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Abstract. We deal with the combinatorial principle Weak Diamond. We
prove that, if it holds for a given cardinal, we can get this principle with more
than two colours or some relevant ideal is not too saturated. Then we point out
a model theoretic consequence of Weak Diamond.

0. Basic definitions

In this section we present basic notations, definitions and results.

The paper was circulated (including the math arXiv) and accepted to the
East-West Journal of Math around 2000, but due to some problems between
the editors has not appeared. Meanwhile Aspero, Larson and Moore [1] with
a related result was done. Weak diamond was introduced in [2], lately see [3].

NoTATION 0.1. (1) K, A, 0, u will denote cardinal numbers and «, j, 0,
g, &, ¢, v will be used to denote ordinals.

(2) Sequences of ordinals are denoted by v, 1, p (with possible indexes).

(3) The length of a sequence 7 is £g(n).

(4) For a sequence n and ¢ < £g(n), n|¢ is the restriction of the sequence 7
to £ (so Lg(nl¢) =¢). If a sequence v is a proper initial segment of a se-
quence 7 then we write v <7 (and v < 7 has the obvious meaning).

(5) For a set A and an ordinal a, a4 stands for the function on A which
is constantly equal to a.

(6) For a model M, |M]| stands for the universe of the model.

(7) The cardinality of a set X is denoted by || X||. The cardinality of the
universe of a model M is denoted by || M||.
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DEFINITION 0.2. Let A be a regular uncountable cardinal and 6 be a
cardinal number, possibly finite.
(1) A (X, 0)-colouring is a function F': DOM — 6, where DOM is either

<Ag = Uner @2 or Uyer ¥(H(N)). In the first case we will write DOM, =
DOM,(F) = 1""0‘2, in the second case we let

DOM, = DOM,(F) = 1T¥1(\))  (for o < N).

If the choice does not matter we shall not mention it; for the main defi-
nitions the choice does not matter, see 1.10.

If A is understood from the context, we may omit it; if & = 2 then we
may omit it (thus a A-colouring means a (), 2)-colouring and a colouring is
a (A, 2)-colouring).

(2) For a (A,0)-colouring F' and a set S C A\, we say that a function
n e S0 is an F-weak diamond sequence for S when for every f € DOM,), the
set

{6 €5:n(0) = F(£15)}

is stationary.
(3) WDmId), is the collection of all sets S C A such that for some colour-
ing F' there is no F-weak diamond sequence for S.

REMARK 0.3. In the definition of WDmId) (0.2(3)), the choice of DOM
(see 0.2(1)) does not matter; see [10, AP, §1], remember that ||H()\)| = 2<*.

THEOREM 0.4 (Devlin and Shelah [2]; see [10, AP, §1] too). Assume that
20 = 2N < 22 (e.g. A= put, 2% < 2)). Then for every A-colouring F there
exists an F-weak diamond sequence for X\. Moreover, WDmId) is a normal
ideal on \ (and X € WDmId)).

REMARK 0.5. One could wonder why the weak diamond (and WDmId})
is interesting. Below we list some of the applications, limitations and related
problems.

(1) Weak diamond is really weaker than diamond, but provably (in ZFC)
it holds true for some cardinals A\. Note that under GCH, <,+ holds true
for each p > Wg, so the only interesting case then is A = Nj.

(2) Original interest in this combinatorial principle comes from interest
in Whitehead groups: if G is a strongly \-free Abelian group and T'(G) ¢
WDmlIdy then G is not Whitehead.

(3) A related question was: can we have stationary subsets Sy, Sy C wy
such that g, but =<{g,? (See [5].)

(4) Weak diamond has been helpful particularly in problems where we
have some uniformity, e.g.:

(%); Assume 2* < AT Let € L+ be categorical in \,\T. Then
(MODy, <mrag(y)) has the amalgamation property in .
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(x)2 If G is a group of cardinality A > Wg then we can find subgroups
Gi of G (fori < \) non-conjugate in pairs (see [9]).
(5) One may wonder if assuming A = pu+, 2% > 2/ (and e.g. p regular) we
may find a regular ¢ < p such that

{0 < A:cf(9) =0} & WDmld,.

Of course, by the ‘“‘normal ideal” result (see 0.4), it follows that there is
such o, but does o depend on the present set theory? e.g. does it hold for
every regular o # cf(u) below p?
Unfortunately, this is not the case (see [7] even for p = Ry).
(6) We would like to prove
(a) WDmlId), is not A\"-saturated or
(b) a strengthening, e.g. weak diamond for more (than two) colours.
We will get (a variant of) a local version of the disjunction, where we
essentially fix F'. There are two reasons for interest in (a): understanding
AT-saturated normal ideals (e.g. we get more information on the case CH
+ “D,, is Ng-saturated”; see also Zapletal and Shelah [16]), and non A*-
saturation helps in “non-structure theorems in model thery” (see [6], [11],
[13], [14]). That is, having 2* < 2*" < 2" and some “bad” (i.e. “non-
structure”) properties for models in p we get 2" models in Tt when
WDmlIdy+ is not AT t-saturated (and using the local version does not hurt).

(7) Note that for S ¢ WDmId) we have a weak diamond sequence f € 59
such that the set of “successes” (=equalities) is stationary, but it does not
have to be in (WDmIdy)*. We would like to start and end in the same
place: being positive for the same ideal. Also, in (b) above the set of places
we guess was stationary, when we start with S € (WDmlIdy)".

Note that it may well be that A € WDmId, (if (30 < \)(2¢ = 2*) this
holds), but some “local” versions may still hold. E.g. in the Easton model,
we have F-weak diamond sequences for all F' which are reasonably definable
(see [10, AP, §1]; define e.g.

F(f)=1 & LIX, fl = e(X, f)

for a fixed first order formula ¢, where X C X\ depends on F' only). So the
case WDmlId) = P(A) has some interest.
(8) Related later works are [12], [15].

We would like to thank Andrzej Rostanowski for mathematical comments
and improving the presentation and to Shimoni Garti.

1. When colourings are almost constant

In 1.1, 1.2 we now “slice” WDmlId) by finer approximations meaningful
even when WDmId), fails.
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DEFINITION 1.1. Let A be a regular uncountable cardinal.
(1) Let F be a (), 0)-colouring.
(a) Let S C X\ . We say that a sequence n € 59 is coded by F' if there
exists f € DOM) such that
aeS & nla)=F(fI(1+a)).
(b) We let

‘B(F)déf 776)‘9:17is coded by F'}.

(2) For a family A of subsets of A let idealy(.A) be the A-complete normal
ideal on A generated by A (i.e. it is the closure of A under unions of < A
elements, diagonal unions, containing singletons, and subsets).

[Note that idealy(.A) does not have to be a proper ideal.|

(3) For a A-colouring F' (so # = 2) we define by induction on c:: ID (F') =
0, IDo(F) = {S C X\ : S is not stationary}, for a limit «

ID, (F) = [ J IDg(F), IDu(F)= ideal)\< U IDg(F)),
B<a B<a
and! for a = B+ 1

D~ (F) — S C A: for each §* C S there is f € DOM, such
o(F)= \that {5 < A:0 € $* & F(f]6) = 0} € ID(F)}

ID,(F) = ideal, (ID, (F)).

Finally we let ID*(F) = J,, IDo(F).

(4) We say that F is rich when DOM(F) = {J,., *H(X\), and for every
function f € DOM, and o < A and a set A C « there is f* € DOM, such
that:

(Vie A\ a)(f1+1)=f(1+1) & F(fI(1+14) = F(f'1(1+1))

and (Vj € a \{O}(F(f'lj) =1 & jeA).

DEFINITION 1.2. Let A be a regular uncountable cardinal and let F' be
a A-colouring.

(1) WDmldy(F) is the family of all sets S C A with the property that
for every S* C S there is f € DOM) such that the set

{6€85:6€5" & F(f]6) =1}
is not stationary, (note, the difference with 0.2(3)).

! Note that ID (F) # 0 iff a > 0.
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(2) BH(F) is the closure of (see 1.1(1)):
B(F)U{S C X:S is not stationary}

under unions of < A sets, complement and diagonal unions (here, in B(F),
we identify a subset of A with its characteristic function).
(3) IDP & {SCA: for every Y C S for some B € B1(F) we have
BnS=Y}
(4) IDS(F) is the collection of all S C A such that for some X € BT (F)
we have: S C X and there is a partition Xy, X7 of X such that
() P(Xy) ={YNX,:Y €BH(F)} for £ =0,1, and
(B) for £ < 2 there is no Y € B+ (F) satisfying

Y\ X, €IDP(F) & Y ¢ID"(F).

PROPOSITION 1.3. Assume X is a regqular uncountable cardinal and F
s a A-colouring.

(1) idealy(A) is the collection of all diagonal unions Veoy A¢ such that
A¢ € A for & <\, when A is a family of subsets of X such that

(®4) if So C Sy and Sy € A and A € [\|<? then SyU A € A,

(2) The condition (®1p-(ry) (see above) is true for each a.. Consequently,
if o =0+ 1 then IDL(F) ={V;cr 4; : (A; i < \) CID_(F)}, and if o is
limit then TDo(F) = {Vicx Ai : (A; 11 < X) € Ugo IDa(F)}.

(3) ID*(F') and ID4(F) are A-complete normal ideals on X extending the
ideal of non-stationary subsets of A (but they do not have to be proper). For
a <y we have ID(F) C ID,(F) and hence ID*(F') = IDy(F') for every large
enough a < (2M)7F.

(4) Suppose B = (By:{ <m), where By C Byi1 (for £ <m) and B,
€ ID*(F). Then B has an F-representation, which means that there are a
well founded tree T C Y=\, sequences <B$ ineT, L <), and <f,’7g nel,
k < ky) such that k, <, +1<m+1 and

(a) Bf, = By, Ly =m, By CBLLC A, fle A9,
(b) (vn € T\ max(T)) (Vi <A)(n~(i) € T),
(c) for each n € T\ max(T) there is oy < X such that for all ¢ < 4,
0 € X\ oy we have:
(®) 6 BL iff
(Fi<d)(de Bf;A@) or
F(f416) =1 & =(3i < )(3k) (8 € BE_ ),
(d) for each n € max(T'), B, is a bounded subset of A\ with min(B,) >
sup({n(n) : n < Lg(n)}).
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(5) If for some f* € A2 we have (Va < N)(F(f*la) =0) then in part (4)
above we can demand that k, = £, + 1.
(6) If F' is rich then in part (4) above we can add
(e) ay=0 for n € T\ max(T) and B, =0 for n € max(T).
(7) ID*(F) is the minimal normal ideal D on X such that there is no
S € DT satisfying

(VS* € S)(FA € B(F))(S* A A€ D).

(8) If X € 2(\) \ IDP(F) then there is n € *2 which is a weak diamond
even modulo IDP(F) which means that:

for every f € DOM(F) we have {§€ X : F(f[0)=n(5)} # ) mod IDP(F).

(9) IDYF)={SCAX:(3X BT (F)(SCX & P(X)CBT(F))}.

PrOOF. (1) Should be clear.

(2) If & = 0 then (®4) holds trivially because there is no such Sj.

If « is a limit ordinal then the condition holds because for every Sy €
ID, (F) there is 8 < a such that Sy € ID; (F') and we can use the induction
hypothesis.

Lastly, if o = 8 + 1 this is easy too.

(3) For the first sentence ID_, (F) is a normal ideal by its definition; this
implies ID“(F) is a normal ideal by the second sentence. We still have to
prove the second sentence.

By induction on v < A and then by induction on o < v we show that
(Vy < A)(Va < v)(IDo(F') CID,(F')). If v = 1 then this follows immediately
from definitions; similarly if 7y is limit. So suppose now that v = v+ 1 and we
proceed by induction on a < vg. There are no problems neither when oo = 0
nor when « is limit. So suppose that « = 5+ 1 < v (so 8 < 7). By the in-
ductive hypothesis we know that IDg(F') C ID,, (F'). Let A € IDg41(F). By
(2) there are A¢ € ID,, (for £ < A) such that A = Ve A¢. Now look at the

definition of ID, (F): since IDg(F') C ID,, (F) we see that A¢ € ID_ ., (F).
Hence A € ID,,.

(4) By induction on a we show that: if B = (B, :{ < m), where B, C
Byyq (for £ < m) and By, € ID,(F) then B has an F-representation.

Case 1: o« =10. Thus the set B,, is not stationary and we may pick up
a club E of X disjoint from B,,. Let E = {a¢:( < A} be the increasing

enumeration. Put 7' = {()} U{(i) : i < A}, ay =1, £y = Ly =m, Bé =By
and sz.> = By N ayy1. Now check.

Case 2: o is limit. It follows from (2) that B, = V,<) By, for some
Byi € Ugoo IDg(F). Let By ; be defined as follows:

if i = (m+1)j+t, £ <t<mthen By, =0,

ifi=(m+1)j+t t<m,t<{then By, = By;.
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Then for each i,¢ we may find (B,i;e, ,27 , % nel;, < 6%’1, U< 6%’2>
satisfying clauses (a)—(d) and such that (Bé’ Tk <kl = (By,;: £ <m) (by
the induction hypothesis). Put

T={0yU{{@)™m:neTi},
ly=m, =0, Ly~y="0" Loy =067

¢ Ay v il
By =Bi, By =By fo- =1

ap =w, Ay = g

Checking that <Bf;, fgl, an:neT, £<ty, £'< L) is as required is straight-
forward.

Case 3: a = [+ 1. By (2) above and the proof of Case 2 we may assume
that By, € ID_ (F). It follows from the definition of ID_ (F') that there are

fee A2 (for £ < m) such that

BE € {5 < X146 is limit and F(f;]6) = 0 < § € By} € IDg(F),

and hence B® < J,_, B € IDg(F). Therefore B; = B, N B € ID4(F).

Now apply the inductive hypothesis for 8 and B* = (B} : £ < m) to get the
sequences <Bf;’*, ,’7” i €T, £ < 4y, k < ky) satisfying clauses (a)—(d) and
such that (By* : € < £5) = (By : £ < m). Put

O
T={0yu{{®): i <ApU{(0) m:neT},
boym =Ly ky=m+1, Koy~ = ky,
Y4 _ bl J4 _ ;
By =By" By~ = Ben (i +w),
k k k%
f()sza f<0>’“77: n
ay =w, Q) = .
(5) If f,s is not defined then choose f* as it.
(6), (7), (8), (9) Easy too. [
REMARK 1.4. Note that it may happen that A € ID*(F). However, if

n e A2 is a weak diamond sequence for F' then the set {y<X:n(y) =0}
witnesses A ¢ ID] (F'). And conversely, if A ¢ ID] (F') and S* C X witnesses
it, then the function Og- U 1y g- is a weak diamond sequence for F'.

DEFINITION 1.5. For a M-colouring F' we define A-colourings F'® and
F® as follows.

Acta Mathematica Hungarica 165, 2021
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1) A function g € 7(H(N)) is called F®-standard if there is a tuple
(T, f,a, A) (called a witness) such that

(i) T C %>~ is a well founded tree (so ) €T, v<aneT =veT
and T has no w-branch);

(ii) f = (ff:n €T, £ <ky), where f] € DOM(F)N7Y(H(N));

(iii) a = <0‘77 n € T), where oy, < A;
(i )A:(AZ neT, £§€n>,whereAf;§an;
(1) 9(8) = (T B(f418: 0 € TN B,0 < ky). (o i € TR )
<Af;. Tﬂw>,6’,€<€>) for each 8 < ~.

(2) DOM(F®) = [Jyer “(H(N)) and for g € T(H(N)):

(®)q if v =0 then F®(g) =0,

(@) if v > 0 and g is not standard then F®(g) =0,

(@®)y if ¥>0 and g is standard as witnessed by (T, f,a,A) then
FPg) = t0F7g((>), where t%’g(n) € {0,1} (for n € T, £ =0,1) are defined by
downward induction as follows.

If n € max(7T) then t%g(n) =1liff ye€ A,,
if n € T\ max(T), v < v, then t%’g(n) =1liffye A,,
if n € T\ max(T'), v > o, then

tpg(n) =1 it F(fy)=1 or (i <7)(tp,(n (i) =1),

th,(n) =1 iff (3i <) (%, (n (i) =1) or
F(fy) =1 & (Vi <7)(tf,(n (i) = 0).

(3) A function g € 7(H(N)) is called F'®-standard if there is a tuple
(T, f,¢,a, A) (called a witness) such that
(i) T C ¥~ is a well founded tree;
(ii) ]_” = (fy:n €T), where f,7 6 DOM( YNT(HN));
(iii) £ = (€, : p € T), where £, : 3{0,1} — {0,1};
(iv) @ = (ay : n € T'), where oy, < A,
(v) A= (A, :neT), where A, C ay;
(Vi) g(8) = (TN¥Z B, (fy1B:n € TNYZB), (by:n € TNYZB), (ay i1

g
e TNY>B), (A, :neTNYpB)) for each 3 < .
(4) DOM(F®) = Uyer “(H(N)) and for g € T(H(N)):

(®)q if ¥ =0 then F®(g) =0,

(®) if v > 0 and g is not F®-standard then F®(g) =0,

(®) if v > 0 and g is F¥-standard as witnessed by (T, f,¢,&, A) then
F?(g) =tpg(()), where tp4(n) € {0,1} (for n € T') are defined by downward
induction as follows.

If n € max(T) then tpy(n) =1iff v € 4,
if n € T\ max(T), 1+~ < a, then tpy(n) =1iff v € A,,
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if n € T\ max(T), 1 +v > a,, then

trg(n) = £y (F(fy), max{try(n () : B <~},min{tr,(n(B)): B <~}).

REMARK 1.6. On F® F® see 1.7, 1.12 below.

PROPOSITION 1.7. Let F be a A\-colouring. Then F® is a \-colouring and

(a) if S €ID*(F) then 0sgUlyg € B(F?) and B(F) C B(F?),

(b) ID*(F) C IDy (F®) = IDy(F®) = ID*(F®),

PRrROOF. (a) Check.

(b) The main point is proving ID*(F') C ID;(F?).

Suppose that B € ID*(F'). We are going to show that then B € ID] (F?).
So suppose that B’ C B. We want to find g € DOM,(F'®) such that the set

{6 < X:0dis limit and F(g|§) =0« § € B'}

is in IDo(F®) (what just means that it is non-stationary). Since B € ID*(F)
we have B’ € ID*(F'), so by 1.3(4) we may find <B,‘;,f5,an meT, L <1,
k < ky) such that the clauses (a)—(d) of 1.3(4) are satisfied with £, =0,

B = B%. Define g as follows. For 8 < A let T =T'N W>3 and

9(B) = (T, (fg:nETg,kg ky), (o :m € Tp), (Bf;ﬂanzﬁgﬁn,n € Tp)).

Now look at the demands in 1.5(2) — they are exactly what 1.3(4) guarantees
us. U
DEFINITION 1.8. Let Fj, F be A-colourings (with DOM(F}) being

cither 22 or Uper “(H(N)), see 0.2(1)).
(1) We say that Fy < Fy when there is h : DOM(F;) — DOM(F3) such

that:

(a) n v = h(n) < h(v),

(b) h(n) =limy.5h(n | @), for every n € 52, 0 a limit ordinal,

(c) (Vn € DOM(F1))(0 < £g(n) = Lg(h(n)) = Fi(n) = Fa(h(n))).

(2) We say that Fy <* F when thereis h: DOM(F;) — DOM(F5) such

that the clauses (a)—(c) above hold but

(d) if n € DOMy(F1) and lim,<y h(n]a) has length < A then Fi(n]«)
= 0 for every large enough «.

PROPOSITION 1.9. (1) <* and < are transitive relations on \-colourings,
satisfying <* C <.
(2) < is AT -directed.

PROPOSITION 1.10. (1) For every colouring Fi: |J,o\ “(H(N)) — 2
there is a colouring Fo: )‘>2 — 2 such that F; < Fy <* Fj.
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(2) For every A-colouring Fy: A>9 49 there is a A-colouring

Fr: | YHO) =2

such that Fy < Fy; <* F}.

PrROOF. (1) Let Fi: Jyey “(H(X)) — 2. Let hg be a one-to-one func-
tion from H(\) to )‘>2, say ho(n) = (€n,i 1 < Lg(ho(n))). Define a function
hi:HA) — A>9 by:

lg(hi(n)) = 2Lg(ho(n)) + 2,
hi(n)(2i) = ho(n) (i), h1(n)(2i+1) =0 for i <Lg(ho(n)), and
h1(n)(2€g(ho(n))) = ha(n)(2Lg(ho(n) + 1)) = L.

Next, by induction on fg(n), we define a function At : (J, ., “(H(N)) —
A>9 as follows:

h(0) =), R (n(x)) =h"(n) " ha(2).

and if neJyo) @(H(N)) has length the limit ordinal § then h*(n) =
U{h™(n1B) : B <}

Clearly h™ is one to one with the right domain and range.
Finally we define a colouring F5: A>9 59 by

_J R ifv=h*(n),
Bv) = {01 if v & rng(h™).

It is easy to check that Fb is as required.
(2) Similar to part (1). O

PropoOSITION 1.11.  Assume that Fy, Fs are A-colourings such that
F1 < FQ, or F1 S* FQ. Then:

(1) For every n € DOM)(F) there are v € DOM\(F) and a club E of A
such that

(V6 € E)(F1(n]d) = F2(v[0)).

(2) ID,(Fy) C ID,(F3), ID, (F1) CID, (Fy); hence ID*(Fy) C ID*(F3)
and BT (Fy) C BH(Fy).
(3) For every colouring F we have ID(F) C WDmId),

PrROOF. Straightforward. O
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CoNCLUSION 1.12.  Assume that A is a regular uncountable cardinal
and F: A2 5 2isa A-colouring. Let

Fo: [ *HW) — 2

a<A

be the colouring defined for F' in Definition 1.5(4). Let ¢ € {a,b}. Then:
(a) F < F©.
(b) ID*(F®) is a normal ideal on \.
(¢) B(F) C B(F®) and IDY(F) C ID*(F®) = WDmld, (F®).
(d) F® relates to itself as it relates to F, i.e. if a* < AT, (S, :a < a*)
is increasing continuous modulo ID*(F®), So11 = Sq U A, mod IDY(F®),

Ay € B(F®), L, € 2, then for some f € A(”H()\))
{o< A: F(fla) = 1}/Ds

is, in P(A)/Dj, the least upper bound of the family {(Aq \ Sa)/Dy : lo = 1}
(where D), stands for the club filter).

(e) The family B(F®) is closed under complements, unions and intersec-
tions of less than A sets, diagonal unions and diagonal intersections and it
includes bounded subsets of A. Moreover B+ (F®) = B(F®).

(f) If P(\)/ID"(F®) is A\"-saturated then for every set X C X there are
sets A, B € B(F®) such that:

(a) ACX CB,
(B) for every Y € B(F®) one of the following occurs:
(i) thesets (X \A)NY, (X\A)\Y, (B\X)NnY, (B\X)\Y are
not? in ID*(F®),
(i) Y N (B\ A) € ID*(F®),
(iii) (B\ A) \ Y € ID(F®).

In the situation as above we denote A = maxps(X), B = minpe (X)
(note that these sets are unique only modulo ID*(F®)). Moreover

(g) In clause (f), if A C minps(B) then

. . L ®
n};l@n(A) - I%{@n(B) mod ID*(F*).

(h) In clause (f), when ¢ =10, if X C X\, X ¢ ID*(F®) then for some

Y1,Y2 C X which are not in ID*(F®) we have

I%%X(Yl) = n}aéx(Yg) =0 and I%%@H(Yl) = I%{@n(}@) ¢ ID*(F®).

(i) In clause (f), minpe and maxpe commute with the union of < X and
the intersection of < A sets.

2hence none of X \ A, B\ A includes (modulo ID*(F®)) a member of B(F®) \ ID*(F®)
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PRrROOF. Clauses (a) and (b): Should be clear.

Clause (e): Note that as # =2 we identify a sequence 7 € A2 with
{i < X:n(i) =1}

B(F®) is closed under complementation. Suppose that A € B(F®).
First, assume A is bounded then let g, (T, f,¢,a, A) be as in 1.5(3) with
T={0}uU{(@):i<A}, Ay =ay\ 4, oy >sup(A), £y constantly 1. Then
Va <N (F®(gl(1+a)) =1 a€ A),so F® codes A\ A.

Second, suppose that sup(A4) = A. Pick g such that

Va < N(F®(gl(l+a)) =1 & ac A).

By our assumption, for arbitrarily large 8 <\ we have F®(g|B) =1,
s0 g(8) is

(Tg, <f7’? ne T5>, <Ozg e T5>, <£g ne T5>, <Ag e T5>)

and it is as in 1.5(3). If 51 < [y then the two values necessarily cohere, in
particular T, = T, NY>(B;). Consequently there is (T, f,/,a, A) such that
T'=UgTs < W=\ is closed under initial segments and is well founded (as
T increase with 5 and cf(A) > Xg). Thus we have proved

(X) if AC X is unbounded and A is coded by F®, g, then there is
p= (T, f,¢,&,A) such that the clauses (i)—(vi) of 1.5(3) hold for v = X\ and
9(8) = p1B.

Now define p’ like p (with the same T etc) except that 681 =1- 68 and

P _ AP
Ay =4y

B(F?) contains all bounded subsets of \. By the first part of the argu-
ments above all co-bounded subsets of A are in B(F®), so (by the above)
their complements are there too.

B(F?) is closed under unions of length < X. Let B =J,_, B; where
a< X and B; € B(F®). Let w={i<a:sup(B;) =} and for i € w
let B; be represented by g; € )‘(”H()\)) which, by (X), comes from p’ =
(T f*, 0", &', A"). We may assume that w = 8 < a. Let

T={0yu{(D) i<\ U{(i)m:neT’, i<p},
Fiyn =y ete
ayy is the first 7 > w such that v > o & (Vi € [8,))(B; € ),

Ay = Binay,

<
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o (o, i1,12) = 1.

Checking is straightforward.

B(F®) is closed under diagonal unions. Let B = V;-\ B;, where each
B; € B(F®) is represented by g; € )‘(H()\)) which, by (X), comes from
p' = (T" f,¢aAY). Let T={(O}U{()) m:neTi, i <A}, fuy— =Ty
etc, ay = w, By = BNw and £ (ig, i1,72) = 41.

So we have proved the first sentence in clause (e). The second sentence
there follows by it and Def. 1.2(2). Note that including the family of non-
stationary sets follows by including the family of bounded subsets and being
closed under diagonal unions.

Clause (c¢): We concentrate on the case ID* =ID?. First note that
B(F) CB(F®) as B(F) CBT(F) CBH(F?) =B(F®) (the second inclu-
sion by (a) and 1.11, the last equality by (e)). Next note that

WDmld,(F®) C ID] (F®) C IDy(F®) C ID"(F®).

Now by induction on a we are proving that ID,(F®) C WDmlId,(F®). So
suppose that we have arrived at a stage a.

If @ = 0 then we use the fact that every non-stationary subset of A is in
B(F) (by (e)).

If « is limit then, by the induction hypothesis, ID_ (F'®) C B(F®) and
hence ID,(F'®) C B(F?) (as B(F?) is closed under diagonal unions by (e);
remember 1.3(3)).

So suppose that a =8+ 1 and B € ID,(F®). Suppose B’ C B (so
B' € ID; (F®)). There is B” € B(F) such that B’AB’ € IDg(F). By the
first part we know that B” € B(F®) and by the induction hypothesis B’AB”
€ B(F®). Consequently B’ € B(F®).

Together we have proved that ID*(F®) = WDmld,(F®). The inclusion
ID*(F) C ID“(F®) is easy.

Clause (d): Easy.

Clause (f): Let 21 be {AC X : Ae B(F®)\ID'(F®)} and let {A4;:
i < iy} be a maximal sub-family of Z; such that i < j <i,= A;NA;
€ ID*(F®). By the assumption of clause (f) necessarily i, < A" so without
lose of generality i, < A. Let A be U{A; : i < iy} if i, < A and the diagonal
union if i, = A. Clearly A € BT (F) = B(F?).

Let A’ be chosen similarly replacing X by A\ X and let B= X\ A’.
Clearly A, B are as required.

Clauses (g), (h), (i): Easy. O

ProposiTiON 1.13.  Let A be a regular uncountable cardinal and F' be
a A-colouring.

(1) If ID,(F) is AT -saturated then for some 3 < AT we have IDy45(F) =
ID*(F).
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(2) IDo(F) € WDmldy, see 1.2(3);

(3) If ID(F) is AT -saturated and A ¢ WDmlId) then WDmIdy = IDq(F")
for some \-colouring F'.

(4) IDP(F), ID¢(F) are normal ideals, and ID*(F) C IDP(F) C ID(F) C
WDmld,.

(5) IDY(F®) = WDmlIdy (F®).

(6) WDmlIdy = | J{ID“(F) : F' a function from *>2 to 2} = J{ID1(F) :
F a function from *>2 to 2} U{WDmld,(F) : F a function from *>2 to 2}
for v =a,b,c.

Proor. (1) It follows from 1.3(3) that ID,(F') increases with v and
B <, IDg(F) =1Dg4q implyies IDg(F') = ID4; so the assertion should be
clear.

(2) By the definition (and 1.12(c)).

(3) Assume that ID,(F') is AT-saturated and A ¢ WDmId,. By induc-
tion on 3 < AT we try to choose colourings Fjg such that

(a) D(F) C ID(F)

(b) if B < 7 then ID3(Fs) C ID*(F,),

(c) ID*(Fy) # ID*(Fay1).
So we let Fy=F. If g is limit then we use 1.9(2) to choose Fj so
that (Vy < 8)(F, < Fg). Finally, if 8 =~ +1 then we let Fjy = (F,)® (so
ID*(F,) C ID; (F}) = ID*(F}) € WDmld,). If ID*(F) # WDmld) then we
choose a set A € WDmld, \ ID*(F}) and I witnessing A € WDmld,. We
may assume that (Va e A\ A)(Vn € O‘Q)(Fg(n) =0). Now take a colouring
Fj such that Fg, F; < Fp.

After carrying out the construction choose Sg € ID*(F41) \ ID*(Fp) (for
B < AT) and let Sg = 5’2 \ V,<5S9. Then (Sg:f < AT) is a sequence of
pairwise disjoint members of P(\) \ ID*(Fy) C P(A) \ ID,(F'), contradicting
our assumptions.

(4), (5), (6) Easy too. O

For the rest of this section we will assume the following

HypoTHESIS 1.14. (1) We assume that
(a) A is a regular uncountable cardinal,
(b) F is a A-colouring,
(c) A € IDP(F®), and
(d) IDP(F®) is A*-saturated, that is there is no sequence (A, : a <
AT) such that for each o < 8 < AT

A, ¢ IDP(F®) and || A, N Ag| < A
(2) For each limit ordinal « € [A, AT) fix an enumeration (% : i < A) of a.
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CONSTRUCTION 1.15. Fix a sequence n € A2 for a moment. We choose
a sequence

(Saln), Aaln), Balnl, €aln), man], faln] : o < o*[n])

as follows. By induction on o < AT we try to choose Sy [n] = Sa, Aa[n] = Aa,
Ba[n] = Ba, Laln] = Lo, ma[n] = ma, faln] = fa such that:
(a) Sa, Ay Ba C A, Lo,mg € {0,1}, fa €22,
(b) A & IDP(F®), Ay N Sy = 0,
(¢) if « =0 then S, =0
Sa+1 S UAOU
if @ < X is limit then Sy, = s, Sp; if @ € [\, A") is limit then S, =
(T <)y € Ser) )
B, € IDP(F®),
for every 6 € A\ (So U By)

1(0) =ma = F(fald) = Lo,

(h) Ao ={0 € A\ Sa: F(fald) =1—4,}.
It follows from 1.14 that at some stage o* = a*[n] < AT we get stuck
(remember clause (b) above). Still, we may define S,- as in clause (c).

—
D
~—— >/ \_/\_/\_/\_/\_/

PROPOSITION 1.16.  Assume 1.14. Then:
(1) There exists n € A2 such that

)‘\Sa*[n][n] Q/IDb(F@))'
(2) If S € B(F®) \ ID*(F®) then we can demand S C Sq-([n).

def

PROOF. Assume not. Then for each n € A2 the set Ba-[n] = A\ Saey

is in IDP(F®). Now,
{a € By [n] : n(e) =1} € IDP(F¥) C B(F®)
(see 1.7).
CrAM 1.16.1.  For each o, S, € B(F®).
PROOF. We show it by induction on a. If @ =0 then S, = 0 € B(F®)

(see 1.15(c)). If o < A is a limit ordinal then S, =Jz_, Ss and by the
inductive hypothesis Sz € B(F®), so by 1.15(e) we are done (as B(F®) is
closed under unions of < A elements). If « € [A\,A\") is limit then we use
the fact that B(F®) is closed under diagonal unions. If « = 3+ 1 then Ag
€ B(F®) or A\ Az € B(F®) and hence we may conclude that Ag € B(F¥)
(remember 1.12(e)). Since B(F®) is closed under unions of length < A we
are done. [J
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CLAIM 1.16.2.  For each o, Yy {B<X:n(B)=1}NS, € B(F®).

ProoF. We prove it by induction on a.. If &« = 0 then Y, = () and there is
nothing to do. The case of limit « is handled like that in the proof of 1.16.1.
So suppose that oo = 3+ 1. It suffices to show that the set Y, N (S, \ Sz)
is in B(F®), which means that Y, N A4, is there (remember clauses (g) and
(h) of 1.15). Note that if 6 € A, \ By then F(f,[d) =1 — £y # £, and hence
n(0) # mey so n(d) =1 — mg,. Consequently Y, N (Ay \ Ba) € {Aa \ Ba, 0}.
But P(B,) C B(F®) so together we are done. [

It follows from 1.16.1, 1.16.2 that
{8 :0(B) =1} N Sgey 0] € BFE).

But A\ Sy-p[7] € IDP(F®), s0 P(A\ Suep[n]) € B(F®) so we get a contra-
diction. U
CoONCLUSION 1.17.  Assume 1.14. Let n € A2, Xe[n] = (A\ Saep[m])
Nn~L({¢}) (for £ =0,1). Then one of the following occurs:
(A) A\ Sqepy[n] € IDP(F2),
(B) Xo[n], X1[n] ¢ ID*(F®), and Xo[n] U Xi[n] € B(F®), Xo[n] N Xi[1)

= (), and for every f € )‘2,

either the sequence (F'(f[6) : d € (A\ Sqepy[n])) is IDP(F®)-almost con-
stant

or both sequences (F(f[0) : 6 € Xo[n]) and (F(f[d): d € X1[n]) are not
IDP(F®)-almost constant.

PROOF. Assume that the first possibility fails, so A\ Sy [1] & IDP(F®).

Assume Xg[n] € IDP(F®). Take any formy € A2 and choose Loy €10,1}
so that

{6 €M\ Sarn] : F(farild) =1 — Loy} & IDP(F®).

Putting mg.(; = 0 and B,.[;; = Xo[n] we get a contradiction with the defi-
nition of a*[n]. Similarly one shows that Xi[n] ¢ IDP(F®).
Suppose now that f € A2 and the sequence (F'(f[0):d € (A\ Sqae[n)))

is not IDP(F®)-almost constant but, say, the sequence (F(f[§) : 6 € Xo[n])
is IDP(F®)-almost constant (and let the constant value be fn.p;). Let

M) =0, Ba*[qﬂ :{5 S X()[’n] : F(f [5) :l_ga*[n]}- Then Ba*[n] S IDb(F®)

and since necessarily
{0 € Xoln] U Xa[n] : F(f16) = 1 = Loy} & IDP(F®),
we immediately get a contradiction. Similarly in the symmetric case. [J
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REMARK 1.18. Note that, in 1.17, if S € B(F®)\ IDP(F®) then there

isne A2 such that n~{0}] 2 A\ S and above Xy, X7 C S and possibility
(A) fails.

PROPOSITION 1.19. Assume 1.14.
(1) We can find S, S§ and ST such that:
(a) S} € B(F?),
(b) S5 = SgUST, S; NSy =0, and S§, S} witness Sj. € ID(F®)
(¢) if Si# X then IDS(F@)IP(A\ S5) = WDmlId(F®)[P(A\ S5),
A\ 8% ¢ IDS(F®).
(d) if Sk # 0 then Si ¢ IDP(F®) and

{(S5 N Fe(f)/ID*(F®), S; N FE(f)/IDP(F®)) : f € DOM, }

is an isomorphism from P(Sg)/IDP(F®) onto P(S7)/IDP(F®).
(2) If in 1.17, S} C Syepy[n] mod IDP(F) then we can add

(®) for some p € Xig for every f € A2 we have
{6€X1:F(f18) =p(d)} # 0 mod ID"(F®).

PROOF. (1) We try to choose by induction on o < A%t sets Sy, S0, Sal
such that

(a’) Sa g >\>

(b) Sa = Pa,0 U Soz,la Sa,O N Sa,l = (2)7

(c) if B < o and £ < 2 then

Sp C S, mod IDP(F®) and Sy C S, mod IDP(F®),

(d) the sets Sy 0, 54,1 witness that S, € ID(F®) (see 1.2(4)).

At some stage a < AT we have to be stuck (as IDP(F'®) is AT-saturated)
and then (Sq, Sa,0,5,1) can serve as (S5, S5, S7)-

(2) By the choice of S}, for some ¢ < 2 we have

P(X0) #{F2(f)N X, : f €22},

solet Y C X,y besuchthat Y ¢ {F®(f)NX,: f € )‘2}. Let p =0y Ulx,\y-
Since without loss of generality ¢ = 1, we are done. [J

REMARK 1.20. (1) Recall that if A € WDmlId) then S}, # A.
(2) Recall: ID*(F®)) = WDmId,(F®) is a normal ideal and IDP(F®) C
ID¢(F®) are normal ideals extending it.
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2. Weak diamond for more colours

In this section we deduce a weak diamond for, say, three colours, assum-
ing the weak diamond for two colours and assuming that a certain ideal is
saturated.

PROPOSITION 2.1. Assume that A is a reqular uncountable cardinal and
u <2< Let Fy: A>9 {0,1} be A-colourings for i < p. Then there is a
colouring F': A>g9 {0,1} such that F; < F for every i < p.

PrROOF. Case 1: pu < 2llol for some o < A. Let p; € @2 for i < pu be
pairwise distinct. For n € A>9 et hi(n) = p;"n. Define F by:

0 if lg(v) < o, or Lg(v) > «
) but v [ o g {pi i < 4},
Fi((vla+e):e<lgv)—a)) iflg(v) >«

and for some i < p, v [ a = p;.

It is easy to see that F': A>9 {0,1} and h; exemplifies that F; < F'.

Case 2: p=\. Forne A>9 i< 1, we define hy(n) € 192 as fol-
lows: for v < i+ 1+ £g(n) we let

it v <4,
hi(m)(v) =41 if y =4,
n(y—(i+1)) otherwise.

Next, for v € A>9 define:

F) = {Fz‘((l/(i +1+9) 1y <lg(v)—(i+1))) ifi=min{j:v(j)=1}
0 if there is no such 1.

Now check.
Case 3: Otherwise, for each o < A choose F@: A>2 — {0,1} such that

(Vi < 2ol (F; < F®) (exists by Case 1). Let F': A>9 {0,1} be such that
(Va < N\)(F* < F) (exists by Case 2).
The proposition follows. [

THEOREM 2.2. If (A) then (B) where
(A) (a) A is a regular uncountable cardinal.

(b) Ffr:A>2 5 3,
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(c) Fori < 3 let F;: A>9 {0,1} be such that

Fifr) = {1 if F*(n) =

0 otherwise,

(d) Let F: A>9 {0,1} be such that (Vi < 3)(F; < F). More-
over Fy < F where F} is the function with domain *<2 defined by Fi(n) =
min{1, F(n)} (remember 1.11(3)).

t(ge) IDP(F®) is AT -saturated, i.e. there is no sequence (Aq : oo < AT such
tha

(Va < B < A1) (Ay € IDP(F®) & ||Aa N Agll < N).

(B) Then there is a weak diamond sequence for F™, even for every
S € B(F®)\ ID(F®).

PROOF. Let S}. be as in 1.19. Since we are assuming A\ € ID¢(F®) nec-
essarily A\ % ¢ IDP(F®).

[Why? because by 1.20(1)(b) we have ID¢(F®) = ID>(F®) + S%].

It follows from 1.16 and 1.17 that there are disjoint sets X, X1 C A (even
disjoint from S% from 1.19) such that X, X; € IDP(F®), XoU X; € B(F®)

and for every f € A2 we have one of the following:
(a) the sequence (F(f[6): 6 € XoU X1) is IDP(F®)-almost constant, or
(b) both sequences (F(f[0):d € Xo) and (F(f[d):06 € X;) are not
IDP(F®)-almost constant.

It follows from 1.19(2) that we may assume that there is 7 € X12 such
that for every f € A2 the set

{0 € X1:F(f16) =n(d)}

is stationary. Define a function p € A2 as follows:

J1l4n(a) fae Xy,
pla) = {O otherwise.

CLAM 2.2.1. p is a weak diamond sequence for F** even on XoU X7.

PROOF OF THE CLAIM. Let f € A9 and we shall prove that Yy = {0 € X,
UXy: F¥(nd) =n(0)} # 0 mod IDP(F®).

3 As is well known, writing below Aq N Ag € IDP(F®) instead [|Aa NAg|| < A does not change
anything.
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If {o € Xg: F¥"(f]a) =2} ¢ IDP(F) then we are done (remember 1.3(3)).
Otherwise (by the definition of Fp), we have

{a € Xo: By(f [ a) =1} € IDP(F).

For / <3, as F; < F let fy e A2 be such that the set {a <X Fy(fla) =
F(fil)} contains a club of A and g € 22 such that the set {a < A : Fj(gla) =
F(fla)} contains a club of A, exist by clause (A)(d) of the assumption of
the theorem.

We now use fo. Then

{a € Xg: F(fa]a) = 1} € IDP(F®),

and hence, by the choice of the sets Xy, X7, clause (b) there fails hence clause
(a) holds, so

{a € XU X : F(fa]a) =1} € IDP(F®).

Consequently,
Z={ae€ X :F¥(fla) =2} ={a € X;: Fy(fla) =1} € ID’(F®).
Now we use the choice of 7, by it we know that the set
YV ={6€ Xi:F(gd) =n(5)}
is stationary and even # () mod IDP(F®). Hence for some k € {0,1} the set
Vi ={6 € X1:F(gl6) =k=mn(5)}

is stationary and even # () mod IDP(F®), but {6 € X1 : F(g[d) = F3(f]6)}
contains a club. Hence

Vi = {6 € X1 : F(gld) = k= n(8) and F(gls) = Fy(f16) and 6 ¢ Z}
is stationary and even # () mod IDP(F®). Finally note that
seYy = F(Al0)=n0)=F(f16)=k = F(f]) =k

Thus the claim and the theorem are proved. [ [

THEOREM 2.3.  Suppose F' is a (X, 0)-colouring, 6 < X\ and F; (for
i < 0) are given by

0 otherwise.

Fi(f) = {1 ifF(f) =i,
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Let F: A>2 —5 2 be such that (Vi < 0)(F; < F) and let F® be as in 1.5
for F. Suppose that IDP(F®) is AT -saturated, and Spe # A (equivalently
A\ € IDC(F®)).

If (®) then (%) where:

(®) there are sets Y; C A\ She fori < 6 such that

(a) (Vi < 0)(Y; ¢ IDP(F®)),

(b) the sets Y; are pairwise disjoint or at least

(Vi < j < 0)(Y;nY; € IDP(F®)),
(¢) Nicpminge (Y;) & IDP(F®), see 1.12(h).

(%) there is a weak diamond sequence n € Ag for F*_ i.e.

A {6 <X F"(f15) =n(d)} is stationary) .
(Vf€72) <and even # () mod IDP(F®) > ’

(Vf € A2)({6 < \: F(f16) = ()} & IDP(F?)).

PRrROOF. We may assume that the sets (Y; : i < ) are pairwise disjoint

(otherwise we use Y/ =Y;\U,; Vj). Let ne A9 be such that (Vi<8)(nY:=1).
Note that if

{6 €Y;: FU"(f10) =i} € ID"(F®)
then we also have
{§ < X: F™(f[6) =i} € B(F®)
(use F; < F < F®). Consequently, in this case, we have
{0 € min(Y;) : F™(f16) =i} € IDP(F®).
If this occurs for every ¢ < 6 then
. - . . . b ®
{5 € ﬂmF1®n(YZ) (3 < O)(F(f10) = z)} e IDP(F®),
<0
but for each 4, for some i < 6 we have F(f[d) =i, a contradiction. [

PROPOSITION 2.4.  Under the assumptions of 2.3 (so the ideal ID?(F®)
is AT-saturated), if X C A\ Spe, X & IDP(F®) then there is a partition
(Xo,Xl) of X (80 XoUuXi1 =X, XogNnX; = @) such that

Xo, X1 € IDP(F®), and min(Xp) = min(X;) = min(X).
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PRrROOF. Let

Ao 2] Z C A: Z ¢ IDP(F®) and there is a partition (Zg, Z)
F% 7 of Z such that minpe(Zy) = minpe(Z;) mod IDP(F®)

Note that, by 1.12(h),

(%) (VY € IDP(F®)N)(3Z € Ape)(Z CY).

Let X C A\, X ¢ IDP(F®) and let (Z, : a < a*) be a maximal sequence
such that for each oo < a™:

Zo € Ape, ZoC X, and (VB < a)(Z,NZzcIDP(F®)).

Necessarily o* < AT, so without loss of generality o* < \, min(Z,) > « and
ZaNZg=10for a < B <a*. Let (Z3,ZL) be a partition of Z, witnessing
Zo € Ape. Put

ZoE |J 20 and 7 ¥ | ZL.
a<a* a<a*
Then ZgyNZy =0, ZyUZ; € X. Note that |, .- Za is equal to the diagonal

union and, by (x) above, X \ J,-o- Za € IDP’(F®). Consequently we may
assume Zo U Z1 = (Jycq- Za = X. Next, since

Zo) D zZ0o720vuz =2,
min(Zo) 2 min(Z,) U :

we get

r}r%ano UZ_X ZoU Z1,

a<a*

and similarly one shows that minge(Z;) 2 X. Now we use 1.12(h) to finish
the proof. [

PROPOSITION 2.5. Under the assumptions of 2.3:
(1) If 29 < X then there is a sequence (Y : i < 0) as required in 2.3(®)
(2) Similarly if 0 < V.
(3) In both cases, if S & IDP(F®) then we can demand (Vi < 0)(Y; C S).
PROOF. (1) By induction on o < 6 we choose sets X,, C A for n € ¢2
such that:
(i) Xy ¢ IDP(F®),
(i) if a is limit then X, = (), Xy,
(iii) fa=p+1,n¢€ 2 and X, € IDb(F®) then X, ~ ) = Xy, Xp)~q) = 0;
if a=p8+1, neP2and X, ¢IDP(F®) then (X,-), X)) is a
partition of X, such that minpe (X, ~()) = minge (X, ~) E
follows from 2.4 that we can carry out the construction.

I
.5.
B
|
®
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Clearly (X, :n € 92> is a partition of Xy, so (as 2 < X\ and IDP(F®) is
A-complete) we can find a sequence 1 € 92 such that X, ¢ IDP(F®). Then

(Vo < 0)(Xypa & ID"(F9))

(as each of these sets includes X,)). Moreover, for each v < # and for £ =0, 1
we have

min(Xyra-) 2 Xyia 2 Xy,
Put Y, = X;)ja~(1-n(a))- Then (Y, : a < 0) is a sequence of pairwise disjoint
sets (as Xy a~(0) N Xpra—~y = 0) and for every o < ¢

b .
Y, ¢ ID°(F®) and %n(ya) D Xoa 2 X,

Hence (N, minge(Y,) € IDP(F®). Let Zo =Y, Nminge(X,). Note that
minge (Z,) = minge (X,) (the “<” is clear; if mings (Z,) < minge (X;,) then
minpe (X)) \ minge (Z,) contradicts the definition of minge(Y,)). Thus the
sequence (Z, : a < ) is as required. Moreover

rgi@n(Za) = rgi@n(Zg).
B<a

(2) Let X C A\, X £ IDP(F®). By induction on n we choose sets X!, X/
such that X, N X} =0, X UX/ D X, and
min(X;) = min(X;) = min(X).
For n =0 we use 2.4 for X to get X{, X{. For n+ 1 we use 2.4 for X/ to
get X7, Xl
Finally we let Y,, = X,/ (note that minge(Y,) = minge (X)). O

CONCLUSION 2.6. Assume that

(A) X is a regular uncountable cardinal,

(B) F is a (), 6)-colouring such that A g IDP(F) and IDP(F) is A*-satu-
rated,

(C) 2% < X or 0 = N,

(D) (3u<A\)(2#=2<*<2) or at least A\¢ WDmlId,, or at least A¢ID°(F).

Then there is a weak diamond sequence for F'. Moreover, there is n € Ag
such that for each f € DOM,(F') we have

{6 <X:F(f10) =n(6)} & ID*(F).
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3. An application of Weak Diamond

In this section we present an application of Weak Diamond in model
theory. For more on model-theoretic investigations of this kind we refer the
reader to [11] and earlier work [8] (and see [13]), and to an excellent survey
by Makowsky, [4].

DEFINITION 3.1. Let K be a collection of models.

(1) For a cardinal A\, K) stands for the collection of all members of R of
size .

(2) We say that a partial order <z on R is A-nice if

(o) <g is a suborder of C and it is closed under isomorphisms of mod-
els (i.e. if M,N € Ry, M <g N and f: N — N’ € &) is an isomorphism
then f[M] <z N'),

(B) (Ra, <g) is A-closed (i.e. any <g-increasing sequence of length < A
of elements of &) has a <g-upper bound in K)) and

(7) if M = (M, :a <)) is an <g-increasing sequence of elements
of R then (J,., M, is the <g-upper bound to M (so Uaer Mo € R)).

(3) Let N € Ry, A C |N|. We say that the pair (A, N) has the w. amal-
gmation property in Ky if for every Ny, No € R\ such that N <g Ny,
N <g Ny there are N* € K, and <g-embeddings Fj, F> of Ni, No into
N*, respectively, such that fi(A) = f2(A4). (In words: Ny, Ny can be amal-
gamated over (A, N) setwise.)

(4) We say that (R, <g) has the amalgamation property for X if for every
Moy, My, My € Ry such that My <g My, My <g Ms there are M € K, and
<g-embeddings F, Fy of My, Ms into M, respectively, such that

My <g M and f1[My= folMp = idp,.

THEOREM 3.2. Assume that A is a reqular uncountable cardinal for which
the weak diamond holds (i.e. A ¢ WDmIdy). Suppose that R is a class of
models, R is categorical in X (i.e. all models from Ky are isomorphic), it is
closed under isomorphisms of models, and <g is a A-nice partial order on f)
and M € Ry. Let A= (A, : a <)) be an increasing continuous sequence of
subsets of |M| such that

(Vo < N)([|[4all <X) and | Ao =M.
a<A

Then the set

S]‘\{} def {a < A: (Ay, M) does not have the w. amalgmation property}
1s in WDmlId,.
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PROOF. Assume that S ¢ WDmId,.
We can fix a partition (D; : i < A\) of A to sets each of cardinality .
We may assume that |M| = X. By induction on i < A we choose pairs
(By, Ny) and sequences <C’;7 :j < \) for n € ¥2 such that
)||B | <A, N, € 8y, By C|Ny| CU{D; j<1+£g( )}
b) (G} : j < A) is increasing continuous, [J;_ C] = [Ny |, [[CT[| < A,
c) 1fV<1nthenN <a Ny and B, C By,
) i

(e) if the pair (B, N, ) does not have the w. amalgmation property in &)
then Ny, Ny~ Witness it (i.e. they cannot be w. amalgmated over B,)),

7
(f) if i is limit and n € 2 then By =Uj<; Bnijs Ujei Noprj € Ny

There are no problems with carrying out the construction (remember

that <g is a nice partial order. Finally, for n € A2 we let By = U;jcx Byri
and Ny = (J;\ Nypi- Clearly, by 3.1(2)(7), we have N,, € & and B, C |N,)|

for each n € A9, Moreover,

NI=U Il =UJUJe=U U ¢ < U Buy = B,

J<A F<ANI<A Jr<A J1,J2<g* Jr<A

and thus B,, = |N,|. Since R is categorical in A, for each 1 € A2 there is an

. . t
isomorphism f,: N, M.

Fix n € A2 for a moment.
Let B, ={6 < X: fy[Bys] = As = 6}. Clearly, E, is a club of X\. Note
that if 0 € E,, then:

(X) de Sj\{} = (A, M) does not have the w. amalgmation property
= (Bys5, Ny) fails the w. amalgmation property
= (Bys, Np15) fails the w. amalgmation property
= Nyis—~0), Nys—~1) cannot be w. amalgmated
over (By5, Nyis)

= for each v € 2 such that o (1 —n(0)) <v
we have f,[Bys # fy|B

We define a colouring

F: [ JYHW) — {01}

a<A
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by letting, for f € DOM,, o < A,
F(f)=1 iff (3ne?2)(na)=0& (Vi< a)(f(i) = (i), £, ().

We have assumed Sj@ ¢ WDmldy, so there is p € A2 such that for each
f € DOM, the set

Sy =1{0 € Sy p(6) = F(f13)}

is stationary and even # () mod IDP(F®). Let f € DOMy be defined by
fl) = (p(z’),fp_l(z')) (for i < X). Note that if a € E,, p(o) =0 then p is a
witness to F'(fla) =1 and hence o € Sy.

Since Sy is stationary and even # () mod IDP(F®) and E, is a club
of A we may pick § € Sy N E,. Then p(6) =1 and hence F(f[d) =1, so let

ns € A2 be a witness for it. Tt follows from the definition of F that then
75(8) = 0, and 518 = pl8, and 118 = f7118. Hence fy, [ Bysis = fol Byrs.
so both have range As =4 (and 0 € E,, N E,NS4). But now we get a
contradiction with (X). O
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