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NONTRIVIAL AUTOMORPHISMS OF P(N)/[N]<* FROM VARIANTS OF SMALL
DOMINATING NUMBER

SAHARON SHELAH AND JURIS STEPRANS

ABSTRACT. It is shown that if various cardinal invariants of the continuum related to 0 are equal to Nj then there is a
nontrivial automorphism of P(N)/[N]<¥0. Some of these results extend to automorphisms of P(x)/[x]<* if « is inaccessible.

1. INTRODUCTION

A fundamental result in the study of the Cech-Stone compactification, due to W. Rudin [7, 8], is that, assuming the
Continuum Hypothesis, there are 2¢ autohomeomorphisms of SN\ N and, hence, there are some that are non-trivial in
the sense that they are not induced by any one-to-one function on N. While Rudin established his result by showing
that for any two P-points of weight N; there is an autohomeomorphism sending one to the other, Parovi¢enko [6] showed
that non-trivial autohomeomorphisms could be found by exploiting the countable saturation of the Boolean algebra of
clopen subsets of BN\ N — this is isomorphic to the algebra P(N)/[N]<®. Indeed, the duality between Stone spaces of
Boolean algebras and algebras of regular open sets shows that the existence of non-trivial autohomeomorphisms of SN\ N
is equivalent to the existence of non-trivial isomorphisms of the Boolean algebra P(N)/[N]<¥° to itself.

Notation 1.1. If A and B are subsets of k let =, denote the equivalence relation defined by A =, B if and only if
|AAB| < k and A C,; B will denote the assertion that |A\ B| < . Let [A], denote the equivalence class of A modulo =,
and let P(x)/[r]<" denote the quotient algebra of the P(x) modulo the congruence relation =,,. If k = w it is customary

=*

to use =* instead of =, and C* instead of C,,.

Notation 1.2. If f is a function defined on the set A and X C A then the notation f(X) will be used to denote
{f(z) | * € X} in spite of the potential for ambiguity.

Definition 1.1. An isomorphism ® : P(k)/[k]<" — P(k)/[k]<" will be said to be trivial if there is a one-to-one function
¢ : kK — k such that ®([A4],) = [¢(A)], for each A C k. The isomorphism ® will be said to be somewhere trivial if there
is some B € [k]" and a one-to-one function ¢ : B — & such that ®([A].) = [¢(A)]. for each A C B and ® will be said to
be nowhere trivial if it is not somewhere trivial.

The question of whether the Continuum Hypothesis, or some other hypothesis, is needed in order to find a non-trivial
isomorphism of P(N)/[N]<X0 to itself was settled in the affirmative by S. Shelah in [9]. The argument of [9] relies on an
iterated oracle chain condition forcing to obtain a model where 2% = Ry and every isomorphism of P(N)/[N]<N¢ to itself
is induced by a one-to-one function from N to N. The oracle chain condition requires the addition of cofinally many Cohen
reals and so 0 = Ny in this model. Subsequent work has shown that it is also possible to obtain that every isomorphism
of P(N)/[N]<®e is trivial by other approaches [15, 11, 2] but these have always required 0 > ¥; as well. However, it
was shown in [12] that this cardinal inequality is not entailed by the non existence of nowhere trivial isomorphisms from
P(N)/[N]J<Mo to itself — in the model obtained by iterating wo times Sacks reals there are no nowhere trivial isomorphisms
yet 0= Nl.

On the other hand, while we now know that the Continuum Hypothesis can not be completely eliminated from Rudin’s
result, perhaps it can be weakened to some other cardinal equality such as 0 = N;. It will be shown in this article
that non-trivial isomorphisms of P(N)/[N]<®0 to itself can indeed be constructed from hypotheses on cardinal arithmetic
weaker than 2% = R; and reminiscent of @ = R;. However, it is shown in [3] that it is consistent with set theory that
2 =N, yet all isomorphisms of P(N)/[N]<®0 are trivial so some modification of the equality @ = N; will be required.

It will also be shown that natural generalizations of the arguments can be applied to the same question for P(x)/[x]
where r is inaccessible. The chief interest here is that, unlike P(N)/[N]<®¢  the algebra P(kx)/[x]<" is not countably
saturated if x > w— to see this, simply consider a family {A,}nc C [k]* such that (), ., A, = 0. In other words,
Parovi¢enko’s transfinite induction argument to construct non-trivial isomorphisms from P(k)/[k]<" to itself is not avail-
able and some other technique is needed.
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The statement and proof of Lemma 2.1 is provided for all x and will apply both to the case that Kk = w and to the case
that k is inaccessible. However, Lemma 3.2 deals only with the case that x is inaccessible. It is somewhat simpler than
the case for w and so is dealt with first because the general approach is similar in the kK = w case, but this case requires
some technical details not needed in the inaccessible case.

2. A SUFFICIENT CONDITION FOR A NON-TRIVIAL ISOMORPHISM

The following lemma provides sufficient conditions for the existence of a nontrivial isomorphism of P(x)/[x]<" to itself.
The set theoretic requirements for the satisfaction of these conditions will be examined later. The basic idea of the
lemma is that an isomorphism of P(k)/[x]<" can be approximated by partitioning  into small sets I,, and constructing
isomorphisms from subalgebras of P(I,,) and taking the union of these. Unless the subalgebras of P(I,,) are all of P(1,),
this union will only be a partial isomorphism. Hence a kT length sequence of ever larger families of subalgebras of P(I,)
is needed to obtain a full isomorphism. In order to guarantee that this isomorphism is not trivial the prediction principles
described in Hypothesis (4) and Hypothesis (5) of Lemma 2.1 are needed.

Lemma 2.1. There is a non-trivial automorphism of P(k)/[k]<" provided that there are {I,}ver, {Bevtecn+ ven and
{®¢.v}een+ ven such that:

(1) {L,}vex is a partition of k such that |I,| < k for each v € k.

(2) B¢, is a Boolean subalgebra of P(I,) and ®¢, is an automorphism of B¢, for each & € kT and v € k.

(3) If ¢ € n € kT then there is § € k such that B¢, C B, , and P¢, C D, , for allv e K\ B.

(4) For any one-to-one F : k — k there are { € kT and cofinally many v € K for which there is an a € B¢, and

w € a such that F(w) ¢ ®¢ . (a).
(5) For any A C & there are £ € kT and 8 in K such that ANT, € B¢, for allv € k\ B.

Proof. Define

and begin by observing that this is well defined. To see this, it must first be observed that given A and B such that
|AAB| < k there is a € £ such that for all v in a final segment of x the equation

®,,(ANIT,)=9,,(BNIL)
is defined and valid by Hypothesis (5). From Hypothesis (3) it then follows that if £ > « then

U ®cv(An) = | ®an(BNL)

VER VEK

and, hence, ®([A].) is well defined. Since each ®;, is an automorphism it follows that ® is an automorphism of
P(r)/[n]<"

To see that ® is non-trivial, suppose that there is a one-to-one function F' : k — & such that [F(4)], = ®([4]x)
for all A C k. Using Hypothesis (4) choose § € ™ for which there is Z € [k]" and a, € B¢, and j, € a, such that
F(j,) ¢ ®¢ 1 (ay) for each v € Z. Let W € [Z]" be such that for each v € W, if F(j,) € I, and p # v then p ¢ W. Let
A =J,cw av- It follows from Hypothesis (3) that for any n > &

(PG vewin | @) = (FG,) [vewn | ®e.(a) =0
veWw vew

and, hence, [F(4)], = ®([A]x)- O
3. WHEN ARE THE HYPOTHESES OF LEMMA 2.1 SATISFIED?

In answering a question of A. Blass concerning the classification of cardinal invariants of the continuum based on the
Borel hierarchy M. Goldstern and S. Shelah introduced a family of cardinal invariants called c(f, ¢g) defined to be the least
number of uniform trees with g-splitting needed to cover a uniform tree with f-splitting [4] and showed that uncountably
many of these can be distinct simultaneously. The following definition is very closely related to this as well as to the
notion of a slalom found in [1].

Definition 3.1. Given functions f and g on « such that g(¢) is a cardinal for each { € cof(x) define 37,4 to be the least
cardinal of a family D C [],,.[f(¥)]?*") such that for every F' € [], ., f(v) there is G € D such that F(v) € G(v) for a
final segment of v € k.

Hypothesis 3.1. For the remainder of this section fix a cardinal x as well as functions f and g from k to the infinite
regular cardinals below x such that for all v € k:

(1) 2900 < f(v)
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(2) if v € v* then |v| < g(v) < g(v*)
(3) an,g =kt
Lemma 3.1. There are {Zy ¢ }pent cew satisfying the following:

(1) Znc S

(2) |Zn.c|l < 9(0)

(3) if ¢ <" then Zy ¢ C Zy ¢

(4) UCEN ZT],C =n

(5) if n € n* then there is f € k such that Zy- c N\ = Zy ¢ for all { >
(6) if n € Zye ¢ then Zps c Ny = Z, .

Proof. Start by letting Zy ¢ = @. If Z, - have been defined for n € £ and all ( € x consider three cases.
Case One. £ =¢&*+1

In this case simply define Z¢ = Z¢« o U {€*}.

Case Two. cof £ < k

In this case let {7, },ccof(e) be an increasing sequence cofinal in £. Using Induction Hypotheses (4) and (5) let o € x\cof (§)
be so large that

(3.1) (Vv <v* < cof(§)) W € Zyx -
Note that from Condition 3.1 and Induction Hypothesis (6) it follows that
(3.2) (VC = ) (¥ < 1" < COF(€)) Zayc = Zopec N
Then define
%] if(<a
Zeg = 7 £
Uchof(f) Y€ 1 C >

and note that

| Ze.c| < cof (§)g(¢) < [alg(¢) < [¢lg(C) < g(C)
by (2) of Hypothesis 3.1. Hence Induction Hypothesis (2) holds. To see that Induction Hypothesis (3) holds let ¢ < ¢*.
Then Z,, C Z,, ¢~ for each 6 € cof(¢) by Induction Hypothesis (3) and it follows that Zg . C Z¢-. Induction
Hypothesis (4) follows from the fact that (.., Z,,¢ = 7o for each 6 € cof(£). To see that Induction Hypothesis (5) holds
let n € €. Let 6 be so large that n € 5. Then let 8 €  \ a be so large that Z, . = Z,, c Nn for all { > 8. If { > § then

Zeenn=| |J Z,c|nn=2,cnn=2Z,
vecof (&)

with the second equality following from Condition 3.2 and the third equality from the choice of 8. To see that Induction
Hypothesis (6) holds let £* € Z¢ ¢ \ . Since Zg ¢ # @ it follows that Z¢ ¢ = U, ccor(e) Zv..¢ and hence £ € Z,, ¢ for
some v € cof(§). Then Z¢« o = Z,, ¢ NE* by Induction Hypothesis (6). By Condition (3.2) it follows that

Zeene = |J ZpcnN€ =2, =2
A€cof(§)

vy

as required.
Case Three. cof { =k

In this case let {7, },ex be an increasing sequence cofinal in . Then let {3(6)}sc, be increasing ordinals in & such that
(3.3) (Vv <O)(VC = B(0)) Zygc N = 2y, ¢

Let Z¢¢e = Z,,,¢ for all ¢ such that 3(0) < ¢ < (0 + 1). It is clear that Induction Hypothesis (1) holds. To see
that Induction Hypothesis (2) holds note that for each Z¢ ¢ there is some 6 such that |Z¢ | = |Z,.¢] < g(¢). To see
that Induction Hypothesis (3) holds let ( < ¢*. Then there are § < 6* such that Z; = Z,, ¢ and Z¢ ¢~ = Z,,. ¢». By
Induction Hypothesis (3) it follows that Z.,  C Z,, ¢+ C Z,. ¢- with the last inclusion following from the choice of 3(6*),
Condition (refWeidl) and the fact that 3(6*) < ¢*. Induction Hypothesis (4) follows from the fact that {J.c, Z,.c = 7o
for each 6 € k. To see that Induction Hypothesis (5) holds let € . Let 6 be so large that 1 € 7. Then let 5 € & be so
large that Z, . = Z,, cNn for all { > B. Now let { > S U B(f). Then Z¢ = Z,,. ¢ for some 0* > 0 and §(6*) > 5(6).
Hence

Zng = Zngc NN = (Zyge ¢ NY0) N = Zec N
as required. Since each Z¢ ¢ is equal to Z,, ¢ for some 6 it is immediate that Induction Hypothesis (6) holds at &. d
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Lemma 3.2. The hypotheses of Lemma 2.1 hold at k.

Proof. To begin the argument let

o {Z, c}nen+ cen be the family whose existence is established in Lemma 3.1
o {I¢}ecs be a partition of k such that |I¢| = f(§)
o {G¢}ecn+ witness that Equation (3) of Hypothesis (3.1) holds
o {79, }gecase enumerate all functions from I, to I,
o {Ep,}tgcorey enumerate P(I,).
For v in k let By, = {D, I, } and let ¢y, be the empty mapping. As the induction hypothesis assume that
B¢, and @, have been defined all £ € n and v € & such that the following conditions are satisfied:
(1) for £ € pand v € k:
(a) @ew : Dey — Dey, is a bijection
(b) [Den| < f(v)
c) B¢, is an atomic Boolean subalgebra of P(I,)
(d) Dey € Bey
(e) | Atoms(B¢ )| < 290
(2) if 7 €nand £ € Z, then:
(a) Be, C By,
(b) pew S @y
(c) P¢r € @y, where B¢, 2 Be, — B, is the isomorphism defined by ®¢ , (A) = e, (AN De ) U (AN De,y).

Observe that by Condition (6) of Lemma 3.1 and Induction Hypothesis (2a) it follows that if £ € £* and {£,£*} C Z,,,
then B¢, € Be« . Since |Z, .| < g(v) it follows from Induction Hypothesis (1e) that if

Ay = ﬂ a(f) |ac€ H Atoms(B¢,) » \ {2}

£€Zn0 €€Zn.0
then
(3.4) (Vv € k) [2,,] < (290)9) = 2901
Let &, be the partition of I, generated by {Ejp . }oca,(») and observe that
(3.5) (Vv € k) |&,.] < 21601 = 2901,
Let A, , be the partition of I, generated by &, , and 2, , and note that Inequalities (3.4) and (3.5) imply that
(3.6) Ayl <290 < F0).

Since f(v) is regular, there is some A, , € A, , such that |4, ,| = f(v).
For each v € & let BY € [4,,,]/67™)| be closed under the functions 7y, for 6 € G, (v) and let B} € [4,, \ BY]I¢ ™),
Now let ¢ : BOU B! — BYU B! be any involution sending BY to Bl. Then define

Dy, = U D¢, U ByUB,
gezn,u

noting that B U B} is disjoint from Dg, for all £ € Z,, because |A, ,| = f(v), |D¢,| < f(v) and Induction Hypothe-
sis (1d) holds. Then let

(3.7) Py = U wer U
§€Zy

and note that if £ and £* are in Z,, ,, then ¢¢, U ¢+, is a bijection by Induction Hypothesis (2b) and Condition (6) of
Lemma 3.1. Hence Induction Hypotheses (1a) and (1b) are satisfied.

Let B,,,, be the Boolean algebra generated by A, , U{D, ., BS, BL} and note that (1le) holds by Inequalities (3.6).
Clearly Induction Hypotheses (1c) and (1d) also hold. To see that (2a) holds use the definition of 2, ,,. To see that (2b)
holds use Equation (3.7) .

To see that (2c) also holds it must be shown that if £ € Z,,, then &, C ®, , solet £ € Z,,, and A € B¢,. Then
(bfﬁl,(A) = (p&V(A n Dg,y) U (A \ D&y). On the other hand,

(3.8) @, ,(A) =y, (AND,,)U(A\D,,)
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and
(3.9) (AN Dyy) = oeu(ANDey) U U @ n(AN(De- 0\ Dey)) | Up(AN (B U BY)).
SIS

Using Induction Hypothesis (2c) it follows that if £&* € Z,, , \ £ then ®¢« , O P¢,, and so
Perw(A\ Dey) = Per (AN Dey) = P (A\ Dey) = A\ Dey
Furthermore, @¢- ,(Dg- ) = Dg-,, and so it follows that
Per (AN (Deru \ Dew)) = pex 0 (A\ Dew) Npex 1w (De=v) = Qe 0 (A\ Dev) N Des oy = (A\ De,y) N Dexy = AN(Dee i\ De )

and hence

U ¢enAnDeu\ D))= | AN(Desw\Dey)=AN U  Dew\ Dew
€€\ € €Zy,\¢ €€y \E

Hence Equation (4.10) becomes

(3.10) P (ANDyo) =0 (ANDe)U [ AN | () Dew\Dew | | Up(AN(BJUB)).
£reZyu\¢
Noting that either A, , C A or A, , N A= @ it follows that either BSU B} C A or (BYU B.)N A = 2. In either case it
follows that
p(AN(ByUB,)) = AN(B,UB,)
and so Equation (3.10) becomes
(3.11)

Pnw(ANDyy) = 0en(ANDe,)U | AN U Dew\Dey | | UAN(BYUBL)) = 9c (AN De, ) U(ANDy, \ De )
£ €Zn\&
Combining this with Equation (4.9) it follows that

D, (A) =pe (AN De,)U(A\ Dey)

as required for (2¢) to hold.

To see that Hypothesis (4) of Lemma 2.1 holds let F' : K — k be one-to-one. If there are cofinally many v such that
there is z, € I, such that F'(z,) ¢ I, then let { = 0 and note that z, € I, € By, for cofinally many v. If, on the other
hand, F(I,) C I, for all v in a final segment of x then F' | I, = 7y, for some J(v) € 2/(") for a tail of v € k. By (3)
of Hypothesis 3.1 there is then some & € kT such that J(v) € G¢(v) for a final segment of v € k. By construction, for a
final segment of v €  there are disjoint B) and B such that ®¢ ,(BY) = B) while F(BY) = 7,0, (B)) = BY.

Finally, to see that Hypothesis (5) of Lemma 2.1 holds let A C k. Then AN 1, = E;,), for some J(v) € 2/®) for
all v € k. By (3) of Hypothesis 3.1 there is £ € x* such that J(v) € G¢(v) for a final segment of v € k. It follows that
Ej@),, belongs to the Boolean algebra B, for a tail of v € x. In other words, AN I, = E;jq,), € Be(v) for all vin a
final segment of k. O

Corollary 3.1. If k is inaccessible and 2% = k% then there is a non-trivial automorphism of P(k)/[k]<".

Proof. Let f and g be functions on « satisfying Conditions (1) and (2) of Hypothesis 3.1. Let {H¢}¢cq+ enumerate
IIc .27 Let eg : k — € be a bijection for £ € kT \ k. Then let G¢ € II,c [27)]90) be defined by

Ge(v) = {Heem)(v) [n€9(v)}.
A standard argument shows that {Ge¢}ec,+ witnesses that 957 , = kT so that Lemma 3.2 can be applied. O

Corollary 3.2. If k is inaccessible then it is consistent that 2° > kT and there is a non-trivial automorphism of
P(r)/[k]=".

Proof. Fix functions f and g on & satisfying Conditions (1) and (2) of Hypothesis 3.1. Let IP be the partial order consisting
of pairs (d, H) such that:

e there is some a € k such that d € [T, [f(¥)]9")

'HCHuen ()
o [H| < g(a)

and define (d, H) < (d*, H*) if
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e HOH”

o dDd*

e h(n) € d(n) for all h € H\ H* and 7 in the domain of d \ d*.
It is routine to see that if G C PP is generic over V and d¢ € [],c,[f(¥)]9") is defined by d¢() = d(a) for some (d,H) € G
then for any h € [],.,. f(v) NV there is some 3 € x such that h(a) € dg(a) for all a > (. It is then standard to obtain
Condition (3) and 2% > s by iterating this forcing k™ times over a model where 2% > k™. O

4. WHEN ARE THE HYPOTHESES OF LEMMA 2.1 SATISFIED AT w?

Hypothesis 4.1. For the remainder of this section fix functions f and g from w to w such that
(1) f(k) > 2g(k)(g(k) + 395)%) for all k
(2) g(k) > 2 for all k£ and hence
(a) f(k)!>2/® for all k
(b) 29(k)39(k)(m=1) 4 9 < 39(F)m for 4]l k and m > 1
(3) if k < k* then k < g(k) < g(k*)
(4) ¥f1g = wr.
Lemma 4.1. There are {Zy 1} new kew Satisfying the following:
(1) Zyr Cnand @ # Zy 1, if n > 0.
(2) | Znk| < g(k)

(3) limg— 00 |Zn,k|/g(k) =0
(4) if k < k* then Zy 1, C Zy -

(9) Urew Znk =1
(6) if n € n* € wy then there is j € w such that Zy« ym, N\ = Zy 1 for all m > j
(7) ifne Zn*,k then Zn*,k nn= Zn,k’-

Proof. Start by letting Zy ,, = @. If Z, ;, have been defined for n € £ and k£ € w consider two cases.
Case One. £ =¢F+1
In this case let m be so large that |Zg- x| +1 < g(k) for k > m and define

Z§*7kU{§*} ifk>m
Lk = .
1 if kK <m.

Case Two. ¢ is a limit ordinal

In this case let {7V, }ncw be an increasing sequence cofinal in & and let {b(¢)}+c., be an increasing sequence of intergers

such that

(4.1) (Vt 2 1)(Vk = b(t)) |24kl /9(k) <1/t
(4.2) (Vt)(Vn < t)(Vk > b(t)) Zvyy s VY = Zy,, k-
Let

1 if k < b(0)
Lk = )
Zow ifD(t) <k <b(t+1).

It is clear that Induction Hypothesis (1) holds. To see that Induction Hypothesis (2) holds note that for each Z¢ j there
is some t such that |Z¢ x| = |Z,, 1| < g(k). The fact that Induction Hypothesis (3) holds follows from Inequality (4.1).
To see that Induction Hypothesis (4) holds let & < k*. Then there are t < t* such that Z¢ , = Z,, » and Z¢ j» = Z,,. j=-
By Induction Hypothesis (4) it follows that Z., x C Z,, g+ C Z,,. x+ with the last inclusion following from the choice of
b(t*), Condition (4.2) and the fact that b(t*) < k*. Induction Hypothesis (5) follows from the fact that (J, ¢, Z,, & = 1
for each ¢ € w and Condition (4.2). To see that Induction Hypothesis (6) holds let n € £. Let ¢ be so large that n € ;.
Then let b € w be so large that Z, , = Z,, x Nn for all £ > b. Now let k > max(b,b(t)). Then Z¢, = Z,,. i for some
t* >t and note that b(t*) > b(t). Hence

Znk = Zno ke N0 = (Zype ke N9e) N0 = Ze kN1
as required. Since each Z¢ i, is equal to Z,, j, for some ¢ € w it is immediate that Induction Hypothesis (7) holds at §&. O
Lemma 4.2. The hypotheses of Lemma 2.1 hold at w.

Proof. To begin the argument let
o {Z, i }ncw: kew be the family whose existence is established in Lemma 4.1
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o {I}rew be a partition of w such that |I| = f(k)
o {G¢}ecw, witness that Equation (3) of Hypothesis 4.1 holds
° {7rj7k}j€f(;c)g enumerate all bijections from Iy to I
® {Ejk}jearn enumerate P () using Inequality (2a) of Hypothesis 4.1.
For k in w let Vo = {&, I} and let ¢g 1 be the empty mapping. As the induction hypothesis assume that B¢ ; and
@e¢.1. have been defined all £ € n and k € w such that the following conditions are satisfied:
(1) for { €epand k € w:
(a) ek - D&k — D&,k is a bijection
(b) [Dex| < 2g(k)|Z¢ k|
(c) B¢k is a Boolean subalgebra of P(Iy)
(d) Der € Bep
(e) | Atoms (B¢ ;)| < 3901 Zexl
f€nand { € Zy then:
) Bek S By
b) @er C @ik
(c) P € i i where ¢ i : Be i = Be i is the isomorphism defined by ®¢ 1 (A) = e (AN De ) U (AN De ).
Using Condition (1) of Lemma 4.1 let x(k) denote the maximum element of Z, ;. It follows that

(2) i

(4.3) | Atoms (B, )| < 39 Zuky 6l — 39(k)(1Zn,k1—1)

by Condition (7) of Lemma 4.1. Also by Condition (7) of Lemma 4.1 and Induction Hypothesis (2a) it follows that
(4.4) (V€ € Zyk) Bek S Bugw).k-

Let &, x be the partition of [}, generated by {E; x}jeq, ) and observe that

(4.5) (Vk € w) |Ey x| < 2160 = 09(k),

Let A, be the partition of I, , generated by &, , and Atoms(B,,) ) and note that Inequalities (4.3) and (4.5) imply
that

(4.6) (Vk € w) |Ayx] < 29(K) 39(k)(1Zn.x1-1) < 39(K)1Zn.k| < 39(k)?

Since

2
116\ Dyry el > f (k) = 29(k)| Zury ] > f(R) — 29(k)* > 395 2g(k)
by Condition (1) of Hypothesis 4.1 there is some A, € A, such that [A, 1| > 2g(k) and A, N D) = 9. For each
k€ wlet wy € Ay i and let

B = {myj(wr) | j € Gylk)} N Ay,
Then let B} € [A, x \Bg]lBgl and let ¢ : BY U B} — BY U B} be any involution sending BY to Bj. Then define
Dok = Dyugy x U Blg U B,i

noting that

| Dy kel < 29(k) + |Dyucry i 2g(k)

< 29(k) + | Zuwy k129(k) = 29(k) + (1Zyk| — 1)29(k) = |Zp
Then let
(4.7) Pk = Puk),k U@

and note that ¢, x is a bijection by Induction Hypothesis (2b) and since By U B} is disjoint from D, ;. Hence Induction
Hypotheses (1a) and (1b) are satisfied.

Define 9B, ), be the Boolean algebra generated by A, ; U {BY, B}} and note that D, j,€ B, so that Induction
Hypothesis 1d holds. Using the first part of Inequality (4.6) and Inequality (2b) of Hypothesis 4.1,

‘Zn,klfl

(4.8) | Atoms(B,, ;)| = | A, | +2 < 29 (39<k)) 12 < 39001 Z0.il

so that Induction Hypothesis (1e) holds. Clearly Induction Hypotheses (1c) and (1d) also hold. To see that (2a) holds
use Inclusion (4.4). To see that (2b) holds use Equation (4.7) .

To see that (2c) also holds it must be shown that if £ € Z,, ;, then ®¢ ) C @, 4 so let £ € Z, ), and A € B¢ ;. Begin
by noting that £ < u(k) and so from Induction Hypothesis (2c) it follows that ®¢ x(A) = ®,1),x(A) and so it suffices to
show that @) x(A) = @, r(A). Start by recalling that

(4.9) @ k(A) = oy (AN Dy i) U (AN Dy i)
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and

(4.10) Pn k(AN Dy i) = 0006 (AN Dy i) U (AN (B)UB)).
Furthermore,

Q1)1 (A) = 0y (AN Dy i) U (AN Dy 1)
and so it suffices to show that

(4.11) )k (AN Dy 1) U (AN Dyiy k) = @iy k(AN Doy i) Ue(AN (BRUBE)) U (A\ Dy i)

Noting that either A, C A or A, N A = & it follows that either B,g U B,i C Aor (B,g U B,i) N A= @. In either case it
follows that

p(AN(BYUBy)) = AN (BRUBy)
and so Equation (4.11) becomes
(4.12) @uk) k(AN Dy k) U (AN Dyury k) = @puiry k(AN Dy ) U (AN (BY U BR)) U (AN Dy i)

and so to see that (2c) holds it suffices to observe that A\ D,uyx = (AN (BYUB})) U (A\ Dy
The proofs of Hypothesis (4) and Hypothesis (5) of Lemma 2.1 are exactly the same as in the proof of Lemma 3.2. O

Corollary 4.1. If s, = Ny then there is a nontrivial isomorphism of P(N)/[N]<No.

Definition 4.1. Given functions f and g from w to w define and a filter F on w define d 4(F) to be the least cardinal of
a family D C [, [f(k)]9® such that for every F' € [], ., f(k) there is G € D such that {k € w | F(k) € G(k)} € F*+ .

Remark 1. Tt can be verified that if F is generated by a C* descending tower of length w; and then in order to obtain
the conclusion of Lemma 4.2 it suffices to have the equality 01 4(F) = N;. This yields the following corollary.

Corollary 4.2. If there is an Nq-generated filter F such that 95 4(F) = Ry # 0 then there is a nontrivial isomorphism
of P(N)/[N]<%e.

Proof. Let F be generated by {X¢}ecw,. Use Rothberger’s argument and 8; # 9 to construct a C*-descending sequence
{Ye}ecw, all of whose terms are F positive and such that Y: C X.. Let F’ be generated by {Y¢}scw, and note that
Df!’g(./_'./) = Nl. D

5. REMARKS AND QUESTIONS

The first thing to note that there are models where d , = 8y < 2% for f and g satisfying the Hypothesis 4.1 — for
example, this is true in the model obtained by either iteratively adding ws Sacks reals' or adding any number of Sacks
reals, greater than N; of course, side-by-side. Of course 0 = N; also in these models. It is therefore of interest to note
that the Laver property implies that 94 4 = N; in the Laver model as well, yet 9 = Ny in this model. It should also be
observed that it is possible for 0 4 to be larger that 9. For example, iteratively forcing wo times with perfect trees 7" that
are cofinally f branching will yield such a model.

To be a bit more precise, given f : w — w define S(f) to consist of all trees T' C |,,¢,, [ [ ¢, f(j) such that or each t € T'
there is s D t such that s™j € T for all j € f(|s|). So Sacks forcing is just S(2) where 2 is the constant 2 function. The
same proof as for Sacks forcing shows that S(f) is proper and adds no reals unbounded by the ground model. Iterating
S(f) with countable support wy times then yields model in which @ = 8;. However, if g : w — w and H C H,,LEw[f(n)]g(”)
has cordiality N; then there is some model containing g and H and there is I' € [], ., f(n) which is generic over this
model. This generically ensure that for all i € H there is some j such that I'(j) ¢ h(j).

It has already been shown in Corollary 3.2 that the hypotheses of Lemma 3.2 can be satisfied for uncountable cardinals,
but it is worth noting that the generalization of Sacks reals to uncountable cardinals in [5] provides an alternate argument.
However, the following question does not seem to be answered.

Question 5.1. Is it consistent for an inaccessible cardinal s that 97, = k¥ where f(a) = (2%)T and g(a) = R, yet
0(k) > kT where d(k) is the generalization of ? to x?

It has to be noted that the hypothesis of Corollary 4.2 is not vacuous in the sense that there are models of set theory
in which it holds. For example, in the model obtained by iterating Miller reals ws times the following hold:

e 0 = Ny because the Miller reals themselves are unbounded by the ground model
e 05, =N for appropriate f and g because the Miller partial order satisfies the Laver property
e u = 1N; because P-points from the ground model generate ultrafilters in the extension.

ISee [1] for definitions of terms not defined in this section as well as for details of proofs.
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However there does not seem to be any model demonstrating that the assumption that N; # 9 in Corollary 4.2 is
essential. It is shown in [3] that it is consistent with set theory that @ = X yet all automorphisms of P(N)/[N]<® are
trivial. However, u = No in that model because random reals are added cofinally often. This motivates the following
question.

Question 5.2. Does the existence of a nontrivial isomorphism of P(N)/[N]<¥¢ follow from the assumption that there is
an Nj-generated filter F such that 251 ,(F) = Ny ?

It is worth observing that the isomorphism of Lemma 2.1 is trivial on some infinite sets — indeed, if £ € k™ and X C N
are such that {z} belongs to some B¢, for each x € X then ® is trivial on P(X). However, if 7(®) is defined to be the
ideal {X CN | @ [ P(X) is trivial } then 7(®) is a small ideal in the sense that the quotient algebra P(N)/T(®) has
large antichains, even modulo the ideal of finite sets — in the terminology of [2], the ideal T(®) is not ccc by fin. To see
this, simply observe that the proof of Lemma 77 actually shows that Hypothesis 4 of Lemma 2.1 can be strengthened to:
For any one-to-one F': N — N there is £ € kT such that for all but finitely many v € w there is an atom a € B¢, and
¢ € a such that F(1) ¢ ®¢,(a). It follows that if Z C N is infinite then Z* = (J,., [, ¢ T(®). Hence, if A is an almost
disjoint family of subsets of N then {A* | A € A} is an antichain modulo the ideal of finite sets.

One should not, therefore, expect to get a nowhere trivial isomorphism by these methods. It is nevertheless, conceivable
that there are some other cardinal invariants similar to 9s , that would, when small, imply the existence of nowhere trivial
isomorhisms of P(N)/[N]<Ne. In this context it is interesting to note that it is at least consistent with small ? that there
are nowhere trivial isomorphisms.

Proposition 5.1. It is consistent that Ry = 0 # 2%° and there is a nowhere trivial isomorphism of P(N)/[N]<No .

Sketch of proof. The partial order defined in Definition 2.1 of §2 of [13] will be used?. Begin with a model V satisfying
280 > N, and construct a tower of permutations {(A¢, Fe,B¢) }ecvLim(wy) such that, letting &, = {(A¢, Fr,Be) }ecLimm)
and P, be the finite support iteration of partial orders that are Q(&¢) for £ € Lim(n) and Hechler forcing if £ is a
successor, the following holds for each n and G that is P,,, generic over V:

o A, =A46,[GNQ(S,)]

o I, = FGU[G NQ(S,)]

e B, =PN)NV[GNP,]
The proof of Theorem 2.1 in [13] shows that there is a nowhere trivial isomorphism of P(N)/[N]<X0 in this model and,
since P,,, is ccc, it is also true that 2% remains larger than ®; in the generic extension. The Hechler reals guarantee that
0 =Ny, U

It should also be noted that Lemma 2.1 actually yields (k™) isomorphisms. It is shown in [14] that it is possible to have
non-trivial isomorphisms of P(N)/[N]<®¢ without having 2¢ such isomorphisms. This motivates the following, somewhat
vague, question.

Question 5.3. Can there be some variant of 97, which, when small, yields a non-trivial isomorphism of P(N)/[N]<}°

without yielding the maximal possible number of such?
Given the remarks following Corollary 4.2 it is natural to ask the following.

Question 5.4. Is it consistent that 9y, = 0 for f and g satisfying the hypothesis of Lemma 77 and to have u = N; and
to have that all isomorphisms of P(N)/[N]<Xo are trivial?

As a final remark it will be noted that Corollary 4.1 shows that Theorem 3.1 of [13] cannot be improved to show that
in models obtained by iterating Sacks or Silver reals all isomorphisms of P(N)/[N]<N¢ are trivial because the equality
01,4 = Ny holds in these models for the necessary f and g.
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