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ABSTRACT

We would like to build Abelian groups (or R-modules) which on the one
hand are quite free, say R, +1-free, and on the other hand are complicated
in a suitable sense. We choose as our test problem one having no non-
trivial homomorphism to Z (known classically for Ni-free, recently for
Ny,-free). We succeed to prove the existence of even Ry, -n-free ones. This
requires building n-dimensional black boxes, which are quite free. This
combinatorics is of self interest and we believe will be useful also for other
purposes. On the other hand, modulo suitable large cardinals, we prove
that it is consistent that every N.,..-free Abelian group has non-trivial
homomorphisms to Z.

* The author thanks the Israel Science Foundation for support of this paper, Grant
No. 1053/11. Publication 1028.
The author thanks Alice Leonhardt for the beautiful typing. The reader should
note that the version in my website is usually more updated that the one in the
mathematical archive.
Received December 14, 2014 and in revised form January 24, 2019



Sh:1028

2 S. SHELAH Isr. J. Math.

0. Introduction

0(A). ABELIAN GROUPS. We would like to determine the supremum of all A
for which we can prove TDC), so, dually, the minimal A such that consistently
we have NTDC, which means the failure of TDC), the trivial dual conjecture
for A, where:

(TDC,) there is a A-free Abelian group G such that
Hom(G,Z) = 0.

This seems the weakest algebraic statement of this kind; it is consistent that
the number is 0o, as if V = L then TDC) holds for every A (see, e.g., [GT12]).
On the one hand by Magidor—Shelah [MS94], for

A =min{\ : X is a fixed point, that is A = N},

NTDC, is consistent, as more is proved there: consistently “M-free = free”.
On the other hand, for a long time we have known the following for A = Ny,
and recently by [She07] we know that for A = R,, there are examples using
the n-BB (n-dimensional black boxes) introduced there (for every m). Sub-
sequently, those were used for more complicated algebraic relatives in Gobel—
Shelah [GS09], Gobel-Shelah—Striingman [GSS13] and Gobel-Herden—Shelah
[GHS]. In [Shel3b] we have several close approximations to proving in ZFC the
existence for N, that is TDCy_, using 1-black boxes.

Here we finally fully prove that TDCy, holds and much more; A = X, ., is
the first cardinal for which TDC) cannot be proved in ZFC. The existence proof
for M < X is a major result here, relying on the existence proof of quite free n-
black boxes (in §1) which use results on pcf (see [Shel3a]). For complementary
consistency results we start with the universe forced in [MS94] and then we
force with a c.c.c. forcing notion making “MA + 280 large” but we have to work
to show the desired result.

Of course, we can get better results (u-free) when p € Cy (see Definition 0.2)
is so-called 1-solvable or 2# = 2<7 < 2T and T < 2~.

Note a point which complicates our work relative to previous ones: the
amount of freeness (i.e., the x such that we demand k-free) and the cardinality
of the structure are markedly different. In [Shel3b] this point is manifested
when we construct say G of cardinality A which is pT-free, where y € Cy,
or p € Cy, and A = 2# or min{\ : 2* > 2#}. The “distance” is even larger
in [She07].
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An interesting point here is that for many non-structure problems we nat-
urally end up with two incomparable proofs. One is when we have a u™-free
F C 9 of cardinality \, A as above. In this case the amount of freeness is large.
In the other, we use the black box from Theorem 1.25. But we may like to use
more sophisticated black boxes, say start with Ag, (¢ < k), a black box x
as in Theorem 1.25 and combine it with [She05]. The quotients G/Gs41,d a
limit ordinal, are close to being )\I -free, replacing free by direct sums of small
subgroups.

Recall from [Sheb, §3]: if we are given BB approximating models with uni-
verse, e.g., k2 by “guesses of cardinality 17, and usually models k3 = k5, then
we can construct models of cardinality ko quite freely except the “corrections”
toward avoiding, e.g., undesirable endomorphisms, i.e., for each approximation
of such endomorphisms given by the BB is seen as a “task” how to avoid that in
the end there will be an endomorphism extending the one given by the approx-
imation. The “price” is that we make the construction not free, but between
the various approximations there is little interaction. This will hopefully help
in a planned continuation of [Shed] to use & > Ry and here to try to sort out
the complicated cases like End(G) = R. Maybe we can get a neater proof.

In [She75b], [She74] we suggested that combinatorial proofs from [She78,
Ch. VIII], [She90, Ch. VIII], should be useful for proving the existence of many
non-isomorphic structures, as well as rigid and indecomposable ones. The most
successful case were black boxes applied to Abelian groups and modules first
applied in [She84al, [She84b], that is:

(A) For separable Abelian p-groups G, proving the existence of those of
cardinality A = A®¢ with only so called small endomorphisms ([She84a]).

(B) Let R be a ring whose additive group RT is cotorsion-free, i.e., RT
is reduced and has no subgroups isomorphic to Z/pZ or to the p-adic
integers. For A = A®¢ > |R| there is an abelian group G of cardinality A
whose endomorphism ring is isomorphic to R and as an R-module it is
N;-free ([She84b, Th. 0.1, p. 40]).

We can relax the demands on R* and may require that G extends a suitable
group Gy such that R is realized on End(G) modulo a suitable ideal of “small”
endomorphisms.

(C) Let R be a ring whose additive group is the completion of a direct
sum of copies of the p-adic integers. If A¥0 > |R|, then there exists a
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separable Abelian p-group G with so-called basic subgroup of cardinality
A and R = End(G)/End,(G). As usual we get End(G) = Ends(G) & R
([She84b, Th. 0.2, p. 41]).

For previous history of those algebraic problems see [EMO02], [GT12]. Quite
many works using black boxes follow, starting with Corner—Gobel [CG85]; see
again [EMO02], [GT12]. On black boxes in set theory with weak versions of
choice see [Shel6, §3A], with no choice see [Shel6, §3B] and for k-dimensional
hopefully see [Shel6].

For further applications of those black boxes continuing the present work,
mainly representation of a ring R and the endomorphism ring of a quite free
Abelian group, see [Shed].

Discussion 0.1: (1) Note that usually, the known constructions were either for a
M-free R-module of cardinality A\ using a non-reflecting S C S{}U with diamond
or Ni-free of some cardinality A (mainly A = (u%°)* but also in some other
cases) many times using a black box (see [Sheb]) or “the elevator” (see [GT12]).
In the former we use induction on o < A and each « has kind of a “one task”.

That is, using black boxes in the nice versions, we have for each § € S a
perfect set of pairwise isomorphic tasks.

To deal with getting an R,,-free Abelian group G with Hom(G,Z) = 0, the n-
dimensional black boxes actually constructed and used in [She07] were products
of black boxes from [Sheb]; each black box separately is only Ni-free but the
product of k gives Ng-freeness. Here things are more complicated.

(2) Here cardinality and freeness differ.

(3) Note that the versions of freeness of BB in [Shel3b] and here are not the

same.

0(B). NOTATION. Recall (on pp see [She94] but the reader can just use 0.3
below)

Definition 0.2: Let C = {y : p strong limit singular and pp(u) =T 2#},
C.={peC:cf(p) =x}.

CramM 0.3:

(a) pu € C if p is strong limit singular of uncountable cofinality,
(b) if p = s > cf(p) and 6 = wy or just cf(d) > N, then p € Cey(,) and
for a club (= a closed unbounded subset) of a < § we have J, € C.
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Proof. Clause (a) holds by [She94, Ch. II, §2] and clause (b) by [She94, Ch. IX,
§5]. 0.3

Explanation 0.4: (1) A reader, particularly with algebraic background, may
wonder how the ideals defined in Definition 0.5 below are used in the algebraic
construction. For an ideal J on a set S we may try to find an Abelian group G,
extending the free Abelian group

Go = ®{Zxs:s € S}
such that the quotient

Gi/®{Zs:s€ 5}
is free for every S1€ J. In particular, we would like to have some hg € Hom(Gy, Z)
which cannot be extended to a homomorphism from G; to Z. Copies of such
tuples (S, J, Gy, Go, hg) are used as “the building block” in the constructions,
so finding such examples is crucial; we find some, see in §2; more in [Shed].

(2) Concerning Observation 0.6, note that the product J; x Jz is not sym-
metric (even up to isomorphisms) because if, e.g., < k are regular, then

Jogx J, ={ACOxk: forsomei<d,j<kwehave AC (i x k) U (j x9)};
but J,; X Js has no such representation.
Definition 0.5: (1) For a set S of ordinals with no last member let J2 be the
ideal consisting of the bounded subsets of S.

(2) If J; is an ideal on Sy for ¢ = 1,2, then J; x Js is the ideal on S7 x Sy
consisting of the S C 57 x S5 such that

{81 €5 {82 €5y (81,82) S S} ¢ Jg}

belongs to J;.

(3) If 01, 92 are limit ordinals, Jy is an ideal on &y and 1 - 62 = 03, then Jq * Jo
is the following ideal on d3: it consists of

{{61'i+j2i<(52,j<61 and (j,i)eA}:AEJl XJ2}.

(4) If 61, 02 are limit ordinals, Jy is an ideal on & for £ = 1,2 and 07 - 62 = d3,

then Jo ® J; is the following ideal on d3: it consists of

{{61-i+j!i<52,j<51 and(i,j)EA}:AEngjl}.

OBSERVATION 0.6: If 9 > k are regular cardinals, then Jgd x JP4 is isomorphic
to J54 % Jbd which includes J5¢ © Jb4

K 7

which is isomorphic to JP9 x Jgd.
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Proof. Should be clear but we elaborate the first equivalence.
Why is J' = J§4 x JP4 isomorphic to J” = J54 x JP4?
Note that J’ is an ideal on 9 X k and J” is an ideal on 9 - k. We define a

function 7: 9 X kK — 9 - kK by

(*) 7((¢,4)) = 0 -4 +1, so 7 is a one-to-one function from 9 X x onto 9 - K
by the rules of ordinal division.

It suffices to prove that for any A C 9 x k, A € J & 7n"(A) € J”; so fix
A C 9 x k and below we have o; < e, 1, hence e; < o4, which suffices, when:

L3 AEJ/,

. . bd bd
o {s1€0:{s2€r:(s1,82)€ A} ¢ J2} € J3¢,
o3 {i<d:{j<r:0j+ien"(A)} ¢ JP} e,
oy m'(A) e J".

That is, e; <> ey by the definition of J’ and e; <+ e3 by the choice of m and
o3 <+ o4 by the definition of J”. 0.6

Definition 0.7: (1) We say % C X is (6, J)-free when! J is an ideal on S and
for every F#' C F of cardinality < 6 there is a sequence (w, : n € #’) such
that: n € F' = w, € J and if ;1 # n2 € F' and s € S\(wy, Uw,,) then
m(s) # n2(s)-

(2) We say .# C X is [0, J]-free when J is an ideal on S and for every
F' C F of cardinality < 6 there is a list (9, : @ < a,) of %’ such that: if
« < a, then the set wy := {s € S : 14 (s) € {na(s) : B < a}} belongs to J.

(3) Let O-free or (0)-free mean (6, J)-free when S C Ord, J = J59.

(4) We say p is 1-solvable when p is singular strong limit and there is a
pt-free family .Z C “f(W)y of cardinality 2~

(5) We say u is (6, 1)-solvable when above we weaken “u*-free” to “6-free”.

(6) We say . C °X is weakly ordinary when each 1 € .% is a one-to-one
function. We say % C 70rd is ordinary when each n € .# is an increasing
function.

1 E.g., in [She94], this version is used. Sometimes we even demand
a<oax={s€S:mals) €{np(t): B<a,teI}} €]

But in the main case “J is a #-complete filter on 6”, the versions in 0.7(1),(2) are equiv-
alent; see 1.16.
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CraM 0.8: Assume 6 > 0 and 0 is regular, J is an ideal on 0 extending [0]<?
and F C90rd and®* n # v € F = |{i <9 :n(i) € Rang(v)}| < 0.
(1) We have Z is (0, J)-free iff F is [0, J]-free.
(2) If every n € # is one-to-one, then we can add in Definition 0.7(2),
Na(s) ¢ {ns(t) : B < ot € S}

Remark 0.9: (1) We may consider only the case i # j = n(i) # v(j) in 0.7(1),
1.2(6), 1.11(1).

(2) Compare with [She94], [Shel3b].

(3) Because of 0.8 the difference between (6, J)-free and [f, J]-free is not
serious. For k-c.p. x see Definition 1.5; there we use only the latter version so
do not write [0, J].

Proof. (1) It is enough to prove for every .# C 20rd of cardinality < 6 that .%
is (0, J)-free ift .7 is [0, J]-free.

First, if % is [0, J]-free, then there is a sequence (1, : & < @) enumerating .#
as in Definition 0.7(2), i.e., a <ax=w} = {i < 9 : 1o (i) € {ns(i) : B < a}}eJ.
Define w,, by n = 1, = w, = wl; easily (w, : n € F) is as required in Definition
0.7(1).

Second, if .Z is (0, J)-free, then there is (w, : n € %) which is as required in
Definition 0.7(1).

Let (! : o < ay) list F and by induction on n for each o we define u, ., as
follows:

(x)a (a) uapo={a},

(b) Ua,nt+1 = Ua,n U{B < a, : for some i € d\wg we have
1p(i) € {1y (i) : v € tan}}-
Now

(*)i [ta,n| <0 and U, C .

Why? Trivially e, C . Also |uq,0l =1 < 0, and if |uq | < O then

[tantt] Sltanl + 37 S HB < : B satisfies i ¢ ws Ang(i) = 1 (D)}

i< Y€Ua,n

=|ua,n|+z Z 1

<O YE€EUa,n

<9+4+0-0-1=20.

2 We can replace “< 8” by “€ J'” when J’ C J is a O-complete ideal.
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We define u,, by induction on a < i, as follows:

Uo = Uuoz,n\ U ug,
n

B<a

S0 (Uq @ @ < i) I8 a partition of au. to sets each of cardinality < 9, so we can
let (Baati: i < ia < 0) list u,. Let

U ={0a+1i:a<ai<i,and Bagti & U{uy 1y < all,

so {8y 1y € %} lists a, with no repetitions and easily (1, : ( € %) is a list as
required in Definition 0.7(2). That is, let

ﬂ:ﬂanri:ﬂ(FYa‘i’i), i<ia-

So {i < 0 :ng(j) € {ny(j) : v € % N B}} is the union of the following sets:
w}={j < 0 () € {m (7)Y EX 1 Bo.a}} and wd, ={j <O:15(7) =noass ()}
for ¢ < i. Now each of those sets belong to J. [Why? w% by the choice of
the u,,’s and the u,’s; w%_’L as it is included in wy,,, .} So if J is a O-
complete ideal we are done, and if not, by part of the assumption of the claim,
L <i=|wj,| <9, sorecalling d is regular, {J, _, w%yb has cardinality < 0 hence
belongs to J, so as J is an ideal we are done.
Pedantically

(n), 1y < otp(%))

is such a list when we define 7/, for v < otp(%) by ngtp(m%) = 1g, -
(2) Similarly to the “Second” in the proof that 0.7(1) holds, except
that (x)L(b) is:

(b) Uant1 = UanI{B<au : for some i € I\wg,
77,3(@) = {77’)/(]) :’Yeua,naj<a}}- 0.8

Question 0.10: (1) If p is strong limit X9 = cf(u) < p (but not necessarily
u € C), can we get the freeness results of [Shel3al?

(2) In the cases we have, can we strengthen the x-BB by having F': Ax — x
and demand 7,, (i) € F(7 1 (m, < i))?

(2A) Is this preserved by products?
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1. Black boxes

We generalize the k-dimensional black box from [She07], where we deal with
the special case when ¢ < k = 9y = Ny because this seems natural for Abelian
groups; the black boxes earlier to [She07] were for k = 1.

But here, for Abelian groups the most interesting cases are when

{8@ < k} - {No,Nl}.

In the cases we prove existence, the k-dimensional black box is the product of
black boxes, i.e., those for k = 1.

The main result is Theorem 1.25 telling us that there are k-dimensional black
boxes which are quite free.

The central notion here is combinatorial parameters, those objects (x) consist-
ing of the relevant finitely many cardinals ((J; : ¢ < k)) and sets ({S¢ : £ < k))
and a family (A) of sequences (1 : ¢ < k) with 1, a sequence of length 9y of
members of Sy. Such objects are used in the construction of Abelian groups G.
The point is that, on the one hand, the relevant (algebraic) freeness of the
Abelian group G is deduced from (set theoretic) freeness of x, i.e., of A, and on
the other hand, e.g., Hom(G,Z) = 0 is deduced by using the x having a black
box (which is used in the construction). See more in 1.4.

Convention 1.1: (1) 0 will denote a sequence (9 : £ < k) of regular cardinals or

just limit ordinals of length k > 1 and then 9(¢) = 9y, but note that k =k — 1

was used in [She07]; a major case is 0 is constant, i.e., N¢ O¢ = O for some 0.
(2) Let x,y,z denote combinatorial parameters; see Definition 1.5 below.

Notation 1.2: (0) Here S = (S : £ < k) and 9 = (9y = 9({) : £ < k).

(1) Let S = [T, 2“(S) and S =[], 2“S; for u C {0,...,k — 1},
and if each Sy is a set of ordinals let §<9> = {57 € §19): each 7y is increasing}
and similarly §<94>

(2) If 7 € S m < k and i < Oy, then® 771 (m,4) = 71 15 (m, i) is (1 : £ < k)
where 7} is 7, when £ < k A £ # m and is 7, {z} ¢ = m; this is close to
but not the same as in [She07].* Also for w C Oy, | (m,= w) is defined

3 It is sometimes natural to replace “i < 0y” by “i a subset of 9y from some family &2, and
ny = neli when £ = m”, say using J}E’? * J}};f as in [Shel3b]. In [She07] this version was
used.

4 But if we use a tree like A C 5091, see 1.2(6), the difference is small; what we use there
is called here 771 (m, = 1).
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as () : £ < k) where n, = n if £ < kAl # m and n, = nelw if £ = m.
Let 71 (m) = (ng : £ #m,l < k).

(3) If A C 519 m < k and i < 8y, then A 15 (m,i) = {71 (m,i) : 7 € A};
we define similarly A 1x (n,= w).

() IFACS m < kand i <, then A 1y (m, < i)= U{A | (m,iy) : iy < i}.

(5) Axjew = U{Ax 1 (myi) : m € w,i < Op} for u C {0,...,k — 1}.
We may write “< m” instead of “€ m” when “u = {0,...,m — 1}” and
let Axm = Ax cfm}-

(6) We say A C 519 is tree-like when 77,7 € A, 1 (m,i) = 7 | (m, j) implies
Nm |t = Um[J, so in particular it implies ¢ = j.

(7) We say A C $<9> is normal when: if 7,7 € A,m < k,i,j < 8, and
Mm (1) = Um (), then ¢ = j (hence each vy, is one-to-one; this follows from being
tree-like).

We now define in Definition 1.3 the standard x, as it is more transparent than
the general case (in 1.5), but we will not use it as the ZFC-existence results
are not standard; see explanation after Definition 1.3. The main difference is
that in the general (i.e., not necessarily standard) version, we have the extra
parameter Jy, ideal on 0.

Definition 1.3: (1) We say x is a standard 0-c.p. (combinatorial -parameter)
when

and it satisfies:
(a) k € {1,2,...} and let £ = kx = k — 1 (this is to fit the notation
in [She07]),
(b) 0 = (0 : ¢ < k) is a sequence of regular cardinals, so 9y = Ox ¢,
(c) S=(Sy:¢<Kk),S aset of ordinals, so Sy = Sx ¢,
(@) A C S =TT, 20 (5)), see 12(1).

(2) If £ < k = 0y = 9, we may write J instead of d in (k,d,S,A) and may
say combinatorial (0, k)-parameter. If £ < k = 9, = ¥y, we may omit 9 and
write “x is a combinatorial k-parameter”. If { < k = Sy = S, we may write S
instead of S. Also we may write k(x) for ky.

(3) We say x (or A) is ordinary when (each S; is a set of ordinals and)
77 € A = each 7 is increasing. We say x (or A) is weakly ordinary when
7€M AN mM < Lg(77) = N, is one-to-one. We say x is disjoint when (Sx ,, : m < k)
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is a sequence of pairwise disjoint sets. We say x is ordinarily full when it is
ordinary and

Ax = {(ne: £ <K) :p € 2O(Sy) is increasing for ¢ < k}.

Similarly for weakly ordinary.

(4) We say y is a permutation of x when for some permutation w of
{0,...,k — 1} we have m < k = Ox,m = Oy x(m) and m < k = Sxn = Sy x(m)
and

Ay = {(Nrim) :m <K) : (N 2 m < k) € Ak}

(5) We say 7 is an isomorphism from x onto y when:

(a) ky = kx call it k,

(b) T = (mpm : m < k),

(¢) mk is a permutation of {0,...,k — 1},
)
)
)

(d

(e
(f

8x,m = 8y,ﬂ-k(m) for m < k,
Tm 18 a one-to-one function from Sx m onto Sy 1, (m) for m <Kk,
(Um + m < k) € Ay iff for some (n,, : m < k) € Ax we have

Vi (m) = <7Tm (Wm(l)) EAS ax1m>'

Discussion 1.4: It may be helpful to the reader to indicate how such x helps
to construct, e.g., Abelian groups; for simplicity each 0 is Yo (this suffices for
constructing an R,,.,-free G, which already is new).

First, let (x5 : 7 € Ax 1 (m, 1) for some m and 4) freely generate an Abelian
group Gg and for such 77 € Ax we add elements like

Yign = Z{ (:!)(xm (m,i) T Ag.mTy, ) : m < Ky, i finite > n}

for some vy € Ay, <k, n < w and ap.,m € Z getting G1 2 Go. Now, on the
one hand, we like G; to be 6-free and, on the other hand, we like it, e.g., to
have no non-zero homomorphism into Z. For the second task, we need a BB
(black box) property, that is, for each possible v; to have, for each 7 € A, a
homomorphism Ay from X{Zxg (i) : m < k, i finite} @ Zx,, into Z such that
{h7 : 7 € A} is dense (or see Definition 1.7(1), called &; there) and choose
the aj,’s to “defeat hy”, i.e., to ensure no h € Hom(G1,Z) extends h.

Concerning the first task, we like to ensure x is f-free, meaning that for any
A C Ax of cardinality < 6 we can list its members as (7, : @ < ) such that
for every o for some m,i we have j > i = 7o 1 (m,j) ¢ {fig 1 (m,j) : B < a};
see Definition 1.7(3).
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In the existence proofs the novel main point is getting enough freeness relying
on the pcf theory, i.e., in §1 we prove the existence of suitable c.p. x.

Definition 1.5: (1) We say x is a 0-c.p. (combinatorial 9-parameter) when
X = (k, 55 S, A, j) = (an 5)(7 Sx; Ax, jx)

and they satisfy (in the standard case J,, = {w C 9, : w is bounded}):

(a) 0 = (Om : m < k), a sequence of limit ordinals,

() J = (Jpm : m < k),

(¢) Jpm is an ideal on 9, ,

(d) S = (S, :m <k),S,, aset of ordinals unless stated otherwise,
(e) A C S,

(2) We adopt the conventions and definitions in 1.3(2)—(5).

Convention 1.6: (1) If x is clear from the context, we may write k for k(x), k
for k(x) and S, A, J instead of ky, kx, Sx, Ax, Jx respectively.
(2) If not said otherwise x is weakly ordinary; see 1.3(3).

Definition 1.7: Assume X is a 0-c.p.
(1) We say x has (¥, k, 1)-Black Box or y-pre-black box when some & is
a (%, k, 1)-black box for x or (x, y)-pre-black box, which means:

(a) X = (xm :m < kx) is a sequence of cardinals,

(b) &= (ay:7 € Ax),
(C) 64 <an m,i - 1 < kx;i < am> and Q7 om,i < Xm
(d) if Ay Axym — Xm for m < ky recalling 1.2(5), then for some 7j € Ax

we have: m < ky Ai < O = hon (71 (M, 14)) = 0t mi-
(2) For A C A, we define x[A naturally as (ky, Ox, Sx, A, J).
(3) We may write & as b, a function with domain
{(7m, 1) : 71 € Ay < yi < O}
such that
b;(m, 1) = b(7,m, i) = g m,i-

We may replace Y by x if ¥ = (x : £ < ky) or by C = (Cy : £ < k) when
|C¢| = x¢, and we demand Rang(h;) C Cy. We may replace x by A = Ax (so
say @ is a (A, x)-pre-black box).
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(4) Omitting the “pre” in part (1) means that there is a partition
A= (Ay:a<]|A])

of Ax such that each x[A, has a x-pre-black box and some (7, : o < |Ax|)
witnesses it, which means that:

(a) {Pa o < |Ax]} = Ax,
b) lettin be maximal such that (V¢ < k)2<# < y, we have
( g X

a< B <a+p= U, =g,

(c) if a<f<|Ax|, (o, B) #(0,0) and 7€ Ag then vg 1x—1 <ni—1 mod Jx k—1.
(5) We may write BB instead of black box.
)

(6

which means:

(

) A
(b) x[A, has a y-pre-black box,
(¢) n= (D : a<|Axl]),
)
)

We say x essentially has a y-black box when some (A, n) witnesses it,
.5

52

= (A : a < |Ax]) is a sequence of pairwise disjoint subsets of A,

(d) if 7 € Ax then v € {7y : @ < |Ax]|},

(e) if p =sup{p: 2* <min{|Sx | : £ < kx}, thena < 8 < a+p = vy = g
and a < B < AAN € Ax, = Vaxk—1 <J., k-1 (We can use a variant of
this), but this suffices presently.

We shall use freely

OBSERVATION 1.8: If (A) then (B):

(A) x is a 0-c.p. and (A,n) witness x essentially have a x-black box,
(B) there is y = x[A for some A C Ay which has a x-black box.

Proof. We choose €2, C Ax by induction on n by:
(*) (a) if n = 0 then QO = AO U {170}
(b) if n =m+1 then Q, = U{Ay : @ < A = |Ax| and 7y, € O, } UQ,

Now x[J,, 2, is as required. 1.8

OBSERVATION 1.9: (1) In Definition 1.7(4) we may use Ax as the index set
of A instead of |A|.

(2) Ifx is a -c.p., X = {x¢ : £ < kx) and |Ax| = max{x; : £ < ky}, then x
has a x-black box iff x has a x-pre-black box.

5 See the proof of 2.10(2).
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Remark 1.10: Concerning the variants below our aim is to have “x is (6)-free”,
but to get it we use the other versions.

Definition 1.11: (1) For A, C S9!, we say “x is (6, u)-free over A,” when x is
weakly ordinary,® u C {0,...,kyx — 1} and for every A C A,\A, of cardinality
< 0 there is a list (7o : @ < ) of A such that: for every « for some m € u and
w € Jx,m we have”
ve{fg:B<alUAATT(M)=7a1(M)AJ<OxmAi€ Ixm\w
= vm(J) 7 Mo (1)
(2) If 0 > |Ax| we may (in part (1)) write (oo, u)-free or u-free; we may omit
“over A.” when A, = 0.
(3) If u={0,...,k — 1} we may omit it.
(4) Suppose we are given cardinals §; < f, combinatorial O-parameter x, A,
(usually € Ax) and u € {0,...,kx — 1} and k.
We say x is (62, 61, u, k)-free over A, when:
(a) 02 >0, >1,
(b) 1 <k <k, if k=1 we may omit it,
(¢) uCH{0,...,kx — 1} has > k members
(d) for every A C A, \A, of cardinality < 6 there is a witness (A, g, h)
which means:
(@) A= (A, :v < ~(x))is a partition of A to sets each of cardinality
< 01, so y(x) is an ordinal < 65.
(B) g : v(*) — [u]*; when k = 1 we usually use ¢’ : y(*) — u where
g(v) = {g'(7)} for v < () or even use g” : A — [u]' where
g"(7) = ¢’(y) when 7 € A,. Occasionally (when the meaning of
7jg is clear) we may write g(7jg) or ¢'(7jg) instead of g(53) and ¢'(53)
(so we consider Ax as the domain of g, ¢’ instead of y(x)).
(v) 1,7 € Ay Am € (k\g(7)) = 1 = Vim.
(0) h={hym :m € u).
(€) hm : A — Jp; really just
hm {7 € A: if v < v(*) and 77 € A, then m € g(v)}

matters. Here again, we may write h,, (/) instead of hp,(73)

6 5o if ky is 1, then “x is (0, {0})-free” has a closer meaning to “{n: (n) € Ax} is [0, Jx,o]-
free” than to (0, Jx,0)-free; see Definition 0.8.

7 If Ax is normal, we can restrict ourselves to ¢ = j and this is the usual case.



Sh:1028

Vol. 240, 2020 ABELIAN GROUPS, PCF AND BLACK BOXES 15

() if 7 € Agand m € g(f) and v € U{A, : o« < B} UA, and
v (m,=0)=n1(m,=0), then i € Op\him (1) = 1 (i) # vim (i)

(5) In (4), if 02 > |Ax| we may write (0o, 0:,u, k)-free; we may omit A,
if A, =0 and if K = 1 we may omit k.

(6) We say x is (,u)-free over A, respecting A (so we may write k in-
stead of u = {£ : £ < k} and 0-free instead of (0,{¢ : ¢ < k})) when
A= (A;: 7€ AL), Ay C Ay, and for every A C A \A, of cardinality < 6 there
is a list (7o : @ < aw) of A such that:

o if 7, € Ap so ¥ € Ay, then 0 € {7 : f < a} UA,,
o, for every o < a, for some m € v and w € Jx ,, we have

ve{nsg: B < aUANDT(m) = 70 1 MAJ € Ox,m \WAL < Ox.m = U (1) # 1w (§)-

(7) For x, 01,02, A, u as in Definition 1.11(4) and a sequence A* = (A;:pex)
of subsets of Ay, we say x is (62, 01, u, k)-free over A, respecting A*, when clauses
(a)—(d) of Definition 1.11(4) hold and we add to clause (d)

(n) if 7 € Ag and ) € Aj then p € U{Ag: B < a} UA,.
CLAIM 1.12: Assume x is a 0-c.p. and u C {0, ..., ky — 1} is not empty.

(1) x is (02,2,u,1)-free over A, iff x is (02, u)-free over A, 60y > 2.

(2) If 0 > max{0¢ : £ < kx},x is (0,0, u)-free over A, and for each { € u,x
is (0,2, {€})-free, then x is (0,2, u)-free over A, (equivalently (0,u) free
over Ay).

Proof. Should be clear but we elaborate.

(1) It is enough to deal with the case |Ax\A.| < 0. First, assume 6y > 2
and x is (02, u)-free over A, let (7, : @ < ) listing Ax\ A, be as in Definition
1.11(1). Let Aq = {7} for a < a, and define ¢’ : a, — u by ¢’(a) = the
minimal m € u such that for some w € J,, the condition in Definition 1.11(1)
holds. By the assumption that x is (62, u)-free over A,, ¢’ is well defined. Let
g a. — [u]! be g(a) = {g'(a)}. Also we define hy, : a — Jy, for m € u such
that: if @ < a, and m = ¢’(«) then hy, (@) is any w € J,, such that the condition
in Definition 1.11(1) holds. Now clearly in Definition 1.11(4), clause (a) holds
(letting 81 = 2 as 02 > 2 = 61), clause (b) holds as k = 1 € [1, kx] and clause (c)
is obvious. We shall check clauses (d)(a)—({) hence finishing proving the “if”
implication.
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Let v(*) = a. and A = (A, : @ < ay). This definition takes care of (d)(«)
and the above definition of g, ¢’ ensures (d)(8). Clause (d)(v) is immediate
since each A, is a singleton. Clauses (d)(9), (d)(e) follow from the definition of
the h,,’s. Finally, clause (d)(¢) follows from Definition 1.11(1).

Second, assume X is (62,2, u, 1)-free and let (A, g, h) witness this so §; = 2;
note that 2 > 2, since 6; = 2 and 62 > 6; by Definition 1.11(4)(a). So
A=Ay :a<a)and h = (hy, :m € u) and g : o, — [u]', so for some
function ¢’ : . — u we have a < a, = g(a) = {¢'(@)}. As [Ay] < b2 =2 we
have [Ay| < 1; without loss of generality A, Ao # 0, hence there is a unique
Tlo € Ax\Ax such that Ay = {7o}. So (7o : @ < ) lists Ax\A,, and it suffices
to check that for every o < a the condition in Definition 1.11(1) holds. We
choose m = ¢'(«) so m € u and we choose w = hy,(«) so w € Jy, indeed,
and the condition there holds for m,w by clause (d)(¢) of Definition 1.11(4) as
Ao ={7a}, 8 <a= Ag = {7} ) )

(2) As x is (0,0, u)-free over A, there is a triple (A*, g*, h*) witnessing it,
as in Definition 1.11(4), and let A* = (A’ : a < a,) and h* = (h%, : m € u).
For each ¢ € u and a < a,. we know that x is (9, 2, {¢})-free and A% is a subset
of Ax\A. of cardinality < 0, hence there is a triple (A4, ga, ho) Witnessing it.
Let Ay = (Aup : B < Ba) and so |Ay 5| < 2 and without loss of gener-
ality Aq g # 0, so let A g = {7lap} and (as k = 1, see end of 1.11(5))
9a(B) = {9, (B)}, where g/, : Bo — u and let hy = (ha.m : m € u).

Let 7o = X{Ba, : a1 < a} for a < ay, so clearly (v, : @ < ay) is increasing
continuous and o = 0 and let v, = 7,,; we define 7, for v < v, by: if
Y = Yo+ B, B < Ba, then we let 7, = 7a,5. Also let ¢’ : 7 — [u]' be
defined by ¢'[[Ya,Yat1) is constantly {g*(a)}, let A = (A, : v < 7.) where
A, = {7}, and let b = (hp, :m € u), hun : Vs — I be b (Yo + B) = ham(B)
if @ < a.,8 < Ba. So it is enough to check that (A,g’,h) witnesses Ay is
(0,2, u)-free over Ay, e.g., why clause () of Definition 1.11(d) holds.

Let 7€ Ay,m € ¢'(y) and v € U{Ay : @ <y} UA,. So 7 = 7}, and one of the
following cases occurs, letting v = v, + 3, 8 < Ba-

CaseE 1: v e U{A}, 1 o/ < a}UA,.
Use “(A*, g*, h*) witness Ay is (0,0, u)-free over A.”.

CASE 2: v € A%,

Use “(Aa, Gas ho) witness A, is (0,2, {¢})-free” for £ = g*(a). 1.12
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Definition 1.13: We say (x, A) witness BB (), ©, x,d) when:
(a) x is a O-c.p. with |[Ax| = X and k = ky, i.e., = £g(d),
(b) A
(c) x
(d) © is a collection of cardinals and pairs of cardinals,

(e) if € O, then x is (6,k)-free respecting A, see 1.11(6), which means
that in the list (7o : @ < o) in Definition 1.11(1), we have

= (A; : U € Ay) is a sequence of pairwise disjoint subsets of Ay,
[A; has Y-pre-black box for every v € Ax

(a>0)ATo €Ay =D e{ijg: B < a},
(f) if (f2,601) € © then x is (s, 01, k, 1)-free respecting A, see 1.11(7).
Remark 1.14: Note that in Definition 1.13 necessarily we have
E{xe: ¢ <k} <[Ax]
Clearly

CrLAM 1.15: Assume p is strong limit > cf(u) = 0,.% C 9u has cardinality
A =2# and F is O-free (i.e., (0, J5)-free); moreover, [0, J54]-free and weakly
ordinary, see 0.7(1),(2),(6).

Then there is a (0)-c.p. x with Ax = .# which is 0-free and has the A\-BB
(i.e., ({(\),1,1)-BB).

Proof. The point is that the set of functions from 9>y to A has cardinality
= ||, see more in [Shel3b, 2.2=Ld.6]. 1.15

CrLam 1.16: (1) Assume x is a k-c.p.,
0y >0, = Cf(@l) > max{@xl < kx}

and
uCH0,... . ky — 1}, Jul =k > 1.
The following conditions (A),(B),(C) on x, 602,601, u, k are equivalent:
(A) x is (02,601, u, k)-free over A,
(B) as in Definition 1.11(4) omitting clause (d)(7), in this case we call (A, g, h)
an almost witness,
(C) for every A C Ax\A. of cardinality < 0 there is a weak witness (g, h)
which means: clauses (), (¢) of 1.11(4)(d) and

8 In [She07] we use Ay <) as index set which, if & = 1, may have smaller cardinality; so
far not a significant difference.
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(B) g:A— [u)k,
(¢) if i € A and m € u then for all but < 6, of the sequences 7l € A
we have

o if 1 # 7, 71 | (m,=0) =12 1 (m,=0) and m € g(71) N g(72)
and i € O\ (hm, (1) U him(72)), then
nl,m( ) 7& 7’]277”(1'),
(n) ifi1 € A and 2 € A, then e of (€)' holds demanding only m € g(7j1).

(2) If in addition x is normal (see 1.2(7)) we can add:
(D) Iike (C) but we replace o inside (¢)’ (and similarly in (n)’) by
o ifm #n2 €A M1 (m,=0)=mn2[(m,0) and m € g(m) N g(72)
and i,7 € O\ (hm (1) U hun(72)), then

11,m (i) 7 12,m (7)-
(3) If in addition A, C Ax and each Jx ¢ is o-complete, then
{A: A C A\A is (02, 61, u, k)-free over A}
is a o-complete ideal on Ax\A..

Proof. (1) (A)=(B):
Obvious by the formulation of (B).

(B)=(0): o
Let A C Ax\A. have cardinality < 62; by clause (B) we can choose (A, g, h),
an almost witness (for A). As |u| = k, necessarily g is constantly u, so let

/

g : y(¥) = [u]* be constantly u, hence it is enough to prove that (g’,h) is
a weak witness; clearly clause () of (C) holds. So by the phrasing of (B)
and (C) it is enough to prove clauses (¢)’, ()’ of (C). But clause (n)’ follows
from clause (¢) of (B), i.e., (d)(¢) of Definition 1.11(4). Now for clause (¢)’,
let A = (A, : v < 7(x)) and assume 7, € Ag, for « = 1,2 and By # Ba < ¥(x)
and m € u and it suffices to prove e of (¢)’. Clearly m € ¢'(f1) N ¢’'(B2). So

assuming

] (ma:@) =121 (ma:@)
and ¢ € O\ (hm (1) U hp(72)) we should prove that 11, (4) # 72.,(¢). By the
symmetry without loss of generality 81 < B2 and we apply clause (¢) of (B)
with 71, 72, 81, B2, m here standing for 7,7, 3, m there and get 11, (1) # 12,m (7)
as promised.
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(©)=(A): )

So assume that A C Ax\A, has cardinality < 62 and let (g,h) be a weak
witness for it (actually we have no further use of |A| < #5); again necessarily ¢
is constantly u. So for m € u,i < Op, and every 77 € A let

1 Ny . _ — 5 _
Qi,m,ﬁ - {VEA 'VW (m7_@) _771 (ma_(b)
and ¢ € O \hm (7) and 7y, (1) = 7 (4) }-
By the choice of (g, ) and the definition of 2} we have:

o, if 7,p €, then Dl(m,=0) =p 1 (m, :77(2)) and 7, (1) = v (i) and
i€ 0\ (hn(7) U B (7).
hence applying clause (¢)" of (C) to any 7; € Q; 5 we have
o Ql{m,ﬁ has < 6; members.
Let
Q% = U{Qimﬂ7 im € u, i < O} U{7},
so recalling the claim assumption 6, = cf(6;) > 3", O, clearly
o3 if 7 € A then Q% has cardinality < 6.
By transitivity of equality
o, ifz?GQ}] then m <k Am & u= Uy = 7Jm.-
For 7 € A let Q% be the minimal subset 2 of A such that 77 € Q2 and
reQ=0Qlcq,

so recalling 6; is regular necessarily [Q2] < 6;.
Let (7% : v < (%)) list A. We now choose A,ly for v < (%) by
A'ly = U{Q%E 1B <7}
so {72} € Al C A, so clearly U{AL : v < 7(x)} = A.

Lastly, let AZ = AL\ U{A} : 8 <7}, so obviously A? = (A2 : y < (%)) is a
partition of A. Let g, : v(*) — [u]* be constantly v and h = (h,, : m € u), and
we shall show that the triple (A2, g.,h) is as required in 1.11(4)(d).

Now clauses (cr)—(e) hold by our choices noting that by e, we have: if 7, 7 € A2
and m < k,m ¢ u then 7, = Uy,. As for clause (¢) let 7 € Ag,m € g(8),a < 8
and 7 € A2,v 1 (m,=0) =71 (m,=0) and i € 9y, \hm() and we should
prove that ,,(i) # 7, (7). But otherwise 7 € QL C 9727; CU{AZ : <o},
contradiction.

(2) Similarly.
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(3) By part (1), as we can use as definition clause (C) of (1), assume that
A= UKZ.(*) A; € A\AL and i(*) < o and hyp, 0 A — Jy, and (gs, hi) weakly
witnesses A;. As |u| = k necessarily go := |, i is the constant function from A

into {u} and let hy,, : A = Z2(0p,) be

b () = U{hsm(7) : @ < i(x) and 77 € A;}.
Now h,, is into J,, as J,, is a o-complete ideal and i(x) < o. Lastly, clearly
(90, (hm : m € u)) is a weak witness for A so we are done. 1.16

Remark 1.17: Why the demand |u| = k in the claim?

Our problem is: in (A) we promise that the function g gives (for a fixed one )
for all 7 € A, the same u whereas in clause (C) this is not the case, in fact,
not well defined. It is natural then to divide A, to < 2k cases according to the
value of g, but then it is not clear that clause (¢) of (A) holds. To avoid this
we assume |u| = k. Maybe 1.16(3) helps but this is not crucial.

Definition 1.18: If Eg(gb) = k, and x, is a combinatorial 5L—parameter for
t=1,2,3 then we say x; X Xg = x3 when:
(a) O3 = 010y hence k3 = ky + kg,
(0) T = Ty s,
(c) Sy, is Sk, Sx,, that is
o Sy, rif € <k,
® Sy ik, if £ >k,
(d) Ax is the set of 7 € [],y, 93(0) (S, .¢) such that for some 7 € A, and
p € Ax, we have:
o if / < ky, then 1y = vy,
e if ¢/ > ky, then ny = py_x, -

Explanation 1.19: What is the role of the next claim? We shall prove
for (0,J) (R, J54) and (Ry, JR4 x JRY), that for many strong limit
singular p, there is a 1 — c.p.x such that (0x,0, Jx,0) = (9,J) and x has 2/-

BB and x is quite free. But we do not know how to get one which is even
just N, y1-free. But such freeness is needed in §2! However, using long enough
finite products we can get enough freeness. More fully, first by 1.20, the prod-
uct gives a combinational parameter of the expected length (the sum) and weak
ordinariness, ordinariness and normality are preserved.

Second, by 1.21 the products have the appropriate (pre-)black box if each
product has one.
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Third, in 1.21-1.24 we get that if each x, satisfies enough cases of (62, 61, u)-
freeness conditions then their product satisfies more.

Fourth, in Theorem 1.25 we prove the existence of xy (¢ < k) as required
relying on [Shel3a].

Lastly, in Conclusion 1.27 we get the desired conclusion used in §2.

CrLAmM 1.20: (1) Ifx, is a combinatorial 0,-parameter for t=1, 2, then there
is one and only one combinatorial parameter x3 such that x; X Xo = X3.
(2) The product in Definition 1.18 is associative.
(3) Ifxy xx2 = X3, then x3 XX is a permutation of x3; see Definition 1.3(4).
(4) If in Definition 1.18, x1,x2 are (weakly) ordinary and/or normal,
see 1.3(3), 1.2(7), then so is x3.

Proof. Straightforward. 1.20
CrLam 1.21: (1) x3 has x3-pre-black box when:
(a) x, is a combinatorial 0,-parameter for 1 = 1,2,3,
(b) x1 X X2 = x3,
(c) x, has X,-pre-black box for 1 = 1,2,
(d) X3 =x1"Xz,
(e) if € < £g(Dy) then xa0 = (x2.0)™l.

(2) Moreover, x3 has a xs-black box when in addition

(c)T xo has a Ya-black box and xa., = (X2.n) 1.

Proof. (1) For each m < ky, let F™ = (F™ : a < a2,,n,) list
{F : F a function from Ax, into x2m}-

By clause (e) of the assumption, such sequence exists. Let a' be a y1-pre-black
box for x; and let @2 be a Yag-pre-black box for xg; they exist by clause (c) of
the assumption.

Lastly, we define & = (&5 : 77 € Ax,) where

O_éﬁ = <Oé771m71' m< kx3,7: < am>

as follows: for 77 € Ayx,,m < kx, and ¢ < Ox,,m we let:

: 1
e if m <kx, then Oifmyi = Qpik(xy),m,i

o if m = ky, + ¢ and ¢ < ky, then oy, = F'%
V= ﬁ[[kxl7kx3)7 Le, v = <77k(x1)+n n < kx2>-



Sh:1028

22 S. SHELAH Isr. J. Math.

Clearly & is of the right form, but is it really a ys-pre-black box? So as-
sume Ay, @ Axgm — X3,m for m < kg, and we should find 77 € Ay, as in
Definition 1.7(1). Now first we define h2, : Ax,m — X2.m for m < ky, as
follows: h2, (v7) is the unique a < 2., such that:

ﬁ € AX1 = hk(x1)+m(ﬁAD) = F(;n(ﬁ)a
possible by the choice of F™ above. As @2 is a Ya-pre-black box, clearly there
is 7 € Ax, such that

m < Ky, Ni < Oxyom = hoy (71 (1)) = a2, ..

Fix a sequence 7 € Ay, as in the former paragraph. Now for m < ky,
we define hl @ Ax,.m — X1m by hh (D) = hum(p" D) for p € Axy m, it is well
defined by our assumptions on h,,, it has domain Ay, ,, and, as v € Ay,,
clearly p"7 € Ax, m by the definition of x3. As al is a )Zl-pre-black box for x;
there is p € Ax, such that m < kx, Ai < Oy, = hi,(p) = apmZ We shall
show that

n:=pv
is as required.
First, n € Ax, because x3 = X1 X X2,p € Ax, and 7 € Ay, .
Second, if m < kg, A1 < Oxy,m = Ox,,m then
(x) (a) hm(ﬁ 1 (m,i)) = hl (p 1 (m,i)) by the choices of 7§ and h},,
(b) hy(p 1 (m,i)) = ap,, ; by the choice of p,
(¢) @} i = qm. by the choice of ay m.i, so together
(d) B (711 (M, 7)) = atgmi-
Third, if m € [kx,,Kx;) A% < Oxy.n, then m = ky, + ¢, £ < ky, for some ¢
and use the choices of ag ,,; and of v.
(2) We have to deal with the black box case. So recalling Definition 1.7(4)
we are assuming:
(*)  (a) A% = (A2 :7 <|Ay,l) is a partition of Ay,,
(b) if v < |[Ax,|, then x5 [A2 has a ya-pre-black box.
Now repeating the proof above, note:
(¢) (Do :a < |Ax,]) list Ax as required in Definition 1.7(4).

We can choose a2 such that not only is it a ¥a-pre-black box, but also
a’IA2 = (a7 : v e A2)

is a Yo-pre-black box for each v < [Ax,|-
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Having defined & = (a; : 77 € Ax) note that:

(%) |Ax,| < Xx2,0 (by clause (e) of the claim) and xx,,0 < |Ax,| (by 1.14)
and |Ax,| is infinite (otherwise the y2-black box fails), hence

sy | = [Axa | X [Axe,| = [Ax, |,
(*) letting A, = Ay, x A2 the sequence (A, : v < |Ay,]) is a partition
of Ax,.
Mainly we need to prove that: if v < |Ay,| then @A, is a x-pre-black box.

This proof is exactly as in the proof of the first part.
Lastly, we choose (7, : @ < |Ax,|) as required. Toward this let

p, = max{p : (V0 < k,)(2" < x,.0)};

note that necessarily |Ax,| = |Ax;| and p1 < |Ax,| < p2. Now choose
(7} a < |Ax,|) such that

{_cly ra< |Ax1|} = Axl

and
a§ﬁ<a+u1:>ﬁézﬂé.
To finish, define (74 : @ < [Ax,|) by:
o if y=|Ax | o+ and § < |Ax, |, then 7, = ﬁéAﬁ?f
Recalling v1 < v2 < v1 + p2 = ﬁ?h = 932 we are easily done. 1.91
The following Definition is somewhat similar to [She07], with different nota-
tion than earlier.
Definition 1.22: Let x = (k,0, S, A, J) be disjoint for notational transparency
(see 1.3(3)).
(0) Foru C{0,....,.k—1}let ut ={{ <k:0 ¢ u}.
(1) For % C Upeyc 29 (Sx,0) let
Ay =AMy = M (W) = {71 € Ax : e € U for every £ < k}.
(2) For % C Upey 29 (Sx,e) and u C {0,... .k — 1} let:
(a) addx(u) ={u:u C Uéeu 6(2)(5,(7@)

satisfies [u N 2®) (S, )| = 1 for £ € u},
note that u € addx(u) = |u| = |ul,
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(b) for u € addx(u) let

Ay v = Ax(% ,u) := {7 € Ax : for some m € u we have
(<kANL#m=mn e (% Uuu)n29(s,,)
and{<kAlL=m=1n € %06“)(5,(7@)},

(¢) AL(Z,u) := Ax(% Uu)\Ax (% ,u); this set is interesting, i.e., non-
=0

empty only when % Nu and then it is equal to

{7€ Ax :if £ € u then n; € u and if £ € k\u then n, € % }.

(3) For non-empty v C {0,...,k — 1} we say x is 6-(u, k)-free when: if
U CUper 99 (Sx,e) has cardinality < ¢ and u € addx(ul) is dis-
joint to % then Ax(% Uu) is (00, 2, u, k)-free over Ax(% ,u) recalling
1.11(4),(5).

(3A) If 6 > |Ax| we may write co instead of € in part (3).

(4) For non-empty u C {0, ..., k—1} we say x is (02, 61)-(u, k)-free when: if
U C Uper 79 (Sx,e) and u € addy (ut) is disjoint to % then Ax(% Uu)
is (02, 61, u, k)-free over Ax(% ,u) recalling 1.11(4).

OBSERVATION 1.23: (1) In Definition 1.22(3), the conclusion is equivalent to
“Ne(U ,u) = Ax(Z Uu)\Ax(Z ,u) is (00,2, u, k)-free”.

(2) Similarly in 1.22(4); that is, assumeuC {0, ..., k—1}, % C Uy, 99 (Sx.0)
and u € add(u') is disjoint to %, then: Ax(% U) is (02,01,u, k)-free over
A(% <) iff Ne(%,u) = A (% Uu)\Ax(% ,u) is (02,01, u, k)-free..

(3) Ifx is 0-(u, k)-free, then x is (6, u, k)-free; see Definition 1.22(3), 1.11(4),
(5) respectively.

(4) Ifxis(02,61)-(u, k)-free, then x is (02, 01, u, k)-free; see Definition 1.22(4),
1.11(4) respectively.

Proof. (1) If § € Ax(Z Uu)\Ax(Z,u) and 7 € Ax(%,u) as u € addy(u?) it
follows that (3m € u™b)[nm # vm]-

(2) Similarly.

(3), (4) Straightforward. 1.23

The gain in the following theorem is that taking products of combinatorial

parameters, we gain new cases of freeness.
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THE FREENESS THEOREM 1.24: If B below holds, then x is (Om, 07 )-(u,1)-
free. If, in addition, every x, is 0 -free, then x is (0, u)-free:

B (a) x¢ is a combinatorial (Op)-parameter for ¢ < k,

(
(f) xp is (Om1, 0% )-free when k € u A'm < m.

m

Proof. Without loss of generality x is disjoint, i.e., the sets Sy := Sk are
pairwise disjoint for ¢ < k. We prove the claim by induction on m (so fix k
but we vary u and the 6,,’s). So let u € addy(u') and % C [, ?(S¢) has
cardinality < 0, and we shall prove that A%L(% ,u) is (0o, 0, u, 1)-free. Clearly
this suffices for the first phrase and the second follows recalling 1.12(2), 1.23(2).

CAase : m =1
So |u] = 1 and let u = {¢}, hence 7j — 7, is a one-to-one function from
A% (% ,u) onto
Uy = U N Ay, .

We know that x, is (01,67 )-free and |%/| < 61, hence there is a partition
(Yo - ¢ < ax)) of % to sets each of cardinality < 0, a(x) < |%| < 61 and
he : % — Jx, such that

a<B<ax)Ane UaNveEUpsNd>i¢ he(v)=n(i)# vi).

For a < a(x) let
Ao = {1 € N(% ,0) 2 € U0}

clearly (Ay @ o < a(x)) is a partition of AL(%,u) to sets each of cardinal-
ity < 6. Let the function g from a(x) to [u]' = {{¢}} be defined by g(a) = {¢};
clearly the partition (A, : a < «(*)) and the functions g,h, witness that
AL(% ) is (Om, 0 )-free, as required.

CASE 2: m > 1

Let m=m—1; as m>1, clearly m is>1. So for k€u the c.p. x; is (|%|T, 0;)-
free and let % = % N 2*)(Sy) € Ay, and by the induction hypothesis,
without loss of generality |% | >!0,,. Hence as in earlier cases (see 1.16(1)(C))
we can find a function hj : %, — Jx, such that in the directed graph (%, Rx)
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each node has out-degree < 6,,, that is, (V5 € %)(3%%"v € %)[nRv],
where

(*)1 Rk = Ri.p, = {(n,v) m,v € %, and for some i < O

we have i ¢ hi(v), n(i) =v(i)},

(¥)2 let Ay be AL(Z ,u) = Ax(% Uu)\Ax(% ,u),
and let

(¥)3 R« ={(7,7) :,v € A, and for some k € u

we have npRiv, and £ <k AL #k = ny = v}

Clearly

(%)a (A4, Ry) is a directed graph with each node having out-degree < 6,,.
Let A = (A, : v < (%)) be such that:

(¥)s5 (a) A is a partition of A,
(b) Ay has cardinality < 6,,,
(c) if 7€ Ag,v € Ay and B <y < y(x), then ~(7R,7); that is

eifl{cuandn ((,<0)=v1({<0), then ~(nReve).

[Why? Let (7o : a < |A]) list A, with no repetition. For a < |A.| we define
U € [|[Ax]]S% by induction on n, increasing with n by

Ua,0 = {a}, uant1 = {0 : for some v € u,,, we have 7, R.7jg or § = 7}.

So uq = U, tan € [|A]]S%, a € uy and [fgRuily A B € uq = ¥ € ua). Let
Ao = {7y 17 € uy but (V3 < a)(y ¢ ug)}, now check that A = (A, : o < |A.])
is as required.]

(¥)s It is enough to prove for each v < (x) that A is (co, 0, u, 1)-free.
[Why? It is enough to prove A, is (oo, 6, u, 1)-free.

By the assumption of (x)g for each v < v(x) let A, g,, h, witness that A is
(00, 8¢, u)-free, that is (recall Definition 1.11(4); for k = 1, see 1.11(5)):

o A, =(A,.:e<e,) is a partition of A,

o A, . has cardinality < 6,

® gyiey —u,

o iffj, v e, .and k € u Ck, k # g,(e) then n, = vy,

o hy=(h,;:k€u),

® N is a function from A, into J,,,

eifjeA,cand v e U{A,¢:E<e},m=g,(e), 7] (m)=171(m)and
i € O\ (1) then mi (i) 7 14(i).
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Let
G = e 25 for v < 4(s),
AL = Ay, when € € [(y, Gy41],
g is the function with domain (),
9(e) = gy(e = ¢) when € € [y, (y41) and v < (%),
hy is the function with domain A, defined by: if 7 € A¢,{ = ¢, +¢€ and
€ < & then hy(7) = hy k() U hj (7).
Now check Definition 1.11(4).]
Fix v < «(*) and we shall prove for it the condition from (). If |A,| < 6,, the

desired statement follows from the induction hypothesis, so assume |[A,| = 0,,.
Let (Ny,a:a < 0y) list {vy : 7 € A, and k € u}.

For f < 8, let %y 3 = {ny,a : @ < B} and let k(B) be the unique k € u such
that 7,5 € %(Sk). Clearly |%, 5| < 0. Also (%, 5 : 3 < 0,,) is C-increasing
continuous with union U{A% (%, g,u) : f < 0,,} = A,.

By induction on 8 < 6,, we choose (Ag, gz, h”) such that

(*)7 (a) Ag = (A :e<ep) is a partition of AL(%, g,u) so
a< f= Aa <]/_§,3,

(b) each A . has cardinality < 6,

(c) gg:sgﬁusuchthatoz<ﬂégaggg,

(d) BP = (b2 : k € u),

()hﬂk'/\(%,yﬁ, )—>Jkanda<ﬁého‘ChB

(f) ife <eg, €Ay c,98() =ksokecuand v € U{A,¢:( <e} and
v1(k,<0)=171(k,<0), then

Zeaxk\hgk( = v (i) # me(9).

For 8 =0, AL(%, p,u) = 0 so this is obvious. For § limit take unions.
Lastly, for 3 = B, +1, it is enough to show that A%(%, ,u) is (00, 0] , u)-free
over AL (%, s.,u). Now

e
f

Uy s\U 5. = {Ny5. Y M. € P2E (Ska.y),

hence 1,,5,€ % . Solet uy g=u\{k(B.)}, uy s =ulU{1, 5.}, 50 u, 5 €addx(us 5),
uy.3 C {0,...,kx — 1} has m members because |u| = m = m + 1. Recall

A (U p,0y,8) = N (Uy 5, W)\ (U 5., 1)
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and by the induction hypothesis on m we know A%L(%, g, u,,5) is (00,07, uy g)-
free so there is a witness (A 5,97 5,h7 ), L.e., it is as in 1.11(4)(d) for k = 1,
in particular:

(%)s /_\;”6 = (A 51 C < (y,p) is a partition of AL(% 5, uy,5).
We define

(x)o & cp=cp + (g,
Aep ¢ = NS g ¢ for € <Gy,
98(ep. +¢) = g5 5(¢) for ¢ < ¢y, L.e., gp is the function with
domain eg extending gg, and defined on [eg,,e3) as above,
hgr is a function with domain AL(%, ) = U{A: : € < ep}
extending h- g, &,
o hgi(n) =h; g, (10) if N € A% 5,uy,8).
Now check. Notice thatif { <eg, <e<egandve€A,candne€A, .=A7 5 o

and m = gg(€) = g; (¢ —€p,), then m # k(B.) and 1y (s,) # Vi(s,), SO no prob-
lem arises and the rest should be clear. 1.24

In what follows we assume ¢ < k = 9y = 0 to simplify; anyhow we have not
sorted out what occurred to (B)(d) when 9 is not constant

THEOREM 1.25: If (A) then (B) where:

(A) (a) 0= (0 : ¢ <K) such that { <k = 0, = 0 = cf(d),
(b) we € Cy, for £ < k, see 0.2, 0.3,
(C) e < o1 for 0 < k,
(d) xe =2t
(e) for some regular o, \,0 <8 and Jy=J2% © J5 for £ < k;
(B) there is x such that:
(a) x is a combinatorial O-parameter of cardinality < xyx_1 with
Jx,0 = Jo,
(b) x has a y-black box
(¢) xis (6,,07)-free whenn(x) > 1,0 = cf(8) > 9,0, = 6T () <
and 3n(x) + 4 < k,
(d) X is Osu-free when 0, = OTOCIH) < g 3n(x)+4 < k,n(x) > 1.

Remark 1.26: Note that the proof is somewhat easier when #T9("()+1) < 4

and the loss is minor.
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Proof. For each ¢ < k we can choose x; such that:

@ (a) x¢ is a combinatorial (Jp)-parameter,
(b) x¢is (T9+1,074)-free when 0 < 0 < o and Jx o = J,
(¢) x¢ has a x¢-pre-black box, moreover,
(e)F
)
)

(d) Ax, has cardinality yg,

xy has a yy-black box,

(e) xg is OT-free.

Why? By [Shel3a, 0.4,0.5,0.6=y19,y22,y40], when we weaken clause @®(c)*
to x¢ has a xg-pre-black box; anyhow we elaborate (also when 0 = Xy we have
to say a little more) so let £ < k and p = pg, A = xo-

First, assume that there is a (u*, J59)-free subset .# of 9(u) of cardinality
A =21, We define x¢ by Ay, = {(n) :n € F}, Jx, = J54

Now x, has a A-black box (by [Shel3b, §3]); easy as the number of functions
from 9> (1) to A is A\ = \.

Note also that x, is tree-like; this is enough for @(a), (b), (c), (d), (e).
Without loss of generality there is a list (n, : @ < A) of the elements of #
such that o < 8 = 1o <jpa g (see the proof of [Shel3b, 3.10=L1£.28]. Let
(%, : a < X\) be a sequence of pairwise disjoint subsets of A each of cardinality A
such that

min(%,) > p* - «

and let F, = {ng : 8 € %} and v, = ng when « € [u- B, pu- B+ p) and
F =, Za. Now we choose

A, ={m :neF}, AL ={n):neFa}

S0 (Vo @ v < A) witness x¢ has a y-black box.

Second, assume that there is no % as above; it follows that A = 2* is regular
(see [Shel3a, 0.4] or [Shel3b, §3] using the “no hole claim”). Note that if there
is a (0)-c.p. x which is (fg,6;)-free, Ax C u pedantically A, C {(n) :n € u}
and |[Ax| = 2#, J and ideal on 9, J D Jx = J54, then there is such y with
Jy = J and as above both have the A-BB.

Now as A = cf(A) = 2#, 4 € Cy, there is a sequence (\; : i < J) of regular
cardinals < p and (see [She96, 6.5]) the d-complete ideal J = J54 such that

Xth<H>\i,<J),

<0
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so let (n, : @ < x) be <j-increasing cofinal in (][], 5 \i, <s). By [Shel3a,
0.1=L41] there is S € I+ [\] such that: if § < A A cf(8) > 614 then
{81 < d:cf(6;) =0 and S N6 is a stationary subset of &;}

is stationary in d; note that there cf(6) = 6+, but the general case of cf(§) > 614
follows.

Recall A = cf(X), S C A, sup(S) = A and we recall some things from [Shel3a];
f = {(fa:a <)\ is <-increasing, J an ideal on 9, f, : @ — Ord and u, C «
for & < A, we say f obeys the sequence of sets & = (u, : a < A) when for
every fBuq we have A, fg(7) < fa(7) and if @ € S is a limit ordinal then
fa(v) = supge,, (fs(7) + 1) for every v < 0. )

For 6 = cf(0) < A, we say @ as above is a witness for S € Ip[\] when:
a€S=cfla) =0,
a< A= |ugl| <0,
aEuUg = Ug =ugNa,
there is a club E of A such that if § € SN E then u, is an unbounded
subset of a of order type 6.

We say f is good in a limit ordinal § < A when there are u C § = sup(d) and
W = (wy : & € u) € “J such that
acuNPeunha<BNnied\(wyUuwg)= foli) < fa(3).

So without loss of generality f obeys a witness for S € Iy+[\], hence is good
in 0 when: § € S or (SN) is a stationary subset of § and cf(5) € (9,679).
Let So € I,[\] be stationary such that § € S, = |0 and for 6 € S,
we let ps €7 ¢ be increasing with limit 6. Now let f; €? ¢ be such that
i <ONj < o= fi(oi+j)=pfs(i) + ps(j). Hence {f}, : a < A} is (070F1,071)-
free for every 6 > 0, see [Shel3a, 0.4=Ly19]; in more detail, in [Shel3a,
0.4=Ly19] we conclude (A) or (B), now (A) there is covered by “first” whereas
if (B) there holds see [Shel3a, 0.6(e)=Ly40(e)].

Together we are done except for &(c), (¢)* which is proved by [Shel3a, 0.6(g),
@)

So we have finished proving .

Let x = yy, where for m € {1,...,k} we let y,,, = X¢ X X1 X +*+ X X1 and
we shall show it is as required.

Clause (B)(a), which says “x is a combinatorial d-parameter of cardinality
Xk—1", holds by 1.20(1), i.e., we can prove “y,, is a (Jy : £ < m)-c.p. of cardi-
nality x;m—1” by induction on m =1,... k.
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Clause (B)(b), which says “x has a x-BB” holds by 1.21, that is, again by
induction on m = 1,...,k we can prove that y,, has the (x,: £ < m)-BB.

We now shall prove:

Clause (B)(c): we deduce it from 1.244+®(b). We are given 8, n(x) as there.
Let (6, : m < m(x)) be defined by: m(x) = 3n(x)+4, 0, := 0 for . = 0,1,2,3
and 0343, 1, = (0313m) 7% for L = 1,2,3 when m < n(x) and

.f o+1 .
Om(x) = egrn(ir)+4 < Hos

the “< p” holds by the assumption of clause (B)(c). Note that if 6,11 = 6.
then “x; being (1,0, )-free” is trivial.

To apply Theorem 1.24 with x, as in @ above, x as above, m = m(x),
u={0,...,k—1} has m members and 6, for / < m as above, we have to verify
clauses (a)—(f) of H of 1.24.

Now clause (a) stating x, is a combinatorial (Jy)-parameter holds by @®(a).

Now clause (b) stating x = x¢ X ---xk—1 holds by the choice of x above.

Clause (c) stating “u C {0,...,k — 1} and m = |u| > 0” holds by the choice
of u and the assumption on m(x).

Clause (d) stating “dp < --- < " holds by the choice of the 6,’s above.
Notice that each 6,(¢ > 0) is a successor and hence regular.

Clause (e) stating “Ox, <y for £ <k” holds because 6y =60>0=79, for {<k.

Clause (f) stating “x¢ is (041,06, )-free”, “when ¢ € u,m < m”, holds; we
check this by cases.

CASE 1: 0,11 = 6,1, (f) holds trivially.
CASE 2: m = 3, 0y 1,0;) = (610D 94 holds by clause (b) of @.
CASE 3: m = 3n + 3 where n < n(*) 50 (0 11,0;) = (92 (FD+1 gontdy,

By clause (b) of @ above applied to § = 99"

So all clauses of H of Theorem 1.24 hold, hence its conclusion which says x is
(Orm, 07 )-free but O, =0, and Oy =0, so we are done proving clause (c) of 1.25(B).

Clause (B)(d) says that “x is 6, free” assuming , = 9T(@ )+ < 4
3m+4 <kand A\, 9 = 9. We will deduce it from clause (B)(c) by applying
it choosing ¢/, = §19»(*)+4 9 — 9 and m(x) = m. The assumptions in clause (c)
hold: # = 07 so 8 > 0 and @’ is as 6, is there and 0" < uo by an assumption of
clause (d) which also says 3n(x) + 4 < k.

So the conclusion of clause (c) holds, i.e., x is (6., 0)-free. But 6, < 0., so x
is (0.,0%)-free. Also each x; is OF-free by H(e) hence by 1.12 the last two
statements imply x is 0.-free. 1.95
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CoNcLUSION 1.27: (1) Ifo < O are regular and x > 0 and n > 1, then there
is an Wg.,-free, m-c.p. x for some m which has the x-BB and |Ax| < Jg..(x)
and Jx m, = J4 © Jbd.

(2) If o = 0O is regular and x > 0 and n > 1, then there is an Ry.,-free
m-c.p. (for some m), x has the x-BB which is not free (really follows) and Ay is
not even the union of < x free subsets and x has cardinality < Jg..,(x)+ 3w, (X)
and Jx m = Jgd.

B) If m=3n+5,0 =cflc) <9 =cf(0) < x < po <+ < fim—1 and
pe € Cp for £ < m, Ay = cf(2#¢), Sp C {0 < A¢ : cf(0) = o} stationary from
I,[\e] and J = J54 x Jb4, then we have (A) or (B), where:

(A) for some ¢

(a) there is an .F C 9(ug) of cardinality 2/ which is pf-free, i.e., is
(1, J5Y)-free, see Definition 0.7(1), hence (u}, J)-free,

(b) hence letting x be the 1.-c.p. such that Ax = {(n) : n € F}, it is a
2#¢-BB for x which is ,uj'—free and Jx = J;

(B) we can choose X = Xg X+ X Xpm—1,X¢ as a 1-c.p., Ax, = {nes : § € S},
1ime£ (ne,5) = &, moreover 1y 5 Is increasing with limit § and Jx, = Jop © J,
and x, has the x-BB if x < pg.

(4) Givenn,m,o < 9 < x as in part (3), we can find p, (and A¢, S¢) as there
such that:

(a) if 0 > Vg then py = Jp.(140)(x), we'll have “x is 0,-free” we need x > 0,

(b) if @ =g for some club E of wy and pg € {3s(x) : 6 € E} are O.K.

Proof. (1) Let k=3n+5 and for £ <k we let 0y =0, pe=1p.(14.0) (0T O+ + y)
and y, = 2*. So each py is strong limit of cofinality 0 = cf(9) > o > No;
recalling 0.3 we have py € Cy,, i.e., clause (A)(b) of Theorem 1.25 holds.

Clauses (A)(a),(c),(d),(e) of 1.25 are obvious, hence there is x as in clause (B)
of 1.25, in particular it is 9@tV free. Also 9@+ < Ty ,(x), hence also
tte = Jo.(n42) (0T + x) is < Tgw(x), hence [Ax| < 2071 < Ty, (x), so
we are done.

(2) If O > Ny, the proof of part (1) holds and |[Ax| < Js..(x). If @ = Rg, we
know (see [She94]) that there is a club E of wy consisting of limit ordinals such
that 6 € E = Js(x) € Cy. We define k, 9y as above and for ¢ < k let &y be
the ¢-th member of E and let p, = 35, (), and we continue the proof in [Shee],
and anyhow not used.
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(3) This is straightforward by [She13b] but we elaborate to some extent. First
assume that for some ¢ < k clause (A)(a) of 1.27(3) holds, so x from (A)(b) is
a well defined 1-c.p. and is uzr—free, and letting y = 2#¢ there is a x-BB for x
because the number of h : 9> (u;) — x is < x*¢ = ¥, and diagonalizing we can
choose a x-pre-BB for x (see 1.15). To get a x-BB we work as in the proof of
1.21(2).

So assume there is no such ¢. Then for each ¢, we know that A\, = 2#¢ is regular
(see [Shel3b, 3.10(3)=L1f{.28, p. 39]). By the proof of @ in the beginning of the
proof of 1.25, there is x4,1 as there, so as Ax,, € (u¢). By [Shel3b, 3.6=L1f.21],
we know that @ < Ay = |a|” < Mg, hence obviously there is a stationary set
Sy C I,[\e] (in fact, {§ < \¢ : cf(8) = o} belongs to I,[\¢]), see [She93a, Claim
2.14]) and without loss of generality 6 € Sy = p¥'|d.

Hence we can find 7 = (vs : § € Sy) such that:

e 15 € 76 is increasing with limit d,
o vs, (i1) = vs, (i2) = €1 = la A s, iy = v5, |2,
e v;s(i) is divisible by pp.
Let (ps : 6 € Sy list Ax, 1 and for 6 € Sy let s € 9§ be: if i < 0,j < o then
ns(oi + j) = vs(4) + ps(i).
We define x¢ by Ax, = {ns : d € Sp}, Jx, = Jo ® Jg, etc. Now
(x) x¢ is a (0)-pre-BB of cardinality x¢, with the freeness properties from
1.25.
What about y-pre-BB? By [Shel3b, §3] this holds whenever x < pg, which is
enough for applying. To get x-BB let (4(¢) : ¢ < A) list S; in increasing order
and let (S, : a < A¢) be a sequence of pairwise disjoint stationary subsets of .Sy
such that min(S,) > 6(c). Let vg = 95y when ¢-pu <& < - p+ p.

We define A, = A, = {15 : § € S,} so for each a there is a y,-pre-BB for A,

and we continue as in the proof of 1.25. We now continue as in part (1) within

the proof of 1.25.
(4) By the proofs above this should be clear. 1.27

Discussion 1.28: (1) The following statement appears in [Shel3a, 0.4=Ly19]. If
o =cf(0) < k =cf(k) and pu € Cy, then at least one of the following holds:

(A) there exists a pT-free F C *u of cardinality A = 2#,
(B) A = 2" is regular and there is a (A, i, o, k) — 5-solution.
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If (A) holds, then we get more than promised (i.e., u-freeness). Hence we
may assume, without loss of generality, that (B) holds. We shall return to this
point (and then recall the definition of 5-solution).

(2) We can vary the definition of the BB, using values in x or using models.

(3) We can use just a product of two combinatorial parameters but with
any kyx. At present this makes no real difference.

Discussion 1.29: Assume X is a combinatorial J-parameter, 0 = 0y and
9" = (9 : £ < ky) is a sequence of limit ordinals such that

0 < k= cf(9)) = .

It follows that there is y such that:

(*) (a) y is a combinatorial 0’-parameter,

(b) ygf{aeoﬂrz a € Sxoand i <)},
(c) Ay ={9(7) : 1] € A}, where
(d) g S[a 5@6] is defined as follows: for each ¢ < k for some

increasing continuous sequence (g¢; : ¢ < 9;) of ordinals with
€r0=0, €19, = 0, we have g(n) = v iff 7 = (e : ¢ < k),
v={(v:{<k)and

g0 <e<epipr = ve(e) =0; (i) + ¢

(of course, we could have “economical”),

(e) if x has x — BB and y, = X?’i’ for ¢ < k then y has Y — BB.
Definition 1.30: We say a k-c.p. x is (6,0)-well orderable (¥,k,1)-BB when
there is a witness A which means:

(a) A={(Ay:a <),

(b
(c) ¢
(

A is increasing continuous,
f(§) > o and ¢ is divisible by 6,
if & < § then x[(Aq+1\Ar) has a x-pre-black box
if @ < 6,7 € Apt1\Ao and m < k then the following set belongs to
Jx,m:
o {i < Ox : for some 7 € A, we have 71 (m,i) =01 (m,4)}.

d
(e

NSNS

Cram 1.31: (1) In Theorem 1.25, for any 6 = cf(0) < xx—1 Clause (B)(b)
can be strengthened to: x has a 6-well orderable x-black box.
(2) Parallel to Conclusion 1.27.
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2. Building Abelian groups and modules with small dual
For transparency we restrict ourselves to hereditary rings.

Convention 2.1: (1) All rings R are hereditary, i.e., if M is a free R-module
then any pure sub-module N of M is free.

(2) An alternative is to interpret “G is a 6-free ring” by demanding cf(6) > Rg
and in the game of choosing A,, € [G]<? increasing with n, the even player can
guarantee the sub-module (|J,, An)c of G is free.

We shall try to use a 9-BB to construct Abelian groups and modules. In 2.2
we present a quite clear case: the case \,0¢ = N, the ring is Z (and the
equations are simple). Note that the addition of z (in 2.2(1)(b), 2.4(1)(a))
is natural when we are trying to prove h € Hom(G,Z) = h(z) = 0 which
is central in this section, but is not natural for treating some other questions.
When dealing with TDC) we may restrict ourselves to G simply derived from x,
see 2.2(3), so can ignore 2.2(1A),(2).

Definition 2.2: Let x be a tree-like? (see Definition 1.2(1)) combinatorial O-
parameter and let k = k.

(1) If k < kx = 9y = N, then we say an Abelian group G is derived from x
when

(a) G is generated by X UY where:
(@) X ={Zg(mmn) : 7 € Ax,m < ky and n € N} U {z},
(B) Y ={ynn 7 € Ax and n € N};
(b) moreover, generated freely except the following set of equations:

Ex = {(n+1D)Ynnr1 = Ynn—2{T51(mn) : M <k} —apnzy : ) € Ax and n € N},

where

o1 25 € X{Zaqi(mn) : 1 € Ax,m <k,n € N} © Zz,
® Ay € Z.

(1A) We say the Abelian group G is canonically derived from x when above
we omit the z5’s equivalently ag, = 0. If we omit z we say strictly derived.

9 In [She07] this was not necessary, as the definition of n | (m, n) there is n1 (m,<n+1) here.
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(2) We say the derivation of G in part (1) is well orderable (or “G or
(z5 : 7 € Ax) universally respect x”) when we replace o1 above by:
o there is a list (7o : @ < au) of Ax such that

Zia € B{Zx551(mm) : B < a,m <k} © Zz
for every o < a(x); such a sequence is called a witness.

(3) We add simply (derived from x) when z; = z for every 7.

Remark 2.3: (1) We can replace (n+1)ys n+1 by kg nynnt1 with k5 ,€{2,3,...}.

(2) By combining Abelian groups, the “simply derived” is enough for cases
of the TDC,. Instead of “simply derived” we may restrict (z5 : 7 € Ax) more
than in 2.2(2).

A more general case than 2.2 is:

Definition 2.4: (1) We say an R-module G is derived from a combinatorial
O-parameter x when (R is a ring and):
(a) G, is an R-module freely generated by
Xo = {251 (m,i) : M < Ky, 1 < Oy and 1 € Ay} U {2},
(b) the R-module G is generated by U{G5 : 1 € Ax} U X, also G, C G,
(c) G/G, is the direct sum of (G5 + G4)/G. : 71 € Ax),
(d) Zy C X, C G, for 77 € Ay; if Zy = {23} we may write z; instead of Z,
(e) if 7 € Ax, then the R-submodule G5 N G. of G is generated (not only
included in the submodule generated) by
{251 (m,i) : m < kx and i < Oxm} U Zy C X
(1A) We say r is an R-construction or (R, x)-construction when it con-
sists of x, R, G, G, (x5 : 1 € Ax,<k),(G7, Z5 : 71 € Ax) as above and we shall
write Ay = Ax, G% = G4, Gy = G,G,,; = Gy, etc. (so in 2.2(1) we have a Z-
construction with G/(G5 N G.) being isomorphic to (Q,+)). We may say r is
for x but we may write G rather than Gy, etc. when ¢ is clear from the context.
(1B) For an R-construction r we say: “universally respecting x” or “r is well
orderable” when we can find A which ¢ obeys meaning:
(f) (o) A= (A4 :a <) is increasing continuous,
(8) Aa, =Ax and Ag =0,
(v) if 7€ Aasr1\Aq and m < k then

(i < : (I €A1 (myi) =51 (m,0)} € T,
(6) if 7 € Ags1\Aa then Z; € ({Gy: 7 € Au} U {z})c.
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(1C) We may say “G is derived from x” and ¢ is derived from x.

(1D) We add “simple” or “simply derived” when z; = z, hence Z5 = {z} for
every 77 € A.

(1E) We say ¢ is almost simple if |Z;\{z}| < 1.

(2) Above we say ¢ is a locally free derivation or locally free or G in part (1)
is freely derived when in addition:

(g) if 7€ Ax,m < k and w € Jx ,, then (G5/G5 m,w) is a free R-module
where Gy, is the R-submodule of G' generated by

{:Cm(mhil) my < ki < 8m1 and my =m =i € w} U Zﬁ

so G = Gp ® Ggm,w for some R-submodule Gy and let

n,m,w n,m,w
determine it.
(3) Above we say r is (< 0)-locally free or t is a free (< #)-derivation when!®
in addition to part (1):
(g)* like (g) but the quotient Gy/Gjm w is O-free,
(h) x is O-free.

(4) We say ¢ is a canonical R-construction or canonical (R,x)-construction
when 7] € Ax = Z; = (). We say canonically* when we omit z and we write G, .
(5) We say ¢ or just (x,Z) where Z = (Zj : 7 € Ax) is 6-well orderable when
for every A C Ay of cardinality < € there is (7, : @ < ay), A’ DO A witnessing
which means:
(a) 7o € Ax with no repetitions,
(b) if 7 € A then
e 7] = 7, for some «,
o Zy C{ijg: B <al,
e for some m, < k and w € Jx ,, we have

i € O, \w =11 (mx,i) € {N 1 (mq,7) :m <K, j <O}

Remark 2.5: In Definition 2.4, we may like in G5 to have more elements from G..
This can be accomplished by replacing x5, 7 € Ax <k by x5 for t € T, ; when
v=71(m,i),7 € Ax.

However, we can just as well replace 9y by 9, =~9; for some non-zero ordinal v
(and J; by J;={wC9;: for some ue J, we have wC {yi+[:6<~v and icu}}).

10 g0 “r is locally free” does not imply “r is O-free” because of clause (h).
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CLAIM 2.6: Assume ¢ is a simple R-construction (see 2.4(1A),(1D)) which is a
(< 0)-locally-free (see 2.4(2) respectively) and G = G, so it is derived from x
and x is O-free.

(1) G is a 6-free R-module.

(2) If in addition (R,+), that is R as an additive (so Abelian) group, is
free, then (G, +),G as an Abelian group, is 0-free.

(3) In part (2) it suffices that (R,+) is a 0-free Abelian group.

(4) In (1),(2),(3) we can replace “derived” by “(< 0)-derived”.

(5) Instead, assuming “r is simply derived” we can demand ‘¢ is well or-
derable and almost simple”; see Definition 2.4(1B),(1E).

Proof. (1) Let X C G have cardinality < 6. By the Definition 2.4(1) there
are A C Ay of cardinality < 6 and A, C Ax <k of cardinality < # such that
X C ({zq: 7€ AJU{G; : 7 € A})g, recalling {z} = Z; C G5 for every
7 € Ax so, without loss of generality X = {x : 7 € A} U{Y; : 7 € A} where
Y; C Gy, |Ya| <@ forpeAand m <kAi<0p,=101(m,i) €Al
As x is f-free we can find the following objects:
(a) (7o : 0 < auy) list A,
(b) mqo < kyx and wq, € Jx m,, for a < ax,
(c) if a < B and i € Ox,m; \wp then ng m (i) # Na,m (i)
For o < a(x), let

Gy = <U{G;m B < a}>g and Ga(*)+1 = <Ga(*) U {x;, e A*}>G.

So (Gy : @ < a*) + 1) is an increasing continuous sequence of sub-modules,
Go = 0 and Gq(s)41 includes X. Also Gg(y)41/Ga(x) is free by their choice
above.

Lastly, if @ < a(x) then Go41/G, is a 6-free R-module because it is isomor-
phic to Gy, /Ga = G, /Gi me w. Which is 6-free by Definition 2.4(3)(g)™.

So clearly we are done.

(2), (3) Follow.

(4) Similarly.

(5) Let X, A and A, be as in the proof of part (1) and let (7, : a < cv) list A.

Let A witness the well orderability of r. Then (recalling Definition 2.4(1B))
there is a function A such that:

(d) h:a.— Lg(A),
(e) if @ < a, then 7, € Ah(a)+1\Ah(a)-
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Let

() Zz Mz} S{va} C{s 1 (m,i) :n <k,i <0y and § < a} CA,.
Also without loss of generality, as in §1,

(g) h is non-decreasing.

Now as A is f-free, as in §1, looking carefully at 2.4(1B), without loss of gener-
ality |Aa+1\Aa| < 1, so without loss of generality

(g) h is the identity.
The rest is as before. 2.6
Definition 2.7: (1) An Abelian group H is (02,0:)-1-free when: if X C H,
|X| < 02 then we can find a G such that:
o G = (G4 :a<alx)) is a sequence of subgroups of G,
G =3 a<a() Ga € H, both G and H include X,
G, is generated by a set of < #; members,

e G=0D, 00 CGa-
(2) Similarly for R-modules when each G5(77 € Ax) has cardinality < 6,,.

CLAamM 2.8: (1) Ifx is ak-c.p., (02,01 )-free (see 1.11) and ¢ is a canonical (R, x)-
construction which is locally free simply derived from x, then G is (02, 0 )-1-free.
(2) Similarly for modules.

Proof. (1) By (2) using R = Z.

(2) Let G = G, such that |A], |A.| < 02 and let X C G be of cardinality < 6.
Choose A, A, as in the proof of 2.6(1). As we are assuming “x is (6q, 61 )-free”
and A C A, has cardinality < 6, there is a sequence (A, g, h) witnessing it,
see 1.11(4)(d), such that A = (A, : v < v(x)) and A = U, Ay. We define the
sequence (G : vy < y(x) + 1) as follows.

For v < v(x) let G, be the submodule of Gx generated by

U{G%_,g('v)th(ﬁ) 177 € Ay}
We may assume that Gy = {0}. For v = v(x) let G, be the submodule of Gx
generated by
{xp :v € Ay but for no v < y(*), 7 € Ay, i € Ox g(4) \ Py (1)
do we have v =771 (9(7),7)}.
Finally, for v = y(x) + 1 let G, be 3 5, Gs.
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For every v < ~y(x)+1let G, be the submodule generated by U{G : a < 7}.
Notice that the sequence (G~ : v < v(x) + 1) is increasing and continuous. It
suffices to prove that G, N G<, = {0}. If not, then for some n and pairwise
distinct 7o, ..., Tn—1 € Ay,

1
<Z an,g(v)ﬁw(w)) NGy # {0},

£<n

see 2.4(2).
f0#£z€ (X<, G%‘/&g(,y)th(m)) N G« then there are zy € G%_o,g('y),hv(m) for
¢ < nsuch that x =, 2. Recalling

“Gy /Gy = ®{G;/(G5NGy) : 7 € Ak}

necessarily « € G,; moreover, recalling 2.4(1)(c) for each £ < n we have z, € G,
SO Ty € G#]_,g('y),h»y(ﬁ»,) N G, which is

C &{xy, 1(m,i) - m = g(7) and i € Ox,m\hy(72)} © Rz,

see 2.4(2).
Hence
v=) w € H = @{wnerm,z‘) <nm=g(y),ie hv(wl)}-
£<n £1<n

By the choice of (A, g, h),

Hoy:=G <, N G.C®{ Ry :for some a<y, N€ Ay, m=g(a), i <0x g(a), 1 & ha(),
v=11(m,i)}.
Hence = € H; N Hy = {0}, contradiction. 2.8
CLAIM 2.9: Assume x is an (Ng, k)-c.p. with (No, k)-BB.
(1) There is canonical Z-construction ¢ such that:

(a) G = G, so G is an Abelian group of cardinality |Ax|,
(b) G is not Whitehead,
(¢c) G is O-free if x is f-free,
(d) G is (02,0:1)-1-free if x is (02, 01)-free, see 2.7(1),
(e) G has a Z-adic dense subgroup of cardinality |Ax <k|.
(2) We can add:

)

(b)™ Hom(G,Z) = 0.
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Remark 2.10: Recall that “b is a (x,k)-BB” means b is a function with
range C y, see Definition 1.7.

Proof. (1) Let Gy = ®&{Zz; : 7 € Ax, <k} ® Zz and G, be the Z-adic closure
of Gy so (1 is a complete metric space under the Z-adic metric.
For 77 € Ax and a € “Z and n(x), in G we let

Vommiy = 3 (nl/n(%) (zx oy — Zb(n,m,n)zwnz)-
n>n(x) m<k m<k

Let {b; : i < w} list the elements of Z and let ¢ = (c; : 7 € Ax) be an
(Ro, k)-BB with c¢; a function from {771 (m,n) : m < k,n < w} to Z. Now for
each 77 € Ay let

G% =Y{Zxz1(mmn) M <k,n<w}dZz
and hy € Hom(G%, Z,z) be such that h;(2) = 2, hi(Zg)(m,n)) = bey (71 (mon)) 2

(¥)1 We can choose @ = a[j] € “Z such that there is no extension
h' € Hom(G}, ;,Z) of hy where G} = (G U{yann:n <w})c,-

[Why? Well known but we elaborate. It suffices to prove that

o ={a@ € “2: hy has an extension in Hom (G} pZ)and ap =0 = a1}

is a countable subset of “Z; we could have allowed a € “Z but this seems
more transparent to restrict ourselves. For a € &/ let hgs; be an extension
witnessing it.

Now

e For each b € Z the set
oy ={a €. C“2: haz(ys0) =bandso ay=a; =0}
has at most one member.

[Why? Toward contradiction assume a; # as € <% and let n be minimal such
that a1, # ag,n; now n = 0,1 is impossible as a1, az € 9%, son > 2. Now prove
by induction on £ < n that ha, 5(ys,¢) = hay,n(ys.e); for £ =0,1 use ay,as € %%
and for £ = j+1 recall Ly, ¢ = yn; — (O, <k Taf(m.j) T au,j2) for o = 1,2; apply
ha,,5 and use the induction hypothesis. Now on this equation for £ =mn, ¢ =1,2
apply ha,,7 and then substracting we get a1, — a2, is divisible by £ and ¢ > 2
but a1, — a2, € {1, —1}, contradiction.]

So clearly there is @ € “2\ U {4 : b € Z} such that ap = 0 = ay; it is as
required. So (x); holds indeed.]
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Lastly,

(%)2 let G1 = (Go U{¥a[m),5n i1 <w}:7 € Ax})a, .

Now G witnesses that Go = G1/Zz is not a Whitehead group. [Why?
Let Go = G1/Zz and let h, be the canonical homomorphism from G; onto
G1/Zz, i.e., hy(x) = x4+ Zz for x € G1. Toward contradiction assume G5 is a
Whitehead group; this means that there is a homomorphism g, from G5 into G
inverting h., that is, y € G2 = h.(g+(y)) = y.

As Ker(gs) = Zz clearly © € G1 = g«(h«(x)) — = € Zz, so let hy be the
unique function from Ax <k into Z defined by ho(?) = b iff v € Ax <k, k € Z
and ¢.(h«(x3)) — zz = bz. By the choice of b there is 77 € Ax such that
m<kAn <w=k([{,m,n)=he(f1(m,n)). Soxz+— x— g.h.(x)) defines a
homomorphism from G 5),, onto Zz mapping z to itself and mapping 1 (m n)
t0 be, (71 (m.n)) %, contradicting the choice of a(n). So G2 = G1/Zz is Whitehead
indeed.

Now clearly for some canonical® Z-construction ¢, G, = G, @ Zz, and easily
Gy = G;
theory) also G, is not a Whitehead group. The cardinality and freeness demands

and G2 is a direct summand of G, so (by the well known group

are obvious.|

(2) For transparency we ignore the “Whitehead”. Recall we assume x has
the Rg-black box not just the No-pre-black box (see 1.7(1),(4)).

Let (Ao @ a < |Ax|), (Ta : @ < ay) be as in Definition 1.7(4). Let (h; : 77 € Aq)
be an Ro-BB. We choose (Z, x)-construction ¢ by choosing (zz,a5) for 7 € Aq
by induction on « such that:

o z; = zo = 2z if @ = 0 (alternatively, omit z),

® zp =24 = Tp, if € Aiyq,

o3 ay for 7 € A, is chosen such that: there is no homomorphism A from

Gy into Z such that (h(zg1(m.)), h(2a)) is coded by hy( 1 (m,1)).
So if h € Hom(Gy,Z) then o < o, = h(za) = 0 but & Zzo = Go, so h|Gy
is zero but G, /G is divisible hence h is zero.
Alternatively omitting “G = G,”, this follows easily by repeated amalgama-

tion of the G constructed in part (1) over pure subgroups isomorphic to Z; see
the proof of 2.12(3) or, e.g., [Shel6, §3]. 2.9
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Now Claim 2.9 as stated is enough when we use §1 to get N,.,-free x with
Xx-BB (see 1.27(1),(2)) but not for R, .,-free, because there we need for 9 = Ny,
J = JP© JPd o < k regular, in particular (o, k) = (Ng, ;). So we better use
the construction from Definition 2.4 rather than 2.2. Also we prefer to have
general R-modules and we formalize the relevant property of R, 0,.J,0. We
use rR to denote R as a left R-module.

Definition 2.11: (1) We say that (9, J) does 6-fit R or the triple (9, .J,0)-fit R
(but if 9 = Oy, J = Jx then we may write x instead of (9, J)) when:
(A) (a) Ris aring,
(b) k is a natural number > 1,
) 0= (00 L <),
) 8@ is a regular cardinal,
() J={(Jo:l <k,
(f) J¢ is an ideal on 9;.
(B) If Go = ®{Rxm,i : m < k,i < Op,} ® Rz and h € Hom(Gy, rR) and
h(z) # 0, then there is G; such that
(¥*) (a) G; is an R-module extending Gy,
(8) G; has cardinality < 6,
() there is no homomorphism from G; to rR (i.e., R as a left

C

(
(d

R-module) extending h.

(1A) We replace “fit” by “weakly fit” when in clause (B) we further demand
on h, h(%m 2:) = h(Tm,2i+1)-

(2) We say (9,J) freely 6-fits R or (9, J,0)-fit R (but if 0 = 0y, J = Jx we
may replace (9, .J) by x) when:

(A) (a)—(f) as above,
(B) as above adding
(0) if me <k Aw € Jp,,, then G is free over
®{Rzp,;:m <k,i <0y and m=m, =1icw}® Rz.

(3) In part (1) above and also parts (4)—(6) below we may write (0, J, k)
instead of ((9p:£<Xk), (J;:£<k)) when {<k=0;,=0 A Jy=J so we may write
(0,J,k,0). Also we may write J if m < k = J,, = J and omit J when
(<k=Jp=J5.

(4) We may above replace “Jy is an ideal on 9;” by J; C Z2(0y).

(5) We may omit 6 when 6§ = |R|T + max{d;} : m < k}.

(6) We replace fit by I-fit when:
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(a) T is a set of ideals of R closed under intersection of two including

IO = {OR}7
(b) replace Rz by (R/I)z, I € I; the default value of I is

{{a:ab=0}:b€ R},
(¢) in (B)(%), if x € G1\{0} then ann(z,G1) ={a € R:ax =0} € L.

CLAIM 2.12: (1) Assume x is a k-c.p., R is a ring, x does 0-fit R,
xT > 6+ |R|* and x has (x, k,1)-BB.
There is ¢ such that:
(a) r is an (R,x)-construction,
(b) G = Gy is an R-module of cardinality |Ax|,
(c) there is no h € Hom(G, rR) such that h(z) # 0,
(d) r is simple, that is, z5 = z for 7 € Ax.
(2) If in addition x freely 0-fits R, then we can add:
(e) G is o-free if x is o-free (holds always for o = min(dy)),
(f) G is (02,61)-1-free if x is (02, 61 )-free.
(3) In (2) we can add:
(g) Hom(G, rR) = 0.
(4) We can use above “weakly fit”.

Proof. Let Gy = ®&{Rx5 : 7 € Ax <k} ® Rz. See more in [Shee].
(1) Let {(al,a?) : € < x} list, possibly with repetitions, the members

ere

of R x (R\{Or}) and let b be a (x,k,1)-BB for x and let b’,b” be defined
such that: € = by(m,4) implies bl (m, i) = al, bii(m, i) := a2.

For 77 € Ax let G% = Y{Rx5(m,) : m < k,i <O} ® Rz C G, and let hy be
the unique homomorphism from GY into g R satisfying hy(y((m.:)) = bj(m, i)
and hp(z) = b(0,0) and let G} be an R-module extending G such that
(G}, G2, hy) here are like (G1,Go,h) in Definition 2.11(1)(B)(*), so in par-
ticular there is no homomorphism from G}] into rR extending hz. Without loss
of generality GLNGo = G and (GL\G) : 7 € Ay) is a sequence of pairwise dis-
joint sets. Let G be the R-module generated by U{G}] : 71 € Ax} UGy extending
each G}] and G, freely except this. Clearly we have defined an R-construction ¢
with x, = x, Gy = G, 2z, = {2} and clauses (a),(b),(d) of the desired conclusion
hold. To prove clause (c) toward contradiction assume that h € Hom(G, gR)

satisfies h(z) # 0. Let g : Ax,<x — X be defined by

g(7) = min{e < x: (h(zz), h(2)) = (az,a?)}.
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Clearly the function is well defined, hence as x has (x, k, 1)-BB, that is by the
choice of b there is 77 € Ay such that m < kAt < 0n, = ¢(7 1 (M, 1)) = bz(m, ).
We get easy contradiction.

What about the cardinality |G|? Note that |G} < 6 and 6 < x .

(2) In the proof of part (1), choosing G, we add the parallel of clause (x)(9)
of 2.11(B). Now clause (e) of 2.12(2) holds by 2.6(1) and clause (f) by 2.8(2).

(3) Let G be as constructed in part (1), and let

Y = {y € G : G/Ry is Ry-free or even min(9)"-free}

(recall 2.6 + freeness of x).

So by part (2) the set Y generates G, let (Gy,h, : 0 € “7Y) be such
that G, is an R-module, h, is an isomorphism from G onto G, without loss of
generality Og, = 0 for every ¢ and G,, NG, = {0} for o1 # 0.

Let Hy = ®&{G, : 0 € “”Y} and let Hy be the R-submodule of H; gener-
ated by

X ={hy)(2) —ho(y) : 0€“”Y and y € Y}

Let H = Hy/Hp and we shall prove it is as required (on G), the main point
is proving Hom(H, gR). That is, toward contradiction fo € Hom(H, gR) is
not zero and f; € Hom(Hy, gR) is defined by fi(x) = h(x + Hp), so also fi
is not zero but x € X = fi(z) = 0. By the choice of Hy, there is p € “”Y
such that fi[G, is not zero. But recall that G is generated by Y, hence G, is
generated by {f1,h,(y) : y € Y}, hence for some n > 1 and yo,...,yn—1 € Y
and bo,...,bn—1 € R\{Or} we have fi1(h,(>_,., be,y¢)) € R\{0} hence for
some { < n,

0 # fi(ho(beye)) = f1(beho(ye))-
So letting y = h,(y¢) we have y € G, and for some b € R\{0},

c = f1(bho(ye)) = f2(by).

As said above about f; we have

f1(y) = fi(ho(ye)) = fi(hg () (2))

so fi(he (ye)(2)) = b € R\{0}. So h,~(y,) © fi € Hom(G, gR) maps z into
b € R\{0}, contradiction.
(4) Similarly, but replacing (7 € Ax,<k) by @j.¢(C <|R|*), but we elaborate.
Let ((ae,ac) : € < x) list, possibly with repetitions, the members of

{(a,ac) : @ = (ap, 1) such that ag < ag < x and a € R\{Or}},
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and b be a (x,k,1)-BB for x and let b* for « = 0,1,2 be the functions with
the same domain as b (writing b;(m, i) or by ,(m,4) for b*(7, m,i)) such that

¢ = bg(m, ) implies

(0.0, Qe1,0e) = (b%(m, 1), b}](m, i), b%(m, i)).

Let Go = ®{Rxj, : 7] € Ax <k and € < x} and
(%)1 for j € Ax let
(a) G = S{ R (m,i),e - m < k,i <y and e < x},
(b) G%OZ E{R(mm (m,i), by 1 (m,i) ~Lq (m,i),b;,,o(m.,i)) :m<k, i<8m} ® Rz,
(c) Gy' =G* & Rz,
(d) hy be the homomorphism from G%’O into R such that:
® hy [G90 is constantly zero,
e hy(z) is by 2(0,0) € R\{0},
(e) hy be the isomorphism from Go=&{Rxg(m,i):m<k,i<0m}ER,
onto G%’l such that
hi(2) = 2, h5(@m.i) = (@51(m,0), g1 0m.1) = Tl (m,4), b0 (msi) )
(f) G}, be an R-module extending the R-module G} such that the
triple (G§, Gi,1, hyy o hy) is as in 2.11(1)(B)(x),
(g) hif, G} be such that G} is an R-module extending G and h;f is
an isomorphism from Gj ; onto G}, extending hy.
Lastly, let
() without loss of generality G} N Go = G%’O, <G717\G707’0 : ] € Ax) are
pairwise disjoint and G7 is an R-module extending Gy and G% forn € Ax
and generated by their union freely (except the equations implicit in
“extending” above).
Note:

() if h € Hom(G, gR) satisfies h(z) # Or then we define a function
c: Ax <k — x as follows: ¢ is the minimal ¢ < x such that:

o h(xﬁyaa,o) = h(xﬁyan)a
e h(2) = a..

The rest should be clear. 2.12

Remark 2.13: We can use a 2X-BB b and then let c(7) code
(h{zne : € < X}, h(2)).
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Remark 2.14: (1) There is an alternative to the proof of 2.12(3), assume that x
has No-well orderable (,k, 1)-BB & as witnessed by A, see Definition 1.30. We
then can find a (R,x)-construction obeying A, see 2.4(1B).

(2) It may suffice for us to prove in 2.12 that ¢ is simple and Rz is not a
direct summand of the R-module G,. For this we can weaken the demand in
Definition 2.11(1)(B) demanding h(z) = 1g.

CrLAIM 2.15: (1) Let & = Ro,J = J84 and k = 1; then (9, J,k,0) freely
fit R when:
@1 (a) R is an infinite ring,
(b) if d € R\{0} and d € “R, then we can find a!, € R for
t=1,2,3 and n < w such that the following set I of equa-
tions cannot be solved in R:

I'={anTnia = xp +dp + bpd:n < w}.

(2) For 9, J,k as above, (0, J,k,0) freely weakly fit R when:
@2 (a) as above,
(b) for every d € R\{0} letting A, d, = Or, the demand in @
above holds, i.e., there are a,,b, € R for n < w such that
the following set I' of equations is not solved in R:
o I'={apzpni1 =2n +bpd:n<w}.
(3) If R is an infinite ring, then @, holds when:
@3 (a) as above,
(b) (R,+) is Ny-free or at least N{nR : n > 2} = {0}.

Proof. (1) We should check all the clauses in Definition 2.11. First, Clause (A)
is obvious: R is a ring by @®1(a), k = 1 > 0 by assumption, of course, letting
0 = (D), O = 9, 0 is regular being Ry and J = (Jp), Jo = J is Jgd = Jg(‘} SO
an ideal on 9.
Second, toward proving Clause (B), assume
Go=®{Rzpm,;,:m<k=1som=0and i< 90}®Zz,
ho € Hom(Go, rR) and d := ho(z) # Og and let d — n = h(zg,,). We should
find G satisfying () there. Let
((ap,by) :n < k)

be as guaranteed by @;(b) of the claim for d, (d, : n < w) from above.
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For each i < 0 let G, = Gy @ (Ry,) be an R-module; clearly there is an
embedding g, : G;, — G}, such that g,[Go = idg, and
gn(yn) = a:zyn-i-l + zo,n + bnz

where the a,, b, € R are from @4 (b) for our h.
Renaming without loss of generality G, C G, , | and gy, is the identity on Gj,.
Lastly, let

G =Ja;
and it suffices to prove that (%) of Definition 2.11 is satisfied. Clearly G; is an
R-module extending Gy, i.e., (x)(«) holds. Also
|G1] < Rg 4+ |Gol =Rg +Rg - |R| = |R| < |R|+ =40,

recalling R is an infinite ring, so also (x)(8) holds.
Lastly, to prove (x)(y), toward contradiction assume ho € Hom(G1, pR) ex-
tends h. Let ¢, := ha(yn) € R. Now

(x) (a) €= (cp:n<w)€“R,
(b) ancpi1 =anh1(Yni1) = ha(agyns1)
=ha(Yn + To.n + bnz) = ha(yn) + h1(x0.n) + bnha(z)
=c, +d, + bnd.
So ¢ solves (in R) the set of equations
I ={anznt1 = 2n + dp + bpd : n < w},

contradicting the choice of ((an, h,) : n < w).

We still have to justify the “freely”, i.e., clause (9) of 2.11(2). So let m, < k,
ie., me=0and w € Jy = Jgd so w is finite and let

Gy = @{RSEOJ 11 € ’LU},
let n, be such that sup(w) < n, and we easily finish by noting:
(%) the sequence (yp, : n > n.) (To,m : m < n*)"(z) generates Gi.

[Why? Freely, it generates G7 because o m = nYm+2 — bnym for m > n,, use
Yn = Ap¥Ynt+1 — To,n — bpz by downward induction on n < n,; translating the
equations they become trivial.]

(2) Similarly but we choose g, such that

gn(yn) = GnlYn+1 + (550,271 - xO,Qn—i—l) + bnzn

(3) Choose b, = 1g,a, : n!- 1g. 215
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CLAIM 2.16: (1) The quadruple (0, J,k,0) freely fit Z when:
(a) 6 =N3,0 =Ny andk >0
(b) J=JR¢ x J}{S, but pedantically use the isomorphic copy
Jxyer, = {A : for some ny, < w for a < wy, i, < wy

we have A C{w-i4+n:i <i,orn<ngl};

better, it is also O.K. to use J = JR* ® JR9.
(2) The quadruple (N1, J, k,0) freely fits R when:
(a),(b) as above,
(c) 60 =Ry,

49

(d) given by, € R for a < wy,m < w and t € R\{Ogr}, there are
pairwise distinct p, € “2 for o < wy and aq. p,do,n € R such that

the following set of equations is not solvable in R:

® dont1Yani1 = Yan = Yo in — Daun — Gant-
(3) Similarly for “weakly” fit

Remark 2.17: (1) Probably we can use 9 = (9, : £ < k) with 9, € {R¢, X1} but

there is no real need so far.
(2) This is essentially [She80, §4] and [Shel3b, 4.10(C)=L5e.28].

Proof. (1) Proving clause (A) of 2.11(1) and clause (B)(d) of 2.11(2) is easy as

in 2.15, so we concentrate on 2.11(1)(B).

So let Gp,h be as in 2.11(1)(B). Choose p, by induction on n as follows:

Po = 2, Pp1 the first prime > p,, + n such that

Prt1!/(Cnt1 — 1) > /P,

Cp = H (pm!)'

m<n

where we let

Now observe that:

B for n > 100 there is C,, C {0,1,...,(py!) — 1} such that: if b € Z and

t € Z satisfies 0 < |t| < n, then for some ag,a; € Z we have
o b+ cpapt € Ui+ (prpi! —1DZ:ie Cy},
o b+ cpart ¢ U{i+ (pny1NZ i € Cp}.

[Why? It suffices to consider b € {0,...,p,! —1},t € {¢,—€: £ <n, £ # 0} and

let Apt ={b+cpat:acZ}n{0,...,ppt1! — 1}. Clearly
[Apt] = (p)/(cn - [t]) > /D!
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The family {Ap; : b € {0,...,pnp1! — 1}t € {¢,—£: £ < n,¢ #= 0}} has at
most 2n(p,!) members. Easily the number of C C {0,...,p,! — 1} such that
(C' D Apy) V (CN Apy) = 0 for some pair (b,t) as above is'! < 2VPn+1' hence
there is C), as required.]
Let ©Q C “2 be of cardinality 8 and (p, : @ < wq) list Q without repetitions.
Let G be generated by

{zm,a:a<N1,m<k}U{y;,n:p€Q andn<w}u{y3 co€“2Yu{z}
freely except the equations:
(*)(11,71 pn!ycly,n—i-l = ycly,n - yia In — Zm<k Tm,w-a+n — Aa,n?
where aq,, € Z are chosen below; let @ = (aqn @ @ < wi,n < w), so really
G = Gg and let Gg,<n = (Gan, : N1 < N).
Note that in G

(*)i,n yi,o = cnyé,n + Zn1<n Cny (yia [m1 + Zm<k Tmw-a+n + aaﬂllz)'
Define

(*)in ba,n = angn h(zm<k Cny Tmw-atn) € L.
Recall Go, h are as in 2.11(1)(B). Let n. = |h(z)| so n. > 0. We choose
Gqo.n € Z by induction on n such that: if n > |h(z)| then
(*)gn pa(n) = 1 iff (ban + angn CniGa,n, N(2)) is equal to some a € C),
modulo < p,!.

[Why possible? Arriving at n, the sum on the right side is

ban + Z Cny Gan, M(2)) + cnaanh(z) € Z,
ni<n
with the first two summands being already determined, i.e., they are computable
from Gq,<n and |h(z)| < n, applying B with

(n, h(2),ban + Z{cn aan h(z) : n1 < n})

here standing for (n,t,b) there, so we get there ap,a; and let aq ., be ag if
pa(n) = 0 and aq if po(n) = 1. So for every n,aq,, is as required and can be
chosen.]

1 1n other words, for each b,ta above a random C C {0,...,pn+1! — 1} has probability

< 2\A2b N < 2\/33 , to include Ay ¢ or to be disjoint to it. So the probability that this
B n’

occurs for some pair (b,t) is < 2-[{Ap ¢ : b, t is as above}|/2VPn' < 4n(py!)/2VPn! which
is < 1.
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Having chosen @ = (aq,m @ @ < wi,m < w), the Abelian group G = G
is chosen. Hence we just have to prove that G is as required in clause (B) of
2.11(1),(2). First, for 2.11(1)(B)

©® toward contradiction assume that f € Hom(G,Z) extends h and
n. = |f(2)] is > 0,
hence (for every a,n applying f, to the equation in ()2 ,):

(*)g,n f(ycly,O) :Cn'f(yi,n) + Z Cny f(yia [n1)

ni<n

+ Z Z Cn1f($m,wa+m) + Z Cnla/a,nf(z)'

ni1<nm<k ni<n
So recalling |h(z)| = n, for some p, € "*T1992 and a, € Z we have |S| = Ny,
where

S={a<Ni:f(yho) = as and pal(n. + 1)) = p.}.
So choose o < 3 from S and let

n = mln{ﬁ : pa(€> 7£ pﬁ(g)}7

clearly we have n > n,, hence n > n, + 1 > 2, and subtracting the equations
(¥)o.nt15 (4) py 1, n the left side we get a multiple of ¢,,1.1, so a number divisible
by pn!, and in the right side we get the sum of the following four differences:

O1 f(yho) — (f(yho) which is zero by the choice of S and the demand
o, €S,
®g angn cmf(yﬁa tny) — angn cnlf(yﬁﬁ ml) which is zero as

ny <n = palny = pglni,

O3 angn Zm<k Cnlf(zm,w-anLn) - angn Zm<k Cny f(zm,w-ﬁwLn) which,
recalling (+)3 , 4 (*)3 ,,, is equal to ba,n —bs,» by the choice of ba,n, bs n
as f, h agree on Gy,

©4 angn Cny oy f(2) — angn Cny @8,y f(2).

Hence (recalling f(z) = h(z))
O (ba,n + angn Cny Gany fa(2)) — (bgn + angn Cn,agnf(2)) is divisible
by p,! in Z.
But by the choice of aq n, i.e., by (x)3,, we know that

(bayn + ) Cnlaa,nf(z))

ni<n
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is equal modulo p,! to some i € C, iff po(n) = 1. Similarly for 3, but
pa(n) # pp(n), contradiction to [. So indeed, ® leads to contradiction. This
means that the demand in 2.11(1)(B) is satisfied. Second, recall that we need
to verify the “freely fit”. This means that

®; for a as above and w € J, the Abelian group G5/ ® {Zz, : a € w} is
free,
®9 Gy is free.
[Why? Easy.]
Hence

®3 without loss of generality w = {wa+n:a <a,ora<w;|n<ni}
for some o, < wy and n}, < w for a < wy.

Now
®4 letting
G =0 {Zy: 0“2} & @{ZXa to < want,
B, =¢{ZX,:a €w,a > wa}
we have
(a) Gy + G« =G, ® G,. [Why? Check.]
(b) It suffices to prove G5 /(G @ Gs) is free. [Why? By (a).]
(¢) Ga/(G, & G.) is the direct such of
H), :=(Hy+ (G ®G.) /Gy, ® Gy : a € [wan,w1])
where H,, is the subgroup of G5 generated by
{Xuadn :n <w}U{ys,:n<wyU{y, ,:n<w}

[Why? Check.]
(d) it suffices to prove each H}, is a free Abelian group. [Why? By (c).]
(e) HY, is isomorphic to

Hy/ ® (H{ZXpan:n<ngtU {Zyiam in < w}).
[Why? Check]
(f) H, is indeed free. [Why? By the same proof as in 2.15.]

So (0, J,k, 0) freely fits Z indeed.
(2) We can fix Gp = ®{RXn,i : m < k,i < O} ® Rz, h € Hom(Go, rR)
such that h(z) # 0. Let Q, (p : @ < wy) be as in the proof of part (1).
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We are given by, = A(Zm watn(e < N1,n € N) and t = h(z) from R. We
shall choose {(aan,dam) : @ < wi,n < w) and will let G be the R-module
generated by

{Zma o <Ry,m<k}U{y,, a<Nandn<w}U{yl:pec“ 2} U{z}
freely except the equations

1 1 2
(*)a,n da,nya7n+1 = Yan + ypa I + Zm<k Tmw-at+n — Qa,n-

Hence

n—1
o o =( TLdos Jibont 3 ( TL o )it
E:nl

L<n ni<n
n—1 n—1
#3051 dosJomaasn+ X ((IT )=
ni<nm<k “{=n, ni<n ~f0=n;
Now continue as in the proof of part (1). 2.16

We now can put things together

THEOREM 2.18: (1) For every k > 1 there is an R,,, .,-free Abelian group G
which is not Whitehead and even Hom(G,Z) = 0.

(2) If the ring R satisfies the demands in clause (c) part (2) from 2.16, then
for every k there is an X, .p-free R-module such that

Hom(G, rR) =0 and Ext(G,grR) #0.

Proof. (1) Given k we use 1.27 to find a c.p. x which is R, .;-free and has x-BB
where y = |R| + 8 and J = J}E’f © J}E’f. Now apply 2.16(1) so (N1, J, k,Rq)
fits Z and by 2.12(1),(2) we get the desired conclusion.

(2) Similarly, but now we use 2.16(2) rather than 2.16(1). 2.18

3. Forcing

The main result of the former section is the existence in ZFC of N, .,-free
Abelian groups G (for every n € w) such that Hom(G,Z) = 0. The purpose of
this section is to show that this result is best possible in the sense of freeness
amount. Assuming the existence of Ng-many supercompact cardinals in the
ground model, we shall force the following statement. For every N, .,-free
non-trivial Abelian group G, Hom(G, Z) # 0.
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This section is divided into two subsections. In §3(A), like §1 is combinatorial,
we describe a general framework for dealing with freeness of R-modules (this
continues [She85], [She96] and [Shec|; but we have to work more).

In §3(B) we rely on forcing, we focus on R = Z (hence R-modules are simply
Abelian groups), and we prove the main consistency result in Theorem 3.9 which
relies on Magidor—Shelah [MS94]. The proof is based on the context of §1(A),
with double meaning.

3(A). FREENESS CLASSES.

Context 3.1: (1) R is a ring with no zero divisors and is hereditary (see
2.1(1A)).
(2) K is the class of R-rings closed under isomorphisms.
(3) K, will denote a class C K.

Definition 3.2: (0)K"={MecK:M a Whitehead module that is, Ext(M,gR)=0
equivalently, if N3 C Ny are R-modules,
NQ/Nl =~ M and hl € HOII](Nl,RR),

then there is hy € Hom(Ns, pR) extending hy }.
(1) We say K., is a A-freeness class inside K when:
(a) K, C K.y where for any cardinality 8 we let Ko := {M €K:| M| <6},
(b) K. is closed under isomorphisms
(c) for simplicity A > |R).

(1A) We say K. is hereditary when K, is closed under pure submodules,
ie, M Cpe N € K, = M € K,. We may in (1) omit k when clear from the
context.

(2) We say M € K is K.-free when there is M such that M = (M, : o < )
is purely increasing continuous, M is the zero module and

a<a,=> My1/My, €K, and M,, =M.

(2A) M € K is (A\,K,)-free when every M’ C,. M of cardinality < A is
K., -free.

(3) K2y =

(4) The class K, is called a (), k)-freeness class when: K, is a A-freeness
class, K, is hereditary and if M € K \K., then there is N C,, M from

K. \K,.

K. NK_y for any cardinal 6.

The main example here is:
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CLAIM 3.3: Assume R = 7Z, )\ > Xy and K = the class of R-modules, and let

Kuyny = Ki = {M € K :M is a Whitehead module,
equivalently satisfies the condition inside 3.2(0)}

and Ky = {M € Ky, : M free}.

=]

(0) Ky is a hereditary Ni-freeness class.

(1) If A > Ny and MA ., then K, is a hereditary (), Ng)-freeness class.

(2) If M € K is K.-free, then M is a Whitehead group.

(3) If My Cpr My and My/M; is K.-free and hy € Hom(My, gR), then
there is he € Hom(Ma, rR) extending h;.

(4) If

K..={M € K., : for every c.c.c. forcing P; for some c.c.c. forcing notion Py
satisfying P; < Py
we have IFp, “M is a Whitehead group”}

then K. is (A, No)-freeness class.

Proof. (0) Obvious as Z is countable.

(1) The first property in 3.2(4) holds trivially by the choice of K,. As for
the second property it is well known that K, is a hereditary class; see [Fuc73].
The third property in 3.2(4) follows from the full characterization of being
Whitehead for Abelian group G of cardinality < A when MA . holds (not just
proving “strongly Ri-free is enough”); in particular G is Whitehead if every
subgroup of cardinality < 8; is Whitehead; see [EMO02].

(2) Follows by (3).

(3) Without loss of generality let M = My/M; and m € Hom(Ms, M) be onto
with kernel M. Let (M), : o < a.) be asin 3.2(4) for M and let N, = 7= (M),
50 (Ny : a < ) is purely increasing continuous, N = M, N,, = M, and
Not1/No € K.

Given h; € Hom(Mj, gR) by induction on « we choose f, € Hom(N,, rR)
increasing continuous with a. For e = 0 let f, = hq, for a limit let

fa=UW{fs:B<a}

and for @ = 3+ 1 use No/Ng = M|,/Mj € K, and the choice of K..
Lastly, he = f,, is as required.
(4) Easy. 3.3
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Now on those freeness contexts see [She75a] or better [Shec] and history there.
Note that we shall in §3(B) use 3.7(B)(c), and for this we need witnesses s from
those references. Recall (see [Shec])

Definition 3.4: (1) We say c is a pre-1-freeness context when ¢ consists of:

(a) Z 1is a fixed set (we shall deal with subsets of it) or il is an algebra
with universe % (maybe with empty set of functions); let ¢fc(A) be the
closure of the set A C 7% in the algebra ; but we may sometime say
% instead of Ll.

(b) # a family of pairs of subsets of % ; we may write “A/B is free” or “A
is free over B” for (A, B) in #.

(¢) x,p will be fixed cardinals such that

[T < x <pu<oo and (A,B)e.Z = |Al+|B| < pu,

but if ;4 = oo (equivalently, p > |%|) we may omit it.

(2) We say “for the y-majority of X C A, P(X)” (for a property P) when
there is an algebra B with universe A and x functions, such that any X C A
closed under those functions satisfies P. We can replace X C A by X € Z(A)
or X € Z.(A): alternatively we may say {X C A: P(A)} is a y-majority.

(3) We say c is a freeness context when in addition to (a),(b),(c) of part (1)
it satisfies the following (adding a superscript T to an axiom means that when-
ever “A/B € %7 or its negation appears in the assumption, then we demand B
to be free over (. Of course, %, = F, xc = ¥, etc.):

Ax 1I1L,:

(a) A/B is free iff AU B/B is free.

(b), A/B is free when |B| < p and A C B.

Ax TII [2-transitivity]: If A/B and B/C are free and C C B C A, then A/C
is free.

Ax IV, , [continuous transitivity]: If A;(¢ < A) is increasing, for ¢ < vy < A
we have A, /J,_, A; UB is free, A\ < p and |J,_, 4;| < u, then |J,_, Ai/B is
free.

Let Ax(IV.y,,) mean 0 < X = Ax (IVy ,); and Ax IV, will mean Ax IV, ,
and IV means IV .

Ax VI: If A is free over B U C, then for the yc-majority of X C AU BUC
the pair AN X/(BNX)UC is free.

7<i i<A i<A
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Ax VII: If A is free over B, then for the x.-majority of X C AU B the
pair A/(ANX)U B is free.

(4) We say c is a freeness™ context when in addition
Ax T**: If A/B is free and A* C A, then A*/B is free.

(5) We say c is a (), k)-freeness context when: in addition x. < k, Ax I**
and if A/B is not c-free and |A| < A then for some A" C A of cardinality
< k,A’/B is not c-free

Definition 3.5: For a A-freeness class K, and R-module G and x > |R| + g (if
equal, then y may be omitted) we define what we call a pre-freeness context
€ = cg = CKk, G,y (this is proved in 3.6) as the quadruple

(%’mvfgv)o = (%xaQ[CaycaXc)

where:

(a) % = G as a set and 2 is an expansion of G by F¥(a € R) such that:
if G = ax =y and ¢y = F,(y) then G = ay’ = y, if y ¢ aG then
Fa(y) =0,

(b) # ={A/B: B,A C % and (AU B)y/(B)y is K.-free}, we may say
A/B is c-free so A/B stands for the formal quotient, so pedantically
is just the pair (A, B), where (B)¢ is the minimal pure!? sub-module
of G which includes B,

(¢) xe =x 50> |R|+ Ny (and pe = 00).

Fact 3.6: Assume K, is a hereditary A-freeness class and x = |R| + No.

(1) Being K,-free has compactness in singular cardinals > .

(2) For any R-module G, c = ¢k, q.  defined in 3.5 above is a freeness
context and satisfies Ax I**.

(3) If K, is moreover a (A, k)-freeness class (see 3.2(4)), then c is a (X, k)-
freeness context (see 3.4(5)).

Proof. (1) By part (2) and [Shec], see history there.
(2) Check.
(3) Easy. 3.6

12 Our modules are torsion free, i.e., a € RAz € G = (ax =0« (a =0r Va =0g)) holds
when R = Z; this is no problem. Otherwise, recall we have expanded G to an algebra 2l
such that A = clg (A) = A Cpr G
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Cram 3.7: If (A) then (B), where:

(A) (a) K. is a (A, k)-freeness class; see Definition 3.2(4),
(b) G € K is (K, A)-free not K. -free, see Definition 3.2(2A); fix such
G of minimal cardinality called p,
(¢) ¢ =cK,,G,x; see Definition 3.5(1).
(B) There is a witness s for G in the context ¢ (see [She85, §2] and better
[She96, §3]) such that:
(a) Bis = 0,B5_, C G so A(<>,5:) < | M|,
(b) if n ¢ fin(Ss) then As, > A,
(c) ifn~(d) € Ss then cf(d) ¢ [k, A),
(d) ifn € fin(Ss) then By ,+\Bs,, has cardinality < k.

Proof. By 3.6 we can apply 3.8 below. 3.7

Cram 3.8: If (A) then (B), where:

(A) (a) cis a freeness context satistying Ax I**
(b) c is (X, k)-freeness context,
(c) A/B is A-free not free pair, and with |A| minimal.

(B) There is a witness s such that:
(a) BS. =B and BS_, C AsoA(<>,8s) < [A] but > ),
(b) if n ¢ fin(Ss), then As ., > A,
(c) ifn~(d) € Ss, then cf(9) ¢ [k, ),
(d) ifn € fin(Ss), then Bg,+\Bs,, has cardinality < k.

Proof. Now (see [She96, §3] or better yet see [Shea, 4.5=Ld15]), there is a dis-
joint witness s for A/B being non-c-free. So without loss of generality (n = n(s)
is well defined and) for some
No=(\;:l<n), R ={(kj:l<n)
we have:
(¥)1 (a) for each £ < n one of the following holds:
() A is a regular cardinal and 1 € Sg ¢ = A(1, Ss) = A,
(B) Ae =x*and n € Ssy = A(n,Ss) is (possibly weakly) inacces-
sible and ¢ > 0,
(b) for each ¢ < n, either k; is a regular cardinal and

neSseNdeW(n,Ss) = cf(d) = ke

or kg = * and Agyq 1S *.
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See more there; naturally without loss of generality

(*)2 s is minimal which means that (fixing A and B):
(a) n =n(s) is minimal,
(b) under (a), \* is minimal under the lexicographical order,
(c) under (a) + (b), &* is minimal under the lexicopgrahical order.
Now:
()3 If n € ini(Ss) then A(n, Ss) > A.
[Why? Otherwise choose a counterexample 1 with A(n, Ss) minimal so by the
definition of a witness as xc < x we have B;, /BZ,, is not free (for c), B, \B5
has cardinality A(n, Ss) so < A. Recalling “c is a (A, k)-freeness context”, see
Definition 3.4(5) and Fact 3.6(3), there is Cyy C B}, of cardinality < x such that
Cy/B%,, is not c-free. So (it follows by minimality of s) we get contradiction,
so A(n,Ss) > A as promised in (x)3.]
(%)4 If n°(d) € Ss then cf(d) ¢ [k, A).
[Why? As in the proof in [She85, She96] for each n € Ss satisfying cf(d) >« by
the minimality, cf(d) € {A\(v, Ss) : v € S; satisfies n<v}, so (x)4 follows by (*)s.]
So we are done. 3.8

3(B). THE MAIN INDEPENDENCE RESULT. Below, it is reasonable to assume
that the ring R is Z and we assume this is the nice version. Note that we prove
that a non-Whitehead group has a non-free subgroup of small cardinality, not
necessarily a non-Whitehead one. This is connected to the black boxes here
having cardinality (much) bigger than the amount of freedom. For simplicity,
presently we deal with freeness only in hereditary cases.

Recall that p is supercompact iff for every 9 there exists an elementary em-
bedding j : V. — M such that M is a transitive class satisfying A/ C M and 9
is the critical cardinal.

THEOREM 3.9: Ifin 'V there are Rg-many supercompact cardinals, then in some
forcing extension we have for p,. = Wy, .-

®,. (a) if G is a non-trivial pu.-free Abelian group, then Hom(G,Z) # 0,
(b) if GC H are Abelian groups and H/G is p.-free and h € Hom(G, Z),
then h can be extended to a homomorphism from H to Z (this is
an equivalent definition of “H/G is Whitehead”, the reader may
use it here as a definition).
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This will be proved below. As usual in such a proof, we collapse a large
cardinal into quite small ones, so they cannot be really large but some remnant
of their early largeness remains and is enough for our purpose. This is the
rationale of Definition 3.10 below.

Definition 3.10: Let Pry, ,. .. mean'?

(A) (8) Aw> i > Fiu,
(b) A, Kk« are regular uncountable cardinals
(¢) p« is a limit cardinal;
(B) if (a) then (b), where
(a) («) Aisaregular cardinal > A,
(8) x> Xand p < py and z € (),
(7) S C{d < A:cf(d) < ki} is a stationary subset of
(8) uq € [a]SH for a € S;
(b) there are a regular A’ € (u + K«, +) and an increasing continuous
sequence (o : € < X) of ordinals < A such that the set

{e<XN:ia.€Sand us. C{ac:¢<e}}
is a stationary subset of \'.

On the strong hypothesis above, see [She93b], it is a sufficient condition for
the SCH, that is,
d=cf(u)N2° < p= pu? = put.

Definition 3.11: We say the universe V satisfies the strong hypothesis above A
when: if € < cf(€) + A + p then cf([x]<#,C) > xT.

THEOREM 3.12: (1) Assume in V there are infinitely many supercom-
pact cardinals > 6 and 6 = cf(f) € [N1,N,,). Then for some forcing
notion Q not adding new subsets to 6, V, = V satisfies Pry, 1. k.
where A, = cf(\.) = pf, pe = Vg, and K, = 67
(1A) We can (by preliminary forcing) assume that the universe Vi above
satisfies also G.C.H. above 6 (we use just “above p.”) and {3 holds for
every regular uncountable A above ..
(2) IfPra, ., k. holdsin'V and the c.c.c. forcing P has cardinality ., then
in V¥ still Pry, ., x. holds.
(3) Part (1) holds for any freeness™ context (see Definition 3.4(3),(4)).

13 we may allow Ax = p« here and in 3.13, but then we have to say somewhat more.
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Proof. (1), (1A) Similarly to [MS94, §4, Th. 1, p. 807]. As there, let (k,, : n < w)
be an increasing sequence of supercompact cardinals. Without loss of gener-
ality G.C.H. holds above = ) #, (called k there) and {7} holds for every
x = cf(x) > p. Also for each n, the supercompactness of k,, is preserved by
forcing notions which are x,-directed closed.

We proceed as there but now in the interval (k,—1, k), the set of cardinals
we do not collapse has order type 6 + 2.

(2), (3) Easy. 3.12

Proof of 3.9. Let V1 = V& be as in 3.12(1)(1A) with § = Ry, 50 k. = o,
tie = N0y A = g, and in Vq let P be a c.c.c. forcing notion of cardinality A,
such that IFp “MA + 2% = )\,”. The result follows from Theorem 3.13 below.
Clause (d) there holds because

V= Vi
see 3.12(2). 3.9

THEOREM 3.13: The statement @©,,, from 3.9 holds when V satisfies:
(a) the statement Pry, ,. .. from Definition 3.10,

(b) A =AM > p,

(c) Ky =Ry,

(d) MA + 2% = X, and V satisfies the strong hypothesis above \,; see 3.11
or [She93b].

Proof. We rely on 3.1-3.8. The first clause (b) of @, implies clause (a); why?
because if H is a p.-free Abelian group, let x € H\{0y} and without loss of
generality x is not divisible by any n € {2,3,...}, hence K := Zx is a pure
subgroup of H; let h be an isomorphism from K onto Z. As H is u.-free easily
also H/K is p.-free, hence by @,,, (b) there is a homomorphism h* from H to Z
extending h so h™(x) # 0z, hence h™ € Hom(H,Z) is non-zero, as required.

So it suffices to prove clause (b) of &,,, .

Let R = Z and let K, K, be as in Claim 3.3 for A, so K, is a hereditary
(1, No)-freeness class (see Definition 3.2(1),(1A),(4)) by 3.3(1). So toward con-
tradiction assume G € K is a counterexample of minimal cardinality called
A so G is u.-free. To get a contradiction and finish the proof it suffices to
assume G1 Cpp G2,G2/G1 = G and hy € Hom(G1,Z) and prove that there
is hy € Hom(G2,Z) extending hy. If G is K,-free (see Definition 3.2(2)) then
by 3.3(3) a homomorphism hy as required exists.
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Hence without loss of generality G is not K.-free and let ¢ = ck, g0, see
Definition 3.5, so by 3.6(3), ¢ is a (A«, k«)-freeness context and by 3.7(2),(3)
(with A., 5« here standing for A, x there) there is a witness s as there. By 3.3(1)
we have A((), Ss) > A..

Let ¢; = ck,,,q,0; it is a (A, Ny)-freeness context. (Why? By 3.6 with Ky
(see 3.3) playing the role of K,.)

Let Sy = W(<>,Ss), so for each § € S1, B, . /B%s. is not free for ¢ so
cannot be p.-free for c; (as we have chosen a counter-example of minimal car-
dinality). Hence there is As C B | of cardinality < u. such that As/B% ;.
is not free for c;.

Let B; C B 5 be of cardinality <|As|+#. such that By CB'C BS ;. = A; /B’
is not free for cy; it exists by properties of Abelian groups as B?&) C B?& 41y are
free (for c¢1) and As/B% ;. not free for c;.

So for some p < p, the set Sy = {6 € Si : |[As UBj| + ks« = p} is a stationary
subset of A((),Ss). Let h be a one-to-one function from A((), Ss) onto B,
and let C' := {0 < A({),Ss) : h maps § onto By }; it is a club of A((), Ss)
hence S5 := S N C' is a stationary subset of A((),Ss). Also for § € Sz let
us = {a < 0 : h(a) € Bj}.

By clause (B)(c) of 3.7, i.e., the choice of s, without loss of generality one of
the following occurs:

(a) 0 € S5 = cf(d) = k1 for some regular k1 < K.,
(b) every § € S3 has cofinality > A..

CASE 1: K1 < Ry is as in clause (a)
Just use Pry, ., ., for A\, S5, (us : 6 € S3) to prove G is not a p,-free, a

contradiction.

CAsE 2: Clause (b) above holds

For § € S3 clearly |us| = |As UB§| + ks = p < pse < Ay < cf(6) hence there is
s < ¢ such that us C s, hence for some v, < A the set Sy = {d € S3: us C 7.}
is stationary.

SUBCASE 2A: cf ([.]S#+, C) is < A({), Ss).

So for some u, € [y.]S* the set S5 = {0 < A : us C u,} is a stationary subset
of A. Let Sg C S5 be of cardinality ™ and let

A" =U{As:d € Ss} U{h(a) : a € u,}.

Clearly A* C G is of cardinality < p and A* /0 is not free for c;.
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So G has a non-free subgroup of cardinality < p., contradiction to the as-
sumption “G = G2/G1 is p-free”.
SUBCASE 2B: cf ([1.]=#,C) > A((), Ss).

Note that because V satisfies the strong hypothesis (see [She93b]), necessarily
for some cardinal 9 of cofinality < k. we have A((), Ss) = 9™.

In any case clearly for every a € [y«, \), letting 8, = min(Ss\e), the pair
Ag, /B<as is not cq-free. So renaming without loss of generality

a>vy Acf(a) =Rg= (o) €S

and we continue as in Case 1, so this works also in Subcase 2A. 3.13
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