Paper Sh:1185, version 2022-01-04_2. See https://shelah.logic.at/papers/1185/ for possible updates.
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ABSTRACT. The paper settles the problem of the consistency of the existence
of a single universal graph between a strong limit singular and its power.
Assuming that in a model of GCH & is supercompact and the cardinals 6 < &,
A > Kk are regular, as an application of a more general method we obtain a
forcing extension in which cf(k) = 6, the Singular Cardinal Hypothesis fails at
x and there exists a universal graph in cardinality A € (k,2").
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§ 0. INTRODUCTION

§ 0(A). Background.

The existence of universal graphs in infinite cardinalities has been widely inves-
tigated (where we mean that the graph G is universal in cardinality |G| if each
graph of the same cardinality is isomorphic to some induced subgraph of G). By
the classical result [Rad64], the so called countable random graph is a universal
graph on Ry (which is also unique up to isomorphism). A classical result (which is
now a standard induction argument) yields that there is a xT-saturated graph on
2#[CK73], and so a graph on 2% into which each graph on k™ embeds (and we can
replace k', 2%, kT -saturated by x, 2<%, k-special). Therefore under GCH in every
uncountable cardinality there is a universal graph. (However, concerning certain
proper class of graphs the situation is more intricate, even for the countable case,
see [FK97], [Kom89|, [KS95], [CS16], [KS19].) For the problem of universal objects
in more complex theories (i.e. than that of the graphs), and the relevance of the
present work in model theory see also the survey [She21b], or earlier [Dza05], see
lately [She20], [Sheb].

On the other hand, without assuming GCH it is in general much more difficult
to construct universal objects, while there are certainly no universal graphs after
adding enough Cohen subsets see [KS92).

As for positive results, for regular cardinals k < A consistently there is a universal
graph on A, while 2% > X [She90]. While the argument in [She90] also gives a
universal w-edge colored graph on w; with —=CH (which feature will utilized in
this paper), recently [SS21] proved that assuming —~CH a universal graph on w;
does not imply that there is a universal w-edge colored graph. (Again we remark
that, if we restrict ourselves to specific classes of graphs there are both negative
[Koj98], and positive results [Mek90|, for weak universal families (see|(x)| below) in
the absence of GCH see [She93], [DS04]. In all the above the case A = kT was
considerably easier.)

In the present paper we investigate universal graphs in the interval between a
strong limit singular cardinal and its power. The question is also motivated by the
following. Recall that for y = X its power 2% may be large, moreover a relevant
forcing axiom (e.g. MA) possibly holds. Similarly for yu = Ry = 2% 2# large,
or u = p<* parallel results hold for forcing notions which are e.g. < p-complete,
satisfying a strong form of " -cc (the strong form is necessary, see [Shear]). On the
other hand for u strong limit singular we know much less, therefore the existence of
universals also serves as a central test problem regarding the consistency of forcing
axioms at p.

More directly we continue the work of Dzamonja-Shelah in [DS03], which proved
for the case cf(u) = Ry (assuming a supercompact) the consistency of

(x) (a) p is strong limit singular and p™+ < 2~
(b) there is a graph G\ of cardinality ™ which is universal for graphs of
cardinality u™ (equivalently there is a sequence G = (G, : o < pu++) of
graphs each of cardinality p*, universal for the family of such graphs).

see [DS03] for the case cf(u) = Ng, and Cummings-Dzamonja-Magidor-Morgan-
Shelah prove this for arbitrary cofinality in [CDM™17]. Earlier Mekler-Shelah
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[MS89] had proved such consistency results replacing (b) by uniformization results;
also starting naturally with a supercompact cardinal. Later, was proved to be
consistent for small singular p’s, see [CDM16], [Dav1T7].

Our aim is to solve the problem arising naturally there: First replacing weak
universal by universal. Second, replacing A = ut by X\ € (u, 2#), so formulating the
following assertion the following assertion:

(x)* (a) w is strong limit singular and pt+ < 2#,
(b) there is a universal graph G, in p™, i.e. universal for graphs of cardi-

nality pu*, G, itself of cardinality u™,
(b)* as (b), but replacing p+ for some cardinal in (u, 2#).

Our proof starts with a supercompact cardinal x, and we show (as part of a
more general axiomatic frame) that a stronger version of a universal on A > « (e.g.
A = k™) is sufficient for the existence of a universal graph on \ even after forcing
with some P satisfying the axiomatic requirements. Then we first build a general
frame for the preparation, and then construct the strong universal as in [She90]
suited to the present frame. (Here we remark that some large cardinal hypotheses
are essential, as the failure of the Singular Cardinal Hypothesis itself implies that
there is an inner model with the Mitchell order o(k) = x™1 for a measurable
cardinal x (in fact these are equiconsistent).)

The paper is organized as follows. In §1| we introduce the concept of (A, k) — @
(i = 0,1) systems, and in Claimwe prove that extending a ground model already
admitting some strong version of universal using such a (A, k) —i system results in a
model with the desired universal object. In §2|we prove that Prikry forcing, Magidor
forcing and Radin forcing give rise to a (A, k) —1 system provided the relevant filters
satisfy some reasonable assumptions. In we prepare the ground, in Claim
build the frame to force (A, k) — 1 systems using a supercompact cardinal. In
we construct a forcing for obtaining the strong universal fitting in the frame
in Claim 3.2

In works in preparation we intend to replace graphs by more general classes;
much of our for is not specific to graphs. Also for consistency of for a small
singular pu, e.g. p =N, =13,.

§ 0(B). Preliminaries. We are interested in universal objects in the class of
graphs, i.e. models of the first order language admitting no functions, only a sin-
gle symmetric, nonreflexive binary relation. Under ordinals we always mean von
Neumann ordinals, and for a set X the symbol |X| always refers to the small-
est ordinal with the same cardinality. If f is a mapping with dom(f) 2 X, then
f“X ={f(xz): x € X}, i.e. the pointwise image of X. For a set X the symbol
P (X) denotes the power set of X, while if x is an ordinal we use the standard nota-
tion [X]" for {Y € #(X) : |Y| = &k}, similarly for [X]<", [X]<", etc. By a sequence
we mean a function on an ordinal, where for a sequence 5 = (s, : « < dom(3))
the length of 3 (in symbols £g(3)) denotes dom(s). Moreover, for sequences 3, ¢ let
57t denote the natural concatenation (of length £g(35) + £g(t)). For a set X, and
ordinal « we use “X = {5: lg(3) = «, ran(s) C X}, and for cardinals \, k we use
the symbol \* = || (that is, the least ordinal equivalent to it).
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Regarding iterated forcing and quotient forcing we will mostly use the terminol-
ogy of the survey [Bau76]. However we adhere to the following conventions.

Convention 0.1. Regarding forcing we follow the convention that “p < ¢” means
that g is the stronger, i.e. giving more information.

Convention 0.2. A notion of forcing P is <p-directed closed (<u-closed, resp.), if
for any directed (increasing, resp.) system {p, : a < v < u} there exists a common
upper bound p, in P.

A filter F C Z(X) is s-complete, if for each {F, : a <v < k} C F we have
Na<y Fo € F. A partial order T' is p-directed, if for each {t, : a <v <k} CT
there exists a common upper bound t, € T.

§ 1. THE FRAME AND DEDUCING THE CONSISTENCY RESULTS

§ 1(A). What We Do.

In the present paper we introduce a more general framework and apply it for the
class of graphs.

We shall start with a large cardinal, like a Laver indestructible supercompact,
or with forcing a relative of it. We then have a two step forcing.

First, a forcing P with the following three properties:

(a) preserving the largeness of &,

(b) moreover, in V¥
there is a normal k-complete filter on x such that (D,* D) is AT-directed
for a suitable cardinal A < 27,

(¢) preparing the ground for the results we like to have on A, e.g. has a strong
version of “there is a universal graph in A\, A < 27,

Second, a forcing Q (in VF) such that:

(d) makes k singular,

(e) preserves k is strong limit and 2 large,

(f) but to get the desired property of A, we use Q that fits the frame in Defi-
nition below,

(g) then prove the existence of a universal object using the frame
(or instead of (VP)? use VF[X] for a Q-name X).

Now in §1, Definition define the family of (A, k)-systems fitting (f), then we
deduce the existence of universal graphs in A (a case of (g)).

In §2 we shall prove that classical forcings for making x singular fit our frame,
i.e. satisfy (d)-(g).

In §3 we shall deal with finding P as in (a),(b),(c), so have to combine the specific
forcing (say forcing a universal graph in A, i.e. clause (c)) and guaranteeing the
existence of e.g. a normal ultrafilter of which is AT-complete in a suitable sense
(i.e. clause (b)).

Definition 1.1.
1) We say r is a (A, k) — l-system when r = (R, X, <,;,.") = Ry, Xr, <¢pr, 72)
satisfies the following
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e) <prC<R is a quasi-order,
(f) for each p € R we have ., C {g € "R : p <, ¢. for every € < k},
(g9) whenever v < k, p € R, 7 are such that p IF "7 is an R-name of a subset of

7 or just of s#V(v)” then:
(%) there are § € S, 7 = (Ve : € < k) € "k and € = (c; : € < k), where
e, each c. € V is a code for |V (7.)]-Borel function F,._ from
P (AN (7)) into P(AV (7)),
® ¢ Ik “r=F. (X N(y))”, and so it belongs to J(k);

(h) if go € F for a < A, then for some ¢, € R for every a < A there is €, < Kk
such that g, <r g«.

2) We say r is a (), k) — 2-system when above in clause (g) we restrict ourselves to
7’s such that I+ “7 € V[X]”;,

2A) We may omit the 1 in “l-system”.

3) We say r is nice when the forcing R, collapses no cardinal.

4) Tt is enough to require in clause (g) that (%) holds for every p, 7 such that
plk “r € {0,1}”, as this formally weaker assumption easily implies clause (g).

Discussion 1.2.

1) Here we only deal with the question “when is there a universal graph in the
cardinal A?”.
2) Of course, in Definition we are interested in the case IFg, “x is singular”.
3) There are such r’s: Prikry forcing, Magidor forcing, cases of Radin forcing, see

2T on.
name in a derived forcing.
Claim 1.3. For a fizred v € {0,1} and cardinals k, A
1) In'V, there is a universal graph of cardinality A\ when :
(a) v € V is (\ k) — 1-system, we define V, = V& if 1 =1, and V, =
V[X,] in case of L = 2,
(b) k< A<2F (e.g. A\=rkT),
(¢) in'V, there is a universal member of (K,)x, see below (Definition[1.4]).

2) Moreover, univ(K)) < x (where Ky denotes the class of graphs on A\-many
vertices) is true in 'V, when:

(a),(b) as above
(c) univ((Ky)x) < x in V.

Definition 1.4. (K,), is the class of edge colored graphs with  colors, equivalently

M e (KH>)\ ﬁ
(a) M = (|M‘7R(]€V[)€<m
(b) [[M]| = A,

)
(c)

RM is a symmetric irreflexive two-place relation on |M],
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(d) (RM : e < k) is a partition of {(a,b) :a # b€ M}.
Proof. (Claim [1.3) Let (in V) ((ce,7:) : € < k) list
{(e,7): c¢: P(A#Y (7)) = {0,1} is a code for an |V (v)| — Borel function},

Assume that

x)1 there is a sequence (M? : § < x) in (K), forming a universal sequence
)
for (K,)x (in the universe V, of course; so x = 1 means that Mg € (K,)x
is universal ),

where Mj = (A, ..., éwg ,- - -)e<rs 1t 18 enough to prove that in V, we have univ(K,) <
X.
Now we define the sequence of R.-names M (§ < x) for graphs as follows.
(¥)2 (a) the set of nodes of My is {a: a < A},
(b) for a # B < p let (o, B) € RMs iff for the unique € < xk with (a, ) €
R we have F. (XNAH(y)) =1
So clearly

()3 for each § < x M is an Re-name of a graph with set of nodes .
Hence it suffices to prove:
(%)a kR “V, = (Ms: 6§ < x) is a universal sequence in K)”.
So why does (x)4 hold? Assume
(*)2.1 plF “N €V, is a graph with set of nodes A”.

Let ((an, By) : v < Ay € V list the set of pairs («, §) such that o < 8 < A. For each
v < A (considering the Ry-names 7., for the truth value of (as,3,) € RY) clause
(g) of Definition 1) gives Gy = (qye: € <K) € Fp, (= ((ye: € <K) € K
and ¢, = (¢4, : € < k) such that for each v < A

o, ¢ is a code for a |((y,c)|-Borel function Z(((y <)) = {0,1} (¢ < k)
& ¢ lkr “(ay,By) E RY & F, (X NH((e)) =17

Cy,e \ %

Now by clause (h) of Definition 1), there are ¢ and (g, = e(y) : v < A) € *x
such that:

®3 ¢ is above g, ., for every v < A.
Now we define N, as follows:

(x)a3 (a) Nu= (X (RY*)...), where
(b) RY ={(a,By) : v < Xand e, = ¢} (Ve € k).

Clearly
(#)4.a Ny € (Ki)x (with set of nodes A) belongs to V.
Now choose a suitable § < x and a function f so that:
(x)a5 f:N* — M} is an embedding, f € V

[which exists by (*)1.] Finally it is straightforward to check that
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(*)a.6 ¢ lF “f is an embedding of N into Ms”.

[Recall how we defined N, from N (x)4.3, Ms from M7 (%)2, and the choice of f
(*)a.5.]
OctaindTa

Naturally we ask

Question 1.5.

1) What about (K,)\?

2) More seriously about the theory of triangle free graphs, or of Tty (equivalently
Teeq, see [Sheb]). Note, on Tiq see [She93], or [DS04], and on the non-existence in
case of Tgeq see [She21al.

3) Moreover, (Modyr,<),T simple? Or even NSOP3? (of cardinality < ). We
have to be more careful because of, e.g. function symbols.

A work in preparation deals with|1.5|2), 3). Concerning 1) (note that this does
not reflect on Claim [1.3)):

Claim 1.6. Assume & is strong limit singular and k < X\ < 2%. Then in (K)x
there is no universal member.

Remark 1.7. Tt suffices to have J,(cf(k)) < &, and (a <k — |a|f®) < k).

Proof. By [She06, Thm 1.13 and 1.14 (2) on RGCH]

(*)o ther is a regular o € (cf(k),s) such that Al©*] = X\ ie. there is &' C
{u C X\ :|u| < Kk} of cardinality A such that every u C X of cardinality <
is the union < ¢ members of &’.

Therefore, as o = cf(0) > cf(k)

(%)1 there is & C {u C X : |u| < K} of cardinality A such that every v C A of
cardinality < k is the union < ¢ members of Z2.

Let M, € (K,)» and we shall prove that it is not universal; without loss of generality
the universe of M, is A\. Now for each © € &2 and o < A let

v(a,u, M,) = {e < k : for some 8 € u we have (a, ) € RM~},
so v(a,u, M,) C k has cardinality < k. Let
Py = {w € [v(o,u, ML= . we P ae )},

S0

(¥)y Py C [K]=CfR),
Now

(¥)3 | 21| < |P|+ 2<% < X< 28 = g,
Hence

(x)4 we can find v C k of cardinality cf(x) which is not in &y, moreover, u €
P = Junu| < cf(k),

n fact, instead “k strong limit singular o as above”, it suffices to assume less.
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which is justified by the following argument: Let (v, : v < 2) be a sequence of
members of [£](®) with any two having intersection of cardinality < cf(x), hence
for every u € 21, {y < 2% : [uNw,| = cf(k)} has cardinality < 2¢1(%) < k, so all
but < A sets of v,’s are as required.

Now consider the following N:

(x)5 (a) N = (AU B RY . )eck belongs to (K)gerr), where |A| = o,
\B| = ¢°f(®) A NB =10,
(b) RY #0iff € € v,
(c) letting (g; : ¢ < cf(k)) list v (from (x)4), for every sequence {(q; : i <

cf(x)) in A with no repetitions there is 8 € B such that (a;,8) € RY
for i < cf(k).

Now if g embeds N into M, then for some {u. : ¢ < 0 < o} C &, we have
Rang(g [ A) = U{u. : € < 9}. Now as |A| = 0 = cf(0), there is £ < 9 such that
|lueNRang(g | A)| > o > cf(x) so we can choose pairwise distinct «; € A (i < cf(k))
such that {g(a;) : ¢ < cf(k)} Cue. Let B € B asin (x)5(c). So g(8) is well defined
and we get an easy contradiction by (x)4.

So N cannot be embedded into M,, hence we are done. Uy

§ 2. PROVING KNOWN FORCINGS FIT THE FRAME

§ 2(A). Near a Large Singular.

Here we do not collapse cardinals, just change cofinalities.

Claim 2.1. There is a nice (A, k)-system r such that R, =P when :

(A) (a) K < X< 2% are cardinals,
(b) D is a normal ultrafilter on k,

(¢) if & C D has cardinality < A, then for some B € D we have (VA €
) (B C A mod []<"), (e.g. D is generated by a C*-decreasing se-
quence of length of a regular cardinal > \),

(d) P is Prikry forcing for D (so change the cofinality of k to Ry and add
no bounded subset of k and satisfies the k*-c.c).

Proof. Recalling the definition of Prikry forcing for D:

(x)1 (a) p e Piff p= (w,A) = (w,, A,), where w, € [k]<N0 and A, € D and
[0, maxw,] N A =0,

(b) p <p qiff w, Cw,; Cw,UA, and A, D A,.
We define the system r by letting:

(x)2 (a) ke = K,

(b) A = A,
(c) Ry =P,
(d) X, = the generic = U{w, : p € Gp},
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() <pr=<rpr is defined by p <, q iff w, =wyA A, 2 A, (and p,q € Ry),

(f) forp e Ry =Plet S, = S p =17 7= (g : € < k) and for some
Be Dwehave BC A,and {A, e <k}list{A:ACA,and A=DB
mod [k]<"}.

We still have to prove that r is as required, namely, that r satisfies conditions listed
in Definition ).

Now in Definition 1), clauses (a)-(f) hold trivially. For clause (g) recall that
by 4) from Definition it is enough to check for only p, 7, where “7 € {0,1}” is
forced by p. Recall the following well-known fact:

(x)s3 ifpe P, plkp “7 € {0,1}” then for some A’ C A, from D we have: if & € K

and v C A, N« is finite then (w, Uwu, A'\«a) forces a value for 7.

[For the sake of completeness we prove (x)s: by the Prikry-lemma, for each s €
[Ap]<X0 there exists As C A, \ ((max s)+1), A; € D, such that (wUs, A,) decides
the value of 7. Now let A’ be the diagonal intersection of Ay’s (s € [A,]<N),
pedantically Aq<i((se(ap1)<r0 As), it is straightforward to check that A’ works.]

So given p € P, and 7 as in clause (g) from Deﬁnition let A" C Ay be as in
(*)3 and let § = (ge : € < k) be defined by: ¢. € P,w,. = w, and {4, :e <k} list
{ACA,: A= A" mod [k]<"}.

We still have to choose the 4., F.. For each e choose (; € A, such that 4, \(. =
A\(.. Clause (x)3 ensures that there is a function f : [A, N ¢ ]<N — {0,1} in V
such that ¢- IF 7= f(X N¢).

Lastly, for clause (h), assume p € R, = P and § = (Gn : o < \) satisfies
Ja € Sp- So for each o < A there exists B, C A, such that {A, _:e < s} lists
{Ae D:ACA, A= B, mod [k]<"}, hence by clause (A)(c) of the assumption
of the claim, there is B € D, a subset of A, such that B C B, mod [s]<" for
each a € A and let ¢, = (wp, B) so clearly p <, g«. Also for each a < A, for
some ¢ < k we have B\( C B, hence because g, € .#, for some ¢ < k we have
Aqo.. = (B U (Ap 1) D B hence gae < g..

We still have to prove that r is nice but as P satisfies the x*-c.c., and the Prikry
lemma this is obvious. (1]

Claim 2.2. There is a (), k) — 1-system R, with V®r |= cf(k) = 0 when :

(B) (a) 0=cf(f) <0, <k <A<2F,

(b) D = (D; :i < 0) is a sequence of normal ultrafilters on k, increasing
in Mitchell order, i.e. i < j = D; € MosCol(*V/D;),

(c) each D; (i <0)is < \T-directed mod [k]<", i.e. satisfies the condition
in Claim [2.1](A)(c),

(d) the forcing R, changes the cofinality of k to 0, preserves each cardi-
nal and the function u — 2, satisfies the k™ -c.c. Moreover, we can
prescribe that in VT there is no new subset of 0,.

Proof. Using [KruQ7, Proposition 2.1], condition [b| implies the following.

Subclaim 2.3. If D = (D; : i < 0) is an increasing (w.r.t. the Mitchell order)
sequence of normal ultrafilters on k, 8 < k, then there exists a coherent sequence
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(Ue: e<kh+1), Uc=(U(a) : < 0Y(e)) for some function oV : k+1— £k such
that D = U,;, which means:
(T)a for each e < Kk, a < oY (g) U.(a) is an e-complete normal ultrafilter on e,

(T)» moreover, for each ¢ < K, a < oY () letting je,o : V — MosCol(°V /U, )
be the associated elementary embedding, we have

(eaU1€)e =(U(8): B<a),
(Te (Ue(a): a<o(k)) =(Dy: a<b).

Now we define the forcing Pz to be the Magidor forcing associated to the se-
quence D =U,, = (Ug(a) : o < 0) , (see also [Mag78], or [Git10]), here we use the
definition from [Git10, Definition 5.22]

Definition 2.4. Define P+ to be the following (auxiliary) poset.
(*1) Let p = <d0,d1, coyy,dpy1 = <I€,AH>> € Pﬁ, iff
(a) Ax € ﬂ UN = ﬂa<9 Us,a
(b) each d; (j < n) is of the form
e cither (g, A.) for some ¢ < x, where oV () > 0, moreover,

A-e(NU= [ Uers

(this case we define k(d;) =€),
e or dj = ¢, when oY (g) = 0 (and we let k(d;) = €).
(¢) k(do) < K(dy) < -+ < k(dp) < K(dnt1) = K,
(d) moreover, for each j < n if d;;; is a pair, then s(d;) < min A4,
(x2) We define

+1)°

p= <d07d1) . 'adn7dn+l = <I{7AN>> S q= <603617' . )envem-i-l = <K‘7BN>>a

if
(a) m >n, and
(b) there exists a sequence 0 < ig < i3 < -+ < i, < Jpe1 = m such that
for each j < n 41 we have
e rx(dj) = r(e;;), and
o Bn(dj) - An(dj)a
(c) moreover, for each k < m not of the form i; (j < n+1), if i = min{3; :
Jj<n+1, i; >k}, then

Bi(eny Uirler)} € Axay)-

(*3) Now there are pairwise disjoint sets Y, (o < 6) by § € Y, iff oV () = a,
and

{pePr: p>((r |J Y}
a<f
is the Magidor forcing changing the cofinality of £ to min{w, cf(6)}.

Definition 2.5. We define p <, ¢ to be true iff p < g and ¢g(p) = £g(q).
We define the system r by letting:

(*3) (a’) Ry = R,
(b) Ar = )‘7
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(©) Re={pePy: p=({rUsco Ya))},
d) let X, be the generic sequence, i.e.

(

Xr=U{{r(d;j) : j < Lyg(p)}: p={(do,du,....deyp)-1) € Gp}\ {x},
() <pr=<ypr is defined by p <p; q iff p <, q,
(f) for p = {do, di, .., dn, dns1 = (8, Apr)) € Ry = P let

q:q={qe: e < k), where
(.1) e = <d0, d1, cees dn, <I€, Aq57n>>, and
Sy =Srp =1 forsome B €U, we have

(e2) BC A, 4, and

(03) {Ag. e <rk}plists {A,: A, C A, N A, =B mod [k]<"}
It is known that X is a club of & of order type 6, moreover, if condition ((3), (x, A))
is in the generic filter (for some 3 < x, oY () = 0, then the forcing adds no new
subset of 3. This means that by {B<k: oY(B) =0} €U,y is of cardinality
K, so there is no problem assuming that ((8), (x, A)) € G for some § > 6,. In order
to finish the proof of Claim it suffices to verify that the forcing defined in k3] is
a (A, k) — l-system.
Subclaim 2.6. If (U. : & < k + 1) is a coherent sequence, where the ultrafilters
{Uq(a) : oY (k)} are < AT -directed mod [k]<%, then the forcing Py from Definition
is a (A, k) — 1-system.
Proof. Now we have only to check the requirements of Definition 1). Recall the
following properties of the Magidor forcing, see [Git10, Sec. 5.1 and 5.2].

Fact 2.7. (Prikry Lemma) For each p € Py and each formula o(zo,...,Zm)
there exists ¢ >« p, q || o(zo,...,Zm) (i.e. either q¢ I+ o(zo,...,Zm), or q Ik
=0 (205 - -+ Tm))-
Fact 2.8. Suppose that G C P is generic over V, p = (do,d1,...,dy,dpy1 =
(R, Apx)) € G, di = (k(ds), Ar(a,), then the filter G | (k(d;)+1) := {q | (k(ds)+1) :
q € G} is V-generic over the Prikry forcing PUT(n(di)+l) associated to the coherent
sequence (Us = (Us(y) : v <Y (0)): 6 < k(dy)).

These two fact clearly imply the following.
Lemma 2.9. For each formula o(zo,...,ZTm) and § with for somep = (do,d1,...,dy,dni1) €
G and m <n § = k(dy) (i.e. § € X;) there exists q € Pﬁr(Sﬂ) >pl(6+1), such
that ¢ = ¢* | (6 + 1) for some ¢* € G, and for some A* € Uy

(2.1) q" (K, A) ey o(Zo, - s Tm)-

Proof. By Fact it is enough to show that there are densely many such ¢’s in
Pﬁr(éﬂ)' But by the Prikry Lemma for ]P)ﬁr(éﬂ) there are in fact >,-densely many
such ¢’s. ]

Similarly to the case of Prikry forcing, this has the following consequence.

Claim 2.10. For each p = (do,d1,...,dn, (K, Ap k) € P, T (with p I 7 € {0,1})

there exists a set A’ € Uy, A’ C A, such that whenever ¢ = (eq, €1, . .., €m, (K, Agx)) >
p = (do,d1,...,dn,(k,A"), a € Ay are given with k(em) < «, and q forces a

value for T, then so does

qd = {eg, €1, em, (K, A N (a,k))).
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Proof. For each a € A, ;. define B, C A, ., so that whenever ¢ = (eg,€1,...,€em =
(K, Aqg.x)) > p (with k(eo), k(e1), ..., k(em) < ) decides the value of 7, then so does
q = {eg,€1,-..,em+1 = (K, Ba)). This can be done easily: first for each possible
€0, €1, ..., em choose a set Bey e, ....e, C (o, k) with {(eg,e1,...,€n, (K, Beg.er.....en))

deciding the value of 7 if such a B c,,....., exists, otherwise just let Beg c,,....c., =
Ap,sN(a, k). Second, let By =, ., . Beger,...e,- Now it is easy to check that
the diagonal intersection A’ = A, ¢ A, Ba € N U, works (note that the intersection
of normal measures is a normal filter). O

Claim 2.11. For every p € P and 7, if p Ik 7 € {0,1}, then we can choose
G=1(q:: e <K) € Py, (Ve: € <K), (c. : € < k) where each c. is a code for a
Ye-Borel function from P (Y (v.)) to {0,1} so that
¢ Ik 7= fe (X N7e).

Proof. First if p = (do,da, ..., dn, (k, Ap k) € P, T are as in clause (g) from Defini-
tion [L.1] let A’ = A’(p,7) C A, be given by Claim and

(*4) let § = (g : € < k) € ., bedefined by: q. € P,q. = (do,d1,...,dn, (K, Ag. x))

where {4, . e <k} lists {A. C A4, ,: A, = A" mod [k]<"}.
We still have to choose the 7.,c.. For each € choose (, € A, , such that

A N (G, k) = A'N (¢, k). Now this with Claim imply that ¢. forces that 7
only depends on G | (¢ + 1), in the following way.

Subclaim 2.12. If ¢. € G, then for some ¢* € G, § < (.
¢ 1 (0+1)7 (k5 Agew \ [0, G || “7 =17

Proof. Indeed, if ¢ € G, then by genericity there is some 6 < (., and ¢ =
(€0, €15+ sem) > ¢z, ¢ € G, and k(ex) = 0, Ay wn(epsy) N[0,¢] = 0 (le. ¢
forces max(X N [0,¢]) = 9)), w.lo.g. ¢ > ¢.. Now by Lemma there is some
¢ € G, A* €U, with

(2.2 ¢ TG+ A | =17,
w.lo.g. ¢* > ¢’ > ¢.. But then by the construction of A" = A(p,7) we have
(2.3) [ (0+1) 7" (k, AN[0,0]) || =17,

therefore as Ag_ N (¢, k) = A’ N (¢, k) (and 6 < (),
24) ¢ TE+1) 7 (mAN[0,0) <q" T (0+1) 7 (5, A\ [0, &) || “7 =17,
as desired. Usubelainz1a

It is not difficult to check that this implies that for every ¢** = (eg,e1,...,em) €

Us<c. Pri(s4+1) With
q** - <"€’ ACE \ [07 Ce]> k7= jq**a
we have
ge b ({rle;) i <m} CXN[0,¢] C{rle): i <mpU(U{Age es) : 1 <m}))
— T =]q-

Now one can define a code c. for a partial |2%|-Borel function from ([0, ¢.])

to {0, 1} requiring that
¢ k7= sz(‘X N[0, ¢:))

(in fact it is even a (.-Borel function).
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OclainzIa
|:]Subclairrm

Finally it is left to verify clause (h) from Definition Fix p € P and ¢, =
(Gae : € < K) €S (< A). Now recall @, and let A}, € NUx = Ny Unss
the set corresponding to the sequence G, i.e. (if do,dy,...,dn,dps1 = (K, Ap k)
denote the components of p)

Ja = (qa,e : € < K) where qoc = (do,d1,...,dy, (K, Aq, . ) and

(2.5) Ago .ni e<k}lists {A,: A, C A, and A, = AL, mod [x]<"}.
Qo P, «

Then for each fixed 8 < 6 as A, € Uep (Va < ), using (B) (d) there is
Bg € Uy g such that Bg C A, ., and

(x5) for each a < X |Bg \ 4| < &,
Let

(x6) Bx=Ug<pBs € NU,.
Therefore implies (recalling 6 < k)
(x7) for each o < A: | By \ A)| < k, therefore for some (, < k we B, N (Cy, k) C
AL
Defining ¢, as (do,d1, ..., dn, (k, By)) clearly p < ¢, as B, C A, .. Moreover, for
any fixed o < A by (2.5)) there exists some £ < xk with the property that

(*8) (Aqa,a)fi N (Cm ’{) = A/a N ((Oéa "@) 2 B.nN (Com K’)a and
(*9) (Aq(x,s)ﬁ N [07 Ca] =B.N [07 Coz}a

so B, C (Aq, .)x, thus concluding g, < g..

U

Next we will give another example of a (A, k)-system, the Radin forcing, provided
the measure sequence has some similar A*-directedness property.

Definition 2.13. In order to state the following claim we need to prepare with the
notions below.

(i) Let k be a cardinal j : V. — M be an elementary embedding (into a
transitive inner model M) with crit(j) = x. We call the sequence F =
(Fla): a< dom(ﬁ)) a j-sequence of ultrafilters, if
(a) F(0) =
(b) every F(0) € P(V..).

(c) and for each 0 < a < dom(F), VX C V,.: [X € F(a) iff (F | a) €

(X)), -

(ii) for each ultrafilter sequence F' that are j-sequence for some suitable j let
%(F) denote the critical point of the witnessing j, thus the F,’s are con-
centrated on 'V, ), while for an ordinal a we mean o under r(a).

Therefore for each o < dom(F) F(a) is a x-complete normal ultrafilter on V,,
where under normality we mean that for each sequence (Xg: S < k) in F(a) the
diagonal intersection

AgeXp={f: Vy<k(f): feX,} €F(a).
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(iii) Let A™) (n € w) be the following sequence of classes
A0 = {F: F is a j-sequence of ultrafilters for some j : V. — M},
and
AHD — (F e A™ Y0 < a € dom(F) VN A e F(a)}.
Finally let
A=[)AM.

new

(iv) For any set X C A and a set I of ordinals let
X1 I={FeX: w(F)el}.
Claim 2.14. There is a (A, k)-system such that R, = P when :
(C) (a) . <K< A<2F,

(b) F. is an ultrafilter sequence consisting of k-complete ultrafilters on
Vi, Fo € A.

(c) there exists f : k — K such that

{F: dom(F) < f(x(F))} € Fs = A A

0<a<dom(F,)

(i.e. when for a witnessing j for F,. j(f)(x) > dom(F,), for example
if dom(F,) < (2°")M),

(d) NF. = No<a<dom(F.) Fx(a) is <A\*t-directed in the following sense.
For every sequence (X, : o < Ay in [\ F. there exists X, € [\ F. such
that

Va<A3dB<k: Xil(B,k) C Xq.

(e) P = Py is the Radin forcing for F, (see Definition below), so
preserves the function p — 2", moreover, we can prescribe that in \'%
there is no new subset of 0., and P satisfies the k™ -c.c.

Proof. We will use the definition of the Radin forcing from [GitI0l Definition 5.2].
Observe that the definition only depends on () F.

Definition 2.15. For an ultrafilter sequence I, € A we define the Radin forcing
P to be the collection of finite sequences of the form p = (dy,dy,...,dn,dpy1 =
(F., Ap)), where
(x1) (a) Appw €NFx= No<a<dom(®.) Fe(@), Ap € A,
(b) each d; (j < n) is either of the form

o (Fy4;,Ag,) where Fdj €A, Ay; € A, moreover,

Adj € ﬂfdj = ﬂ Fdj(’)/)-

0<V<d0m(fdj )

If e = k(Fq,) we may refer to (Fy,, Aq,) as (Fpc, Apc), and we
also define k(d;) = x(Fg,).
e or d; = ¢ for some ¢ < k (when we let k(d;) = ¢).
(c) K(do) < k(dr) < -+ < K(dn) < K(dpt1) = K,
(d) moreover, for each j < n if d;;y is a triplet, then Ay, (4., ,)Vi(a,) = 0.
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(x2) For the sequences
pP= <d07d1a" dn7dn+1 <F AP,H>>7

g="{eg,€1,--,ensemi1 = (Fu, Ag )
we let p < q, if
(a) m > n, and
(b) there exists a sequence 0 < iy < i3 < -+ < i, < Jpt1 = m such that
for each j < n+ 1 we have
o r(d;) = k(e ),
e and

either F, (d;) = Fon(e;,) and Age,,) S Apidy)s
or d; = e;; = k(d;) = k(e ),
(c) moreover, for each k < m not of the form i; (j < n+1), if i = min{3; :
j<n+1, i; >k}, then
Agwier) U F g mien)} € Apniar)-
Definition 2.16. We define p <, ¢ to be true iff p < g and £g(p) = £g(q).

We define the system r by letting:

(x3) (a) ke = K,
(b) A = A,
(c) R, =P,
(d) let X, be the generic sequence, i.e.

Xo =U{{u(dy) : j <Lg(p)}: p={(do,du, ... degp)-1) € Gp} \ {x},
e) <pr=<ppr is defined by p <, ¢ ift p <, ¢,

(e) <
(

£) for p = (do,dy, ..., dp,dps1 = (Fr, Apr)) € Ry = P let
q:q={qe: e < k), where
.1) = <d07d17""dn7<F*7A(I57Kl>>5 and

Ip=rp =

)

(
for some B € (| F, we have
(e2) BC A, ., and
(o3) {Ag. e <r}lists {A,: A, C A, AN A, =B mod [k]<"}

Now we check the requirements of Definition

It is known that if a condition ((B), (F., A,)) is in the generic filter (for some
8 < k) then the forcing adds no new subset of 3. This implies that as () F, C F,(0),
which is concentrated on the ordinals, i.e. on « itself, w. 1. 0. g. we can assume that
(B, (F, A)) € G for some 3 > 0.

Now we have only to check the requirements of Definition [1.1} Recall the follow-
ing properties of the Radin forcing, see [Git10, Sec. 5.1].

Fact 2.17. (Prikry Lemma) For each p € P and each formula o(zo,...,Tm)
there exists ¢ >, p, q || 0(zo,...,&m) (i.e. either ¢ - o(zo,...,2m), or q Ik
=0 (Zo, - Tm))-

The following claims, which complete the proof of Claim have the same

proofs as in the case of Magidor forcing. In Claim condition (c)|is essential
for the argument.
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Claim 2.18. For each p = (do,ds,...,dpt1 = (Fi,Ap ) € P, 17 (with p IF
7 € {0,1}) there exists a set A’ € (\F., A" C A, ., such that whenever q =
(egs €1,y m, (Fa,Agn)) > 0 = (do,da,...,dn, (Fs, A)), « > k(en) are given
and q forces a value for T, then so does

q/ = <€03617 <5 Emy <F*7A/ [ (Oé, H)>> .

Claim 2.19. For every p € P and 1, if p It 7 € {0,1}, then there exists § = {q. :
€< K)E D, (Ve € <K)E "R, (cc: € < k) such that each c. is a code for a
~e-Borel function from P(~.) to {0,1}, and

¢k 7= ch(X)

Uctainzid

§ 3. THE PREPARATORY FORCING

§ 3(A). The general frame. This subsection is dedicated for the preparation, in
Claim [3.2| we provide a general frame to force a (A, k) — 1 system.

Definition 3.1. For D a < s-directed system (i.e. generating a k-complete filter
D*) on UD C V,, (so D* C Z(UD)) let Q = Qp be the following forcing notion
(with the notations from Definition also applying to filters concentrated on
K):
(A) peQiff

(a) p= (w,A) = (wp, Ap), and for some o, < k we have

(b) wp € Vi, wp =wy [ [0,0%) ,

(¢c) A, CUD, A, € D* and A, = A, | [0p, K).

Claim 3.2. If (A) and (B) hold, then (C) where:

(A) v=(Vo,k,h,p,G,, V1) satisfies:
(a) Vg is a universe of set theory,
(b) in Vo K is supercompact and h : kK — (k) is a Laver diamond,
(c) p is the Easton support iteration (Ppo,Qpp @ a < K, < k) =
(P2,Q% : a < K,8 < K) built essentially as in Laver [Lav78] from
h and let P, = P, . (hence for a < k also PY € V,V° ), see Definition

B4
(d) Gy = Gp,x C Py, is generic over Vo and V =V1 = V([Gy].
(B) (a) k<A<x=x"
(b) Py = (P, Qf : a < x,8 < x) € V1 is an iteration with < r support
such that ]Pgl< is AT -c.c. and <k-directed closed, preserving cardinals,
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(c) for each o < x
Vit B QA <x.

(d) for the set S* C x there is a system (Ds : 6 € S*) € Vi, Ds is a
1

Pl-name of a subset of 32"]]1»5 (Vi), and if Ds generates a k-complete
filter satisfying (Vo < k) | U Dy) | a| < &, then the forcing Q},
d € 8* is of the form Qp;, the forcing from Definition |3.1] Moreover,
(Ds: & € S*) satisfies the following
(#) V1 E VX CV, VD e [2(X)]}:
o Va<k |X Tal<k)A
e (D generates a proper < k-complete filter)
— (D = Ds for some § € S*).

(C) in V]f" we have 2% is x, and the following.

(a) There is a k-complete normal ultrafilter U, which is < AT -directed mod
[K:]<I£.

(b) (Setting for Magidor forcing:) There is a sequence U = (U; : i < k) of
normal ultrafilters on k, strictly increasing in the Mitchell order, i.e.
i<j=U; ¢ MosCol("‘(VP;)/UJ—), such that each U; is < \*-directed
mod [K]<".

(¢) (Setting for Radin forcing:) For any T > k and n there is a k-complete
fine normal ultmﬁlter W on [Y]<" such that for the elementary em-

bedding jw of V1 with critical point k we have (letting U denote the
measure sequence associated to jw ):

(%) for every o < min(dom(U,n)) if the filter (U | o) = N, <o Uy

concentrates on a set X C V, with (Va < k) | X | of < &, then
NU | o) is < Xt-directed in the following sense: Whenever
(A = i< A) (Vi < XA, € U | o)) is given, there exists
A, €eN(U | o) such that

(3.1) Vie A, <k: Asl[di, k) C A

In particular k is supercompact.
Remark 3.3. This continues Dzamonja-Shelah [DS03].

Proof. First we construct the iteration P using the Laver function h : k — (k) €
V. The construction PO = (P}, Q% : a < &, < k) goes by induction, we follow
[Lav78], only with a slight techmcal modification which we will need in the proof

of -@

Let h be as in [Lav78] (i.e.

(o)1 for each A > k, & € A (A1) there exists a k-complete fine normal ultrafilter
U on [A]<" such that for the associated elementary embedding ji

ju(h)(k) = ).
Definition 3.4. We define P° = (P),Q% : o < k,8 < x) and (ua : « < k) by
induction. If (Pg,@% : a<7,B <7) are already defined, then

(e); if v is strongly inaccessible then PY is the direct limit (i.e. we use bounded
support),
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()11 otherwise let P be the inverse limit of P)’s (8 < ) (i.e. for a function p
with dom(f) =~ p € PY iff (V8 <) p | B €Py). .
Second,
(o)q if sup{pa : @ < v} < 7, 7 is inaccessible, and h(vy) = (Q., p«, U), where
Q. is a Pg—namc for <~-directed closed notion of forcing:u* is an ordinal,
U is a (possibly trivial) P9-name, then let

Q) =Qu py = e
(), In the remaining case let @2 be the trivial forcing, p, = 7.

Recall GY) C P} is generic over Vg such that Vo[GY)] = V1, and let G} C P} be
generic over Vi, let Vo = V1[G]] = V[GY x G}]. Note that as [Pp| =k, & < A,
((B)) implies that

()1 Vi = V4G = x* = x, thus cf(x) > A holds too.

Also note that as IP’; is < k-closed
()2 VY2 = VY1 and Vy | “k is still inaccessible.”

First observe that because of our cardinal arithmetic assumptions y* < X)‘ =X

((B)[)), and as [PY| = &, we have (x*)V* = x** = x, so by an easy induction
(and by the AT-cc) [PL[V' = x, so
(>0)3 [PY *PY| = x up to equivalence.
Recalling x* =  again, clearly
()1 Vo[GR * G = 2x = (2¥) V7,
(l><l)5 V() [Gg * G}(] ': 28 = X-
Definition 3.5. We have to introduce the following objects.
(e)2 Let j : Vg — M be an elementary embedding with critical point x such
that (j(h))(k) = (P, x",0) (0 = 0 is the canonical name for the empty
set) and j(k) > x, XM C M,
OF Le(ti (P2, Q5 o <j(k), B <j(r) =J((Pa,Q} : o < K, B < K)) so Q) =P},
an

(e)4 let LP.Ii(X) =j(P})), ie.

(a P?(K)-name for a < j(k)-directed closed notion of forcing)™.

(Recall that P} is a P)-name for the iteration (P}, Qp : o < x,8 < X)) €
PO
V=)
Similarly to [(>)o

0
()6 VKM[G"“] = V,«}\/I[Gg] =VYz (kis inaccessible)M[G?eH].

From now on we will identify P * P} with the (x -+ 1)-step iteration P9, and
also

(>)7 G2,y = G * G} is a generic subset of P),, =P « P} (over V).

Remark 3.6. Having completed the requirements of Claim [3.2] we remark that
given a scheme for an iteration fitting all our assumptions other than ((B))(d), it

is easy to adapt it to have using x* = x
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Now we can prove the statements in [3.2C).
Case 1: First we verify [3.2(C)(a)
We would like a suitable s-complete ultrafilter in Vo[GY % G;], for which we will
use the basic trick: using the elementary embedding j : Vo — M, extending
Vi with G2 x Gi, M with GY_ (= G * Gi), and finding a single condition in
P * P\ /Gy compatible with {j(p | {x}) =j(p) [ {i(x)} : pe G)+G.} giving
us sufficient information (just as if there existed some extension j : Vo[G2 x G;] —
M[H? Yy * Hy)])- .
We will need the following facts.

Fact 3.7. The filter GQH is generic over M as well, and the forcing notions

PO/ Gop1 and (P xPL)/GLyy (v < j(x)) are well defined and < x*-directed
closed in M[GY_,].

Proof. First recall that a pair (p,q) € (IE”?(H) *P4(x))/Goyy iff p=po | (k,j(r)) for
some pg € P? (k) and (H—Po geP; (X)) We only have to refer to the construction
of the iteration Deﬁmtlon i.e. recall that
(1) we have I-po “IE’)lc is < k-support iteration of < k-directed closed forcing
notions”, and
(7i) for each a < 8 < k we have that Ikp(é “@% is < B-directed closed”, and is
the trivial forcing if 8 < sup{p, : ¢ < B} (in particular, if 8 < sup{u, :

0 <a}),
(#11) for each a < B < , where § is limit and cf(5) < pq the iteration Py is the

inverse limit of Py’s (§ < 3).
So using [Bau78, Thm. 5.5] for each o < 8 < k the quotient (P * P))/GY,
(of the & + 1-long iteration PO + P, = PV, ) is < f-directed closed in V[GY] if
B < sup{u,: o < a}, and PY has the B-cc. Thus by elementarity (letting o = r+1,
B =xt = a, recalling (xT)M = xT by XM C M):
M[G) ] E 7 (IP’?(N) «P(x))/Gy,q is < xt-directed closed.”

Fact 3.8. Vi = (P}, *P))/Gly, is < x*-directed closed.”
Fact 3.8 follows from the fact below.
Fact 3.9. V[G)+GL] = “*M[GY,,] C M[GY,,]".

Proof. For pick a name f for a function f : xy — M[G,,], and observe that
w.l.o.g. we can assume that f X — ORD, i.e. for each a < x f(«) is an ordinal,
in particular ran(f) C M. Now for each « there exists a maximal antichain Ay =
{af : i <|Aul} CPY, ), and {2 : i < |Aa} C M, st af IF f(a) = 2. Now as
IP’O+1 =PY % Pl is of power X, we have |A | < x, therefore as M is closed under
sequences of length X Definition there is indeed a name g € M, such
that I f = g DF&C

Definition 3.10. In V([GY ], ¢ € 5* let
1) e € V[GY x G, ] denote the generic subset of VY1 (or just &) given by
¢ K ¢+1 K
Qé, i.e.
IFpowpr,, €¢= U{e: 34:(c,4) € G@}}
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(after identifying P) Pt = P) x (P} x Q}) with (P) x P{) x Q7).

(2) Define A¢ to be a set of P x Eé—names of subsets of V,, containing exactly
one name from each equivalence class, i.e. no 4 # B € A¢ Ibpo <P A=B,
but each set in the extension is represented.

Observe that by we can assume that

()s A CM,
and as |V.V2| = k, and by the A\T-cc

()9 [A] < [P+ P = x,
so by XM C M we can assume that

()10 A2 €M, and j [ A € M.

(3) Using the notation
o ={4 €A (6, 4) € Gg for some ¢},

note that JZ{Ql € M[G), « G{ 4] (so 42%@1 is a P x P7, -name for a set of
PY *IP’l names) Now similarly j sz@é = {J(~) Ae ,527@2} € M[G? *G%+1]
is a set of IP’J.(H) * Eg(c)—names, and we can define the ]P’?(N) * Eg(c)—name
Al ) € M for a subset of Vj,) so that

~i¢
143 / _ . . 1
ME H—]p?( <P, Aoy =n{i(4): Ae ,Q{@é} .

Claim 3.11. There is a sequence (q¢c : ¢ < x) € VIG) x G ] such that:

(¥)1.1 (a) qc € (IP’E)( ) * P )/Gn+17 and if € < ¢ then ¢. < g,
W%GWM*%NNHpM%T(WWQMWKﬂ@%
(¢) whenever p € G) 1 N (P xPg) then j(p | {x}) =j(p) | {i(r)} < gc (in
the quotient forcing (IP’?( ) * IP’;(X )G ),
(d) whenever A is a P} xPt-name of a subset of & (s0 j(A) is a Py, ¥Pj -
name for a subset of j(k)) then

a I, 21 /a0, *€I(A)

(e) if ¢ € S* for Dy = D¢| G1 (fmm- of@) we have: If D¢ generates
a k-complete filter on V. (in V1[G¢] = Vo[G] * G{]) then we have
(that q¢ forces)

(3:2) (a1 GO) = (scU (Aiiq) T})  Afiey T 0+ 1,3()) ) -

(In the proof of only D¢’s for that DC - CP(H) are relevant, and it
is enough to ensure that if for each A € D we have k € A (forced by qc ),
then gev1 IF “k € j(ec)”.)

Proof Working in Vo = V[G,41] we can define the ¢,’s (n < x, ¢, € (IP’J(.)(K) *
GO by induction on 7. Assume that g¢’s (£ < n) are chosen and —
J(n) r+1 - 3 Ui
hold. First we choose qE satisfying @, ., @ which we will then further strengthen.
Let gy € (P * Pj())/ Gy = Py, /Gii1 be the empty condition. For 7 limit
we choose q; € (IP’?(H) *INP’E “n)/Gg_H to be an upper bound of the increasing sequence
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(ge : € < n) satisfying (). Now it is easy to see that (d) holds for g, even if P« P}
is bigger than the direct limit of P}, x P{’s (§ < n); also recall Fact
If n =¢ 41 is a successor and
o if £ & 5™
then using simply the <(2X)Jr directed closedness of P?(K) * ]P’;(X))/Gg+1 (by Fact
define ¢, € ( %) * Pie41))/Gil41 to be an upper bound of g¢ € P} * P and
the set {j(p): pe (P *]P’éH)DGKH}
Otherwise,
o if £ € 5%,
(where n = £ + 1) then recall that by the definition of Q&H each p € (PY x P(&—H))

the coordinate p(§ + 1) is a (P, x Pg)-name for a pair (¢, A) with e = | (0,7) for

some v < k and A C VVO[G “Gel , A= AT [y,k). As the fact that D¢ generates

a <k-closed filter on V,, implies that J(Dy) generates a <j(k)-closed filter in Vj(),

we can choose g;,, so that g, (j(§)) satisfies (3.2) (with ( = &), hence (e) (with
(=¢&+1=mn) as well.

Finally, for @, first note that we can assume A € .4}, so there are at most
x-many of them. Now choosing an increasing sequence of conditions ( iy < x)

in (IP’JO(H) Pion)/ G? ., with ¢f = ¢}, we can decide for each name X the statement
k€ jX ) So using the < yT-directed closedness of ( J(R)*IP_;(T]))/GH+1 in Vo[GY 4]

(Fact [3.8)), we can choose ¢, to be an upper bound of the sequence (q; : v < x),
yielding (d)) as desired.

Finally, ¢, is defined to be an upper bound of the g,’s (7 < x).
Uclaindzm
Fact 3.12. By the definition of PO+ P} > and the way we g, we constructed we have:
()11 For each § € S* if Dy generates a k-complete ultrafilter on V,;, then

H—Pgﬂ VA€ Ds Ja <k s.t. (g5 | (a,k) C A),

()12 moreover, (in M[GY,])

ax P o o, Y [a(d) =k A de [ §(4) | = (d€iles),
AED5
in particular, this defines the normal ultrafilter
(o) D* ={A[G ] IFrpo AC K, g IF “r €3(A)"},
()13 if 0 € S* is such that Da C D°*, then €5 is the pseudointersection of Dy,
moreover, es € D°®.

This together with |(#)| complete the proof of -@
Case 2: For[3.2(C)(b) we proceed as follows. In V we have to find a sequence

U= (Uy + a < k) of normal measures on « increasing in the Mitchell order, such
that each U, satisfies our closedness properties, namely, whenever (X, : v < A) is
a sequence in U,, there exists X’ € U,, | X'\ X,| < & for each v < A. Let Uy be
the normal ultrafilter using Case 1, i.e. @

Working in V1[G}] = Vo[G), * G} ] we will construct the sequence by induction,
so fix & < k, and assume that Ug’s are already defined for 8 < . So
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(o) let U be a P % Iﬁi =P}, -name for (Uz : B < a) € Vo[G} * G}], where
1]P=o+1 forces that U = (Ug : B < «) is an increasing sequence of k-complete
normal ultrafilters w.r.t. the Mitchell-order of length «, each Ug is <A*-
directed modulo [k]<".

and fix an elementary embedding j. : Vo — M, with critical point k, XM, C M,
with

(3.3) J() (k) = (P, x",U)
(recall the definition of h this is possible).

Defining P, = j.(P'), and letting (P));, (x) = j«(P) observe that by the defini-
tion of PO (Definition
3 (PY % PY) = (P (n) * (PL)j. (x)
and
(Pg)nJrl = ]P)g * LP;
Now our fixed GY,; CPY_, is generic over V and also over M,.

With a slight abuse of notation (in the proof of Case 2 from now on, in order to
avoid notational awkwardness) we will refer to (PY);. () as P§, ), and to (PL);, ()
as ]P’Jf*(x); moreover, observe that all the preceding facts and claims hold in this
setting, we only used that j(h(k)) = <]E’§<7 xT,z) for some name x, which obviously
holds for j, as well. In this new setting we appeal to Claim obtaining the
condition gy € IPJQ*(K) 41 /GY 11, and the x-complete normal ultrafilter

(3.4) D} = {A[Gngl] : ML, [Gngl] = “q; I-po

Ja(r)*

Pl /Gy, R € J(A))

(which is k-complete normal ultrafilter over Vo[G?_ ], belonging to Vo[GY_ ]) and
< AT-directed w.r.t. 2*. We only need to prove the following claim, implying that
the filter D} dominates {Ug : § < a} in the Mitchell order.

Claim 3.13. For each 8 < « there exists a sequence (W, : v < k) € Vo[GY_,],
where
o for D}-many v < k the set W, is an ultrafilter over -y,
o for each X € P (k) N Vy[GY, 4]
XelUs <= {v<k: (Xnnv)eW,}eD;.

Proof. Using (3.3
y<k: h(y)=(2y,ay,Yya), Where y, is a PJ, -name
for a sequence of subsets of Z(y) (of length «), » € D,
La = @Oa
so we can fix Y € D} NV, and the sequence (W, : v < k) such that
(A1) for each v € Y W, is a P9, -name for a subset of 2(7),
(A2) J((Wy 0 v <r))(k) = Usg.
We will prove that W, = W,[G%,,] (v < k) works.

For a fixed P) * P{-name X € V, (for a subset of ) define the P % P|-name
Zx € Vj as follows.

(35) ]-IPQ*IPi IFZx = {’Y <k: X f’Y € W’y}»
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We only have to verify that
(3.6) X[GR] € UplGRy] iff Zx[GRy,] € DS,
But the latter is defined (by (3.4))) as

ZX[G2+1] € D;a

(in ML[G4]) ¢ IFeo

’ 0
Se ) * i 0/ Gt

R ej*(..ZX)a

Therefore, as j.(W)(k) = Ug by (3.5), for (3.6) it suffices to show
(3.7) X[G) 1] € UplGRyy] iff ¢ I ju(X) | 5 € Up.
But then by the elementarity of j. (and crit(j.) = k)
Va < rk,VpeP)xP.: p Fpo.pr @ € X <= ju(p) lbpo upr & € ju(X),

Ja(r) T~ 3 (G (X))
and recalling p € G%_ | implies qy > j«(p)) we get that
(¥)1 ¢} forces j.(X) |  to be equal to X[GY,].
This yields (3.7), completing the proof of Case 2.
O

Case 3: For B.2(C)(c). First we redefine the elementary embedding j from Defi-
nition (and as well IP’;.)(K), Pio):
Definition 3.14.
(8)2 Let p = [2(TX)" 4 p|, and
(e)s define j: Vo — M be an elementary embedding with critical point s such
that (j(h))(x) = (P, pT,0) (0 = 0 is the canonical name for the empty set)
and j(k) > p, PM C M,
()1 Let (3, Q5 - a <j(k), B <j(r)) =j((P2, Q% : a <k, B < K)) s0 Q) =P},

and let P = j(P}).

Similarly as in Facts we can get the following.
Fact 3.15. The filter Ggﬂ is generic over M as well, and the forcing notions
BY(y /Gl and (B *B))/GLyy (v < J(x)) are well defined and < [27 + |-
directed closed in M[GY_].

Fact 3.16. V| = “(]P’g(ﬁ) «PL)/GOy is < [2T 4|t -directed closed.”
Fact follows from the fact below.
Fact 3.17. V[G)+ Gl | 2 "M[G9,,] C M[GY,,]".

Using this new j we will extract the ultrafilter W C Z2([Y]<") (in the sense of
Vo[GY,1]), and the sequence of ultrafilters U as well from the information provided
by G2, = GY+G}, and ¢, € (]P’?(R) *IP’;(X))/G2+1 (given by Claim 3.11), and then
we will prove that it is indeed a measure sequence corresponding to the elementary
embedding jy . Obviously

(@1) j(k) > x, XM € M.

Observe that Claim [3:11] is true in this setting as and let the master condition
qx € (IPJQ(N)*]P’; (X)) /GY_ | be given by that. First we claim that by possibly extending
Gy, we can assume that
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(@2) Foreach A € Z([Y]<*)NVy the condition ¢, € (5, *Pj,))/ G} decides
about 4“1 € j(A)” (in M[GY, ,]).
For this first we count the possible A’s. Recall that ]P’}( is < r-closed (((B))/ (B)

D" N V2 =57 NV =[N Vo[G],
and as [PY| = &,
(3.8) [[Y]=" N V2| < (T x)".
Second, as |P), * P} | = x, we have
(3.9) Vo = Vo[G) + G| = 2([}]<")| < X0 Ve < p.

Now using Fact we can extend g, to another condition ¢, in (at most) p-many

steps (in (P§ ) * P} ))/G 1) so that

(@3) for each name A for a subset of [x]<"
MIGL] = g || 35T € 4,

and so (by possibly replacing ¢, by ¢.) (@2) holds, indeed. Now we can define
the k-complete, fine, normal ultrafilter

(3.10) W ={A[G}+ G, € [Y]™": gy IFj“x € j(A)} € Va,

Now let jy : Vo — My = Mos(X™"V,/W) be the corresponding elementary
embedding, and let U = (U, : «a < dom(U)) be the ultrafilter sequence of maximal
length associated to jy, that is, the following holds in V.

(B81) Uy = &, and for each a € dom(U), a > 0 the set U, C Z(V,) is a k-

complete normal ultrafilter satisfying

VACV,: AcU, < U lacjw(4)

(therefore for each v < dom(U) U [ o € M),
(B2) U ¢ My .
The following two claims complete the proof of 3.2(((C)))(c|) as by our assumptions
dom(U) =n < p.
Claim 3.18. For every ultrafilter sequence F' € My with k(F) =  there exists an

ultrafilter sequence F € M[G?, ] with H(F/) = K such that for each name A for a

Vo[GYxG1L
subset of Vi 0[GrxGil we have

Fejw(AlG+Gl) = MG, ]k ¢ IFF €j(A).

Claim 3.19. For every set of (Pj.) * IF’Jf(X)—names for) ultrafilter sequences {F; :
i <o} CM with k(F;) =k (i <o) if the filter
Fo=({ACVY*: gk Fy€j(A)
<o
satisfies (Vo < k) : |U F, | a| < K, then F, is < AT -directed in the sense that for

any system (X4 : a < A) in Fy there is a set X' € F, s.t. for each a < X\ there
exists 0 < k with X' [ [0, k) C X,.
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Proof. Instead of factoring through our elementary embeddings (after forcing) we
provide a direct calculation. Fix the ultrafilter sequence F' € My, and pick a
function f € Vo, dom(f) = [Y]<", jw (f)([w “Y) = F, where we can assume that

(3.11) Vz € dom(f) f(x) is an u.f. sequence with x(f(x)) = otp(k N x).

Now we can fix a P) x P} -name f € Vj of f, such that Lpo,p1 forces (3.11]). Now as
in Vy f is a P)  P}-name for a function with dom(f) = [Y]<", by elementarity j(f)

is a ]P’JQ(K) * Pj(,y-name for a function with domain [H()]<9*), thus there is name
F’ € M such that

O s _ ’
(312) ME o e J(FGT) = F

It is only left to check that for each X C V,V2 the conditions " F € jy (X)” and
"F' € j(X)” are equivalent. More precisely, we prove the following.

(o) For every fixed P) x P{-name X for a subset of V,V>
Fejw(X[Gr+Gyl) <= qyIF F' €j(X).
As F = jw (f)(Gw “Y) we can reformulate the lhs. as the statement
VIGL G| {y e [T]<": f(y) e X} e W,
i.e. for some p € Vo[GY « G| ]
plreosey {y € [Y]=": f(y) € X} eW.

Now for the the P) «P)-name C' := {y € [T]<": f(y) € X} we have (by (@) and
(3.10))

CIGY+ Gl eW <= ¢ IFj“T €j(O).
(Recall that ¢, decides this by as C is a name for a subset of [Y]<*.) This
latter is equivalent to

ax IF3()GT) € §(X),
so recalling I- j(f)(j“Y) = F’ by (3.12)) this is clearly equivalent to ¢, IF F" € j(X),
therefore @ holds, as desired. UClainEIs

Proof. Fix (F :i < o) given by Claim

We only have to recall how we constructed g,, which ensures the existence of
the desired pseudointersection. Fix a sequence (X, : @ < A) in the filter F,. Now
let D' = {X, : a < A}, which is equal to D¢ for some { < x by from our
assumptions |(B)|/dl Finally, recalling Deﬁnition and from Claimwe

get that for the generic sequence e¢ (which is a pseudointersection of the D" = D)
ger1lFi(eq) T(r+1) =ec U (Ajq) I [k +1)),
which means that by the definition of Aj © (Definition
Vi<o (VX € D¢ gy IF Fi € j(X)) = (g5 |- Fi € Aj)
Uclain{Z1a

|:chmm:am
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§ 3(B). The preliminary forcing for obtaining (x,\) — 1 systems together
with a universal in (K,).

This subsection deals with the application of Claim[3.2] we show that it is possible
to force a universal object in (K,;)x with a notion of forcing satisfying requirements
from Claim [3.21

Conclusion 3.20. Assume k is supercompact k < X < x = x*, A is regular,
(VO)(0 € Card Ak <O < \A=2° =0%) and 0 = cf(0) < k.

Then in some forcing extension VT preserving cardinals and preserving cofinalities
> K and in VT, 25 = x, k strong limit singular of cofinality o and there is a universal
graph in cardinality X.

Proof. We shall use but we have to justify it. That is, we need a forcing fitting
in the scheme in Claim with Vo = V|, specifying the (< k)-directed-complete
iteration P} = (P}, Qé ca<x,B<y) € Vi =VF in which we are free to choose
Qgp’s on f's outside S* C x. (And then conclusion @ or |E| with Claim
together with Claim or give the desired consistency result.) Our task is to
construct (in Vi) a suitable iteration P}, and checking that P} is
(1)1 <x-directed closed,
(T)2 is of cardinality y (up to equivalence),
(T)3 has the A*-c.c.,
(T)4 not collapsing cardinals, and
(1)s Vil IFpy “there is a universal graph in (Ky)\7,
(1) and we can choose S* € [x \ {0,1}]X, S* € Vy, |x \ S*| = x, and the
Pj-names D (6 € S*) satisfying ((B))(d) from Claim
We will do the same as in [She90], we define (in V)

(1) @} to be the forcing of y-many stationary sets of \, any two intersecting in
a set of size smaller than x,

(2) Qp for B € x\ (5* U{0}) the main iteration from [She90] just with s-many
colors: forcing a generic random graph, and the embeddings into it with
< k-support partial functions.

We need to check that the iteration is indeed AT-cc, which will be ensured by
showing that (in V1) Q} is A*-cc, and in (V1)@ the iteration of QL’s (0 < a < x),
i.e. P} /G] has the xT-cc .
First for future reference we we have to remark that
(%)1 in V= Vgg k is still inaccessible as according to Claim PO is an
Easton-support iteration with P9 € VYo for each @ < k. As [P)| = x our
cardinal arithmetic assumptions above x are also preserved.
Working in V; we define the first step Q} to be Q(\, x, ) as in [Bau76l Sec. 6.],

see below in Definition

Lemma 3.21. In Vi there exists a forcing poset Q} that is <r-directed closed, of
power X, having At -cc, preserving cardinals from (k, ], and

1
V?O E H{Sa: a<x} C PN, asystem of stationary sets s.t. Ya < < x: |S.NSz| < k.
Proof.

Definition 3.22. First we define the following auxiliary posets.
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(1)1 For aregular cardinal p we let Q'(A, x, i) be the set of functions f satisfying
(i) dom(f) € [\]<*,
(i7) for each a € dom(f) f(a) € [N|<H,
with f < g, iff
(iii) dom(f) C dom(g),
(iv) Va € dom(f): f(e) C g(a),
(v) for each a # 3 € dom(f) f(a) N £(8) = g(a) N g(B).
(T)2 Let Q(\, x, k) C HueRegn[n,A] Q' (N, x, 1) be the collection of the following
functions f
(i) Yu < v € RegN [k, A], Voo € dom(f,): fu(a) C fo(a)
with the pointwise ordering inherited from the full product
H,uERegﬂ[n,)\] Q/()‘a X5 ,u)

Definition 3.23. We let Q} = Q(\, x, k) € V1.
For later reference we note the following. Recall that x* = x by our assumptions.

Observation 3.24. For each p € Reg N [k, \] |Q (A, x,1)] < x<F - A<F = y.
Therefore |Q}| = x.

By [Bau76, Lemma 6.3], recalling (o € Card N [k, A)) = (27 = 0F), s0 A<* = A
we have the following.

Claim 3.25. Q(\, x, k) is AT-cc, <w-directed closed, preserving cofinalities and
cardinals.

Clearly
(1)1 every directed subset of power less than x in Q) = Q(), x, k) has a least
upper bound.
Now obviously in V?‘l’
()2 the generic subsets S, (a < X) defined by lkgp So = U{fu(a) : f € G}
form a k-almost disjoint system, i.e. if & < 3, then IF [S, N S5| < &,
we only need to verify that

(1)s for each a < x the subset
S, s stationary subset of A,

which is a standard argument, but for the sake of completeness we elaborate. (In
fact, recalling [Bau76, Lemmas 6.3-6.5.] with the aid of the following it is easy
to argue that (S, N EQK) i.e. restricting S, to points of cofinality at least x is
stationary.) -

Claim 3.26. The notion of forcing Q(\, x, k) is equivalent to the two-step iteration
QN x, k1) * Q' (N, x, K, ) where

V?(/\’X’N+) = e F, (a € Y) is the generic sequence in [\,
* Q'(N\ X,k F) € Q'(A X, k) defined by
[f € @A\ X,k F) <= Vaedom(f) fla) S Fal.

Moreover, Q(X\,x, k™) is <k¥-closed, (in V?(/\’X’Kﬂ), and Q' (A, x, K, F') has the
kKt —cc).
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Looking at the definition of the forcing Q(A, x, ) if we are given a condition
p, and a Q(\, x, k)-name C, for a club set in X first recall that Q(\, x, k) is <k-
closed (Claim , in particular < wi-closed, as k is inaccessible. We can define
an increasing sequence p’ (j < w) in Q(\,x, k) with p° = p, and an increasing
sequence of ordinals p; (j < k) satisfying p/ I+ o; € C,, and if j < k, then
supU{pi(B) : B € dom(p})} < o This is possible, as |[dom(p;)| < A, as well
as |p])\(6)| < A, and )\ is regular. Then clearly any upper bound of the p’’s forces
0w :=sup{p; : j <w} € C,, but as the least upper bound p“ does not say anything
about the statements g, € Sg (8 < x) we can extend it to a condition (p*)" with
0w € (p*)), () for each p € RegNlk, A] (thus (p“)" IF g, € SoNCy). This completes
the proof of Lemma [3.21 ULemmd321

As @} as already defined in Definition we can define the iteration (P}, Qé :
a < x, B < x) for which we have to define S*.

Definition 3.27. We let 0,1 ¢ S* C x be such that [S*| = x, |x \ 9*| = x.

Definition 3.28. We let (P, @é :a<x,B < x) be the following < k-support
iteration. The definition of the ]P’é—name @b goes by induction on S as follows,
distinguishing three cases. But first
® we have to remark that in steps with 5 € S* we will only assume that Dg
is a P},-name for a system of subsets if V.Y, where

ey Ds € [PV,

first we will deduce some properties of IP’%< based on only this weak assump-
tion up until the end of the proof of Lemmas and [3.34] and then we
will verify that the Dg’s (8 € S*) can be suitably chosen (while defining
the iteration ]P’i) so that the iteration fulfills all our remaining demands
from [(7)1}{(T)6} Similarly, for steps in x \ S*\ {0, 1} up until the end of the
proof of Lemmas Iﬁl and [3.34{ we only assume that Ihpi3 Mg € (Ki)a, ie.

is a Pé—name for a k-colored graph on A.

e For every M = ({M|,RM : o < k) € (K,)x we will use the notation
ey : [A]? — & denoting the color of the edge between i and j, i.e.

em(ij) =a <= (i,7) € RM.
Case (1): g =1.
Let Qi € V?(l’ be the forcing for obtaining a random k-colored graph on A with
conditions of power < &, i.e. ¢ € Q1 iff
(1) q €{li Ry jl, [i "Ry jl: 145 <A v <k},
(#) Vi # j < A we have
(i By jl,li Ry jl€q) — (v=1"),

(iid) gl <&,
with the usual ordering. Then

(¢)1 the generic object M, = (A, RM- : «a < k) satisfies

I-py (RM= . o < k) is a partition of [\]%.

Case (2): e x\S*\{0,1}.
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1
In order to define Qj € V]fﬂ (formally a Pj-name Qp € Vi) we first need to work
1
in Vﬂfl as preparation. Let YT be large enough regular cardinal, and define the
J— 1
continuous increasing chain Ng = (Ng,: v < A) € V?O so that
o 3, Pé, (N, : v€B\S*\{0,1}), G} € Ng,p,
o x+1C N570,
e for each v < \:

1
(®)a Npy < (%(T)VYI’E)’
( )b ‘N/37’Y| < )‘7
(®)c Ng., N Ais an initial segment of A
(0)a NgyNA<Ngyr1NA,
(0)e for e < Alimit Ng. =, .. Ngs

and

(0)2 let E5(7) = Npy DA (v < A).
So the set {€5(y) : v < A} is a club subset of A, and as Sj is stationary (Lemma
the set Cz = cl(SpN{&a(7) : v < A}) (i.e. the smallest closed set containing
SaN{&s(7y) : v < A})is a club. Therefore the system (Ng -, : v < X A £5(7y) € Cp)
clearly satisfies our requirements, hence (after reparametrization) we can assume
that

(@) {§p(y+1): vy €A} C Sg,
and we let

() Nj={&s(7): 6 €A}
For later reference we remark that the x-almost disjointness of the S,’s and
together implies

(0)s if B#vy < x then {§g(0+1): deA}N{&(0+1): 0 €A} <k
Now the forcing Q}; € Vllpﬁ is defined so that it shall give an embedding fgz of the

1
r-colored graph Mg € V]IP)‘i into M, formally defined by
(o) q € Qp, iff
(1) q is a set of elementary conditions of the following form
o [f3(i) = j], where j € {{&g(v +1) : ki < v < k(i + 1)} (so
necessarily ¢ < j),
o [j ¢ ran(fs)] for some j < A,
(7i) the collection ¢ corresponds to a partial injection, and free of any
explicitly contradictory subset of terms, under which we mean that
(a) there are no ¢,j € A s.t. [fg(i) = j], [J ¢ dom(f3)] € g,
(b) there are no i, jo # j1 € A s.t. [f3(é) = jol, [fs(i) = 1] € ¢,
(¢) there are no [fz(io) = jol, [fs(i1) = ji] € q s.t. cn,(do,i1) #
e, (Jos J1)-
Note that fg’s are automatically injective by

(iid) |q| < k-
Case (3): B € 5™
As Dg is a P};—name for a system of subsets of V.1, if additionally for each o < k
|(UDg) | a| < & holds (and if Dg generates a proper x-complete filter), then we
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define Qé to be the Mathias forcing Qp, from Definition otherwise we can let
Qb to be the trivial forcing. Note that this requirement ensures that

(¢)7 if (w, A) € Qf, then |w| < k.
This completes Definition [3.28]

Now as IP’; is a < k-support iteration of < k-directed closed posets, IP’; itself is
< k-directed closed by [Bau78, Thm 2.7], in particular not adding any new sequence
of length < k, we have:

1
Observation 3.29. For each 8 € x\ S*\{0,1} forcing with Qé over V]fﬁ adds an
embedding fg : Mg — M,.

We already saw that P} = Q} is A\*-cc (Lemma7 now we prove that in V]f%
the quotient forcing ]P’}< /G1 has the xt-cc (no matter how we choose the P}a—name
Dg, or Mg only satisfying [®[ for 2 < 8 < x) after which not only the A*-ccness
of P} follows, but some easy calculation will be sufficient for |(1)2fl(T)¢} In order to
prove the antichain property we will need some technical preparation, the same way
as in [She90]. Recalling that each P! is < r-closed (and |(0)7]) is straightforward to
prove (by induction on «) that

(*)2 The set

D ={peP.: Vyedom(p) B€S*— Iw, € Vysit. Ik p(y) = (W, 45)
otherwise: 3s, € Vi s.t. ke p(y) = 34}

is a dense subset of PL.
(x)3 Therefore, in the quotient forcing P! /G} (as defined in [BauT7§|, or see
below) the set

1
DO ={peP,/Gl: 3¢ € Gl: (g)Upe D} €V}

is dense (where PL/G} = {p | (dom(p) \ {0}) : p € PL} € Vﬂfi, and
p <p1 /a1 ¢, iff for some 7o € G} C P} (ro) Up <p1 (ro) Ug).

(¥)4 With a slight abuse of notation (in order to avoid further notational awk-
wardness) we will identify each condition p € D% C P! /G{ with the func-
tion on the same domain, but for each v € dom(p)

o if B € S* then writing p(8) = (w, 4) (instead of some ]P’é—name satis-
fying (qo) Up [ v Iy p(B) = (w, 4) for some go € G1),

e or p(f) = s, where s is a set of symbols as in Case (1), (2) in Definition
3.28| (instead of (go) Up | B IFpy p(B) = 5 for some gy € G}).

Note as P} is < k-closed (recall that D® C V) that

()5 (in V]f%) for any o < x, and increasing sequence p = (p¢ : ¢ < € < K)
in DY has a least upper bound in P!, which we will denote by lim¢. p¢,
and this limit is in DY. For the sake of completeness we include the formal
definition of lim¢<. pc. The limit of p = (p¢ : ¢ < € < k) is the function
p*, where

(a) dom(p*) = U, dom(pc),
(b) for § € 5 1 dom(p*) p(8) = (Uce. wpe(s)s Ag), where pc(8) =
(wp () Apc(p)), and Ag is the ]P’é—name defined so that ”7]13)113 Ag =

ﬂ<<6 AP((B) hOldS7

See https://shelah.logic.at/papers/1185/ for possible updates.
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(¢) for 5 € x\ 5"\ {0,1} set p*(8) = Uc o pc(B)-

Definition 3.30. In V]fi for o < x, & < X for each condition p € D° we define pl’]
to be the function with dom(pl®) = dom(p),

(a) if 1 € dom(p), then pl¥l(1) = {[i R, j] € p(1): 4,5 < 4},

(b) for 1 < B € dom(p) N S* we let pl%(3) = p(B),

(¢) otherwise (for 1 < 8 € dom(p) \ S*) we let

pB) = {lfs(i) =l € p(B) + i,j <max{€s(7): v <A, &(y) < }}
U

{lj ¢ ran(fs)] € p(B) : § <max{{a(v): v <A £p(7) < 0}}

Observe that, because of each p and each p(8) (8 € dom(p)) has support of size
< K, and A > k is regular,

(¥)g for each o < x, p € DY C (P! /G1) we have pl®l = p for every large enough
d, and

(#)7 clearly pl¥! | 8 = (p | B)1) (for B < a).
(x)g for p < q € DY with Pl gl e DY we obviously have plol < glol,

1
Note that for p € DO C P! /G1 the reduced function pl is in VIIP1 (even in V1), but
is not necessarily a condition in PL/G{. It is straightforward to check by induction
on « the following.

Observation 3.31. For each a <, p € DY and § < X
a) pl® is an actual condition (i.e. belongs to DY C PL/G1), iff for every
B € dom(p)
(4] 1
and (letting 65 = max(Nj N (6 + 1))
[fslio) = jol; [fs(in) = j1l € p(B) :

(3.13) Jo, 1 <05 —» PP B IFp1 /a1 cvg (i0,71) = e, (Jo, J1)-
b) In particular, for limit «
Pl e Pl /Gl — (for cofinally many ¢ < a:) pl | & € P!,
¢) while fora=p+1
P ePl/Gi < pl | BeP/GT and holds.

The following notion and lemma is of central importance.
Definition 3.32. In V]fi for oo < x define
DY ={pe D’ :v5<\pl eP!/Gl}.

Having Observation in our mind it is easy to check the following.
(¥)9 Whenever (pc : ¢ < € < k) is an increasing sequence in D},, then
lim¢<. pec € D},
This leads us to note how the statements p € D¥ and p [ B € Dy (8 < «) relate to
each other.

Observation 3.33. For each a < x, p € D?
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a) p € DY, iff for every § € dom(p) and for every § < A
p | B e Dg,
and (letting 65 = max(Nz N (6 + 1))

V[ fs(io) = jol, [fp(i1) = j1] € p(B) :

.14 O - . .
(3.14) jo,j1 <65 — plo B Fp1jat e, (ios i1) = ear, (Jo, 1)-

b) In particular, for limit «
p € D} < (for cofinally manye < a): p|ee€ DI,
¢) while fora=+1
pe D, <= [p|Be€ Ds] and [for each 6 < X holds.]

Lemma 3.34. For a <y
), 1
Vllp1 = D is dense in P./G1.

Lemma 3.35. For every a < x
(W):

@

Vlf% E PL/G1 has the k™ -cc.

Proof. We proceed by induction, and prove Lemmas and simultaneously:
More exactly we prove Lemma for a provided that both Lemmas holds for
B’s less than «, and we verify the x*-cc property for P. assuming that D? is a
dense subset of P! /G1. For o < 2 (When P /G1 is essentially the forcing Q1 of the
random graph m (Case (1)| of Definition the statement clearly holds.

Suppose that that we know that for each e<a @ and |(H)Z[ hold . Assume
first that « is limit. If cf(a) > &, then Py = ., PL, D}, = .., D%, so the latter
is dense, we are done.

Second, if « is limit, but cf(a) < &, then let (ny : 6 < cf(a)) be a continuous
increasing sequence with limit «, let p_; € DY be arbitrary. We will choose the
increasing sequence (py : 6 < cf(a)) in D with po > p_1, and pg | 179 € Dy, . This
would suffice as for each § < cf(x) the sequence p, | ng (0 € cf(v)) is eventually in
Dy, so for p* = limy<cf(a) Pp USING we have p* [ np € Dy, leading to

(V0 < cf(a)) p* [ mo € Dy,

so by [p)| we are done. For the construction of the py’s, as D% and Dy, ’s are < k-
closed we only have to ensure that py € D can be chosen so that not only py > p,
(o< ), but pg | ng € Dy, . Now applying the induction hypothesis, and extending
(limp<opo) [ Mo < pj € Dy, we can choose pg to be the least upper bound of pj
and (lim,<g p,) (in fact for 6 limit we did not even have to appeal to the induction
hypothesis).

Third, if « = 8+ 1, let p_; € DY, and we will extend p_; [ 8 < p* € Dy (using
(.)B) so that the right hand side of Observatlon ?H holds for p p U <p 1(8))-

For this, let {jo : 6 < v} enumerate {j < A: [fs(i ] € p—1(B) for some i <
A} in increasing order, and we can fix the system {ig : 6 < v} so that

(@)1 {ig: 6 < v} is such that for each 0 [f3(is) = jo] € p—1(B).

Note that by Definition (Case (2)|

(®)2 for each 0: ip < jo,
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and also we can choose 7y for each 8 < v such that £g(v9) = jg, thus
(®)s we have

{7 <A Fi<A[fs(t) =gl €ep-1(B)} ={jo: 0 <v}={&s(r): O <v}.
Now we construct the increasing sequence (pg : 6 < v) in Dy with the properties
(@) p—1 [ B < po,

(B) for each 6 < v, for each eg < &1 <0

&8(vey +1) . ..
p[eﬁ ! : ‘FIF’;/G} CMB(Zeovlal) = CM, (.760’.761)'

This clearly suffices, as we can let p* = limg<, pg € D}, and then p* U (p—1(5))
belongs to DX%: as jo, = €3(7e,) 50 &g(Ye, + 1) is the minimal § < A s.t. (p* U

(p_1(B)))ls =1 +V1(3) contains the symbol [f5(ic,) = je,], therefore by Observation

we are done, [(l)1] follows, indeed.
Appealing to the induction hypothesis let po € D, po > p-1. Using the < k-

closedness of D it is enough to deal with the successor case, that is, for each

0 choose ppy1 so that pgﬂwﬂ)] forces that the partial function i — j. (¢ < 0) is

an embedding of Mg | {ic : € <6} into M, | {j.: ¢ <6}. Using again [(x)g]
(®)g it suffices to show that for each e <@ and ¢ >p_1 [ 8, ¢ € D7 there exists
¢ €D; ¢ >q

gts (e +1)] |h1»;3/c{ g (ieyig) = car, (Je, Jo)-

We will see that this follows from the following (formally) more general lemma,
stated here for later reference.

Lemma 3.36. For every 3 < x, ¢ € Dj, 6 <A, 7', i" € max(Nj N (d + 1)) there
exists ¢ € D}, ¢’ > q such that

¢ forces a value for e, (i'47).

Moreover, if (Vy € dom(q) \ %) ([fs(i) = j)] € a() \ ¢} (7)) — (j = max(N; N
(6+1)) Nj<6) (hence d ¢ N and q(1) = ql(1)), then there exists ¢ with

(Vv € dom(¢)\ S) = ¢ (M \ () =a(N)\d”(7) .
(Here we remark that the proof of the lemma uses the x*-cc property of ]P’}; /G1,
but we will only use it for proving m that is to complete the proof of ((I)k A

(W)5) —|(m)a))
Proof. So fix ¢ € Dj, let ¢ be chosen so that {g(0) = max(Nj N (6 + 1)), so

pl
i',1" < &3(0) < 6, and recall that for the model Ng, < (%Vfl (1), €) we know
that i’,i”, Mg, Pk, G{ € Np, (and thus P}/G{ € Ng,). So we can find A € Np ,
such that A is a maximal antichain in Ng - }P’é /G1, each p € A decides the value of
cary (,4"). But as Py /Gj has the xF-cc, and x4+ 1 C Ng , we have that A C Ng ,.
So

(B)1 let ¢ € D be a common upper bound of ¢ and some ¢” € A.

We have to argue that not only ¢ Fe1/a1 cug (7',3") = e, (for some ¢, < k) but

(315) q/[é} “_]P)}a/G% CMB (Z'/7Z'H) = Cx.



Paper Sh:1185, version 2022-01-04_2. See https://shelah.logic.at/papers/1185/ for possible updates.

UNIVERSAL GRAPHS BETWEEN A STRONG LIMIT SINGULAR AND ITS POWER 35

For (3.15) it is enough to prove that ¢"1®) = ¢, because then ¢’ > ¢l = ¢ (by

, yielding (3.15)), as we wanted. But as ¢” € Ng,, and AN Ng, = £5(0) < 0
for each ¢ € dom(g”) \ S*\ {0,1} we have (N¢, : ¢t < X) € Ng, (recall [Case (2

from Definition , so &s(0) is an accumulation point of the &:(¢)’s. Hence we
get that
(H)2 for each ¢ € dom(qg”)\ S*\ {0,1} £5(0) = &¢(¢) for some ¢ < A (in fact, for
L= fﬁ(g))v
so ¢""lés(@] = ¢l = ¢’ we are done.
Finally, for the moreover part let 6 = max(N, N (6 +1))), and define i to be
the unique ordinal s.t.

(3.16) [£7(5) =051 €qa(n)

(if there exists). Note that our conditions on ¢ imply that if 77 is defined, then
i, < 05 . Now by induction and by the first part define ¢ > ¢ such that for every
v € dom(q”) \ S* with 7 defined

(If5 (i) = 4] € ") (7)) — ¢" | v decides the value ey, (i,17),
and
([f4(i) = 4] € ") (7)) — ¢"°(1) decides the value cy. (j,07)
(in fact this latter follows from j, 07 < d and ) Now clearly ¢"l% > ¢l°],

and we want to define the condition ¢’ to be the least upper bound of ¢”I and ¢,
which is possible, as for every v with 7 defined we have that q"1% | ~ forces that
") U {[f, (i5) = 051} is indeed a partial embedding.

|:lLemm

Turning back to the statement from as jo < jo = &p(v0) < Ep(ve + 1) we
also have i, 19 < £g(79) (thus obviously ic,i9 < z(7e+1)). Apply the lemma with

6=2~&s(v+1), i =i, i" =,
(@)7 let ¢’ € D} be given by the lemma, so q ”_]plla/G% ey (iesi0) = car, (Je, Jo)
(which is obvious, as
(®)s ¢ > p_1 | B, and p_q is a proper condition in D° with [fs(is) = jol,
[fs(ic) = je] € p-1(B), hence ¢’ ™ (p-1(B)), too)
we have to argue that

(3.17) g/1%s Cro )] FpLjat e, (iesig) = car, (Je, Jo)-

But ¢/l¢s(ve+1)] Fe1 /a1 ey (ic,ip) = cx, and if [j. Re. jo] ¢ ¢/l +DI(1), so not in
¢'(1), then adding [j. R.,+1 js] to the first coordinate of ¢’ ™ (p_1(8)) € D2 would
lead to a contradiction. This verifies that assuming the induction hypotheses for 3
the set D, is dense in Pj/Gy.

Now assuming that D is dense we are ready to prove that P /G1 has the x*-cc.
So let (py : v < k™) be an antichain in D},. By extending each p,

(®)9 we can assume that for each v < k™

(¢) foreach 8 € dom(p,), for each g, i1, jo < j1 with [f3(i0) = jo, [fa(i1) =
j1] € py(B) the condition pltl | B decides the value ey, (fo, 1),
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(i) for each v < kT the condition p, (1) is a complete graph on the set L.,
with its edges colored, i.e.

L,={i<X: 3 <X3Je<k[i R.i]epy,(1)},
so (Vi,j € Ly) (36 < k) : [i Rs j] € py(1).

(iii) for each v < kT and 8 # B’ € dom(p,)\S*\{0, 1} we have {{s(p+1) :
p<An{&(p+1): p< A} C L, (recall that {{sg(p+1): p <
A n{és(p+1): p< A <k by[(e)s),

(iv) for each v < k* and 8 € dom(p,) \ S* \ {0,1} and for each j < A
if [j ¢ 1an(f3)] € ps(8), or [f5(i) = j] € py(B) for some i < A, then
jeL,

(v) for each v < s*, 8 € dom(p,) and j < A, if j € L., then either
[j ¢ ran(fs)] € py (8), or (for some 4) [f5(3) = 7] € py(B),

(vi) the set L, C A is closed, of limit order type,

[This is possible, a simple induction using Lemma the fact
[fs(i) = j] € py(B) — j € Nj
and |(+)| yields that there is p/, > p, in D}, with (p, | B)l] determining the

)
value cpr, (io,41) whenever [fz(io) = jol, [fs(i1) = j1] € py(B), jo < j1. Now
repeating this w-many times we get a condition satisfying Then we can obtain
an even stronger condition satisfying |(4z){(v¢)| by only adding symbols of the form

[j ¢ ran(fs)] at coordinates 1 < 8 € x \ S* and extending also p/ (1).] As & is

inaccessible in Vi by and in V]fi as P is < k-closed we can apply the delta
system lemma, so w.l.o.g. (dom(p,) : v < k") forms a delta system. By applying
the delta system lemma again we can assume that for each 8 € x \ S* each of the
following systems of sets forms a delta system:

b L’Y (7<K3+) )

_ i [fp(0) = J] € py(B) vV Ij € [§p(ki), Ep(k(i + 1)) +
cn@={ " A Ll fo<w)
Therefore (recalling that each ¢ < A has x-many possible images) there are
¢ # ¢ < kT, such that ps and p; has no explicitly contradictory terms on the
coordinates concerning the k-colored graphs, and agreeing in the first part of the
condition on the coordinates dedicated to Mathias forcing, under which we mean
the following (w.l.0.g. we can assume that £ =0, { = 1):

(®)10 for B =1 for each i, € Lo(1)NL1(1) there exists some € < & s.t. [i R j| €
po(1) Npa(1),

(®)11 for B € x\ S*\ {0,1} (if B € dom(pg) N dom(py)) the set po(B) U p1(B)
determines a partial injection from a subset of A to a subset of A, i.e.
satisfies [(5)] (from Definition [3.28|[Case (2)),

(@)12 for B € S* N dom(pe) N dom(pr) po(B) = (W, Ao.p), p1(B) = (ws, A1) for
some wg € [V,Y']<", and Ph-names Ao g, 41

Now pg and p; seem good candidates for a compatible pair in our supposed an-
tichain, but we cannot take just the upper bound coordinatewise, as for coordinates
B > 1 outside S* it will not necessarily force that po(8) Upi(8) is an embedding of
Mg to M.. Although it is not immediate, the following claim shows that we can
construct a common upper bound, completing the proof of @a for a.

Claim 3.37. There exists a condition q € D}, extending both py and p1.
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Proof. Let {jc : € < o} enumerate LoUL; = {j : [j R, j'] € po(1)Up1(1) for some j’ <
A, v < £} (in increasing order).
(o)1 As Lo, Ly are closed sets of ordinals without maximal element obvi-
ously so is {j. : € < g}, let j, be its supremum.
(e)2 By adding symbols of the form [j ¢ ran(fg)] to po(5), p1(8) we can assume
the following (not harming
()2q for 1 < B € dom(pg) Udom(py) if [fs(i) = jo] € po(B) U pi(8) holds
for no i then [jg ¢ ran(f3)] € po(8) Np1(B),
(®)2p whenever 8 # ' € dom(pp) U dom(py), j* € {{s(p+ 1) : p < A} N
{&p(p+1) : p < A} Nj, and there is no i with [f3(i) = j*] €
Po(B) Upo(8) then [j* ¢ xan(f5)] € po(8) N p1(5),
(®)2. observe that (recalling whenever 5 € dom(pg) U dom(py) \ S*,
and j is such that either [j ¢ ran(fg)] € po(8)Up1(B), or [fa(i) = j] €
po(8) U p1(B) for some i, then j < j,,
(®)2q also observe that [fz(i) = j] € po(8) Upi(B) implies that j = j. for
some € < .

(e)3 We construct the increasing sequence (g. : € < p) in D}, satisfying

q[]e] > p[]s] [JE]

)

(e)4 and also for each e < g the strict inequality g.(3) > qu] (8) is only possible
if B € dom(pg) Udom(p;) \ {1} and (62)~ = max(Nj N (je + 1)) < je hold
and for each such 8 the difference

e AU =T i [fa() = (68)] € polB) Um (B),
e(B)\ ¢ (5){ {[<6£>*¢ran<fﬂ>]}, it [(68)" ¢ ran(fs)] € po(B) Upr(B),

otherwise, if [(02)~ ¢ ran(fs)] ¢ po(B) U pi(B) and for no i we have

[fs(i) = (68)") € po(ﬂ)Upl(B), then ¢.(8) = quE](ﬁ). (Since for the generic
embedding fg ran(fz) € N, 5 must hold, roughly speaking ¢. contains all

the information from pg and p; below j..)

Now we claim that provided the sequence (g : € < o) exists there is a common
upper bound of py and p;.

Claim 3.38. The least upper bound of (g- : € < p) (denoted by q, € D}) can be
extended to an upper bound of py and p;.

el

Proof As the sequence (j. : € < p) has no maximal element, and g, > ¢ > ¢~ >
p§, 057 by [(e)a} [(0)] clearly 4,(1) > po(1), p1(1), and similarly 4,(8) > a0(8) =
po(B),p1(B) for B € 5.

Now fix 1 < 8 € dom(pp) U dom(p1) \ S*, let 15 = sup(Nj3 N j,). Note that if
Lg = jo, then by Deﬁnition@ (11m5<gp[35})(ﬂ) = [j"}(ﬂ) which is equal to po(B)
by and similarly for p;. This implies (recalling g. > po , pl by . -
that ¢,(8) 2 po(B) Up1(B), as desired.

Now suppose that ¢5 < j,. Then clearly plPl(B) = ple1(B) for every condition
pand § € [15,],). Observe that (by Definition and by the fact that
[f3(i) = j] € p(B) implies j € Nj) the set
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($) po(B) Upi(B) \ (pg‘;](ﬁ) U p[lLE](B)) consists of only symbols of the form
[j ¢ ran(fs)], except maybe [f5(i) = 5] for a unique i (and then necessarily

tg = Je for some € < 0).

Then recalling m whenever ¢ < p is such that j. > Ly, then
q=(B) 2 {[fs(i) = jl € po(B) Up1(B) : G <15},

similarly
q=(8) 2 {[j ¢ ran(fs)] € po(B) Up1(B) : j <15}
This together with mean that we only have to add {[j ¢ ran(f)] € po(3) U
p(B): j> Lg} to g,, which is possible, since

[t5] - ) .
2(B) € ao” (B)U{leg ¢ ran(fp)], [fs(i) = 5] i€}
(In fact using (Lg,jg) NNj = () we could have argued that on coordinate 8 j’s not
belonging to N are irrelevant in terms of the generic embedding fz and the generic
filter.)
UclainE3s

Claim 3.39. There exists a sequence {q. : € < g) satisfying .

Proof. We define gy to be the upper bound of p[ojo] and p[ljo] to satisfy
For § € §*if po(B) = (ws, Ao,5), p1(B) = (wp, A1,3) then we let so(8) = (w, Bg)
(where Bg is the ]P’}g—name satisfying H_P}s B = Ap N A1g). Because of o = q([J]E]
(by[(e)3)) and recalling[(®)q}{(iv)] for v = 0,1 go(1) can only be the empty condition.
Furthermore, for 5 € dom(pg) U dom(py) \ S*, 8 > 1 we let
(81 qo(B) ={[j" ¢ ran(fs)] € po(B) Up1(B) = J <jo A j <sup(NjNjo)}
So qo, g4 € DY in fact belong to D}, and we obviously have
Now suppose that gy’s are already defined for § < e, and we shall construct ¢.,
but we need to deal with limit and successor €’s differently.
Case A: ¢ is limit.
Let s, = limg<. g9 € D}, we argue that we can choose a suitable extension of s. to
be ¢.. For g. we only extend s, on coordinates € dom(pg)Udom(p1)\({1}US*). So
fix such a 8. First, if j. ¢ Nj (hence Nj is bounded in j.) then we let ¢-(3) = s(5).
Second, if j. € N, 53, and it is an accumulation point of N 3, then again we do nothing,
just let g-(8) = s.(83). But if j. is a successor of (j5)~ = max(NjNje) in Nj, then
first note that
()2 P B U B) € TN (B) Ul B) ULl ¢ ran(fa) = () U
{[fs(i) = (GE)7]: i< (GE)~}
(in fact j’s between two consecutive element of Nj are irrelevant in terms of the
forcing and the embedding f3). Moreover, as ¢ is limit (and (jo : 6 < p) is closed

by there is 6 € £ with jg € ((5%)7,j.), and by we have
(&) 0(8) & rlf) € A0 (B) U1G2) ¢ ran(fa)], [fs(i) = GE) ]+ i <
Je) 1
Again

(A)a 7(8) 2 P9 (8) U P N(8), and
(8)s 7-(8) 2 (po(B) Up1(B)N{1GE)~ & ran(fa)], [fs(i) = GE): i < (i)~}
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so there is no problem adding {[j ¢ ran(fs)] € po(8) Up1(B) : (§2)~ < j < j-} to
se(B) obtaining ¢.(8). In each of the cases it is also easy to check

Case B: e =0+1.
We summarize first which symbols would the ¢.(8)’s (8 € dom(pg) Udom(py)) have

to include in order for ¢. to satisfy ¢“< > p[]g], pfg] and - Of course only the
case 3 ¢ S* is relevant.

(A)e for =1 the set to cover is
<3.18> PE ) U PP (1) \ 4o(1) = {jo Rr 5] € po(0) Upi(0) = j < jo, T < &}

By
(A)7 for 1 < B € dom(pp) Udom(py) \ S* the set ¢-(5) has to include the set
(3.19) {[f5(i) = jol € po(B)Up1(B) : i € A}

(which is actually either a singleton, or the empty set) and

(38200 {lj ¢ ran(fe)l € po(B) Upi(8): j € ((65)7,02) 7] U L} \ {4}

(where (55)_ = sup(Nj N (Jo + 1)), ( 0~ = = sup(Nj N (je + 1)), possibly
(55)* (62)7). Recall that if [f5(i) = jo| € po(3) Up1(B) for some i, then
necessarily jo € Nj, hence (5ﬂ) = Jo.
First we extend ¢y to a condition q0 with g, T ) including the set in (3.18]), and for
B € dom(pg) Udom(p1) \ S* ¢4 (8) including the set in (3.19).
Subclaim 3.40. There exists q;’ > qp in D7 with
(+)a a5 (1) 2 {ljs R j] € po(0) Up1(0) : 5 <jo, 7 <k},
(*)p for each 0 < 3 ¢ S*
a2 (8) 2 {lj ¢ ran(f5)] € po(8) Up1(8) : = (3g) "},

g (B) 2 {[fs(i) = G T epoB)Um(B) : i< (52)},

while

(+)e aF (1) S P (V) U{lj Ry jol : G <o, v <},
(%)q and for each 1 < 8 ¢ S*

g (8) € 1908 U {I£5() = Jo] + i < o} U {ljs & ran(fs)]}.

Assuming the subclaim (which guarantees that q;r satisfies |(e)4]) we only have
to add symbols of the form [j ¢ ran(fs)] (sets in (3.20)) to the g, (3)’s to obtain
the condition gg11 = ¢. satisfying|(e)s|and |(e)4} therefore Subclaim will finish
the proof of Claim

Proof. (Subclaim [3.40))
(A); For each fixed 8 where § € dom(py) U dom(pq) with [fz(i) = ((55)_] €
po(B) Upi(B) for some i let ig denote this unique 3.

Now observe that
(A)g for each 8 with ig defined, for each j' < j. with [fz(i') = j'] € q-(8) for
some ¢’ note that i/ < j/ < (65)” < j. and if < (6;)” < j. € N}, so we
can apply Lemma and thus each condition ¢ in D} can be extended
to ¢ € D}, with ¢’V deciding the color ¢y, (¢/,45).
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So enumerating all possible pairs (3,i’) (that are as in[(A)2)) and recalling we

infer that
(A)3 for some ¢* > gy the condition ¢*U<] | 8 € D decides the color em, (7,38)
for all such pairs from {(8,i') : B € dom(po) Udom(p1), 37 [fs(i ) jl €
0},

(A)4 repeat this for pairs in {(3,i') : 3j [fs(i') = j] € ¢*V<l}, and let ¢** € D*

be the condition obtained after countable many such steps,
SO

(A)5 the condition ¢** € D*, ¢ > qp with ¢**Uel | B deciding the color
cu, (7,48) for all (8,4) € {(8,4') : B € dom(py) Udom(ps), 3j [fs(i') =
gl € = V(B),

Finally recall that by ()| go(1) = q‘[gj"]( 1), and for each § € dom(gy) \ S* if
q(B) = qéje](ﬁ) can only be non-empty if 5 € dom(py) U dom(py) (and if it is
indeed non-empty then it is a singleton [(j 9) ¢ ran(fg)] or [fg(i) = (39) D.

(A)s This means that after possibly replacing ¢;*(3) by ¢**l¢}(8) U go(B) using
(A)s] it is easy to see that we get a condition ¢** € D? (which still satisfies
both [(e)4] and [(4)3).

Now we are at the position to construct the desired q as an extension of ¢**
(In order to include the symbols listed in and for B’s with (jg)_ = Jjo,
but constructing a proper condition in DY), our task is to determine the color
v(j*, jo) = ca, (3%, Jo) (e add [7* Ry« j,) jo] to ¢**(1)) for each j* and 3 such
that

o [falig) = do] € po(8) Up1 (H).

e and for some i* [f5(i*) = j*] € ¢**le)(B),

so that v(j*, jo) = ca, (4 ,29) (this latter value is the color forced by ¢**Vel | 3 by
(A)s). Then adding also the symbols [fg(zg) = jo] € po(B) U p1(B) will work.

So fix a pair j*, jg as above. Now we will make use of the preparations
and and show that there are no contradicting demands concerning the value
of v(j*,jo). We distinguish the following cases.

Case (1): for some v* < k we have [j* Ry~ jg] € po(1) Up1(1).

Then necessarily j* = 4, for some n < @ (and j,,j¢ € Lo), and the only option is
to

(3.21) put [j, R+ jo] € ¢ (1),

i.e. define v(jy,, jo) = v*. W.lo.g. we can assume that [j, R.,- jo] € po(1). Pick an
arbitrary 8 € dom(pg) U dom(p;) satisfying [fﬁ(zg) = jo| € po(B) Up1(B) and for
some * [f5(i*) = jn] € ¢"(B).

If g € dom(pg), then by we have fact jy,jp € Lo, which implies that
both [fﬁ(zg) = Jol, [f3(i*) = jn] € po(B), so by ‘(®)9/. pg"] I 3 forces a value
for cMﬁ( zg) Hence, ¢**Uel | g > qéje] [ B> pojg [ B forces the same value for
ey (1%, ) (by our hypothesis on ¢g , which is v*.

Otherwise, assume that 5 ¢ dom(pg) (so necessarily 5 € dom(p1) and [f3(iy) =
jo] € p1(B), and jg € Lq). Then again by the only way that [f3(i*) =
Jnl € go can happen for some ¢* is when [f5(¢*) = j,] € p1(8), but then |(®)y| m/ -

B
0
*
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implies that j, € L1, so [j, Ry- jo] € p1(8) is a member of p;(3), too, and then we
can proceed as in the case above (i.e. arguing that p[]"] I BIF cnry (3 zg) =v*).
Case (2): for no v* < k have we [j* Ry~ j<| € po(1) Up1(1).
Case (24): j* = j, for some n < 6 (so by necessarily |{jn,jo} N (Lo \ L1)| =
[{dn:do} N (L1 \ Lo)| = 1).
We can assume, that j, € Lo \ L1, jo € L1 \ Lo. This means that
(A)7 for no f there exists ¢ such that [f3(i) = j,] € p1(5), and similarly, [fs(i) =
Jo] € po(B) is impossible
by our assumptionon po and py. So bym [f3(?) = jy) € go(B) is

only possible for any 8 € dom(pg) Udom(py) if [f5(¢) = j,] € po(B) Up1(B), so this
case necessarily [f3(i) = j,| € po(8). Summing up, for each  with the prospective

qq forcing j, € Lo\ L1, jo € L1\ Lo to be in the range of fs the only possibility is

that
(3.22) [£5(i5) = jo] € pr(B), and
(3.23) for some i* [f3(i*) = j,] € po(f).

Now we argue that at most one such 8 € dom(py)Udom(p;) may exist (then by[()s]
we can put [j* Ry~ j<] € g} (8) with v* < & defined by ¢**le] | B I- ey (3° zg) =¥,
and we are done).
So assume on the contrary, let 5’ # 8" be such that hold. Then
clearly 8, 8" € dom(po) Ndom(py), and jg, jn € {{s/(p+1) : p < A}N{&sr(p+1):
p < A}, then by our assumption (on all the p,’s) contradicts
Case (2B): j* is not of the form jy for any 6 < ¢.

This case we argue that at most one 8 € dom(pg) U dom(py) could exist with
[fg(ig) = jo] € po(B) U p1(B) satisfying that for some i* [fz(i*) = j*] € q**(ﬁ)
(Then again by we can put [j* R,- jo] € ¢ (8) with v* < &, q** el 1 g IF
e (7 zg) =v*)

So if there are 8 # 8" € dom(pg) U dom(py) with
[for (i) = 5] € q-(B’) for some i*,
[f5 (i**) = j*] € q-(B") for some i**
73/ 62) = 721 € 2o(B) Up (4,
[for (i27) = je] € po(B") Upr(B"),
then again as in [Case (24)| we can get to an easy contradiction (i.e. 8',3" €
dom(po) U dom(py), and j* € {{p(p+1) : p < A}n{&s(p+1): p < A},
hence [(©)o)|(iv)| and [(e)2l/|(®)2,| imply [j* & ran(fs)] € po(8") Np1(B’), similarly for
B". Now recall ¢** > go and |(®)4)).

UsubclainiZzm
Uclainzaa
OctainE3a

ULemmadZ3ahnd335

Having proven that ]P’1 (and each P!, o < x) is the composition of a )\Jr—cc and
a kT-cc forcing, so itself A*—cc we have - Moreover, recall Claim and that
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Qp = Q(\, x, k), so Qg does not collapse any cardinal, while P}, /G1 is £T-cc, < k-
closed, so IP’; being the composition of the forcings preserving cardinals itself does
not collapse any cardinal, we get|(T7)4l An easy calculation yields the following.

1
Claim 3.41. For each o < x we have V]f“ = |QL| < x. Therefore, up to equiva-
lence IP’; is of power x.

Proof. For P{ = Q} we already know |Q}| by Observation (3.24). We have to
prove the two statements simultaneously by induction on a. As P; is a < K-
support iteration, and y<* < y* = x, by our premises it is enoulgh to prove for the
successor case. So for each o < x it is enough to show that VIEC‘ = |QL| < x. For
a =1 as Q1 is a forcing of a k-colored random graph on A with conditions of size
< K we get that |Q1] = A<" < x (in fact |Q}| = \).

For o with 1 < o« ¢ S* (so Definition [3.28|[Case (2)). Again, each condition in
QL can be coded by a partial function of size < x on A to A+ 1, so |QL| = A<% < x.

Finally, for a € S* (Definition Case (3)), QL = Qp, is the Mathias type

forcing from Definition where D,, is a system of subsets of V,Y? generating a

rl pl
r-complete filter, so |QL| < (2V=hVi* = (2%)Va" < x (because |PL| = x, PL is
Af-cc, and we assumed (x*)V1 = ).

|:lLemde:l

So now we are ready to complete the definition of IP’%( by prescribing the names
Ds (6 € S*)and M5 (1 < 6 ¢ S*), which are standard easy bookkeeping arguments
(using [P} | = x and the A*-cc), but for the sake of completeness we elaborate. This

will prove |(T)s| and [(T)6l so complete the proof of Conclusion

Claim 3.42. The system of Ds’s can be chosen so that for every Pi-name D with
Vi lbpr D€ [P(V,)]S* there exists a 6 € S*, such that for the Pi-name Dj we
have H—P; D = Ds

Proof. Tt is obvious that by x* = x (so cf(x) > )) and the AT-cc for every such D
there is a nice P}-name for some § < x. As forcing with the < x-closed ]P’i< does not
add new elements to V. we get that for each § there are x** = y-many such nice
names. Also, as |S*| = x we can partition $* =, ., S; with S5Na =0, [S;| = X,
we can let (D5 : § € S¥) list the nice names for subsets of Z(V,,). Octainizaal

A similar calculation yields the following.

Claim 3.43. The system of Ms’s can be chosen so that for every Pi—name for a
r-colored graph M on X there exists a 1 < § ¢ S*, such that for the Pt-name M
we have ”_]p}( M = Ms.

Proof. Easy. Uclainzaal
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