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BOREL SETS WITHOUT PERFECTLY MANY OVERLAPPING
TRANSLATIONS, III

ANDRZEJ ROSLANOWSKI AND SAHARON SHELAH

ABSTRACT. We expand the results of Rostanowski and Shelah [10, 9] to all
perfect Abelian Polish groups (H,+). In particular, we show that if o < wy
and 4 < k < w, then there is a ccc forcing notion adding a Eg set B C H
which has R, many pairwise k—overlapping translations but not a perfect set
of such translations. The technicalities of the forcing construction led us to
investigations of the question when, in an Abelian group, X — X C Y - Y
imply that a translation of X or —X is included in Y.

1. INTRODUCTION

For a Polish space X and a set B C X x X we say that B contains a py—square
(perfect square, respectively), if there is a set Z of cardinality p (a perfect set Z,
respectively) such that Z x Z C B. The problem of Borel sets with large squares
but no perfect squares was studied and resolved in Shelah [13].

Several questions can be phrased in a manner involving p—squares and /or perfect
squares with some additional structure on them. For instance, looking at a Polish
group (H, +) we may ask for its Borel subsets with many, but not too many disjoint
translations (or just translations with small overlaps). This leads to considering the
spectrum of translation k—disjointness of a set A C H,

stdi(A) = {(z,y) e HxH: |(A+2)N(A+y)| <k},

and asking if this set may contain a p—square but not a perfect square. For k = 0
this is asking for g many pairwise disjoint translations of A without a perfect set
of such translations. This direction is related to works of Balcerzak, Rostanowski
and Shelah [1], Darji and Keleti [3], Elekes and Steprans [5], Zakrzewski [14] and
Elekes and Keleti [4].

It is still unresolved if we may repeat the results of [13] for the disjointness
context, but there is some promising work in progress [11]. However a lot of progress
has been made in the dual direction.

For a set A C H we consider its spectrum of translation k—non-disjointness,

stndg(A) = {(z,y) e Hx H: |(A+z) N (A+y)| > k}.

Then a p—square included in stnd,(A) determines a family of g many pairwise
k—overlapping translations. These were studied extensively for the context of the
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Cantor space in Rostanowski and Rykov [8], and Rostanowski and Shelah [10, 9].
Those works fully utilized the algebraic properties of (“¥2,+), leaving the general
case of Polish groups unresolved.

In the current paper we aim at generalizing their results to perfect Abelian Polish
groups. The main difficulty in this more general case lies in quite algebraic problem
(#) given below. Suppose S C H and X C H is a set of k—intersecting translations,
ie.,

()% [(S+2)N(S+y)| >k forall 2,y € X.

Then for all ¢ € H the property (<>)§( 4 also holds true. Thus the properties of
objects added by our forcing should reflect some “translation invariance”. How can
we know that a set Y is included in a translation of X7 Clearly, if Y C X 4 c or
YCc—X,thenY —Y C X — X. It would be helpful in our forcing if we knew

(#) when does Y —Y C X — X imply that Y is included in a (small) neighbor-
hood of a translation X + ¢ of X or of a translation ¢ — X of —X7?

In the third section we introduce the main algebraic ingredient of our forcing no-
tion: qifs and quasi independent sets. In forcing, we will use them in conjunction
with differences of elements of the group, but a relative result for sums also seems
interesting, so we present it in Section 4. The third and fourth section might be of
interest independently from the rest of the paper, as they address the question (&)
giving interesting (though technical) properties of perfect Abelian Polish groups
with few elements of rank 2.

Like in [13], the “no perfect set” property of the forcing extension results from
the use of a “splitting rank” rk°". We remind its definition and basic properties in
the second section. For the relevant proofs we refer the reader to [13, 10].

In the fifth section we prove our main consistency result for groups with few
elements of rank 2. The remaining case when H has many elements of rank 2 is
treated in Section 6. We close the paper with summary of our results and a list of
open problems.

The general case of Polish groups will be investigated in a subsequent work [12].

Notation: Our notation is rather standard and compatible with that of classi-
cal textbooks (like Jech [7] or Bartoszynski and Judah [2]). However, in forcing we
keep the older convention that a stronger condition is the larger one.

(1) For a set u we let

u'? = {(z,y) euxu:x#y}

(2) Ordinal numbers will be denoted be the lower case initial letters of the
Greek alphabet «, 3,7,0,¢,(. Finite ordinals (non-negative integers) will
be denoted by letters i, j, k, ¢, m,n,J, K, L, M, N and ¢. The Greek letters
A and g will stand for uncountable cardinals.

(3) Finite sequences will be denoted o, ¢

(4) For a forcing notion P, all P-names for objects in the extension via P will be
denoted with a tilde below (e.g., 7, X), and Gp will stand for the canonical
P-name for the generic filter in P.

(5) (H,+,0) is an Abelian group (in the main part of the paper it is a perfect
Polish Abelian group). The elements of H will be called a,b,c,d (with
possible indices). For an integer ¢ and a € H, we use the notation ta to
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denote the element of H obtained by repeated addition of a (or —a) ¢
many times in the usual way.
(6) For sets A, B C H we will write —A = {—a : a € H},

A+B={a+b:acANbeB} and A-B={a—-b:ac€A AN be B}.

2. SPLITTING RANK rk°P

Let us recall a rank used in previous papers which will be central for the results
here too. We quote some definitions and theorems from [10, Section 2], however
they were first given in [13, Section 1].

Let A be a cardinal and M be a model with the universe A and a countable
vocabulary 7.

Definition 2.1. (1) By induction on ordinals §, for finite non-empty sets w C
A we define when rk(w, M) > 4. Let w = {ag,...,an} C A, Jw| =n+1.
(a) rk(w) > 0if and only if for every quantifier free formula ¢ = ¢(zg, ..., x,) €

L(7) and each k < n, it M = plag, ..., qk, ..., a,] then the set

{aeX:ME ¢lao, ..., ap—1,0, Qpp1, ..., 0]}
is uncountable;
(b) if 0 is limit, then rk(w, M) > ¢ if and only if rk(w, M) >  for all v < J;
(¢) rk(w,M) > 6 + 1 if and only if for every quantifier free formula ¢ =
o(xo,...,xn) € L(7) and each k < n, if M = ¢ag,...,ak, ..., 0]
then there is a* € A\ w such that

tk(wU{a*},M)>4d and M E plag,...,06-1,0", Qpt1,-..,0n)].
By a straightforward induction on § one easily shows that if ) # v C w then
rk(w,M) > ¢ > v = rk(v,M) > ~.
Hence we may define the rank function on finite non-empty subsets of A.

Definition 2.2. The rank rk(w, M) of a finite non-empty set w C A is defined as:

o rk(w,M) = -1 if =(rk(w, M) > 0),

o rk(w, M) = oo if rk(w, M) > ¢ for all ordinals J,

e for an ordinal §: rk(w, M) = ¢ if rk(w, M) > § but =(rk(w,M) > 6 + 1).
Definition 2.3. For an ordinal € and a cardinal A let NPr°(\) be the following
statement:

“there is a model M* with the universe A and a countable vocab-
ulary 7% such that 1+ rk(w,M*) < ¢ for all w € [A\]<¥ \ {#}.”

Let Pr®(\) be the negation of NPr®(\).

Note that NPr. of [10, Definition 2.4] differs from our NPr®: “sup{rk(w,M*) :
0 #w e [A\<¥} <e” there is replaced by “1 + rk(w, M*) < &” here. However, the
proofs for [10, Propositions 2.6, 2.7] show the following results.

Proposition 2.4. (1) NPr'(w).
(2) If NPr*()), then NPrT(\T).
(3) If NPr®(u) for p < X and cf(X\) = w, then NPr®()\).
(4) If « < wy, then NPr*(X,) but Pr*(3,,) holds.

Definition 2.5. Let 7® = {R,, ; : n,j < w} be a fixed relational vocabulary where
R, j is an n-ary relational symbol (for n,j < w).
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Definition 2.6. Assume that € < w; and ) is an uncountable cardinal such that
NPr®(\). By this assumption, we may fix a model M(e, A\) = M = (A, {R%j}n7j<w)
in the vocabulary 7% with the universe A such that:

(®)a for every n and a quantifier free formula o(xg, ..., 2, 1) € L(7®) there is
j < w such that for all ag,...,a,_1 € A,
M ): <p[a0, R an_l] = an[OéQ, ey Oén_l],

(®)p, the rank of every singleton is at least 0,
(®)c 1+ rk(v,M) <€ for every v € [A\]<%\ {0},
(®)a M = Ryglag, 1]  ifand only if ap < ar < A

For a nonempty finite set v C X let k*P(v) = rk(v,M), and we fix witnesses
j(v) < w and k(v) < |v| for the rank of v, so that the following demands (®).—
(®)g are satisfied. If {ao,...,,...an_1} is the increasing enumeration of v and
k =k(v) and j = j(v), then
(®)e ifrk*P(v) >0, then M = R, j[ag, ..., Q, ..., a,_1] but there isno a € A\ v
such that
tk*P(v U {a}) >tk (v) and M | R, jlao, ..., 0k—1, 0, Qi1 ..., 0n_1],

(®); if 1k*P(v) = —1, then M = R, j[ao, ..., Q, ..., an—1] but the set
{04 cA: M ': ij[()(o, ey O 1, O Qg 1y e e Odn_l]}
is countable,
(®)g for every BoyevesfBn1 < A, if M ): Rn,j[ﬂOz . ,ﬁn_l] then Gy < ... <
/Bn—1~
The choices above define functions j : [A\|<“\ {0} — w, k: [A\|<*\ {0} — w, and
rk®P 2 A<\ {0} — {—1} U (e +1).
3. QIFs AND DIFFERENCES

Definition 3.1. Let (H, +,0) be an Abelian group and B C H.
(1) A (2,n)-combination from B is any sum of the form

tobg 4 1101 + taba + ... tp_1bp—1

where by, b1,...,b,_1 € B are pairwise distinct and ¢g,t1,t9,...,tn_1 €
{-2,-1,0,1,2}. The (2,n)-combination is said to be nontrivial when not
all vo,...,tn_1 are equal 0.

(2) We say that the set B is quasi independent in H if |B| > 8 and no nontrivial
(2, 8)—combination from B equals to 0.
(3) We say that a family V of non-empty subsets of H is an n-good qif! if

[V| > n, the sets in V are pairwise disjoint and for distinct Vg, ..., V,—1 € V,
for each choice of b;,b, € V; (for i < n) and every to,t(s .-, tn-1,t0_1 €
{—1,0,1} such that Y ;" O(LZ+L) # 0 we have

tobo + LObO + 1161 + lel coit lp_1bp_1 + Liz—lbln—l # 0.

An expression as on the left hand side above will be called a nontrivial
(2,V,n)-combination (or a nontrivial (2,n)—-combination from V).
(4) Let VW C P(H) \ {0}. We will say that W is immersed in V if there is a

bijection 7 : W =1y such that

Lshort for quasi independent family
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o W C (W) for all W e W, and
o if Wy, W7 € W, and a,a’ € Wy, b € Wy, then (a — a’) + b € n(W7).

Observation 3.2. (1) If B is quasi independent then all elements of B have
order at least 3 and {{b} : b € B} is an 8-good qif.
(2) If V is an 8—good qif and by € V' (for V€ V) then {by : V € V} is quasi
independent.
(3) Assume H is an Abelian Polish group. Suppose also that, for i < N < w,
Vi C H are disjoint open sets and b; € V;. Then there are open sets W;
such that b; € W; C V; for i < N, and {W; : i < N} is immersed in
{Vi:i< N}.
Proposition 3.3. Assume that
(i) (H,+,0) is a perfect Abelian Polish group,
(ii) the set of elements of H of order larger than 2 is dense in H,
(iii) U, ...,U,—1 are nonempty open subsets of H.
Then there are disjoint open sets V; C U; (for i < n) such that {V; : i < n} is an
n—good qif.
Proof. Let Hy consists of all elements of H of order < 2. Then Hs is a closed
subgroup of H and, by the assumption (ii), it has empty interior. Consequently, for
each a € H and i < n the set (a + Hz) N U; is meager. Therefore, for each i < n,
(®); the set {a+ Hy:a € Hand (a+ Hz) NU; # 0 } is infinite.

Let mg = 10 and m;4q = 10°T! - [] m; + 10 (for i < n). For each i < n choose a
j<i
set A; C U; \ H such that
(®)o |A;| =m; and
(@), if a,b € A; and a # b, then 2a # 2b.
(The choice is possible by (®); for each i < n.) For 0 < ¢ < n let

X; ={wao+...+ti—1a;1: ag € Ag,...,ai-1 € Ai_1 A
Ls-- -5 tim1 € {—2,-1,0,1,2}}.
By the choice of m;’s we know that 2 - |X;| < m; = |A;|, so we may choose
by € A; such that 2b,b7 ¢ X;. Let b5 € Ao be arbitrary. One easily verifies

that every nontrivial (2, n)—combination from {bf : i < n} is not zero, so for each
L0y Ly -+ s bn—1, i1 € {—1,0,1} such that Z:.:Ol(/,i +11)? # 0 we have

tobly + 1obg + 11 + b + o A tp1bp—1 + 0, b # 0.

For each such combination we may choose disjoint open sets VL’O Vovn 1 Such
shreesbn—1sth g
that b} € I/L’m%’___’bn_w;il C U; and for every b;, b} € VLZo,Lg,...,Ln_l,L;,I’ i < n, we
have
Lobo =+ L6b6 —+ L1b1 —+ Lllb/l + ...+ Ln—lbn—l + L/n—lb/n—l # 0

Now, for i < n we set

Vi = OV i vi s #1008ttt € (1,01} A

(bo— )%+ ...+ (tn—1 — tfy_1)? > 0}.

It is clear that the sets V; (for ¢ < n) are as required. O

Lemma 3.4. Suppose that (H,+,0) is an Abelian group and p is a translation
invariant metric on it. Let W C P(H) be a finite 8—good qif. Assume that
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(a) W is immersed in V, V C P(H),
(b) ACACH, |A] =8,
(c) A—ACU{W -W':W,W' e W},
(d) ifa,be A, a+#b, then p(a,b) > diam,(W) (= diam,(—W)) for all W € W.
(1) Ifc € H is such that A’ +c CUW, then also A+cCUV.
(2) IfceH is such that c — A" CUW, then also c— A CUV.

Proof. (1) Suppose that W,V, A’ C A C H satisfy the assumptions of the Lemma
and ¢ € H is such that A"+ ¢ C [JW.

Assume a € A\ A’ and let us argue that a +c € JV.

Let {(a; : i < 8) list the elements of A’. Fori < 8let b; = a;+c € W; € W and note
that all W;’s are pairwise distinct (by assumption (d); remember p is translation
invariant). It follows from assumption (c) that we may choose b, € W/ € W and
by € W/ € W such that a — a; = b; — b}. Then, for each i < 8, we have

a—i—c:a—i—(bi—ai) = (b;—b;’—i—az)—l—(bl—az) :bg—bil—f—bl
Claim 3.4.1. There are distinct i*, j* < 8 such that
(©)i= = Wi ¢ {W]', W]"} and W= ¢ {W/,. W/}

Proof of the Claim. If for some ig < 8 we have [{j < 8: W;, = W}’ A j #io}| > 3,
then choose jo < ji1 < j2 < 8 distinct from 4p and such that Wj! = W} = W =
W,;,. Since all W;’s are distinct, we may pick i* < 8 such that i* ¢ {ig, jo, j1, j2 } and
Wi & {W] , W} , W] }. Next let j* € {jo, j1,j2} be such that Wj. ¢ {W]. W/}
Then also Wi« # W;, = W/ and clearly (©); j+ holds true.

If for some ig < 8 we have [{j <8: W;, =W A j #io}| > 3, then by the same
argument (just interchanging W/”’s and W’s) we find %, j* so that (©); ;~ holds
true.

So now suppose that both [{j <7:Wr; =W/} <2and [{j <7: W7 =W/} <
2. Then there are jo < j1 < jo < 7 such that W ¢ {W] ,WI Wi Wi W W},
Take j* € {jo, j1, j2} such that W;. ¢ {W7 W7} and note that then ()7 ;- holds
true. (]

Let distinct i, j* < 8 be such that (©);« ;- holds.
It follows from assumption (d) that Wj. # W/ and W. # W/ (remember
a;+ # a # a;-). Now, if W;» = W/I, then

a+c=b + (bie —bL) € (W + (WL — W) C VL.

where W/, C V/. € V (so we are done). Similarly, if W;- = W..

So suppose towards contradiction that both W;- # W/l and W;. # W/.. Now,

bie = b +bis = a+c =0 — bl +bjs,

S0

(®) (bix 4 bj +b.) — (bj= + e +0.) =0
Considering known inequalities among Wi, Wi, Wi, Wj-, W1, W/, we notice that
no equality between them may involve more than two sets. Also Wi« ¢ {W;-, W]' WL,
so the expression on the left hand side of (®) can be written as a nontrivial (2, W, 8)—
combination, contradicting the assumption that WV is an 8-good qif.

(2) Follows from the first part applied to —A and —A’. a
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Theorem 3.5. Suppose that (H,+,0) is an Abelian group and p is a translation
invariant metric on it. Assume also that
(a) W,V,Q C P(H) are finite 8—good qifs, and W is immersed in V and V is
immersed in Q,

(b) m — (10);1144 (the Erdés—Rado arrow notation, see [6]),

(¢) ACH, |A] >m and

() A—ACU{W -W':W,W e W}, and

(e) ifa,be A, a#b, then p(a,b) > diam,(Q) (= diam,(—Q)) for all Q € Q.

Then ezactly one of (A), (B) below holds true:
(A) Thereis a c € H such that A+ ¢ C |J Q.
(B) There is a ¢ € H such that c— A C|J Q.
Proof. Let {(a; : i < m) be a sequence of pairwise distinct elements of A. Since
A—ACU{W —-W': W, W’ € W}, we may choose functions by, by : m x m —»
UW and Wy, Wy : m x m — W such that for all 4,5 < m

a; — a; = bO(Zaj) - bl(iaj)a bO(Za]) € WO(Z.aj)a bl(Za]) € Wl(iaj)a
and bo(l,]) = bl(j,i), and bl(Z,]) = bo(],l) Let <g0@(i0,7;1,i2,i3) < 144> list
all formulas of the form

Wi (iz,iy) = Wy (iar,dy)
for j,j' <2 and x,y, 2,y <4,z <y, 2’ <y
Let p: [m] — 1449 be a coloring of quadruples from m such that if iy < i; <
io < i3 < m, then
u({io,il,ig,ig}) (6) =1 ifand only if p(ig,41,12,73) holds true.
Since m —» (10);144, we may choose u € [m]lo homogeneous for y. Without loss
of generality, v = {0,1,2,3,4,5,6,7,8,9}.
Claim 3.5.1. Leti,j,k < 10 be pairwise distinct. Then
(1) Wo(i,j) # Wi(i,j) and
(2) bo(i, k) — bu(i, k) = bo(i,5) — bu(i, ) + bo(j, k) — b1(j k) and hence
(WO(ka) - Wl(zu k)) N ((WO(Zvj) - W1(7’7j)) + (WO(J7 k) - Wl(]7k))) 7é (Z)
Proof of the Claim. (1) Follows from assumption (e) of the Theorem (remember
every set from W is a subset of a member of Q).

(2) This follows by the equality (a; — a;) + (a; — ax) = a; — a; and the choice of
bO(%])vWO(17])7b1(’L7])7W1(7’7]) U

Claim 3.5.2. If {Wy(i,j) : i < j < 10} N {W1(i,j) : i < j < 10} # 0, then either
Wo(0,1) = W1(1,2), or W1(0,1) = Woy(1,2).

Proof of the Claim. Suppose ig < jo < 10 andi; < j; < 10 are such that Wo(io, jo) =
Wi(i1,j1). We shall consider all possible orders of i, jo,%1,j1 and use the homo-
geneity to conclude one of the clauses in the assertion.

(a) If ip < jo < i1 < j1, then (by the homogeneity) Wy(0,1) = W1(2,3) =
W1(4,5) = Wy(2,3), so Wy(2,3) = W1(2,3), contradicting Claim 3.5.1(1).

(b) Ifig < jo = i1 < j1 then also Wy(0,1) = Wy(1,2) (giving the conclusion of
Claim 3.5.2).
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(C) If i9p < 41 < jo < Jj1, then W0(1,4) = W1(2,5) = W0(0,3) = W1(1,4),
contradicting Claim 3.5.1(1).

(d) Ifip < i1 < Jo = J1, then W0(073) = Wl(l,g) = W1(2,3)
contradicting Claim 3.5.1(1).

(e) If io <11 < jl < jo, then W0(1,4)
contradicting Claim 3.5.1(1).

(f) Ifig =11 < jo < j1, then Wy(0,1) = Wy(0,2) = W1(0,3) = W(0,2), contra-
dicting Claim 3.5.1(1).

(g) The configuration ig = i1 < jo = j1 contradicts Claim 3.5.1(1).

(h) Ifipg =141 < 71 < Jo, then Wo(O,Q) = Wl(O,l) = WO(O,S) = Wl(O,Q),
contradicting Claim 3.5.1(1).

W0(173)a

W1(2,3) Wo(0,5) = Wi(1,4),

(i) The configuration i; < i9 < jo < j1 is not possible similarly to (e) (just
interchange Wy and Wy).

(j) The configuration i; < ig < jo = j1 is not possible similarly to (d).

(k) The configuration i; < ig < j1 < jo is not possible similarly to (c).

(1) TIfi; <ig =41 < jo, then Wy(0,1) = Wy(1,2) (giving the conclusion of Claim
3.5.2).

(m) The configuration i; < j; < ip < Jo, is not possible similarly to (a). O

Now, we will consider three cases, showing that the first one is not possible. In
the second case we will find ¢ € H such that {c—a; : i < 8} C [JV. Then by Lemma
3.4 we will also have ¢ — A C |J Q. Finally in the last case we will find ¢ € H such
that {a; +c:i <8} CJV, so by Lemma 3.4 we will also have A+ ¢ C |J Q.

~ For £ <2andi<j<10let Vi(i,j) € V be the unique set such that We(i, ) C
Ve(i, 7). Also, let Vy = {Vi(i,7) : i < j < 10}.
CASE 1: {Wo(i,j):i<j<10}N{Wi(i,j):i<j<10} =0
By Claim 3.5.1(2) we have
bO(Oa 2) - b1(07 2) = bO(Oa 1) - bl(oa 1) + b0(17 2) - bl(la 2)
or
(bo(0,1) — by(0,2) + by(1,2)) + (b1(0,2) —b1(0,1) — by(1,2)) = 0.
If [{Wo(0,1), Wy(0,2), Wo(1,2)}| < 2, then
either Wo(0,1) = Wo(1,2) and by the homogeneity Wy(0,1) = Wy (i, j) for all i <
j_< 9, s0 bg(0,1) +by(1,2) —bp(0,2) € Wy(0, 1) + (W()(O, 1) = Wy(0,1)) C

Vo(0,1),
or W(E(O,Q)) = Wy(0,1) and then bg(0,1) — bg(0,2) + bo(1,2) € (Wy(0,1) —
Wo(0,1)) + Wo(1,2) € Vo(1,2), )
or Wo(0,2) = Wo(1,2) and then b()(l 2) b0(0,2) + bo(O,].) S (W0(0,2) -
Wo(0,2)) + Wo(0,1) € Vo (0, 1).
Therefore, if [{W(0,1), Wo(0,2), Wy (1,2)}| < 2 then by(0,1)—bg(0,2)+bg(1,2) €

2
UVo. If elements of {Wo(0,1), W5(0,2), Wy(1,2)} are all distinct, then they are
respectively included in disjoint sets VO( ,1),V5(0,2), Vo(1,2). Hence we may con-
clude that in any case bg(0,1) —bg(0,2) 4+ bo(1, ) equals to a nontrivial (2,Vy, 3)—
combination.
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Similarly, if |{W1(O, 1), W1(0,2), W1(1,2)}| < 2, then
either W1(0,1) = ’1(1 2) and then —((b1(0,1)—b1(0,2))+b1(1,2)) € —Vi(1,2),
or Wi(0,1) = W1(0,2) and then —((b1(0,1)~b1(0,2))+b1(1,2)) € —Vi(1,2),
or W1(0,2) = Wy (1,2) and then —((by(1,2)—b1(0,2))+b1(0,1))) € —V1(0,1).
Therefore easily in any case by(0,2) — by(0,1) — by(1,2) equals to a nontrivial

(2, V1, 3)—combination.

Now, in the current case we have Vo NV, = ), so we may conclude that 0 =
(bo(0,1)—=bg(0,2)+bg(1,2))+ (b1 (0,2)—b1(0,1)—b1(1,2)) is equal to a nontrivial
(2,V, 8)—combination, contradicting the assumption that V is an 8-good qif.

~ Thus Case 1 cannot happen and by Claim 3.5.2 either W(0,1) = W1(1,2), or
W1(0,1) = Wo(1,2).

CASE 2: Wy(0,1) = Wy (1,2).
By the homogenelty7 Wo(j5,8) = Wi(8,9) for each j < 8. By Claim 3.5.1(2), for
every j <8, a; —ag =bo(j,8) —bi(4,8) +bo(8,9) —b1(8,9), so

(a9+b0(839))_aj = (b1(879)_b0(.]a8))+b1(.758) € (WO(]78)_WO(]a8))+Wl(338)

Since W is immersed in V, the set on the far right above is included in V;(j,8).
Hence for ¢ = ag + bo(8,9) and A" = {a; : j < 8} we have ¢ — A" C |JV. Using
Lemma 3.4(2) we may conclude that c — A C |J Q.

CASE 3: Wl(O, 1) = Wo(l, 2)

By the homogeneity, W1 (j,8) = Wy(8,9) for each j < 8. As before we use Claim
3.5.1(2) to get

(b1(859>_a’9)+a’j = (b0(8>9)_b1(j?8))+b0(j?8) € (V_VO(Sa9>_W0(879))+WO(.778)
Since W is immersed in V, the set on the far right above is included in Vy(j,8).

Thus for ¢ = b1(8,9) —ag and A’ = {a; : j < 8} we have A’ +¢ C |JV. By Lemma
3.4(1) weget A+cC|JO.

Finally, to show that only one of (A) and (B) may take place, suppose A+c C |J Q
and d—A C |J Q for some ¢,d € H. Fora € Alet Q,,Y, € Q be such that a+c € Q,
andd—a €Y,.

Fix any a € A and choose b € A\ ({a} U (Y, —¢) U (d — Q,)) (it is possible as
by the assumption 3.5(e), |AN (Y, —¢)] < 2 and |[AN(d — Qq)| < 2). Now,

(a+c)+(d—a)=c+d=(b+c)+ (d—-D),

00 € Qq+ Y, — Qp —Y,. By the choice of b we have Qp, # Yy, Q. # Y}, and also
(by 3.5(e)) Qu # Qb and Y, # Y},. Therefore some nontrivial (2, Q, 4)—combination
is equal to 0, contradicting Q is a good qif. O

4. QUASI INDEPENDENCE AND SUMS

In a special case when Q,V, W are all families consisting of singletons (and p is
the discrete metric on H), Theorem 3.5 gives the following result of its own interest.

Corollary 4.1. Suppose that (H,+,0) is an Abelian group and B C H is quasi
independent. Assume also that

(2) m — (10)51us
(b) ACH, |A|>m and A— ACB—-B.
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Then exactly one of (A), (B) below holds true:

(A) There is a unique c € H such that A+ ¢ C B.
(B) There is a unique ¢ € H such that c — A C B.

The above Corollary inspired our interest in its dual version when A — A and
B — B are replaced by A + A and B + B. This dual result (given in Theorem
4.4 below) is not used in the proof of our independence theorem, but we find it
interesting.

Lemma 4.2. Suppose that (H,+,0) is an Abelian group and B C H is quasi
independent. Assume that A’ C A CH and ¢ € H are such that

(a) A+ ACB+B,

(b) A’ +¢C B and |A'| =4.
Then A — ¢ C B.

Proof. Suppose that A C A C H satisfy the assumptions (a) and (b). Assume
a € A and let us argue that a — ¢ € B.

Let {(a; : i < 4) list the elements of A’. For i < 4 let b; = a;+c¢ € B and note that
all b;’s are pairwise distinct. Since a; + a € B + B we may also choose b},b; € B
such that a; + a = b, 4+ b}. Then, for each i < 4, we have

a—c:a—(bi—ai):b;—i—b;’—ai—(bi—ai)zbg—i—b;’—bi.
Thus for i < j < 4 we have

($)1 0= (b +b; +bj) — (b + b7 + b;).

If for some i < j < 4 both sets {],b;,b;} and {b},b7,b;} had at least 2 elements,
then the right hand side of (%); would give a (2,8)—combination from B with the
value 0, so the combination would have to be a trivial one. Therefore

(x)2 for each i < j < 4,

either (i) b; = b/ = b;,

or (i) b} = b} = b;,

or (iii) {bf,b,b;} = {0},b7,0bi}.
Suppose that i < j < 4 are such that (x)(iii) holds true. Since b; # b;, we get
b; € {b;,b]} and hence a — c = b, + b — b; € {b},b/} C B, and we are done.

Assume towards contradiction that
()3 for each i < j < 4, either (x)2(i) or (x)2(ii) holds true.

Then for some ig < 4, b; = b7 whenever j # ig. Necessarily,

(jo #j1 Ao ¢ {j07j1}) = b, # b,

(as @ + aj, # a+ a;,). Since there are no repetitions among b;’s, we may now
choose j # ig such that b; # b; , b;- # b;, getting immediate contradiction with our
assumption (*)s. O

Lemma 4.3. Suppose that (H,+,0) is an Abelian group and B C H is quasi
independent. Assume that A’ C A C H are such that

(a) A+ ACB+B,
(b) |A’| >4, and A"+ ¢ C B for some ¢ € H.

Then A+ ¢ C B and the order of ¢ is < 2.
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Proof. Let A’ 4+ ¢ C B. It follows from Lemma 4.2 that A — ¢ C B. Applying that
lemma again for A’, A,B and —c we get A+ ¢ C B.

Concerning the second part of the assertion, suppose towards contradiction that
c+c#0. Let ag,aq,as,as be distinct elements of A. Then for distinct 4, j < 4 we
have

ai+c#a;—c, a+c#aj+c, and a;—c#a;—c,
and consequently we may find ¢ < 4 such that {ag +¢,a0 —c} N{a; +c,a; —c} = 0.
Then, by the first paragraph of this proof, ag + ¢,a¢9 — ¢,a; + ¢,a; — ¢ € B are all
distinct and (ag + ¢) — (ag — ¢) — (a; + ¢) + (a; — ¢) = 0, contradicting the quasi
independence of B. O

Theorem 4.4. Suppose that (H,+,0) is an Abelian group and B C H is quasi
independent. Assume also that

4
(a> m— (6)21447
(b) ACH, |A| >m and A+ AC B+ B.
Then there is a unique ¢ € H of order < 2 such that A+ ¢ C B.
Proof. Let (a; : i < m) be a sequence of pairwise distinct elements of A. Since
A+ A C B+ B, we may choose symmetric functions bg, by : m x m — B such
that
a; + a; =bo(i,j) + bi(s,7) for all 4,j < m.
Let (pe(io,i1,12,13) : £ < 144) list all formulas of the form
bj(iwaiy> = bj’(iw”iy’)
for j,j/ <2and x <y <4, 2 <y <4
Let p: [m] — 1449 be a coloring of quadruples from m such that if ig < iy <
io < i3 < m, then
/}J({io, il, ig, 13}) (6) =1 if and only if (pg(io, i17 ig, 23) holds true.
Since m — (6);1144, we may choose u € [m]6 homogeneous for p. Without loss of
generality, u = {0,1,2,3,4,5}.
Claim 4.4.1. If {bg(i,7) : i < j < 6} N{by(3,5) : i < j < 6} # 0, then either
bO(Ov 1) = bl(lv 2)7 or b1(07 1) = bO(lv 2)} or bO(Ov 1) = b1(07 1)
Proof of the Claim. Suppose ig < jo < 6 and i1 < j; < 6 are such that bg(ig, jo) =

bi(i1,71). We shall consider all possible orders of ig, jo,1,j1 and use the homo-
geneity to conclude one of the clauses in the assertion.

(a) If ip < jo < 41 < J1, then (by the homogeneity) bg(0,1) = by(2,3) =
b1(4,5) = bp(2,3), so also bg(0,1) = by(0,1).

(b) If ig < jo = i1 < j1 then also bo(o, ].) = b1(1,2)

(C) If 19 < 11 < Jo < J1, then b0(0,3) = b1(2,4) = b1(1,4) = b0(0,2) and also
bo(0,1) = by(1,2).

(d) Ifig < i1 < Jjo = J1, then b0(0,3) = b1(1,3) = b1(2,3) = b0(1,3) and also
bO(Oa 1) = bl(ov 1)

(e) If ig < i1 < 71 < Jo, then b0(0,5) = b1(3,4) = b1(1,2) = b0(073) and also
bO(Oa 1) = bl(]-v 2)
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(f) Ifig = i1 < jo < j1, then bg(0,1) = b1(0,2) = b1(0,3) = bg(0,2), so also
bo(0,1) = by(0,1).

(g) Ifig =141 <jo=yj1 then bp(0,1) =by(0,1).

(h) Ifip =41 < j1 < Jo, then bg(0,2) = by(0,1) = by(0,3) = by(0,2), so also
bo(0,1) = by(0,1).

(i) If4y <ip < jo < j1, then by(0,1) = bg(1,2) similarly to (e), just interchange
by and b;.

(G) If iy <ip < jo = J1, then bg(0,1) = by(0,1) similarly to (d).

(k) If 4y <idg < j1 < jo, then by(0,1) = bg(1,2) similarly to (c).

(1) If i1 <ip=j1 < jo, then by(0,1) = bo(1,2).

(m) Ifd; < g1 <o < Jjo, then bg(0,1) = by(0,1) similarly to (a). O

Claim 4.4.2. If bo(o, 3) = b()(]., 2), then bo(o, ].) = b()(]., 2) = b0(2, 3) = bo(o, 3)
Similarly if by is replaced by by .

Proof of the Claim. Straightforward by the homogeneity of w. O
Claim 4.4.3.
b(0,1) +b1(0,1) —bp(1,2) — b1 (1,2) + bo(2,3) + b1(2,3) = bp(0,3) + b1 (0, 3).

Proof of the Claim. Follows by the choice of by(i, ), b1 (7,5) and
(ap + a1) — (a1 + a2) + (a2 + az) = ag + as. ]

Now, we will consider six cases, showing that the first four of them are not
possible. In the remaining two cases we will find ¢ € H such that {a;+c: ¢ < 4} C B.
Then by Lemma 4.3 we will also have A + ¢ C B.

CasE 1: {bo(i,7) : ¢ < 7 < 6}N{bi(4,5) : i < j < 6} = 0 and by(0,3) ¢
{bl (07 1)a bl(lv 2)a b1(27 3)}

Then bl(O, 3) ¢ {bo(o, 1), bl((), 1), bo(]., 2), bl(]., 2), b0(2, 3), b1(2, 3), bo(o, 3)} and
by Claim 4.4.3

bl(oa 3) = bO(Ov 1) =+ bl(Oa 1) - bO(la 2) - bl(la 2) + b0(27 3) + b1(27 3) - b0(07 3)a

contradicting quasi independence of B.

Cast 2: {bg(i,j) : i < j < 6}N{bi(s,5) : 1 < j < 6} = 0 and by(0,3) ¢
{bO(Ov 1)3 bO(]-v 2)3 b0(2a 3)}

By an argument similar to Case 1, one shows that this case is not possible as well.

CaseE 3: {bo(i,7) : i < j < 6} N{bi(4,5) : i < j < 6} = 0 and b(0,3) €
{bp(0,1),bg(1,2),bp(2,3)} and b1(0,3) € {b1(0,1),b;1(1,2),b1(2,3)}.

SUBASE 3A: by(0,3) = by(1,2).

Then by Claim 4.4.2, bg(0,3) = bg(0,1) = bo(1,2) = bg(2,3).

If by(0,3) = by(0,1), then ag + ag = ag + a1 and as = a;, a contradiction.

If b1(0,3) = by1(2,3), then ag + ag = az + as and ag = az, a contradiction.

If by (0,3) = by(1,2), then Claim 4.4.2 implies by(0,3) = by(0,1) and we already
know that this leads to a contradiction.

Consequently Subcase 3A is not possible.

SUBASE 3B: b1(0,3) = by(1,2).

Similarly as in Subcase 3A one argues that this is not possible.
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SUBASE 3C: bg(0,3) = bg(0,1) and b;(0,3) = by (0, 1).

Then ag + a1 = ag + a3 and a; = az giving a contradiction.

SUBASE 3D: bo(o7 3) = b0(2,3) and b1(0,3) = b1(2, 3)

Like Subcase 3C, this is not possible.

SUBASE 3E: by(0,3) = bg(0,1) and by(0,3) = by(2, 3).

If we had by(0,1) = by(1,2), then also (by the homogeneity) b;(1,2) = by(2,3)
and we get a contradiction like in Subcase 3C.

If we had bg(1,2) = bg(2, 3) then also by(2,3) = bg(0, 1) and we get a contradiction
like in Subcase 3D.

Consequently, there must be no repetitions in {b(1,2),bg(2,3),b1(0,1),b1(1,2)}.
By Claim 4.4.3 and the assumption of the current subcase we have

by (07 1) + b0<27 3) - bO(la 2) - b1(17 2) =0,

a contradiction with the quasi independence of B.
SuBASE 3F: bo(O, 3) = b()(?7 3) and b1(073) = bl(O, 1)
Like Subcase 3E, this is not possible.

The next three cases cover the possibility when {bg(i,7) : i < j < 6}N{by(,7) :
i < j <6} #0. By Claim 4.4.1, this implies that either bo(0,1) = by(1,2), or
bl(O, 1) = bo(l, 2), or bo(o, 1) = b1(0, 1).
CASE 4: bg(0,1) =by(0,1)
Then for all i < j < 6 we have bg(i,75) = by (4, ).

If for some iy < jo < i1 < j1 we had byg(ip, jo) = bo(41,71), then by the homo-
geneity we would have had bg(0,1) = bg(i,5) = b1(4,4) for all i < j < 5 and

4b0(0, 1) = ((10 + al) + (a1 + CLQ) =2a1 + 2b0(0, 1)

Hence 2b9(0, 1)+ (ap+a1) = 4by(0,1) = 2a1+2bp(0, 1) and ap = aq, a contradiction.
Therefore, bg(ig,jo) # bo(i1,j1) whenever iy < jo < i1 < j1 < 3. Now, by

Claim 4.4.3,

2b0 (Oa 3) = bO (07 3) + bl(oa 3) =

bo(0,1) + b1(0,1) — bo(1,2) — b1(1,2) + by(2,3) + b1(2,3) =

2bo(0,1) — 2bo(1,2) + 2by (2, 3).
If we had bg(0,3) = bg(1,2), then by the homogeneity bg(1,2) = bg(0,5) =
bo(2,3), contradicting what we said above. Therefore, bg(0,3) # bg(1,2) and
bo(0,1),bo(1,2),bo(2,3) are pairwise distinct. Hence

2bo(0,1) — 2by(1,2) + 2bg(2,3) — 2bg(0, 3)

is a nontrivial (2, 8)—combination with value 0, a contradiction with the quasi in-
dependence of B.

Consequently, Case 4 is also impossible.
CASE 5: bg(0,1) =b1(1,2).
By the homogeneity, for each j < 4 we have then bg(j,4) = by(4,5). Hence for
every j < 4 we have

aj + a4 = bO(Ja4) + bl(j7 4) = b1(475) + bl(.ja 4)7

and consequently
a; + (as —b1(4,5)) =b1(j, 4) € B.
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Thus letting ¢ = a4 — b1(4,5) we will have {a; + ¢:i < 4} C B. By Lemma 4.3 we
also have A 4+ ¢ C B.

CASE 6: by(0,1) = bo(1,2).
Similarly to Case 5, for each j < 4 we have b1(j,4) = bo(4,5) and

aj +as = bo(j,4) + b1(j,4) = bo(j,4) + bo(4,5).
Hence a; + (a4 — bo(4,5)) = bo(j,4) € B and the rest is clear.

Concerning the uniqueness of ¢, suppose towards contradiction that ¢ # d are
such that A+c¢ C B and A+ d C B. Let ag, a1, as, a3 be distinct elements of A.
Then for distinct i, j < 4 we have

ai+c#a;+d, a;+c#a;j+c, and a;+d#a;+d,

and we may find ¢ < 4 such that {ag + ¢,a0 + d} N {a; + ¢,a; + d} = 0. Then
the elements ag + ¢, a9 + d,a; + ¢,a; + d belong to B, they are all distinct and
(ap 4+ ¢) — (a0 +d) — (a; + ¢) + (a; + d) = 0, contradicting the quasi independence
of B.

Finally, Lemma 4.3 gives that ¢ must be of order at most 2. [

5. FORCING FOR ABELIAN GROUPS WITH FEW ELEMENTS OF ORDER TWO

In this and the next section, we will keep the following notation/assumptions
concerning our group H.

Assumption 5.1. (1) (H,+,0) is an Abelian perfect Polish group with the
topology generated by a complete metric p*.

(2) D C H is a countable dense subset and p : Hx H — [0, 00) is a translation
invariant metric compatible with the topology of H. (The metric p does
not have to be complete; it exists by the Birkhoff-Kakutani theorem.)

(3) The open ball in the metric p with radius 27" and center at 0 is denoted
B,, and we let U = {d—l— B,:deD A n< w}. By the invariance of the
metric p, the family U is a countable base of the topology of H.

Note that if P C B C H then x +y € (B+ x) N (B + y) for each z,y € P.
Consequently, if P C B is a perfect set, then it witnesses that B has a perfect set
of pairwise non-disjoint translations. But for £ > 2 we may and will introduce a
forcing notion adding a Borel set B C H which has many pairwise k—overlapping
translations but no perfect set of such translations.

The technical details force us to break up the construction into two cases. First,
we will assume that the group H has only a few elements of rank 2. So, in addition
to the assumptions and notation specified in 5.1, in this section we assume the
following:

Assumption 5.2. (1) The set of elements of H of order larger than 2 is dense
in H.
(2) 1<k<w.
(3) eis a countable ordinal and A is an uncountable cardinal such that NPr®()\)
holds true. The model M(e, A) and functions rk®,j and k on [A]<¢ \ {0}
are as fixed in Definition 2.6.
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We will define a forcing notion P adding A many (distinct) elements (1, : o < \)
of the group H as well as a sequence (F,, : m < w) of closed subsets of H. The X9
subset S = |J F, of H will have the property that (in the forcing extension)

m<w
(V)1 there is no perfect set P C H satisfying
(Vo,y € P)(|(z+ S) N (y + 9)| > k).
At the same we will make sure that

(D)2 |(—77a +S5)N(—ns+ S)’ >k forall a, B < A.

To ensure (V)2 holds, the forcing will also add witnesses for it: group elements
Via,p = Vi,,a € H and integers hq g < w such that 0y + viap € Fh, , (for i <k,
a, < A).

A condition p € P will give a “finite information” on objects mentioned above.
Thus for some finite wP C A, for all distinct o, 8 € wP, the condition p provides
a basic open neighborhood UZ(n?) of n,, basic open neighborhood ijaﬂ of Vi3
and the values of hy g = hP(a, 8). An approximation to the closed set F,,, C H will
be given by its open neighborhood

F(p,m):U{Ug(np)—i—Wfa’ﬁ:(a,ﬁ)e(w”)<2> ANi<k A hP(a,B) =m}.

Clause (©); as well as the ccc of the forcing P will result from the involvement of
the rank rk°® and additional technical pieces of information carried by conditions
p € IP: basic open sets QF , 5, V", 5 and integers 75,
Definition 5.3. (A) Let P be the collection of all tuples
p= (wp,Mp,fp,np,Tp,Vp,hp) = (w,M,F,n,T,V,h)
such that the following demands (X);—(X)g are satisfied.
Xy we N |w>4,0<M<w 3<n<wand 7= (ry, :m< M) Cw
with r,, <n —2for m < M.
(XM)e T = (Uy : « € w) where each U, = (U, ({) : £ < n) is a C-decreasing
sequence of elements of the basis U.
Rz V = (Qiass Viass Wiap 1 i < k, (a,8) € w?) C U and Qinp =
Qipia 2 Vias = Viga 2 Wiap = Wiga forall i <k and (o, ) € w.
(X)s (a) The indexed family (Un(n—2) : o € w) (Qiap:i <k, o, €w, a <
B) is an 8—good qif (so in particular the sets in this system are pairwise
disjoint), and
(b) (Ua(n) : @ € W)™ Wiap i <k, o, € w, a < () is immersed
in (Uag(n—1) : a € wy Viap i <k, af €w a<pf)and
Uan—1):acw)(Viap:i<k, af €w, a<f)isimmersed in
Uan—2):acw) ™ (Qiap: i<k, a,f € w, a<f);see Definition
3.1(4) (so all these families are 8-good qifs).
(X)s (a) If a, B € w, £ <nand Uy(£) NUg(¢) # 0, then Uy (€) = Us(¥), and
(b) if a, B,y € w, £ < mn, Uy(¥) # Ug(¢) and a € Uy(¢), b € Ug(¥¢), then
p(a,b) > diam, (U,(0)) (= diam, (- U(0))).
(R)g h:w? oM M is such that h(a, B) = h(B,a) for (a,B) € w'?.
(X)7 Assume that u,u’ C w, m and £ < n are such that
e 4 < |ul =u| and 7 : w — v’ is a bijection,
® Tha,p) < L forall (o, B) € u?,
e U,(¢)NUs(¢) = 0 and h(a, B) = h(m(a), w(B)) for all distinct o, 5 € w,
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e for some ¢ € H,

either for all o € u, we have (Ua(£) + ¢) N Usr(ay(€) # 0
or for all a € u, we have (c —U.(0)) N Uﬂ(a ) # 0.
Then 1k (u) = rk°P(v'), j(u) = j(u'), k(u) = k(v') and for o € u
lanu|=k(u) < |r(a)nd|=k(u).

(X)s Assume that
o ) #uCw, rk®(u) =-1,¢<nand
e « € u is such that |a Nu| = k(u), and
o 7h8,8) < L and Ug(f) N Ug (£) = 0 for all (B
Then there is no o € w\ u such that Uy (¢) = Uy
for all 8 € u\ {a}.

(B) For p e P and m < MP we define
F(p,m) = J{UEmP) + WF, 5: (@, 8) € (w")® A i<k A BP(a,B) =m}.
(C) For p,q € P we declare that p < ¢ if and only if
o wP Cwl, MP < M9, [ MP = 7, n? < n9, h9[(w?)® = h?, and
if @ € wP and ¢ < n? then U4(¢) = UR({), and
if (o, B) € (wP)?), i < k, then Qf 0s C QL ap Vins S Via s
W7, 5 and

,L’

e if m < MP, then F(q,m) C F(p,m).

5/) cu 2)
a.

Ua(£) and h(av, §) = h(a’, §)

and Wl o 5

Lemma 5.4. (1) (P, <) is a partial order of size A.
(2) The following sets are dense in P:
(i) DgﬁM’n:{pEP:’yEUI” A MP>M A nP>n} fory <X and
yn<w.
(ii) Dy = {p € P: diam,- (UE(n? —2)) < 27N A diam,- (QY , 5) <27V A
diam,,- (U (n?=2)+Q7 , 5) <2~ N for alli <k, (a,B) € (wP)@}
for N < w.

(iii) D} ={p€eP: foralli,j <k and (o, B), (7,6) € (wP)$?) it holds that
diam,, (UE(n? —2)) < 27N and diam,(Q} , 5) <27V and
dlamp(Up(np -2)+ QZ ap) < 27N and
if (i, 0,0, B) # (J,7* 7,5) then
(U2-(09) + W2, ) 0 (U2 (n?) + WP ) = 0}.

for N < w.
(3) Assume p € P. Then there is q¢ > p such that n? > nP 4+ 3, w? = w? and
e for all aw € wP, cl(U4(n? —2)) C UE(nP), and
e foralli <k and (a,f) € (wP)(?),

A(Ud(n? =2) + Q7 , 5) CUEWP)+ W/, 5 and c(QF,5) CSW/, 5

Proof. (2)(1) Suppose p € P and v € A\ w?. Let o* = min(w?) and let w =
wP U {~} and n = nP + 3. Using Proposition 3.3 we may choose U, (n —2) € U (for
acw)and Qa5 €U (for i <k, a < B, o, € w) such that

Ua(n —2) CUE(nP) and Qa5 C Wf?aﬁ when o, 8 € w?,

U, (n —2) C UL (n?),

(Uan—2):a€cw) (Qinp: i<k, a<p, ofcw)isan 8good dif,
diam, (Us(n—2)) = diam, (—Us(n—2)) < p(a,b) for all § € w, (a, B) € w'?,
a€Uy(n—2)and b e Ug(n —2).
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Then by Observation 3.2(3) we may choose Uy (n—1),Us(n), Vi a8, Wi.a,p € U (for
a < f from w and ¢ < k) such that Uy(n) C Us(n — 1) C Us(n —2), Wiap C
V;,a,ﬁ g Qi,a,ﬁ and

o (Uyn—1):acw)y (Viap i<k, of € w, a< f)isimmersed in
(Uan—2):a€cw) (Qiap i<k, ofcw, a<f), and

o (Us(n) : « € w)y ™" (Wiap 1t <k, a, p € w, a < ) is immersed in
Uan—1):acw)y(Viapg:i<k, a,f€w, a<f).

(
Put T = (U, : a € w), where U, = U2 (Uy(n —2),Uq(n — 1),Ua( )) if @ € wP
and U, = UL Uy (n = 2),Uy(n = 1),Uy(n)). Let Qipa = Qiap, Vipa = Vias
and W; g0 = Wi op (for i < k, o < § from w), and let V = (Q;.0.8, Vio.8, Wi,a,8
i<k, (a,B) € w?). Let M = MP + |wP| and let h: w? — M be such that

e h(a, ) = h?(a, B) when (a, B) € (wP)$?),
e h(a,y) =h(y,a) = MP + j when o € wP and j = |wP N a.
We also define 7 : M — (n—1) so that #F|M? = 7 and r,,, = n—2 for m € [MP, M)

Put ¢ = (w, M,r,n, T, V,h). Let us argue that ¢ € P. To this end we have to
verify conditions (X);—(X)s of Definition 5.3. Of these the first six demands follow
immediately by our choices. To show (X)7, suppose u, v C w and 7 : u — v’ and
¢ < n and ¢ € H satisfy the assumptions there. If a € wP then h(v,«) > MP and
therefore v € u if and only if v € «/. If v ¢ u, then uUu' C w? and clause (X); for
p (applied to min(n?, ¢) instead of £) gives the needed conclusion. If v € wu, then
v € u’ too and we look at h(,v) for 8 € uNwP. Each of these values is taken by
h exactly one time, so h(7(8),7(y)) = h(B8,~) for all 8 € w? implies that 7(y) =y
and w(8) = B for § € uNwP. Hence u = v’ and 7 is the identity, so the desired
conclusion follows.

Now suppose £ < n, o € u C w are as in the assumptions of (X)g (so by 2.6(®),,
also u > 2). If v ¢ u, then applying (K)g for p to a,u and ¢ = min(¢, n?) we see
that there is no o’ € w? \ u with U, (¢) = Uy (¢), and h(a, 5) = h(a/,B) for all
B € u\ {a}. The values of h(8,v) (for § € u) are above MP, so they cannot be
equal to h(f, «) either. Consequently, the conclusion of (X)g holds in this case. So
assume now that v € uw\ {a}. The value of h(v, ) is taken exactly once, so no
o € w\ {v,a} satisfies h(v,a) = h(y,¢’) and the desired conclusion should be
clear now. Finally, assume v = a. As we said, |u| > 2 so we may take 8 € u\ {7}
and look at h(v, ). There is no o € w\ {y} with h(a/,8) = h(v, ), so desired
conclusion follows, finishing the proof of (X)s.

Now one easily deduces (2)(i).

(ii) Assume p € P and N < w. For (o, 3) € (wP)? and i < k ﬁrst choose
Ua(nP+1), Qi,a,p € U such that Uy (n?+1) C UL(nP), Qiap = Qiga © W/, 5 and
p*—diameters of Uy (nP +1), Qi o.p and Uy (nP +1) +Q; o5 are all smaller than 2-N,
Note that (Ua(n? +1) :a € wP) (Qiap:i <k, a<pf, o,f € wP)isan 87good
qgif. Next, use Proposition 3.3 to choose Uy (n? +2),Uq(nP 4+ 3), Vi a8, Wiap €U
such that Uy (n? +3) C Uap(n? +2) CUn(n? + 1), and Wia g =W 50 C Vias =

Viga C Qiap (for (a,8) € (wP)? and i < k), and

o (Uy(n?+3):acwl) (Wyap:i<k, a<p, af € wP)isimmersed in
(Ua(mP +2) :aewP) (Vigp: i<k, a<pf, o €cwP), and
(Ua(m? +2):acwP’)(Viap:i<k, a<p, ap € wP)is immersed in
(Ua(m?+1):acwP) (Qiap:t <k, a<p, afcuwp).
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Now, for a € wP let U, = U”“(U (nP +1),Uq(nP + 2),Uqy(nP + 3)) and then let
Y =(Uy:a€wl) and V = (Qiap Vias Wiap : i < k, (a,8) € (wP)).
These choices clearly determine a condition ¢ = (wP, MP, 7P nP 43, T,V, hP) € D}V
stronger than p.

(iti) Similarly to (i), we just make Ua(n? + 1), Ua(n” +2), Ua(n? +3). Via.
Qi.ap and W, , g suitably small.

(3) Analogous. O

Lemma 5.5. Suppose that p € P and «, 5,7, € wP are such that o # . If
(Ug(np —2) — UZ(n? — 2)) N (Ug(ni’ —9) — UP(n — 2)) £0,

then =y and 8 = 0.

Proof. Let n = n?. Suppose that a € UZ(n —2), b € Uf(n — 2), c € UP(n — 2) and
d € UY(n—2) are such that a —b = c—d. Then a+ (c—a) =cand b+ (c—a) =d,
so as p is invariant we have p(a,b) = p(c,d). Demand 5.3(A)(X)s5(b) implies that
p(a,b) > diam,(UZ(n —2)) and hence v # 0. Now look at a+d—b—c: since a # j3
and 7 # ¢ it is a (2,4)-combination from an 8-good qif (Uf(n —2) : ¢ € w). Since
the value of the combination is 0, it has to be trivial. Hence immediately o =
and 8 =4. O

Lemma 5.6. The forcing notion P has the Knaster property.

Proof. Suppose (p. : € < wi) is a sequence of pairwise distinct conditions from P.
Applying standard A-lemma based cleaning procedure we may find wg C A and
A € [w1]“t such that for distinct &,¢ € A the following demands (%); + ()2 are
satisfied.
()1 |wPe| = |wPS|, wo = wPs NwPS, MPe = MP<¢ nPs = nPc, 7Pe = 7P,
(%)g If 7* : wP< — wP¢ is the order isomorphism, then
o T*[wy is the identity,

o UL (0) = Upf( )(£) whenever o € wP<, £ < nP<,

o if (0, 8) € (w?<)® i < k, then h<(a, B) = hve (n* (), 7 (B)), and
Qs = Q@ Vias = Vim @@ 04 Wi s =Wk o))
o if ) # u C wPe, then rk® (u) = kP (7*[u]), j(u) = j(7*[u]) and k(u) =
k(7 [u]).
Note that then for all £ € A we have
()3 if u C wo, @ € wPs \ wy and rk*P (uU{a}) = —1, then k(uU{a}) # [uNal.
[Why? Suppose towards contradiction that k(u U {a}) = [unal. For ¢ € A let

a¢ € wP< be such that |ac NwP<| = |a NwPé|. By (*)2 we have
jdéfj(uu{a}) =j(uu{ac}) and k(uU{ac}) = k(uU{a}) = [unal = [uNag| g
Therefore, letting uU{a} = {ao, ..., ar_1} be the increasing enumeration, we have

o = o and
M E Ry jloo, .oy ap—1, 0, g, - o Qg—1] for all ¢ € A.

However, this contradicts the choice of j,k in Definition 2.6 and the assumption

rk*P (wU {a}) = —1]
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We will argue now that for £,{ € A the conditions pg¢,p are compatible. So
let £ < ¢ be from A and let 7* : wP¢ — wP¢ be the order isomorphism. Set
w = wPt UwPs, M = MPs + |wPs \wp<|2, n=nPs +3and let 7 = (ry, : m < M)
be such that r,, = rh¢ if m < MP¢, and r,, = n — 2 if MPs < m < M.

Use Proposition 3.3 and Observation 3.2(iii) to choose Uy(n — 2), Uy(n — 1),
Ua(n), Qi.a,8, Via,p and W; o g from U for i < k and (a, ) € w!? so that

(¥)4a (a) demands 5.3(X)5—(X)s5 are satisfied and

(b) if (a,B) € (wpﬁ)(z), i <k, then Uy(n —2) C Ua®(nP¢) and Q; a5 C

Wfi’ﬁ, and
(c) if (o, B) € (w”<)<2>7 i < k, then Uy (n —2) C Us*(nP¢) and Q; a5 C
pe
i,0,8°

Let Uy = U (Uq(n — 2),Uqs(n — 1),Uq(n)) if @ € wPe and U, = UL (Uqy(n —
2),Un(n — 1),Uq(n)) if @ € wP¢, and let T,V be defined naturally. Choose h :
w? — M extending both hP¢ and hP¢ in such a manner that h(a, 8) = h(f, @)
for (a, B) € w!? and the mapping

(wPe \wo) x (wP< \wo) > (e, B) = h(a, B)

is a bijection onto [MP¢, M). Finally we set ¢ = (w, M,#,n, T,V h).

Let us argue that ¢ € P (once we are done with that, it should be clear that ¢ is
stronger than both pe and p¢). The only potentially unclear demands to verify are
(|Z)7 and (|X|)8 of 5.3.

First, to demonstrate (X)7, suppose that u,u’ C w and 7 : v — v’ and £ < n
and ¢ € H are as in the assumptions there. Let us consider the following three
cases.

CAsE 1: u C wPe.
Then for each (a, ) € uf? we have h(a,3) < MP%, so this also holds for all
(v,6) € (u')?). Consequently, either u/ C wP or v’ C wPe.

If w' C wP¢, then let ¢ = min(¢,nP¢) and consider u,u’, 7, ¢'. Using clause (X);
for ps we immediately obtain the desired conclusion.

If ' C wPe, then we let ¢/ = min(¢, nP¢) and we consider u, 7*[u/], ¢ and 7* o
(where, remember, 7 : wP¢ — wP¢ is the order isomorphism). By (x); + (%),
clause (X)7 for pe applies to them and we get

o kP (u) = 1k*P (7 [u']), j(u) = j(7*[w]), k(u) = k(7*[«]) and
o foracu, |anul=k(u) < [(7* om)(a) N7 [u]| =k(u).
Now ()1, (%) immediately imply the desired conclusion.

CASE 2: u C wPe.
Same as the previous case, just interchanging £ and (.

CASE 3: u\ wPs # 0 # u\ wpe.
Choose a € u\ wP¢ and B € u\ wP¢. Then h(a, ) > MP¢ and therefore n — 2 =
Thia,p) < L

We will argue that 7 is the identity on u and u = u’ (so the needed assertion is
immediate). Suppose towards contradiction that we got a v € u such that w(y) # ~.
Since |u| > 4 we may also pick 4" € u such that {y,7(v)} N {7, 7(v")} = 0. Now
we consider two subcases determined by the property of ¢ € H.
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Suppose (Ug(() ¢) N Uz () # 0 for all § € u. Then for some b € U,(¢),
V'€ Upry(£), 0" € Uy (f) and 0" € Uy (f) we have b —b = ¢ = b — 1"
However, this (and the choice of v and 7') gives immediate contradiction with
(Us(€) : 6 € w) being a good qif (remember ¢ > n — 2).

Assume now that (c—Us(£))NUy(s)(€) # 0 for all § € u. Then for some b € U, (¢),
V' € Up(y)(£), V" € Uy (€) and 0" € Ur(yy(€) we have b’ +b = c=b"" +b", getting
immediate contradiction with (Us(¢) : § € w) being a good qif.

Now, concerning (K)g, suppose that v C w, £ < n and «a € u are such that

e |aNu|=k(u) and rk* (u) = —1 and
o 73,8 < £ and Ug(£) N Upg (¢) =  for all (B,5') € uf?),
We want to argue that there is no o/ € w such that
0K o ¢u, h(a,B)=h(/,B) for all € u\{a}, and Uy () = Uy ().
This is immediate if £ > n — 2, so let us assume ¢ < nP<. Then we must also have
Thg,pry < nPe for all (B,5') € u{?, so either v C uP¢ or u C uP<. By the symmetry,
we may assume that u C uP¢.

If w C wPs NwP< then we may first use (X)g for pe to assert that there is no
o € wPs satisfying (%)® and then in the same manner argue that no o/ € w¥e
satisfies (F)*".

If u C wPs but u\ wP¢ # () and o € wPs NwP<, then (X)g for pe implies there is
no o/ € wPs satisfying (F)®. Also if o/ € wP¢ \ wPs then for 8 € u\ wP¢ we have
ha, 8) < MPs < h(d/, B), so (%)a/ fails then too.

Thus we are left only with the possibility that a € uP¢ \ uP<. Like before, (K)g
for pe implies there is no o € wPs satisfying (>I<)°‘l. So suppose now o € wP< \ wr.
By (x)3 we know that (u\ {a})\ uP¢ # 0, so let 8 € u\ uP<, 8 # . Then we have
ha, B) < MPs < h(d/, B), so (%)O‘/ fails. The proof of (X)g is complete now. O

Lemma 5.7. For each (o, ) € A2 and i < k,

lFp  “ the sets
ﬂ{Ug(np):pGGu» AN acwl} and ﬂ{Wi’jaﬁ:pEGp A a,BewP}

»”

have exactly one element each.
Proof. Follows from Lemma 5.4(2)(ii), (3). O

Definition 5.8. (1) For (a,8) € A and i < k let 7q, Via,p and ha,s be
P-names such that

IFp “{ﬁa}:m{Up np p€EGp A aGwp}

{yi,a,ﬂ}:ﬂ{ wp PEGP A o, B € wh}
ha,p = hP(a, B) for some (all) p € Gp such that o, 5 € wP. ”

(2) For m < w let F,, be a P-name such that
r“Fn ﬂ{Fp, pEGP/\m<Mp}.”
(Remember F(p,m) was defined in Definition 5.3(B).)

Lemma 5.9. (1) For each m < w, IFp“F,, is a closed subset of H. 7
(2) Fori <k and (a, B) € X we have

lFp “Na,Via,p €M, hap <w, Viap=Viga and Mo+ Viapg € Fn,,-

»”

See https://shelah.logic.at/papers/1187/ for possible updates.
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(3) IFp“ (Nas Viap 2@ < k, a < B < \) is quasi independent (so they are also
distinct) .”

(4) e *|(=na+ U Fu) N (=ns+ U F)[ 2 k. 7
m<w m<w
Proof. Should be clear (remember Lemma 5.4). O

Lemma 5.10. Let p = (w, M,7,n, T,V h) € D} CP (cf. 5.4(iii)) and as, b, € H
and Uy, Wy € U (for ¢ < 4) be such that the following conditions are satisfied.

(®) U € {Upn):acw), Wp € {Wing:i<k, (a,8) €w'?} (for £ < 4).

(@)2 ] (Uo + W()) n (U1 + Wl) =,
o (U1 +W1)N(Us+W3) =0,
o (Us+Wo)N (Us +W3) =0,
. (Uo + Wo) N (U2 + WQ) = 0.
(®)s ag € Up and by € Wy and ag+bp € |J F(p,m) for £ < 4.

(@) (a0 +bo) — (ar + by) = (az + ba) — (an -+ bs).

Then for some (a, B) € w'? and distinct i, j < k we have
either Uy = Uy = Uy(n), Uy =Us = Ug(n), Wo = W1 = W, 4.8, and Wo = W3 =
Wi
or Up=U1 =Us(n), Uy =Usz =Ug(n), Wo=Wo =W, o3, and Wy = W3 =
Wj)a7ﬁ.
Proof. For £ < 4 let U, and V; be such that
o if Uy = Uy(n) then U, = Uy(n — 1),
o if W, = Wi.a,p then Vo =V, 4 3.
Also, let

LHSa = ap—aj1—az+as, LHSb = b()—bl—b2+b3, and LHS = LHSa+LHSb =0.

Put U* = {Uy, Uy, Uz, Us}, W* = {Wyo, Wy, Wo, Ws}, U* = {Uy,U; Uy ,Ug },
and V* = {Vp, V1, V2, V3}.

(a) [U*| > 1.
Why? If not, then Uy = U; = Uy = Us and by the assumption (®)y of the Lemma
we have {Wy, W5} N {W1, Wy} = (. By 5.3(A)(XN)4, the latter also means that
{‘/()7 V},} n {Vl, VQ} = 0. Now,

LHS = ((ao — a1) + bo) + ((az — a2) + b3) — by — bs,

and using 5.3(A)(X)4(b) we have (ag — a1) + by € Vo, (a3 —az) + b3 € V3, b1 € V3
and by € V5. Since {Vp, V3} N {V3,V2} = 0 we see that LHS is a nontrivial (2,4)-
combination from V*, so it cannot be 0, contradicting assumption (®), of the
Lemma.

(b) IW*| > 1.
Why? Fully parallel to (a).

(c) If for some W we have |{{ < 4 : W, = W}| = 3, then LHS, is a nontrivial
(2,4)-combination from V*.
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Why? Suppose Wy = Wy = Wy # Ws. Then, by 5.3(A)(X)4(b), we have (by —
bp) + by € Vo and bs € V5. Hence LHS;, = 7((b1 —bg) + bg) + b3 € —Vo 4+ V5 and
Vo # V3.

Suppose Wy = Wy = W3 # Ws. Then, by 5.3(A)(X)4(b), we have (bg—b1)+b3 €
V3 and by € Vo, so LHS, = (bg — b1) + b3 —ba € V3 — Vo and Vi # V3.

The other cases are fully parallel.

(d) If for some U we have |{¢{ < 4 : U, = U}| = 3, then LHS,, is a nontrivial
(2,4)-combination from U*.

Why? Same argument as for (c), just using U, instead of Wj.
(e) For every W we have [{¢ <4: W, =W}| < 3.

Why? We already know that [{¢ < 4 : W, = W}| < 4 (by (b)), so suppose
{¢ < 4: W, = W} has exactly 3 elements. It follows from (c) that then LHS,
is a nontrivial (2,4)-combination from V*. By (a) we know that |/*| > 1. If for
some U we have |{¢{ < 4 : Uy = U}| = 3, then we may use (d) to claim that
LHS, is a (nontrivial) (2,4)-combination from U* and then LHS is a nontrivial
(2, 8)—combination from U* U V*, contradicting (®)4 (remember 5.3(A)(X)q4).

So suppose that for each U we have [{¢ < 4 : U, = U}| < 2. Then LHS, is a
(possibly trivial) (2,4)—-combination from U* and consequently LHS is a nontrivial
(2, 8)—combination from U* U V*, so also from U* U V*, again contradicting (®)4.

(f) Foreach U, |{{ <4:U, =U}| < 3.
Why? Same argument as for (e), just using (a) and (c) instead of (b) and (d).

Since p € D?, it follows from our assumption (®)3 that for each ¢ < 4, for some
a=al),B = p((), and i = i(£) we have Uy = Uy(n) and Wy = W, o g. It follows
from (e)+(f) that LHS is a (2, 8)-combination from U* UW?*. Necessarily it is a
trivial combination (as LHS = 0 by (®)4). Consequently ,

(@)1 either Uy = Uy # Uy = Us, or Uy = Us # Uy = Us, and

(@)2 either Wy = W 7é Wy = Ws, or Wy = W, 75 Wy = Ws.

Suppose Uy = Uy # Us = Us. Then by (®)2 we must have Wy # Wy, Wy # Wi
and by (®)2 we get Wy = Wy and W, = W5. Thus for some (a, ) € w® and
i,j <k, i+# j, we have

Uo = Ul = Ua(n), U2 = U3 = U@(n), Wo = W2 = Wi,a,ﬁ) W1 = W3 = Wjﬂ,ﬁ.

Suppose now that Uy = Uy and Uy = Us. By (®)2 we must have then Wy # Wy

and Wy # W3, Therefore, by (®)2, we may conclude that Wy = Wy and Wy = Ws.

Consequently, for some (o, 3) € w® and distinct 4,5 < k we have

UO = Ug = Ua(n), U1 = U3 = UB(’/Z), Wo = W1 = Wi,a,,@; Wg = W3 = Wjﬂ%ﬁ'
O

Lemma 5.11. Let p = (w, M,7,n, T,V ,h) € D? and X C H, |X| > 5. Suppose

that a;(z,y),b;(x,y), Ui(z,y) and Wi(z,y) for z,y € X, x # y and i < k satisfy
the following demands (i)—(iv) (for all x #y, i #1i').
(i) Ui(z,y) € {Ua(n) : a € w}, Wi(z,y) € {Wiap:j <k, (a,8) €w?}.
(i) o (Ui, y) + Wi(z,y)) N (Uily, z) + Wi(y,z)) =0,
o (Ui(z,y) +Wi(z,y)) N (Ui (z,y) + Wi (z,y)) = 0.
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(111) CH(ZIJ,y) S U,(:I:,y) and bz(x7y) € Wl(xvy)7 and

ai(x,y) + bi(x,y) € L<JM F(p,m).

(iv) z —y = (a;(z,y) + bi(z,y)) — (a;(y,z) + bi(y,2)).
Then
(1) X=X CU{Ua(n—2)—Us(n—2):a,B € w}.
(2) If (z,y) € X2 and x—y € Uy(n—2)—Us(n—2), a, B € w, then a # 3 and
for each i < k we have a;(x,y) + b;i(x,y), a;(y,x) + bi(y,x) € F(p, h(a, B)).

Proof. (1) Fix 2,y € X, z # y, for a moment.

Let i # 4/, i,i < k. We may apply Lemma 5.10 for U;(x,y), W;(x,y), U;(y, z),
Wiy, x), a;i(z,y), bi(x,y), a;(y, x), bi(y, z) here as Uy, Wy, Uy, W1, ag, by, a1, by there
and for similar objects with i’ in place of i as Uy, Wa, Uz, W3, as, ba, as, bs there.
This will produce distinct o = a(z,y,1,i'), 8 = B(x,y,4,7') € w and distinct j =
jx,y,i,4'), 5 = j’(w,y,i,i’) < k such that

cither (A) Ui(z,y) = ( y) = ( ) Uiy, #) = Uir(y, ) = Up(n),
Wi(z,y) = Wiy, ) = Ja,ﬂa Wi (z, y) = Wo(y.2) = Wy oo,
or (B) Ui(a?,y)ZU( z) = Ua(n ) i(z,y) = Ui (y, ) = Us(n),
Wiz, y) = Wi (, ) W Wiy, )ZWw(yw):Wj’aB
Note that if for some i # 7', i,i’ < k, the possibility (A) above holds, then it holds

for all 7,7’ < k and

x—y = (ai(z,y) +bi(z,y)) — (ai(y. z) + bi(y,z))
(ai(xvy) + (bz(xvy) - bl(ya CE))) - ai(yax)

and a;(z,y) + (bi(z,y) — bi(y,2)) € Ua(n) + (Wjag — Wjap) € Ua(n—1) C
Ua(n —2). Hence z —y € Uy(n —2) — Ug(n — 2)

Now unfix z,y. By what we have said, the first assertion of the Lemma will
follow once we show that

(V) for all z,y € X, & # y, there are ¢ # i’ such that possibility (A) above
holds for them.

Here the argument breaks into two cases: k > 3 and k = 2, with the former being
somewhat simpler.

CASE k> 3.
Let z,y € X, x # y. Suppose towards contradiction that in the previous consid-
erations both for z,y,0,1 and for z,y,1,2 the second (i.e., (B)) possibility takes
place. This gives us «, 3, j,j' such that a # 3, j # j' and

(*)1 UO(xay) = UO(yvx) = Ua(n)v
(*)2 Ul(xvy) = Ul(y7x) = Uﬁ(n)7
(*)3 Wo(z,y) = Wi(z,y) = Wjags,
(*)4 Wo(ya Qf) = Wl(y7x) = Wj’,a,ﬁ,
and we also get v, 0,4, ¢ such that v # ¢ and £ # ¢ and

(*)5 Ul(may> = Ul(y’x) = U"/(n)v
(x)6 Uz(z,y) = Uz(y,z) = Us(n),
()7 Wiz, y) = Wa(z,y) = Wi s,
(*)8 W1(y,$) = Wg(y,l’) = Wl/,'y,é'
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It follows from (x)s+ (%)5 that v = 8 and from (x)3+ (x)7 we have £ = j and § = a.
Finally, (%)4 + (*)s imply ¢/ = j’. Consequently,

UO(Iay) = U2(z7y)a UO(:%x) = UQ(yaI)7 WO(Iay) = WQ(I77J)7 Wo(y,ll?) = WZ(yax)a

contradicting assumption (ii).

Case k=2.
We will argue that (©) holds true in this case as well. First, however, we have to
establish some auxiliary facts.

For each z,y € X, © # y, we may choose a = a(z,y), f = f(z,y) and j = j(z,y)
such that o # 8 and
either (A)3:77 Up(z,y) = Ui(z,y) = Ua(n), Uo(y, x) = Uir(y, x) = Up(n),
Wo(ﬂ?,y) = Wo(y,l‘) = Wj@ﬁ? Wl(xvy) = Wl(yam) = Wl—jﬂ»ﬁ’
or (B)?:yﬁJ U()(.T},y) = Uo(y,x) = Ua(”)? Ul(x7y) = U1<y7x) = Uﬂ(”)?
Wo(z,y) = Wi(z,y) = Wjaps Woly,z) = Wiy, z) = Wi_jas,
Note that for each (z,y) € w®, either there are a,3,j such that (A)2:87 holds
true or there are a, 3, j such that (B)g‘f’j is true, but not both. Also, remembering
5.3(A)(K)4(b),
(A)y if (A)2P9 holds, then z —y € Uq(n — 1) — Ug(n — 1) and if (B)3:57 is
satisfied, then x —y € Vj o 3 — Vi—j a8
Define functions y : X2 — 2 and © : X2 — [w]? x 2 as follows. Assuming
(z,y) € X,
e if for some «, 3, j the demand (A)2-57 holds, then x(z,y) = 1 and ©(z,y) =

({a.8},79),

e if for some o, 8, the demand (B)$:[7 is satisfied, then x(z,y) = 0 and
O(z,y) = ({a, 8}, J)-

Our goal is to show that the function y never takes value 0 (as this will imply
that the assertion () holds true). Note that

(A)g if x(z,y) = 0 and O(z,y) = ({a, },]), then x(y,z) = 0 and O(y,z) =
({aw@}v 1 _.j)v so also @(x,y) 7é @(y,a:)
Also,
(A)s if z,y,z € X are pairwise distinct and x(z,y) = x(y, 2) = 1, then x(z,2) =
1.
Why? Assume x(z, z) = 0. Then, by (A)q, for some j,&,{ we have x —z € V¢ ¢ —
Vijec. However,z —y € Uy(n—1)—Ug(n—1) andy—z € Uy(n—1) —Us(n—1)
(for some « # 8 and v # §), so

x—z2€Uy(n—1)—Ug(n—1)+Uy(n—1) —Us(n —1).

Thus for some a € Uy(n—1),b € Ug(n—1),c€ Uy(n—1),d € Us(n—1), e € Vj ¢,
and f € Vi_j¢ ¢ we have a—b+c—d+ f —e = 0. The left hand side of this equation
represents a nontrivial (2,8)-combination from (U¢(n—1): ¢ € w)™(Voc,crs Vie,er
(¢, ¢") € w'?) (remember a # B, v # 6, £ # ¢), a contradiction.

(A)g Ifz,y, z € X are pairwise distinct and x(z,y) = x(y, z) = 0, then O(z,y) =
O(y, z) = O(z,z) and x(x,z) = 0.
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Why? Let O(z,y) = ({a, 8},4), O(y,2) = ({7,6},4), and O(x, 2) = ({£,(}, ). If
{a, B} # {7, 6}, then

r—z=@=y)+ =2 €Vias = Viciap + Vins = Vijys
and {Vp,a.8, Vi,a.8} N {Vo,4,6: Vi,4,6} = 0. Since either © — z € Ve o — Vi_pec or
r—z € (Ug(n —-1)—=Uc(n— 1)) U (Ug(n —1)=Ue(n— 1)), we easily get that some
nontrivial (2,8)-combination from (Uc(n — 1) : ¢ € w) (Voc.crs Vaieer © (¢, () €

w?) equals 0, a contradiction. Consequently, {o, 3} = {v,0}, ie., O(z,y) =

Ifi # jthenz—2 € Viag — Viciag + Vicias — Via,s- But also either
x—z € Ug(n—1)=U¢(n—1),or x—z € Us(n—1)—Ug(n—1),or x—2 € Vie c—Vi_gec.
In the first case we get

0€ ((Vias — Vi) + Ueln— 1)) = (Vatiap — Vaiia8) +Ueln = 1)) €

Ug(n—2) - U(n—2),

and symmetrically in the second case. In the last case we have

0e ((Vi,a,ﬁ —Viap) + V}e,g,g) - ((Vl—i,a,ﬂ —Viciag) + Vl—e,g,g) -
Qrec— Quorec-

In any case this gives a contradiction with 5.3(A)(X)4. Consequently ¢ = j and
@(CU; y) = @(y, Z) = ({a7 ﬂ}’ Z)

By considerations as above we see that necessarily x(z,z) = 0 and O(z,z2) =
({e, B}, 0). If £ = i, then

2—2€Viag—Viciapg and z—2€Vigg—Viiapg+Viasg—Viciag
Hence
0€e ((‘/i,a,ﬁ_v;;,a,ﬁ)“f“/i,a,ﬁ)_((‘/lfi,oz,ﬁ_vlfi,a,ﬂ)+V17i,a,ﬁ> C Qia,8—Q1-i,0,8

a contradiction.

Consequently, £ =1 — i and O(z,z) = ({a, 8},7) = O(z,y) (and x(z,z) = 0).

Now, suppose towards contradiction that (©) is not true and z,y € X are such
that  # y and x(x,y) = 0. Let z € X\{z, y}. We cannot have x(z, z) = x(y,2) =1
(as then (A)s would give a contradiction with x(z,y) = 0). So one of them is 0,
and then (A)y implies that the other is 0 as well and

x(@,y) = x(y,2) = x(2,2) =0 and  O(z,y) = O(y, 2) = O(z, ).
Taking t € X \ {«,y, 2z} by similar considerations we obtain
x(z,t) = x(y,t) =0 and O(z,y) =0O(y,t) = O(¢,x).
Now consider z, z,t: since x(z,z) = x(x,t) = 0 we may use (A)4 to conclude that
x(z,t) =0 and ©O(z,z)=0(z1)=0(t,x).
But we have established already that (¢, z) = ©(x,y) = ©(z,z), a contradiction
(remember (A)s). The proof of Lemma 5.11(1) is complete now.

(2) Suppose (z,y) € X{?. In the previous part we showed that for all i < i’ < k
possibility (A) holds true. More precisely, there are distinct «, 8 € w such that
for all i < k for some j < k we have a;(x,y) € Uys(n) and a,(y,z) € Ug(n), and
bi(x,y),bi(y,x) € Wj . Then also
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 ai(z,y) + bi(z,y) € Ua(n) + Wjap S F(p, h(a, B)),

* ai(y,x) +bi(y,x) € Us(n) + Wj.ap € Fp, h(a, B)).
We also know that for these a, 8 we have z—y € U, (n—2) —Ug(n—2). To complete
the proof we note that, by Lemma 5.5, for any o, 5’

(Ua(n—2) = Ug(n—2)) N (Uar(n—2) — U (n — 2)) # 0 implies
a=ao and 8= 7.

Lemma 5.12.
lFp  “ there is no perfect set P C H such that

(Vm,yeP)( (x—i—mgwEm)ﬂ(y—kmgw]j‘m)’ 2k>, ”

Proof. Suppose towards contradiction that G C P is generic over V and in V[G]
the following assertion holds true:

for some perfect set P C H we have
@+ U FD)n @+ U Fo)| 2k
m<w m<w
for all x,y € P.
Then for any distinct x,y € P there are cg,dy,...,cx_1,dp—1 € |J FS such that

¢; # ¢j whenever i # j and z —y = ¢; — d; (for all i < k). "
For{={l;:i<k)Cw,m=(m;:i<k)Cwand N <w let
ng = {(z,y) € P? : there are ¢; € F{,d; € S, (for i < k) such that
r—y=c; —d; and 27 < min (p(ci, ¢;), p(di, dj)) for all distinct ¢,5 < k}.
By our assumption on P we know that
(D)o for all 2,y € P, x # y, there are £,7m and N such that (z,y) € ng.

The sets ZYN_ C P? are ¥}, so they have the Baire property (in P?). Therefore, for
every open set U C H x H with U N P? # () there is a basic open set (dg + B,,,) X
(d1 + By,) € U such that [(dy + Bn,) X (di + By,)| N P? # () and
e either ng N [(do + By,) x (di + By, )] is a meager subset of P2,
e or [[(do+By,) x (di + By, )] N P?] \ng is a meager subset of P2
Now we may choose closed nowhere dense subsets F; of P2 (for j < w) such that
for each dy,d; € D and ng,n1 < w and N, ¢, m as before we have
(M) if Zévm N [(do +B,,) x (di + Bnl)] is meager in P2, then
ngn N [(do + Buy) x (di +By,)] € U Fj,
J<w
(@)} if [[(do +B,,) x (di +B,,)|N PZ} \Zévm is meager in P2, then
[[(do + By,) x (di + By, )N P2\ 2] C U 7
J<w
Let (F; : i < w) be an enumeration of all sets E;(do,d1,n0,n1, N,£,m) (for all

relevant parameters). Then |J Fj is a meager subset of P?. Let B* = P?\ |J Fj.
J<w j<w
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We are going to choose now a sequence 0 = nj =np < nj < n; < nj < ng <
ny < mn3 < ...and a system (d, : 0 € *2, ¢ < w) C D such that the following
demands ([1)§—(1)§ are satisfied.

(@)% IfL <w, 0,0 €'2,0+# ', then (dy +B,,) NP # () and p(d,,dy) > 227,
and diam,«(d, + B,,) < 27"

()5 If Lt < w, o € *2, then cl(dy~0) + By, ) Ucl(dy~1y +Bn, ) € (do +By,).
S Ift<wando,o’ €42 0 # 0, and

(z,9), (2',y') € BN [(do + Bn,) X (do + By, )],
then for all £ C n¥, m Cn* and N < n’ we have
(z,y) € ng & (2,y) € ng.

()4 Ift <wand 0,0’ € 2,0 # 0, and (z,y) € B*N[(dy +By,) X (do + By, )],
then there are £ C n}, m C n} and N < n such that (z,y) € Z}_.

(O)§ If e <w and 0,0” € 2, 0 # 0/, then [(d, +By,) X (de +By,,) | N U F; = 0.
i<e

The construction is by induction on ¢ < w. We start with choosing any d;, € D

such that (dy +Bo) N P # (. We also set ng = ng = 0. Let us describe in more

detail choices for ¢+ = 1 as they have all the ingredients used later. So, first find

open sets VT, VT such that VINP # 0 # VITNP and cl(VT)Ucl(VTT) C (d(y +By),

(V) Nel(VTT) = (). Let Ny, £y, Mo be such that the set Zg“mo N [VT X VTT} is not

meager in P? and let n} be such that Ny < n}, o C n} and mo C n}. Now we

repeatedly use the Baire property of the sets Z&¥_ to find open sets V/ C V1 and

7,m

V" C V1 such that V' NP # 0 # V" NP and
(A) [(V' xV")n P?] \Zg"mo is meager in P2 (where Ny, £y, Mo are the ones
fixed above), and
(B) for every £ C ni, m C n} and N < n*, either [(V' x V") NP2\ ZV_is
meager in P2, or (V/ x V") N Zé\’m is meager in P2.
Since Fy is a nowhere dense subset of P2, we may find open sets V* C V' and
V** C V" such that V* NP # 0 # V* AP and (V* x V**) N Fy = 0. Now,
after fixing some z € V* N P and y € V** N P we choose n > nj so large that
p(z,y) > 237" and

e diam,-(z + B,) < 1/2 and diam,-(y + B,,) < 1/2, and
e r+B, CV*and y+ B, CV*.

Then we set n; = n +2 and choose d(gy € (x+By,)ND and d(;y € (y+B,,)ND.
Note that = € dgy + B, Co+ B, and y € d(3y + By, Cy+ By,

Assuming n* < n, < w and {d, : o € *2) C D have been selected, we first pick
open sets (V1 : ¢ € “*12) such that for all o € *2 we have V;Aw)ﬂP #£0# VjAwﬂP,
CI(VJA@)) U CI(V;LA(D) C (ds + By,), cl(VUTh(O)) N Cl(Vjﬁm) = ). Next, letting

((sf,s}) + 5 < j*) be an enumeration of (“+12) ) we choose inductively open sets
Vi=viovV!io.. . Vi

and integers
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(for ¢ € “t12), as well as N, {;, mj, in such a manner that the following demands
(a)—(d) are satisfied for all j < j*.

(a) If ¢ € 12\ {¢/,¢/}, then VZT! = V7 and Nit! = Ni.
(b) Nj,£;,m; are such that the the set Z; Jm' [V] X VJ,,] is not meager in
P? and N, = NJ, " is such that N; +NJ +NJ,, < NJ+1 f; € N and
m C N]+1 K
(c) Open sets VIt C V) oand VI C VY, are such that VT AP #£ 0 #
) J J J J J
Vgule N P and
(A) [(V;,Jrl X ij,,ﬂ) N P?] \ngmj is meager in P? (where N, /;,m; are
the ones fixed in (b) above).

(d) (v”1 x V%,“) Ny F =0.

i<t

a
b

Then we set ny,; = max{Ng : ¢ € “*12} and we choose inductively open sets
x . g .
ng :_)ng :_)Vg] QVg J
(for ¢ € “T12) so that the following conditions (e)—(f) are satisfed.

(e) If ¢ € “T12 \ {<},<}}, then % T = =VJ i
V] ﬂ“ Vj "t and Vg,, +]+1 C Vg,,ﬂ are such that ijﬂ N

J J 3

(f) Open sets
P#£)# V],,+j+1 NP and
(B) for every £ C nfy, m C njyy and N < nj, either [(Vcé*+j+1 «
" +j+1 . . " +j+1 " +j+1
ngé, NP \ng is meager in P2, or (ng; ITEx Vg]/, I )ﬂng
is meager in P2.
Next, we fix x, € V2" N P for ¢ € “*'2. Choose n > n},, so large that
o p(xe,x) > 237" for distinct ¢,¢" € “12,
o diam,-(z +B,) <27 ! and v + B,, C V7" for all ¢ € “F12.

Then we set 1,41 = n + 2 and choose d; € (z +B,,_,)ND.
This completes the description of the inductive construction.

It follows from ()% + (1)} that for each n € “2 the set () dye + By, is a
I<w
singleton included in P. By ([d)§ we know that for n # 7’

n(dﬁw + By, ) % ﬂ(dn’ff +B,,) C B".
I<w I<w

Foro €2 and { <wlet 0 %,0=07Y0,...,0) and let =¥ € H be such that
‘
(D)3 {z:} = ﬂ (d(,*zo + BnLH); so xf € P and if 0 # o’ are from ‘2 then

l<w

(xk,xk,) € B
Let P, Fj,n',n,ds, i be P-names for the objects appearing in ()o—()s. Still
working in V[G], we may choose a sequence (p,, ¢, : ¢ < w) C G such that:
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(E)g po IFp* P is a perfect subset of H, F'; are closed nowhere dense subsets of
P?% and p},n,,do, 7’ have the properties stated in ()¢—(3)%, (2)5—(D)s,
(B)g ”, and

()4 p, decides the values of n¥,n, and d, for o € *2, 1 > 0,

()5 p. <q <py1andp,,q, € D2 ,NDQ .. ., NG (see 5.4(2)) and nP* +10 < n%
and wP = w.

The properties of conditions from P stated in 5.3(A) are absolute, so they hold
in V[G] as well (with B, being B etc). Now, still working in V[G], for 0 < ¢ < w
let X, = {z% : 0 € “2}. Note that =% 7é x¥, and (z%,z%,) € B* when 0,0’ € ‘2
are distinct, and X, C X,, when ¢ < ¢/ < w. It follows from ()¢ + (&) that
for z,y € X,, ¢ # y, we have (z,y) € Zé\’, for some N = N(z,y) < nf, { =
U(z,y),m = m(z,y) C n;. By clause ()3, these N(z,y),{(x,y),m(z,y) may be
chosen in such a manner that
(@)s if o,0" € 12, 1" <1, olt* = o' [v* but o(t*) # o'(t*), and ¢ = o[(t* + 1),
¢ =d'[(t* + 1), then l(zy,2,0) = Uz, 200), M(T0,To) = Mz, ), and
N(zg,25) = N(xc,20).
Let J < w be such that the arrow property J — (10)‘21144 holds true and fix a
v > J for a while.
Fix 2,y € X,, x # y, and let N = N(2,9) < n’, £ = {(2,y),m = m(z,y) C n’.
Then there are ¢; € Eg and d; € FS (for i < k) such that for i # i’ we have
r—y=c —d; and 27™ <27V < p(ci,cir), and 27™ < 27N < p(d;, dyr).

The reasons for the use of ¢, rather than p, in what follows will become clear
at the end. Since n, < M% and FE C F(q,,m) for all m < M%, we get ¢; €
Ug(n) + W}, 5 for some j <k and (o, ) € € (we)® = (wP)? and similarly for
d;. Therefore for each ¢ < k we may pick

o Ui(z,y),Ui(y,z) € {UL(n?) : « € wh}, and

o Wiz,y), Wiy, z) € {W, ;: (a, ) € (w)?}, and

hd ai(‘r’y) € Ui(‘r7y)7 ‘Zl(y’ ) € U(y,x) and bl(mvy) € Wi(x,y)’ bi(y’x) €

Wi(yrx)
such that
r—y= (ai(mvy) + bi(xa y)) - (ai(ya Z‘) + bz(y’x))

and for i # ¢/

27 < plai(z,y) + bi(z,y), ai (2,y) + bi(2,y)
27" < plai(y, =) + bily, z), air (y, 2) + by (y,z) ).
Since the metric p is invariant (and by ([J)%), we also have
27" < p(a,y) = p(ai(%y) +0i(z,y), aiy, x) + bi(yw))-
Since ¢, € D2 we know that for all relevant j, o, 3,
diam,, (Ug; (n%) + Wi ﬁ) <2,

and consequently each of the sets UZ(n%) + Wf’;ﬁ contains at most one ele-
ment from each of the sets {a;(z,y) + bi(z,y),a;(y,z) + b;(y, } {a;(z,y)
bi(m>y)aai’(x7y) + bl’(xay)} and {al(yvm) + bl(yax)v (ya ) + by } SIHCG
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q. € D} , different sets of the form UZ(n%) + W;{;’ 5 are disjoint, and thus we see
that the assumptions (i)—(iv) of Lemma 5.11 are satisfied.

Unfixing z,y, we may use Lemma 5.11(1) to conclude that

@5 X, - X, CU{UZ (" —2) - U (un —2) 0, f € )
and hence also

X, -X, C U{UgL(an) —Ug(n™):a,B € wP }.

Moreover, by 5.11(2), we also conclude that
(@7 if v,y € X, and 0 # 2 —y € U (n® —2) — Ug (n% — 2), then o # 8 and
m(z,y)(@) = £(z,y)(3) = h? (o, B) = hP(a, B) for all i < k.
Since {UE:(n?:) : a € wP}, {UB(nP» — 1) : o € wP}, {UP(nPr —2) : a € wP*}
and X, satisfy the assumptions of Theorem 3.5, we get that exactly one of (A),,
(B), below holds true.
(A), There is a ¢, € H such that X, +¢, C J{UZ (n? —2) : o € wP }.
(B), There is a ¢, € H such that ¢, — X, C |J{UE (nP* —2) : a € w?* }.
Unfixing ¢ < w we let
A={1<w:J < and case (A), holds true }
B={i<w:J<and case (B), holds true }.

One of the sets A, B is infinite and this leads us to two very similar cases.

CASE: The set A is infinite.
For . € Alet X,, ¢, be as before. Let w, = {a € wP+ : UP-(nP —2)N (X, +¢,) # 0}.
Since diam,, (U2 (nPr — 2)) < 27™ < p(z,y) for a € w, and distinct z,y € X,, we
get |UE (nPr —2) N (X, +¢,)| =1 for @ € w,. Consequently, we have a natural
bijection ¢, : X, — w, such that = + ¢, € Ugi(z)(n% —2).

For ¢ < ¢/ from A we have X, C X,/ and the mapping 7, ,, = @, 09, ' : w, — w,
is an injection. Clearly, if z € X,, a = ¢, () € w, then

(H)s x4cy € (Ug” (nPr —2) + (¢ — cL)) nNUP . (nP—2) 0.

m, s (a)
Suppose now that z,y € X,, x # y. By (l)g, there are o, 8 € w? such that
x—y € Ud(n® —2) = Ug (n% —2) (and, by ()7, a # B). Then also

r—y€E (Ugt(an —2) = Uf(n — 2)) N (UpL

WL("L’

(7 = 2) = UL (7 = 2)).

By Lemma 5.5 we conclude that a = ¢,(z) and 8 = ¢,(y). Together with ([J); this
gives us that

(B)5 if (2,y) € (X)), then m(w,y)(i) = Uz, y)(i) = P (2u(2),¢.(y)) for all
i<k
Putting together ([))4 and ()5 we see that
()10 if ¢ < ¢/ are from A and (z,y) € (X,)¢?, then

hP(pu(@), . (y)) = WP (pu (2), pur (y))-
In other words, if («, §) € w, then
W (a, B) = b (o, B) = WP (w0 (@), m,0 (B))-
It follows from ([)s + ()10 and 5.3(A)(K)7 that for ¢« < ¢/ from A we have
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(D11 kP (w,) =tk (7,0 [w,]), j(w,) = j(m0[w.]), k(w,) = k(7 [w,]) and
laNw,|=k(w,) < |m.(a)Nnm, w] =kw,) for all a € w,.
(Note that rh; < nP- — 2 when m = h?” (o, 8), o, B € w, C wP, o # f3.)
Choose a strictly increasing sequence (1(¢) : £ < w) C A such that
()12 for each £ < w,
227+ -1 < diam,, (Uéh“) (P — 2)) = diam,, (Ué"(”l) (P — 2))

(remember n,’s were chosen in ([)2 and p,(r) € D87nb(z>7m(z) so also 0 €
wpqz)).

Fix ¢ < w for a moment and suppose ¢ € ‘2 is such that
|00y (20) N i) = klwiey)-

Let ¢* € “*12 be such that ¢ < ¢*, ¢*(n) = 0 for n € [¢(£), (€ + )) and let
o € "2 be such that ¢*[(t(f +1) — 1) < o and o(¢(£ +1) — 1) = Then
zt. = ! and p(zf., x}) < 287 "e+-1. By ([)12 we have then

P2 + ey 5 + o) = ol 3) < diam,, (U7 (o — 2)).

Consequently,

@s U o (070 =2) = U (070 = 2)
(remember 5.3(A)(K)5(b)). It follows from (E1)5% + ()5 that for each 2 € X0\
2*} we have l(z,z¥) = 0(z,2%) and m(z, z¥) = m(z, %), so by (@) we also
{g} (7§) (70) (7{) (aa)7 Y()Q

have

()14 AP0 (0 041) (1), Qo) (@2)) = WP (@, 011) (@), @uger1) (25)).-
Condition 5.3(A)(X)7 for p,(s41) together with ((J)1; imply now that, letting w00 =
(mueyuerny [wuey ] \ {euern (@)} U {pueqn) (%)}, we have

(D5 1k (D 0) =1k (m,0) w011 [wi0)]) = 1k (wy(0))

(@ 7) =§(mu0aern [wie)]) =3(w.e), and

k(w"97) = k(7,0 041 [wi(0)]) = k(w, ) = |@uesn) () Nw D).
(Remember, 75" < nPuo — 2 when m = hP«e+v (o, B), o, B € T,(0)0(041) [Wo(0)]
are distinct.) Consequently, if rk® (w,(g)) > 0 then

kP (w,(¢41)) < kP (m(z),L(ZH) [w,(] U {<PL(e+1)(933)}) <1k (wy ()
(remember Definition 2.6(®).).

Unfixing £ < w, we see that for some ¢* we have rk*(w,(4+)) = —1. How-
ever, applying to ¢* the procedure described above we get o € “¢"t12 such that
@, e+ 41)(25) contradicts clause 5.3(A)(X)g for p,(g«41) (remember (E1)13 + (E)15).
CASE: The set B is infinite.

Almost identical to the previous case. Defining ¢, we use the condition ¢, — z €

U;’ - (x)(np'« —2), but then not much other changes is needed. Even in ([d)g we have

ey —x=(c,—x)+(cy —¢c,) € (Ug“ (n? —2) + (¢, — cb)) N UpL (o) (7 —2) # 0

™,

(where a = ¢, (z) € w,). O
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The following theorem is the consequence of results presented in this section.

Theorem 5.13. Assume that

(1) (H,+,0) is an Abelian perfect Polish group,

(2) the set of elements of H of order larger than 2 is dense in H,

3) 2<k<wand

(4) e <wy and X is an uncountable cardinal such that NPr®(X\) holds true.

Then there is a ccc forcing notion P of cardinality A such that

ke “ for some 9 subset B of H we have:
there is a set X C H of cardinality A such that
(Va,y € X)(|(z+ B)n (y+ B)| > k)
but there is mo perfect set P C H such that
(Va,y € P)(|(z+ B) N (y+ B)| > k) ”.

6. FORCING FOR GROUPS WITH ALL ELEMENTS OF ORDER < 2

Let us consider the situation when the main (algebraic) assumption of the previ-
ous section fails: the set of elements of H of order larger than 2 is NOT dense in H.
Let Hy = {a € H:a+a = 0}, so Hs is a closed subgroup of H and its complement
H \ H; is not dense in H. Consequently, the interior of Hs is not empty and thus
also Hs is an open subset of H. If H is a perfect Polish group, so is Hy. Each coset
of Hs is clopen and consequently H/H; is countable.

Suppose that T C Hs is a Borel set with A many k—overlapping translations
but without a perfect set of such translations. Then T is also a Borel subset of
H and it still has A many k—overlapping translations. If P C H is a perfect set,
then (as |H/Hz| < w) for some a € H the intersection P N (Hs + a) is uncountable.
Consider Q = (PN(Hz+a)) —a C Hy — it is a closed uncountable subset of Hy (so
contains a perfect set) and by the assumptions on T there are ¢,d € @ such that
(T+c)N(T+d)| <k. Then c+a,d+a € Pand [(T+ (c+a))N(T+(d+a))| =
(T +¢)N(T+d)) +a| <k.

Consequently, to completely answer the problem of Borel sets with non—disjoint
translations it is enough to deal with the case of all elements of H being of order
< 2. The arguments in this case are similar to those from Section 5, but they are
simpler. However, there is one substantial difference. If H is a Polish group with
all elements of order < 2 and B C H is an uncountable Borel set, then B has a
perfect set of pairwise 2—-overlapping translations. Namely, choosing a perfect set
P C B we will have x + 4,0 € (B+z) N (B +y) for each z,y € P. Moreover, if
x+by = y+ by, then also x4+ by = y+ bg. Therefore, if © # y and (B+z) N (B +vy)
is finite, then |(B 4 2) N (B + y)| must be even. For that reason the meaning of k
in our forcing here will be slightly different: the translations of the new Borel set
will have at least 2k elements.

Assumption 6.1. In the rest of the section we assume the following:

(1) (H,+,0), D, p, p* and U are as in Assumption 5.1.

(2) All elements of H have orders at most 2.

3) 1<k<w.

(4) € is a countable ordinal and A is an uncountable cardinal such that NPr®(\)
holds true. The model M(e, \) and functions rk®", j and k on [A]<“ \ {0}
are as fixed in Definition 2.6.
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In groups with all elements of order two we should use a weaker notion of inde-
pendence.

Definition 6.2. Let (H,+,0) be an Abelian group
(1) A set B C H is quasi~ independent in H if |B| > 8 and if for all distinct
bo, b1,ba,...,b7 € B and any eq,e1,€ea,...,er € {0,1} not all equal 0, we
have

eobo + €1b1 + €2b2 + €3b3 + 64b4 + 65b5 + 66b6 + 67b7 7é 0.

(2) A family {V; : i <n} of disjoint subsets of H is a qif~ if for each choice of
b; € V;, i <mn, the set {b; : i < n} is quasi~ independent.
Proposition 6.3. Assume that
(i) (H,+,0) is a perfect Abelian Polish group,
(ii) Uy, ..., U, are nonempty open subsets of H, n > 7.
Then there are non-empty open sets V; C U; (for i <n) such that {V; :i <n} is a
qif
Proof. Similar to Proposition 3.3. O

The forcing notion used in the case of groups with all elements of order < 2 is
almost the same as the one introduced in Definition 5.3. The only difference is that
instead of 8-good qifs we use the weaker concept of qifs~. (There are no 8-good
qifs in the current case.) Since in the current case, a — b = a + b for a,b € H, we
still can repeat all needed ingredients of Section 5. To stress the importance of this
property we will consistently use the addition + rather than subtraction —.
Definition 6.4. (A) Let Q be the collection of all tuples

p= (wp,Mp,fp,np,Tp,Vp,hp) = (w,M,F,n,T,V,h)
such that the following demands (®)1—(®)s are satisfied.
(®)1 weNY |Jw>40<M<w, 3<n<wand 7= (ry,:m< M) where
rm <mn—2form< M.
(®)2 T = (Uy : a € w) where each U, = (U,({) : £ < n) is a C-decreasing
sequence of elements of U.
(@)s V = (Qiaps Viasps Wi : 18 < k, (0,8) € w?) C U and Qiap =
Qi 2Viap=Vipa 2 Wiasg=Wipa forali<kand (a,) € w'?.
(®)4 (a) The indexed family (Unp(n —2) : @ € W) (Qiap 1 < k, o, €
w, a < B)isaqif~ (so in particular the sets in this system are pairwise
disjoint), and
(b) (Ua(n) : @ € W)™ Wiap 1 <k, o, € w, a < ) is immersed
in (Uas(n—1) : a € wy ™ Viap 11 <k, o, € w, a« < f) and
Uan—1):acw)(Viap:i<k, af €w, a<f)isimmersed in
Ualn—2):a cw) (Qiap: i<k, a,f€cw, a<p).
(®)s (a) If a, B ew, £ <nand Uy(£) NUg(¢) # 0, then Uy (€) = Us(¥), and
(b) if a, B8,y € w, £ < mn, Uy(¥) # Ug(¢) and a € Uy(¢), b € Ug(¥¢), then
p(a,b) > diam, (U, (()).
(®)¢ h:w? 2 M is such that h(a, B) = h(B,a) for (a,B) € w'?.
(®)7 Assume that u,u’ C w, m and £ < n are such that
e 4 < |ul =|u| and 7 : w — ' is a bijection,
® Tha,p) < L forall (a,f) € u?,
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e U,(()NUz(¢) = 0 and h(a, B) = h(m(a), 7(B)) for all dlstlnct a,f € u,
e for some ¢ € H, for all « € u, Wehave(U() ¢) N Uxr(a)(€) # 0.
Then rk™ (u) = rk™ (u'), j(u) = j(u’), k(u) = k(v') and for a E u
lanul=k(u) < |7(a)nd|=k(u).
(®)s Assume that
o 0 #uCw, k(u)=-1,¢<nand
e « € u is such that |a Nu| = k(u), and
o 7h8,8) < L and Ug(f) NUpg (£) = 0 for all (B
Then there is no o’ € w\ u such that Uy (¢) = Uy
for all 8 € u\ {a}.
(B) For pe Q and m < MP we define

= J{UEm?) + WP, 5 (0, 8) € (") A i<k A BP(, ) =m}.

(C) For p,q € Q we declare that p < ¢ if and only if
o wP Cwl, MP < M, 71| MP =P, nP < nd, h9[(wP){? = hP, and
o if @ € wP and ¢ < nP then UL(¢) = UE({), and
o if (o, ) € (wP)@, i <k, then Q7 ; C QY 5, Vi, s CVE s and WY, C
WP ., and

i,a,p

e if m < MP, then F(q,m) C F(p,m).

BI) cu 2)
a.

Ua (£) and h(av, ) = h(c’, §)

Lemma 6.5. (1) (Q, <) is a partial order of size \.
(2) The following sets are dense in Q:
(i) Dg’M’n:{pEszeup A MP>DM A nP>n} fory<A\and
M,n <w.
(i) Dy = {p € Q : diam,- (UE(n?—2)) < 27 A diam,- (QF 5 < 27N A
diam,- (UE(n?=2)+Q7 , 5) < 27N foralli <k, (a,B) € (wP)®}
for N < w.

(ili) D% = {pe€Q: for alli,j <k and (a, ), (7,0) € (wP)? it holds that
diam,, (UE(n? —2)) < 27N and diam,(QY , ;) <27V and
dlam,,(Up(np -2)+ Ql ap) < 2=V and
if (i,0%, 0, B) # (j,7*,7,0) then
(U2 (n7) + W2, ) 1 (U2 (09) + W, ) =0},

for N < w.
(iv) D% = {p € D% : for some (Q;aﬁ i< kya,fewPa<fB)CU
the system
(UE(n =3) e wP) Q51 < k,a, B € wP a0 < )
is a qif~ and

(Ub(n—2):a € wP) (Qiap:i<kafecwl,a<pf)
is immersed in it }
(3) Assume p € Q. Then there is ¢ > p such that n? > nP + 3, w9 = wP and
e for all € wP, cl(U4(n? —2)) C UE(nP), and
e foralli <k and (a,f3) € (wP)(?),

(UL = 2) + Q1o ) S ULM) + W s and (@), ) € WE 5

Proof. Same as for 5.4 (just using Proposition 6.3). O
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Lemma 6.6. Suppose that p € D} and o, 3,7,6 € wP are such that o # B. If
(U};(np —2) + UB(nP — 2)) N (Ulf(n” —9) + UP(nP — 2)) £0,
then {a, 5} = {~,d}.

Proof. Similar to 5.5, remembering (UP(n — 2) : @ € wP) is immersed in a qif”
(UP(n —3) : a € wP); see 6.5(2)(iv). O

Lemma 6.7. The forcing notion Q has the Knaster property.

Proof. Same as Lemma 5.6, but when defining a bound ¢ to p¢,ps modify the
demands to have n? = nP¢ + 4 and q € D3. O

Lemma 6.8. For each (o, ) € A2 and i < k,

lFqg  “the sets
m{Ugj(np):peG@ A aEwp} and m{Wi’ja’B:peG@ A oz,,BEwp}

have ezxactly one element each. ”
Proof. Follows from Lemma 6.5. O

Definition 6.9. (1) For (a,8) € A2 and i < k let Nas Via,p and ha g be
Q-names such that

Fo  “{na} =[{UE®*) :p € Go A acwP},

{Viap} = ﬂ {Wl,s:peGo N o, €wl}
ha,p = hP (e, B) for some (all) p € Gg such that o, f € w?. ”

(2) For m < w let F,, be a Q-name such that
Fg “ Fom = {F(p,m) :m < MP A peGg}.”

Lemma 6.10. (1) For each m < w, IFg “Fy, is a closed subset of H. ”
(2) Fori <k and (o, ) € \? we have

H_Q “ gavlji,a,ﬁ S Ha boz,,ﬁ < w, Vi,o,p = Vi,B,a and ﬁa + Vi,a,B S Ehaﬁ

”

(3) IFQ “(Na, Via,p @ <k, a < B <) is quasi~ independent.”
(4) kg “ voa,8,--- Vk-1,0,8, (Ma + M8 + V0,0,8):- -5 (Na + 1 + Vk—1,a,8) are
distinct elements of (ga + U Em) N (175 + U Fm). ”

m<w m<w

Proof. Should be clear. O

Lemma 6.11. Let p = (w, M,7,n, Y,V h) € D? CQ (cf 6.5(iii)) and ag,by € H
and U, Wy € U (for £ < 4) be such that the following conditions are satisfied.

(®) U € {Upn):acw}, Wo € {Winp:i<k, (a,8) €w'?} (for £ < 4).

(®)2 (Ug+Wo)N(Up + Wy ) = 0 fort <t < 4.

(®)3 ap € Up and by € Wy and ag +b, € |J F(p,m) for{ < 4.

m<M

(®)4 (aO + bO) + (al + bl) = (112 + b2) + (Clg + bg)
Then for some (o, B) € w'? and distinct i,j < k one of the following three condi-
tions holds.

(A) {{Uo +Wo,Uy + Wi}, {Us + W, Us + W3} } =
{{Ua(n) + Wisa,5,Us(n) + Wia,5} {Ua(n) + Wia,s,Us(n) + Wjas}}.
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(B) {{Uo + Wo,Us + Wi}, {Us + Wo,Us + W3} } =

{{Ua(n) + Wiﬂﬁ’ Ua(n) + Wj7a,5}, {Uﬁ(n) + W@o"g, Ug(n) + Wj,a,,@}}-
(C) {{UO + Wo, Uy + Wl}, {UQ + Wy, Us + Wg}} =

{Ua(n) + Wiap,Us(n) + Wja s}, {Ua(n) + Wjap,Us(n) + Wiap}}-

Proof. The arguments here are very similar to those in Lemma 5.10. Note that
the assumption (®)2 here is slightly stronger than there (to compensate for weaker
qifs). Also our conclusion here is arguably weaker, but this is a necessity caused by
the fact that a —b=a+ b in H.
For ¢ <4let U, U, and V;, Q. be such that
o if Uy =Uy(n) then U, =Uy(n—1), U, " =Uqs(n —2),
o if W, = Wi,a,ﬁ then V, = Vi,a,B; Q= Qi,a,ﬁ~
Using steps as in 5.10, one can show that
(*) For every W, U we have
He<4: W, =W} <3 and [|{{<4:U,=U}| <3.
Now, since p € D?, it follows from our assumption (®)3 that
(**) for each ¢ < 4, for some a = a(f),8 = B(¢), and i = i(¢£) we have U, =
Ua(n) and Wy = W, o .
By assumption (®)4 we know that

0€Uy+Ui +Us+Us+Wo+ Wy + Wy + Ws.

If all of U;’s are distinct, then 0 € Uy +U; + Uy +Us; + X, where X = {0} or
X =W; +W; for some i < j < 4 with W; # W, or X = Wy + Wi + Wy + W3 with
all W;’s distinct (remember (*)). This contradicts 6.4(A)(®)4. Similarly if all W;’s
are distinct.

So suppose |{Uy, U1, Uz, Us}| = 3. Then for some ¢ < ¢’ < 4, Uy # Up and

OGU[JFUZ_/+W0+W1+WQ+W3 - Ué__JrUg_/_+X,
where X = {0} or X = W; + W; for some i < j < 4 with W; # W, or X =
Wo + W1 + Wy + W35 with all W;’s distinct (remember (*)). This again contradicts
6.4(A)(®)4. Similarly if [{Wo, Wy, Wy, Ws}| = 3.

Consequently, [{Uy, U1,Usz,Us}| = 2 = {Woy, W1, Wa, W5}|. Moreover for some
distinct «, 8 € w we have

{¢<4:Uy=U(n)}|={{<4:U,=Us(n)}| =2
and for some (7,7, 0) # (J,€,() we have

He<4:W, = Wi,'y,é}| ={t<4: W, = Wj’E,C}l =2.
Now we consider all possible configurations .
CaSE 1 Uy = Uy, Uy = Us, say they are respectively U, (n) and Ug(n).
Necessarily Wy # Wy and Wy # Wi.

If Wy = Wa, W1 = Ws then recalling (**) above, we also get {v,d} = {¢,(} =
{a, B} and (possibly after interchanging ¢ and j) Wy = W; 4,5, W1 = Wj o 5. This
gives conclusion (B).

If Wy = W35, Wy = W5 then again by (**) above, we get {v,d} = {e,(} = {a, 5}
and (possibly after interchanging ¢ and j) Wy = W, o8, W1 = W, o g. This also
gives conclusion (B).
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CASE 2 Uy = Us,, Uy = Us, say they are respectively U, (n) and Ug(n).
Necessarily Wy # Wy and Wy # Ws.

If Wy = Wy, Wy = Wj then recalling (**) above, we also get {v,} = {e,(} =
{a, B}. After possibly interchanging ¢ and j, Wy = W; o3, Wo = Wj o 3 and we
get conclusion (A).

If Wy = W3, Wy = W; then again by (**) , we have {v,d} = {¢,(} = {«, 8}
After possibly interchanging ¢ and j, Wo = W; o8, W1 = Wj o g. This leads to
conclusion (C).

CASE 3 Uy = Us, Uy = Uy, say they are respectively U, (n) and Ug(n).
Necessarily Wy # W3 and Wy # Wh.

If Wy = Wy, Wy = Ws then like above we get {v,0} = {¢,(} = {«, 8}. After
possibly interchanging 7 and j, Wy = W, o g, Wa = W , s and we get conclusion
(A).

If Wy = Wy, Wi, = W3 then we also have {v,0} = {¢,(} = {a, [} and after
possibly interchanging ¢ and j, Wy = W; o 5, Wi = W o 3. This leads to conclusion
(C). O

Lemma 6.12. Let p = (w, M,7,n, Y,V ,h) € D} and X C H, |X| > 5. Suppose
that a;(z,y),b;(x,y), Ui(z,y) and Wi(z,y) for z,y € X, x # y and i < k satisfy
the following demands (i)—-(iv) (for all x £ vy, i #1').
(i) Ui(z,y) € {Ua(n) : @ € w}, Wi(z,y) € {(Wjap:j <k, (a,8) € w?}.
(i) o (Ui(z,y) + Wilz,y)) N (Uily, z) + Wi(y,z)) = @,
4 (Uz(xa y) + Wz(xa y)) N (Ui’ (*T7 y) + Wz’(xvy)) = (2)7
4 (Uz(x7 y) + Wz(xa y)) N (Ui’ (ya x) + Wi’(y> .’L‘)) = [Z)
(iii) ai(z,y) € Ui(x,y) and bi(z,y) € W;i(z,y), and

a;(z,y) + bi(z,y) € EJM F(p,m).

Then
(1) X+ X CU{Ua(n—2)+Us(n—2):a,B € w}.
(2) If (z,y) € X2 and x+y € Uy(n—2)+Us(n—2), a, B € w, then a # 3 and
for each i < k we have a;(x,y) + b;i(x,y), a;(y,x) + b;i(y,x) € F(p, h(a, B)).

Proof. (1) Fix 2,y € X, z # y, for a moment.
Let i # 4/, i,i < k. We may apply Lemma 6.11 for U;(x,y), W;(z,y), U;(y, z),
Wiy, z), ai(z,y), bi(x,y), ai(y, ), bi(y, z) here as Uy, Wo, U1, W1, ag, bo, a1, b there
and for similar objects with i’ in place of i as Uy, Wa, Uz, W3, as, ba, as, bs there.
This will produce distinct o = a(z,y,1,i), 5 = B(x,y,4,7') € w and distinct j =
jx,y,i,4"), 5 = 7' (x,y,i,i") < k such that
either (A)5 5513 :
{{Ui(z y) + Wiz, y), Uiy, ) + Wily, 2)}, {Us (2, ) + Wi (,), Us (y, @) + Wi (y,2)} } =
{Ua() + Wjap,Us(n) + Wja g} {Ua(n) + Wir a5, Us(n) + Wi a5},
or (3)3535 :
{{Ui(= y) + Wiz, y), Ui(y, ) + Wiy, 2)}, {Us (2, y) + Wi (2,y), Us (y, ) + Wi (y, )} }
{{U + WJ, 8 Ua ( ) + WjCa,B}’ {Uﬁ(”) + Wja,8, Uﬂ( ) + W'Ca,ﬁ}}’
or (C)"jf’f, :
{Ua(n) + Wja,Us(n ) + WJ' o /3} {U (n) + Wa' a8 UB( ) + Wyas}}-
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Plainly,

(®)7Y if for some i # i’ and «, 3, 4, j the clause (A)gfff,/ holds true,
then z +y € Uy(n —2) + Ug(n — 2).

It should be also clear that for each x # y and distinct 7,4’,4",
(®)2 if (B)O"B’j’j/ holds true, then also (B)O"ﬂ’-j’j/ holds true,

z,Y,0,4’ T,y,0,4"
and
(®)s if (0)5535’, holds true, then also (C)gffﬂ, holds true,

Consequently, if & > 3 then by argument similar to 5.11 (case k > 3) for any x # y
from X neither of possibilities (B)ggff, nor (C’)jglﬂf/ can hold. Therefore we
may easily finish the proof of Lemma 6.12 (when &k > 3).

So assume k = 2. For each & # y from X we fix @ = a(x,y) and § = (z,y) such
that either (A)7) 0" or (B)3yor or (C)357 Let x(2,y) = x(y, %) € {A, B,C}

z,y,0,1°
and 0(z,y) = 0(y,z) € [w]2 be such that (x(z, y))i(jg)l’o’l holds true.

Claim 6.12.1. Ifz,y,z € X are distinct and x(z,y) = x(y,2) = A, then x(z,z) =
A.

Proof of the Claim. Let x(z,y) = A = x(y,2) and 0(z,y) = {a,8}, 0(y,z) =
{v,d}. Assume towards contradiction that x(z, z) € {B,C} and let (z, z) = {, (}.
Then for some &', ¢’ € {£,(} we have

z+2z € Ug(n) +Ux(n) + Woec+ Wi
o If{o, B} N {y,d} =1 say a =7, B #0, and {¢,¢} ={¢, ("} = {B, 4}, then
z+2z€Uy(n)+Usn) +Us(n) +Us(n) + Wiapg+Wiap+Wias+Wias
but also z + z € Ug(n) + Us(n) + Wy g6 + W1 5,5. Consequently,

0€ ((Ualn) +Ua(n)) +Us(n)) + (Us(n) + (Us(n) + Us(n))) +
(Wiap +Wiag) + Wogs) + (Wjas + Wjas) + Wigs) C

Us(n—1)+Ug(n—1)+ Vo5 + Vipgs € Qop,s + Q1,80-

This immediately contradicts 6.4(A)(®)a4.
o If{a, 83N {7, 0} =1saya=7, B#0, and ' # ', {€, "IN {B, 0} =1, say
& = 3, then by similar considerations we arrive to
0€ ((Ua(n)+Uas(n))+Us(n)) + (Us(n) + Ug(n)) + Ue (n))+
(Wias + Wiap) + Wopc) + (Wias + Wias) + Wipe)
Us(n—1)+ UC/(n -1+ Vo,8,¢cr + Vi

In our case necessarily 6 # ¢’ so we easily get contradiction with 6.4(A)(®)4.
o Tf|{a, B} N {7,0} = 1, say @ =7, B # 3, and & # ¢’ and {¢/,¢'} N {86} =,
then
0€ ((Ua(n)+Ua(n)) +Ug(n)) + Us(n) + Ue(n) + Uc(n)+
Wi+ Wiag) + Woec) + (Wyas + Wiaes) + Wiee) C
UB(TL — 1) + U5(7’L) + Ug(n) + Uc(n) +Voec+Viees

and 3,4, ¢, ¢ are all pairwise distinct. This again contradicts 6.4(A)(®)4.
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e If|{a, B} N {70} =1,say a =7, B # 0, and & = ', then
0€ g(Ua(n) +Ua(n)) + Ug(n)) + ((Ue'(n) + Ug(n)) + Us(n)) +
(Wias +Wiap) + Woee) + (Wias + Wias) +Wiec) C
Us(n—1)+Us(n—1)+Voec + Viec,
and B # d. Again contradiction with 6.4(A)(®)4.
o If {a, 8} ={~,d}, then we arrive to

0e E(Ua(n) +Ua(n)) + Ug (n)) + ((Us(n) + Us(n)) + Uer (n)) +
(Wi, + Wiap) + Woec) + (Wias + Wiap) + Wiec) ©
Us(n—1)+Us(n—1)+ Voec+ Vige.
Considering cases £ = ¢’ and & # (' separately we easily get a contradiction with
6.4(A)(®)4.
o If {a,B}N{,d} =0, then
0 ((Wiaps+Wiag)+Ua(n)) + (Wjys + Wiqs) + Us(n))+

Uy(n) +Us(n) + Ug (n) + Uer(n) + Woec + Wiee C

Ua(n=1) + Ug(n=1) + Uy(n) + Us(n) + U (n) + Ug:(n) + Woe.c + Wie
If ¢ = ¢’ then this gives

0 € Ua(n=1) + Ug(n—1) + Uy(n) + Us(n — 1) + Woe.c + Wi,

a contradiction. So & # ¢’ and we ask what is the intersection {¢&’, ('} N {a, 8,7, 0}.
In each possible case we also get a contradiction. O

Claim 6.12.2. If x(z,y) = A and z € X\ {z,y}, then either x(z,z) # A or

0(x,2) # 0(z,y).

Proof of the Claim. Suppose x(z,y) = x(z,2z) = A and 0(z,y) = 0(z,2) = {a, 5}.

By 6.12.1 we know that x(y, z) = A. Hence for some £ # ¢ and i < 2 we have
y+z€Ue(n) +Uc(n) + Wig e+ Wiec

Also,

y+z = y+a+a+z € Ua(n)+Up(n)+Wo 0,5+ Wo,a,5+Ua(n)+Us(n)+Wo a5+ Wo,a,5-

Hence 0 € Ug(n — 1) + Ue(n — 1) + Vigc + Viec, and we get contradiction as

usual. (]

Claim 6.12.3. x(z,y) # B for any distinct z,y € X.

Proof of the Claim. Suppose x(z,y) = B, 0(z,y) = {a,8}. By 6.12.2 we may

choose z € X\ {z,y} such that

(%)= (X(1'7 z),0(z, Z)) # (Av {0‘7 ﬁ}) # (X(% 2),0(y, Z))
[Why is it possible? First take t ¢ {x,y} and ask if it has the property described
in (x)¢. If not, then 8(x,t) = 0(y,t) = {«, 8} and either x(z,t) = A or x(y,t) = A.
Say the former holds true. Pick u € X\ {x,y,¢} and ask if this element has the
property (%),. By Claim 6.12.2 we have

(X(:r,u),Q(;z:,u)) # (X(x,t),ﬁ(x,t)) - (Aa {O‘aﬂ})a

so if (x), fails this can be only because (x(y,u),0(y,u)) = (A, {«,B}). Taking
z € X\ {z,y,t,u} and applying Claim 6.12.2 twice (with {z,t} and {y,u}) we
immediately see that (%), holds true.]
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By Claim 6.12.1 we know that either x(x, z) # A or x(y, z) # A; by the symmetry
we may assume x(z,z) # A. Now we consider the other possibilities for the value
of x(z, z).

(i) If x(x,2) = B and 6(z, 2) = {«, 8}, then

z+y,x+2z€Uy(n)+Usn) + Wo o+ Wias

Hence y + 2z € Uy(n — 1) + Us(n — 1) + Uy(n) + Uy(n). Also, for some &', (" €
0(y,z) ={£,¢} and i,j < 2 we have

y+z2€Ug(n)+Us(n)+Wiee+Wec,
where either ¢ # ¢’ or i # j. Thus
0 € Un(n—1)+Ua(n— 1)+ Un(n) +Ua(n) + Ues:(n) + Uer (n) + Wi g c + Wiec Y.
If ¢ = ¢’ then ¢ # j and
Y CUs(n—1)+Us(n—1)+Us(n—1)+Us(n) + Woec+Wiee € Qoect+Quec,
and we get a contradiction with 6.4(A)(®)4. If & # ¢’ then
YCUs(n—2)+Us(n—1)+Wec+Wierc

and regardless of ¢ being equal to j or not, we may get a contradiction too.
(i) If x(,2) = B and 6(x, 2) = {7,0} # {a, 3}, then

r4+zeUy(n)+Uy(n) + Woqs +Wiys and
24y €Ua(n) +Ua(n) + Woa,6 + Wias.

Hence y + 2z € Voy5 + Wiy + Vo,a,8 + Wia,s. Like before, for some ¢, (" €
0(y,z) = {£, ¢} and 4, j < 2 we have
y+zeUg(n) +Us(n) + Wige+ Wjec,

where either ¢ # ¢’ or i # j. Since {Vo~.5, Viy.6} N {V0,0,8, Vi,a,5} = 0, like before
we get a contradiction with 6.4(A)(®)4.
(i) If x(z,2) = C and 0(x, z) = {«, 8}, then

z+y € Us(n)+Us(n) + Woaps+ Wiag
r+z € Ua(n) + Ug(n) +Wo,a,8+Wiag-

AISO, yt+z e Uf/(n)+UC' (n)+Wi,§,C+Wj,f,Ca where 5/3 C/ S g(ya Z) = {57 C}a Z?] <2
and either £ # ¢’ or i # j. We consider 2 subcases now.

If i = j then (¢' # ¢’ and) x(y, 2) = A so by the choice of z at the beginning we
know that 6(y, z) # {«, 8}. So we arrive to

0€ ((Ua(n)+Ua(n)) + Ua(n)) + (Wigc + Wiec) + Us(n))+
(Wo,a,8 + Wo.a,8) + Ue(n)) + (Wi,a,8 + Wia,s) + Uc(n)) €
Us(n—1)+ Ug(n -1+ Ug(TL -1+ U((TL -1

and since {¢, ¢} # {a, B} a contradiction follows.
If i # j then we get

0€ ((Ua(n) +Ua(n)) +Ua(n)) + (Wo,a,5 + Wo,a,6) + Us(n))+
Wi,a,8 + Wia,g) + Uer(n)) + Uer(n) + Woec + Wiee C
a(n—=1)+Ug(n—1) +Ug(n—1)+ U (n) + Woec +Wige,

P

-
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and again a contradiction.
(iv) If x(x,2) = C and §(x, 2) = {7,0} # {a, 3}, then

z+zeUy(n)+Us(n)+Wyys5+Wi,s and
z+y€eUy(n)+Us(n) + Wo o+ Wias and
y+zeUy (n) + Uy (TL) +Wiee+Wiecs

where &', (" € 0(y,z) = {£,(}, i,7 < 2 and either & # ¢’ or i # j. Thus

0e (Uy(n) + (Ua(n) + Ua(n))) + Us(n) + Wo y,6 + Wi 45+

Wo,a,8+ Wiap+Us(n) +Uq(n) +Wiec+Wiec C
Uy(n —1) + Us(n) + Ug (n) + Ugr (n)+
Wor,s +Wiqs +Woaps+Wiasg+Wiee+Wjec.

Since Wy ~.5, Wi ,~,6, Wo,a,5 and W1 4 g are all distinct we get a contradiction in the
usual manner. g

Claim 6.12.4. x(z,y) # C for any distinct z,y € X.

Proof of the Claim. Suppose towards contradiction x(z,y) = C and let §(z,y) =
{a,B}. Let z € X\{z,y}. By 6.12.1 we know that either x(z,z) # A or x(y, 2) # 4;
by the symmetry we may assume x(z, z) # A. By 6.12.3 we know that x(z, z) # B,
so x(x,2) =C

If 0(z,y) = 0(x, 2) = {«, B}, then y+2z € Uy (n—1)+Uqy(n)+Us(n—1)+Us(n). We
know that x(y, z) € {A, C} and in both cases y+z € U, (n)+Us(n)+ Wi 5 s+ Wi ~ s,
where 0(y, z) = {v,d} and 4, j < 2. Now we may conclude

0 € Un(n—1)+Ua(n) +Us(n—1) + Ug(n) + Uy (n) + Us(n) + Wi .5+ W5 = 8.
If i # j then S C Uy(n —2) 4+ Us(n — 2) + Wy 4,5 + Wi,,s and an immediate
contradiction with 6.4(A)(®)4 follows. If ¢ = j then S C U,(n — 2) + Us(n — 2) +
Wi s + Wins C U (n —3) 4+ Us(n — 3) and we get a contradiction with p € D3.

If 0(z, 2) = {§, ¢} # 6(x, y) = {o, B}, then {Woec, Wi} N {Wo.ap Wiaph =10

and

y+ze€Us(n)+Usg(n) +Woap+ Wiaps+Us(n)+Us(n) + Woec+Wige.

Now, by considerations as before, we get a contradiction with 6.4(A)(®)4. O

Therefore,
(®) x(z,y) = A for all distinct z,y € X.
Hence, if  # y are from X and 0(x,y) = {«a, 5}, then x+y € U,(n—2)+Ug(n—2).

(2) Like Lemma 5.11, using Lemma 6.6. (]
Lemma 6.13. Let p = (w, M,7,n, Y,V ,h) € D} and X C H, |X| > 5. Suppose
that

(a) X+ X C | {Ua(n)+Us(n): a,B € w}, and

(b) diam, (Ua(n)) < p(z,y) for all o € w, (z,y) € X2,
Then there is a c € H such that

X—i—cQU{Ua(n—l):aEw}.
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Proof. By assumption (b), if z,y € X are distinct and z+y € U, (n)+Uz(n), o, 8 €
w, then a # B. Also, if (z,y) € X® and 2+y € (Ua(n)+Us(n)) N (Uy(n)+Us(n)),
then {a, 3} = {,6} (by 6.4(A)(®)4). Consequently, for each (z,y) € X2 we may
let O(z,y) to be the unique {«, 5} € [w]2 such that  +y € Uy (n) + Ug(n).

Claim 6.13.1.
|0(z,y) NO(z,2)] =1
whenever x,y,z € X are distinct.
Proof of the Claim. Let 0(z,y) = {a, B}, 0(z,2) = {v,0} and 6(y,z) = {&(}.
Then
y+ze (Ua(n)+U5(n)+U (n)

+ Us(n ))ﬁ(Us(n)+U<(”))~
Hence 0 € Uy(n) + Us(n) + U, (n) + Us(n) +

6}

+

Us
Ue(n) + Ug(n). Since av # B, v # 6
and £ # ¢ we conclude that {a, 8} N {7y,8} # 0 (remember 6.4(A)(®)4). If we
had {o, B} = {v,0}, then 0 € Ug(n — 1) + Uc(n — 1), a contradiction as well.
Consequently |{a, 8} N{v,d} =1. O

Fix distinct 2o, y0,20 € X. Let 6(xo,y0) = {ao, 5o}, 0(x0,20) = {y0,0} and
let a’,a"” € Uyy(n), by € Ug,(n), co € Uyy(n) be such that zo + yo = a’ + by and
To + 20 = a’ + cp.

Let ¢ = o’ + z9. We will show that  + ¢ € [J{Ua(n — 1) : @ € w} for all z € X.
To this end, first note that

e zyt+c=x9+a +x9=0d €U, (n),
i yO+C:yO+a,+$O:a,+b0+a/:b0 EUﬁo(n>7
* ztc=ztad'+z9 = a"+cota’ € Uy, (n)+ Uy (n)+Ua, (1)) € Uyy(n—1).

Now suppose z € X\ {x0,y0, 20} Let 6(z,29) = {9,(}, e+ 290 =d+e, d € Us(n),
e € Ue(n).

(*) ao € {5, ¢}
Why? By Claim 6.13.1 we have [0(xq,z) N 0(x0,y0)| = |0(z0,x) N 6(z0,20)| = 1.
Hence if ag ¢ {9, C}, then 6(z, z9) = {Bo, 10}. Take 2’ € X\ {z0, Yo, 20, 2} and note
that (again by Claim 6.13.1)

|0(0,2") N {0, Bo}| = |0(w0, 2') N {0, v0}| = |0(x0,2") N {70, B0}| =1,
and this is clearly impossible.
By symmetry we may assume ag = J. But now
t4+c=z+x0+d =(d+d)+eecUs(n—1),
so we are done. |

Lemma 6.14.
lFg  “there is no perfect set P C H such that

(Vx,y e P)(‘(x—f—mgw]j‘m) n (y+mL<JwF’”)‘ > Qk). ”

Proof. Suppose towards contradiction that G C Q is generic over V and in V[G]
the following assertion holds true:
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for some perfect set P C H we have

@+ UFS) N+ U Fo)| =2k
m<w m<w

for all x,y € P.
Then for any distinct x,y € P there are cg,dy, . ..,cx_1,dp—1 € |J FS such that

m<w
x+y = ¢ +d; (for all i < k) and {c¢;,d;} N {cy,dy} = 0 (for i < &' < k);
remember x +y = ¢; + d; impliesithat T + ¢;,x + d; are distinct elements of
(z+ U F)N(y+ U FS). For £ = (¢;:i<k) Cw,m=(m;:i<k) Cwand
m<w m<w
N < w let

zY = {(z,y) € P?: there are ¢; € F{ ,d; € FS (for i < k) such that
T+yY=c+ di and 2N < min (p(ci7 Cj)vp(dia dj)ap(civ d]))
for all distinct 4,5 < k
Now we continue as in 5.12, but instead of 3.5 we use 6.13. In (E)5) as there we

demand p,,q, € Df’h. Also under current assumptions on H, X, +¢, =¢, — X, so
we have only one case. Otherwise the same proof works. (I

The following theorem is a consequence of results presented in this section.

Theorem 6.15. Assume that

(1) (H,+,0) is an Abelian perfect Polish group,
(2) all elements of H have order at most 2,
(3) 2<k<wand
(4) e <wy and X is an uncountable cardinal such that NPr®(X\) holds true.
Then there is a ccc forcing notion Q of cardinality A such that
kg “ for some X9 subset B of H we have:
there is a set X C H of cardinality \ such that
(Vz,y € X)(|(z + B)n (y + B)| > 2k)
but there is no perfect set P C H such that
(Va,y € P)(|(x + B)n (y + B)| > 2k) .

7. CONCLUSIONS AND QUESTIONS

Let us recall from the Introduction, that the spectrum of translation k—non-
disjointness of a set A C H is
stndg (A) = stndg (A, H) = {(z,y) e Hx H: |[(A+2) N (A+y)| > k}.
By the definition, X x X C stndy(A) if and only if
(Vo,y € X)(|(z+A) N (y+ A)| > k).

In particular, there is a perfect square P x P included in stndy(A) if and only if A
has a perfect set P of k—overlapping translations.

Conclusion 7.1. Assume that
(a) H = (H,0,+) is a perfect Abelian Polish group,
(b) 1<t <wand
e k=1if {ceH:c+c#0}is dense in H, and
e k = 2, otherwise,
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(¢) Ais an uncountable cardinal such that NPr®(\) holds true for some count-
able ordinal €, and
(d) A= A% <= ple.
Then there is a ccc forcing notion P* and a P*-name B for a 39 subset of H such
that
(1) Irp 2% =7,
(2) IFps “ there is a set X C H of cardinality A such that X x X C stndg(B) ”

but
(3) IFp«“ there is no set X C H of cardinality A™ such that X x X C stnd(B)
7 and

(4) IFp+“ there is no perfect set P C H such that P x P C stndg(B) 7.

Proof. Let us consider the case when (in assumption (b) of the Corollary) the set
{c € H: c+ c#0} is dense in H. The other case is fully parallel. So we assume

e (H,+,0), D, p, p* and U are as in Assumption 5.1 and Assumption 5.2,
o ke, A\ 1k j k and p satisfy Assumption 5.2 and assumption (d) of the
Corollary.

Let P be the forcing notion discussed in Section 5 (cf Theorem 5.13) and let C,, be
the forcing notion adding i Cohen reals, where conditions are finite functions with
domains included in g and values 0, 1.

Let P* =P x C,.

By standard arguments, P* is a ccc forcing notion and IFp- 2% = ;. Let B be a
P-name for the X9 subset of H added by P < P*.

Claim 7.1.1. (2) IFps “there is a set X CH of cardinality A such that
(vo.y € X)(|@+B)N(y+B)| 2 k) ",

but
(4) IFpx “there is no perfect set P C H such that

(Va,y € P)(|(z+B)N(y+ B)| > k) "

Proof of the Claim. If H C C,, is generic over V, then in V[H] we may look at
the definition of the forcing notion P as all the ingredients still have the required
properties. Identifying BY with BX[H] we easily see that PV = PV[H] Hence P*
is equivalent to the iteration C,, * P and consequently the results of Section 5 give
the desired conclusion. O

Claim 7.1.2. (3) IFp« “there is no set X C H of cardinality \* such that
(Vo,y € X)([(@+B)n(y+ B)| > k) "

Proof of the Claim. Assume A < p (otherwise clear). Suppose towards contradic-
tion that G = Go x G1 C P x C,, is generic over V and in V[G][G1] there are
distinct 2, € H (for @ < AT) such that

’(xa—&—BG)ﬂ(xB—l—BGﬂzk for o, B < AT

Then in V[Gy] we may find a condition ¢ € Gy and C,—names z,, a < AT, for
elements of the group H such that

qlFc, “za #zp and |(za +B)N(zs+B)| 2 k7
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for all @« < B < AT. Each of the names z, is actually a C4_-name for some
countable set A, C p. Since V[Go] | 2% = )\, we may choose a set I € [)\ﬂ)‘+
and a set u C p such that the following two demands are satisfied (in V[G)).

()1 otp(Ay) = otp(Ag) for o, f € I.
()2 For each a < § from I, letting 74 g : Ao —> Ap be the order isomorphism,
we have
u=A,NAg, maplu=id, and A, \ uis infinite.
Let u* = v U dom(gq) C u. Dismissing finitely many elements of I we may assume
that A, \u= A, \u* for all « € I.

Let G5 = G1 N Cy+ and let us work in V[Gy][G3] for a moment. Each name g,
(for o € I) can be thought of as a C4 \,-—name now. Let & = otp(A, \ u*) for
some (equivalently, all) o € I. Since V[Gy][G?] | 280 = A, we may find I* € [I])‘+
and a Borel function 7 : 2 — H such that

(d)s IFzy = T(ga o ﬂ'a), where 7 : £ — A, \ u* is the order isomorphism and

Cq is (a name for) the Cohen real added by Cx_\ -
Consequently, if o # [ are from I*, then
()1 Ircy e xCape | (T(ca 0 ) + BE) N (1(c5 0 ) + BY)[ > k and
T(ga o ﬂ“) #+ T(gB owﬁ) 7
Therefore,
()5 if dy,d; € €2 are (mutually) Cohen reals over V[Gy][G%], then

VI[Go][Gi]ldo, d1] = | (7(do) + BY) N (r(dy) + B°)| > k and 7(do) # 7(d).

Take o € I and note that in V* = V[Gy][G]][G1 N Cy4, \y+] there is a perfect set
P C £2 of mutually Cohen reals over V[G][G%]. By (&)5 we know

V* = 7] P is one-to-one and ‘(T(ac) + BY)n (r(y) + BGO)I >k for z,y € P.
By upward absoluteness of ¥} sentences we may assert now that

V[Go x G1] | there is a perfect set P* C H such that
(Vz,y € P*)(|(z + B%) N (y + BY)| > k).

This, however, contradicts Claim 7.1.1. (]

Conclusion 7.2 (See [10, Proposition 3.3(5)]). Assume that

(1) H is a perfect Polish group and B C H is a Borel set,

(2) a cardinal X is such that Pr®(X) holds true for every e < wy, and
(3) 1 <k <w,and

(4) there is a set X C H of cardinality A such that X x X C stndy(B).

Then there is a perfect set P C H such that P x P C stnd(B).

Proof. Under our assumptions on A, if an analytic set B C “2 x “2 includes a
A-square, it includes a perfect square (see [13, Claim 1.12(1)]).

The space H is Borel isomorphic with “2; let f : H — “2 be a Borel isomorphism
and let fo : Hx H — “2 x “2: (z,y) — (f(z), f(y)). Then the set fa[stndy(B)]
is analytic and f[X] x f[X] C f2[stndi(B)]. Consequently there is a perfect set
P* C “2 such that P* x P* C fy[stndi(B)]. We may choose a perfect set P C
f7LP*] C H - it will also satisfy P x P C stndg(B). O
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Now, in Claim 7.1.2 we used the upward absoluteness to show IFp«“ (3) 7. If
the group H is compact and B C H is £9, then the set stndy(B) is ¥} and hence
the assertion in (4) of 7.1 is I, so also absolute. However, in the case of general
H the corresponding assertion appears to be II3 so not so obviously absolute. Its
absoluteness could be establish if we can introduce corresponding rank. (This would
be helpful for natural consequences under MA.)

Problem 7.3. Develop the rank and the results parallel to ndrk, and cute YZR—-
systems presented in [9] for the case of general perfect Abelian Polish groups.

The forcing notions presented in this article for various Abelian Polish groups
look similar, but the particular group structures may have different impacts.

Problem 7.4. Is it consistent that for some perfect Abelian Polish groups Hy, Hy
and 2 < k < w and an uncountable cardinal A we have:
(1) for some Borel set By C Hy,
(a) thereisaset X C Hj of cardinality A such that X x X C stndy(By, Hp)
(i.e., stndy(Bg, Hp) includes a A—square) , but
(b) there is no perfect set P C Hy such that P x P C stndy (B, Ho) (i.e.,
stnd (B, Hg) does not include any perfect square)
and
(2) for every Borel set B C Hy, if stndg(B,H;) includes a A—square, then it
includes a perfect square ?

Considering differences caused by various choices of parameters, it is natural to
ask about the impact of k.

Problem 7.5. Is it consistent that for some perfect Abelian Polish group H and
2 < k < £ < w and an uncountable cardinal A the following two statements are
true.
(1) For some Borel set By C H,
(a) there is a set X C H of cardinality A such that X x X C stndy(By, H),
but
(b) there is no perfect set P C Hy such that P x P C stnd,(Bg, Hy).
(2) For every Borel set B C H, if stndg(B,H) includes a A-square, then it
includes a perfect square.

Of course, the next steps could be to investigate stnd,, and stnd,,
Problem 7.6. Let H be a perfect Abelian Polish group. Is it consistent that for

some Borel set B C H:

e there is an uncountable set X C H such that (B+x)N(B+y) is uncountable
for every xz,y € X, but
e for every perfect set P C H there are z,y € P with (B + z) N (B + y)
countable?
Similarly if “uncountable / countable” are replaced with “infinite / finite”, respec-
tively.

Let us also remind two other questions related to our results. The first one calls
for a “dual” results.

Problem 7.7. Is it consistent to have a Borel set B C H such that
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e B has uncountably many pairwise disjoint translations, but
e there is no perfect of pairwise disjoint translations of B ?

Assumptions of Conclusion 7.1 and Conclusion 7.2 bring the question what is
the value of the first cardinal A = A, such that Pr®()) holds true every ¢ < wy.

Problem 7.8. Is A\, =X, ? Does Pr*(X,,) hold true for all € < w;?
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