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ANNOTATED CONTENT

60 Introduction, pg.4-7

§1 Strong dependent: basic variant, pg.8-27

[We define k;c¢ (T') and strongly dependent (= strongly! dependent = ki (T) =
Ng), (1.2), note preservation passing from 7" to T°4, preservation under in-
terpretation (1.4), equivalence of some versions of “@ witness k < kit (T)”
(1.5), and we deduce that without loss of generality m = 1in (1.7). An ob-
servation (1.10) will help to prove the equivalence of some variants. To some
extent, indiscernible sequences can replace an element and this is noted in
1.8, 1.9 dealing with the variant k;.,(7"). We end with some examples, in
particular (as promised in [Sh 783]) the first order theory of the p-adic is
strongly dependent and this holds for similar fields and for some ordered
abelian groups expanded by subgroups. Also there is a (natural) strongly
stable not strongly? stable 7.

§2 Cutting indiscernible sequence and strongly’, pg.28-41

[We give equivalent conditions to strongly dependent by cutting indiscernibles
(2.1) and recall the parallel result for 7' dependent. Then we define kit 2(7")
(in 2.3) and show that it always almost is equal to kit (7") in 2.8. The ex-
ceptional case is “T is strongly dependent but not strongly? dependent” for
which we give equivalent conditions (2.3 and 2.10.]

83 Ranks, pg.42-51

[We define My <4 My, My <a, M, (in 3.2) and observe some basic prop-
erties in 3.3. Then in 3.5 for most £ = 1,...,12 we define <y, <£t, <f;r, <!,
explicit A-splitting and last but not least the ranks dp-rk A.¢(x). Easy prop-
erties are in 3.7, the equivalence of “rank is infinite”, is > |T'|", T is strongly
dependent in 3.7 and more basic properties in 3.9. We then add more cases
(¢ > 12) to the main definition in order to deal with (verssion of) strongly

dependency and then have parallel claims.]

84 Existence of indiscernibles, pg.52-55

[We prove that if y > |A| +|T| and a, € ™€ for a < J,+ then for some
u C 3+ of cardinality ut, (aq : a € u) is indiscernible over A.]
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§5 Concluding Remarks, pg.56-86

[We consider shortly several further relatives of strongly dependent.

(A) Ranks for dependent theories, pg.56

We redefine explicitly A-splitting and dp-rk A, for more cases, i.e. more £’s
and for the case of finite Ay’s in a way fitting dependent 7' (in 5.9), point
out the basic equivalence (in 5.9), consider a variant (5.11) and questions
(5.10,5.12).

(B) Minimal theories (or types), pg.62

We consider minimality, i.e., some candidates are parallel to Ng-stable theo-
ries which are minimal. It is hoped that some such definition will throw light
on the place of o-minimal theories. We also consider content minimality of
types.

(C) Local ranks for super dependent and indiscernibility, pg.64

We deal with local ranks, giving a wide family parallel to superstable and
then define some ranks parallel to those in §3.

(D)  Strongly? stable fields, pg.67
We comment on strongly? dependent /stable fields. In particular for every
infinite non-algebraically closed field K, Th(£) is not strongly? stable.

(E) Strongly® dependent, pg.70
We introduce strong®*) dependent/stable theories and remark on them.
This is related to dimension

(F)  Representability and strongly; dependent, pg.72

We define and comment on representability and (b; : t € I) being indis-
cernible for I € ¢.

(G) stronglys stable and primely regular, pg.76 types.

We prove the density of primely regular types (for stronglys stable T') and
we comment how definable groups help.

(H) T is n-dependent, pg.85
We consider strengthenings n-independent of “T" is independent”.]
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§0 INTRODUCTION

Our motivation is trying to solve the equations “x/dependent = superstable/stable”
(e.g. among complete first order theories). In [Sh 783, §3] mainly two approximate
solutions are suggested: strongly’ dependent for £ = 1,2; here we try to investigate
them not relying on [Sh 783, §3]. We define k. (T) generalizing x(7'), the definition
has the form “k < kict(T') iff there is a sequence (p;(Z, ;) : i < k) of formulas such
that ...”.

Now T is strongly dependent (= strongly! dependent) iff ;e (T) = Ng; prototyp-
ical examples are: the theory of dense linear orders, the theory of real closed fields,
the model completion of the theory of trees (or trees with levels), and the theory
of the p-adic fields (and related fields with valuations). (The last one is strongly®
not strongly? dependent, see 1.17.)

For T superstable, if (a; : t € I) is an indiscernible set over A and C' is finite
then for some finite I* C I,(a; : t € I\I*) is indiscernible over A U C'; moreover
over AUCU{a; : t € I*}. In §2 we investigate the parallel here, when [ is a linear
order, complete for simplicity (see more and history in [Sh:950, §](1C),1.37). But
we get two versions: strongly’ dependent ¢ = 1,2 according to whether we like to
generalize the first version of the statement above or the “moreover”.

Next, in §3, we define and investigate rank, not of types but of related objects
r = (p, M, A) where, e.g. p € S™(M U A); but there are several variants. For some
of them we prove “T is strongly dependent iff the rank is always < oo iff the rank
is bounded by some v < |T'|7”. We first deal with the ranks related to “strongly!
dependent” and then for the ones related to “strongly? dependent”.

Further, serious evidence for those ranks being of interest is in §4 where we use
them to get indiscernibles. Recall that if T is stable, |A] < A = M7l a, € € for
a < p = AT then for some stationary S C pu, (a, : @ € S) is indiscernible over
A, |S| = p, we can write this as A — (A);‘*; We can get similar theorems from set
theoretic assumptions: e.g. p© a measurable cardinal, very interesting and important
but not for the present model theoretic investigation.

We may wonder: Can we classify first order theories by A =7 (u)x, as was asked
by Grossberg and the author (see on this question [Sh 702, 2.9-2.20]). A positive
answer appears in [Sh 197], but under a very strong assumption on 7" not only 7'
is dependent but every subsets Pi,..., P, of |M| the theory Th(M, Py,...,P,) is
dependent, i.e., being dependent is preserved by monadic expansions.

Here we prove that if T is strongly stable and p > |T'| then J,+ —p (u*)5¥

pt e
We certainly hope for a better result (using 3,,(|T]) for some fix n or even (2/)*
instead of J,+) and weaker assumptions, say “I' is dependent” (or less) instead
“T" is strongly dependent”. But still it seems worthwhile to prove 4.1 particularly

having waited so long for something.
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Let strongly’ stable mean strongly’ dependent and stable. As it happens (for
T), being superstable implies strong? stable implies strong! stable but the inverses
fail. So strongly’ dependent does not really solve the equation we have started with.
However, this is not necessarily bad, the notion “strongly’ stable” seems interesting
in its own right; this applies to the further variants.

We give a “simplest” example of a theory 17" which is strongly' stable and not
strongly? stable in the end of §1 as well as prove that the (theories of the) p-adic
field is strongly stable (for any prime p) as well as similar enough fields.

In §5 we comment on some further properties and ranks. Such further properties
hopefully will be crucial in [Sh:F705], if it materializes; it tries to deal mainly with
K°"-representable theories and contain other beginning as well. We comment on
ranks parallel to those in §3 suitable for all dependent theories.

We further try to look at theories of fields. Also we deal with the search for
families of dependent theories T' which are unstable but “minimal”, much more
well behaved. For many years it seems quite bothering that we do not know how
to define o-minimality as naturally arising from a parallel to stability theory rather
than as an analog to minimal theories or generalizes examples related to the theory
of the field of the reals and its expansions. Of course, the answer may be a somewhat
larger class. This motivates Firstenberg-Shelah [FiSh:E50] (on Th(R), specifically
on “perpendicularly is simple”), and some definitions in §5. Another approach to
this question is of Onshuus in his very illuminating works on th-forking [On0Ox1]
and [On0x2].

A result from [Sh 783, §3,84] used in [FiSh:E50] says that
0.1 Claim. Assume T is strongly? dependent

(a) if G is a definable group in € and h is a definable endomorphism of G
with finite kernels then h is almost onto G, i.e., the index (G : Rang(h)) is

finite
(b) it is not the case that: there are definable (with parameters) subset (€, a1)
of €, an equivalence relation Eg, = FE(z,y,a2) on ¢(€ ,a1) with infin-

itely many equivalence classes and ¥(x,y,z,a3) such that E(c,c,a2) =
I x,y,c,as) is a one-to-one function from (a co-finite subset of) (&€, a)
into ¢/ Eg, .

We continue investigating dependent theories in [Sh:900], [Sh 877], [Sh:906], more
recently [Sh:950] and Kaplan-Shelah [KpSh:946], [KpSh:975] and concerning defin-
able groups in [Sh 876], [Sh 886] and Kaplan-Shelah [KpSh:993].

We thank Moran Cohen, Itay Kaplan, Aviv Tatarski and a referee for pointing
out deficiencies.
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0.2 Notation. 1) Let % be ¢ if t =1 or t = true and —¢p if t = 0 or t = false.
2) S*(A, M) is the set of complete types over A in M (i.e. finitely satisfiable in M)
in the free variables (x; : i < ).
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§1 STRONGLY DEPENDENT: BASIC VARIANT

1.1 Convention. 1) T is complete first order fixed.
2) € = &p a monster model for T'.

Recall, see [Sh 783]:

1.2 Definition. 1) ki (T) = _Iiict’l(T) is the minimal s such that for no ¢ =
(0i(Z,y;) + @ < k) is 'y = T'{ consistent with 7" for some (= every) A where
tg(z) = m,Lg(yy,) = Lg(y:) and

'y = {vi(@y, Qé)if(n(i):a) nE N a<and i < K}

1A) We say that ¢ = (p;(Z, ;) : i < k) witness k < Kict(T) (with m = £g(Z)) when
it is as in part (1).
2) T is strongly dependent (or strongly! dependent) when ket (T) = No.

Easy (or see [Sh 783]):
1.3 Observation. If T is strongly dependent then 7' is dependent.

1.4 Observation. 1) kict(T°Y) = Kiet(T).
2) If T, = Th(M,) for £ = 1,2 then kit (T1) < Kict(T2) when:

(%) M, is (first order) interpretable! in M.

3) If 7" = Th(C, c)eeca then kict(T") = Kict(T).

4) If M is the disjoint sum of Mj, My (or the product) and Th(M;), Th(M;) are
dependent then so is Th(M); so My, Mo, M has the same vocabulary.

5) In Definition 1.2, for some A, I‘f is consistent with T iff for every A, I‘f is consis-
tent with T'.

Remark. 1) Concerning Part (4) for “strongly dependent”, see Cohen-Shelah [CoSh:E65,
§4].

Proof. Easy. W

Lthis includes My = (M2)™
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1.5 Observation. Let Lg(Z) = m; ¢ = (i(Z,7;) 1 i < k) and let ¢’ = (@}(Z,7;) 11 <
k) where @(Z,7;) = [pi(Z, ;) A\ —pi(7,57)] and let ¢" = (] (Z, /) : i < &) where
@7 (. 97) = [#:(2,79;) = ~0i(2,57)]. Then ® = &7 < &, & (I € "2)®7,, «
(3n € "2)@3@[”] agd ®é < ®é, & ®é,, for £ = 2,3 and ®3¢ & ®35/ < ®i// where
@M = (pi(Z,5:)" i < k) and

®<1p @ witness k < Kiet (T')

®2 we can find (aj : k < w,i < k) in € such that lg(a},) = Lg(:), (a}, : k <
w) is indiscernible over U{aj : j < k,j # i,k < w} for each i < k and
{pi(z,al) N —p;(Z,a) : i < Kk} is consistent, i.e. finitely satisfiable in €
like ®2 but in the end

{pi(Z,a8) = —pi(Z,al) : i < Kk} is consistent.

®
S w

1.6 Remark. 1) We could have added the indiscernibility condition to ®7, ie., to
1.2(1) as this variant is equivalent to ®_.

2) Similarly we could have omitted the indiscernibility condition in @?E but demand
in the end: “if k; < £; < w for i < k then {p;(Z,a},) N ~pi(Z,a}, ) : i < K} is
consistent” and get an equivalent condition.

3) Similarly we could have omitted the indiscernibility condition in @f’ﬁ but demand
in the end “if k; < £; < w for i < k then {ps(Z,a},) = ~pi(Z,a;) : i < K} is
consistent” and get an equivalent condition.

4) We could add @} < @,

5) In ®7,®2 (and the variants above) we can replace w by any \), see 1.7).

6) What about @?5 = ®<1ﬁ? We shall now describe a model whose theory is a
counterexample to this implication. We define a model M with 73y = {P, P;, R; :
i < Kk}, P a unary predicate, P; a unary predicate, R; a binary predicate as follows:

(a) \M| the universe of M is (k x Q) U"Q

(b) P

(c) PM—{%}XQ

(d) RM ={(n,(i,q)) :n€"Q,q € Qand Q = n(i) > ¢}
(e) pi(z,y) = P(x) A P;(y) A Ri(z,y) for i < k.

Now
(a) Why (for Th(M)) do we have ®27?

For i < k,k < w let at = (i,k) € PM recalling w C Q.
Easily (ak tk < w,i < k) are as requlred in @i. E.g. the unique 1 € "Q realizing
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the type. Also for each i < k, the sequence <a§c : k < w) is indiscernible over
{aJ, :j < k,j#1iand m < w}.

Why? Because for every automorphism 7 of the rational order (Q, <), for the given
1 < k we can define a function 7; with domain M by

(%)1 for j < k and g € Q we let 7;((j,q)) be (j,q) if j # i and (j,7(q)) if j =4
(x)2 for n,v € XQ we have m;(n) = v iff (Vj < k)(j #1i = n(j) = v(j)) and
v(i) = mi(n(i)).

So 7; is an automorphism of M over U PjM which includes the function {(a!, a’ )

J#i
q € Q}
(8) Why (for Th(M)), we do not have ®?
2
Why? Because M = (Vy1,y2)[Pi(y1) APi(y2) Ayr # y2 = \/ (V) (i (2, yo) A
=1

P(z) = ¢i(z,y3-0))]
(v) T is dependent.
Why? Left to the reader (use restriction to any finite 7 C 7.

Proof. The following series of implications clearly suffices.
®£ implies @%

Why? As ®<1ﬁ’ clearly for any A > Rg we can find @, € “99)¢ for i < K, < X and
(e :m €“N), &, € 9@ such that |= ¢;[¢,,a’] iff n(i) = a. By some applications
of Ramsey theorem (or polarized partition relations) without loss of generality (a, :
a <)) is indiscernible over U{ay : j < x,j # 4,8 < A} for each i < w. Now those
a',’s witness @?5 as ¢, witness the consistency of the required type when n € #{0}.

®2 = ®2 (hence in particular @2@, = ®3¢, and @2@,, = @%//).
Trivial; read the definitions.

®3 = ®2 (hence in particular ®§5’ = ®f’5, and @2@, = ®3¢,,).

By compactness, for the dense linear order R we can find ai for i < x,t € R
such that for each i < r the sequence (@i : ¢t € R) indiscernible over U{a’ : j #
i,j < k,s € R} and for any so <g s1 the set {@;(Z,a} ) = —pi(z,a},) 1 i < K} is
consistent, say realized by ¢ = Cs,5,- Now let u = {i < k : € |= @;[¢,al ]} and

_Z _z . . _Z . .
for n < w define b}, as Qg tn(s1—s0) if # € u and as Qg —n(s1—s0) if i € k\u. Now

(b, :n < w,i < k) exemplifies ®2.
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®2 implies ®5, (hence by the above ®2 = @7, and &7, = ®2,).

et (@, :a<w,i< k) witness ®2 and ¢ reahzes {(,OZ(CB ab) /\ﬂgpz(:)s at):i <k}
Without loss of generality a! is Well defined for every t € Z not just t € w, (and
i < k), and (a! : t € Z) is an indiscernible sequence over {a’ : j € k\{i} and
s € Z}. Also without loss of generality for each i < &, (@’, : @ € [2,w)) as well as
(a' ,_, : n € w) are indiscernible sequences over U{al : j < k,j # i and t € Z}U{c}.

For t € Z,i < k let bl = dé{&étﬂ, so € = ¢l[e,bi] (as this just means € =
pi(e,ad) N —~p;le,at]) and € = —plle, bl] when s € Z\{0} (as the Sequences ¢ ab,
and & @b, , realize the same type). So (b}, : @ < w,i < k) witness @

@%, implies ®i’—u.
Read the definitions.

®3,, implies that for some n € “2 we have ®. .
"As in the proof of ®2 = ®1,, but we elaborate: let < al’bl ia<w) i< /@>

witness ®@,, noting ¢"” = (¥ (ac y1 78) 11 < k) where £g(7}) = Lg(y;) = Lg(ys). Let
¢ realize {@} (z,ah, by) =~} (Z,ai,b}) : i < x}. Without loss of generality for each
i < K the sequence (@’ b, : 2 < o < w) is indiscernible over U{al,"bJ, : j € x\{i}
and a < w} UG

By this extra indiscernibility assumption for each i < x we can find lo(2), {1 (7) €
{0,1} such that n > 2 = € = g;fe, 4 E100) A p4le, b4, By the choice of ¢ we
have € |= ¢!/ (¢, ab, b)) = v (e, ai,bt), hence by the choice of ¢/, we cannot have
¢ ’: Pi [57 C—Lé]éo(z) N pi [07 a, b ]El(z) N @i [Ca alﬂgo(i) N Qi [67 Bzﬂﬁl(i)

Hence there are ¢3(i), £4(i) € {0,1} such that

o (4(i) =0 = €= pile,ay, ;] 0@

o U4(i) =1= C = pilc, by, 2 )]1_21(i).

Lastly choose 17 = (1—£y,(;y (i) : i < k) and we choose (df, : @ < w,i < k) as follows:

Oandn—Othend —aé ()

=0 and n > 0 then di, =al,,

=1 and n = 0 then d bz (i)

=1and n > 0 then di, = b ,,.

Now check that {(d

: : ' 1
L ra<wand i < k) witness ® 5

®3rm ; @3 are equivalent where n € 2.
Why7 Because the formula (o;(z, ah) = —p;(z,al)) is equivalent to (¢;(z, ah)"? =
—i(x,af)”®). Ois
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1.7 Observation. 1) In Definition 1.2 without loss of generality m(= fg(z)) is 1.

2) For any k we have: K < kiqt(T) iff for some infinite linear order I; (for i < k)
and (aj : ¢t € I;,i < k) such that (@} : t € I;) is indiscernible over U{aJ : s € I; and
j#1i,j < k}UA and finite C, for k ordinals i < x, the sequence (@’ : t € I;) is not
indiscernible over AU C.

3) In 1.5, for any A(> Rg) from the statement ®7 we get an equivalent one if we
replace w by \; similarly for ®f’5.

Proof. 1) For some m, there is ¢ = (p;(Z,7;) : © < k),lg(Z) = m witnessing
K < Kict(T'); without loss of generality m is minimal. Fixing ¢ by 1.5 we know that
®2 from that observation 1.5 hold. Let (@, : i < k,a < A) exemplify ®2 with X

«
instead w and let ¢ = {(¢; : i < m) realize {©;(Z,a}) A —p;(Z,a}) : i < k}.

Case 1: For some u C k, |u| < k for every i € k\u the sequence (a’, : a < \) is an
indiscernible sequence over U{d% cjer\u\{i}} U{cm-1}.

In this case for i € x\u let ¥;(Z',4;) = @i(Z | (m — 1), (zm—1)"¥;) and Y =
(Wi (', 95) i € k\u) and D!, = (cpm—1)"al, for a < \;i € k\u and @ = (Y (7', 7}) :
i € k\u). Now (b’, : @ < \,i € k\u) witness that (abusing our notation) ®2 holds
(the consistency is exemplified by ¢ [ (m — 1)), hence (in the notation of 1.5) ®L S
holds for some 7 € #\*2 contradiction to the minimality of m.

Case 2: Not Case 1.
We choose v¢ by induction on ¢ < k such that

Q¢ (@) ve Cr\U{v: e <(}
(b) wc is finite
(c) for some i € ve, (@, : @ < A) is not indiscernible over
U{&% cjev\{i}, 8 <A} U{cm-1}
(d) under (a) + (b) + (c), |v¢| is minimal.
In the induction step, the set us = U{v. : € < (} cannot exemplify case 1, so
for some ordinal ¢({) € x\u¢ the sequence (dfl(o : @ < ) is not indiscernible
over U{a} : j € k\uc\{i(¢)} and B < A} U{cp—1}, so by the finite character of
indiscernibility, there is a finite v C k\u¢\{i(¢)} such that (G O a < A) is not
indiscernible over U{a} : j € v, < A} U {cm-1}. So v' = {i({)} U v satisfies
(a) 4+ (b) + (c) hence some finite v C k\u¢ satisfies clauses (a), (b), (¢) and (d).
Having carried the induction let i, ({) € v¢ exemplify clause (c). We can find a
sequence d; from U{C_l% 1 j € ve\{i+(¢)} and B < A} such that <EL“‘(C) ra < A) s
not indiscernible over (c,,—1) dc.
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Also we can find n(¢) < w and ordinals B¢ 0 < B¢ < ... < Beon(e)—1 < A for

_ Tr2ix(C) A ~zix(Q) 7A=ix(C) A ~ix(0)
¢ =1, 2 such that the sequences d Ag 10 Qg1 m(c)—1 and d Ag 20 <+ Q503 n()-1

realize different types over ¢,,_1.

Now we consider &;*(C) T Ad;*ii)(g)_l where 8 := max{f¢1,n)=11T1 Be2.nc)—1+

1}, so renaming without loss of generality B¢ n(c)—1 < B¢2,0. Omitting some

a;*(o’s without loss of generality 8s. 1,m = m, B¢ 2.m = n(¢) +m for m < n(¢).
¢ . 7 ~=1x(C) ~ ~—=14x(C
Now we define bg =d¢ an((o)ﬂ an((ﬁ))5+n(é)—1 for B < A\, ¢ < k.

By the indiscernibility of <dif(*) ty < A) over JQU U{d% 1j € r\ve, B <A} C
U{ay : j € rﬁ\{igi(*)},ﬁ < A} we can deduce that (bg : < A)isan jndjscernible
sequence over U{b3 : € € k\{(} and B8 < A}. But by an earlier sentence b5, bS realizes
different types over ¢, 1 S0 we can choose ¢¢(z, J¢) such that € |= ¢ (cm-1, Bg) A
=l (Cm—1,b}) for i < k.

ASo (b, 1 a < w,( < k) and @ = (pi(z,9¢c) = ¢ < k) satisfy the demands on
(@, - k <w,i < k), {(pi(z,7;) i < k) in ®2 for m =1 (by 1.5’s notation), so by 1.5
also @35[,,] holds for some 7 € "2 so we are done.

2) Implicit in the proof of part (1) (and see case 1 in the proof of 2.1).
3) Trivial.
iR

A relative of kict(T) is

1.8 Definition. 1) kicy(T) = Kicu,1(T) is the minimal x such that for no m < w
and @ = (pi(Zs,7;) : i < k) with £g(Z') = m x n; can we find @', € “9F)¢ for
a < M\ i<kand ¢, € ™€ for n € "X such that:

(a) (€;n :m <w) is an indiscernible sequence over U{a’, : a« < \,i < Kk}
(b) foreachn € "\, < Aandi < k we have € = ¢;(Cp0” ... Cpn,—1,a’, ) H@=m),

2) If ¢ is as in (1) then we say that it witnesses k < Kicu(T).
3) T is strongly™* dependent if k(T = Ro.

1.9 Claim. 1) I‘éicu(T) Z Hict(T)-
2) If cf(k) > Vg then kicu(T) > k < Kit(T) > K.
3) The parallels of 1.4, 1.5, 1.7(2) hold?.

2and of course more than 1.7(2), using an indiscernible sequence of m.-tuples, for any m. < w.
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Proof. 1) Trivial.
2) As in the proof of 1.7.
3) Similar. Lo

* * *

To translate statement on several indiscernible sequences to one (e.g. in 2.1) notes:

1.10 Observation. Assume that for each a < k, I, is an infinite linear order, the
sequence (a; : t € I,) is indiscernible over AU U{a; : t € Ig and § € k\{a}} (and
for notational simplicity (I, : o < k) are pairwise disjoint) and let [ = X{[, : a <
k},t €I, = lg(a;) = ((a) and lastly for a < k we let () = X{{(5) : 8 < a}.

Then there is (b : t € I) such that

I not divided by any member of & = (b, : t € J) is indiscernible over
AU C] then we can find (Z, : a < k), P, is a set of cuts of I, such that
S{|Pu| <k} = || and if o < K, J is a convex subset of I, not divided
by any member of &, then (a, : t € J) is indiscernible over AU C

(e) if C C € and & is a set of cuts of I such that [J is a convex subset of
I not divided by any member of & = (b, : t € J) is indiscernible over
AUCU{bs : s € I\J}] then we can find (&, : a < k), P, is a set of cuts
of I, such that X{|Z,| : a < k} = |Z| and if a < k, J is a convex subset
of I, not divided by any member of &, then (a; : t € J) is indiscernible
over AUCU{a;:teI\J}

(f) moreover in clause (d),(e) we can choose Z, as the set of non-trivial cuts
of I, induced by 2, i.e.{(J' NIa,J" N1 : (J', J") € PN{(In,0), (0, I,)}.

Proof. Straightforward. E.g.,
Without loss of generality (I, : a < k) are pairwise disjoint and let I = %{I, :
a < k}. We can find b € ¢(9¢ for t € I,a < x such that: if n < w,ap < ... <

an_1 < K, té <7r...<y tie_l and sé <la, - <1, sig_l for £ < n then the sequence

(6?80 T ABZQO I)A . A(l_):‘n”_’ll ©L0b0rt ) realizes the same type as the sequence
0~ 0 kp_1—1
(@%"...7a% )" ... (@%='"..."a°r=' ); this is possible by compactness. Us-
50 Skp—1 So Skp_1—1
ing an automorphism of € without loss of generalityt € I, = by = aj'. Now for

telleta;be(ala;” ... al ... )a<k-
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Clauses (a)+(b)+(c) trivially hold and clauses (d),(e),(f) follows. 0110
* * *

In the following we consider “natural” examples which are strongly dependent, see
more in 2.5.

1.11 Claim. 1) Assume T is a complete first order theory of an ordered abelian
group expanded by some indiwvidual constants and some unary predicates P;(i < i(x))
which are subgroups and T has elimination of quantifiers.

T is strongly dependent iff we cannot find i, < i(x) and v, € Z\{0} for n < w such
that:

(x) we can find by, ¢ € € for n,f < w such that
(a) 51 < gg = Ln(bmg2 — bn,él) §§ Pii

(b) for every n € “w there is ¢, such that c;) — by, pn) € Pii forn <w.

2) Let M be (Z,+,—,0,1,<,P,) where P, = {na : a € Z} so we know that
T = Th(M) has elimination of quantifiers. Then T is strongly dependent hence
Th(Z,+, —,0,<) is strongly dependent.

1.12 Remark. 1) This generalizes the parallel theorem for super stable abelian
groups.

2) Note, if G is the ordered abelian group with sets of elements Z[z], addition of
Z[z] and p(z) > 0 iff the leading coefficient is > 0, in Z, P,, as above (so definable),
then Th(G) is not strongly dependent using P,, for n a power of prime.

3) On elimination of quantifiers for ordered abelian groups, see Gurevich [Gu77].

Proof. 1) The main point is the if direction. We use the criterion from 2.1(2),(4)
below. So let (a; : t € I) be an infinite indiscernible sequence and ¢ € € (with a; not
necessarily finite). Without loss of generality € = “c > 0” and a; = (at,o : @ < ¥)
list the members of M;, a model and even a |T'|"-saturated model, (see 2.1(4)) and
let pr = tp(c, My).

Note that

()1 if as,; = a¢; and s # t then (a,; : r € I) is constant.
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Obviously without loss of generality ¢ ¢ U{M; : t € I} but € is torsion free (as an
abelian group because it is ordered) hence:

(%)2 L € Z\{0} = tc ¢ U{M,; : t € I}
(¥)3 for t € I,a € My and ¢ € Z\{0} let nt € **)*+12 be such that [n(i(x)) =
1 < wc > a) and for i < i(*),[n. (i) =1 < 1c —a € PF]
(%)g4 for t € I and a € M; let p, = U (ph, U ¢.) where? pi(x) := {1z #
L€Z\{0}
a, vz > a)"CNY and ¢4 (x) := {P;(tx — a)"® i < i(x)}.

Now

Gy for e € Z\{0} and a < a* let I}, ={t € :a;, < tc}

(1 (u—_1,ug,up) is a partition of a* where
(@) u_g ={a<a*: forevery s <;t we have € |=a; o < G50}
(b) up = {a < a*: for every s <;t we have € = a5 = at 0}

(¢) u; ={a < a*: forevery s <;t we have € = a54 < ata}

(o if ¢ € Z\{0} then

(a
(b
(c
(d

I} is an initial segment of I when o € uy

I}, is an end segment of I when o € u_;

It € {0, I} when a € ug

{I : « € u1 }\{0, I'} has at most 2 members.

«

~— — ~—

[Why? Recall <¢ is a linear order. So for each ¢ € Z\{0}, a € u; by the definition
of uy the set I}, := {t € I : a; o < tc} is an initial segment of I, also ¢t € I\I}, =
e < agq as ¢ ¢ U{My : s € I} by (%)a.

Now suppose «, 3 € uy and |[Ig\I},| > 1 and I;,, I & {0, I} then choose t; <j ta
from IZ\I, and to € Iy, t3 € I\I5. As I, Ij are initial segments and to <; t1 <;
to <1 t3, necessarily € = “ay, 0 < 1€ < Qg0 Ny g < €< ap,p”. If ay, o <¢ at, g
we can deduce a contradiction (€ = “ic < a4,,o < at, 8 < tc”). Otherwise by the
indiscernibility of the sequence ((at¢a,a:,5) : t € I) we get € = ay, g < Gy, and a
similar contradiction. So [T\l | < 1.

So It 15 ¢ {0, 1} = [I5\I;] < 1 and by symmetry [I4\I5| < 1. So [{I : a €
ur P\{0,I}] < 2, i.e. clause (d) of [Js holds; the other clauses should be clear.]

Now clearly

3recall that ! = ¢, @0 = -
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Os if o, B < a(x),¢ € Z\{0} and a¢ o = —at g (for some equivalently for every
t € I) then:

(a) (a€u)=(fE€ur)

(b) ((¢€) < ar,a) = (ar,p < ((—1)c)) recalling e, (—t)c ¢ U M,
tel

(c) It =I\IL.

Also

[y if 01,00 are from {1,2,...} and t1aso = t2as 5 then
(a) [a€u_1=0€u_],l[acuy=p¢cuand [a € u; = € uq]
(b) (te]éf)@(telgl) hence I'2 :Iél.

[Why? Clause (a) is obvious. For clause (b) note that t € I)? & at o0 < t2¢ &
Lat e < ti(tec) & taarp < t2(tic) © arpg < ticet e I/gl.]
By symmetry, i.e. by [3 clearly

[J5 the statement (d) in [y holds also replacing o € uy by a € u_j.
Obviously

(g if a € ug then I, € {0, I}.
Together

7 {I4:a<a* and ¢ € Z\{0}}\{0, I} hence has < 4 members.

[Why? Obvious but we elaborate. Recall a* is the disjoint union of u_1,ug,u;.
Now the a € ug contribute to the set in [J; no member by [Jg. The a € uy
contributes at most two I'’s by [Js. Lastly, the o € u_; contributes at most two
I4’s by [5. Together the set has <2+ 0+ 2 = 4 members.]

Hence

®¢ there are initial segments Jy of I for £ < £(x) < 4 such that: if s,¢ belongs
to I and £ < {(x) = [s € Jp =1 € Jo] then n;, (i(x)) =g,  (i(*)).

[Why? By the above and the definition of n;, (i(x)) we are done.]

®1 for each t € I we have U{p,(z) : a € M} F p(x).
[Why? Use the elimination of quantifiers and the closure properties of
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M;. That is, every formula in p;(x) is equivalent to a Boolean combi-
nation of quantifier free formulas. So it suffices to deal with the cases
o(z,a) € pi(x) which is atomic or negation of atomic and = appear. As
for b1, bs € € exactly one of the possibilities b; < ba, b1 = b, by < by holds
and by symmetry, it suffices to deal with o1(z,a) > o2(x,a),01(x,a) =
oo(z,a), P(o(x,a)), ~P;(o(x,a)) where o(z,y),01(x,y),02(x,y) are terms
in L(7p). As we can substract, it suffices to deal with o(z,a) > 0,0(x,a) =
0, Pi(o(x,a)),~P;(c(x,a)). By linear algebra as M, is closed under the op-
erations, without loss of generality o(z,a) = tx — at,o for some ¢ € Z and
a < o, and without loss of generality ¢ # 0. The case ¢(z) = (1 — at,o =
0) € p(z) implies ¢ € M; (as M is torsion free) which we assume does
not hold. In the case p(z,a) = (tx — ar,o > 0) use p;, (), in the case
p(z,a) = P(tx — ara) or p(z,a) = ~P;(1x — at,a) use q;, () for ng,  (i).]

®9 if © € Z\{0},n < w and aq,...,a,—1 € M; then for some a € M; we have
C<nNi<i(x)An, (i) =1=n(i) =1
[Why? Let o’ € M; realize p; | {ao,...,an—1}, exist as M; was chosen as
|T|*-saturated; less is necessary. Now tc — ay € P¥ = 1a’ —ay € P =
(tc —1a') = ((tc — ap) — (1a’ — ap)) € PE and let a := 1a’.]

®3 assume ¢ € Z\{0},i < i(*), 0 < a*,s1 <y s2 and t € I\{s1, s2} then:
(a) ifng, (1) =1andn; (i) =0thenn; (i)=0
(b) ifmg, () =0andn; (i)=1thenn; (i)=0.

[Why? As we can invert the order of I it is enough to prove clause (a).
By the choice of a — 1% we have ic — ag, o € PF,1c — asy0 ¢ PF hence
Usy 0 — Qsy.0 & PE hence also ag, o — as,.0 ¢ PF.
By the indiscernibility we have a; o — as, .o ¢ Pf and as (¢ — ag, .o € PZ-C we
can deduce ¢ — ay,o ¢ PF hence 15, (i) = 0. So we are done.|
®, for each ¢ € Z\{0},7 <i(x) and o < a* the set I} , == {t:n;, (i) =1} is
(0, I or a singleton.
[Why? By ®s3.]
®5 if L. = U{I} , : 1t € Z\{0},i < i(*),a < a* and I} , is a singleton} is infinite
then (possibly inverting I) we can find t,, € I and 3, < o*, ¢, € Z\{0} and
in < i(x) for n < w such that
(a) telthen [tye—arp, € PL] & t=t, for every n <w
(b) (atp, —asgp, : s #t € I) are pairwise not equal mod P
(¢) tn <tpyq forn < w.

[Why? Should be clear.]
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®e if I, = U{I}, 11 € Z\{0},a < a*,i < i(x) and I} , is a singleton} is finite
and Jy(¢ < l(x) < 4) are as in ®, then tp(as, {c}) = tp(a¢, {c}) whenever
(s,t € I\I,) A /\ (s € Jy =t € Jy) recalling a, list the elements of M;.
£<L(%)

[Why? By ®4 and ®; (and ®g) recalling the choice of p, in (x)4.]

Assume ¢, (a; : t € I) exemplify T is not strongly dependent then I, cannot be
finite (by ®g) hence I, is infinite so by ®5 we can find ((t,,, Bn, tn,in) : 1 < w) as
there.

That is, for n < w,f < w let b, ¢ :=a¢, g, . So

®7 tpc—bp e € Pii iff vpe —ay, 8, € P,fl iff t,=¢t,iff {=n
®g if /1 < £ then bn,gz — bn752 ¢ Pt

in "

[Why? By clause (b) of ®s5.]
Now

®g if n € “w is increasing then there ¢, € € such that
n < W= tnCy— by ym) € be.

[Why? As (a; : t € I) is an indiscernible sequence, there is an automorphism
f = fy of € which maps a, to a,,, for t € I so f,(byn) = by ). Hence
ey = fo(c) satisfies n < w = 1 f(€) = by ) € PE]

Now (b, : n,f < w) almost satisfies () of 1.11. Clause (a) holds by ®g and
clause (b) holds for all increasing n € “w. By compactness we can find <B;1 sl <
w) satisfying (a) + (b) of (%) of 1.11.

[Why? Let I' = {P;, (tnZy — Yn,y(n)) : 1 € “w,n < W} U{=P;, (tnZnye, — tnTnye,)
n < w,l; <ly <w} IfT is satisfied in € we are done, otherwise there is a finite
inconsistent I'' C T, let n, be such that: if y,,  appear in I'” then n,¢ < n,. But
the assignment yy,, ¢ > byp. ¢ for n < n,, ¢ < n, exemplified that I is realized, so
we have proved half of the claim. The other direction should be clear, too.]

2) The first assertion (on 7°) holds by part (1); the second holds as the set of terms
{0,1,2,...,n—1} is provably a set of representatives for Z/P,, which is finite. [Jy 13

1.13 Example: Th(M) is not strongly stable when M satisfies:

(a) has universe “Q
(b) is an abelian group as a power of (Q,+),
(¢) PM ={f e M : f(n) = 0}, a subgroup.

We now consider the p-adic fields and more generally valued fields.
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1.14 Definition. 1) We define a valued field M as one in the Denef-Pas language,
i.e., a model M such that:

(a) the elements of M are of three sorts:

(o) the field PM which (as usual) we call K so K = KM is the field of M
and has universe P so we have appropriate individual constants (for
0,1), and the field operations (including the inverse which is partial)

(B) the residue field P} which (as usual) is called kM, so k = k™M is a field
with universe P} so with the appropriate 0,1 and field operations

(7) the valuation ordered abelian group P#! which (as usual) we call T
so I' = I'M is an ordered abelian group with universe P} so with 0,
addition, subtraction and the order

(b) the functions (and individual constants) of K™ k™ T™ and the order of
'Y (actually mentioned in clause (a))

(c) valM : KM — T'M the valuation

(d) ac™ : KM — kM the function giving the “leading coefficient” (when as in
natural cases the members of K are power series)

(e) of course, satisfying the sentences saying that the following hold:

(a) TM is an ordered abelian group

(B) kis a field
(v) K is a field
(0) wval,ac satisfies the natural demands.

1A) Above we replace “language” by w-language when: in clause (b), i.e. (a)(y),
I'M has 1r (the minimal positive elements) and we replace (d) by

(d); acM . KM — kM gatisfies: /\ acyl(z) = acM(y) = valM(z —y) >
£<n
val™(x) + n.

2) We say that such M (or Th(M)) has elimination of the field quantifier when:
every first order formula (in the language of Th(M)) is equivalent to a Boolean
combination of atomic formulas, formulas about k™ (i.e., all variable, free and
bounded vary on PM) and formulas about T'™; note this definition requires clause

(d) in part (1).

It is well known that (on 1.15,1.16 see, e.g. [Pa90], [CLRO6]).



Paper Sh:863, version 2017-04-25_10. See https://shelah.logic.at/papers/863/ for possible updates.

20 SAHARON SHELAH

1.15 Claim. 1) AssumeT is a divisible ordered abelian group and k is a perfect field
of characteristic zero. Let K be the field of power series for (T, k), i.e. {f:f e k
and supp(f) is well ordered} where supp(f) = {s € I : f(s) # Ox}. Then the model
defined by (K,T', k) has elimination of the field quantifiers.

2) For p prime, we can consider the p-adic field as a valued field in the Denef-Pas
w-language and its first order theory has elmination of the field quantifiers (this
version of the p-adics and the original one are (first-order) bi-interpretable; note
that the field k here is finite and formulas speaking on I' which is the ordered abelian
group 7 are well understood).

We will actually be interested only in valuation fields M with elimination of the
field quantifiers. It is well known that

1.16 Claim. Assume € = € is a (monster,i.e. quite saturated) valued field in the
Denef-Pas language (or in the w-language) with elimination of the field quantifiers.
If M < € then

(a) it satisfies the cellular decomposition of Denef which implies*:
if p € SY(M) and Py(z) € p then p is equivalent to

pb = U{p[c*] :c € PMY} where p[c*] = p[c*’l] UpL*72] and

p[c*’l] = {p(val(z — ¢),d) € p: p(x,7) is a formula speaking on T'™ only so
dCTM ce PM} and

pL*’2] = {p(ac(x — ¢),d) € p:  speaks on k™M ‘only} but for the w-language
we should allow p(aco(x — ¢),...,ac,(x —¢),d) for somen < w

(b) ifp e SY (M), Py(z) € p and c1,c2 € PM and valM (x—cy) < valM (z—cy)

belongs to p(x) then p[;;](x) = pl[;](x) and even {val(z —c;) < val(x —ca) }

Pl (2)
(¢) for e € “>(kM), the type tp(c, 0, kM) determines tp(c, 0, M) and similarly
for TM,

1.17 Claim. 1) The first order theory T of the p-adic field is strongly dependent.
2) For the theory T of a valued field F which has elimination of the field quantifier
we have:

T s strongly dependent iff the theory of the valued ordered group and the theory of
the residue fields of F are strongly dependent.

3) Like (2) when we use the w-language and we assume kM is finite.

4note: p € SY(A, M), A C M is a little more complicated
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1.18 Remark. 1) In 1.17 we really get that T is strongly dependent over the residue
field + the valuation ordered abelian group.

2) We had asked in a preliminary version of [Sh:783,83]: show that the theory of
the p-adic field is strongly dependent. Udi Hrushovski has noted that the criterion
(St)2 presented there (and repeated in 0.1 here from [Sh 783, 3.10=ss.6]) apply so
T is not strongly? dependent. Namely take the following equivalence relation E on
Zyval(xz —y) > val(c), where ¢ is some fixed element with infinite valuation. Given
x, the map y — (x + cy) is a bijection between Z, and the class z/E.

3) By [Sh 783, §3], the theory of real closed fields, i.e. Th(R) is strongly dependent.
Onshuus shows that also the theory of the field of the reals is not strongly? de-
pendent (e.g. though Claim [Sh 783, 3.10=ss.6] does not apply but its proof works
using pairwise not too near b’s, in general just an uncountable set of b’s).

4) See more in §5.

Of course,

1.19 Observation. 1) For a field K, Th(K) being strongly dependent is preserved
by finite extensions in the field theoretic sense by 1.4(2).

2) In 1.17, if we use the w-language and k% is infinite, the theory is not strongly
dependent.

We shall now prove 1.17

Proof. 1) Recall that by 1.11(2), the theory of the valued group (which is an ordered
abelian group) is strongly dependent, and this trivially holds for the residue field
being finite. So by 1.15(2) we can apply part (3).
2) We consider the models of T' as having three sorts: P} the field, P the ordered
abelian group (like value of valuations) and P37 the residue field.

Let

(J; (a) I be an infinite linear order, without loss of generality complete and
dense (and with no extremal members),

(b) (a;:t € I) an indiscernible sequence, a; € *€ and let ¢ € €
(a singleton!)

and we shall prove

[y for some finite J C I we have: if s,t € I\J and (Vr € J)(r <; s=r <; t)
then ag, a; realizes the same type over {c}.

This suffices by 2.1 and as there by 2.1(4) without loss of generality
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B3 a; = (at,; : @ < ) list the elements of an elementary submodel M, of € = &
(we may assume M; is Nj-saturated; alternatively we could have assumed
that it is quite complete).

Easily it follows that it suffices to prove (by the L.S.T. argument but not used)

[, for every countable u C « there is a finite J C I which is O.K. for (a; [ u :
tel).

Let f; ¢ be the mapping as ; — a;; for ¢ < «; clearly it is an isomorphism from M,
onto M,.
Now

sy pe = tp(e, My) so (pt)g*] for a € M, is well defined in 1.16(a).

The case Py(z) € mpt is easy and the case P(x) € ﬂpt is easy, too, by an
¢ t
assumption (and clause (c) of 1.16), so we can assume FPy(z) € mpt(a:).
t

Let % = {i < a: as,; € Py for every (= some) s € I}
Now for every i € %

(x)! the function (s,t) — val®(a;; — as ;) for s <; t satisfies one of the following

Case (a)}: it is constant

Case (b)}: it depends just on s and is a strictly monotonic (increasing, by
<r) function of s

Case (c)}: it depends just on t and is a strictly monotonic (decreasing, by
<r) function of ¢.

[Why? This follows by inspection or see the proof of (*)22 ; below]
For ¢ = —1,0,1 let % := {i € %: if £ = 0,1,—1 then case (a)}, (b)}, (c)} respec-
tively of (%)} holds} so (%_1, %, %) is a partition of % .

For i, j € %4 we shall prove more than

(*)223 we have i,j € %4 and the function (s,t) — val®(a;; — as;) for s < t
satisfies one of the following:

Case (a)?;: val®(as; — as,;) is constant
Case (b)? ;: val®(ay j — as;) depends only on s and is a monotonic (increas-
ing) function of s and is equal to val®(as, ; — as;) when s <j s1

Case (c)?;: val®(a;; — as,;) depends only on ¢ and is a monotonic (increas-
ing) function of ¢ and is equal to val®(as; — at, j) when t < t;.
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[Why (*)f ; holds? In this case we give full checking.

First, assume: for some (equivalently every) ¢t € I the sequence (val®(a;; —
as;) : s satisfies s <y t) is <p-decreasing with s recalling that we have assumed
I is a linear order with neither first nor last element. Choose s; <; s9 <y t so
by the present assumption we have VaIQ(at,j — Gs,,) <r Valc(am — as, ;) hence
val®((at j—as, ;) —(arj—as, ;) = val®(a; j—as, ;) which means val®(a; j —as, ;) =
val®(—(as,i —as, ;) = val®(as,;—as, ;). So in the right side ¢ does not appear, in
the left side s; does not appear, hence by the equality the left side, valQ(am- —Qs,.i),
does not depend on t and the right side, val®(as, ; — as, ;) does not depend on s;
but as ¢ € % it does not depend on ss. Together by the indiscernibility for s <; ¢
we have val®(a;; — as,;) is constant, i.e. case (a);; holds. So we can from now on
assume: for each t € I the sequence (val®(a; ; —as;) : s satisfies s <; t) is constant
or for each t € I it is <p-increasing with s.

Second, assume: for some (equivalently every) s € I the sequence (val®(a;; —
as;) : t satisfies s <y t) is <p-decreasing with ¢. As in “first” we can show that
case (a)?’ ; holds. So from now on we can assume that for every s € I the sequence
(val®(a;; — as;) : t satisfies s < t) is constant or for every s € I the sequence is
<r-increasing with s.

Third, assume: for some (equivalently every) ¢ € I the sequence (val®(a; j—as ;) :
s satisfies s <j t) is constant. This implies that s <; t = valﬁ(at7j — as;) = €
for some € = (e; : t € I). If for some (equivalently every) s € I the sequence
(val®(ar,; — as,;) : t satisfies s <; t) is constant then clearly case () ; holds so we
can assume this fails so by the end of “second” this sequence is <p-increasing hence
(e; : t € I) is <p-increasing. So most of the requirements in case (c)7; holds; still
we have to show that ¢ <; t; = val(a;; — at, ;) = ex.

Let s <7t <y t1, we know that e; <r e;,, which means that Vale(am- —as;) <r
val®(ay, j—as,;). This implies that val®((a; j—as,;)—(as, j—as;)) = val®(a; ;—as.;)
which means that val®(a; ; —at, ;) = val®(as; —as;) = e; as required; so case (0)F;
and we are done (if “Third...” holds).

Fourth, assume that for some (equivalently every) s € I the sequence (val®(a; ; —
as,i) - t satisfies s < t) is constant, then we proceed as in “third” getting case ()7 ;
Dy

So assume that none of the above occurs, hence for every (equivalently some)
t € I the sequence (val®(a; ; —as ;) : s satisfies s <j t) is <p-increasing (with s, by
“first”...and “third” above) and for every (equivalently some) s € I the sequence
(val®(a; ; — as;) : t satisfies s <; t) is <p-increasing (with ¢, by “second” and
“fourth” above).

Hence we have s <; t1 <5 to = Valc(athj —as;) <r Valc(atm- —as;) =
val®(ay, ; — as;) = val®((at, j — as;) — (ay, j — as;)) = val(ag, j — at, ;) hence
val®(at, j — as,;) does not depend on s as s does not appear on the left side, but,

instead of case (c¢)
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see above, it is <p-increasing with s, contradiction. So we have finished proving

(x)? for each i € %, for some ¢} € {—oo} U I U {+00} we have:
(a)? val®(c—as;) = val®(ar; — as;) when s <; t and s € Ty
(1) (val®(c —as;) : s € I4x) is constant and if 7 € Iy and s <; t are
from I-+ then val®(c — a,;) <r val®(a;; — as.;)
(e)? ac%(c—as;) =ac%(a; —as;) when s <yt and s € p

(d)f <ac¢(c — CLs,i) NS I>t;> is constant.

[Why? Recall the definition of %4 which appeared just after (x)} recalling that we
are assuming [ is a complete linear order, see [1;(a).]

(%)4 the set J; = {t] : i € 24} has at most one member in I.

Why? Otherwise we can find 4, j from %4 such that ¢t # t* are from I. Now apply
i 7Y

()75 + (7 + (93]
So without loss of generality

(x)5 J1 is empty.

[Why? If not let Jy = {t.} and we can get it is enough to prove the claim for I,
and for I~ .|
Now

B, if i € % and t] = oo then for every so < s1 <; s2 <; s3 we have

(a) {val®(z — as,;) > val®(as, a —ag, )} F pg*jo,i and

[*]

(b) c satisfies the formula in the left side; on pa, ;, see [y.

[Why? By clause (b) of 1.16 and (x)? and reflect.]
Hence

By if W1 ={i € 2 :tf = oo} then Ky,
where for % C % we let

My if s <7t then &Sw’t where for %' C U -
X5, %' Ca,s,t el andf, s maps U{pg*} 11 € %'} onto U{pg*t]’i e wU'}.
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[Why? Should be clear as J; = ) and the indiscernibility of (a; : ¢ € I) and ]

Hs assume that: ¢ € 24 satisfies t7 = —oo and j € % is such that t; = —o0
and s,t € I = val®(c — a; ;) > val*(c — as,;). Then:

®3 if so <y 51 <s s2 then {val®(z — as, ;) > val®*{(c —as,;)} I pL*jO,i and
the formula on the left is satisfied by c.

[Why? Should be clear.]
Hence

By if for every i € % satisfying t7 = —oo there is j as in the assumption of Hj
then Xy, holds for #o = {i € % : tf = —0}.

[Why? As in H,.]
Consider the assumption

Hs the hypothesis of B, fails and let j(x) € 24 exemplify this (so in particular

t5, = —00). Let #3 = {i € % :t; = —o0 and val®(c — as () >
val®(c — ay ;) for any s,t € I} and #, = {i € % : t; = —co and i & #3} so
J(x) € ¥4

HHG if EE5 then &WB.
[Why? Similarly to the proof of Hs.]

Eﬂ7 if EE5 then
(a) (val®(c—as ) :s €I and j € #4) is constant

(b) val®(c — a, ) <r val®(as; — as,;) hence (pS)L*j,M - (ps)g*] when

ie€eWyand s<ptArel

(¢) for some finite J; C I we have: if s,t € J\J; and (Vr € J1)(s <; s =
r <y t)) then tp(val®(c — as j(x)), Ms) = £5 1 (tp(val® (¢ — ay j(x)), My))

(d) for some finite Jo C I we have: if s,t € I\Jy and (Vr € J,)(r <; s =
7 <p t) then tp(act(c — a5 j(x)), Ms) = £ 1 (tp(act(c — ar (), My)

(e) for some finite J3 C I we have: if s,t € I\Js and (Vr € J)(r <; s =
r <r t, then &;’VZ

[Why? Let i € #4; so i € #», hence i € %, which means that case (b)} of
(¥)§ holds, so for each ¢ € I the sequence (val®(a;;—as ;) : s satisfies s <j t)

is <p-increasing. Also as i € #4 clearly tf = —oo hence by (¥)3(b)3 we have
(val®(c—as ;) : s € I) is constant, call it e;. All this apply to j(x), too. Now

as i € #4 we know that for some si,t; € I we have val®(c — s, j(x)) <T
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val®(c — ay, ;), i.e. ej(x) <r €;. By the choice of j(x) for every j € % such
that t7 = —oo, i.e. for every j € #2 for some (equivalently every) s,t € I
we have val®(c —as ;) < val®(c—ay j(+)). In particular this holds for j = 4,
hence for some s9,t2 € I we have val®(c — a, ;) < val®(c — ay, j(x)), i€
e; <r €j(x) so together with the previous sentence, e; = €;(,), so clause
(a) of By holds. Also, the first phrase in clause (b) is easy (using (x)?(b)3
second phrase); the second phrase of (b) follows because e; = ej(,). For
clause (c) note that it means tp(ej(.), Ms) = f5+(tp(ej(x)), M) and recall
Th(T'™) is strongly stable, for clause (d) note that ()2, (d)3 and Th(k™)
is strongly dependent.

Lastly, for clause (e) combine the earlier clauses.]

for some finite J C I, if s,t € I\J and (Vr € J)(r <; s =r <y t) then &‘%Z
[Why? If the hypothesis of B3 holds let J = () and if it fails (so Bs, Hg, B
apply), let J be as in H7(d), (e), so it partitions I to finitely many intervals.
It is enough to prove X;’t for several # C %4 which covers %. Now by Hy
this holds for #4 = {i € % : t} = oo}. If the assumption of Hs holds we
get the same for #5 by Hy and if it fails we get it for #3 by Hg and for #4
by Hz(e) and the choice of J. Using 24 = #1 U Wa, Wo = W5 U ¥y we are
done.]

As we can replace I by its inverse

Hgy

for some finite J C I if s,¢t € I\J and (Vr)(r <; s =r <; t) then IE‘;’/:.

So we are left with %. For i € % let ey, = val(a;; —as;) for s <; t, well defined
by the definition of %. Let #5 := {i € %: for every (equivalently some) s # t € I,
val®(c — as;) < val(ar; —as;)} and let %5 := %\ Ws.

Easily

[Why? By ()2, and as i,j € # = (x)1(a)} + (%)} (a)}.]

Obviously

Hio we have Xy, .

B1 if i,j € # then case (a); ; of ()7 ; holds.

2,3

1,J % J J

Mo if i,j € #s and s # t € I then val®(ar; — asi) = eo ;-

[Why? As #s = %\ ¥5.]

Hence

B3 (eo; : @ € #s) is constant, call the constant value e, so s #t € I Ni,j €

We = valc(at’j — Us,i) = Ex.

See https://shelah.logic.at/papers/863/ for possible updates.



Paper Sh:863, version 2017-04-25_10. See https://shelah.logic.at/papers/863/ for possible updates.

STRONGLY DEPENDENT THEORIES SH863 27

Easily

M4 for every i € #4 the set I; . := {s € I : val®(c — as;) > e.} has at most one
member

His let %7 = {Z S % : Ii,c ?é @} and let {t:(*} = Ii,c for i € %7
55,16 if Z,j € %7 then t,’;* = t;k*

[Why? Otherwise without loss of generality ¢;* < ¢3* and let ¢ € I be such that
t;" <EALGT <t, now Vale(c—at;*,j) > Vale(at,i—at7*7i) = e, and VaIQ(C—Gt;*,j) >
val®(a; ; — aiz=,j) = €x hence e, < val®((c — agr ) — (¢ — agz+ ) = Val¢(at;f*,j -
at;*,i) but the last one is e, by His, contradiction.]

Hi7 without loss of generality #7 = ().

[Why? E.g. as otherwise we can prove separately for I.;++ and for I for any

i€ W
His ifi,5 € # and s # t € I then ac®(c—ay ;) — ac%(c—as,;) = ac®(as;—at ;).
[Why? As val®(c — ay ), val®(c — as,;) and val®(cs ; — (cr ;) are all equal to e,.]

The rest should be clear.
3) For the w-language: the proof is similar. 0417
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§2 CUTTING INDISCERNIBLE SEQUENCE AND STRONGLY "™ DEPENDENT

2.1 Observation. 1) The following conditions on T" are equivalent, for o > w

(a) T is strongly dependent, i.e., Rg = kit (T)

(b)q if I is an infinite linear order, « is an ordinal, a; € “€ fort € I,I1 = (a; : t €
I) is an indiscernible sequence and C' C € is finite, then there is a convex
equivalence relation F on I with finitely many equivalence classes such that
sEt = tp(as,C) = tp(as, C)

(€)o if I = (a; : t € I) is as above and C C € is finite then there is a convex
equivalence relation E on [ with finitely many equivalence classes such that:
if s € I then (a; : t € (s/E)) is an indiscernible sequence over C.

2) We can add to the list in (1)

(b),, like (b), but C' a singleton
(c)l, like (¢), but the set C is a singleton.

3) We can in part (1),(2) clauses (¢)a, (b)a, ()L, (¢),, restrict ourselves to well order
1.

4) In parts (1),(2),(3), given k = k<% 0 > |T|, in clauses (b), (¢). and their parallels
we can add that “a, is the universe of a #-saturated model”; moreover we allow I
to be:

(i) I = (ay : u € [I]<N°) is indiscernible over A (see Definition 5.45(2))
(ZZ) agt}y = Gy,
(7i7) each a; is the universe of a f-saturated model
)

(iv) for some infinite linear orders I_1,I; and some I' = (@, : w € [I_; + 1 +
I;]<%0) indiscernible over A = Rang(dg) we have:

(@) ue[I]<N =a, =a,

(8) for every B C A of cardinality < 6, every subtype of the type of
(Gy 2w € [I_1 + I;]<R0) over (G, : u € [I]<N0) of cardinality < @ is
realized in A (we can use only A and (a; : t € I), of course).

Remark. 1) Note that 2.8 below says more for the cases kict(7") > Ng so no point
to deal with it here.

2) We can in 2.1 add in (b)a, (¢)a, (ba)’, (ca)” “over a fixed A” by 1.4(3).

3) By 1.10 we can translate this to the case of a family of indiscernible sequences.
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Proof. 1) Let k = w (to serve in the proof of a subsequence observation).

—(a) = =(b)a

Let A > Ny, as in the proof of 1.5, because we are assuming —(a), there are
@ = (@i(Z,7:) 11 < k) and (a}, : 1 <w,a < \) witnessing ®2 from there.

For a < X let a}, € € be the concatenation of (a’, : i < k), necessary a # a% so
we have £g(a’) > 1 hence @, it has length &.

Let n = (wn : n < w) and b* realizes {p,(z,a",) A —~¢n(2,@"%, 1) :n < w}h

So for each n, tp(a”,,b*) # tp(al, q,b*) hence tp(ay,,b*) # tp(a;, 1,b").
So any convex equivalence relation on A as required (i.e. such that aFEf =
tp(az,b*) = tp(&g,g*)) satisfies n < w = —(wn)E(wn + 1); it certainly shows

() q-

_'(b)ry = _‘(C)n/
Trivial.

_|!C)O = _|fCL)

Let (a; : t € I) and C exemplify —(c), and assume toward contradiction that
(a) holds. Without loss of generality I is a dense linear order (so with neither first
nor last element) and is complete and let ¢ list C.

So

() for no convex equivalence relation E on I with finitely many equivalence
classes do we have s € I = (a; : t € (s/FE)) is an indiscernible sequence
over C.

We now choose (E,,, I,,, A, J,) by induction on n such that

® (a) E, is a convex equivalence relation on I such that each equivalence
class is dense (so with no extreme member!) or is a singleton

(b) A, is a finite set of formulas (each of the form ¢(Zo,...,Zm-1,79),
Lg(zp) = a, for some m, Lg(y) = £g(c))

(¢c) Ip=1,E is the equality, Ag = ()

(d) I,4+1 is one of the equivalence classes of F,, and is infinite

(e) A4 is a finite set of formulas such that (a; : t € I,, 1) is not
A,,+1-indiscernible over C'

(f) Eny1 | Iny1 is a convex equivalence relation with finitely many
classes, each dense (no extreme member) or singleton, if .J
is an infinite equivalence class of Fy 11 [ I41
then (a; : t € J) is A, 41-indiscernible over C' and



Paper Sh:863, version 2017-04-25_10. See https://shelah.logic.at/papers/863/ for possible updates.

30 SAHARON SHELAH

|1, +1/Fpn+1| is minimal under those conditions

(9) Eng1 | (UN\Int1) = En | (I\Int1), so Enyq refines E,

(h)  we choose (Ay+1, En41) such that if possible I,,11/FE, 1 has
> 4 members.

There is no problem to carry the induction as T' is dependent (see 2.2(1) below
which says more or see [Sh 715, 3.4+Def 3.3]).

For n > 0, E,, | I, is an equivalence relation on I,, with finitely many equivalence
classes, each convex; so as [ is a complete linear order clearly

()1 for each n > 0 there are t} <; ... < tZ(n)q from I,, such that s € I,, Asy €
I, = [s1Eps2 = (VE)(s1 <t} =52 <t} Asy >t =59 > t})].

Asn>0= FE, # E,,_; clearly

(x)2 k(n) >2and |I,/E,| =2k(n) — 1
(¥)3 {Ine : £ < k(n)} U{{t}} : 0 < £ < k(n)} are the equivalence classes of
By 1 I
where
(%)4 for non-zero n < w, ¥ < k(i) we define I,, 4:
if 0 < ¢ <k(n)—1then I, = (t},t} )1,
if 0 = /¢ then Img = (—OO,t?)[n
if ¢ = k(n) —1 then I,, , = (t},00)7p,,-

As (see end of clause (f))) we cannot omit any ¢} (¢ < k(n)) and transitivity of
equality of types clearly

()5 for each ¢ < k(n)—1 for some m and p = ¢(zg, ..., Tm—-1,7) € A, there are
s0 <1 .-+ <1 Sm—1from I,, pand s <1 ... <r 87,1 from I,, JU{t} YU, p11
such that € |= plas,, ..., ¢l = ~play, ...,

Hence easily

(%) J € {Ine: ¥ <k(n)}iff Jis a maximal open convex subset of I,, such that
(a; : t € J) is A,-indiscernible over C.

By clause (h) and (x)g

()7 if k(n) < 4 and ¢ < k(n) then (a; : t € I, ) is an indiscernible sequence
over C
hence

(x)g if k(n) < 4 then for at most one m > n do we have I,,, C I,,.
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Note that

(x)g m<n=1,CIl,VI,NI,=0.

Case 1: There is an infinite u C w such that (I,, : n € u) are pairwise disjoint.

For each n € u we can find ¢, € “”C and k,, < w (no connection to k(n) from
above!) and ¢(Zo, ..., Tk, —1,9) € Ay such that (a; : t € I,) isnot ¢, (Zo, ..., Tk, —1,C)-
indiscernible (so £g(Z¢) = ). So we can find t}, , < ... < tﬁ’knfl in I, for £ =1,2

such that = ¢plae ... a6y ,¢n]f¢=2) By minor changes in A, @,, with-

n,kp—1
out loss of generality ¢, is without repetitions hence without loss of generality
n < w = Cp = Cy.

Without loss of generality A,, is closed under negation and without loss of gen-
erality t) . | <r t; . We can choose )", € In(m < w,m ¢ {1,2},k < k)
such that for every m < w,k < k, we have bk <t U ps1stn'e, 1 <1 t;”’gl; let
g = ey - "agm, and let = (z; 1 i < Lg(C.)). So for every n € “w the

type {~¢n(ay, , > T) /(Lgpn(a; p(m)+1> %) 1 < w} is consistent. This is enough for
showing kict (1) > No.

Case 2: There is an infinite u C w such that (I,, : n € u) is decreasing.

For each n € u, E,, | I, has an infinite equivalence class J,, (so J, C I,,) such
that n < m A {n,m} C u = I,, C J,. By (%)g clearly for each n € u,k(n) > 4
hence we can find £(n) < k(n) such that I}, = (I, ¢(n) U{t},, } UL ¢(n)+1) is disjoint
to Jp,. Now (I] :n € u) are pairwise disjoint and we continue as in Case 1.

By Ramsey theorem at least one of the two cases occurs so we are done.

2) By induction on |C.
3) Again using Ramsey Theorem.
4) Easy by now. P

Recall

2.2 Observation. 1) Assume that T is dependent, (a; : t € I) is an indiscernible
sequence, A a finite set of formulas, C' C € finite. Then for some convex equivalence
relation F on I with finitely many equivalence classes, each equivalence class in an
infinite open convex set or is a singleton such that for every s € I, (a; : t € s/E) is
an A-indiscernible sequence over U{a; : t € I\(s/E)} U C.

2) If I is dense and complete there is the least fine such E. In fact for J an open
convex subset of I we have: J is an F-equivalence class iff J is a maximal open
convex subset of I such that (a; : t € J) is A-indiscernible over CUU{a, : t € I\J}.
3) Assume [ is dense (with no extreme elements) and complete. Then there are
t1 <y ... < tg_1 such that stipulating ty = —o0, tx, = 00, Iy = (tg,te+1)1, we have
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(a) (a¢:t € Ip) is indiscernible over C

(b) if ¢ € {1,....,k—1}) and t, <y t;, <7 t}, then (a; : t € (t;,t])r) is not
A-indiscernible over C.

Proof. 1) See clause (b) of [Sh 715, Claim 3.2].
2),3) Done inside the proof of 2.1 and see proof of 2.10. (s o

2.3 Definition. 1) We say that ¢ = (;(Z,¥;) : i < k) witness kK < Kict,2(7") when

there are a sequence (a; o : o < A\, i < k) and (b; : i < k) such that

(@) (@i, : @ < A) is an indiscernible sequence over U{a; s : j € x\{i} and
B < A} for each i < K

(b) l_)l - U{C_Lj’a 1y <t,a< )\}

(¢) p={pi(Z,a;0°b;), ~i(T,a;1"b;) : i < Kk} is consistent (= finitely satisfiable

in €).

2) Kict,2(T') is the first x such that there is no witness for K < Kict 2(7).
3) T is strongly? dependent (or strongly™ dependent) if sict,2(T) = Ry.
4) T is strongly? stable if it is strongly? dependent and stable.

2.4 Observation. If M is a valued field in the sense of Definition and [I'*| > 1 then
T := Th(M) is not strongly? dependent.

Proof. Let a € T™ be positive, ¢o(z,a) := (val(z) > a), E(z,y,a) := ( val(z,y) >
2a) and F(z,y) = 2? +y (squaring in K™). Now for b € ¢o(M,a), the funciton
F(—,b) is (< 2)-to-1 function from ¢(M,a) to b/E. So we can apply [Sh 783, §4].

Alternatively let a, € I'M, a,, <pm ap41 for n < w be such that there are
bn.o € KM for a < w such that a < 8 < w = a,y1 > valM (b, o — by g) > a, and
val(bn,o) > a,. Without loss of generality for eac n < w the sequence (b,  : @ < w)
is indiscernible over {b,, o, : 71 € Ww\{n},a <w}U{ap, : n1 <w}. Now for n € Yw
clearly p, = {val(z — X{an, ,(m) : m < n}) > a, : n < w}, it is consistent, and we
have an example. Os 4

Note that the definition of strongly? dependent here (in 2.3) is equivalent to the
one in [Sh 783, 3.7](1) by (a) < (e) of Claim 2.9 below.

The following example shows that there is a difference even among the stable T'.
2.5 Example: There is a strongly® stable not strongly? stable T (see Definition 2.3).
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Proof. Fix )\ large enough. Let F be a field, let V' be a vector space over F of
infinite dimension, let (V,, : n < w) be a decreasing sequence of subspaces of V' with
Vin/ Va1 having infinite dimension A and Vy = V and V,, = N{V,, : n < w} have
dimension \. Let (z + V,,41 : @ < A) be a basis of V,,/V,, 41 and let (24! : t € Z
and a < \) be a basis of V,,. Let M = M) be the following model:

(a) universe: V

(b
(

c
(d) functions: F{M, alinear unary function satisfying: FM (27) = 2" +1, FM (2¢:!) =
xw,t—l—l
(0%

)

) individual constants: 0V

) the vector space operations: x +y,z — y and cx for c € F
)

() FM a linear unary function satisfying:
FM(ag) =z, F3 (x5 ™) = 2y and F3 (z") = 2271

(f) predicates: PM =V, so P, unary
Now

(x)o for any models My, My of Th(M,) with uncountable N{PM¢ : n < w} for
¢ =1,2, the set .# exemplifies M;, My are L x,-equivalent where:
Z is the family of partial isomorphisms f from M; into M, such that
for some n, (N; : i < nVi=w) we have:

) Dom(f) =D, Ni ® No,

Q

(

(0)

(¢) N; is of finite dimension
)

d) (@) NinPMi={0}andi=j+1>n= N, =F"(N;)fori<n

(B) Niﬁzm>0 Ni,m = {0} when 7 = 0 and we let Ni,O = Ni, Ni,m+1 =
F2(Ni,m) form<w

N, C PiM1 is a subspace when i <nVi=w

(e) similar conditions (in Ms instead M;) on N/ = f(N;) fori < nVi=w

[Why? Think.]

(x)1 T'= Th(M)) has elimination of quantifiers
[Why? Easy in (x)o.]

Hence

(%)2 T does not depend on A
(x)s3 T is stable.
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[Why? As if Ny is Nj-saturated, N; < Ny then {tp(a, N1,N2) : a € €} has
cardinality < ||[N1[ by (x)o.]
Now

(x)4 T is not strongly? dependent.
[Why? By 0.1. Alternatively, define a term o,(y) by induction on n :
o0(y) =y,0n+1(y) = Fi(on(y)), and for n € ¥\ increasing let

pn(y) = {1y — 00(1‘9](0)))7})2(9 - UO(I?;(O)) - 01(9071;(1)))» R
P,(y — E{O’g(&?f]([)) < n}),... }

Clearly each p,, is finitely satisfiable in M. Easily this proves that 7" is not
strongly? stable I.]

So it remains to prove
(x)5 T is strongly stable.

Why this holds? We work in € = €p. Let A > (2%)T be large enough and x = £™°.
We shall prove kit (T') = R by the variant of (b)/, from 2.1(3), this suffices. Let
(o : @ < A) be an indiscernible sequence over a set A such that ¢g(a,) < k. By 1.10
without loss of generality each a, enumerate the set of elements of an elementary
submodel N, of € which include A and is ¥;-saturated.

Without loss of generality (I NZ = () and):

[J; for some a,,(n € Z) we have
(a) ADcl(AUU{a,:i€Z})
(b) (a,:te€Z,t<0)(an:a <A (a,:te€Z,t>0)is an indiscernible
sequence over A’
) {(Gq : o < A)"(A) is linearly independent over A’
(d) A is the universe of N
(e) N is Ny-saturated
) N NN, is Ny-saturated (and does not depend on «).

Hence by (%)

Lo (CL) a# BA Qq,i = Q8§ = Qg = QG5 € A
(b) ifu C A then cl(U{ay :a €ufUA})is <€

(¢) if uw C X is finite we get an N;-saturated model (not really used).
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(We can use the stronger 2.1(4)). Easily

[s if a € Ny and b € cf(U{Np : f < a} U A) then:
(@) a=b=acA
() a—beP¥= (Icc A)(a—c€ P*Ab—ce PY).

[Why? Let b= 0%(ag,,..-,as, _,,a),a € “7A,0caterm, By < B < ... < fBm_1 <
a, then for every k < w large enough b’ := o%(a}, Ajoy1y- -+ »Aktm—1,0) belongs to
A as T is stable (see (x)3) and [Jy(b)). Also in Case (a): a =b = a =V and in
case (b): a —b€ P = a—V € P%)

By ifap € l(U{Ny : v € ug} UA) and ug C A for £ = 1,2 then:
(a) if a3 = ag then for some b € cl(U{N, : a € ug Nuz} U A) we have
ai—b=ay—-be A
(b) if a1 —az € PY then for some b € c/({N, : a € ug Nuz} U A) and
cEAwehaveag—b—CEPfandag—b—cePf.

[Why? Similarly to [s.]
Now let ¢ € €, the proof splits to cases.

Case 1: c€ cl(U{ag: B < A} UA).
So for some finite u C A, ¢ € cl(U{ag : B € u}), easily (ag : f € A\u) is an
indiscernible set over A U {c}, and we are done.

Case 2: For some finite u C \, for every n for some ¢,, € cl(U{ag: € u} UA) we
have ¢ — ¢, € PM (but not case 1).

Clearly u is as required. (In fact, easily cl({ag : B € u} U A) is N;-saturated
(as u is finite, by [a(c)) hence there is ¢* € cl(U{ag : B € u} U A) such that
n<w=c* —c, €PM

Case 3: Neither case 1 nor case 2 (less is needed).
Let n(1) < w be maximal such that for some c,(1) € A we have ¢ —c,(1) € Pr%l)

(for n =0 every ¢’ € A is O.K.; by not Case 2 such n(1) exists).

Subcase 3A: There is n(2) € (n(1),w) and c,(2) € cl({ag : B < A} U A) such that
M
C—Cp2) € Pn(z).
Let u be a finite subset of A such that c,(2) € cf({ag : 8 € u} U A), now u is as
required (by [s + [y above).
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Subcase 3B: Not subcase 3A.
Choose u = ) works because neither case 1, nor case 2 hold with u = () and
subcase 3A fails. Os 5

2.6 Remark. We can prove a claim parallel to 1.11, i.e. replacing strong dependent
by strongly? dependent.

2.7 Claim. 1) Kict,2(T°) = Kict,2(T).
2) ]f Tg = Th(Mg) fOT' {= 1, 2 then /ﬁictyg(Tl) 2 /{ictyg(Tg) when:

(%) My is (first order) interpretable in M.

3) If T' = Th(C€, ¢)cea then Kict,2(T") = Kict,2(T).
4) If M is the disjoint sum of My, My (or the product) and Th(My), Th(Ms;) are
strongly? dependent then so is Th(M).

Proof. Similar to 1.11. Uo7

Now kict(T") is very close to being equal to kit 2(T).

2.8 Claim. 1) If k = Kict,2(T) # Kict () then:

(@) Kict,2(T) = N1 A Kiet (T) = Ny

(b) there is an indiscernible sequence (a; : t € I) with a; € “€ and ¢ € €, 1 is
dense complete linear order for clarity, such that

(%) for no finite u C I do we have: if J is a convex subset of I disjoint to u
then (a; : t € J) is an indiscernible sequence over U{a; : t € I\J}U{c}.

2) If T is strongly™ dependent then T is strongly dependent.
3) In the definition of kict,2(T'), without loss of generality m = 1.

Proof. 1) We use Observation 1.5. Obviously kict(T) < Kict,2(T"), the rest is proved
together with 2.10 below.

2) Easy.

3) Similar to the proof of 1.7 or better to use 2.10(1),(2). Oo.s
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2.9 Claim. The following conditions on T are equivalent:

(CL) /{ict,2<T) > NO

(b) we can find A and an indiscernible sequence (a; : t € I) over A satisfying
a; € “C and t,, € I increasing with n and ¢ € ¥~ € such that for every n

tn, <y t=tp(a,,AUcU{a, :m<n})#tpla, AucU{as, : m <n})

(¢) similarly to (b) but t, <;t = tp(as, ,AUcU{as:s <;t,}) # tp(a;, AU
cU{as:s<ytn})

(d) we can find A and a sequence (a3 :t € I,,), I, an infinite linear order such
that (ay : t € I,,) is indiscernible over AU U{ay* : m # n,m < w,t € I,}
and for some ¢ € “ZC€ for each n,{(ay : t € I,) is not indiscernible over
AucUuU{a :t € I,,m <n}

(e) we can find a sequence (pn(T,Yn,---,Y0) : 1 < W) and (@r:a<in<w)
such that: for everyn € “X the setp, = {¢on(z,al,a) (n 1y ,dg(o))lf(o‘:"(”)) :
n <w,a < A} is consistent.

Proof. Should be clear from the proof of 2.1 (more 2.3). Oa.g

2.10 Observation. 1) For any k and ¢ > k we have (d) < (¢)¢ = (b)¢ < (a); if
in addition we assume (X = Kict (1) < kK = Ny = Kict,2(T")) then we have also
(c)¢ « (b)¢ so all the following conditions on 7" are equivalent;

(a) k> Kit(T)
(0)¢

if (a; : t € I) is an indiscernible sequence, I a linear order, a; € € and
C C € is finite then for some set & of < k initial segments of I we have:

(x) ifs,teland (VJ € P)(se J=teJ)then as,a; realizes the same
type over C (if I is complete this means: for some J C I of cardinality
< kK, if s,t € I realizes the same quantifier free type over .J in I then
as, a; realizes the same type over C)

(c)¢ like (b) but strengthening the conclusion to: if n < w,sp <7 ... <;
Sn—1,to <r...<1 tn, and (V0 < n)(Vk <n)(VJ € P)[s; € J =t € J] then
Qs, ... G, , and ay, ... at, , realize the same type over C'

(d) k> Kict,2(T).

2) We can in clauses (b)¢, (¢)¢ add |C| = 1 and/or demand I is well ordered (for
the last use 1.10).



Paper Sh:863, version 2017-04-25_10. See https://shelah.logic.at/papers/863/ for possible updates.

38 SAHARON SHELAH

Proof. We shall prove various implications which together obviously suffice (for
2.10 and 2.8(1) and 2.8(3)).

—(a) = =(b)¢

Let A > k. As in the proof of 1.5 there are ¢ = (p;(Z,y;) : i < k), m = Lg(Z)
and (al, : i < k,a < \) exemplifying ®2 from 1.5, so necessarily af, is non-empty.
Recall that £g(a’,) is finite for i < k,a < A and without loss of generality ¢ > x2.
Let @’ € ‘€ beal al” ... @, were @, has length ¢ —Y,-.¢g(a’,) and is constantly
the first member of a2. Let ¢ realize p = {p;(Z, 2;) A ;i (T, Goix1) 11 < K}.

Easily ¢ (or pedantically Rang(¢)) and (a}, : o < \) exemplifies —(b)c.

(a) = (b)¢.

If Kk = Ny, this holds by 2.1(1); in general, this holds by the proof of 2.1(1) and
this is why there we use k.

—(b)e = —(c)¢
Obvious.

—(a) = -(d)

The witness for —(a) is a witness for —(d).

—(d) = ~(c)¢

Let (pi(Z, ;) : i < k) witness —(d), i.e., witness K < Kict,2(T'), so there are (a; q :
a < \i < k) and (b; : i < k) satisfying clauses (a),(b),(c) of Definition 2.3. By
Observation 1.10 we can find an indiscernible sequence (@}, : @ < Ax k), lg(a},) = (s
where ¢; := X{lg(y;) : i < j} such that i < Kk Ao < A= a} | [(;,Ci41) = aly. Now
(@ : a < A X k), ¢ witness —(c)¢,, because if & is as required in (c)¢, then easily
(Vi < k)(3J € Z2)(JN[Ni,hi+ X) ¢ {0, [\, Ai + \)}, hence |Z| > k. Now clearly
¢« < ¢ hence repeating the first element (¢ — &) times we get (b°, : @ < Ax) which
together with ¢ exemplify —(c)c.

It is enough to prove

(x) assume —(c)¢ then

(1) —(d)
(ii) —(a) except possibly when (a) + (b) of 2.8(1) holds, in particular
Ny = Kict (T') < k = Ry = Kiee,2(T).

Toward this we can assume that

X T is dependent and C, (a; : t € I) form a witness to —(c)¢.
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Let ¢ list C' without repetitions and without loss of generality I is a dense complete
linear order (so with no extreme elements). Let £g(Z;) = ¢ for £ < w be pairwise
disjoint with no repetitions, of course, £g(y) = ¢g(¢) < w (pairwise disjoint) and let
@ = (i = 0i(Zo, ..., Tpe)—1,7) : @ < |T']) list all such formulas in L(7r). For each
i < |T'| by 2.2(1),(2) there are m(i) < w and t;1 <y ... <1 t;m(;)—1 as there and
m(i) is minimal, so stipulating t; 0 = —00,t; ;,,(;) = 00 Wwe have:

(%)1 if sy <y ...<ys S;n(z‘)q and sj <j...<j 3;7’1(1.)71 and s}, s realize the same
quantifier free type over {t;1,... ,t; m(;)—1} in the linear order I for each
l< m(z) then € IZ “Qpi[asép sy Qg (i)_laé] = @i[dsé’; sy Qg E]”.

m m(i)—1

For each i < |T'|, for each £ € {1,...,m(i)} we can find w; ¢ such that

(¥)2 (a) wipe CI\{tie}
(b) w; g is finite
(c) if sy <ty < s2then (@ :t € (s1,52)r) is not {;}-indiscernible
over CU{a; : t € w;}.

Moreover for some n} < n(7)

(@) 7 : {0, ... ,n(i) — 1} = {0,...,m(i) — 1} be

i =n
e 7(n)=n otherwise

(b) (10;'('%07 o ;jm(i)—lv g) = @(iﬂi(O)a s 73_37ri(m(i)—17 g)
(¢) ti, € wiyu forn=1,...,n(i) — 1 such that s1 < ;) < s2.
Then for some ¢’ € (s1, s1)7 we have = ¢ [ay, s s - - 7@?,”(“_1’6] = —i[ae, 40 Qe s oo s Gty (i) 1 ¢l
If the set {t; 1 : ¢ <|T|,k=1,...,m(i) — 1} has cardinality < x we are done, so
assume that

(*)3 {tie:1<|T|and ¢ € [1,m(i)]} has cardinality > &.

Case 1: k > Nq (so we have to prove —(a)).

By Hajnal free subset theorem and by (x)s there is ug C |T| of order type
k such that i € wg = {tip : £ = 1,...,m(i) — 1} € {tjo : j € uo\{i} and
C=1,....,m(5) =1} UU{wje: 7 €u\{i} and £ € [1,m(3))}.

There are u C uy of cardinality £ and a sequence (£(i) : i € u),0 < £(i) < m(i)
such that (¢; s;) : ¢ € u) is with no repetitions and disjoint to {t;, : i € u and
€ 0(i) } UlU{w; iy : @ € u}. We shall now prove k < kict(T), this gives —(a), ~(d)
so it suffices.



Paper Sh:863, version 2017-04-25_10. See https://shelah.logic.at/papers/863/ for possible updates.

40 SAHARON SHELAH

Clearly by 1.5 it suffices to show (A any cardinality > Ry we can easily change
the @)’s to have finite length, preserving (a) + (b) below)

[, there are @, € °€ for i € u,a < X and set A such that
(a) (@’ : < ) is an indiscernible sequence over U{(zfé CjEUJ Fia<

AU A
(b) (@’ : < A) is not {¢; }-indiscernible over A U é.

By compactness it suffices to prove [, for any finite v C u and A = Ng; also we can
replace A by any infinite linear order.
We can find ((s1,4,52,) : ¢ € v) such that

(*)4 81,4 <7 ti7g(i) <7 S2.i (fOl" 7 € ’U)
(*)5 (81,i,52,)1 is disjoint to U{(s1,5, s2,5) : § € v\{i}} U U{w; ;) € v}

So <<ag ct e (s1,5,525)1) ] € v> and choosing A = U{a; : t € w; 4¢;),% € v} are as

required above. So we are done.

Case 2: kK = Ny so we have to prove —(d) and clause (ii) of (%) and (for proving
part (2) of the present 2.10) that without loss of generality |C| = 1.
We can find A and u

! (a) ACC
(b) u C I is finite
() ifn<wandth<;...<;tf ;forl{=1,2and
(Vk <n)(Vs € u)(t;, =s=12 =s At} <;s=1t: <; s) then
Qg ... G G2 ... G2 realize the same type over A

n—1

(d) if A’ v/ satisfies (a)+(b)+(c) then |A'| < |A].

This is possible because C is finite and the empty set satisfies clauses (a),(b),(c)
for A by our present assumption A # C, so let ¢ € C\A. Now we try to choose
(ik, g, wy) by induction on k < w

wy, € I\{t;, ¢, } is finite
f) it <pti e <rs” then (a;:t € (s',s")r) is not indiscernible over
{as : s € wg} U{c}, moreover the parallel of (x)2(c) holds.

(

(

(d) wi 2uUJwgU...Uwg_1 U {timko’ A 7tik—1,€k—1}
()

(
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If we are stuck in k then wy_; € [I]<¥ when k& > 0,u when k = 0 show that
(a; : t € I), AU {c} contradict the choice of A recalling we are assuming —(c)¢. If
we succeed then we prove as in Case 1 that ict,2(Th(€, a)aea) > N so by 1.4 we
get Kict,2(T) > Ng so we have proved clause (d) of the claim, completing the proof
of 2.10; also clearly (b) of the claim holds hence we complete also the proof of 2.8.

Uz.10

2.11 Conclusion. T is strongly? dependent by Definition 2.3 iff T is strongly?
dependent by [Sh 783, §3,3.7] which means we say T is strongly? (or strongly™)
dependent when: if (a; : ¢ € I) is an indiscernible sequence over A, t € I =
lg(a;) = a and b € “>(€) then we can divide I to finitely many convex sets
(Iy : ¢ < k) such that for each ¢ the sequence (a; : t € I;) is an indiscernible
sequence over {as : s € I\I,} U AUb.

x * *

Discussion: Now we define “T is strongly?* dependent”, parallely to 1.8, 1.9 from
the end of §1.

2.12 Definition. 1) Kjcy2(7) is the minimal x such that for no m < w and ¢ =
(i(Zi,75) = i < k) with £g(Z') = m x n; can we find a@’, € 9@ for a < \,i < &
and ¢, , € ™€ for n € "\ such that:

(a) (€yn :m <w) is an indiscernible sequence over U{a!, : o < \,i < Kk}
(b) for each n € ®)\ and i < k we have € = ¢;(Cp0” ... Cyn,—1,a )@=,

2) If ¢ is as in (1) then we say that it witnesses £ < Kicu,2(T).
3) T is strongly!* dependent if xicu(T) = No.

2.13 Claim. 1) Iiicu,g(T) S K/ict’Q(T).
2) If cf(k) > Ro then Kicu,2(T) > Kk € Kict,2(T) > k.
3) The parallel of 1.4, 1.5, 1.7(2) holds.
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§3 RANKS
§(3A) RANK FOR STRONGLY DEPENDENT 7'

3.1 Explanation/Thesis:

(a) For stable theories we normally consider not just a model M (and say a
type in it, but all its elementary extensions; we analyze them together

(b) for dependent theories we should be more liberal, allowing to replace M
by N when M < N < Ny,a € “9@(Ny), (N is the expansion of N by
restrictions of relation in N; definable with parameters from a)

(c) this motivates some of the ranks below.

Such ranks relate to strongly' dependent, they have relatives for strongly? depen-
dent.

Note that we can represent the r € Kj,, (and ranks) close to [Sh 783, §1]
particularly ¢ = 9.

3.2 Definition. 1) Let My <4 M; for My, M; < € and A C € means that:

(a) My C M, (equivalently My < M)

(b) for every b € My, the type tp(b, My U A) is f.s. (= finitely satisfiable) in
M.

2) Let My <a, My for My, M7 < €, A C € and p € S<“(M; U A) or just pis a
(< w)-type over M1 U A means that

((1) MQ g M1

(b) if b € My, ¢c € My,a, € A,as € A,C }: (,01[(_),(_1175] and QOQ(ﬂ_,‘,B, C_EQ,E) € por
is just a (finite) conjunction of members of p (e.g. empty) then for some
b' € My we have € |= p1[b),a1,¢| and po(Z,b,as,¢) € p or just is a finite
conjunction of members of p.

3.3 Observation. 1) My <4, M; implies My <4 M.

2) If p= tp(b, My U A) € S™(M; U A) then My <4, My iff My <, 5 Ma.

3) If Mo <a My <4 My then My <4 M.

4) If Mo <aprarua) M1 <ap M then Mo <, Mo.

5) If the sequences (M o : o < 9), (Ay : o < 0) are increasing continuous, § a limit
ordinal and My <4, M  for a < 6 then My <4, M; 5. Similarly using <a_ p, -
6) If M, C M; and p is an m-type over My U A then M; <4 My < My <4, Ms.
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Proof. Of course, My C M; C M, using clause 3.2(2)(a) for the assumption,
hence My C My, i.e. clause 3.2(a) of the desired conclusion holds. To prove
that also clause 3.2(2)(b) of the desired conclusion holds assume b C My, é C
My,a, C Aj,a; C A are finite such that € = 1[b,ay,¢| and ¢(Z, b, as,c) is a
finite conjunction of member of p(Z). As we are assuming M; <4, M; there is
v € L9®)(M;) such that € = ¢1[b),a1,¢ and @o(Z,b', a9, ¢) is a finite conjunction
of members of p, but b’ as"é C M; U A. Now use “M) <api(dua) Mi” with
b',E, a1, as is here for b, ¢, ai,as to get the desired conclusion.

3.4 Discussion: 1) Note that the ranks defined below are related to [Sh 783, §1].
An alternative presentation (for £ € {3,6,9,12}) is that we define M4 as (M, a)qca
and Ty = Th(€,a)sca and we consider p € S(M4) and in the definition of ranks
to extend A and p we use appropriate ¢ € S(Np), M4 < Na, A C B. Originally we
prsent here many variants, but now we present only two (¢ = 8,9), retaining the
others in §(5A).

2) We may change the definition, each time retaining from p only one formula with
little change in the claims.

3) We can define ¢ € Kj ,, such that it has also N* where M* C N¥*(< €p) and:

(A) change the definition of ¢ </, y to:
(a) NV C N¥
(b) A¥ C A" C A¥U N¢
(¢) M¥C MY C N¥
(d) p”Cp*

(B) change “y explicitly A-split ¢-strongly over t” according to and replacing
in Definition 3.5(4) or Definition 5.1(4) clauses (e), ()’ the type p* by the
type p*

(C) dp-rk , is changed accordingly.

So now dp-rk’y’ may be any ordinal so 3.7 may fail, but the result in §4 becomes
stronger covering also some models of non-strongly dependent T

3.5 Definition. 1) For ¢ = 8,9 let

Ko = {zc = (p,M,A), M a model <&€p, ACCrp,
p€S™(MUA) and if £ =9 then
p is finitely satisfiable in M }
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If m =1 we may omit it.

For r € Ky, ¢ let t = (p*, M¥, AY) = (p[x], M|x], Alx]) and m = m(r) recalling p*
is an m-type.
2) For t € K, ¢ let Ny be M¥ expanded by Ry (z.5.a) = {b € W9 M : o(z,b,a) € p}
for o(z,y,2) € L(rr),a € A and Ryya) = { c “9OM : € = plb,a]} for
©(y,z) € L(rr),a € 9W¢; let 7, = 7, .
2A) In part (1) and (2): if we omit p we mean p = tp(<>, M U A) so we can write
Na, a T4-model so in this case p = {p(b,a) : b € M,a € M and € = @b, al}.
3) For r,y € K, ¢ let

(a) r <£, v means that r,9 € Ky, ¢ and

(a) A¥ =AY
() ME <y M°
(c) p*Cp’

)

M?¥ < Alx],pb] M

r <%y means that for some n and (r; : k < n), 1% <’ 141 for £ < n and
(6) ) at +
(x,n) = (z0,tn)

where:

(v) <4y iff (zc y € K, ¢ and) for some ' € K,, ¢ we have
(a
(b

_pr
AY C A" C AY U MY
MY CMI

r (MY U AY).

Cc

) ¥
)
(¢)
(d) p

4) For 1,9 € K,, ¢ we say that vy explicitly A-splits ¢-strongly over r when: A =
(A1,A2),A1,Ay C L(7rp) and for some t' and ¢(Z,y) € Ay we have clauses
(a),(b),(c),(d) of part (3)(v) and

(€) there are b,a such that
() a=(a;:i<w+1)is As-indiscernible over A* U M?

(B) AP\ AY = U{a; : i < w}; yes w not w+ 1! (note that “A"\ A* =" and
not “AY\A* D7 as we use it in (e)(7y) in the proof of 3.7)

(v) a e M¥ fori<w+1 and b € “> (A¥)
(8) @(z,a,"b) A —p(F,a,"b) belongs to p* for k < w.
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5) We define dp-rk%¥ , : K, ¢ — Ord U {oo} by

(a) dp-rky ,(r) = 0 always

(b) dp-rk% ,(xr) > a+1 iff there is y € K, ¢ which explicitly A-splits (-strongly
over r and dp-rkz ,(9) > «
(c) dp-rk’¥ ,(r) > 6 iff dp-rk’¥ ,(r) > « for every a < § when § is a limit ordinal.

Clearly well defined. We may omit m from dp-rk as ¢ determines it.
6) Let dp-rk’y ,(T') = U{dp-tka ,(r) : t € Ky ¢}; if m = 1 we may omit it.
7) If Ay = Ay = A we may write A instead of (Aj,Ag). If A = L(7p) then we

may omit it.

Remark. There are obvious monotonicity and inequalities.

3.6 Observation. 1) Sf;r is a partial order on K, ¢.

2) Km,g g Km,S-

3)If r,n € Ko then r <8 p e <J .

4) If r,9 € Kpo then ¢t <8 p < <l v.

5) If r,y € Ko then y explicitly A-splits 8-strongly over p iff y explicitly A-splits
9-strongly over r.

6) If r € Koy, 9 then dp-rk o (r) < dp-rk% (r).

7YIfae™C and r = (tp(a, M UA), M, A) then r € K,, 5.

8) In part (7) if tp(a, M U A) is finitely satisfiable in M then also y € K, 9.

9) If r € K,y and kK > Ny then there is y € K,,, such that Sf;r n and

MDV is k-saturated, moreover MZ[ is k-saturated (hence in Definition 3.2(4)

v],p[b]
without loss of generality M* is (|M¥ U A*|*)-saturated).

Proof. Easy. E.g.

9) Let a € ™€ realize p* and let N < € include M* U A¥ Ua. Let N; be N
expanded by PN = |M| and let N5 be a s-saturated elementary extension of N;",
so without loss of generality Ny := N; | 77 is < €. Now define y by MY = Ny |
PN2+,A" = A, pY = tp(a, MY) = tp(a, MY, Ns), easily y is as required.

3.7 Claim. 1) For each ¢ = 8,9 we have dp-rk,(T) = oo iff dp-rke(T) > |T'|* iff
Rict (T) > NO-

2) For each m € [1,w), similarly using dp-rk}*(T), hence the properties do not
depend on such m.
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3.8 Remark. In the implications in the proof we allow more cases of /.

Proof. Part (2) has the same proof as part (1) when we recall 1.7(1).

Kict (T') > Vg implies dp-rky(T) = oo

By the assumption there is a sequence ¢ = (p,(z,¥,) : n < w) exemplifying
Ng < kit (T'). Let A > Xy and I be A x Z ordered lexicographically and let I, =
{a} xZ and I>, = [, \) X Z. As in 1.5 by Ramsey theorem and compactness we
can find (@} : t € I,n < w) (in €p) such that

® (a) fg(ay) = Lg(yn)
(b) (a} :t e I) is an indiscernible sequence over U{a}” : m < w,m # n
and t € I}

(c) for every n € “I,p, = {pn(z,a?)f1M=) 1 n < w t €I} is
consistent (i.e., finitely satisfiable in €).

Choose a complete 77 2O T with Skolem functions and M* = T} expanding € be
such that in it (al : t € I,n < w) satisfies ® also in M*; exists by Ramsey theorem.
Let M be the Skolem hull in M* of U{a}* : m < n,t € [} U{a}* : m € [n,w) and
t € I} and let M,, = M} | 7(T). So we have M, < € which includes {a}* : t €
I,m € [n,w)} such that M,1 < M, and (a} : t € I>2) is an indiscernible sequence
over M,y U{a™ : m < n,t € I1} hence (a} : t € I5) is an indiscernible sequence
over M, 11 U A,; the indiscernibility holds even in M* where 4, = {a}* : m <n
and t € I;}. We delay the case £ = 9. Let n € “I be chosen as: ((2,i) : i < w). Let
p € S(My) be such that it includes p,,.

Lastly, let r,, =), = (pn, My, A,,) where p, = p [ (4, UM,). By 3.6(7) clearly
o € Ky.

It is enough to show that dp-rke(r,) < oo = dp-rke(r,) > dp-rke(rn41) as by
the ordinals being well ordered this implies that dp-rke(r,) = oo for every n. By
Definition 3.5(5) clause (b) it is enough to show (fixing n < w) that r,41 explicitly
split ¢-strongly over r,, using (d?l’i) 1< w>A(d?2’n)>. To show this, see Definition
3.5(4) we use 1], := n, clearly rn, <{ 1}, as r, = 1), € K so clause (a) of Definition
3.5(3)(7) holds. Also Af» C Afn+1 C A¥» UM% as Af»+1 = A U{a} :t € I} and
U{a? : t € I} € M* so clause (b) of Definition 3.5(3)(v) holds. Also M+t C M¥n
and ptr+t D ptn | (Af»UME+1) and even ptn+t = p?; [ (Afn+1UM¥) holds trivially
so also clause (c),(d) of Definition 3.5(3)(7) holds.

Lastly, —¢,,(x, 6?1,1‘)) for i < w, pn(z,a(2,,)) belongs to p, hence to p*»+1 hence
by renaming also clause (e) from Definition 3.5(4) holds. So we are done.

We are left with the case ¢ = 9. For the proof above to work we need just that
p(€ S(My)) satisfiesn < w = p | (M,UA,,) is finitely satisfiable in M,,. Toward this
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without loss of generality for each n there is a function symbol F,, € 7(M*) such

5

that: if n € "I then ¢, == FX (ag(o), . 752(:11—1)) realizes {pp, (z,ay)f¢E=n0m) .
m < n and a < A}, so F, has arity {lg(y,,) : m < n}.

Let D be a uniform ultrafilter on w and let ¢, € € realize p* = {¢(x,b) : b C
Mo, ¥(z, ) € L(tar+) and {n : € = 9 (cypn, b)} € D}, so clearly p = tp(cw, Mo, €) €
S(My) extends {@n(z,a) ¢=1(") . n < w and t € T}. So we have just to check
that p, = p | (4, U M,,) is finitely satisfiable in M, so let ¥(z,b) € p,, so we
can find k(*) < w(C Z) such that b is included in the Skolem hull M e of

U{c—zﬁya) :m<nanda€ZANa<k(x)}U{al:m € nw),tecl}inside M*.
Let v € “ )\ be defined by

v(m) = n(m) for m € [n,w)

v(m) = (1,k(x) + m) for m < n.

By the indiscernibility:

(¥)1 for every n, € = 9 (cypn, B) = Y(cupn, 6)

and by the choice of p

(*)2 {n: € EY(cym,b)} is infinite.
But clearly

(¥)3 Cyrm € M, for m < w.

Together we are done.
dp-tky(T') = oo implies dp-rk,(T) > |T'|":
Trivial.

dD—I‘k[(T) > |CT|Jr = /‘ii(-f(T) > Nq:
We choose by induction on n sequences @™ and (1" : a < |T|1), (@0 4n 1 <
|T| ™) such that:

®n (a) " = (pm(®,m) : m < n); that is ¢" = (7, (z,7p,) : m < n) and
em (@, gm) = opt (@, gt for m < n so we call it (2, §im)
(b) 1o € K¢ and dp-rke(ry) > o

— — — . n
() aZ=(ay} :k <w,m < n) where the sequence a.’}" is from Afe.

(d) for each a < |T'|" and m < n the sequence (@}’ : k < w) is
indiscernible over U{@™}, : i < n,i # m, k < w} UM% U A
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(e)  we have b»™ C Afa = U{(_f;ﬁ€ ci<mk<wlUAD
for m < n such that:
ifne”wandm<n:>b”mcu{d”’ ci<m,k <n(i)}UA?
then (ps [ M)U{=@m (g i), ba™) Aom (2,807 110 06™)
m < n} is finitely satisfiable in €.

For n = 0 this is trivial by the assumption rk-dp¢(7T) > |T|* see Definition 3.5(6)
(and 3.5(7)).

For n 4 1, for every a < |T'|", (as rk-dpe(z2,,) > « by Definition 3.5(5)) we
can find 3%, 9%, o (2, 9n), (ay )y, + k < w) such that Definition 3.5(4) is satisfied with
(¥641530: D 9 (2, ¥a), (g7,  k < w)) here standing for (L vy0, (2, 9), (@ k <

w)) there such that rk-dpe(?) > o and we also have ay’,b* here standing for
dy, b there. So for some formula ¢, (z,7,) the set S, = {oz < |T|*" : @l (z,y) =
©n (2, Yn)} is unbounded in |T|*, so "+ is well defined so clause (a) of ®,,41 holds.

For a < |T|" let B () = Mln(S \a) and let t2H1 = D5(a) SO clause (b) of @41
holds. Let (a"*"™ : k < w) be (@’ Aoy 11p kb <w)if m <mnand (@g, , + k <w) if
m =n and let Aa‘H = Aj(4)115 80 clauses (c) + (d) from @;41 holds. Also we let
bRt g bﬁ( ) if m < n and is BZEZ)H if m = n. Next we check clause (e) of ®,,11.

Let n € ""lw be as required in sub-clause () of clause (e) of ®,11 and let  be
any member of S. By the induction hypothesis

<plﬂ.y+1 r Mgga'nwna+1) U {_\SD(ZL' CL: sz)), Bg’m)

Ap(z,a); :‘(m)ﬂ,l_):’m) :m < n}
is finitely satisfiable in €.
By clause (d) of 3.5(3)(«) it follows that

(P 1 M) U (@l ),

T ):m < n)

AP B30 i m) 1

is finitely satisfiable in € (i.e. we use MFat gAW,p[én] Mi3n] M3¥ which suffice;
we use freely the indiscernibility).
Hence, by monotonicity, the set

(5 1 (M5 U@ sk < n) or b =w}U AT)

—n+1m bmn

U@, Ay m(m)» Oy ) A el @y m(m)+17 O

nJrl m bn m)

m < n}
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is finitely satisfiable in €.
Similarly

(P37 1 (M) U {p(x, @™t h™ bnt by A —p(e, a?thm)}

ym(n) 7y T
—_n+1ln jin+lm —n+1m m+1my .
U {~ep(z, @y n(m) b’y ) A ol @y n(m+1) b’y ):m <n}

is finitely satisfiable in €.

But a? ", EL:;%;S 4 realize the same type over a set including all the relevant
—n+1, —n+1,n
elements so we can above replace the first (a7 7,»") by the second (a%n(m) 41) SO we

are done proving clause (e) of ®;,41.

Having carried the induction it suffices to show that ¢ = (v, (z,7,) : n < W)
exemplifies that kict(T") > Ng; for this it suffices to prove the assertion ®2¢, from
1.5(1). By compactness it suffices for each n to find (@™ : k <w) for m < nin €
such that fg(a;™) = Lg(gn), (@™ : k < w) is indiscernible over U{a," : k < w,i <
n,i # m} for each m < n and € | ()] /\ (—p(z,ap™) N p(x,al”™)].

m<n

We choose a;"™ = aZ’Zl(*HkAbZ’m where k(x) is large enough such that U{b2" :

m <n} CU{ay " :m <nand k < k(+)} and let o = 0; clearly we are done. (37

3.9 Observation. 1) If r € Ky and |T| + |A¥| < p < ||M¥]| then for some My < M?
we have ||Mp|| = p and for every y Sﬁr ¢ satisfying My € M"Y we have dp-rky(y) =
dp-rky ().

1A) If dp-rke(r) < oo then it is < |T|T. Similarly dp-rke(7T), (with (2!71)* this is
easier).

1B) If dp-rkjz ,(xr) < oo then it is < |A; U Ap|™ + V.

2) If p <7, v then dp-rke(r) > dp-rke().

3) If ¢ Sf;r n and 3 explicitly splits ¢-strongly over y then 3 explicitly splits ¢-strongly
over [.

4) The previous parts hold for m > 1, too.

Proof. 1) We do not need a really close look at the rank for this. First, fix an
ordinal (.
We can choose a vocabulary 7¢ o, of cardinality |A| + || + |T'| such that:

®; for any set A fixing a sequence a = (ag : f < a) listing the elements of
AM < C€andpe S"(MU{ag: B < a}),Ma, or more exactly Mz ) is a
T¢,o,m-model;
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we let

®2 (a) ds(¢) = {n:n a decreasing sequence of ordinals < (}

(b) T'¢={u:uis asubset of ds(¢) closed under initial segments} and
I'eo = U{T'¢ : ¢ an ordinal}
(c) foruel¢let 2" ={p: ¢ has the form (¢, (Z,y,) : 1 € u) where
= (xg: L <m),p,(Z,yn) € L(rr)} and
®3 there are functions ®, ,, for m < w, @ an ordinal, satisfying

(a) fu€Tlw,a€ Ordand ¢ € =77, then @, ,,(u) is a set of first order
sentences

(b) ®a,m(u) is a set of first order sentences

(¢) if r € Kppe and a = (ag : f < «a) list A* then dp-rke(r) > ¢ iff
Th(Maz pp)) U Pa,m(p) is consistent for some @ € Ee(0)

(d) if @, 1 are isomorphic (see below) then @, ,,(¢) is consistent iff @, ,, (1))
is; where

[Why ®37 just reflects on the definition.]

®s We say ¢ = (pn(Z,Uy) : 0 € u), v = (,(Z,2,) : 7 € v) are isomorphic when
there is a one to one mapping function A from u onto v preserving lengths,
being initial segments and its negation such that ¢, (Z, ) = Vum) (T, Zh))
for n € u.

Now if ¢ = dp-rke(x) has cardinality < p (e.g. ¢ < |T|") part (1) should be clear. In
the remaining case if 4 > |T|* by (1A) we are done and otherwise use the implicit
characterization of “co = dp-rky(z)”.
1A) Now the proof is similar to the third part of the proof of 3.7(1) and is standard.
We choose by induction on n a formula ¢,(Z,9,) < |T|T for some decreasing
sequence 7;, , of ordinals > « of length n, we have

O D,,.4(¢") is consistent with Th(M;%;n] p[x"]) where Dom(g™*) = {n}; , [ £:

¢ <n}and 9% (2,9, 1) = ¢e(Z,Ge) for £ <n.

The induction should be clear and clearly is enough.

1B) Similarly.

2) We prove by induction on the ordinal ¢ that dp-rk.(y) > ¢ = dp-rke(r) > ¢.
For ¢ = 0 this is trivial and for ¢ a limit ordinal this is obvious. For ( successor
order let ( = £ 4+ 1 so there is 3 € K, which explicitly splits ¢-strongly over 1y by
part (3) and the definition of dp-rk, we are done.
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3) Easy as <}" is transitive.
4) Similarly. Us.9

x * *

§(3B) Ranks for strongly™ dependent T":
We now deal with a relative of Definition 3.5 relevant for “strongly™ dependent”.

3.10 Definition. 1) For ¢ € {14,15} we define K, s = K, r—¢ (and if m = 1 we
may omit it and <f =<6 <! =<6 <l -6

—pr »—at™ —at »—=

2) For 1,y € K, ¢ we say that y explicitly A-split ¢-strongly over r when: A =
(A1,A2),A1,Ay C L(7r) and for some ¢’ and ¢(z,y) € Ag with lg(Z) = m we
have clauses (a),(b),(c),(d) of clause () of Definition 3.5(3) and

(e)” there are b,a such that
() a=(a;:1<w)is Aj-indiscernible over A* U M?
(B) A" D A*U{a; i <w}
() bC A¥ and a; € M* for i < w
)

(8) (&, a0°b) A ~p(Z,a1°b) € pt.

3) dp-rk}*(T) = U{dp-rke(zr) + 1 : 1 € K/}. )
4) If Ay = A = Ay we may write A instead of A and if A = L(7r) we may omit
A. Lastly, if m = 1 we may omit it.

Similarly to 3.6.

3.11 Observation. 1) If r,n € Ki5 then “y explicitly A-split 15-strongly over ¢” iff
“p explicitly A-split 14-strongly over ¢”.

2) If r € Kyyy,15 then dp-rk (r) < dp—rkgm(;).

Proof. Easy by the definition.

3.12 Claim. 1) For { = 14 we have dp-tke(T) = oo iff dp-rke(T) > |T|* iff
Iiict,Q(T) > No.

2) For each m € [1,w) similarly using dp-rk}*(T).

3) The parallel of 3.9 holds (for ¢ = 14,15).

Proof. 1) Kict 2(T) > Vg implies dp-rky(T") = occ.
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As in the proof of 3.7.

dp-rky(T) = oo = dp-rk,(T) > |T|" for any /.
Trivial.

dp-rky(T) > |T'|* = Kies o(T). )

We repeat the proof of the parallel statement in 3.7, and we choose b but not
ain.
2) By part (1) and 2.8(3).

3) Similar proof. Us.12
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§4 EXISTENCE OF INDISCERNIBLES

Now we arrive to our main result.

4.1 Theorem. 1) Assume

(a) L€ {8,9}

(b) 00 > ((x) = dp-rky"(T') so ((x) < |T|*
(€) A= :2><(§(*)+1)(,“)

(d) @ € €1 for a < A\, lg(ay) =m

(6) AC Cr Al +|T| < p

Then for some u € [\J]*", the sequence (Gq : o € u) is an indiscernible sequence
over A.

2) If T is strongly dependent, then for some ((x) < |T|* part (1) holds, i.e., if
clauses (c),(d),(e) from there holds then the conclusion there holds.

4.2 Remark. 0) This works for ¢ = 14,15,17,18, too, see §(5A).

1) A theorem in this direction is natural as small dp-rk points to definability and
if the relevent types increases with the index and are definable say over the first
model then it follows that the sequence is indiscernible.

2) The Jyy(¢41)(1) is more than needed, we can use )\2“(*) where we define \¢ =
p+ X{(2*¢)* : £ < ¢} by induction on (.

3) We may like to have a one-model version of this theorem. This will be dealt with
elsewhere.

Proof. Clearly ¢ € K,y = p* € S™(A* U M?) and we shall use clause (e) of
Definition 3.5(4).

By 3.6(6), it is enough to prove this for £ = 9, but the proof is somewhat simpler
for £ = 8, so we carry the proof for ¢ = 8 but say what more is needed for ¢ = 9.
We prove by induction on the ordinal ¢ that (note that the M,’s are increasing but
not necessarily the p,’s; this is not an essential point as by decreasing somewhat
the cardinals we can regain it):

(%)¢ if the sequence I = (G, : a < A1) satisfies K¢ below then for some u €
[AT]#" the sequence (g : a € u) is an indiscernible sequence over A where
(below, the 2 is an overkill, in particular for successor of successor, but for
limit ¢ we “catch our tail”):
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X there are A\, B, M, p such that
(a) X = AP for every € < ¢

(b) M= (M, :a<AT)and M, < €r is increasing continuous (with «)
(¢) M, has cardinality < A

(d) o € ™(Mqysq) for a < AT

() pa = tp(aa, My UAUB)

(f) BCC[B[<Rg

(9) ta = (Pa, Mq, AU B) belongs to K, ¢ and satisfies dp-rk}*(ro) < ¢.

Why is this enough? We apply () for the case ( = ((*) so A = A\, and we choose
M, < € of cardinality A by induction on o < AT such that M, is increasing
continuous, {ag : f < a} C M,.

If ¢ = 8 fine; if £ =9 it seemed that we have a problem with clause (g). That is
in checking r, € K, ¢ we have to show that “p, is finitely satisfiable in M,”. But
this is not a serious one: in this case note that for some club E of AT, for every
a € E the type we have tp(aqn, M, U AU B) is finitely satisfiable in M,,. So letting
M! = My ,a!, = @, when a < AT,o/ € FE and otp(C N ') = « and similarly
pl, = tp(@ar, My, €) we can use {((al,, M/, p.): a < AT) so we are done.

So let us carry the induction; arriving to ¢ we let 8y = Jaxcye(p), for £ < 3;
note that Hgil = 0, and \%2 = \. Let x be large enough and let B < (JZ(x), €
,<;‘<) be of cardinality A such that &, M, p,a, B, A belongs to B and A +1 C
BandY C BAY| < AN =X =YV € B. Let 6(x) = Bn At so
without loss of generality cf(5(x)) satisfies AfC() > X\ Let ¢* = dp-rk(ps (), Ms(s), AU
B) and 0 = 6, hence \ = AT We try by induction on e < 0% + 6% to choose
(Nq., ae) such that

®e (a) . < () is increasing with e

(b) N <AUB pac., Ms(+) is increasing continuous with e

(¢) N¢ has cardinality 6

(d) §<e= aa; € Na,

(€)  @q, realizes pse) [ (No. UAU D)

(f) if psex) splits over No U AU B then psy) | (Na.,, UAU B) splits over

N.UAUB

(g) (pocg [ (Nas UAU B)v Nozg7A U B) <pr (pé(*)7 Mé(*)a AU B) and they
(have to) have the same dp-rk

(h) N.C M, (but not used).
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Clearly we can carry the definition. Now the proof splits to two cases.

Case 1: For £ = 9+,pa(*) does not split over No, U AU B.

By clause (e) of ®. clearly € € [£,£ + 61) = tp(@a., N. U AU B) does not
split over N, U AU B and increases with €. As (N¢y. : € < 0) is increasing and
o, € Netq it follows that tp(a,, Ng+ U{ag: 8 € [0T,¢)} U AU B} does not split
over Nyt UAU B. Hence by [Sh:c, L,§2] that the sequence (aq, : j € [§,+67)) is
an indiscernible sequence over N, U AU B so as M < 07 we are done.

Case 2: For & = 6%, ps(.) splits over N, UAU B.

So we can find ¢(z, ) € L(rr) and b, ¢ € 99 (Ms(,) U AU B) realizing the same
type over No, UAUB and ¢(Z,b), ~¢(Z, €) € ps(x). So without loss of generality b =
bd,c = &@"d where d € “>(AU B) and V',¢ € m(*)(M5(*)) for some m(x). As
Naoe <auB My (see clause (b) of ®¢) clearly there is D an ultrafilter on ™) (N)

such that Av(Ne UAU B, D) =
Without loss of generality {b” €

tp(b', Ne U AU B)
(*)(Nag) .

tp(¢’, Ne UAU B).

@(Z,0",d) € ps(s)} belongs to D,

: o= = 7/
as otherwise we can replace o, b, & by —p, ¢, V.

Let M,

= (Ms(+)) AUBU{as,. )} and let M* < € be such that Mg,y € M* and

moreover (M*)AuBu{a5<*)} =< MAUBU{a . and the latter is AT-saturated. Clearly

letting p; =

(tp(@sy, M U AU B) and g:;'( y = (p;'( X

g?*)’A U B) we have

E5(x) Spr zc;r(*). Note that e < & = (pa. | (Na. UAUB), No_, AU B) <py I5(x)-
We can find (b, : @ < w + w) such that by € ™) (M) realizes Av(N,, UAU
BU{bg : B < a}, D) and without loss of generality b,, = b'.

We would like to apply the induction hypothesis to ¢’ =

dp-rk(rs5(+)), so let

O (a) N=6
(b) a. = aq, fore <67
(¢) M! =N,
(d) pr= tp(da.,Ne)
() B'=BU{by:a<w+w}
() A=A

We can apply the induction hypothesis to (', i.e., use (x)¢ for some v’ C 67 of

cardinality u™ the sequence (a

!/

! . e € /) is indisernible over A, hence the set

u := {a. : € € v’} has cardinality pu* and the sequence (a,, : a € u) is indiscernible

over A so we are done. )
But we have to check that the demands from X holds (for ) M’ =
(pl 1e < 67T).

0%),p =

(M!:e<
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Clause (a): As 6 = Jayx¢x41(p) clearly for every £ < ¢* we have § = 6-2x(e+1) hence
0= 932x<5+1>_

Clause (b): By ®.(b), M is increasing continuous.

Clause (c): By ®.(c).
Clause (d): By ®.(d).
Clause (e): By the choice of py.

Clause (f): By the choice of B'.

Clause (g): Clearly . € K,,¢, but why do we have dp-rk(z.) < ¢*7 This is
equivalent to dp-rk(z.) < dp-rk(rs.))-

Recall r504) <pr ?;—(*) and r. explicitly split /-strongly over rs(,), hence by the
definition of dp-rk we get dp-rk(zl) < dp-rk(rs(.)).

What about the finitely satisfiable of p’ when ¢ = 9?7 for some club E of 0%, ¢ €
E = tp(aa,, No. UAUB’) is finitely satisfiability in V,_.
2) By 3.7, dprk*(T) < |T|* for £ = 8, so we can apply part (1). 01
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§5 CONCLUDING REMARKS

We comment on some things here which we intend to continue elsewhere so the
various parts ((A),(B),...) are not so connected.

(A) Ranks for dependent theories:

We note some generalizations of §3, so Definition 3.5 is replaced by

5.1 Definition. 1) For £ =1,2,3,4,5,6,8,9,11,12 (but not 7,10), let

Ko = {zc = (p,M,A),M a model <&y, AC &p,
if £ € {1,4} then p € S™(M), if £ ¢ {1,4} then
p€eS™(MUA)andif £ =3,6,9,12 then
p is finitely satisfiable in M }

If m =1 we may omit it.

For r € K., ¢ let ¥ = (p*, M¥, AY) = (p[x], M[x], Alx]) and m = m(r) recalling p*
is an m-type.
2) For r € K ¢ let Ny be M expanded by Ry z.5.a) = {bec UM : p(z,b,a) € p}
for ¢(z,9,2) € L(rr),a € “® A and £ = 1,4 = a =<> and R,a) = {b €
LM e = b, a)} for p(7, 2) € L(rr),a € Eg(gj)e}; let 7o = 7, .
2A) If we omit p we mean p = tp(<>, M U A) so we can write N4, a 74-model so
in this case p = {p(b,a) : b € M,a € M and € |= ¢[b,al}.
3) For r,y € K, ¢ let

(a) ¢ <f, v means that r,y € Kp, ; and
At =AY

ME < MY

pt Cp”

d) it £ =1,2,3,8,9 then M* <ap 1y MP (for £ = 1 this follows from
clause (b))

—_—
SRS
~— ~—

N
()
~—

(B) r <’y means that for some n and (ry : k < n),1x <% tes1 for k < n and
(¥, ) = (x0,2n)

where
() © <% v iff (r,9 € K, 0 and) for some t’ € K, , we have
(@) r<p v
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(b) AF C A" C A*U MY
(¢) MY C MY

(d) p" Dp* | (AXUMY)sole{1,4} = p» =p* | M" and ¢ ¢ {1,4} =
pY =pt [ (MYUA).

4) For r,9 € K,, ¢ we say that y explicitly A-splits (-strongly over r when: A =
(A1,A5),A1,As C L(7r) and for some ¢’ and ¢(z,y) € A we have clauses
(a),(b),(c),(d) of part (3)(y) and
(e) when ¢ € {1,2,3,4,5,6}, in A” there is a A;-indiscernible sequence (ay :
k < w) over A* U M" such that @, € “>(M¥) and ¢(Z,ao), ~¢(Z,a,) € p*
and ap C AY for k < w
(e)’ when £ = 8,9,11,12 there are b,a such that
() a=(a;:i<w+1)is Aj-indiscernible over A* U MY
(B) AYAY ={a; : i < w}; yes w not w + 1! (note that “A* =" and not
“AP\ A* D7 as we use it in (e)(y) in the proof of 3.7)
(7) bC A*and @; € M¥ fori <w+1
(8) @(Z,ar"b) A —@(Z,a, b)) belongs® to p* for k < w.

5) We define dp-rk%y , : Ky ¢ — Ord U {oo} by

(a) dp-rk% ,(r) > 0 always

(b) dp-rk% ,(xr) > a+1 iff there is y € K, ¢ which explicitly A-splits /-strongly
over r and dp-rkz ,(9) > «

(¢) dp-rk’} ,(r) > ¢ iff dp-rk’¥ ,(r) > « for every o < § when § is a limit ordinal.

Clearly well defined. We may omit m from dp-rk as ¢ determines it.

6) Let dp—rkg’e(T) = U{dp-1ka ¢(r) : t € Ky e}; if m =1 we may omit it.

7) If Ay = Ay = A we may write A instead of (Aj, Ag). If A = L(7p) then we
may omit it.

8) For t € Ky let tl*l = (pt | M¥, M, AY).

So Observation 3.6 is replaced by

S5this explains why £ = 7,10 are missing
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5.2 Observation. 1) gf;r is a partial order on K.

2) K01y © Ky p2) when £(1),£(2) € {1,2,3,4,5,6,8,9,11,12} and /(1) € {1,4} &
0(2) € {1,4} and £(2) € {3,6,9,12} = £(1) € {3,6,9,12}.

2A) K, o) € (e 1 € Ko g2y} when £(1) € {1,4},6(2) € {1,...,6,8,9,11,12}.
9B) In (2A) equality holds if z(£(1), £(2)) € {(1,2), (1,3), (4,5), (4,6)}.

3)r <ty =1 <Xy when (£(1),£(2)) is as in (2) and £(2) € {2,3,8,9} = £(1) €
(2.3.8.9}.

3B) r < <£(1) p = gl <€(1) p*l when the pair (¢(1),£(2)) is as in (2B).
HDr<gi’'yv=r< <e( ) » when (¢(1),£4(2)) are as in part (3) (hence (2)).

4B) t <£(1) p=1 ] <£(2 y if (£(1),4(2)) are as in part (2A).

5) 1 exphmtly A- Sphts € (1)-strongly over ¢ implies y explicitly A-splits £(2)-strongly
over ¢ when the pair (£(1),4(2)) is as in parts (2),(3) and ¢(1) € {1,2,3,4,5,6} <
0(2) € {1,2,3,4,5,6).

6) Assume (£(1),£(2)) is as in parts (2),(3),(5). If r € K, ¢(1) then dp-rk’y 4(1)( p) <
dp-rk’%? 5(2)(@; ie.,
{£(1),£(2)) €{(3,2),(2,5),(3,5),(6,5), (3,6)}U{(9,8), (8,11), (9,11), (12, 11), (9, 12)}.

7) Assume a € ™€ and y = (tp(a, M U A), M, A) and ¢ = (tp(a, M U A), M, A).
Then

(a) ¥

(b) xeKmlme4

() € KimaNKpmsNKmgN K11

(d) if tp(a, M UA) is finitely satisfiable in M then also §) € K, 3N K, 6N Ko 9N
Ko 10

8) If r € Ky, 0(2) then dp—rkgm(g)(x[*]) < dp-rkgm(2)(x) when the pair (£(1),£(2)) is
as in part (2A).
9) If r € K,y and £ > Ny then there is y € K, , such that §f)r n and

M? is k-saturated, moreover M U[U] ply] 18 K-saturated (hence in Definition 3.2(4)

without loss of generality M¥ is (|M* U A¥|*)-saturated).

5.3 Claim. In 3.7 we can allow ¢ = 1,2,5 (in addition to { = 8,9).

Proof. Similar but:
kit (T') > R implies dp-rky(T") = D when ¢ € {1,2,4,5,8,9,11,12}:

(A) Let A, =U{a]* :m<n,tel}if¢ <7Tandif ¢ >7 A4, ={a” :m<n
and t € 1 }.
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”

using (af (i <w)if £ < 7and

“n+1 explicitly split /-strongly over r,, A3 pti)

(afy 4y i <w)™(ay,) if £>1.
Similarly in “Lastly...”: Lastly, if £ < 7, gon(x,d?l n)),ﬂgpn(a:',d?l n+1)) be-
longs to p*» and even p*+1 and if ¢ > 7, o, (x, ag n)) forn < w, ~pn(x,a(2,))

belongs to p, hence to p*»+! hence by renaming also clause (e) or (e)~ from
Definition 3.5(4) holds. So we are done.

dp-rky(T) > |T|" = kit (T) > Ng when £ =1,2,3,5,6,8,9

(D) In ®,(e) we use
(E) (o) if£€{2,3,5,6} and m < n,k < w then @y, (z,a,}’) € p*a
¢ k =0 hence ¢y, (z,a,7)") € pra
S k#0for k<2
(B) if £ =1 then p*e U {©,(z, ’k)‘f(k 0:m<n,k<?2}is
consistent
(y) if ¢ = 8,9 we also have b»"™ C Afa = U{dg’}; ci<m,k <wlUAY
for m < n such that: if n € "w and m <n = bL™ C
u{a”’ st <myk <n(i)} UA? then
(pIZ fM‘a) U{pm(a Z:,z(m)abg’ ) A _‘SOm(fadZ::,n(m)erBZ’m) :
m < n} is finitely satisfiable in €.
(F') In checking clause (e) of ®,,41
Case £ = 1: We know that pfa+1 U {(pm(sc,dZZZL)if(k:O) :m < nand k <
2} is consistent. As rf2,; <f. 37 by clause (a)(d) of Definition 3.5(3) we
know that ¢?t' := pia U {gom(x,dZﬁ’k)if(k:O) :m < nand k < 2} is
consistent. But ¢, (z, azzl ™) = pulz,ayly ) € qitt for k < 2,m < n and
on (@@ ma ) 10 = g (2,850 € gt and prat Cpe C it
hence pa U {¢(z, a. m)lf(k 0 :m < n and k < 2} being a subset of g7+
is consistent, as requlred (this argument does not work for ¢ = 4).
Case 2: ¢ € {2,3,5,6}.
Straight.
Case 3: £ € {8,9}.
As before

5.4 Observation. Like 3.9 for £ =1,2,3,4,5,6,8,9, 11, 12.

See https://shelah.logic.at/papers/863/ for possible updates.
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5.5 Definition. In Definition 3.10 we allow ¢ = 17, 18.

5.6 Observation. 1) If “y explicitly A-split £(1)-strongly over 1” then “y explicitly A-
split £(2)-strongly over r” when (£(1),¢(2)) € {(15,14), (14,17), (18,17), (15,18)} U
{0, +12):£=2,3,5,6}.

2) If r € Ky, g1y then dp-rk¥ g(l)(x) < dp-rk% 6(2)@) when (¢(1),¢(2)) is as above.

Proof. Easy by the definition.

5.7 Claim. 1) In 3.12(3) we allow ¢ = 17,18.
2) “dp-rke(T) > |T|" = kict(T) > N1 7 we allow £ = 14,15,17,18.

5.8 Theorem. In 4.1 we can allow

(a) €€ {8,9,11,12} and even ¢ € {14,15,17,18}.

Proof. Similar to 4.1. Us.s

We can try to use ranks as in §3 for T" which are just dependent. In this case
it is natural to revise the definition of the rank to make it more “finitary”, say
in Definition 3.5(4), clause (e),(e)’ replace (ax : k < w) by a finite long enough
sequence.

Meanwhile just note that

5.9 Claim. Let ¢ = 1,2,3,5,6 [and even £ = 14,15,17,18]. For any finite A C
L(rr) we have: for every finite Ay, rka, ae(T) = oo iff for every finite Ay,
tka, . ae(T) > w iff some p(z,y) € A has the independence property.

Proof. Similar proof to 3.7, 5.3.

Let (as : @ < w) € M be indiscernible.

Let ¢(Z,a0), ~¢(Z,a1) € p exemplify “p splits strongly over A, = U{M,_ :
¢ <e}UAUB so tp(ag, Ac) = tp(a, Ae). Let At = AU agUa; and we find
u C {a. e < 0]} as required

(%) there is N* < M, |[N*|| < 6 such that N* < N < M = dprk(4,p |
(N*UA),N*) = dp-rk(A,p, M). Os.9
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5.10 Question: 1) Can such local ranks help us prove some weak versions of “every
p € S,(M) is definable”? (Of course, the first problem is to define such “weak
definability”; see [Sh 783, §1]).

2) Does this help for indiscernible sequences?

5.11 Definition. We define K, , and dx-rk% , for z = {p, ¢, ¢} as follows:

(A) for = p: as in Definition 3.5(4),(5), 5.1(4),(5)
(B) for z =c: as in Definition 3.5(4),(5), 5.1(4),(5) but we demand that in
clause (e),(e)’ of part (4) that {©(Z,b,) : n < w} is contradictory
),

(C) for z = g: as in Definition 3.5(4),(5), 5.1(4),(5) but clauses (e),(e)" of part
(4) we have a, from AY for o < w4 w such that
{o(x,a0)T@<) . o < w+w} C p* and in (¢/) we have @, from AY and
ay4n from MF' . In details:

(e) when? € {1,2,3,4,5,6}, in AY there is a Aj-indiscernible sequence (ay, : k <
w) over AYUM? such that @ € “> (M*) for o < w and p(Z, Gy ), ~@(Z, Guwir) €
pxl and ay, a,4+r C AY for k < w

(e)’ when £ = 8,9,11, 12 there are b,a such that
() a=(a;:i<w+w)is Aj-indiscernible over A* U MY
(B) AY D A*U{a; i < w+ w};

() bC A* and @; € M¥ for i < w +w

)

(8) @(z,ar"b) A —p(,a,"b) belongs® to p* for k < w.]|

5.12 Question: Does Definition 5.11 help concerning question 5.107

5.13 Discussion: We can immitate §3 with dc-rk or dg-rk instead of dp-rk and use
appropriate relatives of kit (7'). But compare with §4.

* * *

(B)  Minimal theories (or types):
It is natural to look for the parallel of minimal theories (see end of the introduction).

A subsequent work of E. Firstenberg and the author [FiSh:E50], using [Sh 757],
(see better [Sh:E63]) considered a generalization of “uni-dimensional stable 7.
The generalization says (see 5.22(1))

Sthis explains why £ = 7,10 are missing
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5.14 Definition. 1) 7T is uni-dp-dimensional when: (7" is a dependent theory and)
if I,J are infinite non-trivial indiscernible sequences of singletons, then I,J have
finite distance, see below or I and J* does recalling J* is the inverse of J (i.e. we
invert the order).

2) (From [Sh:93]) for indiscernibles sequences I,J over A we say that they are
immediate A-neighbours if I + J is an indiscernible sequence over A or J 4+ 1 is an
indiscernible sequence over A. They have distance < n if there are Iy, ..., I, such
that I = Iy,J = I, and I,,I,,; are immediate A-neighbors (so indiscernible over
A) for £ < n. They are neighbors” if they have distance < n for some n.

3) If T is an infinite indiscernible sequence over A then C4(I) = U{I’ : I',T have
finite A-distance}.

Discussion: Note that for Th(Q, <), the first order theory of the rational order, any
two increasing infinite sequences of elements are of distance 2. If we forget above
to have the “or I,J* of finite distance”, we shall get two classes up to the relevant
equivalence.

5.15 Problem: 1) Does uni-dp-dimensional theories have a dimension theory?

2) Can we characterize them?

3) If p € S™(A), is there an indiscernible sequence I C p(€) based on A?, i.e. such
that { F(C4(I)) : F an automorphism of € over A} has cardinality < € (equivalently
< 2ITIH141y a5 is the case for simple theories.

We can try another generalization.

5.16 Hypothesis. (till 5.23) Let ¢ be as in Definition 3.5, 5.1.

5.17 Definition. T is dp’-minimal when dp-rk‘(x) < 1 for every ¢ € Ky, i.e. K¢
for m = 1.

5.18 Remark. For this property, T' and T°% may differ. Probably if we add only
finitely many sorts, the “finite rank, i.e., dp-rkf(x) < n* < w for every r € K,” is
preserved.

5.19 Observation. T is dp’-minimal when: for every infinite indiscernible sequence
(ag : t € I), I complete, a; € *€ and element ¢ € € there is {t} C I asin 2.1 (i.e., a
singleton or the empty set if you like) when ¢ < 12, and as in 2.9 when ¢ € {14,...}.

"we may prefer the local version: for every finite A C LL(77) and finite A’ C A (or A’ = A) there

are I’, J’ realizing the A-type over A’ of I, J respectively such that I’, J’ are (infinite) indiscernible
sequences over A’ (or A) and has distance over A’.
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Proof. Should be clear. Us.19

1.

5.20 Claim. 1) For { = 1,2 we have T is dp*-minimal when: there are no (@’ :

n <w) and @;(z,y;) such that

(a) fori=1,2, (@, : n <w) is an indiscernible sequence over U{a>~":n < w}
(b) for some b € € we have
): ©1(b, C_L(l)) A _'902(67 d%) A QOQ(b? C_1(2)) A =2 (b, C_L%)

2) Similarly for tk-dp®(x) < n(< w), i.e. if we replace 1 by n in Definition 5.17.

Proof. Straight.

5.21 Problem: 1) Are dp-minimal theories T similar to o-minimal theories?
2) Characterize the dp’-minimal theories of fields.

3) What are the implications between “dp‘-minimal” for the various .

4) Above also for uni-dp-dimensionality.

5.22 Claim. 1) For ¢ = 1,2 the theory T, Th(R), the theory of real closed field is
dpt-minimal; similarly for any o-minimal theory.

2) Th(R) is dp’-minimal for £ = 1,2, similarly for any o-minimal theory.

3) For prime p, the first order theory of the p-adic field is dp'-minimal.

Proof. 1) As in [FiSh:E50)].
2) Repeat the proof in [Sh 783, 3.3](6).
3) By the proof of 1.17. Us.22

5.23 Remark. If T is a theory of valued fields with elimination of field quantifier,
see Definition 1.14(1),(2), and k%7 is infinite this fails. But, if I'®7, k*T are dp!-
minimal then the dp-rk for T are < 2.

Another direction is:

5.24 Definition. 1) We say that a type p(Z) is content minimal when:

(a) p(Z) is not algebraic

b) if q(z) extends p(x) and is not algebraic then &,z = P see below.
q(z)

p(Z)>
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2) @) = {@(Zo, .., Tn1) : U{p(Te) : £ <} U{p(Z1,...,Tp)} is consistent, (see
[Sh:93)).

5.25 Question: Can we define reasonable dimension for such types, at least for T’
dependent or even strongly dependent?

(C)  Local ranks for super dependent and indiscernibles:

Note that the original motivation of introducing “strongly dependent” in [Sh 783]
was to solve the equation: X/dependent = superstable/stable. However (the various
variants) of strongly dependent, when restricted to the family of stable theories,
gives classes which seem to me interesting but are not the class of superstable T
So the original question remains open. Now returning to the search for “super-
dependent” we may consider another generalization of superstable.

5.26 Definition. 1) We define le-rk(p, \) = lcg — rk™(p, \) for types p which
belongs to SX(A) for some A(C €) and finite A(C L(77)).
It is an ordinal or infinity and

(a) le-rk™(p, A) > 0 always

(b) le-rk™(p, ) > oo = B+1iff every p < A there are finite A; DO A and pairwise
distinct ¢; € SR (A) extending p such that i < 1+ p = le-rk™(g;, ) > 8

(¢) le-rk™(p, A) > 0,6 a limit ordinal iff le-rk™(p) > « for every a < 4.

2) For p € S™(A) let® le-rk™(p, A) be min{le-tk™(p, \) [ A : A C L(77) finite}.
3) Let le-rk™ (T, \) = U{lc-tk™(p,\) + 1 : p € S™(A), A C €}.
4) If we omit A we mean \ = |T'|TT.

5.27 Discussion: There are other variants and they are naturally connected to the
existence of indiscernibles (for subsets of ™€, concerning subsets of |T|€), probably
representability is also relevant (maybe see [Sh:F705], [CoSh:E65], check).

5.28 Claim. 1) The following conditions on T are equivalent (for all A > |T|*):

(@) for every A and p € SY(A) we have le-rk™(p, \) < oo
(b)x for some a* < |T|* for every A and p € ST (A) we have le-tk™(p, \) < a*

8ERasily, if A1 C Ag C L(7r) are finite and ps € SZQ (A) and p1 = p2 | Ay then le-rk™(p1) >
le-rk™ (p2). So le-rk™(p, A) is well defined.
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(c)x there is no increasing chain (A, : n < w) of finite subsets of L(rr) and A
and (p, : n € Y7 N) such that p, € S&g(m (A) and v<an = p, C p, and if
m # n2 are from "\ then p,, # pn,

(€)x, like (c)x with (p, :n € “Zw).

2) Similarly restricting ourselves to A = |M]|.

Proof. Easy. Us.28

Closely related is

5.29 Definition. 1) We define lc; — rk™(p, A) for types p € S™(A) for A C € as
an ordinal or infinitely by:

(a) leg — k™ (p, A) > 0 always

(b) leg —rk™(p,\) > a = B+ 1 iff for every p < A and finite A C L(7r) we can
find pairwise distinct ¢; € S™(A) for i < 1+ u such that p [ A C ¢; and
1C1 - rkm(Qi7 >\) Z B

(¢) leg —tk™(p, \) > 6 for § a limit ordinal iff lc; — rk™(p) > « for every a < 4.

2) If A = 3o(|T))t+ we may omit it.

5.30 Claim. 1) The following conditions on T are equivalent when p > A\ =
(|T))*

(a), for every A and p € S™(A) we have lc; — k™ (p, u) < 00

(b), for some o < (Do(|T|)t for every A and p € S™(A) we have le; —
k™ (p, p) < o

(c)x for no A do we have a non-empty set P C S™(A) such that for every p € P
and finite A C L(rp) for some finite Ay the set {¢ | A1 : ¢ € P and
q | A=p]| A} has cardinality > X

(d)x letting 2 = U{Z,, :n < w}, =, = {A : A is a sequence of length n of finite
sets of formulas ©(Z,y) € L(14),€9(Z) = m} there is no (A : A € E)
where Ay is a finite set of formulas such that: for every A\ we can find A
and (pg , : A € 2 and n € 9N )N) such that:
(a) pxq€8S™(A)
B) ifA€Z,,me™ and N = A (A,) € E,41, then PR <as> | An =

PAn | An for a < X and (pyr o> | Ax 1 a < A) are pairwise
distinct
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(€)x for some (Ax : A € Z) as above the set T UTy is inconsistent where T is
non-empty and:

(@) i A = Zuiin € "N and p(x,5) € A then (R N\ Plye) -

0<Lg(y)
(0(Zx.), ) = 2(Ta1nmtns Y))]

(8) fA€Snne™Nanda<B <X then \/  GEp( /\ Plye)A
p(z.9)€Ar  <tg(D)
(@('fonf<a> : g) = ﬂQp(jf\,77A<B>7g))'

2) Similarly restricting ourselves to the cases A = |M]|, i.e. A is the universe of
some M < €.

Remark. See [Sh 893, Th.2.16=z35].

Proof.

_'(b),u = _'(djk
Let . = A; so as we are assuming —(b),, clearly we can choose

()1 AC € and p € S™(A) such that le;-rk™(p, ) > B..

Now

(x)2 there is Z' such that:
(A) if n e F then
(a) 7 is a finite sequence
(b) if 4¢ < £g(n) then n(4¢) is p, , € S™A)
() if4l+1 < lg(n) then n(4¢+ 1) is an ordinal 3,
(d) if 40+ 2 < Lg(n) then n(4¢ + 2) is a finite subset of L(7})

(e) if 4443 < Lg(n) then n(4¢ + 3) is o, ¢ an ordinal < A
such that:

(f) (Bne:40+1<Lg(n)) is a decreasing sequence of ordinals
< By

(9) if4l+4 </Lg(n) then pye [ Ape=pyer [ Ane
(h) if 4044 < {Lg(n) then lci-tk™ (py,e+1) > By.e so lei-tk™ (py ¢)
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> 57},@
(B) ifn e J and €g(n) = £+ 2 then there is a sequence (p, o @ o < )
such that

(@) n™{a,ppa) € T for a < Xsop,q € S™(A)
(b)  (Pn,a : @ < A) is without repetition.

[Why is this possible? We choose 70 = {n € * : £g(n) = n} by induction on n.
Let 7y = {()} and 71 = {(p)}.

If (72 :m < n) has been defined, n = 4¢ + ¢ > 2 with + € {1,...,4} we choose
Iny1 as follows:

eif L =11let 7%, = {n°(B) : B < Bs and (Ym)(m < lg(n) Am =1
mod 4 = < n(m)}

o if t=21et Z2, ={n"(A): A C{p(Zp,7): ¢ € L(rr)} is finite

e ift=3let I, ={n"(a):a <A}

e if L =4 and n € Z2 , then noting lc;-rk™(p, ¢) > B¢ by the definition

of lcl‘rkm(pn,é) there is (pm(n_lm : a < A) as required in (B) and we let
ZLO+1 = {nA<p77,a> VNS %0,1,04 < /\}

Easily we are done.]
()3 if n € %, Lg(n) = 3¢+ 3 then we choose (A,, W,,) such that

(a) A, C{o(Tm,7) ¢ € L(rr)} is finite
(b) W, C X of cardinality A

(€) (Pn.a | Acta: a € wy) is with no repetitions.

[Why? As o < XA = |a|/Tl < X and X is regular.]
(¥)a let 71 ={n e F: if 3 + 3 < Lg(n) then (3L + 3) € wy(3043)-
So

(x)5 the pair (1, A}) satisfies
(a) 71 is a sub-tree of 7 so () € 7

(b) ifne 7A,lg(n) #3 mod 4 then sucg, (n) = sucg (n)

(¢) if p € F,0g(n) = 3 model 4 then sucg,(n) has cardinality A\ and
Wy ={a < X:n(a) € 71} is of cardinality A, so p, o € S™(A) is
well defined
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(d) Az =(Ag,:n€ J1,lg(n) =3 mod 4}
(e) Ay, is a finite subset of {¢(Zy,,y) : ¢ € L(7r)}

(f) ifn € J1,lg(n) = 20+ 3 then {p,o [ A, : @ € wy) is with no
repetitions.

Now (on pits, partially idealized trees see [Sh 893, Def.2.15=232]).

(%)¢ let iy = (S, ;) where

(a) H, is I7* from (*)9

(b) L, = (Li, : n € A,) where

(¢c) AA=F, ={neT*:4g(n) #2 mod 4}
)

(d) I, is:

I;
() {AC sucg(n):|Al <A} iflg(n) =3 mod 4}
(B) {sucg (n)}if Lg(n) = 0,1 mod 4}.

()7 i1 is a pit (partially idealized tree) which is u-complete

(x)s we define a coloring i of 77 as follows: c¢(n) is Az, when well defined, 0
otherwise

(%)9 cis a coloring of % by < |T'| colours.
[Why? Think.]

()10 assumptions (a)-(e) of [Sh 893, Th.2.16=z35] holds with (i1, A\, |T'|, |7, c, B, B«)
here standing for (i, \, 0, k ’)/1,")/2) there.

[Why? Note 2071 = 3,(|1T)) < A, B, = (2UT1"D)+ = Z,(|T)+ is regular.]

(*)11 there is iy = (J2,.72) so J, is a subtree of 71 such that (% = 1 N %)
and (Az : A € E) such that

(a) (Z51,5) < (P, S2)
(b)  Dpi,(rti,) 2 B
() ne€ T, =cn)=Auuera)e<tg(n)/a)-
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[Why? By (%)10 and [Sh 893, Th.2.16=235] ]
Now check that —(d), holds.

—(d)y < —(e)a:
Easy.

—(d)y = =(c)x:
Obvious.

_‘(C))\ = ﬂ(a)’u:
We prove by induction on the ordinal o then

(%) if p € P then lc;-1k™(p) > a.

_'(a)/l = _‘(b),u:
Obvious. Us.30

5.31 Definition. 1) We define lea—1rk™(p, A), les—rk™ (p, A) like leg—1rk™ (p, A), le; —
rk™ (p, A) respectively replacing “A C IL(77) is finite” by “A C L(7r) and arity(A) <
w” where.

2) arity(¢) = the number of free variables of ¢, arity(A) = sup{arity(p) : p € A}
(if we use the objects ¢(Z) we may use arity(p(z)) = £g(Z)).

5.32 Claim. The parallel of 5.28, 5.30 for Definition 5.31.

Remark. Particularly the rank lcg — rk™ seems related to the existence of indis-
cernibility, i.e.

5.33 Conjecture: 1) Assume, lcy-rk™(T") < oo for some ¢ < 3. We can prove (in
ZF(C!) that for every cardinal y for some A we have A — (u)7.
2) Moreover A is not too large, say is (41 (p + |[T])T (or just < Jyguy+).

* * *

(D)  STRONGLY? STABLE FIELDS

A reasonable aim is to generalize the characterization of the superstable complete
theories of fields. Macintyre [Ma71] proved that every infinite field whose first order
theory is Ng-stable, is algebraically closed. Cherlin [Ch78] proves that every infinite
division ring whose first order theory in superstable is commutative, i.e. is a field
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so algebraically closed. Cherlin-Shelah [ChSh 115] prove “any superstable theory
Th(K), K an infinite field is the theory of algebraically closed fields” (and this is
true even for division rings). More generally we would like to replace stable by
dependent and/or superstable by strongly dependent or at least strongly? stable
(or other variant).

Of course, for strongly dependent we should allow at least the following cases (in
addition to the algebraically closed fields): the first order theory of the real field
(not problematic as is the only one with finite non-trivial Galois groups), the p-adic
field for any prime p and the first order theories covered by 1.17(2), i.e. Th(KT)
for such F.

So
5.34 Conjecture.

(a) if K is an infinite field and T = Th(K) is strongly? dependent (i.e.,
Kict,2(T) = Np) then K is an algebraically closed field (not strongly!!),

(b) similarly for division rings,

(¢) if K is an infinite field and T = Th(K) is strongly’ dependent then K is
finite or algebraically closed or real closed or elementary equivalent to K"

for some F as in 1.17(2) (like the p-adics) or a finite algebraic extension of
such a field,

(d) similarly to (c) for division rings.

Of course it is even better to answer 5.35(1):

5.35 Question: 1) Characterize the fields with dependent first order theory.

2) At least “strongly dependent” (or another variant see (E),(F) below).

3) Suppose M is an ordered field and 7" = Th(M) is dependent (or strongly
dependent). Can we characterize?

Remark. But we do not know this even for stability.
So adopting strongly dependent as our context we look what we can do.

5.36 Claim. For a dependent T and group G interpreted in the monster model €
of T'; for every p(x,y) € L(7r) there is n, < w such that if o is finite (a; 11 < «) is
such that G N (€, a;) is a subgroup of G then their intersection is the intersection
of some < ny, of them.

Remark. If T is stable this holds also for infinite o by the Baldwin-Saxl [BaSx76]
theorem.
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Proof. See [KpSh:993].

5.37 Claim. If the complete theory T is strongly? dependent then “finite kernel
implies almost surjectivity” which means that if in €, G is a definable group, 7 a
definable homomorphism from G into G with finite kernel then (G : Rang(w)) is
finite.

Proof. By a general result from [Sh 783, 3.8=tex.ss.4.5] quoted here as 0.1. 5 37

5.38 Claim. Being strongly’ dependent is preserved under interpretation.

Proof. By 1.4, 2.7. Us 38

Hence the proof in [ChSh 115] works “except” the part on “translating the connec-
tivity”, which rely on ranks not available here.
However, if T is stable this is fine hence we deduce that we have

5.89 Conclusion. If K is an infinite field and Th(K) is strongly? stable then T is
algebraically closed.

5.40 Claim. Let p be a prime. T is not strongly dependent when: T is the theory
of differentially closed fields of characteristic p or T is the theory of some separably
closed fields of characteristic p which is not algebraically closed.

Proof. The second case implies the first because if 71 C 71,75 a complete L(72)-
theory which is strongly dependent then so is T} = 15 N L(71). So let M be a
Ni-saturated separably closed field of characteristic p which is not algebraically
closed. Let ¢,(z) = (Jy)(y?" = ) and p.(z) = {@n(z) : n < w} and let zE,y
mean ¢, (x —y), so EM is an equivalent relation.

Let (aq : @ < wy) be an indiscernible set such that o < f < w1 = ag — aq ¢
©1(M). .

Let ¥ (2,90, Y15+ -+ Yn—1) = 32)[en(2) AT =yo +y] +... +yh_y +2].

Now by our understanding of Th(M)

® (a) ifby € M for ¢ <n then M = (3z),(x,bo,...,0n-1)
(b) in M we have ¥, 11(x,Y0,---,Yn) F V(T Y0, -+ Yn—1)
(¢) in M we have, if ¥, (b, aag,- -, 0a, 1) ANYn(b,agy, ... a8, ;)
then /\ oy = [y.

I<n
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[Why? Clause (a) holds because if by € M for £ < n then a =by +b) + ...+ bfln__ll
exemplifies “Jz”. Clause (b) holds as if M = v¥,41]a,bo,...,b,—1,b,] as witnessed
by z — d, then M = 4, [a, by, . .., b,_1] as witnessed by z — d+bP" which € ¢, (M)
as ¢, (M) is closed under addition and d € ¢,(M) by d € ppt1(M) C @, (M)
and b?" € p,(M) as b, witnesses it. Lastly, to prove clause (c) assume that for
0 = 1,2 we have d* = & € ©,(M),b = ag, + @&, +al. + ...+ al ' +d&

2 n—1 n
and b = ag, +aj +aj +...+aj  +dy . We prove this by induction on
n. For n = 0 this is trivial, n = m + 1 substituting, etc., we get ao, — ag, =
n—1 n— n n
(ah, —ab, ) +...+(ap,  —ab Y4 (dB —d") € o1 (M), so by an assumption on

Qp—1

(ay 1y < wy) it follows that oy = fp. As there are unique p-th roots the original
. . . n—2 n n—2 n
equation implies ao, +ab, +...+ab,  +di =ap +ap +...+ap  +dj , and
we use the induction hypothesis.]

So together:

© for every n € “(wy), there is b, € M such that
(Oé) M+ wn(bm an(o), ce ,an(n_1)> hence
(B) ifn<w,ve™w),v#nlnthen M = —9,(by, av), - Quim-1))-

This suffices. Us.40

(E)  On strongly® dependent:

It is still not clear which versions of strong dependent (or stable) will be most
interesting. Another reasonable version is strongly® dependent and see more below.
It has parallel properties and is natural. Hopefully at least some of those versions
allows us to generalize weight (see [Sh:c, V,§3]); we intend to return to it elsewhere.
Meanwhile note:

5.41 Definition. 1) T is strongly® dependent if ki 3(T) = Rg (see below).
2) Kict,3(T) is the first x such that the following? holds if (A) then (B) where:

(A) ifyis anordinal, @, € Y(My41) for a < 9, (@, : « € [B,9)) is an indiscernible
sequence over Mg for § < 6 and 1 < By = Mp, < Mg, < € and ¢ € “~C
and cf(d) > k such that:

o ifn<wanday<...<ap_1 <kforl=1,2a1; <ay;fori <nand
b' € Myr then thereis b* € M,, ,(?) such that aq, " ... Ga,,_, '
and Ga, " ... Ga,,, b* realize the same type

9we may consider replacing § by a linear order and ask for < & cuts
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(B) for some B < K, (aq : a € [3,0)) is an indiscernible sequence over Mgz U ¢.

3) We say T is strongly’ stable if T is strongly’ dependent and is stable.

4) We define kict 3.(T) and strongly>* dependent and strongly®* stable as in the
parallel cases (see Definition 1.8, 2.12), i.e., above we replace ¢ by (¢, : n < w)
indiscernible over U{M3 : 5 < §}.

5.42 Claim. 1) If T is strongly’™ dependent then T is strongly’ dependent for

(=12

2) T is strongly’ dependent iff T®% is; moreover Kict,0(T') = Kict,e(T°).

3) If Ty is interpretable in Ty then kicte(T1) < Kict,e(T2).

4) If Ty = Th(Barara), see [Sh 783, §1] and Ty = Th(M) then ki o(To) =

"Jict,ﬁ(Tl)-

5) T is not strongly® dependent iff we can find @ = {(pp(To,T1,%n) : 7 < W), M =

Lg(Zo)) and for any infinite linear order I we can find an indiscernible sequence

(ay, Bn :t € I,n €Y1 increasing), see Definition 5.45 below such that for any in-

creasing sequence 1 € “I, the set {p,(Zo, as, bypn) ="M i n < w and n(n —1) <;

s € I ifn > 0} of formulas is consistent (or use just s = n(n),n(n)+1 orn(n) <r s,

does not matter).

6) The parallel of parts (1)-(5) hold with strongly®>* instead of strongly>. In par-

ticular, (parallel to part (5)), we have T is not strongly®>* dependent iff we can

find @ = (©n(Zo, ..., Trn),¥Un) : n < w),m = Lg(Z)) and for any infinite linear

order I we can find an indiscernible sequence (Gy, by : t € I, € “>1 increasing),

see 5.45 such that for any increasing n € “I, {@(fo,&s,f)mn)if(szn(")) :n < w and

nn—1) <rsifn>0}U{P(Zi,..., %, ,,C) =V (Zjy,..-,Tj, ,,C) :m < w,ip <
<1 < W, Jo < ovn < Jme1 <w and ¢ C U{as, b, : s € I,p €91 increasing}}

15 consistent.

Proof. 1)-4). Easy.
5),6) Easy, see [Sh:F918]. Us.42

Recall this definition applies to stable T', (i.e. Definition 5.41(3)).

5.48 Observation. The theory T is strongly® stable iff: T is stable and we cannot
find (M,, : n < w),c € “>¢ and a,, € “(M,11) such that:
(a) M, is F¢-saturated
(b) M, 41 is F2-prime over M, Ua,,
(¢) tp(an, M,) does not fork over M
)

c) tp
tp(¢, M,, U a,,) forks over M,,.

(d
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Proof. Easy. Us .43

5.44 Conjecture For strongly® stable T' we have dimension theory (including weight)
close to the one for superstable theories (as in [Sh:c, V]), we may try to deal with
it in [Sh 839]; related to §5(G) below.

(F)  Representability and strongly, dependent:

In [Sh 897] we deal with T" being fat or lean. We say a class K of models is fat
when for every ordinal a there are a regular cardinal A and non-isomorphic models
M,N € K, which are EF;r y-equivalent where EF;r \ is a strong version of “the
isomorphism player has a winning strategy in a strong version of the Ehrenfuecht-
Frasse game of length \”. We prove there, that consistently if 7" is not strongly
stable and 77 O T', then PC(T1,T) is fat (in a work in preparation [Sh:F918] we
show that it suffices to assume “T" is not stronglys-stable”; see below). Cohen-
Shelah [CoSh:919] deals with the stable case.

In [Sh:F705], a work under preparation, we hope to deal with representability.
The weakest form (for £ a class of index models, e.g. linears order) is: an e.g. first
order T is weakly €-represented when for every model M of T and say finite set
A C L(7r) we can find an index model I € ¢ and sequence (a; : t € I) of finite
sequences from M (or just singletons) which is A-indiscernible, i.e., see below,
such that |[M| C {a;:t € I}.

This is a parallel to stable and superstable when we play with essentially the
arity of the functions of £ and the size of A’s considered. The thesis is that T is
stable iff it, essentially can be represented for essentially £ the class of sets and
parallel representability for £ derived for order characterize versions of the class of
dependent theories. We also define ¢-forking, i.e. replace linear orders other index
set. Meanwhile [CoSh:919] fulfill those hopes for stable T, but [KpSh:975] show
that for general dependent 7" those hopes fail.

We define

5.45 Definition. 1) For any structure I we say that (a; : t € I) is indiscernible
(in € over A) when: ¢g(a;) depends only on the quantifier type of ¢ in I and:
if n <wand 5 = (sg,81,.--,80-1),t = (to,...,tn—1) realize the same
quantifier-free typein [ then a; :=a¢,” ... "a¢, , andas =as, ... as,_,
realize the same type (over A) in €.

2) We say that (b, : u € [I]<"°) is indiscernible (in €) (over A) similarly:
if n < w,wy,...,Wn-1 C{0,....,n—1} and 5 = (s; : £ < n),t = (ty :
¢ < n) realize the same quantlﬁer free types in I and ug = {s; : k €
web,ve = {ty + k € we} then Gy, " ... Gy, _,,0p, " --.0y,_, realize the
same type in € (over A).
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3) We may use incr(< w, I') instead of [I]<®¢ where incr(®I) = incr,(I) = incr(a, I)
{p : p is an increasing sequence of length « of members of I}; we can use < « or
< q; clearly the difference between incr(< w, I) and [I]<%° is notational only (when
we have order).

5.46 Definition. 1) We say that the m-type p(Z) does (A, n)-ict divide over A (or
(A, n)-ict! divide over A) when: there are an indiscernible sequence (a; : t € I), I
an infinite linear order and sg <y tg <7 s1 <rt1 <7 ... <y Sp—1 <1 tn—1 such that

®1 p(Z) - “tpa(z-as,, A) # tpa(z ay,, A)” for { < n.

2) We say that the m-type p(z) does (A, n)-ict?-divide over A when above we
replace ®1 by:

®2 p(Z) F “tpa(Z as,, U{as, : k < €} UA) # tpa(zayr,,U{as, : k < £} UA)”
for £ < n.

3) We say that the m-type p(Z) does (A, n)-ict3-divide over A when above ({a, :
t € I Uincr(< n,I)) is indiscernible over A and we replace ®; by

®3 p(f) F “tpA(Q_SA(_lSZ,C_L@O ..... sé_1>UA) 75 tpA(fAdt“(_l@O .... sz_l)UA)” for ¢ < n.

4) We say that the m-type p(Z) does (A,n)-ict*-divide over A when there are
n* < w and sequence (a, : n € inc(< n*,I)) indiscernible over A such that (where
comp(I) is the completion of the linear order I):

o if ¢ realizes p(Z) then for no set J C comp(/) with < n members, the
sequence (a, : n € inc(< n*,I7)) is A-indiscernible over A where [T =
(I,P)ies and P, := {s € I : s < t}. Note that if T is stable, we can
equivalently require J C I and use P, = {t}.

5) For k € {1,2, 3,4} we say that the m-type p(Z) does (A, n)-ict*-fork over A when
for some sequence (y(Z,ar) : £ < £(*) < w) we have

(@) p(@) -\ (@, a)

L£<l(x)
(b) e(z,a,) does (A, n)-icth-divide over A.

If Kk =1 we may omit it, if A = L(77) we may omit it.

6) We define ict® — rk™(p), an ordinal or oo, as follows (easily well defined):
ict® — rk™(p) > « iff p is an m-type and for every finite ¢ C p, finite A C Dom(p)
and n < w and 8 < « there is an m-type r extending ¢ which (L(77), n) —ict*-forks
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over A with ict*-rk™(r) > 8. If ict*-rk™(r) # B+ 1; and we say that n (and q)
witnesses this when the demand above for this n fails. If n + 1 is the minimal
witness let n = ict® — wg"(r).

7) kit (T) is the first £ > Vg such that for every p € S™(B), B C € there is a set
A C B of cardinality < & such that p does not ict*-fork over A. Omitting m means
for some m < w; note that we write kg it (") to distinguish it from Definition 2.3
of Kict,2-

8) T is stronglyy, dependent [stable| if ky ict (1) = N [and T is stable].

9) We define Ky jct,« (1) parallely i.e., now p(Z) is the type of an indiscernible se-
quence of m-tuples and T is stronglyy, . dependent [stable] if it is dependent [stable]
and Iik,ict,*(T) = NQ.

5.47 Claim. 1) For dependent T', the following conditions are equivalent:

(@) Kajict,«(T) > Ro, see Definition 5.46(4),(7),(9)

(b) there are m, ((Ag,ng) : £ < w), I, such that

a) Ay CL(rp) finite and ng < w and ng > £ for { < w

B)

v) J={(a,:p€ince,(I)) is an indiscernible sequence with a, € “C
)

J

PN

I is an infinite linear order with increasing w-sequence of members

—_

form € “I an increasing sequence, for some ¢, € ™"E(L < w) we have:

(1) (Ce: ¥l < w) is an indiscernible sequence over
U{a, : p € incr(1, < w)}
(ii) if J is the completion of the linear order I then for no
finite Jo C J do we have: if n < w and p§,...,p5 | €
incr(I, < w) for€ = 1,2 are such that py~ ... pL | andp3” ... p2_,
realize the same quantifier free type over Jy in J
and £g(pL)) = Lg(p?,) for m < n then
a, ap;_l,apg e A&pi_l realize the same
Ag-type over U{¢; : £ < w} in €

1 ...
0

(¢) the natural rank is always < oo.
2) For dependent T the following conditions are equivalent

(CL /{Z,Lict(T) > NO

)

b) like (b) is part (1) only (¢¢ : £ < w) is replaced by one m-tuple ¢
)
)

(
(c) ict? —1k™(z = %) = 00

(d) ict? —rk™(z =z) > |T|".
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3) Similarly (just simpler) for k =1,2,3 instead 4.

Proof. Straight, but for part 2 see details Cohen-Shelah [CoSh:E65, §2]. Os.47

5.48 Question: 1) Can we characterize the T such that the ict®*-rk! rank of the
formula z =z is 17

2) Do we have ict’-rk™(Z = Z) = oo iff ict’-rk!(z = x) = o0, i.e. can we in part (2)
say that the properties do not depend on m?

Now

5.49 Observation. 1) For k = 1,2,3 if p(Z) does (A, n)-ict® fork over A then p(7)
does (A, n)-ictk*! forks over A.

2) If T' is stronglyyy1 dependent/stable then T is strongly; dependent/stable.

3) For k € {1,2,3,4} if T is strongly;, dependent /stable then T is strongly® depen-
dent/stable; if T} is interpretable in T and T5 is strongly dependent/stable then
so is T7.

4) Assume T is stable. If p € S™(B) does not fork over A C B then ict*-
k™ (p) = ictF —1k™(p | A).

Remark. 1) Also the natural inequalities concerning icty-rk™(—) follows by 5.49(1).
2) The parallel of 5.49 holds for types of indiscernible sequences over A (as in
Kéinict *)

Proof. Straight; details on the proof of part (3) for k = 1, see [CoSh:E65, §11,§12].
Us.49

5.50 Example: 1) There is a stable NDOP, NOTOP, not multi-dimensional, count-
able complete theory which is not strongly? dependent.

2) T = Th(“*(Z2), En)n<y is as above where Zo = Z/27 as an additive group,
E, ={(n,v):nve“(Zy) are such that n [ (wn) =v [ (wn).

3) As in part (1) but T is not strongly dependent.

Remark. This is [Sh 897, 0.2=0z.5]. It shows that the theorem there adds more
cases.

Proof. 1) By part (2).
2) So let My be the additive group (“*(Zs),+) where + is coordinatewise addition
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and for a < w let M, = (“*(Z2), Py)n<a, where P, = {n € “1(Z3) : n | (wn)} is
constantly zero and E,, = {(n,v) : n,v € “1(Zs) are such that n [ (wn) =v | (wn)}
and M} = (“*(Z3), Eyn)n<a- So M., M, are bi-interpretable, so we shall use M,,.
Let T = Th(M,) and let T, = Th(M,). So for a model N of T, is just an
abelian group in which every element has order 2, with distinguished subgraph PN
for n < a so a vector space over the field Zy and PM« decrease with n.

T is stable:

For n < w, amodel of T}, is determined by finitely many dimensions: (P} : P )
for k < n (where EY is interpreted as the equality), so T, is superstable not multi-
dimensional.

Hence T necessarily is stable.

T is strongly dependent not strongly? dependent:
As in 2.5.

T is not multi-dimensional:
If N is an Ny-saturated model of T then it is determined by the following dimen-
sion as vector spaces over Zo, for n < w

(¥ PY /Py
(02 () P

n<w

Each corresponds to a regular type (in €71).

T has NDOP:

Follows from non-multi-dimensionality.

T has NOTOP:

Assume Ny < €7 is Ny-saturated, Ny < Ny for £ = 0,1, 2 such that tp(Ny, N3)
does not fork over Ny. Let A be the subgroup of € generated by N; U Ny and let
N3 =€ [ A. Easily N3 < €, moreover N3 is Ni-saturated.

By [Sh:c, XII] this suffices.

3) Expand M, by Q. = {n € “*(Zz2) : n | [wm,wm + w) is constantly zero} for
m < n. Us 50

(G) strongs stable and primely minimal types

5.51 Hypothesis. T is stable (during §5(QG)).
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5.52 Definition. [T stable] We say p € S*(A) is primely regular (usually a < w)
when: if k > |T'| + |a] is a regular cardinal, the model M is k-saturated, the type
tp(a, M) is parallel to p (or just a stationarization of it) and N is k-prime over
M +a and b C "> N\*>M then tp(a, M + b) is s-isolated, equivalently!® N is
k-prime over M + b.

5.53 Claim. 1) Definition 5.52 to equivalent to: there are k, M,a, N as there.
2) We can in part (1) replace “k > |T'|+|a| regular, k-prime” by “cf(k) > x(T'), F2-
prime” respectively.

Proof. Straight. Us 53

Now (recalling Definition 5.41 and Observation 5.43).

5.54 Claim. [T is stronglys stable/
If cf(k) > ke (T) and M < N are F&-saturated then for some a € N\M the type
tp(a, M) is primely regular.

Proof. The reader can note that by easy manipulations without loss of generality x =
cf(k) > |T|; in fact, by this we can use tp instead of stp, etc. B
Let o, = min{ict® —rk(tp(a, M)) : a € N\M} and let a € N\M and ¢, (z,d,) €
tp(a, M) be such that o, = ict? — rk({p«(z,d)}).
We try to choose Ny, ay, By by induction on ¢ < w such that
BY (a) M < N; <N and ay € N,\M
(b) Ny is Fe-primary over M + ay and ag = a
(¢) if¢=m+1 then
() Ng < Ny, and tp(am, M + ay) is not F¢-isolated
(8) Np, is Fe-primary over Ny + a,
(7) Np is F-constructible over Nyi1 + ag.

|Be| <K

) every F?-isolated type ¢ € S<“(M U By) has no extension in
S<Y(M U|U{Bm : m < {}) which forks over M U By

(¢) By is F%-atomic over M + ay.

0because N is k-prime over M + @ -+ & whenever & € *> N
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Let (Ny,ap) be defined iff £ < 1+ £(x) < w, clearly ¢(x) > 0.
X, if £(*) < w then tp(ayy, M) is primely regular.

[Why? If not, then for some b € Ny(,)\M we have tp(a(), M +b) is not F¢-isolated.
We try to choose b’ by induction on ¢ < k such that

(M11) (@) bo = (b)
B) b €< (New))
v)  tp(bl, M U U{B/g :( <e}uU{b}} is Fl-isolated

§)  tp(bl, MU U{E/g :( <etU{b,ag,...,au} is Fi-isolated for
k=4£(x),...,0

() tp(a, MU U{B’C : ¢ < ¢e}) forks over M U J{b¢ : ¢ < &} for some

ac w>(Be(*)) when € > 0.

We are stuck for some e(x) < k because |By.| < k and let B’ = U{b. : & < (*)}.
Now we can find an F2-saturated N’ which is F¢-constructible over M + B’ and
F-saturated N” which is Fi.-constructible over N'UBy(,). By the choice of B’, the
model N’ is F¢-constructible also over M U By, U B’ (by the same construction)
hence N" is F¢-constructible over M + By, + B’

Clearly N" is F¢-prime over M + By, + B’ and Ny, is Fi-prime over M +
Byy + B' (as B" C Ny, see clause (3) above and B’ has cardinality < x). So
there is an isomorphism f from N’ onto Ny(xy over M U By,) U B. Renaming
without loss of generality f = idn» so N” = Ny,.

Lastly, we shall show that (N', b, B') is a legal choice for (N1, @e(x)+1, Begs)+1)-

Why? The non-obvious clauses are (¢)(53), () and (d) of EE?(*)H.

First, for clause (d) obviously B’ C [N’|,b € N’ and |B’| < &, so (d)(«), (8), ()
hold and clause (d)(e) holds by the clause (H;.1)(y). As for (d)(d) assume ¢ €
S<¥(M U B’) is Fé-isolated let ¢ € “~(N') realize ¢, and let B, C M U B’ be of
cardinality < s such that stp(¢, By) - stp(¢, MUB'). Now we have stp(¢, MUB’) I
stp(¢, M U By(,y U B') as otherwise we can find ¢, in € realizing stp(¢, B,) hence
stp(¢, MUB') for £ = 1,2 such that stp(¢1, MUBy)UB') # stp(ca, MUBy, UB');
so for some finite @ C By, d C M we have stp(¢,dUa U B’) # stp(éz,dUauU B’).
Now without loss of generality ¢;, ¢z are from Ny, contradicting the choice of £(x).
Let b list B’ without repetitions, so by the induction hypothesis stp(b"¢, M U
Bysy) = stp(b"e, MU By U...U By(xy) hence stp(¢c, M U By, U b) - stp(¢, M U
BoU...U By U b) so by the choice of b and the previous sentence really clause
(d)(0) holds for the choice of (Ny(x)41,@e(x)+1, Be(x)+1) above.

Second, concerning clause (¢)(3) of Hﬂg(*) 41, by the sentence after the choices of
B', N’ above, we know that N’ is F¢-constructively over M U By(,) U B’ so clearly
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stp(N', MUB') = stp(N', MUB'UBy(,)) hence stp(By(.), MUB’) & stp(By(.), N'),
so easily stp(By(x), M U B U {agu}) F stp(Bey, N').

Now By(,y U B" is F-atomic over M U {ay(,)} being C Ny, recalling By, (b)
holds; hence By, is Fi-atomic over M UB’U{ay(.)} hence by the previous sentence
By(yy is Fi-atomic over N’ 4 ay(,) but |By,)| < & hence it is F-constructible over
N'+ay4). As N" is Fi-constructible over By, )UN' by its choice, (and ay(,) € By(x)
by By (d)(8)), clearly N is also Fii-constructible over N’ U {ay(,)} as required in
(©)(8).

Clause Hy(c)(y) means that Ny,) = N" is Fg-constructible over N’ + ay(.).
Now Ny = N is Fg-constructible over By U N’ and a € “~(Ny)) implies
stp(a, By«)UN') = stp(a, BoU. ..UBy)UN') hence by monotonicity stp(a, By(.)U
N') F stp(a,ap + Byx) + N’), so by the same construction, Ny, = N” is Fg-
constructible over ag + By) + N'. As Byy € Ny, |Begw)| < & it is enough to
show that By, is F¢-atomic over ag-+N' and this is proved as in the proof of clause
(d)(0) above. So indeed (N’,b, B') is a legal choice for (Ny(.)41,@e()+1> Begs)+1)-
But this contradicts the choice of ¢(x), so we have finished proving X .]

Ko if £=m+1 < 1+ £(x) then tp(a,;,, Ny) is not orthogonal to M.

[Why? Toward contradiction assume tp(a,,, N¢) LM. So we can find A, C Ny
of cardinality < & such that tp({ao,...,am), A¢) is stationary, tp({ag, . . ., am), N¢)
does not fork over A, and tp(Ay, M) does not fork over Cy := A;NM and tp(Ays, Cy)
is stationary and a;, € A, and (recalling N, is F¢-primary over M + ay) we have
stp(Ag, Co+ap) b stp(Ag, M 4 ay); it follows that tp(M, Ay) does not fork over Cp.
As tp(am, M + Ay) is parallel to tp(am,, N¢) and to tp(am,, A¢) and tp(am,, Ne) L
M is assumed we get that all three types are orthogonal to M. It follows that
stp(am, A¢) F stp(am,, M + Ag) but recall a; € Ay so stp(am, Ae) F stp(am, M + ap).
As |Ay| < k this implies that tp(a,,, M + Ay) is F¢-isolated. But recall stp(Ag, Cp+
ag) = Stp(Ag, (Ag N M) + ag) + Stp(Ag, M + ag). Together stp(am + Ay, Cy + ag) +
stp(am + A¢, M + ag) hence tp(a,, M + ay) is Fé-isolated, contradicting X (c)(«).]

To complete the proof by X it suffices to show ¢(*) < w, so toward contradiction
assume:

K3 0(*) = w.
As we are assuming K3, we can find (N, : £ < {(x) = w) such that

®1 (a) Ny <N/

(b) Ny is saturated, e.g. of cardinality || N||!”!
(c) N13++1 =< N;

(d) tp(N,S, N) does not fork over N,

(e) (N, C)ceNgUNZH is saturated.
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[Why? Let A = ||[N||ITl. We can choose N, by induction on ¢. For ¢ = 0 it is
obvious so let £ = m + 1. First, we choose NN, of cardinality A such that N, <
N; and (Nj, ¢)cen, is saturated. Without loss of generality tp(IN;, Ny11) does not
fork over N,. Second, choose N, of cardinality A such that N, U N; C N;, and
(Nyns €)cen, un; is saturated.
Lastly, by the uniqueness of saturated model there is an isomorphism f; from
N/, onto N,,, over N, and let Ny = f,(N;).]
Next for £ < ¢(x) we can find I, such that
G2 (a) L, C N;\NZH
(b) I, is independent over (N, ,, M),
(ie. ce Iy = tp(c, N ;) does not fork over M and I is
independent over N ;)

(e)  tp(N,, Ny

(d) if ¢ € I then either ¢ € ¢,(€,d,) or tp(c, M) is orthogonal to
@«(z,dy), i.e. to every ¢ € S(M) to which ¢, (z,d,) belongs

(e) if g € S(N,;) does not fork over M and ¢, (x,d.) € q or q is
orthogonal to ¢, (,d,) then the set {c € I, : ¢ realizes ¢}
has cardinality || Ng||

(f)  welet I, =TI, Np.(€,d.).

UI,) is almost orthogonal to M

[Why possible? As (N,', c)ceNZrl) is saturated.]
Now for ¢ < £(x)
®3 I, is not independent over (NZH +a, NXH).
[Why? Recall a = ag. Assume toward contradiction that
(*)3.1 I¢ is independent over (N, +a, N} ;).

As by clause (b) of ®5 we have tp(Iy, NZSFI) does not fork over M, it follows that
I, is independent over (NgfH +a, M). Also by (x)3.1 we know that tp(a, NZH Uly)
does not fork over NZH. Also tp(a, NZH) does not fork over Ny41 (because a € N
and tp(NZfH, N) does not fork over Nyy1 by ®1(d)), together it follows that

(*)3.2 tp(a, NZH + 1) does not fork over Nyiq.

Recall that tp(Ng, N ;) does not fork over Nyy1 (by ©1(d) because Ny < N using
symmetry) and tp(a, Ne U N, ;) does not fork over N, similarly hence tp(N; +
a, N, erl) does not fork over Ny, 1, hence

(¥)3.3 tp(Ng, N

,+1 + a) does not fork over Nyy1 + a.
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Recall Ny is F2-constructible over Nyiq1 + a (by Hpy1(c)(y)), Ne is Fé-saturated
and tp(Nerl, Ny + a) does not fork over Nyyq clearly

(%)3.4 Ny is also F¢-constructible over N, €++1 + a (even by the same construction).

As tp(a, N7, + 1) does not fork over Nyyi and N\, is Fé-saturated, it follows
that

%)s.5 tp(Ng, N;& . +1,) does not fork over N,', . hence over Ny .
0+1 041 +

But by @, clause (c), for every d € oJ>(J\7£+) the type tp(d, NZH + I,) is almost
orthogonal to M hence recalling N, C N, Z“ ,

(*)3.6 tP(Ng, N +1) is almost orthogonal to M (this does not depend on 3.1 —

®3.5 so can be used later).

Hence by (%)3.5 + (*)3.6 we have

(%)s.7 tp(Neg, Np41) is almost orthogonal to M.
But Ny4; is Fé-saturated so this implies

(%)s.8 tp(Ng, Ny41) is orthogonal to M.
But by Hy(b)

(%)3.9 ar € Ny.
But by Xy we have

(*)3.10 tp(ae, Ne+1) is not orthogonal to M.

Together (x)3.5 4 (*)3.9 + (*)3.10 give a contradiction, so ()31 fails hence ®3 holds.]
Now (recalling clause (f) of ®3)

®4 I} is not independent over (NZH + a, NZH).

[Why? By ®3 + clauses (b)+(d) of ®, recalling that a € ¢,(€,d,) by the choice
of a in the beginning of the proof of 5.54.]

®s for each n, tp(a, N;7) does (IL(7r), n)-ict3-fork over M.

[Why? By 5.55 below with Iy, N;r_g here standing for I,,_,_1, Ny there, clause (d)
there holding by ©®3 here. M, A there standing for M, M here, clause (a),(b),(c)
there holds by (x)3.¢ here (recalling that (x)3.¢ does not depend on ®31 — ®3.5.]

Op s > ict® —1k(tp(a, N;)) for every n < w.
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[Why? By the choice of ¢.(x,d,),a, . in the beginning of the proof we have
a* = ict® —rk(tp(a, M)) and by @5 and the definition of ict® — rk(—) this follows.]

®7 for each n, tp(a, N;H) is not orthogonal to M.

[Why? By ©2(b) + ©a.]
Hence we can find ¢ € S(M) such that, for any n:

®g (a) some automorphism of € over d, maps tp(a, N,,) to a type
parallel to ¢
(b) ict3 —rk(q) < ax
c¢) q and tp(a, N,y1) are not orthogonal
Jr

(d) ifq Caq,lg'| <rthenq' (N)ZM
lactually clause (d) follows by (c)].

This contradicts the choice of «a,; so £(x) < w and so we are done. U5 54

5.55 Claim. Assume T is stable. A sufficient condition for ‘tp(a, N, ) does (A, n)—
ict3-divide over A” is:

d) tp(a, Ny UIy) forks over Noiq

(
(b)
(¢) Iy C Nyy1\Ny is independent over (Ng, M) for £ <n
(
()  tp(Nes1, No +1p) is almost orthogonal to M.

Proof. Left to the reader noting that (I, : £ < n) are pairwise disjoint (by clauses
(a) +(c)) and U{I, : £ < n} is independent). Os.55

5.56 Remark. 1) We may give more details on the last proof and intend to continue
the investigation of the theory of regular types (in order to get good theory of
weight) in this context somewhere else.

2) We can use essentially 5.55 to define a variant of the rank for stable theory. So
5.55 can be written to use it and so 5.57 connect the two ranks.
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5.57 Claim. Assume k € {3,4} and ict*rk(T) < oo, see Definition 5.46(6).
If cf(k) > |T|" or less and M < N are k-saturated then for some a,p(x,a),n*
we have:

a) a€ N\M

if T is stable, the type p = tp(a, M) is primely reqular
a€“” M and p(z,a) € p

d) w x (wicth-rk(o(z,a))) + (ict® — wg(p(z,a))) is minimal.

Proof. We choose a, p.(x,d,), a,n, such that

® (a) ae N\M
(b) d. CM
(©) €k plod.
(@) = ictk - rk({p.(z,d.)})
(e) under clauses (a)-(d), the ordinal « is minimal
(f) n. witness a +1 £ ict® — rk({¢(z,ds)})
(9) under clauses (a)-(f) the number n,(< w) is minimal.

Clearly there are such a,p.(z,¢),« and n,. Then we try to choose (N, ag) by
induction on ¢ < w such that H, from the proof of 5.54 holds. But now we can
prove similarly that £() < n.. But still tp(a, Ny()) is not orthogonal to M.
[Why? We can choose N, . .. ,NZE*), Lo, ..., Iy4)—1 as in ©®2+©3 in the proof of 5.53
and prove ®3 there which implies the statement above. As p.(z,d.) € tp(a, Nyx))
it follows that p(Ny(.),¢) € M and any a’ € p(Ny(),¢)\M is as required.]

This is enough. Us.57

Similarly to Definition 5.46.

5.58 Definition. Let 1" be stable.
1) For an m-type p(Z) we define sict3-rk™(p(z)) as an ordinal or co by defining
when ict3-rk™(p(Z)) > « for an ordinal a by induction on «

(%) sict’1k™(p(z)) > a iff for every § < v and finite ¢(z) C p(z) and n < w we
have

(**)'5(2) we can find (M, : £ <n),(I,: £ <n)and a
(a) M, < Cis Fy . -saturated
(b) Mg '< Mg+1
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) q(Z) is an m-type over My
d) a realizes q(%) and B < sict® — rk(tp(a, M,)) > 3
) I C“>(Mpyq) is independent over (M, M)

)

I, is not independent over (M, + a, M)
(clearly without loss of generality I, is a singleton).

2) If sict3-rk™(p(Z)) = o < oo then we let sict>-wg™(p(Z)) be the maximal n such
that for every finite ¢(Z) C p(Z) we have (**)2‘(%

3) Above instead sict®-rk(tp(a, A)) we may write sict3-rk™(a, A); similarly for scit?3-
wg™(a, A); if m = 1 we may omit it.

5.59 Claim. 1) T is stronglys stable iff T is stable and sict3-rk™(p(Z)) < oo for
every m-type p(T).

2) For every type p(T) there is a finite q(Z) C p(T) such that (sict-rk(p(z)), sict-
wa(p(z)) = sict® — 1k(q(z)), sict> -we(q(z))).

3) If p(z) + q(Z) then sict®-rk(p(z)) < sict®>rk(q(Z)) and if equality holds then
sict?-wg™ (p(z)) < sict3-wg™(q(z)).

4) (T stable) If p(Z), q(Z) are stationary parallel types, then sict®-rk™ (p(Z)) = sict?-
tk™(q(Z)), etc. If a1,a; realizes p € S™(A) then sict3 k™ (rm stp(ai, A)) = sict?-
rk™ (stp(ag, A)). Similarly for sict3-wg™. Also automorphisms of € preserve sict?-
rk™ and sict®-wg.

5.60 Claim. p(z) does (A,n)-ict® forks over A for every n when:

©® (a) G is a definable group over A (in €)

(b) b€ G realizes a generic type of G from S(A) as was proved to exist in
[Sh 783, 4.11], or T stable

(¢) p(z) € S<Y(A+0b) forks over A.

Remark. We may have said it in §5(F).
Proof of 5.60. Straight.

5.61 Conclusion.: Assume T is stronglys dependent.
If G is a type-definable group in € then there is no decreasing sequence (G,, :
n < w) of subgroups of G such that (G,, : G,,11) = k for every n.
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5.62 Remark. 1) In 5.60 we can replace “ict3”: by “ict?” and also by suitable
variants for stable theories.
2) Similarly in 5.61.

(H) T is n-dependent

On related problems and background see [Sh 702, 2.9-2.20], (but, concerning
indiscernibility, it speaks on finite tuples, i.e. a < w in 5.71, which affect the
definitions and the picture). On a consequence of “T" is 2-dependent” for definable
subgroups in € (and more, e.g. concerning 5.64), see [Sh 886].

5.63 Definition. 1) A (complete first order) theory T is n-independent when
clause (a)™ in 5.64 below holds.
2) The negation isn-dependent.

5.64 Problem Sort out the relationships between the following candidates for “7T" is
n-independent” (7T is order order complete, also we can fix ; omitting m we mean

1)
(a)™ some @(Z,Yo,Y1,---,Yn—1) is n-independent, i.e. (a)7, for some m
(a)l some ©(Z, Yo, Y1,---,Yn—1) is n-independent where £g(Z) = m where
© ©(Z, 50,71, --,Pn_1) is n-independent when there are a’, € *9)¢ for
a < A\ ¢ <nand (gp(:ﬁ,dg(o), e ,d:;(_nl_l)) :m € "\ is increasing) is an
independent (sequence of formulas)
(b)I* there is an indiscernible sequence (G, : @ < A),© = ©(Z, Yo, - Yn—-1), M =

0g(%),L9(Ge) = Lg(aa) for £ < n,a < X and ¢ € Y@ ¢ such that:

if k < nand (Ry: ¢ < £(x)) is a finite sequence of k-place relations on A

then for some sequence t,5 € "\ realizing the same quantifier free type

in (A, <, Ro, R1, ..., Ry)) we have € = olb, sy, - -, as, JADP[b, Gsys - -, a1, ]
(c)r, for some ¢ = ¢(Z,Yo,...,Yn-1),L9(Z) = m, for every j € [1,w), for in-

finitely many k there are af € “9¢ for i < k,f < n such that |{p N

{(p(:?:,&?o,...,d?nill) tig < kfor £ <n}:peS™U{al:l<n,i<k}} >

ok txm,

Remark. We can phrase (b)7,, (c), as alternative definitions of “©(Z, 3o, ..., Yn—1)

is n-independent”. So in (b)?, better to have n indiscernible sequences.

5.65 Observation. If o(Z, Yo, - .., Yn—1) satisfies clause (a)™ then it satisfies a strong
form of clause (¢)™ (for every k and the number is > 2¢",
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Remark. Clearly Observation 5.65 can be read as a sufficient condition for being
n-dependent, e.g.

5.66 Conclusion. T is n-dependent when: for every m, ¢ and finite A C L(7p) for
infinitely many k < w we have |A] < k = [ST(A)| < 2(-/0",

5.67 Question: 1) Can we get clause (a) from clause (c)?

2) Can we use it to prove (a)} = (a)l?

5.68 Observation. In 5.64, if clause (a) then clause (b).

5.69 Question: Does (b) imply (a)?

5.70 Claim. If T satisfies (a)" for every n then: if X - (u)5* then A -7 (1)x,
where

5.71 Definition. We say that A =1 (1), when: if a; € “(€p) for i < A then for
some % € [A]* the sequence (a; : i € %) is an indiscernible sequence in Cp.

Remark. 1) Note that for o < w this property behaves differently.
2) Of course, if 6 = 2/*+IT1 and X — (u)5% then A =7 (1)q.
3) See on the non-2-independent 7" and definable groups in [Sh 886].

5.72 Congecture. Assume —(a)™ (or another variant of n-dependent). Then ZFC
FYaVuaA(A =1 (1)a)-

5.73 Question: Can we phrase and prove a generalization of the type-decomposition
theorems for dependent theories ([Sh:900]) to n-dependent theories 7', e.g. when

()\z\frl) = Ay for £ < n, B, < (H(RT),€,<%,) has cardinality A, [Bep1]™ C

%g, {€T7 %ngl, A ,’Bn} - ’Bg.
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