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ON x-HOMOGENEOUS, BUT NOT s-TRANSITIVE
PERMUTATION GROUPS

SAHARON SHELAH AND LAJOS SOUKUP

ABSTRACT. A permutation group G on a set A is k-homogeneous
iff for all X, Y € [A]F" with |[A\ X| =|A\Y| = |A| thereisag € G
with g[X] =Y. G is k-transitive iff for any injective function f
with dom(f)Uran(f) € [A]=" and |A\dom(f)| = |A\ran(f)| = |A|
thereis a g € G with f C g.

Giving a partial answer to a question of P. M. Neumann [6] we
show that there is an w-homogeneous but not w-transitive permu-
tation group on a cardinal A provided

(i) A < wy, or

(ii) 2¢ < A, and p¥ = p* and O, hold for each p < A with
w=cf(pu) < p, or

(iii) our model was obtained by adding (2*)* many Cohen generic
reals to some ground model.

For k > w we give a method to construct large x-homogeneous,
but not k-transitive permutation groups. Using this method we
show that there exist x*-homogeneous, but not x*-transitive per-
mutation groups on x*" for each infinite cardinal x and natural
number n > 1 provided V = L.

1. INTRODUCTION

Denote by S(A) the group of all permutations of the set A. The
subgroups of S(A) are called permutation groups on A.

Let A be aset and k < |A| be a cardinal. We say that a permutation
group G on A is rk-homogeneous iff for all X,V € [A]" with |4\ X| =
|A\ Y| = |A| there is a g € G with g[X] =Y.

We say that a permutation group G on A is k-transitive iff for any
injective function f with dom(f)Uran(f) € [A] =" and |A\ dom(f)| =
|A\ ran(f)| = |A]| there is a g € G with f C g.

In this paper we give a partial answer to the following question which
was raised by P.N. Neumann in [6, Question 3|:
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Suppose that Kk < X\ are infinite cardinals. Does there exist a per-
mutation group on A that is k-homogeneous, but not k-transitive?

In section 2 we show that there exist w-homogeneous, but not w-
transitive permutation groups on A < w,, in ZFC, and on any infinite
Aif V = L (see Theorem 2.5).

In section 3 we develop a general method to obtain large k-homogeneous,
but not k-transitive permutation groups for arbitrary x > w (see The-
orem 3.2). Applying our method we show that if k¥ = k, A\ = k™"
for some n < w, and [, holds for each k < v < A, then there is a k-
homogeneous, but not k-transitive permutation group on A (Corollary
3.12).

In section 4 first we show that if Martin’s axiom holds for countable
posets, then every subgroup of S, (wy) with cardinality < 2 can be ex-
tended to an w-homogeneous, but not w-transitive permutation group
on w;. Based on this theorem we prove that after adding (2*)" Cohen
reals to any ground model in the generic extension for each infinite A
there exist w-homogeneous, but not w-transitive permutation groups
on A (Corollary 4.9).

Our notation is standard.
Definition 1.1. If ) is fixed and f € S(A) for some A C A, we take
fr=ruld(A\4))es.
Given a family of functions, G, we say that a function y is G-large iff

w\ | JH| =yl

for each finite H C G.

We say that a permutation group on A is k-intransitive iff there
is a G-large injective function y with dom(y) U ran(y) € [A]" and
| A\ dom(y)| = |A\ ran(y)| = |A].

A k-intransitive group is clearly not k-transitive.

2. W-HOMOGENEOUS BUT NOT w-TRANSITIVE
Definition 2.1. Given a set A we say that a family A C [A}w is nice
on A iff A has an enumeration {A, : @ < p} such that
(N1) A is cofinal in ([A]”, C),

(N2) for each B < p there is a countable set I3 € [B]” such that for
all a < 3 there is a finite set J, 5 € [I5] ~“ such that

AanAsc | Ac
Ce*]a,ﬁ

Theorem 2.2. Assume that X is an infinite cardinal, and A C [)\]w 18

a nice family on X\. Then for each A € A there is an ordering <, on
A such that
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(1) tp(A,<4) = w for each A € A,
(2) if A,B € A, then there is a partition {C; : i < n} of AN B into
finitely many subsets such that <4 C; =<g| C; for all i <n.

Proof. Fix an enumeration {Ag : § < p} of A witnessing that A is
nice.

We will define <4, by induction on B < .

Assume that <, is defined for a < .

By (N2) we can fix a countable set Iy = {8; : i < w} € [3]” such
that for all o < (8 there is n, < w such that

AanAg C | Ag,
7;<7L(1
Choose an order <4, on Ap such that
(i) for each i < w writing D; = Ag, \ U;_;
<usl (AgND;) = <, [ (AgNDy);
(11) tp(ABa SAﬁ) = w.

By induction on 5 we show that (2) holds for A, and Ag for each
a < . Assume that this statement holds for each §° < 8. To check
for § fix a < .

To define <z we considered a set I = {3; : i <w} € [3]” such that
we had n, < w with

Apg, we have

AanAg C | Ag,
i<Ng
For i < n, let C/ = A, N Az N D;, where D; = Ag \ U
{C}:i < ny,} is a partition of A, N Az and

<agl Cf =<4, [ C;

by (i). By the inductive hypothesis, Ag,NA, has a partition into finitely
many pieces {C;; : j < k;} such that <, [ Cj; =<4, | C;;. Then the
partition

. Aﬂj . Then

7<i

{C’;ﬂC’i7j:i<n,j <k’2}
of A, N Az works for o and . Indeed,
<a, 1 CiNCi; = <a,, | CinGi; = <a,lCiNCi;.
O

Theorem 2.3. Assume that X\ is an infinite cardinal, A C [)\}w s a
cofinal family and for each A € A we have an ordering <, on A such
that

(1) tp(A,<4) = w for each A € A,

(2) if A,B € A, then there is a partition {C; : i < n} of AN B into
finitely many subsets such that <A C; =<g| C; for all i < n.
Then there is a permutation group on X\ that is w-homogeneous and

w-intransitive.
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Proof. For A € A let

Ga={f" €S\ : feS(A)Athere is a finite partition {C; : i < n} of A
such that f [ C; is <4-order preserving}.
Let G be the permutation group on A generated by

J{Ga: A A}

Claim 2.3.1. G is w-homogeneous.

Indeed, let X,Y € [A]” with A\ X| = [A\\Y| = A. Pick A € A such
that XUY C Aand [A\ X|=|A\Y|=w.

Let ¢ be the unique <4-monotone bijection between X and Y and d
be the unique <4-monotone bijection between A\ X and A\ Y. Then
taking g = cUd we have g* € G4 C G and g7 [X]| =Y.

Claim 2.3.2. G is w-intransitive.

Pick A € A and choose B € [A]” such that |[A\ B| = w.
Let by, by,... be the <j-increasing enumeration of B. Define a bi-
jection y : B — w as follows: for i < w and j < 2¢ let

Y(biyj) = byivij.
Observe that if ¢ is <4 -monotone then
i <w: {7 <2 :clbyiyy) = r(basy)}| > 2} < 1.

Indeed, if [{j < 2" : ¢(bair;) = y(baiy;)}| > 2, then ¢ should be <y-
decreasing, and if [{ : {j < 2': c(bgiy;) = y(baiy;)} # 0} > 2, then y
should be <j4-increasing.

So y can not be covered by finitely many <4-monotone functions.
But for any h € G, h N (A x A) can be covered by finitely many <4-

monotone functions by (2) and by the construction of G.
Thus y is G-large. U

To obtain nice families we recall some topological results. We say
that a topological space X is splendid (see [2]) iff it is countably com-
pact, locally compact, locally countable such that |A] = w for each
Ae [X]"

We need the following theorem:

Theorem (Juhasz, Nagy, Weiss, [2]). If
(i) kK < w,, or
(ii) 2¥ < kK, cf(k) > w and p* = p* and O, hold for each p < Kk with
w = cf(u) < p,
then there is a splendid space X of size k.

Remark. In |2, Theorem 11| the authors formulated a bit weaker result:
if V.= L and cf(k) > w then there is a splendid space X of size k.
However, to obtain that results they combined “Lemmas 7, 9 and 16
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with the remark after Theorem 8’ and their arguments used only the
assumptions of the theorem above.

If A is a family of sets, and X is a set, write
A[X ={ANX:Aec A}

and

APX ={[JANX: A e [A]™}

Lemma 2.4. If X is a splendid space, U s the family of compact open
subsets of X, andY C X, then U[Y is nice on Y.

Proof. Let A € [Y]w. Then A is countable, so it is compact. Since a
splendid space is zero-dimensional, A can be covered by finitely many
compact open set, and so A can be covered by an element of /. Thus
UTY is cofinal in ([Y]", C).

To check (N2) observe that every U € U is a countable compact
space, so it is homeomorphic to a countable successor ordinal. Thus
U has only countably many compact open subsets. Hence U[U is
countable which implies (N2) in the following stronger form:

(N2*) for each 3 < i there is a set I5 € [3]” such that for all & < 3
there is (, € I such that

Ay N Ag = Ac, N Ag.
0

Remark. By |3, Corollary 2.2|, if (wyt1,ww) — (w1,w) holds, then the
cardinality of a splendid space is less than w,. So we need some new
ideas if we want to construct arbitrarily large nice families in ZFC.

Theorem 2.5. If X is an infinite cardinal, and
(i) A < w,, or
(ii) 2 < X, and p* = pt and O, hold for each p < X with w =
cf(p) < p.
then there is an w-homogeneous and w-intransitive permutation group
on A.

Proof. Applying the Juhasz-Nagy-Weiss theorem for k = X if cf(\) >
w, and for kK = AT if A > cf(\) = w, we obtain a splendid space on
k > X. So, by Lemma 2.4, we obtain a nice family A on \.

Thus, putting together Theorems 2.2 and 2.3 we obtained the desired
permutation group on A. Il

3. K-HOMOGENEOQUS BUT NOT K-TRANSITIVE FOR K > w

Definition 3.1. Let x < A be cardinals. We say that a cofinal family
A C [A]" is locally small iff |A[A| < & for all A € A.
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Theorem 3.2. Assume that 2F = k™ and there is a cofinal, locally
small family A C [/\r. Then there is a permutation group G on \
which s k-homogeneous, but not k-transitive.

Before proving this theorem we need some preparation.

Definition 3.3. If XY are subsets of ordinals with the same order

types, then let pxy be the unique order preserving bijection between
X and Y.

Definition 3.4. If F is a set of functions, an F U {x}-term t is a
sequence (hg,...,h,_1), where h; = x or hy = o' or h; = f; or h; =
fi 7! for some f; € F. If g is function we use t[g] to denote the function
hyohyo---oh! ,, where

B = fi_l if h’L = fz'_17

g_l if hz = I'_l.
If H is a set of F U {z}-terms, then write
Hlg) = {tlg] : t € H}.

We say that an F U {x}-term ¢ is an F-term iff neither z nor z*
appear in t. If t is a F-term, then the function t[g] does not depend
on g, so we will write ¢[ | instead of t[g] in that situation.

We say that a term ¢’ is a subterm of a term t = (ho, ..., h,_1) iff
t = <hioahi17- . .,hik>, where i < i1 < -+ < <n.

The set of all F U {z}-terms is denoted by TERM (F U {x}).

The set of all F-terms is denoted by TERM (F).

Lemma 3.5. Assume that

(1) X is a cardinal, H is a finite set of S(\) U {x}-terms, and H is
closed for subterms,

(2) g is an injective function, dom(g) Uran(g) C A,

(8) o, € X such that

(,a”) ¢ | JHIgl,

(4) Co € A\ dom(g) and (; € X\ ran(g),
(5) no € A\ ran(g) and n, € X\ dom(g) such that

o, & {tlgl(a), tlg] (o) : t € H}.
Let go = g U {{Co,m0)} and g1 = g U {(m,(1)}. Then
(o, ") & H[go] UH[g1].

Proof. We prove only («, a*) ¢ H[go]. The proof of the other statement
is similar.
Assume on the contrary that (o, a*) € H[go.
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Pick the shortest term ¢ = (fy, ..., fn) from H such that t[go](«) =
a’.

Write a1 = o and o = (fi, ..., fu) [90)(a) for 0 < i < n. Hence
oy = o,

Let ¢ maximal such that a; is {p or 1. Since t[g](a) can not be o*
by (3), 7 is defined.

Since o; = (fi,..., fn) [g](a), it follows that «; # n9 by (5). So
a; = Co.

Let j minimal such that «; is ¢y or 7. Since

a; = ((fo.- -, fi-1) [g]) 7 ("),
it follows that o # no by (5). So a; = (o by (5). Thus o; = a; = (o,
and so
o =(fo,. ., fi-1, fir- -, fa) [90)(@0).
Since j < i, the term t' = (fo, ..., fj—1, fi,- .-, fa) is shorter than ¢ and

still a* = t'[go](cr). So the length of ¢ was not minimal. Contradiction.
U

Lemma 3.6. Assume that
(1) y € 8(k),
(2) A€ [A]", and B,C € [A]" such that |A\ B| = |A\ C| = &,
(3) F € [S(\)]" such that
y\JHL]I =

whenever H is a finite set of F-terms.
Then there is g € S(A) such that
(1) g[B] = C
(4i)
Y\ Hlg"ll =~
whenever H is a finite set of F U {x}-terms.

Proof of Lemma 3.6. Write
TASK, = A x {dom, ran} and TASK; = [TERM (F U {x})]<w X K.

Let {Io, [} € H/ﬂ 5}2 be a partition of k, and fix enumerations
{T; :i € Iy} of TASK,, and {T; : i € I} of TASK;.

By transfinite induction, for ¢ < sk we will construct a function g;
and if ¢ = j + 1 for some j € K; then we also pick an ordinal a1 € K
such that

(a) g; is an injective function, dom(g;) Uran(g;) C A,

(b) gi[B] C C and g;[A\ B] C A\ C;

) Igzl <

(d)ifi=j+1,j € lyand T; = ((,dom), then ¢ € dom(g;);
e)ifi=75+1,j5€l andT (C,ran), then ¢ € ran(g;);
fyifi=j5+1,5€l andT = (H;, x;), then
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(1) Qi €K \ {Oéj/+1 Zj, € Il ﬂj}, and
(if) [g; Uidx\a](aj41) is defined and ¢[g; Uidy al(j+1) # y(oe1)
for each t € H;.

Let go = 0.

If ¢ is limit, then let g; = |

Assume that i = j + 1.
Claim 3.6.1.

j<i 9i-

v\ | Hlg; Uidaall = &. (1)
for each finite set H of F U {x}-terms.

Proof of the Claim. Fix H. We can assume that H is closed for sub-
terms. By (3) we have |y \ JH][ ]| = &, and

ynJH[] =y n{JHlidx a4l ()

because H is closed for subterms. Since |g;| < x, we have
[t[g; Uidy 4]\ tlidaa]| < k. ()
f(’o; each t € H. Putting together |y\|JH[ ]| = &, (o) and (e) we obtain
. O

Case 1. j € Iy and so T; = ((;,x;) € A x {dom, ran}.

Assume first that z; = dom. If (; € dom(g;), let g; = g;. If (; ¢
dom(g;), then pick n € C'if (; € B, and pick n € A\ C'if (; € A\ B
such that and 7 ¢ ran(g;).

Let g; = g; U (¢;,n). Then g; satisfies (a)—(f).

The case x; = ran is similar.

Case 2. j € I; and so Ty = (H;, x;) € [TERM(F U {z})]™ x &.

We can assume that H; is closed for subterms.
By Claim 3.6.1, we have

Y\ U Hilg; Uidonall = k.
So we can pick oy € K\ {ay41 0§ € 1 N j} such that
(%) for each t € H; either t[g; U idy a](aj;1) is undefined or t[g; U
idwal(aj1) # ylaye) -
Now in finitely many steps, using Lemma 3.5, we can extend the
function g; to a function g; such that
(%) t[g; Uida\al(cvjy1) is defined and t[g; Uidaa](cs1) # y(ovjq1) for
each t € H;.
Indeed, if t[¢" U idy a](cyt1) is not defined, where t = (to,...,t,)
then there is ¢ < n such that either
G = (tix1,.-- tn) [¢" Uidyal(ajqr) is defined, t; = = and ¢ €
A\ dom(g")

or
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G = (tit1s-- - tn) [¢ Uidaal(ajsq) is defined, ¢; = 27! and (; €
A\ ran(q).
In both cases, using Lemma 3.5, we can extend ¢’ to ¢” such that
(ti, ... tn) [¢" Uida\a](cjq1) is defined and (aj11,y(aj41)) € UH;[9"U
Z'd)\\A}.
After the inductive construction, the function g = J,_, g; meets the
requirements. O

Lemma 3.7. Assume that 2 = k™ and there is a cofinal, locally small
subfamily C C [/\r. Then there is a family D C [)\r X [)\r such that
(1) if (A, B) € D, then BUk C A and |A\ B| = k.
Moreover, writing A ={A:(A,B) € D} and B={B: (A,B) € D}
(2) Ais a cofinal, locally small subfamily of [A}R,
(3) B is cofinal in <[>\}K,C>,
(4){X Cr:|X|=|r\X|=r}CB.
Proof of Lemma 3.7. Fix a locally small, cofinal subfamily C C [/\r
such that g = |C| is minimal. Then |{C' € C: D C C}| = |C| for all
D e [A]".

Write C = {C, : @ < p}. Since 2% = kT < X\ < p there is a sequence
(By : oo < py C [A]" such that
(a) {Ba:a<rT} D{X Ckr:|X|=|r\X| =k}
(b) {Bs:a<pu}DC.
Thus B = {B, : a < pu} is cofinal in [A]". Now, for each o < p pick
A, € C such that A, D Cy U B, Uk and |A, \ B,| = k.

Then D = {(Aa, Ba) : a < p} satisfies the requirements. O

After that preparation we prove the main theorem of this section.

Proof of Theorem 3.2. Fix D, A and B as in Lemma 3.7.
For (A, B) € D consider the structure

M(A,B) =(A,<,B,{ANX:Aec A}).

Fix D' € [D]" such that writing A’ = {4’ : (A, B') € D'} and
B ={B: (A, B') € D'} we have
(a) V(A,B) € D 3(A',B) € D' such that ps 4 is an isomorphism

between M 4 gy and M .

by {X Cr:|X|=|r\X|=kr}CB.

Pick K € [k]" with |k\ K| = k. Choose y € S(x) such that y(a) # «
for each a € k.

Lemma 3.8 (Key lemma). There are functions F = {fiap) : (A, B) €
D'} such that

(CL) f(A,B) € S(A);
(b) fiam[B] =K,
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moreover, taking
8 = {pCo,Cl . <AO7BO> 9 <A17 Bl> c D/7OO S A’V*A()’ Cl c A[*Alu

PCoy,C1 [AI_CO} = AI_Cl}v
if H is a finite collection of F U S-terms, then

y\JHL] = ~.

Before proving the Key lemma, we show how the Key Lemma com-
pletes the proof of Theorem 3.2.

So assume that the Key lemma holds.

For each (A, B) € D pick (A', B") € D' such that pa 4 is an isomor-
phism between M4 gy and M 4 pry. We assume that (A’, B') = (A, B)
for (A,B) € D'.

Let

9ea,By = par,a © frar gy o paa € S(A).
Let G be the permutation group on A generated by
G ={g9um": (A B) €D}

Lemma 3.9. GG is k-homogeneous.

Proof of Lemma 3.9. It is enough to show that for each X € [)\] " there
is g € G with g[X] = K.
So fix X € [A]". Pick (A, B) € D such that X C B.
Then
Z = g(a,B)[X] C g(a,)[B] =(par,a o fra o paa)|Bl
=(par,a 0 fia,py)[B] = paalK] = K.

Since |Z| = |k \ Z| = K, there is C such that (C,Z) € D’. Then
fien[Z] = K. Thus g2 %[Z] = K because (C",Z") = (C, Z) and so

fwe,zy = 9,2y
Thus K = (g<o,z>Jr S g(A,B>+>[X]- -

Lemma 3.10. G is not k-transitive.

Proof of Lemma 3.10. We prove that y ¢ h for any h € G.
Assume that

h=(g3)" 0 (gF)" o0 (gis)™,
where g; = g(a, B,y = paa, © farp 0 pa, a; and {; € {=1,1} for i < n.
Since g;" \ g; is the identity function on A\ A;, we have
hC U{<gio)&0 © (gh)gil ©--+0 (gikfl)gik_l .
k:<n,i0<i1 < e < g <n}.

Fix k<nandig <i; <- - <ip_1 <n.
Observe that if /; = —1 then

(9)" = (par,a, © far © pagar) ™ = para, o (fars) ™ 0 pa ar-
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So

(gio)zio © (gil )eil 0--+0 (gik71)£ik_1 =

l; 0.
pa Ay © (fay By )™ © paga; © pay a,, © (fay By )™ © pay a0

For j < k let
Pj = PA;; A © pA§j+1,A¢j+1~
Observe that writing
Cinr = pay,ar Ay N A L] and O = pag g [Ay 0 A,
we have

*_

P = PCjac; €S

(see Figure 1).

Cyin

FIGURE 1. The function p;-

Thus

(gio) 0 © (giy) 1 0+ 0 (gsy_y) -t =
Pasgar, © (far my )0 pyo (fa my )t opion...

)Zi’H opar A

© (fA/ aBl ig_1’ Q1"

k—1" k-1

Since pa, 4y, [ £ =1d [ K, we have
((gig)f0 0 (g3y)" 1 0++- 0 (Qik,l)zi’“’l) Nk XkKC
(fA;O,B;.O)gO © pp © (fA;l,Bgl)gl opio...
© (fA;kil,B;kil)ei’“‘l
But (fa;,,p; ) 0p5o(fay my ) opio-o(fa, 5

)bir-1 = ¢[] for the
ip—1" i1
FUS-term ¢ = <(fA/- B{'O)eoapaa(f/l’. B£1)€1>p17"'7<f14’. B! )e¢k71>‘

ig’ t’ =1 k-1
Since there are only finitely many sequences ig < --- < ip_1 < n, we

obtain that h N k X k is covered by the union of finitely many F U S-
terms.
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But y is not covered by the union of finitely many F U S-terms. So
y witnesses that G is not k-transitive. U

Proof of the Key Lemma 3.8. Write D' = {(An, Ba) : o« < KT}
By transfinite induction, we define functions {f, : @ < "} such that
taking
f<ﬁ:{f7:7<ﬁ}
and
S<B - {1000,01 : 577 < B?CO € AI—*A5, Cl - AP(A’Y’
PCy,Cy [‘A(CO} = A(Cl}ﬂ
we have
(1) fo € S(Aa),
(i) fo[Ba] = K,
(iii) if H is a finite collection of F_,i1 U Scoyi-terms, then
[y \H[ ]| = .
Assume that we have constructed fg for 8 < a. Then we have:
if H is a finite collection of F.o U Scq-terms, then [y\H[]| = k. (*)
To continue the construction we need a bit more.
Claim 3.10.1. If H is a finite collection of F.o U Scqr1-terms, then
[y \H[ ][ = &

Proof. First observe that if p; = pa, ar for i < 2, then

PLO PO = Pprt[AsnAd e A5N AL (%)
Let
t=(to,t1,...,t)
be an element of H. Since pc,c, | & = 1d | K, if tg € Scaq1, then
t]NKxK={_(t1,...t,) [ | Nk X k. So we can assume that t, € F,.

Similar argument give that we can assume that ¢, € F_,.
Now assume that

<ti’ S 7tj> = <foci7 PCit1,Dit15 PCis2,Ditos - -+ PCij_1,Dj_1> faj>
Then, by ()
PCit1,Dit1 © PCiyo,Divo © O PC;j_1,Dj_1 = PE;E;-

for some E; € A[Ciyy and E; € A[D;_;.

Thus we can assume that j =4+ 2 and

<ti7 ti+17 ti+2> = <fa07 PEy,E1» focl) :
Now
fOéo O PEy,E1 © fal = fao O PAagNEo,Aa; NE1 © fal

and pa, nEy A, nE € S<a-
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Thus there is a F_., US_,-term s; such that
tN(kxk)=s]]N(k %X K).
Since |y \ U{s:| | : t € H}| = & by (x), the Claim holds. O

Since the claim holds, we can apply Lemma 3.6 for the family F =
Fea US i1 to obtain f, as g.
So we proved the Key Lemma 3.8. U

So we proved theorem 3.2 Il
The following theorem is hidden in [5]:

Theorem 3.11. If k¥ = Kk, A = k™" for somen < w, and O, holds for
each k < v < A, then there is a cofinal, locally small family in [/\r.

Indeed, in subsection 2.4 of [5] the author defines the weakly rounded
subsets of A = k™", in Lemma 2.4.1 he shows that the family of weakly
rounded sets is cofinal, finally on page 52 he proves a Claim which
clearly implies that the family of weakly rounded sets is locally small.

Putting together Theorems 3.2 and 3.11 we obtain the following
corollary.

Corollary 3.12. If k¥ = k, A = k™" for some n < w, and O, holds for
each kK < v < A, then there is a k-homogeneous, but not k-transitive
permutation group on .

4. w-HOMOGENEOUS BUT NOT w-TRANSITIVE PERMUTATION
GROUPS IN THE COHEN MODEL

Let M A(countable) denote the Martin’s Axiom restricted to count-
able partial orderings.
For f € S(A) let supp(f) = {a: f(a) # a}. Write
Su(A) = {f € S(A) + [supp(f)| < w}.

Theorem 4.1. If MA(countable) holds and H < S,(w1) is a permu-
tation group with |H| < 2¥, then there is an w-homogeneous, but w-
intransitive permutation group H* < S, (wy) with H* D H.

Proof of Theorem 4.1. If F is a set of functions, let
<]:>gen:{foo”.ofn—l :newafi e For fi_l G]:forz'<n}.

Lemma 4.2. If H is a family of functions with |H| < 2* then some
r € S(w) is H-large.

Proof. Fix a family {r, : @ < 2“} C S(w) such that r, Nrg is finite for
each {a, B} € [2]%.
Assume on the contrary that for each o < 2¢ the permutation r, is
not H-large, i.e. there is H, € [H]™* such that 7, \ |JH, is finite.
Let U be a non-principal ultrafilter on w. Then for each o < 2¢ there
is h(a) € Hq such that Uy, = {n € w:ry(n) = h(a)(n)} € U.
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Since |H| < 2¥, there are o # 8 such that h(a) = h(3). Thus for
each n € U, N Uz we have r,(n) = h(a)(n) = h(8)(n) = rz(n). Thus
ro N 7g is infinite. Contradiction. g

Using Lemma 4.2 fix an H-large r € S(w). Enumerate [w;]* X [w1]”
as {(Aq, Ba) 1 @ < 2¥}. By transfinite recursion on a < 2¢; we will
construct permutations f, € S, (wy) such that f,[A.] = B, and writing

Fs=A{t]l:tisa HU{fc: ( <d}term} = (HU{fc: ( <6})

the permutation r is F,,1-large.

Since Fy = H, we know that r € S(w) is Fp-large.

Assume that we have constructed (f; : ¢ < a) such that the function
ris Feii-large for ¢ < o Then r is F,-large. Next we should construct
fo € S(wp) such that f,[A.] = B, and r is F,yq-large. We want
to apply MA(countable) to construct f,, but to do so we need some
technical lemmas.

Fix first C,, € [w]* such that A,UB, C C, and C,\ (A,UB,) = w.

Definition 4.3. Given sets X and Y let us denote by Bij,(X,Y) the
set of all finite bijections between subsets of X and Y.

For A, B,C € [w1]* define the poset Poap = (Pcap, <) as follows.
Let

gen’

Peap ={p € Bij,(C,C) : p[A] C B,p|[C \ A] C C'\ B}.
Write p < qiff p D q.
We want to apply MA (countable) for the countable poset
P =Pc, Au.Ba-

Our plan is to define a family D of dense subsets in P with |D| < 2¢
such that if IC is a D-generic filter in P, then (|JK) Uid,,\¢, works as

Ja

Lemma 4.4. Fori € C, the sets D; = {p € Pcap:i € dom(p)} and
R, ={pe€ Pcap:icran(p)} are dense in P.

Proof. Straightforward. O
Lemma 4.5. If M € w and H is a finite set of F, U {x}-terms then
Eymy={peP:Imew\M
t[p](m) is defined, but t[p](m) # r(m) for each t € H}
s dense in P.

Proof of the lemma. Fix ¢ € P. We can assume that H is closed for
subterms.

We know that |r \ |JH[ ]| = w because r is F,-large.

Since H is closed for subterms,

roJH[] =rnJHlidoc.).
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Since |¢| < w, we have

i\ [ JHlgUidc,]
So we can pick m € w\ M such that
(%) for each t € H either t[g U idy\¢,](m) is undefined or t[g U
idw\c, ] (m) # r(m).
Since H is finite, we can find p < ¢ such that
(x) for each t € H either t[p U idy,\¢,](m) is undefined or t[p U
idw1\c"‘](m) 7é r(m),
(e) the cardinality of the finite set
{teH : tpUidyc,](m) is undefined}

is minimal.

= W.

To show that p € Ey » we prove that

(o) there is no t € H such that t[p Uid,,\¢,](m) is undefined.

Assume on the contrary that this statement is not true.

Fix t € H such that t[p U id,\¢,](m) is not defined, where ¢ =
(to,...,tn). Thus there is i < n such that
(1) (tit1s .- tn) [pUidw\c,](m) is defined, but
(2) (tiy... tn) [pUidy\c,](m) is not defined.
Then t' = (t;,...,ty) € H. Let ¢ = (tig1,...,tn) [p Uidupc,](m).
Then either t; = z and (; ¢ dom(p) or t; = =% and (; ¢ ran(p).

In both cases, using Lemma 3.5, we can extend p to p’ such that
(tiy ... tn) [P Uidwc,](m) is defined and (m,r(m)) ¢ H{p' Uidy,\c.]-
Thus p’ < ¢ and

{teH : tp' Uidy,\c.](m) is undefined} C
{teH : tpuid,\c,](m) is undefined}

which contradicts (e).
So we proved Lemma 4.5. O

Let

D= {DzaRz 11 E Ca}U
{Erym: M € w, Fis a finite set of F, U {x}-terms.}

Then D is a family of dense sets in Pc, 4, p, With cardinality < 2¢.
So, by MA(countable), there is a D-generic filter K. Let f, = (JK)U
idwl Ca

T}le assumption {D;, R; : 1 € C,} C D yields C, = dom(|JK) =
ran(|JK). Since fu[A.] C B, and f,[Cy \ Aa] C Co \ B, by the
construction of Pc, 4, p, we have f,[A,] = B,.

If F is a finite subset of F, 1, then there is a finite set H of F,U{z}-
terms such that

F={t|f.] i t € H}.
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Then Ey N K # 0 implies that there is m > M such that r(m) ¢
{t[fal(m) :t € H} ={f(m): f € F}. Thus r is F,y1-large. Hence f,
satisfies the requirements.

So we carried out the inductive construction, and so we have con-
structed (f, : a < 2¥) such that r is Fae-large. So the group H* =

Fou satisfies the requirements. This completes the proof of Theorem
4.1. ]

Next we need a "stepping-up" theorem.

Theorem 4.6. Assume that X > wy is a cardinal, G < S(\) and
H* < S(wy) are permutation groups such that

(i) H* is w-homogeneous, but w-intransitive,

(1)) Vg € G Y6 <wy Fhe H* gN(d xJ) C h.

(1i1) {g|w] : g € G} is cofinal in ([\*, C).
Then G* = (GU{h" : h € H})
intransitive.

gen < S(A) is w-homogeneous, but w-

Proof of Theorem 4.6. First we show that G* is w-homogeneous.

Let XY € [/\}w be arbitrary. First, by (iii) we can pick f,g € G
such that flw] D X and gjw] D Y. Since H* is w-homogeneous, there
is h € H* such that

RLfTHX)] = g7(Y).
Then goht o f~' € G* and (goh™ o f7H[X] =Y.

Next we show that G* is w-intransitive. Fix a countable injective
function function r with dom(r) Uran(r) € [w;]” which is H*-large.
Without loss of generality we can assume that r € S(v) for some v <
wi. We will verify that

r is G*-large
as well. It is enough to show that

Lemma 4.7. For each g € G* there is a finite subset Hy, of H* such
that

gn(yxv) c|JH,
Proof of the Lemma. Since G* = (GUHT), ., where H* = {h" : h €
H*} and both G and H™ are subgroups, we can assume that
g=¢€y%gp©C---0€,0(n
where g; € G and e; € HT.

Foree HT, writee” = ¢ [ w; € H*.

By finite induction, define countable subsets A, 11, B, Ay, - - ., Bo, Ao
of X as follows: let A,1 = v and B; = ¢;[Ai+1] and A; = ¢;[B,] for
1=n,n—1,...,0.

Pick § < w; with

U{AI,BIOSZSH—Fl}ﬂwlCé
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For 0 <k <m<nlet

Gkom = G © - O Gm—1-

By (ii) we can pick hy,,, € H* such that Ay, D gem N (0 X 0). Let

Hg - {ei_o o hio,il o ez‘_l o hi1,i2 ©::-0 ei_g © h‘iéaié-kl :
O§i0<"'<lj<ig+1:n}.
Claim 4.7.1. gN (7 xv) C UH,.
Proof of the Claim. Let a € v be arbitrary with g(a) € ~. Write

np1 = @, B = gi(a41) and a; = e;(5;) for i = n,n —1,...,0. So

ap = g(a) €.
Let ip =0 < -+ < iy = n+ 1 be the enumeration of the set [ = {i <
n+l:a€ew}={i<n+1:q €}

Fix ¢ < s, and write k = iy and m = i444.
If K+ 1=m, then ay, B, a,, € 6 and so then

o = e (Br) = ex(gr(am)) = (e © hugm)(atm).
If k+1<m, then

(i) ax €9, B € 6, but
(ii) ay, B; € A\ wy and so o = G; for k <i <m,

(see Figure 2).

k=i | A P Qme
m = ipqq
w1
4]
FIGURE 2. The function hy,
Thus

5k = (Qk O€LO(Gk+1 " 9€p—10° 9m—1)(am) =
= (gk 0 Gr+1 0+ 0 Gm-1)(m) = Gkm(m) = hgm(vm),

and so
ar = er(Br) = ex(hrm(am)) = (€ © hpm)(am).
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Hence

gla) = (egogoo--+0en0gn)(a) =

(€5 © hig,i 0+ -0 €;, 0 hiy i) ()
and (e; 0 hjgq, 0---0e; ohi_, ;)€ H, O
So we proved the Claim which completes the proof of the Lemma. [J

As we observed, the previous lemma implies that r is G*-large, and
so G* is w-intransitive which completes the proof of Theorem 4.6. [J

Putting together Theorems 4.1 and 4.6 we can get the following
result.

Theorem 4.8. Assume that )\ is an uncountable cardinal and there is
a permutation group G < S,(\) such that

(1) {gN(w X wy): g€ G} < 2.

(2) {glw] : g € G} is cofinal in ([N, C).

If MA(countable) holds, then there is an w-homogeneous but not w-
transitive permutation group G* < S, () with G* D G.

Proof of Theorem 4.8. First observe that (2) implies that [{g N (w; X
wi) : g € G} > wy, and so 2¥ > w; by (1).
For each countable injective function f with dom(f)Uran(f) C w;
pick a permutation h(f) € S, (w;) with h(f) D f.
Let
H={h(gN(axa)):g€G,a<w})
Since 2¥ > wq, we have

(3) |H < {gN(wy xwi): g€ G} w <2 and
(4) Vg € G Va < wy Fh € H such that g N (o x a) C h.

By (3) we can apply Theorem 4.1 and so there is an w-homogeneous,
but w-intransitive permutation group H* < S, (w;) with H* D H.

By (2) and (4) we can apply Theorem 4.6 for G and H* to show
that the permutation group G* = (GU{h" :h€ H*}) . < S,(}) is
w-homogeneous, but w-intransitive. U

gen

Given sets X and Y let us denote by Fin(X,Y") the following poset:
its underlying set is the set of all finite functions mapping a finite subset
of X into Y, and p <pin(x,v) ¢ iff p 2 ¢. In particular, §) is the greatest
element of Fin(X,2).

Corollary 4.9. If P = Fin((2¥)%,2) then

VP = “or each X > wy there is an w-homogeneous,

but not w-transitive permutation group on \.”
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Remark. In section 2 we showed that if there is a splendid space of car-
dinality at least A, then there is a w-homogeneous but not w-transitive
permutation group on A\. However, it was proved in [3] that it is consis-
tent (modulo some large cardinal assumption), that there is no splendid
space of size at least N, 1 in any c.c.c. generic extension of a certain

ZFC model.

Proof of Corollary 4.9 from Theorem 4.8. We work in V. Let G =
S.(A)Y. Then

g nuwn xwi g€ G =[Su(w)] = (2)" < ((2)")" = (2)"".

So (1) holds. Since P is c.c.c., {g[w] : g € G} = [\]* NV is cofinal in
([A]*, C). Hence (2) also holds.

So we can apply Theorem 4.8 because it is known that MA (countable)
holds after adding (2¥)"-many Cohen reals to a ground model, (e.g.
cov(M) = 2¢ in the Cohen model by [1, Table 4], and cov(M) = 2¢
implies MA(countable) by [4, Theorem 1]). O
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