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Assuming the existence of a supercompact cardinal, we construct a model where, for some uncountable regular
cardinal «, there are no X} («) x-mad families.
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1 Introduction

The study of higher analogs of descriptive set-theoretic results has gained considerable attention during the past
few years. Recent work includes new results on regularity properties, definable equivalence relations, and the
connections with classification theory (cf. [4] for a survey and a list of relevant open problems).

In this paper we consider the definability of mad families from the point of view of generalised descriptive set
theory. Our basic objects of study are the following:

Definition 1.1 (a) A family F C [«]“ is called x-mad if [A N B| < « for every distinct A, B € F, and F is
C-maximal with respect to this property.

(b) Wesay that X C 2 1is Z,‘(K) ifthereisatree T C U k* x 2* suchthat X = {5 € 2 : thereis v € «* such

a<kK

that (v[a, nfa) € T for every a < k}.

Following Mathias’s classical result that there are no analytic mad families (cf. [6]), it is natural to investigate
the higher analogs of Mathias’s result for a regular uncountable cardinal «. It turns out that under suitable large
cardinal assumptions, it is possible to construct a model where no | (k) k-mad families exist, thus consistently
obtaining a higher version of the result of Mathias.

The main result of the paper is Theorem 2.8, which will also be stated here:

Main result The existence of a regular uncountable cardinal k such that there are no le (k) k-mad families
is consistent relative to a supercompact cardinal.

An important ingredient of the proof is the forcing Qp in Definition 2.2. Qp is a (< k )-complete forcing adding
a generic subset of x that is almost contained in every set from the normal ultrafilter D on «. We shall prove that
such forcing notions destroy X (« ) k-mad families. Using a Laver-indestructible supercompact cardinal, we shall
iterate those forcings to obtain the desired model

The rest of the paper will be devoted to the proof of the above result.

2 Proof of the main result

Hypothesis 2.1 We fix a measurable cardinal k and a normal ultrafilter D on k.
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We shall now define a variant of Mathias forcing (we shall use the Jerusalem notation, so p < g means that g
is stronger than p):

Definition 2.2 (A) Let Q = Qp be the forcing notion defined as follows:
(@ peQpiff p=(u,A) = (u,,A,), where u € [k]=“ and A € D.
(b) = = =g, is defined as follows: p < q iff
(1) u, € u,.
(2) A; S A,.
(3) ug\u, CA,.
4) o < Bforeverya € u,and 8 € u, \ u,.
(B) Let y be the Qp-name for U{u, : p € G}.
(©C) p=sPrqiff p<qgandu, =u,.

Observation 2.3 (a) Qp is (<« )-complete.

(b) The sequence (p; : i < k) has an upper bound if the following conditions hold:
(1) (pi:i<«k)is <P-increasing.
(2) Ifi e jQiAj and i > sup(uy, ), then j € [i,k) > i € Ap.

Proof. (a) By the k-completeness of D.
(b) By the normality of D, (up,,, AA,, \ up,) is a condition in Qp. It is easy to see that it is the desired upper
bound. 0

Claim 2.4 Let Q be a forcing notion.

() (A) implies (B) where:
(A) (a) Bisa Ell(/c) subset of []“ and |- “X € B”.
(b) x >2, N < (H(x),€), {B,D, X} SN, |N| =«, and [N]™ C N.
(c¢) Qis a (<k)-complete forcing notion.
(d) QeN.
(e) G C QIN is generic over N.
(B) XI[G]is C k and belongs to B.
(B) (A) implies (B) where:
(A) (a) Bisa 211 () subset of [k]“ defined by the tree T €V.
(b) Q is a (<«k)-complete forcing notion. . X
(¢c) BY" is k-mad in VO, where BV" is the set of all n € (2)"" for which there is v € ()" such
that (via, nla) € T for all @ < k, where T is as in Definition 1.1(b) for B.
(B) BY is k-mad in'V, where BV is defined as above with V replacing V<.

Proof. (x)Fora <«,letT, =2% x k% and fora < B <« and (,v) € Tg, let (n, v)[a = (nfa, v[a) €
T,.LetT, = U T,,then T, is the set of k-branches through 7. There is a subtree T C T, such that {n : Jv((n, v) €
lim(7"))} = B (where 7 is interpreted as {« : n(a) = 1} and im(T') = {(n, v) : (n|e, via) € T for all @ < k}),
hence there are (7, v) such that I-*“(n, v) € lim(T) and X = {or : n(«) = 1}". Without loss of generality,

T, n. Y e N. For each @ < «, let I, € N be a dense open subset of Q where I, = {p € Q : p forces a value to
(17; v )la}. For each o < k, choose p, € G NI, and let (1,4, vy) € T, be the value forced by p, for (Q’ v)la.
Forevery o < B < k, py and pg are compatible, and hence n, < ng and v, < vg.Let (n,v) := (aL<JKna, aL<JKva) €
lim(7), then N[G] = “X[G] = {« : n(a) = 1}”, hence X[G] € B. This completes the proof of («).

(B) Obviously, each element of B” has cardinality « and BY is a «-almost disjoint family. Let C € [«], by
assumption (A)(c), lFg “there is D € B such that |C N D| = «”. Therefore, for some Q-name 7, kg “z € B

and |C N 1| = «”. Fix alarge enough x and N < (H()x), €) such that [N| = «, [N]=“ and {7, B, C} C N. By the
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(<K )-completeness of Q, there is G € Q[N which is generic over N. By part («) of the claim, 7 [G] € B” and
|CN z[G]| = &, hence B” is k-mad in V. O

Claim 2.5 Letting Q denote a general forcing notion, there are no (Q, y, D, B) such that:

(a) Q is a (<«k)-complete forcing notion.

(b) D is a normal ultrafilter on k.

(c) kg “u € [k]° and y <* A for every A € D”.

(d BeVisa Ell(lc) subset of [k].

(e) BY isk-madinV.

) B" is k-mad in V2.

Proof. Suppose towards contradiction that there are (Q, u, D, B) as above. Hence B is a le(lc) «x-mad
family in V. Fix asequence (A} : i < k) € V of pairwise distinct members of B. Let F : ¥ x k — « be the function

defined as

F (i, a) := the ath member of A¥ \ UAjf € [k]*
J<t

(recalling that « is regular and B is «-almost disjoint).
Now define the following (Q-names:

(1) o;ismin{y \ (i + D}
(2) Biis F(i, ).

(3) v ={Bi: i€ u satisfies that otp(i N y ) is even}.

Let E be the filter on « generated by the sets {{F (i, «) : i < @ are from A} : A € D}. By Rowbottom’s theorem,
for every A € D and X C «, if fx : [A]*> — {0, 1} is defined by fx(i, o) = 0 iff F(i, «) € X, then there exists a
monochromatic B C A such that B € D. It follows that E is an ultrafilter. As F is injective, each set in E has
cardinality «. By the k-completeness of D, E is also k-complete.

Subclaim1 ENB = @.

Proof. LetC € B.

CaseI: C = Af; for some j < k. Let A € D such that min(A) > j, then by the definition of F, {F(i,a) : i < «
are from A} N A} = &. It follows that C ¢ E.

Case II: C € B\ {A} : i < «}. In this case, define f : k — k by f(i) =sup(A; NC)+ i+ landlet H = {§ <
k : §isalimitordinal suchthat f(i) < §foralli < §}.SoH C kisaclub,hence H € Dand H* := {F(i,a) : i < «
are from H} € E. Suppose that F(i,) € H*; if F(i,a) € C, then o < F(i, @) < f(i) < «, a contradiction. It
follows that C ¢ E.

This proves Subclaim 1. t

We shall now return to the proof of the main claim. Suppose towards contradiction that B"" is k-mad in VQ.
As lFg “v € [k]7, there is a Q-name 7 of a member of BY" such that I-g “|v N 1| = 7. Forevery p € Q, let

By ={a<k:pkKag¢ ).
Subclaim 2 B;‘ eE.

Proof. Suppose towards contradiction that B[f ¢ E, then there is some C, € D such that B[f N{F@i,o):
i <« are from C,} = @. Therefore, if i < « are from C,, then p IF “F (i, @) ¢ 1”. Recalling that I-q “y €* C,”,

it follows that p I “a; € C), for i large enough”, and also p I “for i large enough, i € ¥ — i € C,”. Therefore,
plhq “Bi = F(i,o;) ¢ t for every large enough i € y”. Recalling the definition of v, it follows that p IF “|v N

x| < k”, contradicting the choice of 1 . It follows that B;“ € E, which completes the proof of Subclaim 2. t
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Forevery pe Q,letB, ={a <k :pkF “a e 7}

Subclaim 3 B; eE.

Proof. Suppose not, then B, :=« \ B, € E (hence B, € [«]) and p IF “B, C T ”. By the k-madness of
B, there is C € B (in V) such that [CNB,| =k. As plF “B,NC C 1,7 € B and B is k-mad”, it follows that
p Ik “z = C”. We shall derive a contradiction by showing that I-g “|v N C| < k”: Choose i, such that C # A}
for every i € [iy, ). It follows that |C N A}| < k for every i € [is, k). Now repeat the argument of Case II in the
proof of Subclaim 1 and choose f, H and H* as there. As H € D, |-g “for large enough i, i € u — i, o € H”.
Repeating the same argument as in Subclaim 1, g “for large enough i € u, ﬁf = F(i,a;) € H", hence ,@ ¢ C”.

It follows that IFg “|v, N C| < k7, leading to a contradiction. This completes the proof of Subclaim 3. O

Observation 2.6 (A) Given py, p> € Q and o < «, there exist (q1, q2, B) such that:
(a) pr=qgq (I=12).
(b) B €la, k).
(c) qilF“Bezx™
(d) 2 “B ¢ "
(B) Asin (A), with (d) replaced by the following:
(d) g2 “Bex”

Proof. By the previous subclaims, B;l NB,, B;l N B;z € E, hence there exist 8 € (B]jl NB,)\aands €

(B;,”l N B; )\ a. By the definitions of B,J;/f, there exist g; > p; and ¢ > p; such that (g1, g2, B) are as required,

and similzirly for § and (B). This proves the observation. 0

Let x = (2°)" and N < (H(x), €) such that [IN| =k, N** TN,k CNand t,D,BeN.Let(l; :i <) list
the dense open subsets of Q from N. We shall now choose ( p}, p,z, ¥;) by induction on i < k such that:

(@) pl,p? € QNNandy; €N.
(b) i<j—>pf§Qplj(l:1,2).
(c) Ifi=4j+ 1, then p!, p? € I;.
@ yiex\ Uy + D).

(e) Ifi=4j+2,then p! IF “ys;40 € T”and p? Ik “yuj0 € T
(D) Ifi=4j+3, then p} Ik “yaji3 € T”and p Ik “yajis ¢ T
(g) Ifi=4j+4, then p! |- “yyja ¢ 7 and p? - “yajia € T”.

Observation 2.7 It is possible to choose (pl! , pf, y;) as above for each i < k.

Proof. Casel:i=0. This is trivial.

Case II: i is a limit ordinal: As N= C N and (plj 1 j<i),(yj:j<1i)eN, we can find p} and p% using the
(< k)-completeness of Q and elementarity. As « is regular, there is no problem to choose ;.

Case Il i = 4j 4 1: As p},, p’, I; € N, by elementarity there exist p; and p; as required.

Case IV: i = 4j + 2: Use Observation 2.3(B).

Case V:i =4j 4+ 3: Use Observation 2.3(A).

Case VI. i = 4j 4 4: Use Observation 2.3(A), with (p?, p,!) here standing for (p;, p,) there.

Finally, let G, ={g € QNN : g <g pé for some i <k} (I =1,2), then G; € QN N is generic over N. By
Claim 1(«), C; := z[G] € B. By the choice of (p}, p7, %), {yai+2 : i < k} € C; N Cy,hence C; NG, € [k]. Sim-
ilarly, [{yai+3 i < k}| =« and {y4;13 : i < k} € C; \ G2, hence C; # C,. This contradicts the k-madness of B in
V. O
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This completes the proof of Claim 2. (]

Before formulating and proving our main result, we remind the reader of the notion of a Laver-indestructible
supercompact cardinal. It was shown by Laver in [5] that if « is supercompact, then there is a k-c.c. forcing
IP such that, in V*, « is supercompact and its supercompactness is preserved under forcing with (< «)-directed
closed posets. This will be used in the proof below to construct our iteration, where we have to guarantee that for
unboundedly many & < & we can find a normal ultrafilter on « in V7.

Theorem 2.8 If « is a Laver-indestructible supercompact cardinal, then there is a generic extension where k
is supercompact, and there are no 211 (k) k-mad families.

Proof. We recall the following strong version of « -c.c. (cf., e.g., [7, 8]). A forcing Q satisfies *,1(’@ if:
(a) Qis (<«k)-complete.
(b) If {p, : @ < k} € Q, then for some club E C ™ and regressive function f on E we have (8,8, € E A

f(81) = £(82)) = ps,, ps, are compatible.
(c) Every two compatible conditions in Q have a least upper bound.

Obviously, *,1(3@ implies k*-c.c. By [7], *,1(,@ is preserved under (< « )-support iterations.

It is easy to verify that Q = Qp satisfies *,1(_@ when D is a normal ultrafilter on « (e.g., fix a bijection g :

[k]7¥ — k,and forevery {p, : @ <k}, let E = (k, k") and let f : E — k" be defined by f(«) = g(u,) where
Do = (Ug, Ay))
Let (P, Qp : ¢ < 8, B < §) be a (<« )-support iteration such that:

(@ cf(d) > «.
(b) Each @g is *,l(’Qﬁ.

(¢) § =sup{a < 4§ :in VP, (% = Qp,, where % is a P,-name of a normal ultrafilter on «}.

As « is a Laver indestructible supercompact cardinal, there is an iteration as above. Suppose towards contra-
diction that there is a ¥ (k) x-mad family B in V5. B = {5 : 3v((n, v) € lim(7))} for a suitable tree 7. By the
fact that ¢ £(8) > « and Ps is k T-c.c., it follows that T € V# for some 8 < 8. Let y € [8, §) such that Q, =Qp,

where D,, is a [P, -name of a normal ultrafilter on . By Claim 1(8), B"" is k-mad in V7.
Applying Claim2toV; = v, Q =Ps/P,,and D = D,,, it follows that B is not x-mad in VP a contradiction.

It follows that there are no X! (k) k-mad families in V5. O

3 Open problems
We conclude by listing some of the open problems following from our work. Following the main result of the
paper, one may ask whether it is possible to get an implication instead of just consistency:
Question 3.1 Suppose that « is supercompact, is there a X/ (k) «-mad family?

Question 3.2 What is the consistency strength of ZFC 4 “for some uncountable regular cardinal «, there are
no E,' (k) k-mad families”?

It is known by [2, 6, 9] that ZF + DC + “there are no mad families” is consistent ([9] shows that it holds in
Solovay’s model while in [2] we obtain a consistency result relative to ZFC).

Question 3.3 (a) What is the consistency strength of ZF + DC + “there exists a regular uncountable cardinal
Kk such that there are no x-mad families”?

(b) Suppose that ¥ > R is regular, does DC,. imply the existence of a x-mad family?

It is known by [1, 3] that Borel maximal eventually different families and maximal cofinitary groups exist,
therefore it is natural to investigate the «-version of those results:

© 2022 Wiley-VCH GmbH. www.mlg-journal.org
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(1]
(2]
(3]
(4]

(5]

(6]
(7]
(8]
(9]

Question 3.4 (a) Does ZFC imply that there are x-Borel x-maximal eventually different families for every
(or at least for some) regular uncountable cardinal « ?

(b) Similarly, replacing regular uncountable cardinals by successor cardinals, inaccessible non-Mahlo cardi-
nals, etc.

Question 3.5 (a) Does ZFC imply that there are x-Borel x-maximal cofinitary groups for every (or at least
for some) regular uncountable cardinal «?

(b) Similarly, replacing regular uncountable cardinals by successor cardinals, inaccessible non-Mahlo cardi-
nals, etc.
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