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Abstract

An old question is whether there is a countable complete first order theory 7" such that 7 has
a universal model of cardinality A > Noﬁ A = 2<% > Rg. We solve it here for the class
singular cardinals.

Mathematics Subject Classification 03C45 - 03C55

1 Introduction

The following question was asked in [7, §4]; so is by now quite old.

Question 1.1 Does there exist a countable complete first order 7 which has a universal model
in a cardinal A iff A = 2<% > R¢?

This essentially says that the existence results of Jonsson (for universal theories with JEP
and amalgamation under embeddings) and Morley-Vaught (for complete first order 7" with
elementary embeddings) are best possible. The parallel problem for universal-homogeneous
and saturated was answered long ago, in [8, Ch.III]:

Theorem 1.2 For a complete f.o. theory T and cardinal ). > |T| the following conditions
are equivalent:

(a) the theory T has a saturated model of cardinality A
(b) A<* =\ or T is stable in A
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(c) at least one of the following hold:

(o) = A<*

(B) T is a stable unsuperstable theory (so Rg < k(T) < |T|T), and » = A< >
ID(T)| + 2%

(y) T is superstable, » > |D(T)| + 2% and |S(A, M)| < X for every M a model of
T and countable A € M

By Kojman-Shelah [2] for many cardinals A (such that A < 2<*) the answer is yes, even
for the theory of dense linear order. Here we finish one of the main cases left: A singular, see
the survey [3] and new one [5]. The theory is quite simple to define. Note that for 1.1 it is
enough to deal separately with each of finitely (or even countably many) cases, because e.g.
for any complete theories 77, 7> there is a complete 7" such that for any A > |T1| + |T2| we
have univ(A, T) = max{univ(x, T7) + univ(X, 72)}. On subsequent work see [6].

We thank Shimoni Garti and the referee for helping to improve readability.

2 Preliminaries

Recall that

Definition 2.1 (1) For a complete first order 7', we let univ(x, T') be the minimal cardinal
w such that there is a sequence (M; : i < p) of models of T of cardinality A which
is A-universal; this mean that every model of T of cardinality A can be elementarily
embedded in some M;.

(2) If T is not complete, we use usual embedding.

(3) If above p = 1 then we say that My is universal for T.

3 The singular case
Our example is Te(l)o, a universal theory which has a finite relational vocabulary, has amal-
gamation and JEP hence a model completion called T, with elimination of quantifiers. For
M = T.o, < is a linear order, for £ = 1, 2 we have R Z,W is a three-place relation such that
for each c, Ré‘f’c ={(a,b): (a,b,c) € Ré"[ } is (essentially) a convex equivalence relation on
some subset Dom(R%C) of {d : d <y c}; also Dorn(R{‘f’C), Dom(Ré‘f’C) are disjoint.
Formally

Definition 3.1 (1) Let Tlo_tr be the universal theory of trees, i.e. with vocabulary {<} with <
a two-place relation such that M = Tlo_tr iff <z is a partial order satisfying M |= “a <
cAb<c"impliesM E“a=bva<bvb<ad

(2) Let Te(fo be the universal theory with vocabulary {<, Rg, R} where < is a two-place
predicate and Ry, R; are 3-place predicates such that:

() M = T3 iff (for ¢ =0, 1):

o UL
(a) (IM|, <p) is a linear order

(b)e if (a,b,c) € RY thena <y b <y ¢

(©)¢if (a,b,c) € RM anda <p a’ <p b’ <p bthen (a’,b',c) € RY
(d) if (a1, az, ¢), (az,a3,c) € Ré"’ then (a;, a3, c) € Ré"’
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(e) if (ag, be, ) € RY for £ =0, 1 then by <p a; or by <y ao.

(3) Let T¢jo be the model completion of TeO see below.

1o
Definition 3.2 For a cardinal p and regular k < u let:

o trp (1) = min{A: there is no sub-tree 7 of (**pu, <) of cardinality w such that
lim(T)={ne“u: i <k)nli € 7)} has cardinality > 1}
o tp, (1) = supfh : & < trp;f ()}.

Remark 3.3 (1) Considering embeddings we may use positive formulas only.

(2) In[11], trp, (1) was called ' or ).

(3) We intend to reconsider the oak property introduced in Dzamonja-Shelah [1], see more
[12].

Claim 3.4 (1) The theory Te(fo has the disjoint JEP and disjoint amalgamation, is universal
with predicates only and with a finite vocabulary, hence Tey, is well defined and D(T¢j0)
is countable and T\, is even Ro-categorical.

(2) So Teo have a universal and even a saturated countable model.

Proof 3.4 Should be clear. O
‘We shall use (we can use linear orders or trees, it does not matter):

Claim 3.5 Assume M is a tree, not necessarily well founded (in the model theoretic sense,

that is <y is a partial order and {b € M : b <y c} is linearly ordered for every c € M)

and M has universe [i.

(D) Ifk =cf(k) < pand trp,‘f(u) = x, see Definition 3.2, then M has < x initial segments
of branches (not necessarily proper) which are of cofinality k.

(2) Ifx = cf(x) < u, then thereis P C [u]* of cardinality < trp;f (i), see Definition 3.2(2)
such that:

(%)

(a) eachu € & has order type k by the order of M
(b) for any subset u of M of order type k there is v € & and a <jps-increasing
sequence (a; 1 i < k) suchthati < k = azi € u A\ azj4+1 € v.

) If0 < k < uwhere 0 and k are regular then there is &2 such that:

(%)

(a) Zisa setof < p initial segments of branches of M

(b) if B € & then some (Bp,; : i < 0) increasing by <y and by <, forms an < ;-
unbounded subset of B and for each i < 6 we have {Bp j : j € (i, 0)} all realize
the same cut over {B : B < Bp.i}in M

(c) if{a; : i < k) is <p-increasing then for some club E of k we have:

® if j € E has cofinality 0 then there is B € &2 such that {c e M : (i < j)(c <y
a)}={ceM:@be B)(c <y b))}

Proof 3.5 1) By (2) and the definitions.
2) Recall that the set of elements of M is w; without loss of generality (Vo < w)(38)(x <
B<puna<yp) Let<j={(,p): ME“a<p anda < B}.

Now

@ Springer



Sh:1162

364 S. Shelah

(#)1 M" = (u, <},) is a partial order with 1« nodes
(%) foreach § < p of cofinality «

(a) choose an increasing continuous sequence s = {(as,; : I < k) of ordinals with
limit § such that 5,0 = 0
(b) fori < « we define an equivalence relation:

(@) Es;:={(B1,B2) : 1. B2 € lasi,8) and (Vy < asi)ly <m Br=v <m
B21}
(B) As,iisthesetof B € [as,i, as.i+1) such that: B = min(B/Es,;)

(c) let As =U{As,; i <k}
(d) define Mj (or pedantically M g &) as the following partial order:

(a) the set of elements is Ag
(B) Mj = “a < " iff for some i < j < k we have « € [as,i, &s,i41), B €
las,j. s j+1) and @ Es ; B

Now we investigate such Mj, fixing § for a while:
()3
(a) M é is a (well founded) tree with < « levels and < |6] < u nodes
(b) ifi <kanda € § N M\ws,;, B = min(a/Es ;) < 6 then for some j € [i, k) we
have ﬂ S [Otg,j, 0{5,1‘4,1) and ﬂ = min(ﬂ/Eg,j).

[Why? Check the definition. Note that there may be holes, thatis @ € As,;, and j < i such
that there isno B € As j, B € a/E;s j.]

(%)4 if B is an <ys-initial segment of a branch of M [§, then at least one of the following
occurs:

(a) thereis y < § such that B N y is cofinal in B under <y
(b) there is a <}, -increasing sequence (f; : i < &) of ordinals from B with limit 6
which is cofinal in (B, <j).

[Why? Should be clear.]

(*%)s s, the set of k-branches of Mg, is a subset of [8]* of cardinality < trp,‘("(|8|) <
trp () = x.
[Why (x)s holds? By ()3 and the definition of trp; (—).]

(x%)e if B € M is <-linearly ordered of order type «, then

(@) Bt ={a e M: @b e B)(a <y b)}, necessarily linearly ordered (by <), is
<m-downward closed, and is of cofinality «

(b) let § = 85 < u be minimal such that (3¥b € B)(dc € BT)(c < § Ab <y ©)
hence § has cofinality «, clearly well defined

(c) fori < i, let B; = Bp.; € BT NS be minimal such that (Vy € BT Nas )y <m
Bil, well defined by the choice of §

(d) ifi < j < k then:

(@) (Vy < B)I(y <m B) = (y € BTN BN
(B) Bi < Bj
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(¥) Bj € Bi/Es.i
(e)

(o) the sequence (Bp,; : i < k) is <-increasing not eventually constant
(B) thereisu = up € P such that:

ifa € uNlas;,asiv1)]and j > i then O(E&,’,BBJ.
Hence

(x)7 if By, By are linearly ordered subsets of M of order type « and (8p,,up,) =
(8B,, up,) then B" = By

This clearly suffices for part (2).
3) We rely on the proof of part (2); note that there ()5 do not apply, hence also (x)g(e)(B)
and (x)7.

For § < pu of cofinality 6 we define &7§ by:

@; B € 7 iff some o, witnesses this which means:

(a) B is an initial segment of some branch of M of cofinality 0

(b) BN 3\ ais <py-cofinal in B but B N« is not, for every o < §

(©) ax €[5, 1)

(d) for every B < § for some b € B all members of {a € B : b <y a} realize the
same cut of {y : y < B} in M as a, does.

Note
@ in @}, B is uniquely determined by the pair (cy, 8).
[Why? Just read @é .
Now

@3 let # = J{Z5 : § be a limit ordinal < 1}

Obviously (by ®> + ®3)
@4 & has cardinality < p is a set of initial segments of branches of M of cofinality 6.

It suffice to prove that & is as required, Now clauses (a), (b) (of 3.5(3)) are clear by the
choice of &2, but we have to prove also clause (c). So assume we are given (a; : i < k),
a <jpr-increasing sequence and let B, = {a € M : (3i < «)[la <u a;l}, and let § be the
minimal ordinal < p such that B, N § is cofinal in (B,, <ps). Necessarily cf(§) = « and let
(as,i 11 < &) be an <-increasing sequence of ordinals < § withlimitd. Let E = {i <« :iis
alimit ordinal and (Vj < i)(3b € BoNasi)[aj <y bland (Vb € BeNas;)3j < )b <y
a_,]}.

Now clearly E is a club of k. Lastly

e foreveryi € E of cofinality 0 the set B belongs to &7 where:
B={beB,:b <y ajforsome j <i}

[Why B € £? because B is as required in @é with the pair («s,;, a;) here standing for
(8, aty) there.]

Theorem 3.6 If X is a singular cardinal satisfying , < 2<%, then T = Tu, (and equivalently
Te(fo ) has no universal model of cardinality ); moreover, univy, (A, T) > 2=*,
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Proof 1t suffices to prove it for T = T , so for embedding rather than elementary embed-

elo’
dings; toward contradiction assume:

()1
(a) és:ik <2<
(b) M* = (M :§ <&)
(c) Mg‘ a model of 7' with universe A

(d) M* is universal, i.e. if M = T has cardinality A, then M can be embedded into
Mg‘ for some & < &,.

Next
(%)2 choose «, u satisfying:

(a) k < p < A are regular
(b) A <2€and &, < 2¢
(c) cf(L) < .

[Why? Recall that A < 2<% and & + A < 2<% = £{2 : § < A} hence for some 6 < A
wehave & + A < 2% andletk = 01, = cf(W)T + 611 ]

()3

(a) let Z C Z(X) be U{F: : & < &} where P is as in 3.5(3) with (4, uwt,k, M)
here standing for (u, x, 0, M) there

(b) so Z is of cardinality < A + |&,| < 2"

() letC! = (C(L S S{") be such that:

(@ Sfcputanda,BeSfra<B=atw<p

B) C; is a closed subset! of some 8’ < § of order type < k
(y) @€Cy=Cp=CpNa

(8) S1:={8 € S :otp(C}) = «} is stationary

(&) C'18, guesses clubs.

(d) let C* = (C} : § € SF). S» be as in clause (c) with (13, u*) here standing for
(ut, k) there, s0 S, = {8 € S5 : otp(Cs) = T}

(e) letg’>=(g2:a e S;r ), 82 be an increasing function from otp(C2) onto C2 hence
o€ Cg = gé - gé.

) letg! = (gé € SIJ“), gé be an increasing function from otp(Colt) onto C(}( hence
aeC é = gé - g)g.

(g) Choose (@5 : 8 < u™3,cf(8) = u™) such that @ = (as; : i < uT) is increasing
continuous with limit 8.

‘[Why does such objects exists? First for clause (a) use (x)1(c), 3.5(3) + (x)2(b). Second
clause (b) follows from clause (a). Third clauses (c),(d) hold by [9, §1] (for club guessing we
can use [10, Ch.III]). Fourth clauses (e),(f) follows. Lastly choose the sequences as in clause

(2)]

(x)4 forany v C « we define a model M = M, of Te(fo as follows:

(a) its universe is u 13

! Here the case 8’ # § is not really needed, but in some other versions, it is helpful.

@ Springer



Sh:1162

No universal in singular 367

(b) <y is the standard order on the ordinals so M is linearly ordered

(c) for € < 2 let Ré"l be the following set: {(«, B, §): for some 6 € S and §; € S
we have § = g§2(81) and o < B < § and for some pair (g, y) we have ¢ < k, ¢ €
ve =1,y €Ciop(CiNy) =&+ 1and sup(gf,(C§) N gs,(y)) <« <

B < g5, ()}

[Why? Note that it is easy to check that M, is well defined and indeed a model of Tgo.]
By our assumption toward contradiction:

(x)s5 forevery v C « there are &, = £(v), fv2 and uy, oy, 83 = §2(v), yp such that:

(a) & < &

(b) fv2 is an embedding of M, into Mg‘v so a function from 13 into A

(©)

(@) Ej is aclub of u* as in 3.5(3)(c) with ((f7(0) : i < ut?), M{) here
standing for ({(a; : i < k), M) there

(B) 82 € E2N S, moreover C2 , C EZ2. note that cf (62) = p+ and 82 < u*?

(y) uy € P, 50 u, C A has order type u under <y

(8) uy € & isasin3.5(3)(c) for 83, i.e. for the sequence (fvz(i) i< 53) with
812) playing the role of j there

(&) let fo = fy = fif 083,y 50 fiy 1" =2

(&) oy = {ay; i < u't)isequal to sy (v)» see (+)3(g)

(d) Ell} satisfy: Ell} is the set of limit ordinals i < ™ such that:

~Vji <@ (1 < 2 <in fGD <My, Ov.jp N, ji < £l (G)
(e) 8} =81(v), yy satisfy

(@) 8) e E! satisfies Call(u) C E!l note that 8} < ut,cf(8!) =«

B) yo=fl6H <x

[Why? First, for clauses (a),(b) use the choice of M* in (%)].

Second, for clause (c) we use the choice of 22, i.e. (x)3(a) and so 3.5(3)(c); that is, we
apply the choice of &% C & to the sequence ( f2(a) : @ < p*3) (and the linear order
(hence a tree) Mg‘(v); so apply 3.5(3)(c), giving us a club Ef such that clause (c¢)(c) holds.
Next, as as S) € u™ is stationary we can choose 85 € E% N S, such that Cgl ) - Eg note
that necessarily cf (82) = . Now by the choice of E2, §2 there is a set u = u,, as promised
in clauses (¢)(y), (8). Lastly clause (¢)(e) is straightforward.

Third, for clause (d) use clause (c)

Lastly, for clause (e) recall (x)3(c)(¢).]

(*)e there are &,., U, V«, 84 such that ¥ has cardinality > A + |&,| where 7 is the set of
v C k such that:

(@) & =& < &
b)) uy=u, € &

©) Yw=py« <X
(d) 82 =82(%) € S and 8! = 81(x) € S
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Let vy # vy be from ¥. As v; # v, there are ¢, B such that:
()7

(@) ex <kand e, € V] & & & V2

(b) B € C;I(*) C pt satisfies otp(cgl(*) NBs) =&+ 1.

(© Bus = 85,0 (B) < 1P
Now easily
(x)g for € € {1, 2} we have:

(a) in M,,, for some B; < P we have: if B < B1 < P2 < Pux thenM,, =
R¢(B1, B2, y«) iff € is the truth value of €, € vy.
[Why? By the choice of M,,, see ()2, in particular, clause (c) there.]

(b) in Mg, , for some unbounded subset By of By := {8 < a5,(x),8,. : Me,, = “B <
y.'} we have:

e if 1 < By are from By then Mg** = Re(B1, B2, Y«)
[Why? Clearly “B} < Bi < B2 < B implies My |= Re(f2 B [ (B2),
¥«)" hence By = {f2(B) : B € (B}. B+)} is as required.

(c) By is linearly ordered in Mg“** (with no last element) and does not depend on ¢
[Why? Obvious]
(d) in Mg, for some end-segment Bé of B, we have: if 81 < B, are from B,é, then

M E Re(Br, B2, ve)
[Why? the convex hull of By is as required becuase By is unbounded in B recalling
clause (b) and the definition of Te(fo.]

Note that
(*)9 the statement in (x)g(d) does not depend on £.
Now by ()7, (x)g(d), ()9 we get a contradiction. O
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