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The study of categoricity transfer has been central to model theory since Morley’s theorem; the question of
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(2% < 2%+t for all n < w) then ¥ is categorical in all cardinals (see [11] and [12]; although these are two
references, they correspond to “Part A” and “Part B” of one big paper from 1983). Notice the unusually
strong assumption!

An example from 1990 due to Bradd Hart and the first author of this paper [10] established the (sur-
prising) necessity of that strong assumption: the existence of few models at all the R,,’s is needed to get the
eventual categoricity transfer for L, .,: they provide, for each positive £ € w, an example of a sentence 1,
in L, ., categorical in Ng, Ry, -, N but not eventually categorical: there exists some cardinal greater than
N where categoricity fails.

That important example has later been referred to as the Hart-Shelah example. In many ways, the
existence of such sentences points to an interesting failure of the “categoricity transfer” (Morley’s theorem
for first order logic, for countable theories) at small cardinalities, in the absence of further set theoretical
hypotheses. Our work extends those results.

The present paper shows that a similar example also exists for the stronger logic Lxy+ . A corollary
of our result is that any extension of the results from [11] and [12] to stronger logics will require to assume

no... forall n < w.

categoricity at all cardinalities A\, \T,..., AT

Later, the first author has attempted an extension of the main result from [11] and [12] to Abstract
Elementary Classes. These are more general than classes axiomatized by the logic L)+ -

Our construction provides, for each infinite cardinal A and each k € (2,w), a sentence 1y, of L)+, that
is categorical in A, AT, ..., AT* but is not categorical in any cardinality u > J5.1(\)7.

The shift of focus from infinitary logic to abstract elementary classes entails in many cases using Galois
(orbital) types instead of syntactic types; although this shift is natural, compactness and locality properties
in general do not transfer to Galois types. In particular, tameness and type-shortness do not hold in general
for Galois types. Tameness was isolated by Grossberg and VanDieren [8]; later, Baldwin and Shelah [3]
constructed an example of failure of tameness, based on an almost free non-Whitehead group. More recently,
Boney and Unger have provided serious set theoretic reasons for the failure of tameness in AECs [5].

In [1], Baldwin and Kolesnikov study again the Hart-Shelah example: they prove that for the sentence
Yy of L, ., of the example, the corresponding AEC (for k > 3)

K5 (w1, k) = (Mod(r), <, w)

¢ has disjoint amalgamation,
« is Galois stable exactly in R, Ny, ..., Ng_1,
o is (< Vg, < Ni_1)-tame.

Moreover, the AEC axiomatized by their sentence ¢y, fails (Ng_1, Rg)-tameness. This is an immediate con-
sequence of the failure of categoricity transfer and the upward categoricity theorem for tame AECs due to
Grossberg and VanDieren [9].

Baldwin and Kolesnikov really study a slight variant of the Hart-Shelah example, presented in the lan-
guage of group actions and revealing the filiation to the early Baldwin-Lachlan example of an N;-categorical
theory which is not almost strongly minimal.

More recently, Boney [4] has continued this study of the behavior of the Hart-Shelah example; he has
proved that the class KHS(wl, k) has a “good R,,-frame” for all m < k — 1 but cannot have a good frame
above by the failure of stability. Then, Boney and Vasey [6] continue this study and show first that the
frame at N;_; cannot be “successful”. They study good frames in connection with the Hart-Shelah example:
for frames around the N,’s (n < w) the Hart-Shelah example is a natural place to look for “boundary
properties”: being “successful up to some point” but failing to be successful above.
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Our generalization of the Hart-Shelah example addresses the question of how necessary an assumption
similar to “few models in all the R,,’s” is for categoricity transfer in the case of stronger logics. Here of
course the corresponding assumption would be of the form “few models in all the A™" (n < w)”.

We build a sentence 17 in L27)+ «, categorical in A, AT, AT* but not categorical in Jp41(\)*. Here
are two important differences between our approach and earlier ones:

o The sentences are constructed in all cases by first building a “standard model” and then extracting the
sequence from it. In the Hart-Shelah example, one predicate @ “ties together” various copies of groups
in a way that ends up linking the “dimension” of the predicate to the length of induction in the proof
of categoricity. In our example, we need a large family of predicates Q,, s € S = [\]<No.

o The “failure of categoricity” argument at cardinals greater than or equal to Jiy1(A)T here is done by
using a regular filter ©.

A natural question arises, on the “gap” between categoricity and failure of categoricity of ;. Here, we
can guarantee categoricity in the interval [\, \**] and failure of categoricity...at J,41(\)T. Admittedly,
this is a very large gap, relatively much wider than what Baldwin and Kolesnikov have for their version of
the Hart-Shelah sentence. The question remains open whether this gap may be reduced.

In our concluding remarks, we raise some questions connected with the tameness and frames, inspired by
the paper [6]. In particular, we ask whether the methods from that paper (that worked for the Hart-Shelah
sentence) may be generalized to our sentence 1/}2‘.

A note on indexing: the previous papers dealing with constructing examples of sentences where categoric-

ity “stops” are [10], [1] (which proved more model theoretic facts on a variant of the original example and
studied the abstract elementary class determined by the example; in particular, Galois (=orbital) types,
the amalgamation and tameness spectra associated with the class), [4] and [6], in which the connection to
frames is worked out (analyzing the Hart-Shelah example enables Boney and Vasey to study limitations to
the existence of good frames). Now, for [10], the “critical” cardinality (the last cardinality of categoricity)
is Ng. In [1], because of the way they analyze the construction, it is more natural to work with k > 3 and
with k& — 2 as the critical cardinality. The two other papers follow this.

Since our paper is directly a generalization of [10], it is more natural for us to revert to the choice of
critical cardinality from there, of course adapted to our context. So, the last cardinality where we will have
categoricity is ATF~1.

Our notation is standard.

We thank John Baldwin, Will Boney, Rami Grossberg, Alexei Kolesnikov, Sebastien Vasey and Boban
Velickovic for several remarks and valuable discussions concerning (directly or less directly) this work, as
well as for pressing us to provide some clarification of the big construction. The second author is particularly
indebted to John Baldwin for very interesting conversations of the connections between this example and
the original group covers in the strongly minimal context, due to Baldwin and Lachlan [2]. We also thank
Péter Komjath for helpful discussion on the negative partition relation in [7] useful in our theorem. We
also thank the anonymous referee of an earlier version of this paper for extremely insightful and helpful
comments. They (hopefully) led to our improving this paper. We also thank a second anonymous referee
of the version prior to this for remarks that led to a substantial rewriting and what we believe is a much
better presentation of the results.

1. Construction of the sentence wg, in Ligay+ o

Context 1.1. For the rest of the paper, we fix an infinite cardinal A and a natural number k > 2.
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We build in this section a new sentence 17 in the logic L22)+ - Our construction of ¥ requires first
building a model we will call “canonical”, My, for an arbitrary index set I and later taking a conjunction
of the first order theory of M; along with several infinitary sentences describing the behavior of various
components of M. The sentence z/;,i‘ has some similarity to the Hart-Shelah sentence and may be seen as a
generalization, but important differences are also present and will be apparent later (the regular group G
and the regular filter on A, ©). However, it is important to stress that prior knowledge of the Hart-Shelah
is not necessary for an understanding of our construction, as we make it self-contained.

We will build the model M; around a “spine” I, essentially by coding interactions between k-element
subsets of (k + 1)-element subsets of I, in some combinatorial ways. Namely, we will define various groups
and encode in the model their actions on those k and (k + 1)-element subsets of I, focusing especially on
the way different k-subsets of a given (k + 1)-subset of I interact. Finally, a collection of predicates (called
Qs) will “tie” those combinatorial interactions.

Definition 1.2. Notation and general construction tools. We fix the following basic objects to use in the

construction later.

o =8, :=[\<N = {uC Mu is finite},

e D=9, ={ACS|FuseS YveS(us Cv—ve A} the regular filter on S generated by sets of
the form (u) = {v € S|u C v},

o GT =G :=5(Z,), as a group with the natural operation (f + g)(v) = f(v) +z, g(v),

e G =Gy :={f € 5(Z)|ker(f) = {u € S|f(u) = 0} € D}, as a subgroup of G+ (G < G7 since, if
fyg € G, then ker(f),ker(g) € D, so ker(f + g) D ker(f) Nker(g) € D, hence ker(f + g) € © and
f+ged.

Note that |G| = 2*.
1.1. The model M;

Fix a set I for the rest of this section.
We define the group H; and then describe the model M.

Definition 1.3 (The group Hy). For our (fixed) I, we let Hy := [[[]¥]<Y0. So, H is the set of finite subsets of
[I]¥, with the group operation F} + F, := F} AF; (symmetric difference). Equivalently, H; may be seen as the
set of functions [I]¥ — Z, with finite support. In this case, F' € Hy is coded by the function hr : [I]F — Z,
with hp(u) =1 iff u € F and the group operation is given by (hy + he)(u) = hyi(u) +z, ha(u).

We now start the (lengthy) description of Mj: the universe, basic predicates, projections between them,
other partial functions coded by relations and, crucially, the family of predicates Q, (for s € S).

Definition 1.4 (Universe of My). The universe of My is the union of seven different sorts:
M| =Tu [IFuU [N u(I)F xS x Hy) U ([)F x S x Zy) U Hy U ([T x G).
The following remarks on the universe of M; are important:
e The natural way to think about the universe of M7 is as

| M|
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consisting of two parts: the “support of the model” (I, [I]¥, [I]**1) and many copies of (the domains
of) the three groups Hy, Zo and G, indezed by elements of S and of the support part:

‘support part’ H; and copies of the domains of Hy, Z2 and G

Tu [IPu DM u(f x Sx Hy) U ([IF x S x Zo) UHT U (1) x G).

o Notice that the intersection between all the pieces of the model is empty.

e The universe of M; depends directly on I and on G, as is clear from the various pieces. In particular,
when the cardinality of I is > ), the cardinality of M; will be equal to || + 2*.

e The universe depends on k as well. Of course in our standard model this dependence is immediate, as
seen from the superindices k£ and k+ 1. In general models later, we will need projection functions among
the predicates in the model in order to axiomatize the connections between pieces corresponding to
abstract versions of I, [I]*, etc. This dependence on k will be crucial in the “dimension” analysis later.

e The universe also depends on A, through the appearance of S and G among the pieces.

Definition 1.5 (Relations, functions of My - the predicates Q). The structure of M; consists of the following
items:

o A-many predicates P/, PLMl, Pfg7 PM, (P%)Ses, PM, (P;%)Ses, pM pM

o k-many projections 7§ : P} — P3" (¢ < k) and k 4 1-many projections 7} : P — P,
+ 2*-many additional functions F3, F, FM FM (F.) g cq,

e a (3k + 4)-ary predicate @, for each s € S.

Each of these predicates and functions will be discussed in detail in the following paragraphs.

1.1.1. Descriptions of basic relations, functions, and the Qs-predicates
Basic Relations: these consist of a family of A-many predicates

M M M M M M M M M
Po 7P1,1,P1,27P2 a(PQ,s)seSapg v(P37s)5657P4 7P5

defined by

o« PM =1,

- P =117,

. Plj\,/é — [I k-i—l7

o« PM=1[I" xS x Hy,

o forse S, PM ={(u,s,h) € PM|uc[I]*,h € Hi} = [I]* x {s} x Hy,
e PM =[I]* xS x Zy (a copy of Z for each b € [I]*, s € S),

o forse S, P = {(u,s,i) € P{'|u e [I]F,i € Zy} = [I]F x {s} x Zs,

« PM=Hp,

e PM =[x G

Remark 1.6. The meaning of POM , Plj‘f{, PLM27 PM, Pé” , PM is clear. In the case of P%, the idea is
that we stack “copies” of H; for each b € [I]¥ and each s € S, and similarly for P}, Pgﬁ. Another
way of seeing this is thinking of the predicates as codifying families, as follows:

o P} corresponds to (Hy.s)ve(nt,ses»

o P} corresponds to ((Z2)v,s)ve(r]*,ses

o PM corresponds to (Gu)yeqmrt-
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Projections: We also include, for ¢ < k, all the projections 7 : Pf‘f’l — PM:
™ (a) = as,
and for £ < k + 1, the projections m; : P} — Pg:
7} (a) = ag.
The role of these projections is to tie the predicates P{*} and P to P§ making them behave as

the corresponding sets of k-tuples or k 4+ 1-tuples.
Other Partial Functions: We also include 2*-many functions in M,

M M M M M .
Fy  F3"  Fy° Fy 7(F3,g*)g*€G'

A unary function FM with domain PJ¥, given by

FQM(u, s, h) = u,

A unary function FM with domain P3| given by

F?fw(u, 8,1) = u,

o for g* € G, a unary function F?%* with domain P}, given by

Fi’%* (u7 g) = (’U/,g* +g)7

e A binary function F¥ with domain P} x PM | given by
FM (0, 5,1), ) = (0,5, 0+ Bn)
o A unary function FM with domain P given by
F (u, 9) = u,

A (3k + 4)-ary predicate Q;, for each s € S. This is the crux of the construction of the model M. The
predicate will encode interactions between the different parts of the model, in a way that will involve
dimensional interactions between them. This predicate on the one hand enables later to move up
in the proof of categoricity by induction k — 1 times from A to A* and on the other blocks the proof
from moving up to A*T1. It is interpreted in M; as the set of tuples

(@0, -+ vy Oy Uy« e vy Uk, TOy v oy Ty Yk 2

satisfying (for fixed s € S!) for all hy, € Hy, ip € Zo(( < k), g € G:
(a) ag € T with no repetitions (¢ < k),

(8) we = {amlm £ €) € PY (¢ < ),

() yr = (ur, s, he) € P,

(8) x¢ has the form (ug, s,i¢) € PM (¢ < k) so iy € Z3,

(€) z is of the form (u,g) € PM, where u = (ag,...,a;) € [[]¥*1 and
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(¢) (main point)

Zy =Y e = hi(ug) + g(s).

1<k

Some general remarks on this definition of the model M; are in point, before giving a specific description
for the case k = 2.

Remark 1.7.

e () is the crucial part of the definition of the predicates @Qs. It provides the connection between k copies
of Z5, one copy of Hy, one copy of G and the (k + 1)-many k-element subsets of a set of size k+ 1 in I.

o The role of F3¥ is to project P3* (essentially (Hy s),e(rjr ses) onto its first coordinate; to trace the
k-element subset of I it corresponds to. Similarly for Fi and FM.

o The functions F:%* and FM encode the actions of the groups G and H; on the corresponding “fibers”
over u € [I]**! or (v,s) € [I]* x S. The model M; does not really include the group operations
corresponding to G and Hyp; it only has the effect of the group actions on the appropriate fibers.

« Notice that + is definable - so in this case there is no need to add an analogue of Fj for copies of Z:

FPM(FM ((u,8,h), he), ho) = F ((u, s, h), hs) < H &= hy + hy = hs.

1.1.2. Lllustration of the definition of My, when k = 2

As an example to visualize the situation, we momentarily fix £k = 2. We also fix s € S and choose some
u € [[)**! = [1]?>TY, u = (ap, a1,az). This determines automatically (using the projections) in the models
we have described so far ag, a1, a2 and ug = (a1, az2), u1 = {(ag, az), ug = {(ag, a1).

We then have

e copies of Z5 over both ug and u,
e a copy of the domain of H; over us, together with the action of H; on this copy,
e a copy of G over u, again with the action of G over this copy.

Furthermore, we have the predicate Q),: it is in this case 3 -2 + 4 = 10-ary. The 10-uple associated with
our u is then of the form

(ao,01,027U07U17U27$07$171/2»Z)»

with 29 = (uo, 8,%0), 1 = (u1,8,%1), y = (ug, s, ha) and z = (u, g) for some ig,i; € Zs, hy € Hr and g € G.
We want to describe when this tuple belongs to @s. The following triangle summarizes the relevant
information:
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The tuple (ag, a1, az, ug, U1, u2, To, X1, Y2, 2) belongs to Qs if and only if
Z3 f=ig + i1 = ha(ug) + g(s).

Therefore, on top of the triangle u we have (when k = 2) four pieces of information playing: two elements
(ig,11) of Zs associated to two sides of the triangle, one element h of H; associated to the third side of the
triangle (and the value of h at ug) and finally one element g of G associated to the triangle u itself - and
the value of g at...s.

1.2. The language, the sentence v and the AEC K*(\, k)

We now build the sentence w,i‘.

Definition 1.8. We deal with two vocabularies:

o Let 7~ be the vocabulary of all the construction above, except the predicates {Q|s € S} and
e let 7 be the full vocabulary used in the construction of Mj.

Specifically,

let 77 = <P07 Pl,l; P1,27 P27 (PQ,S)SGSa P3a (P3,s)s€Sa P4a P5a

0 0 1 1
Ty - - '77(]@71371-07"'77Tk7F2’F37F4’F5’(F3,g*)g*€G>

and let 7 =77 U{Q;s|s € S}.
Notice that |7]| = |Ga| + |S]| + Rg = 2%, since |G| = 2.
Definition 1.9 (The sentence 17 ). The sentence 1 € L(2xy+ ,(7) is the conjunction

Up = NTo Aba Az, Aba

of the first order theory Ty of M; (for infinite I) and the infinitary sentences

o 1/1@ = VleQ([P5(Zl) AN P5(ZQ) AN F5(2’1) = F5(22)] — vg*EG F37g* (Zl) = Zg),
o Yz, =VY(Pa(y) < Vees P2s(y),

We describe in more detail some parts of the previous definition.

e says that G acts transitively (through the functions F3 4-) on copies of G (fibers of Ps).

Y says that there are no “non-standard fibers” in P,: every element of P; is in some P, ;.

1z, says that there are no “non-standard fibers” in Ps: every element of Ps is in some P; g

Note that, although there are 22" sentences in the logic, we are only using 2* of them, as witnessed by
|G| = 2*.

We will also use the following variant on the standard model: for a set I and a function
[ xS — Z,,

we will now build models Mj ¢ and M .
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Definition 1.10. [The models M,y and My ] Let f : [[]k+1 xS — Z5 and I a set. Then M s is the 7-model
constructed just like Mj, with only one difference: the interpretation of @, for s € S, now is the set of
tuples

(A0« ey Ay UQy -+ ey Uy TOy -+ vy Tho 1, Ykes 2)
(see page 6) with condition ({) replaced by

QF Z2F Ziz = hi(uo) +g(s) + f(u, s).

1<k

The 77-model M; , is then defined as My¢ [ 7.

We will use the models M ; later as canonical ways of describing variants in the choices of elements of
the groups when studying models of the sentence w,i‘.
We call a T-structure strongly standard if M | 7= = M; | 7~ for I = PM.

Definition 1.11. (Some abstract classes related to ;)

1. Let K1 := {M|M ~ M;j s for some infinite set I, for some f as in 1.10}. Then K is a class of 7-models.
2. Let K*(\, k) := Mod (¢7) with the strong substructure relation

—<K*(/\ak’)::—<l’(2*)+,w .

3. M from K*(), k) is standard if P} = [P)’]* and P/, = [P"]**! and the 7}’s correspond to the actual
projections sending u € [I]* to its £'th coordinate in I.

Claim 1.12. For any My | ¢, M1 =~ My, for the function 0 : [I|**1 x S — Z5 of constant value 0.
The proof is immediate from the definition.
Claim 1.13. Every N |= 1)} is isomorphic to a strongly standard M.

Proof. Let N = 1/1,;\ and let I := PN. Then N | 7~ ~ M; | 7~ (following the definition of the sorts of the
vocabulary 77). Then define the interpretations of the relevant predicates Qs on N by mapping directly
from their definition on the strongly standard model M;. O

Next, a straightforward observation.
Claim 1.14. M7 ¢ is strongly standard.
Proposition 1.15. (X*(\, k), <g=(xx)) i an abstract elementary class with Léwenheim-Skolem number 2™,

We do not investigate properties of this AEC in this paper; however, we propose some conjectures at the
end of the paper on their properties and on their connection with good frames and the work of Boney and
Vasey [6].

2. Categoricity of 1,[1,)6‘ below A1k

In this section we study the categoricity spectrum of ;. The strategy consists of the following steps:
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Since the complexity of models of 9} hinges on the predicates Qs, and these ultimately depend on
choices of elements of the copies of the groups above the “supports” (in the standard case, k-element
subsets of (k 4 1)-sets of the index set), we will develop a language of choice functions to deal with
these.

Furthermore, comparing different models will amount to dealing with correction functions associated
to the choice functions. We also set up a language for these.

Later (Lemma 2.5) we establish that for every model N of w,i‘ and global choice for N with correction
function f there are an index set I and an isomorphism h between N and My ;.

Therefore, establishing categoricity in a cardinality £ amounts to showing that for every N = 17 of
cardinality  there is a global choice for N with correction function 0 (for k < A*¥; see Theorem 2.14).
The rest of the section is devoted to showing that if M = 7 and |M| < A*¥ then there is a global choice
function for M with correction function 0 - with the cardinality restriction in place, we may conclude
that ) is categorical in A, A** ... AT*=L This part requires several lemmas on extending choice
functions while keeping the correction function 0; these lemmas depend crucially on the cardinality
being of the form A*™™ for m a natural number below k. This is why the proof in this section only
provides categoricity up to AT+~

2.1. Solutions, choices and correction functions

We will now define choice functions and correction functions. These will be used to study models of 1/12‘

of cardinality A*,... ATE-1,

Expanding choices from partial to global ones is the crucial issue.

Definition 2.1 (Partial M-(Jo, J1, J2)-choice). For M = 9}, we say (, ¥, Z) is a partial M-(Jy, J1, J2)-choice

if

(@) Jo, 1 c PM, Jy C PN,

(so, in the case of standard models, Jo, J; C [I]*, Jo C [I]F+1)

(b) = (xys|ls € S,u € Jy), where

Tu,s € (P3%) " (u) C PyY.

(¢) y= <yu,9|3 € S,u € Ji),

Yus € Hyls = (P3) ' (u) C Pa.

(d) z = (zy|u € J2),

2y € GM = (FM)~1(u) c PM.

Therefore x essentially chooses an element ¢ in the corresponding copy of Zs, y chooses a h in the

corresponding copy of Hy, Z chooses a g in the corresponding copy of G, for each relevant (u, s).

So, s is some element in the ‘fiber’ of u via F, and analogously for § and z.

Definition 2.2. We call (7,7, z) a partial M-J-choice if it is an M-(J, J, JM)-choice, where

JM .= {aepﬂg] A Bed A @@=m®) A N =) :W;H(a)]}.

m<k L<m Le[m, k[



Sh:648

S. Shelah, A. Villaveces / Annals of Pure and Applied Logic 172 (2021) 102958 11

Similarly, we say that (Z,y, Z) is a global M-choice if it is a partial M —Plj\ﬁ-choice. We will sometimes just
say “M-choice” (if clear from context).

The previous is a way of describing, in our language of projections, that (in the standard case) JM
consists of the k 4 1-element sets such that all their (k + 1-many) k-element subsets are in J).
So, when M is standard, we have that

JM — {(W < k>] N (aclt # m) e J}.

m<k

Definition 2.3. Fix a standard M and a M-(Jy, J1, J2)-choice (Z, ¥y, Z). Then we let the correction function
f for M and (Z,y, z) be the function such that

1. Dom (f) is the set of pairs (u,s) such that

(@) u=(aglt <k)eJyC P,

(8) if wp, == {ag|l <k, L £ m), ug € Jg for £ < k, u € J; C PLMI,
2. rng (f) C Z, and
3. (recall Ty, s, Yuy,ss Zu, are from the choice)

M
f(ua S) =0« <a‘07 sy Ay UQy - -5 Uk Tug sy -+ s Lug 1,85 Yuy,ss Zuk> € Qs .
The next claim is a general observation on correction functions and choices.
Claim 2.4. For every M € Mod (1), there is an M-choice (Z,9, z).

Proof. Immediate: just construct the tuples. There the demands are on each choice separately. There are
no demands connecting different choices. 0O

The next lemma is a crucial step. It shows how to build possible isomorphisms from an arbitrary model
N of 47 to standard models M ;.

Lemma 2.5. Let N € Mod (1) and let (z,y,z) be a global N -choice with correction function f. Then, there
exist a set I and an isomorphism

h:N*)MLf.

Furthermore, the isomorphism behaves as follows on the global N-choice (Z,y,%):

h(xu,S) = (h(u)787022)’ h(yu,s> = (h(u),svon)’ h<ZU) = (h(u)voG)'

Proof. Let N = 17, and fix a global N-choice (Z, %, z) with correction function f. We build I and h as in
the statement.

First, we extract the predicates for the model M = Mj ¢: let I := PJ. Clearly, P} = PY.

We now define h, following the predicates of the domain of N (remember that the domain of N is the
disjoint union

prYuprtupP,urYuprYuprYuUPRy

and the predicates Py* and P§" are each partitioned into classes Py, P, (s € 9)).
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e h is the identity on PY¥ =TI = P}M.

o ifze PN, 0 <k, n)(z) =a¢ (€ B), then h(z) := (h(xo), ..., h(zk_1)).

o similarly, if 2 € Py, { <k + 1, mj(z) = x4 (€ Fy"), then h(z) := (h(zo), ..., h(xzy)).

o if z € P, then h(z) = (h(F3 (x)),s,—) € [I]¥ x S x H;. For now we only know the third coordinate
must be an element of H;. Also, as soon as we know the third coordinate of the image of one element
zo of a fiber inside the predicate PQJYS, we also know the third coordinate for all other elements x of
that fiber: since the action given by F} is transitive (as encoded by Tj), there is some hg € P}
such that F}¥(xg,ho) = x. Then (if we also have a definition of h on elements of P}V), we have that
h(z) = h(F{ (x9, ho)) = FyY (h(xo), h(ho)).

« Similarly, if z € PJY,, then h(z) = (h(F§ (2)),s, —) € [I]F x S x Z; and just as before the value of h on
one element of the fiber will determine the rest.

e And similarly, if x € P, then h(z) = (F(x),—) € [I[]**! x G. Again, since N |= g, the action (“of
G”) encoded by the family of functions FB]Yg* is transitive, and therefore knowing a second coordinate
for one element of a fiber of P2 implies knowing it for all elements of the corresponding fiber that
predicate.

It therefore remains, in order to complete the definition, to make choices of images of elements of P}V
(images in Hy - but this is easy, as Hy is definable in our structure) and selecting, for each s € S, one image
in each one of the relevant fibers. We now use the correction function f and the predicates Q.

So fix s € S. Checking the equivalence we are looking for, namely

QN(ag...apug ... upxo ... Tp_1Yr?)

[}
Qéw”(h(ao) ... h(ap)h(ug) .. . h(ug)h(zg) ... h(zk_1)h(yx)h(z)),

amounts to answering the question

Zy = Zie = hi(uo) + g(s) + f(u,s)
<k
37

Z3 =) h(ie) = hi(h(uo)) + g(h(s)) + f(h(u), h(s))

<k

Now letting
h(zy,s) = (h(u), s,0z,),
h(yu,s) = (h(u)7 S, 0H)7
h(z,) = (h(u),0¢)
works for these equations: we are assigning 0 on the missing coordinates (third or second) — exactly to those
elements of the fibers (s, Yu,s, 2(u)) that had already been picked by the choice function.
Why is this enough?
Well, our definition turns the equation (at the choices) into

Zy 0= 0=0()+0(x) + f(%).

<k

But, since f was a correction function for the choice function (z,y, z),

N
f(u75) =0& <CLO, sy Ok, UQy - - oy Uk Lyg,sy - - - 7xuk71,sayuk,37zuk> S Qs )
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and therefore our definition of h works. O
Definition 2.6 (Canonical choice). Fix M = Mj s, and let (Z,y, Z) be the M-choice given by

Ly,s = (’UJ,S,OZQ),
Yu,s = (u5870H1)7

2y = (u,0¢g).
This is by definition the canonical M -choice.

Claim 2.7.

1. If (z,9,2) is a global M-choice, M |= 13, and f is the M-correction function for (%,y,%), and f is
identically zero, then M =~ My for some I.
2. If f above is zero on PLMl, PLM2 and f = f"| Jo x S, then M ~ Mp, .

Proof. Part (1) is a consequence of 2.5. Part (2) is clear. O
Corollary 2.8. The correction function for M ; with the canonical M-choice (z,¥y,%) is f.

Proof. Similar to the previous: add zeroes to f as in 2.7. O
2.2. Models of cardinality below A1F

The rest of the section contains several extension lemmas for models of 1) of cardinalities A\, AT, etc.:
the crucial issue is to build a choice function with null correction function. This may be started first at
cardinality A, and then pushed up. But each step up exacts an “amalgam of choices” possible only up to
cardinality AtF—1,

The next lemma is the first step in the categoricity proof. It provides a specific kind of extension of choice:
from an M-J-choice with correction function zero to a global M-choice with correction function zero when
J consists of k-subsets of the “support part” of M that omit some fized set W of at most k-many elements.
Also, it is worth stressing the lemma is about standard M.

For instance, when m = 2 < k = 3, the lemma would mean we start with a choice function (z, y, z) for all
“triangles” and “tetrahedra” omitting some fixed pair {a, b} ...and then would extend the choice function
(with correction function zero) to all triangles and tetrahedra.

Lemma 2.9 (Extension property for W of size m < k, |PM| < X\). Assume m < k, M |= 1, M is strongly
standard, |PM| < X\, W € PM, W = {bg|¢ < m} with no repetition, J = {u € PM|W ¢ u} (note that
u € [PM%, as M is standard), (Z,y,z) is an M-J-choice with correction function fo, identically zero. Then,
we can extend (T,y,z) to an M-choice with correction function identically zero.

Proof.

Part A: Without loss of generality, by 1.13, since M is strongly standard, I = PM. Let (a®|a < (*) list
PM with (a%|a < o) listing J (we have also used u for naming these a®’s). Let Oy < v*) list
{a € [I**'|a with no repetition and W C rng (@)} and v* < A+,
Our hypothesis is then that we have choice functions for all u € PLMI such that v 2 W, with
correction function zero.
We list these choice functions as follows: Let, for a < a*,
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Tgo s = (Zza,s,ia75) S (22)&”,37 ia7s € Z27
Yao s = (a/oc’ 57hoz,s) € H&"‘,S7 ha,s € HI7
Bpy = (57797)’ g’ €qG.
We now have to extend these choice functions to those u such that u D W.
We will now choose zge s = (@%, S, 4a,s)s Yao,s = (6% 8, has), 25 = (b7,g7) for a* < o < f* and
appropriate 7.
Without loss of generality, 3* < a* + A, v* < A. (Remember S = [\]<M0.)

First, we choose io s = 0z, for a* < a < %, s € S. This provides the choices g« s for o < a <
B

Second, we choose the relevant h functions. We try a value for hqo s for o < a < f* and s € S so
that

(*)ifyesc b =)<k, ul = (b)|¢ <kl #n),let (y,n) < B* be such that
u) = a*™™ then

ey 1,5 (@) = 0

t

_ k M
<bga R bZ7u8[7 s 7U'Z7x6('y,0),sa sy Te(y,k—1),85 (as(’y, )7 SaoH)a (U’Fyaoc» € Qs .

Note that all the elements in the bottom part of the previous have already been defined previously.
Let t(v,s) be 0 if the bottom statement is true, 1 otherwise. For our fixed s € S, let A, be the
(finite) set {e(vy,k) | v € s}; we now define h, , for our fixed s and at the relevant u. If o ¢ A,
then let hy s(u) = 0 for all u. If @ € Ay, we proceed as follows. First we consider the set s, :=
{y € s|e(v,k) = a} and we then define

t(v,s), if u=a*"? for some v € sq,
has(u) = _
0, otherwise.

Notice that these decisions are made for each s separately, and that as we fix s we really deal with
one a € [a*, f): when we choose h, s we only have to consider v < v* such that (v, ¢) € s. There
are only finitely many such +’s. Moreover, if 71 # v2 € s and e(v1, k) = a = (2, k) then necessarily
£(71,0) # £(72,0), as b is reconstructible from « and £(1,0).

So, our definition of the functions h.(, ), does not have contradictory demands; since the set s,
is finite, the function defined has finite support.

Having extended the choices x and y, it only remains to extend the z part. Let us now fix v and
find a ¢ € G that will provide a choice (with correction function zero) for the corresponding b?.
[Recall that if b € [I]*+! is such that b > W, then b = b" for some v < v*]

But then the set

Sz = {s c S‘M = Qu(bY,...,b7,a0, . gk,
xua,s, ce axuzil,sa yuz,m (u’)” OG))}
belongs to ©. This last point holds by the regularity of ©: if so € S then the tuple
(bg7 A bZ’ aE(’Y’O)? ) ELE(%IC)’ Lud s 2 Tul 509 Yu,s0 (U’Yv OG))

belongs to @s,; now, if s D sg, the corresponding tuple
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Yy v —€e(v,0 —e(v,k
(b07"'abkaa(’y ),“.,a(’y )737718,5)"'7xuz_1,s7yuz,sv(u’yaoG))

will belong to Q5.
Next choose 25, := (b7, g) with g given by

_ ) 0 ifsesy
9(8)_{ 1 ifs¢ s

Now then, with these x, y and z, the equation holds. Os 9

We now deal with systems of choices, trying to obtain extensions with correction function zero at cardi-
nalities above A. In what follows, as usual, P~ (m2) denotes P(ms2) \ {ma}.

Definition 2.10 (Compatible system of choices). Let M = v be strongly standard, Ay C P, mq +ma < k
and ag, . .., am,—1 different elements of Pé\/[ \ Ag. Then

<As7 (ju Ys 2)s|s S (m2>>
is a compatible A\T""1-P~ (my)-system of choices iff

L. UsefP*(mz) As=AgU{ao, ..., am,—1}, [Ag| S AT Ay = Ag U {ae|t € s}.
2. (7,7,7)s is a M-[A,]¥-choice, for each s € P~ (my).
3. For every s,t € P~ (mg), s Ct = (Z,9,2)s C (Z,7,2):.°

Lemma 2.11. If (A,, (2,9, 2)s|s € P~ (ma2)) is a compatible A\-P~(ma)-system with ma < k (with correction
function zero for each s € P~(mz)), then there is an M-
(Z,9,2)s, for s € P~ (ma), with correction function zero.

s€P— (m2) As-choice (Z,9y,z) extending all the

Proof. Let mo < k and let (A, (7,9, 2)s|s € P~ (m2)) be a compatible A-P~(mg)-system, each choice in the
system with correction function zero. Notice that

LU oary U s

seP—(m2) s€P~(ma2)

if and only if {ag ... am,—1} C u.

We first notice that by compatibility, the union of the choices (Z,y, z)s along P~ (ms) is an M-choice for
Use?—(mz)[AS]k' It remains to extend that choice to an M-{,cqp- (n,) As-choice (Z,, 2) with correction
function zero.

We may apply Lemma 2.9 (here, the set W of cardinality ms < k is {ag,...,am,—1} and the lemma
seP— mz)[ 86?*(m2)A3_
choice (Z,y, z) with correction function zero - we extend the choice from those k-sets omitting W to all of
them). 0o 11

provides the extension from a M-|J A,]F-choice with correction function zero to a M-|J

Lemma 2.12. Let my + mo < k. If (As, (Z,9,2)s|s € P~ (ma)) is a compatible XT™1-P~(my)-system of
choices with correction function zero, then there is a Usep_(m2) Ag-choice (Z,y,z) with correction function
zero such that (Z,y,%2)s C (Z,9, Z) for every s € P~ (ma).

3 here, of course, we are abusing notation - by (Z, 9, 2)s C (%, ¥, Z)¢ we mean T, C &, Js C g and Z, C Zy.
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Proof. By induction on m;. For m; = 0, this is Lemma 2.11. For m; > 0, suppose A, = Ay U {b;|j € s}.
Enumerate Ay as (ag|3 < AT"). Let A = {ag|f < a} and AY = AF U {b;]j € s} for every s € P~ (my).
Finally, let (z,y,z)¢ be the restriction of the choice we have (Z,y, Z)s from the compatible system (with
correction function zero) to an M-A%-choice (also immediately with correction function zero).

The plan is to obtain an M-{J,,,, Ag-choice (Z,y, z), with correction function zero for each o < Atma
such that o < 8 < A™™ implies (Z,9, 2)a C (Z,9,2)-

We build (Z,9,2) by another induction, on o < AT™1. For a = 0, the empty choice function is an
M-(-choice (A% = () for each s). When « is a limit ordinal, the union of the chain of choices ((Z, ¥, 2)5)s<a

is a M‘Usémg
already have, by induction hypothesis, an M-|J s€P—(ma) AB_choice with correction function zero, (Z, %, 2) 83

A%-choice with correction function zero. Finally, for o = 5 + 1, we proceed as follows: we

consider also the choices (Z,7, 2)% for s € P~ (mz2). Since the cardinalities of all their domains are < A\*T™1,
we may without loss of generality regard the previous choices as forming a compatible A1 =1P~ (my +1)-
system of choices with correction function zero: the set {b; | i € s} U {8} has cardinality ms + 1. Since
(my — 1) + (mg + 1) = my + ma < k, we may apply the induction hypothesis; we obtain (z,y,z), an
M—Usey,(mﬁ A%-choice with correction function zero.

Having constructed this chain (Z, 7, Z), for o < AT™1 we just let

(:E,g,,?) = U (£7y72)0¢-

a<Atml

This is a Useﬂ;_(mz)—choice with correction function zero, extending all the choices in the system. 0O 10

We may now obtain our general extension property.

Lemma 2.13. (Full extension) Let M = 1) be strongly canonical, J, C Jo C PM, with |Jo| < AT*~1 and
(Z,9,Z) an M-Jy-choice with correction function identically zero. Then (Z,y, Z) can be extended to an M-Jo-
choice with correction function identically zero.

Proof. Without loss of generality, Jo = J; U {b}. If J; has size < A, this is Lemma 2.9. Now suppose
|J1] = At™ < AFE=L (therefore my < k — 1) and enumerate J; as {ag|8 < AT™1). Let J{ = {ag|8 < a},
and let (Z,y,Z), be the restriction of (Z,y,z) to an M-J{-choice. We define by induction M-J{* choices
with correction function identically zero (Z,y, 2)!, D (Z,7, 2)a-

We may use here Lemma 2.12 for my = 2 to extend (z,4,2),, U (Z,9, Z)ar1 to an M-J* U {b}-choice
with correction function identically zero: since m; < k — 1, along the induction the cardinality is < AT™1,
say AT for some m) < my. Since we also have that m; < k — 1, then m/ 4+ 2 < k and we can use my = 2
when invoking Lemma 2.12.

At limits take unions; finally,

=/ —/ =/
U U U =)
a<Atm a<Atmi a<Atm

is an M-Jy-solution extending (z,y,2). O

Theorem 2.14. If M |= 7 is strongly standard and |[M| < AT* then there is an M-choice with correction
function identically zero.

Proof. We apply Lemma 2.13 (starting from the empty choice function, and taking unions at limits): the
lemma gives an extension of a choice function with correction function zero from J; C Pf\f1 to Jo with
Ji € Jo € P provided |Jo| < ATF71 Here |[M| may be equal to AT*~! (at “worst”); if (in that case)
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we enumerate P as {ag | B < AT*71} then given a < AT*7! [{ag | 8 < a}| < AT*~! and we can apply
Lemma 2.13 to get an extension of the choice with correction function zero to {ag | 6 < a}. O

Theorem 2.15. (Categoricity and amalgamation up to \7%)

1. For m < k, Mod (w,’c\) has a unique strongly standard model M, |PM| = AT™, modulo isomorphism.
2. Form <k —1, if 2* < XT™ then X*(\, k) has amalgamation in A\*t™.
3. If m < k, XY™ > 22X then K*(\, k) is categorical in \T™.

Proof. 1. Let N [= 1) be a strongly standard model with A < |P'| < A**. By Lemma 2.5, once we have
(Z,9,%) a global N-choice with correction function f, then N ~ M ; for I = PM. Now, since N is
standard and |PJ| € [\, AT¥~1], Theorem 2.14 gives a global N-choice (7, ¥, z) with correction function
identically zero (as N is strongly standard). So, N ~ Mj.

2. In the proofs of the previous lemmas, amalgamation of choices (along systems) with correction function
zero is carried out in detail. These give rise to the corresponding embeddings and amalgams of models, if
the size of these is controlled by the size of their P24 parts. The only part of a standard model where this
cardinality may increase is given by the coding of the action of G' (remember |G| = 2*). If 2} < A+™,
the model M will have the same size as PJ!.

3. Let m < k, AT™ > 2% and let M be a model in K*(\, k) of size A**. Then by Lemma 1.13, M is
isomorphic to a strongly standard model N; also, since 2* < A*™_ |PM| = A*™. Thus by part (1)
M ~ N ~ M for some I of size \T™. O

3. Failure of categoricity of ¥ at Jj11(\)

We have proved in 2.15 that 1) is categorical in A*™ if m < k and 2* < A*™. We now prove that our
sentence is not categorical in any cardinality £ > p = Jp41(A)F. (It is also possible to show that ¥ has
the maximal number of models possible in u for each u > Ji1(A\)T. We do not do that in this paper.)

As before, we use our terminology of “solutions and corrections functions” to count the number of models.

3.1. Combinatorial criteria for (failure of) isomorphism

In this section we prove a combinatorial criterion for non-isomorphism between two models of the form
MI7f .
Before giving the purely combinatorial criterion, we prove the following lemma (a criterion for isomor-

phism in terms of choices and correction functions).

Lemma 3.1. If My and My are strongly standard, and (Z,y,Z)¢ is an My-choice for My (¢ =1,2), Péwl =
POM2 with correction function f; for £ = 1,2 then the following are equivalent:

(a) there is an isomorphism from M onto My over the identity on Péwl U PlM1
(b)y there is an Ms-choice (Z,y, Z) whose correction function is fi,
(b)o there is an Mj-choice (Z,y,Z) whose correction function is fa,
(c) there are functions g1, g2, g3 (“to correct the choice of zeros”), with
1. g1: [I]F xS — Zy (like the s above),
2. go: [[1F x S — Hp (like the y,.s’s above),
3. g3: [[)F*Y — G (like the z,’s above),



Sh:648

18 S. Shelah, A. Villaveces / Annals of Pure and Applied Logic 172 (2021) 102958

4. if {ag...apug ... URZo ... Tp_1Yk, 2) are like in Definition 1.1.1 for My, or My then

Zy =Y e — hi(uo) =D g(ug,8) — g2(u, 5)(uo) — ga(u)(s)

<k 1<k

Proof. (a) — (b)1 Recall that My | 7= = Ms | 7, so M; and M have the same universes. Fix F :
M, = pMIUPM M;. We have, since f; is a correction function for M for the choice (Z, ¥, z)1, that

1 1 1.1 M
fi(u,8) =0< {(ap...axug. . ULy - xukilsyukszd € Q.

But the right hand side holds iff

(ao...apuo.. . upF(zl,,) ... F(zl  )F(ys )F(z'u)) € QM2

since F' is an isomorphism fixing Péwl U PlMl, and ag,...,ar € Péwl. This gives us the Ms-choice
for which fi is a correction function: given uy C u, uy € [IJ*, u € [I]**1 let @}, , = F(x
s = FWu, o) 20 = F(2,).

(a) — (b)2 Same.

(b)e — (c¢) (¢ = 1,2) The point of (c) is that we may find concrete representations g1, gs, g3, that act

Up,S)

independently from M; or M as ‘corrected choice functions’ for the zeros for f; and fo. So, suppose
we have a May-choice (Z,y, z) with correction function f;. Then for any u € Pé\/‘lz and any s € S, if
(ag...agug ... upxq ... Tr—1Yk, z) are like in Definition 1.1.1

M
(@ ... RUQ - . UETygs - - - Tup_ g sYupsu) € Qy 2

fi(u,s) =0.

But since f; is also a correction function for the M;j-choice (Z, 7, 2)1,

fi(u,8) =0
i

1 1 M
<a0...aku0...ukzuos.. Ty, 1syuks u) Q.

So, we have both Z |= 3", i¢ = hi(uo) + g(s) and Z = 3, _, i} = hi.(uo) + g'(s), so setting

gl(ufvs) = Z%v gQ(ukHS) = hllga g3(u) = gl

yields

Zle — i (uo) 291 ug, ) — ga(ug, s)(uo) — gs(u)(s).

1<k 1<k

Since f1 does this for all possible (k + 1)-tuples, we have all the compatibility we need.

(c) — (a) If the predicates are the same modulo g1, g2 and g3 then obtaining (a) becomes a matter of build-
ing F': My i>POMIMD1M1 Ms. Clearly we can start by F' | PéVfl = id, and then extend its definition
to all the other portions of the model. The only strong restriction to the extension of this to the
whole model is given by the relations Q1 and Q2. But part (4) of (c) provides this: the functions
g1, g2, g3 provide the definition of the isomorphism. Precisely, let (ag...agug ... ukxo ... Te—1Yk, 2)
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be a tuple from M;; we use (4) to find simultaneously F(z,), F(yx) and F(z). Compute (in Z3) the
value ), i¢ —hi(uo) — g(s) corresponding to the tuple. For every s € S, this value is 0 iff the tuple
belongs to Q. By (4), this value is equal to ), g1(ur, s) — g2 (u, 5)(uo) — g3(u)(s). But also by (4),
this value also corresponds to a corresponding tuple (ag . ..aruo ... upxy ... Ty_1Y, 2') in M. This
provides the values F(x,) = 2}, F(yx) = y}, and F(z) = 2': {ag ... aguo . . . upo . . . Th—1Yx, 2) € QM
if and only if (ag...axug ... upxy ... x5y, 2"y € QM. O

Remark 3.2. Counting the number of isomorphism types here is akin to the study of Fzt(G,Z) in the work
of the first author and Viisénen in [14].*

Lemma 3.3. If My, r, and Mjy, s, are models of 1, and h : I} — Iy is one-to-one and onto, then the following
are equivalent:

(a) there is an isomorphism from My, j, onto My, ;, extending h.
(b)y there is an My, f,-choice (Z,y,Z) whose correction function is f1,
(b)2 there is an My, , -choice (Z,y,Z) whose correction function is fa,
(c) there are functions g1, g2, g3 (“to correct the choice of zeros”), with
1. g1 : [I]F x S — Zy (like the z.,, 5 ’s above),
2. go: [I]* x S — Hy (like the Yu,s s above),
3. g3: [[)F*Y = G (like the z,’s above),
4

cif{ag ... aguo . .. UKTo - . . Tk—1Yk, 2) are like in Definition 1.1.1 for My, g, or My, s, then

Zy = Zie — hi(ug) — g(s) = Zg1(ue, 5) — ga(uk, s)(uo) — gs(u)(s)

1<k 1<k

Proof. The proof is almost the same as that of the previous lemma (3.1). The main change is that now the
identity on I is replaced by a bijection from I; onto I5; the rest of the proof amounts to a renaming via the
bijection F' [ I;. O

An important special case of the previous lemma happens when Iy = I = I but the isomorphism is not
the identity on I. In this case, the restriction of the isomorphism between M7 ¢, and My f, is a permutation

of I. Our combinatorial criterion for non-isomorphism will focus on this case.
Recall D is the regular filter on S generated by sets of the form (u) = {v € Sju C v}, where S = [\]<No:

D=D0,:={AC S|Fus € SVv e S(ug Cv—veA}

(see Definition 1.2).
The notion of an I-function, which we define next, is central to our combinatorial criterion.

Definition 3.4. f : [I[]*T! x § — Z5 is an I-function iff
{s € S|fu(s) # 0} €D, for all u € [I]*1,

where f, : S — Z5 is given by f.(s) = f(u,s).
4 Here I(X, %) is counted by the group of correction functions, derived from some g1, g2, gs:

I(A, 'zp;‘) = {f a correction function’f(u, s) = Z g1 (ue, s) — g2(uo, s) — gg(u)}.
£<k
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Lemma 3.5. Let f : [[|**! x S — Zy be an I-function. Then, the following is a sufficient condition for
lef ’7‘5‘ MI :

(*) for every Iy : [IIF — [I|=, Fy : [I]* — 9(Z3) and 7 a permutation of I, there exists u = {to,...,ty} €
[I]F*+1 (i.e., with no repetitions) such that
(@) ti & Fi({to..-ti—1}),
(B) frttortuy = 2over F2({to, -t} \ {te}) € G.

Before proving Lemma 3.5, we note:

o First, () is a purely combinatorial statement; this will enable us to focus solely on combinatorial
principles to prove the failure of categoricity.
o Also, by the definition of G, () says that for D-few elements s € S do we have

Frttormtn(8) = D Fal{to, . i} \ {te})(s).

1<k

Notice the role of the permutation 7 of I in the combinatorics that follows.

Proof of 3.5. Assume that M ; ~ M;. Then, since M; ~ Mj, (the null correction function) we may
apply Lemma 3.3 and (by (b) of that lemma) assume that (z,y, z) witnesses My ; =~ My o, with correction
function identically zero.

We construct Fy, Fs such that (%) of 3.5 does not hold (for the permutation 7 induced by the isomorphism
between My ¢ and My).

We first let F : [I]F — [I]=* be

Fi(v) = U{w € [I1¥| for some s1 € S, y,.s, (w) # 0}.
This is well defined, as F (u) is a union of |S|-many finite sets. Also, let
Fy(v) = (zy4]s € S).

We will show that no u € [I]¥*! satisfies both («) and () of condition (x).
Suppose otherwise; let then u = {to,...,t;} € [[]¥T! satisfy () + (B). Let as usual up = u\ {t/}. By (),
for each s,

yuk,s(u0> -
[Why? Just notice that by («),
te & Fi(ug) = U{’U € [1]¥] for some s1 € S, yu.s, (v) # 0},

so for all v € [I]*,if t), € v, then for all s; € S we have y,, s, (v) = 0. In particular, as t; € ug, Yu, s, (uo) = 0.]
Now, since (Z,y,z) is an My g-choice with correction function identically zero, for each s € S we have
that

<a0a ceey O, UQ,y - - 7uk,$uo,s, e >xuk,1,s;yuk,sazu>

belongs to Q2" if and only if (by the definition of this predicate in the model M f)
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Zy ': § Luy,s = yuk,s(UO) + Zu(s) + fﬂ'(u)(s)
1<k

But we also have that z,(s) = 0 for the ®-majority of s € S (by the definition of G); since we also have
that y,, s(uo) = 0 for our particular w,

(*) For the ®-majority of s € S

Z Luy,s = fﬂ'(u) (8)

1<k

But this contradicts (8). O
Remark 3.6. We can then regard F> as
Fy: [I)F = %(2,)/G.
Corollary 3.7. If fi, fo are I-functions, and f = f1 — fo (coordinatewise) satisfies (x), then My ¢, % My ¢,.

Proof. We already know that since f satisfies (x), Mr s % M;. Now suppose we have an isomorphism
F: My = My t,. As before, m = F [ I is a permutation of I, and the automorphism lifts in a natural
way to all components of M7 ¢ in the vocabulary 7~. Now, the remaining part of 7: if s € S, then a tuple
(@0, - -y Qs U0, -« -+ Uky T, - - - s Tug 1,80 Yup,s> Zu) Delongs to Qs in My s if and only if (for the corresponding
indices)

Zy = Ziz = hi(uo) +g(s) + f(u, s)
o<k

but this holds if and only if

Zy ) ie = hi(uo) + g(s) + fi(u,s) — fo(u,5).

1<k

Now, since F' is an isomorphism, this is true if and only if the tuple
(F(ao), ..., Flar), F(uo), ..., Fluk), F(@ug,s)s -, F(@up_1.8)s F(Yuy,s), F(2zy)) belongs to Qg in M;, this is
if and only if

Zy k=Y iy = hi(up) +g'(s)

1<k

where the primes denote the values corresponding to the F-images of components of the long tuple. But this
witnesses that F' is also an isomorphism between My ¢, and M7 y,, which contradicts the hypothesis. O

We now have what we need for a proof of failure of categoricity at some p above the categoricity cardinals.
Notice we do not give an optimal (minimal) such p; this is left for (possible) later work.

Theorem 3.8. For some > A\T*, the sentence 7 is not categorical in pu.

Proof. Let p be a cardinal with the following properties:

®1 H — (w)g)\v
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@2 p 7 (W);C;q,
®3 p regular.

The existence of such a 1 uses the Erdés-Rado theorem (the partition

k
22

TNt = (2H7)
is an instance) for ®; and the negative partition relation Jj41(\) 4 (k+2)§fl (
24.1(e)]) for ®9; we may therefore take p as Jx ().

Let then I have cardinality p and let f : [u]**! — G+ /G be an I-function witnessing ®9 (recall that G+
denotes the group s Z5). We use our criterion 3.5 to show that M; y and M; can not be isomorphic from

a consequence of [7, Lemma

which we conclude that the sentence 17 is not categorical in .
Let Fy : [I]F — [I]5*, Fy: [I]F — GT and 7 a permutation of 1.
Now find E C p club such that

F; cesap—1) C oy,
o< <apeE— | F1(00 1) Ca
7T(Ck0), BERE) ﬂ—(ak71> < Q.
This is possible by the regularity of u.
Now apply ®1 to Fy [ E: since pu — (w)gx, there must be an infinite w-sequence T'= {ag < a1 < ...y, <
...} such that F, | [T]* is constant. Therefore we have, for u = {aq,...,ax} and uy = u \ {a¢}:

e ay ¢ Fi({ag,...,ar_1}) (since these are elements from the club E) and

e the equation fria,....ar}(8) = D sk Fa(ur)(s) holds for D-few elements s: as F» is constant on u, from
the monochromatic sequence, the sum on the right hand side will be 0 when & is even (and 1 when k is
odd) whereas the value on the left hand side will not be constant, by ®2 applied to f.

The previous two properties correspond to () and (f) of the criterion from Lemma 3.5. Therefore, M; ; %
M7 and the sentence 1/1;)5 is not categorical in p. O

The result also holds for all k£ > 3,1 1(\)™ (we will show monotonicity of the crucial criterion).
Conclusion 3.9. The sentence 7 is not categorical in any x > Jj1(\)T.

Proof. Let k > u = Jp1(A\)". If kK = p, Theorem 3.8 shows how to get two non-isomorphic models. If
k > p then let J be a set of cardinality .

We show that as x > p we may pick a J-function f : [J]**! x S — Z, satisfying the criterion (x) of
Lemma 3.5 (which will enable us to conclude that M % M, and thus conclude failure of categoricity at
K).
Let first Fy : [J]¥ — [J]S*, Fy @ [J]¥ — 9Z5 and 7 a permutation of J. Let I C J with |I| = p, I closed
under 7 and such that Fy | [I]* : [I]* — [I]=*. [Such an I exists by closing first under iterating taking the
unions of Fj-images of k-tuples from I and taking the union of p many sets of cardinality < A\ < p - after
an w-iteration the result is closed under Fij-images. Similarly, we close under images and preimages under
the permutation 7 and alternate these closure operations w many times.]

Let now f : [J]¥T! x S — 75 be a J-function that witnesses ®> on the set I; as |I| = p, this is possible.

Furthermore, for the set I, the functions F; [ I, F; and 7 | I are in the situation of Lemma 3.5. The proof
of Theorem 3.8 applies then, as |I| = u. We then obtain u = {t¢,...,tx} € [I]**! such that (a) and (3) of
the criterion hold. But these properties are also true of the original Fi, F5, w. Therefore, M ;¢ % M;. O
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Remark 3.10. Here are some important differences between the structure of this proof and that of [10]:

1. The use of the filter ® is central here - it is not needed there.
2. The way the group itself is used is slightly different at the end of the proof.

We conjecture that the class has the maximal number of models at all p > Jg 11 ().
4. Further directions

After our generalization of the original Hart-Shelah example to the stronger logic Lx)+ ,, we have the
following situation:

¢ Any generalization of the early results from 1983 for the logic L(sxy+ , must necessarily use as hypothesis
few models in all cardinalities A, \*, ..., AT* ... forall k < w. The first author has written several papers
in this direction (see [13]), in the (wider) context of AECs.

e On the other hand, the necessity of an interval of Rp-many cardinals with few models to start the
machinery for categoricity transfer seems interesting per se; and even more so the fact that this would
happen along all strengthenings of L, ., (inside Lo ).

o Finally, we conjecture that our sentence may be analyzed in terms of building frames, in the spirit of
the work of Boney and Vasey [6]. Specifically, we conjecture that our abstract elementary class

K (N, k) = (Mod(¥p), <27 )+ )

is (< A\, AT~ 1)-tame, (< A\, \TF~1)-typeshort over models of size AT*~2, and that
1. for each m < k — 1 there is a frame s*(), k),, that is type-full and A*™-good on Mod(v)}),
2. The (type-full and AT*~1-good) frame s*(\, k);_; is not weakly successful.
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