not defined there:

7.1 Definition. A (good) finite diagram D is uni-dimensional if for some regular
A there is no (D, A)-homogeneous model of K which is not AT-homogeneous in
cardinality > A\*.

In [Sh 3] it is essentially proven (see [Sh 3, §6]) that:

7.2 Theorem. Assume D is stable. Then the following are equivalent:

(1) D is not uni-dimensional

(2) there is some regular A such that there are mazximally (D, \)-homogeneous
models of arbitrary large cardinalities

(3) for all large enough regular A < p, there is a (D, \)-homogeneous model M
and {(a; i < p),(b; 1 i < A\) mutually indiscernible sequences in M such
that (b; : i < \) is a mazimal indiscernible sequence in M, i.e., can not be
extended in M

(4) there is a cardinal X and a model M of cardinality X which is (D,Yy)-
homogeneous, but not (D, \)-homogeneous.

7.3 Remark. In our context we will say “C€ is uni-dimensional” or “K is uni-
dimensional”, meaning that D is.

7.4 Reminder. 1) For an indiscernible set I C € of cardinality > |7¢|+ Ng and a set
A C ¢, we define

Av(I, A) = {p(Z,a) :a € A, infinitely many elements
of I satisfy ¢(z,a)}.

We call this set the average type of I over A. (See 4.10, “all but finitely many” is
wrong.)

2) For stable €, for any indiscernible I, |[I| > |7¢| + No and set A, Av(I,A) is a
complete type, see 4.13(1).

3) Let I = (a; : i < a), where (a; : i < «) is indiscernible. Then a,, = Av(I, UI).
4) Let I be indiscernible, I = (a; : i < a) and let a, = Av(I,UI). Then (a; : i < «)
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is indiscernible.

5) It follows from (3) 4+ (4) that I = (a; : i < o) € M is a maximal indiscernible
sequence (set) in M iff Av(I,UI) is omitted in M.

6) (z,ai,,...,a;,) € Av(ILLUI) for I = (a; : ¢ < ¢) (d-limit ordinal) iff a; =
o(z,ai,,...,a;, ) for some/every j & {iy,... in}.

7.5 Theorem. 1) Let (&, d) be a momspace, 7(€) countable, 0T -categorical in
MA >Ny, Then € is uni-dimensional.
2) The same is true if € is wu-categorical.

Proof. 1) If not, choose 0 < #; << 03 and let M be a model M € K, |M| = 0y, M
is #;-homogeneous, (a; : i < 62),(b; : i < 01) mutually indiscernible, (b; : i < 601)
cannot be extended in M, so (denoting I = (a; : ¢ < 03),J = (b; : i < 01)) Av(J,UJ)
is omitted in M.

We now expand the language by a predicate P for J and skolem functions, call
the new vocabulary 7/. Let T' = Th,/(M’) (where M’ is M in the expanded
language).

Note that

® T' = “P is a 7-indiscernible set” i.e., for every T-formula, 7" implies that
any two tuples from P behave the same.

The type p = Av,(J,UJ) is omitted in M, therefore without loss of generality by
3.14, for some ¢, pl! is omitted. If we choose 61,0y carefully enough (65 >> 6;) in
the beginning, then by the Erdés-Rado theorem (as in the proof of [Sh:c, VIIL,5.3],
or using [BY03a](1.2)) we can choose a diagram of indiscernibles (EM-blueprint) &
in vocabulary 7’ such that for any u, denoting the skeleton of M/ := EM(u, ®) by
I' = (a} :i < p), we have

®; I’ is a 7/-indiscernible sequence (set), moreover, it is 7’-indiscernible over

PMs
®9 for each n < w, for some i1,...,i, < 62,a(,...,a,_, has the same 7/-type
as Agqy v vy Q-

Now:

®3 let My = EM;,(u, @), then My < €, so mcl(My) € K = Kf (as on the one
hand 7" has skolem functions, and on the other hand M| does not realize
T-types over () that were not realized in M, so My is a D-model)

®4 M} =T (skolem functions, so M} = M’)
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®5 PMo is a r-indiscernible set (by ®4 and @ above)

®s PMo is countable. Why? Each b € PMo is of the form o(ai,,...,a; ) for
some 7/-term o. But as I’ is 7/-indiscernible over PMo each such b depends
only on o, and there are countably many 7’-terms (7 is countable, and so

is 7).

Denote J' = PMo_ a r-indiscernible set. Denote p’ = Av,(J’,UJ’). Then
[p']l¥) is omitted in My.

Why? Pick a(agj,...,a;n) € My. Let ji,...,jn be such that aj ,...,a; =
ajys---sa5,,0(a;,...,a; ) € M does not realize pll, so for some p(z) € p, M’ |=

di(o(a;), ) > .

Note: ¢(z) = ¢(z,¢),é € PM'. Call that ¢(z,¢) € p < M’ = ¢(d, ) for some/all
de PM' dné =0 (as PM = Jis an indiscernible set, see 7.4(6)). So M’ |= “Jc € P
such that [Vd € P\¢, ¢(d,¢)] & [di(o(a;),¢(z,¢)) > €]”. Therefore, M satisfies
the same formula with o(a}), which obviously means that o(a}) does not satisfy
[p'][¢], as required.

We have finished now: let u = A, so in My = EM, (), ®) we have a countable
indiscernible set whose average is omitted (as (p’)¥! is omitted in My), so My is a
non-(D, Ny )-homogeneous model in & of density A, but by 6.8 we have a (D, Ny)-
homogenous model of density A > 8. So categoricity in \ fails, moreover, 07-
categoricity fails, as My is at least S-distant from any (D, X;)-homogeneous model.
2) Repeat the proof of (1), and at the end choose A in which, say, (§)-categoricity
holds, and get the same contradiction.

7.6 Claim. Let € be a wu-categorical momspace, K = K{(€).

1) There exists a (D, X)-homogeneous model in K for all A > Ng.

2) Each (D,¥y)-homogeneous model in K of density X is (D, \)-homogeneous.

3) If K is 0" -categorical in X\ > g, then each K-model of density > X is (D, \)-
homogeneous.

Proof. 1) By 6.8 and uni-dimensionality.

2) By the equivalence 7.2.

3) Otherwise by a Lowenheim-Skolem argument we will get a non-(D, \)-homogeneous
model of density A, and together with (1) this will lead to a contradiction.



Paper Sh:837, version 2009-06-08_10. See https://shelah.logic.at/papers/837/ for possible updates.

MODEL THEORETIC STABILITY AND CATEGORICITY 37

§8 THE MAIN THEOREM

8.1 Hypothesis. € is a compact momspace with countable vocabulary.

In this section we prove the main theorem of the paper. The proof is rather long
and technical, but the ideas behind it are quite simple, so let us give an outline of
the main steps.

We begin with the following situation; a model N, a countable subset B and a
type p € Sp(B) which is really (< ¢)-omitted in N. We would like to construct
such a model of an arbitrarily large density character u. The strategy is as follows:
construct by induction on a < p tuples ¢, such that A, = N U {cg : f < a} still
really (< €)-omits p.

We have to make sure that A, is a model, and that A, has cardinality p. Then
the metric closure of A, mcl(A,,), will be the desired model.

Making sure that A, is a model is not hard. For this purpose, whenever A, is
not in K7, we choose ¢, to realize a formula over A, whose realization is missing
on A,. In order not to create a pseudo-support for p while doing that, we choose
¢q carefully, namely, ¢, realizes a strictly isolated type over A,. So that part of
the proof is very similar to the classical proof of Morley’s thoerem. The situation
is slightly complicated by technical issues related to strict isolation, and some cal-
culations are needed in order to show that p is still really (< €)-omitted. This is
the content of Claim 8.3.

Making sure that A, has the right density is more difficult. We take care of
this requirement at stages a when A, € K;. At these stages we need to pick
Co “close enough” to elements of A, (to make sure it does not provide pseudo
(< e)-support for p) and yet “far from” A, in terms of the metric in order to make
sure that the density character increases. In classical model theory one would at
this point take ¢, to continue an indiscernible sequence in A,, more specifically,
co E Av(Ay,I) with I C A,. Unfortunately, we do not have true w-stability, so
existence of indiscernible sequences is not guaranteed.

What we do in Claim 8.4 is “immitating” existence of indiscernible sequences.
Specifically, we recall that our model M = mcl(A,) can be thought of as a sub-
model of an Ehrenfeucht-Mostowski structure M*. Using this representation, we
can find an indiscernible sequence in M* which is “close enough” to elements of M.

More precisely, we do the following. Since M has uncountable density character,
we can find (a, : @ < wy) in M e-distant from each other. If we knew that
this sequence had an indiscernible subsequence, we would choose b = ¢, to satisfy
its average over A,. Since it is not necessarily possible to do that, we use the
representations of M as a subset of the closure of EM(Z, ®*) and choose a sequence
(ban : n < w) of elements of EM(I, ®*) converging to a, for each a. Then using
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some infinitary combinations, we construct in an extension of M* an indiscernible
sequence which is “similar” to the diagonal of the matrix (b, @ o < wi,n < w),
hence “converging” to a subsequence of (a, : @ < wy). Realizing the average type
of that sequence will give us the desired new element b = c,.

Note that the second step would be simplified significantly if we assumed cat-
egoricity above the continuum. In that case, any sequence would have an indis-
cernible subsequence (since € is truly stable in A = AY), and one could apply an
argument along the lines of the classical ones.

8.2 Theorem. Assume K = K{(€) wu-categorical. Then K is A-categorical for
all A > Vg, moreover, any model of K of density A > Wg is (D, A)-homogeneous.

Proof. Suppose not, so € is 07 — Ry-stable, (X1, *)-superstable, uni-dimensional by
6.6, 4.16, 7.5, and there are A > Yo, N € K, ch(N) = A > Ry, N is not (D, \)-
homogeneous. By 7.6, N is not (D, X;)-homogeneous.

Then there exists B C N, |B| < Xy, p € SL(B),p is omitted in N, and in fact by
3.14, p?l is omitted in N for some & > 0. Therefore (by 4.19) p has no pseudo
(< e)-support in N, see Definition 4.18.

Let i > X be a large enough regular cardinal.
We choose ¢, by induction on o < p such that

® Ao = NU{és: B < a} really (< €)-omits p(z).

Case (a): If Ay, =t NU{cg : B < a} is not in K;. Then first choose ¢(z,y) €
A,a C A, such that ¢(Z,a) witnesses A, ¢ K7, and second choose ¢, realize some
strictly isolated ¢ € S%'(m) (An) which contains ¢(Z,a).

By 8.3 below, i.e., the next claim, this is possible and ® is preserved.

Case (b): Not (a), then é, ¢ mcl(A,) and ® holds, using 8.4 below.
Having carried out the construction, let M = mcl(A,,).

Let us show that M is a non-(D, Y;)-homogeneous model of density character
. Since the proof is an easy version of some arguments which appear in Claim 8.4
below, we decided to give all the details.

First we note:

(%) there is a club E of p such that o € E = A, € K;.

In order to prove (), assume towards a contradiction that there is a stationary set
S C u such that « € S = M, ¢ K;. Hence for every a € S there is a formula
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Ya(Za, o) and a, € A, such that ¢, (Z,as) is not realzied in A, but ¢, (¢, aa)
holds.

Since there are only countably many formulae, without loss of generality @, (Za, Ja) =
©(z,2) for all @« € S. Now define f : S — p by f(o) = min{f : @, € Ag1a}.
Clearly, f is regressive, so for some S’ C S stationary and 5 < u we have a, € Ag
for all & € S’. Since |Ag| < u, it must be the case that a, = a for some
a < o €8, so the formula ¢, (Z,a,) is taken care of twice in our construction,
which is of course impossible (¢, (Z, @y ) is realized by ¢, € Ay/).

So we have shown (x). It is now easy to derive:

(¥)1 A, € Ky, hence M € Kf

()2 char(M) = p (this is because by (x) there is a club E of g on which case
(b) holds)

(%)3 M is not (D, R;)-homogeneous. In fact, it cannot be (5)*-isomorphic to a
(D, X;)-homogeneous model, because p(x) is (< €)-omitted by it (by ® and
4.19(2)).

But for each p > Rg there is M € K{, Ch(M) = u, M is (D, R;y)-homogeneous (by
5.1(2)). So for arbitrarily large enough p, there are two models of density character
1, which are not (5)"-isomorphic (see (x)3), a contradiction to wu-categoricity.

In order to complete the proof of the main theorem, we only need to show that the
construction above (both Case (a) and Case (b)) is possible, which is done in the
following two claims.

8.3 Claim. [(€,d) is 0T — Rg-stable, compact]

Let p € S}, (B), B countable, A 2 B, A is not a pseudo (< €)-support for p, see
Definition 4.18. Let p(Z,a) be a consistent formula over A. Then there exists b € €
such that € = o(b,a) and A Ub is not a pseudo (< €)-support for p. In fact, it is
enough to choose b such that tp(b, A) is strictly isolated and € = ¢ (b, a).

Proof. By 4.22(2) for some b € ¢(€,a), tp(b, A) is strictly isolated. So assume
toward contradiction

(¥)1 AUb is a pseudo (< &)-support for p(z).
Hence (by Definition 4.18) there are ¢(1),((2),9:(Z, b, )

()2 191<C(1)>(£, b,c1) = ple=<@(z) and ¢, € A and 9,(Z,b,¢;) is consistent.
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As tp(b, A) is strictly isolated (see Definition 4.20), there are ((3) > 0 and (¢, ¢2)

such that
(x)s3 (i) Y(g,e2) € tp(b A)soca C A
(m)( ()g Ei) pseudo (¢(1),((3))-isolates tp(b, A), i.e. Y<¢G)>(g,co] |=
t 1
Let
(¥)a V2(Z,¢1,¢2) = (TP (Y, ¢2) N1 (2,7, e1)]-
Clearly

()5 V2(Z,¢1,C2) is consistent.
Choose ((4) such that
()6 0 < ((4) <((3) and ((4) < ¢(1).
We shall now show that ¥5(z, €1, é2) pseudo (¢ — ((2),((4))-isolates p (and is over
A), ie.
8 9SS (3,60, 25) = ple—S@ ().

This will give a contradiction to the assumption that A is not a pseudo (< ¢)-
support for p. So assume

(*)7 € ): 192<C(4)>[&, 61, 62].

By the definition of 192< <(4)>, there are a’, &, ¢, such that
(*)8 (Z) < ): 192[&/7 5/17 5/2]

i) d(a@’,a) < (4) <¢(1)

(

(
(idi) d(ey,c1) < ((4) <((1)
(iv)  d(c,c2) < ((4) <C(3).
By the choice of ¥, i.e. (x)4, for some b’
(%)o (i) €l [b,c)
(ii) € E9a’, b, ).

By the choice of 9(y,¢c2), i.e., (x)3(ii) (note that as 0 < ((4) < ((3), we have
Yp<CB)>(V &)) there is b € € such that

(*)10 (1) 0" 1:ea1_izes tp(b, A)
(i) - d(b",b) < ¢(1).
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So d(a,a’) < ¢(4) < ¢(1),d(,v") < ¢(1) and d(¢y, &) < ¢(4) < ¢(1), therefore by
(%)g(i7) we get

(1 €97 @0, &)
So by (*)2, replacing b with b” which has the same type over A
()12 @ realizes ple—¢(2)]

so we have finished proving X, hence getting the desired contradiction. Us.3

8.4 Claim. [(€,d) is 0T — Rg-stable,uni-dimensional]
1) Assume

(
(e) M really (< €)-omits p(z), see Definition 4.18.

Then for some b € €\M, also M U {b} really (< €)-omits p.

2) Assume clauses (a)-(e) and b € €,b & M, then M Ub really (< €)-omits p(x)
when: for every ¢ € “>M and { > 0 there is V' realizing tp(b, B U €) such that
dy, 9O ) < ¢

3) In clause (2) it is enough to assume that for every ¢ € “> M and ( > 0 there
exist b',b~ such that d(b,b~) < ¢,d(t/, M) < ¢ and b’ realizes tp(b=, BUE).

Remark. Assuming just |7¢| + Ro + |B| < Ch(M) suffices. Assuming Ch(M) >
|B| + 2% + |7¢|, we can waive the assumption on 07 — Ry-stability.

Proof. 1) Let @* be as in 5.1(3), so 7(®*) of cardinality R;. Recall

(x) for every uncountable (large enough if we do not assume 7 countable) linear
order I, M} = mcl(EM, (I, ®*)) is (D, |I])-homogeneous.

[It is (D, N )-homogeneous and use uni-dimensionality.] Choose I = X for A regular,
A > Ch(M), and let M* = M3.

So without loss of generality M C M*. As Ch(M) > Xy, we can by 8.7 below
find e > 0 and a, € M for a < wy such that @ < f < w; = d(aq,ap) > e.
Let {aw,4+n : n < w} € M include B. Now for each a < w; +w and n < w
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we can find by, € EM,(I,®*) such that d(an,ban) < 1/(n+1). Let by, =

Ua,n(ata,n,m e ’ata,n,k(a,n)—l)'
Let (for a < wy)

So ={tgne: (B<a)Vpew,w +w)and n <w,l<k(B,n)} CA

Let (for a < wi,n < w,f < k(a,n))

Yoo =Min{y € S U{A} 1 tane <7}

8.5 Subclaim. Under these assumptions, there exists C, a club of wy, such that

() if 6 € C' and m < w then the following set is stationary

Wsm = {a € C for every n < m, o4, = 0s5n, hence k(a,n) = k(d,n) and
(Yot = Vo.n,t) N (Yane € Sa = Yone € Ss) for £ < k(d,n)}.

Proof. By a standard coding argument, there exist functions f, : w1 — wp (for
n < w) such that for a < wy, f,,(a) “encodes” the finite sequence

<0a,m tm S n> — <(ﬁ;,m,£7mz,m,£7£;m,ﬁ) :m S n7€ < k(a7m)>

where 87, , <wi +w,m; ,,, and £, , are natural numbers, satisfying:

® (Bh .m0 Me.m.es Lom.e) 18 the minimal (lexicographically) triple (3%, m*, £*)
such that tﬂ*,m*,g* = Ya,m,£-

In fact, there exists such coding f, : w3 — w; such that on a club C/, f, is
regressive. Now by Fodor’s lemma, the following set contains a club (as its wq
complement cannot contain a stationary set):

Cl={6eC) {aeC) : fula)= f,(8)} is stationary}.

We call this club C,, and let C = ﬂ C.,, obviously C' is as required. s 5

nw
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8.6 Subclaim. Under these assumptions, there exist §(x) € C such that (Ym <
w)(3o € 6(x) NC)(6(x) € Ws ).

Proof. Note that d(x) € Wsm < 6 € Wstym < Wsm = Wso),m, so all we
are looking for is d(x) satisfying d(x) > min W), for all m; now if for all
0 < widm < w such that 6 = min W5, we set an easy contradiction (e.g. by
Fodor’s lemma, although it is an overkill here). Lse
By a similar argument we can find §(x) € C such that there exists a sequence
(6n :n < w),6n € C,6, < 6py1 < 0(x) for all n and Wi, ,, = Ws, ., for all n, so in
particular m <n = Ws_ m = Ws, m = W) m-
We obtain (by the choice of o, C, Ws,_ n, etc.):

®1 (b5, m : m > m) is an indiscernible sequence over [B,, = B U {by; : o <
Om, i < w}] for each m.

In fact, we can say more:

®o for each ¢ € EM(Z, ®*) finite and for each m < w, there exists n* < w such
that (bs, m,n > n*) is indiscernible over B,, U ¢.

We would like now to continue the indiscernible sequences above in a proper exten-

sion of M*.

Let J = I x Q and let us identify I with I x {0}, so we think of I as a subset
of J. Now for each m < w,? < k(dm, m), look at the sequence (t5, m.e: n > m).
It is either constant or strictly increasing (recall ®1), in the first case define t;, , =
ts,,.me € 1 C J, otherwise choose t:n,f € J such that ts, e < t:m,é < sup{ts, m. :
n > m}.

Note:

(#x) for each m < w, the (quantifier free) type of the sequence (t; , : n <
m, ¢ < k(6(x),n) in the language {<} (order) is the same as the type of
<t5(*),n,£ n < m7£ < k(é(*)7n)>

Let Mt = mcl(EM,(¢)(J, ®*)) < €, M extends M*. Let b} = 05(4),0 (L5 0, - -- b k(S(6)m)—1)
so b € M* (b5 : n < w) is a Cauchy sequence (as (b5« : n < w) is a Cauchy
sequence, use the indiscernibility of J) with limit b* € M.

Note (by ®2 and the choice of b))

@3 for each ¢ € EM(I, ®*) finite and for each m < w there exists n* < w such
that (bs, m :n >n*) —~ b¥, is indiscernible over B U ¢. In fact, by 3.16, the
same is true for each ¢ € M™ finite.
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We also observe
®4 b* € M+\M*.

Why? Recall that (aq : @ < wi) form an e-net, so for m big enough, b, m., bs,,,,
can not be too close for n; # ny. Combining this with ®3 we see that b}, can not
be £ close to any ¢ € M*.

m

®5 b* is as required in (3).

Why? Given ¢ € M finite and { > 0 we choose m and n big enough such that
by, is close enough to b*, b5, ., is close enough to as, € My, and tp(bs, m, BU¢) =
tp(b},, BU¢) [possible by ®3].

2) Assume this fails, so there are ¢ > 0,& C M and a formula 9(Z, b, ¢) such that
9<1(a,b,2) k- pl=)(3).

Choose (1,(2 > 0 such that (; < (3 < ( and (; < ( — (2. By the assumption
there are o', b” such that

(*) (a) b" realizes tp(b, BU¢)
(b) b C M of length £g(b)
() d,b") <G <C— G
By clause (a) of (¥) as <> (z,b,¢) = ple=<(z) also <> (z,0",¢) = ple=<(z).
Hence (by *(c) and 3.6(3)) 0<% (z,b',¢) = plc=<)(Z), a contradiction to clause (e)
of the assumptions of the Claim, that is, p being really (< €)-omitted by M.
3) Similar proof to (2), first using 3.6(3) to show that 6<¢>(z,b~,¢) = ple—<(z)
for some (’. Us.a

8.7 Observation. Let (X,d) be a non-separable metric space. Then there exist

(a; i <wi) € X and €* > 0 such that d(a;,a;) > €* Vi, j < wi.

Proof. Choose by induction on i < wi,a; such that a; ¢ {a; : j < i}. Choose
0 <e; <d(a;,{aj:j <i}),e; € Q. Without loss of generality ¢; = ¢* for all ¢, and
we are done. Og 2
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