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ANALYTICAL GUIDE 3

Notation -1.1. : =T appears in the following context: p =" sup{...} means “both
sides are equal, and if in the right side the sup is not obtained, then it is singular.”

For a set C of ordinals, acc(C) = {a € C : a = sup(a N C)}, nacc(C) =
C'\ acc(C).

The aim of this guide is to help the reader find out what is said in [She94f] and
related works of the author, what are the theorems and definitions or where to look
for them.

Let [A]" = {a C A : |a| = k}, similarly [A]<* and [A]=". We denote [A]=* also
as ’PSK[A].
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PART A - ANALYTIC GUIDE

§ 0. I[A\] AND PARTIAL SQUARES

See [She79], [She85al, [She94c, 2.3(5)], equivalent forms [She93a, 1.2], preserva-
tion of stationary subsets by p-complete forcing [She79, 21], [She85a, 10].

Definition 0.1. Let A = cf()\) > Xg. For S C X\ we have: § € j[)\] iff for some
club E of A and (C, : @ < \) we have: C, is a closed subset of «, otp(Cy) < «,

[ € nacc(Cy) = Cg=5NCy) and [@ € ENS = a =sup(Cy)]

(and every 8 € nacc(Cy,) is a successor ordinal); note £ N S has no inaccessible
cardinal as a member. Note that [She93a, 1.2] says that the definition just given is
equivalent to those used in [She79], [She85al.

We can demand further « € ENS = otp(C,) = cf(a). But we can demand
less: for each a we are given < A candidates for C,, and for C a candidate for «
and B < a,C N (B +1) is a candidate for some v < a. I[)] is a normal ideal, and
in many cases of the form “non-stationary ideal +S5” (see [She79]; [She85al).

Remark 0.2. I[)\] is a normal ideal but many times it has the form {4 C \ :
AN S non-stationary} and then S is the “bad” set of A\. This holds for I[A] | {§ <
A:cf(6) = Kk} if A = A<% or less (see [She79], [She85a]).

Claim 0.3. 1) If A is regular, then S = Sg\ = {0 < AT : cf(8) < A} is the union
of X sets on each of which we have a square (see below) hence belongs to I[\], see
[She9la, 4.1].

2) If A = X\<%, then {6 < At : cf(8) < K} is the union of \ sets on each of which
we have a square (see [She86b]), hence the set belongs to I[\].

3) Moreover, if A > Rq is regular and o < XA = |a|<" < X or just o« < A =
cov(|al, k, k,2) < X then {6 < X\ : cf(§) < k} € I[\] (see [She93a, 2.8], the case
Kk = Ng s trivial). By Dzamonja, Shelah [DS95] the same assumption gives {6 <
AT cf(8) < cf(N)} is the union of < X\ sets on each of which we have square. Also
in [DS95] there are results on getting squares with A singular and results with an
inaccessible instead of \T.

Definition 0.4. S C p has a square if we have ST, C ST C ppand (C, : @ € ST)
such that: C,, is a closed subset of a of order type < o, and o € Cg = Cp, = aNCp
and [o is a limit ordinal iff a = sup(Cy,)] for a € S; also if a € S = cf(a) < k(< k),
we can add “otp(Cy) < k(< k).

Remark 0.5. Related ideals [She94c, 2.3,2.4] [She94a, 2.3,2.4,2.5,5.1,5.1A5.2].
Claim 0.6. If k™ < A = cf()\), then we can find a stationary

S C{d < A:cf(6) =cf(k)}, Se€IN
[She93a, 1.5] (somewhat more [She93a, 1.4]).

Note 0.7. Negative consistency results: [She79], (“GCH + the bad set for N1 is
stationary”) Magidor, Shelah [MS94], Hajnal, Juhasz, Shelah [HJS86], consistency
of I[)\] large but stationary sets reflect [She91a].

Note 0.8. On killing stationary sets by forcing [She79], [She85a, 18,19], [She94a,
2.4].

Note 0.9. On consequences of pcf structure ([She79], [She94f, Ch.VIIL,§57], [She00a,
5.17,5.18)), e.g. (GCH) the bad stationary subsets of R, do not reflect ([She79]
or [She85al).
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§ 1. GUESSING CLUBS

Definition 1.1. Definition of ideals [She94l, 1.3,1.5,3.1]: definition of g¢ [She94l,
2.1]: also [She94k, 1.8].

For example

Definition 1.2. For C = (C5:6 € S), S C A = cf()\) > Vg, Cs a club of &:
id®(C) = {A C X : for some club E of \, forno§ € SNANE, is C5 C E}

id*(C) ={AC \: forsomeclub E of \, forno§ € SNANE,
is sup(Cs \ E) < supCs}

dp(C)={ACA: forsomeclub E of A, fornod € SNANE,
is 6 = sup (E N nacc(Cy)) }.

Note 1.3. 1) Easy facts [She94l, 1.4,1.6]. B
2) For A, S C X stationary, concerning the existence of C' = (Cs : 6 € S) “guessing
clubs of A” [She94l, §2] (and [Shear, Ch.III,7.8A-G]).

Claim 1.4. The following items give sufficient conditions for the properness of the
above ideals for \ reqular uncountable:

(a) If § € S = cf(d) < p for some p < A, then we can find clubs Cs for § € S
such that id°((Cs : 6 € S)) is a proper ideal (i.e. for every club E of \ for
some 0,Cs C E) by [She94l, 2.3(2)].

(b) If A= u™, p regular, then
(o) There is a sequence {(S=,C.) 1 e < \) such that:

e, each S; is a subset of A\ and

J{Se e < AT} = {6 < AT 2 ef(6) < A}
o, for each ¢ < X\, C. has the form (Cew + v € 8;) and is a

partial square, which means that: C o is a closed subset of a, is

unbounded if o is a limit ordinal, is included in S. and
6 S Cs,a = CE,B = Cs,a mﬁ

o3 also, C, o is of cardinality < A

(B) For every limit ordinal 5(x) < X, for some partial square C = (C, :
a € 8,) of A we have o € Sy, = otp(Cy) < (%), and letting

S* ={a € S, :otp(a) =d(x)}
we have that C' | S* guesses clubs; that is, @ ¢ id*(C).
(v) For every limit ordinal 6(x) < AT, for some club E of AT, an ordinal
e < X and and limit ordinal T < X\ divisible by §(x) with the same

cofinality, the sequence C_'a,E is as required in (B) replacing 6(x) by T
where (of course C is from sub-clause (o))

Cop=(CcunNE:a€S.-Na)
Why? clause (B) follows from clause (), clause (7y) follows from clause
() as usual (trying enough times).
For clause (a) see [She94l, 2.14(2)] but the proof there is inaccurate,
see [She9la, 4.4,pg.47] or see part (B), 44, see part B here.
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(c) If \ = u™, p regular, S C Sﬁ is stationary, then we can find C = (Cs : 6 €
S), Cs a club of §, otp(Cs) = p, [a € nacc(Cs) = cf(a) = p] and id,(C) a
proper ideal (i.e. for every club E of A for some ¢, § = sup(E Nnacc(Cs)) ),

[She94l, 2.3(1)], [She03], [She9Ta, §3].
(d) If [N = u', p singular, and 6 € S = cf(d) = cf(u) > Rg] or [\ inaccessible

and 0 € S = cf(6) € (Ro,d)/, then for some C = (Cy : a € S) we have:
id*(C) is proper and for each § € S we have: (cf(a) : o € nacc(Cys))
converges to 6| (and is strictly increasing) [She94l, 2.6,2.7].

(e) If S* C X is stationary and does not reflect outside itself and S C A is
stationary, then for some C = (Cs : § € S) we have nacc(Cs) C S*, and
id,(C) is a proper ideal, [She94l, 2.13].

(f) Similar theorems with ideals [She94k, 1.7,2.4], [She03, 1.11,1.12] other re-
lated ideals [She94k, 1.10].

(9) More in the places above and [She03, 2.6,2.8,2.9] and [KS93].

(h) Assume A = cf(N), S C {d < AT : cf(8) = A} is stationary and x satisfies
one of the following: A = x* or x = min{r < A : (30 < 7) 7% > \} or
A strongly inaccessible not Mahlo. then we can find (Cs,hs : § € S) such
that: Cs = {as,c : ¢ < A} is a club of 6, as ¢ increasing with ¢, hs : C5 — x
and for every club E of A%, for stationarily many § € S, for each i < x,

{{<X:ia5¢€E, a5¢41 € E, and hs(ase) =1}

is a stationary subset of A (see [She03, §3], [She97a, §3]). If A\ is a limit of
inaccessibles, we can demand cflasci1) > (.

(i) If \,C = (C5 : 6 € S*) is as in 0.1, S € St sup{|Ca|" : @ € S} < A
then for some club E of X\, C'" = (g¢(Cs,E) : § € ST Nacc(k)) is as in
0.1 and for every club E1 C E of A, for stationarily many § € S, we have
a e Cs=sup(CiNa) <sup(ENa).

(j) Assume A = cf(A) and S C S§+ = {0 < AT : cf(d) = A} is stationary.
Then we can find an S-club system C'= (Cs : § € S) and h : S — X such
that for any club E of \t, for stationarily many 6 € S, for everyi < A, the

set nacc(Cs) N h=1({i}) is unbounded in § (under reasonable assumption
|{CsNa: a € nacc(Cs)}| < A), see [She03, 3.3].

Note 1.5. On ®¢, ®F for some S-club system [She94l, 2.12,2.12A,4.10] and a
colouring theorem [She941, 4.9] (see earlier [She88b]). Where A is a Mahlo cardinal,

®c C has the form (Cs : 6 € S), S C X a set of inaccessibles, Cs a club of §
such that: for every club F of \ for stationary many § € S, ENd\ Cs is
unbounded in §

and for Kk < A:

®% C has the form (Cs : 6 € 52), S2 = {u < X : p inaccessible}, such that: for
every club E of ), for stationarily many § € S2 Nacc(E), for no ¢ < k and
ae € S2(e < () is nacc(E) N6\ U C,. bounded in 4.
e<(

By [She94l, 4.9] if x is a Mahlo cardinal and ®¢, then for some 2-place function
¢ from K to w, for every pairwise disjoint w; C k, |w;| < k for i < k, and n, for
some ¢ < j, Rang(c [ w; x w;) C (n,w). By [She94l, 4.10B], ®2é & ®Né°7 also @% is
a strengthened form of “k not weakly compact”, which fails under mild conditions
([She94l, 4.10A]). See more in [She94l, 4.13].

See https://shelah.logic.at/papers/E12/ for possible updates.
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Note 1.6. : id,(C,I) is decomposable [She94l, 3.2,3.3].

Note 1.7. If kT < X\, we can find (£, : a < A) such that:

(8) P4 is a family of < A closed subsets of a,

(b) 8 €nacc(C)and C e P, =CNpEe Pg

(c) for every club E of X\ for stationarily many o < A, there is C € 4,
k = otp(C), a = sup(C) and C C E [She93a, 1.3] (we can replace k by

(%), [0(+)| = r).
Note 1.8. More on 1.4(c) in [She03, §3] and better in [She97a, §3].

Note 1.9. If we want to preserve
a € nacc(Cq) Nnace(Cg) Nnace(C,) = CsNa=CyNa

we can weaken the guessing to: V clubs E, 32§ such that FE is not disjoint to any
interval of C,. See the proof of [She96a, 6.2], [DS95].

Note 1.10. On ideals related to Jonsson algebras and guessing clubs: [She94k],
[She03, §1] (used in §8 here).
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§ 2. EXISTENCE OF LUB

We discuss here lub of f = (f, : @ < §) mod I, where f, € #*Ord, I an ideal on
K, KT < cf(8). See [She78], [She86a], [She88a, §14] and better [She94b, §1].

Definition 2.1. We say “f is a lub of (f, : & < ) mod I” where I is an ideal on

Dom([), fo : Dom(I) — ordinals, if A fo <; f, and
a<d

Nfa<t =f<f modl
a<d
We say “f is an eub (exact upper bound) of (f, : @ < J) mod I” where [ is an
ideal on Dom([I), fo : Dom(I) — ordinals, if A f, <; f andif g <; max{f, 1} then
a<d

for some a < & we have g <; f, (see [She94c, 1.4(4)]); usually o < 8 = fo <1 f35;
“f is an eub of (f, : @ < §) mod I” says more than “f is a lub of (f, : a < )
mod I”.

Claim 2.2. The trichotomy theorem on the existence of eub [She94b, 1.2,1.6]
(slightly more [She96a, 6.1], on eub # lub, see example [She96a, 6.1A]).

For ezample for I a mazimal ideal on K, fo € *Ord for a < §, cf(§) > T,
f = (fa/I : a < 6) increasing, either f has a <r-eub, or for some sequence
W= (w; : i < K) of sets of ordinals, |w;| < k we have:

AV (3o TTws)lfa/T < /T < fa/1].

a<d <O 1<K

The cf(8) > K is necessary by [KS00].
Definition 2.3. [She94c, 2.6]. We define:

gd;(f) = {a<d: cf(a) >k, and there is an unbounded A C a
and members s; of I for i € A such that:
1€ Aand j € A and ¢ < j and

¢er\(siUs;) = fi(Q) < £(O)}-
Sufficient conditions for the existence of eub [She94b, 1.7] is that gd;(f) is a sta-
tionary subset of 4.

Definition 2.4. Let a be a set of regular cardinals and N < (H()), €): we define
Chiy(0) = sup(N N @) for & € a [She94c, 3.5], [She94b, 3.4(stationary)], [She94a,
1.2,1.3,1.4] more [She94g, 3.3A,5.1A] and [She96a, §6].

Claim 2.5. On the good/bad/chaotic division. For f a <-increasing sequence of

functions from k to ordinals, we have a natural division of {6 < Lg(f),cf(8) > xT}
to there:

o, to gd;(f) (see 2.3 above),

o ch(f) ={0 < ly(f) : for some ultrafilter D on Lg(f) disjoint to I and w; C
ordinals for i € Dom(I), |w;| < |Dom(I)| and A V (3g € [Twi)lfi <p

i<8 j<6
g9 <p fjl} and

o3 bd;(f) = Lg(f) \ (gd;(f) Uchi(f))-
Note 2.6. In 2.5:
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(a) for every & < £g(f) of uncountable cofinality there is a club C of § such that

0 € gd;(f)na e Cncf(a) > k= a € gd;(f) and § € chi(f) = C C chy(f);

(b) for bd;(f) to be non-trivial, £g(f) should not be so small among the alephs.

There are connections to NPT (see §12) and I[cf(£g(f))] (see §1) (and consistency
of the existence of counterexamples; see [She79], [MS94], [She94b, 1.6], [She97b]).

Problem 2.7. Ts the following consistent: {d < R,41 : cf(§) = Ro} & I[R,, 4] or
2% < N, and {6 < Ryqq : cf(d) = (2%)F} ¢ IR, 11] (also for inaccessibles) or

f={(fa:a<Vyi1), fa € ] R, chypa(f) N {6 < Nyyq @ cf(d) = No} stationary

n<w

or (VS)[S € INy] and A cf(§) = Ry = S not stationary]?
6es

Note 2.8. More on §2, see in §12 (in universes without full choice).

Note 2.9. See more in [She97f] for generalization to the case cf(d) < |[DomlI|. On
existence of eub see [She97f, 3.10] and [She00a, 6.4].

Claim 2.10. Assume X\ = cf(\) > p > 2%, f, € *Ord for a < k. then for some
B (i < k) and w C Kk we have: © € w = cf(5F) > 2" and for every f € 1] BF for
S
unboundedly many a < X\ we have i € w = f(i) < fo(i) < BF and i € K\ w =
fa(i) = BF; [She96a, 6.6D] (slightly more general); more detailed proof [She02, 6.1],

more variants [She99, §7].
Note 2.11. On decreasing sequences see [She00Oa, 6.1,6.2]. See also [She06].

Claim 2.12. The restriction in 2.5 to cf(0) > & is necessary (by Kojman-Shelah
[KS00].

Claim 2.13. See [Shel3a] for more; e.g. even if pp(R,) = Ny41 then there is a
<J3d—increasing sequence (fo : @ < Vy11) of members of [[wn which is (R, Ryg)-

free; i.e. for every a < VT there is an equivalence relation E, on each class of
cardinality < X4 and h : o = w such that if 8,7 < o are not E,-equivalent then

{Fs(n) :n > BB} N {f(n) i n > h(7)} =&
(See more in [Shel3al, [She20].)
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§ 3. UNCOUNTABLE COFINALITY AND N;-COMPLETE FILTERS AND PRODUCTS:
[She80a], [She86a], [She87]

Note 3.1. Assume (\; : @ < k) is an increasing continuous sequence of singulars,
Ng < k = cf(k) < Ag. Let A = A.. If {i <k :pp(\i) = A/} is a stationary subset
of x, then pp(\) = AT, [She94b, 2.4(1)].

Moreover, pp(Ax) is bounded by )\:”h” where pp()\;) = )\;rh(i) hence we have a
bound on pp(\) in many cases [She94b, 2.4], [She94a, 1.10].

Note 3.2. Definition of various ranks and niceness of filters in [She94d, 1.1,1.2,1.4,3.12]
(more generally on pair (¢, D) or for D € Fil(e,y) see [She93b, §5] and [She93a,
§3,64,55]). For k = cf(k) > Rg, D a normal filter on x and f € *Ord let rk*(f, D)
be < « iff for every A € DT and g <p4 f for some normal filter, D1 O D + A we
have rk?(g, D) < f8 for some 8 < a. D is nice if f € Po(P)Ord = rk*(f, D) < oc.

Note 3.3. If for any A C 2%t in K[A], there are Ramsey cardinals (or suitable Erdds
cardinals which occurs if cardinal arithmetic is not trivial, essentially by Dodd and
Jensen [DJ81]), then every normal filter on w is nice [She94d, 1.7,1.13]; more in
[She94d, §1], [She93a, §3,54,85].

Note 3.4. [She94d, 2.2,2.2A,2.4,2.7], [She93a, §4] A.(f) [She94d, 3.3].

Note 3.5. Rank, basic properties:
[She94d, 2.3,2.4,2.8,2.9,2.10,2.11,2.12,2.14,2.21,3.4,3.8].

Note 3.6. Rank, connection to forcing:
[She94d, Definition 2.6 (EJ),2.6A,2.7A],[She93a, §3].

Note 3.7. Rank, relation with T
[She94d, 2.15,2.16,2.17,2.18,2.19,2.20,2.22].

Note 3.8. Ranks-going down: ranks when we divide wq, [She94d, 3.2] each f suc-
cessor [She94d, 3.6], each f limit [She94d, 3.7].

Note 3.9. Rank, getting x-like reduced products [She94d, 3.10,3.11,3.11A].

Note 3.10. Generic ultrapower with all £ > Ja(R;) represented: [She94e, 1.3], just
for one [She94e, 1.4] (earlier [She86al).

Note 3.11. Ranks are < oo [She94d, 3.13-18].

Note 3.12. Preservative pairs (see 3.15), definition and basic properties [She94d,
4.15].

Note 3.13. Specific functions are preservative:
[She94d, 4.6] (H, = successor), [She94d, 5.8] (H' = next inaccessible), [She94d,
5.9] (H*~™ = next e-Mahlo).

Note 3.14. The class of preservative pairs is closed under:

) H*(i) iterating H i times [She94d, 4.7,4.8,4.9]
(B) composition [She94d, 4.10]
(C) sup,,,, H™ [Shed4d, 4.11]
(D) iterating « times, o < wy [She94d, 4.12]
) more [She94d, 4.13]
(F) induction [She94e, §2].

Note 3.15. Preservative pairs are bounds on cardinal exponentiation [She94d, 5.1,5.2,5.3].
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Note 3.16. If rk%(f) = rk%(f) = X inaccessible, then modulo (fil E) almost every
f(4) is inaccessible [She94d, 5.7].
Note 3.17. Generalizing normal filters and then ranks [She93b, §5], [She93a, §3,84,85].

Note 3.18. Combinatorial theorem using ranks, [She09b], if A > cf(X) > Ry and
260 < X then A — (\,w + 1)

Note 3.19. For set theory with weak choice much remains (see [She97d], here §12).
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§ 4. Propucts, Tp(f),U
We deal with computing T (f), Up(f) and reduced products [] f(i)/D from

<K
pef, mainly when (Vi)[f (i) > 27] see [She97f, §3], [She00a, §1], [She00a, §4] on Tp
earlier, Galvin Hajnal [GH75].

Definition 4.1. 1) Define
To(f) = min {|7]:. 7 CT[(f() + D and f £ g€ F = [ #p g}

(ice. {i: f(i) # g(i)} € D) and .¥ is maximal with respect to those properties.
Tr(f) = sup{Tp(f) : D € T'} for T set of filters on Dom(f), similarly for T" set

of ideals and naturally T ().

2)

Up(f,< ) = min{|d| s CTIF@), Ae o = |A| <o,
such that for every g € "Ord with g <p f,
for some A € o/ we have {i < k:g(i) € A;} # @ mod D}
If = kT we may omit it, (note: if ¢f() > x we can replace A by U Ai
[See more: [She96a], [She97c]. o

Note 4.2. Tf A > 2<9.0 > 0 = cf(0) > Ny and ' = I'(d, o) (the set of o-complete
ideals on a cardinal < 6) we have

Tr (M) = cov(A, 0,0,0)

(the latter can be computed from case of ppr); [She94b, 5.9,p.94]. If 6® < Up(N),
then TD(f) = UD(f)

Note 4.3. A pcf characterization when A < T (f) holds, under 2P°™(P) < min f(i)
and (Va)(a < A = |a|¥ < \); see [She97f, 3.15]. (Note if A, € D, (| A, = @,

n<w
then Tp(f) = Tp(f)™.)
See more in [She97f, §3].

Note 4.4. On sufficient conditions for Ty (A) > X and T;(X\) = A, see [She06].

Note 4.5. Assume D is a filter on s, = cf(p) > 2%, f € *Ord and: D is N;-

complete or (Vo < p)(o™ < p). Then (JA € DT)Tpia(f) > p iff for some

Ae Dt and (\;:i<k)=\A<pya f wehave [][ \;/(D+ A) has true cofinality u
1<K

(for approximations see [She97f, §3], proof [She00a, 1.1}, note < is trivial). This is

connected to the problem of the depth of products (e.g. ultraproducts) of Boolean

Algebra.

Note 4.6. If 22" < < Tp(\) and p<? = p, then for some A-complete ideal E C D

we have p < Tg(\), [She97f, 3.20].

Note 4.7. On [] \;/D see [She97f, 3.1-3.9B], essentially this gives full pcf charac-
i<k

terization when it is > 2%. In particular for an ultrafilter D on s with regularity 6

(i.e. not f-regular but o-regular for ¢ < A) and A; > 2”, we have

H Ai/D = sup (thH{)\;/D SR )\; _ Cf()\;) < )\i})<reg(D)

<K i<K
(see mainly [She97f, 3.9]).
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Note 4.8. Assume ()\; : i < k) tends to A. A full characterization of [[ A;/D = A
1<K

(via weak normal ultrafilters) appears in [GS12b].

Note 4.9. Assume D is an ultrafilter on k and 6 is the regularity of D (i.e. minimal

6 such that D is not #-regular). Then every A = A\’ > 2" can be represented as

IT \i/D. (Note A = A<? is necessary) (see [She00a, §6]).

i<K

Note 4.10. Assume 6 < r, J, = [k]<%, and A\ > k’. Then

Ty, (\) = sup {tcf( [T Xin/J) : mi <w, Ay regular € [k7,X),
nn;
i<k
J is an ideal on | {i} x ny,
<K
ACk, [A|>0= J{i} xn; € J" and
i€A

IT Ain/J has true coﬁnality}.

n<n;
i<n

This is just a case of the “A-almost disjoint family C [A]*” problem as clearly

Ts(X) =sup {& : & C [" is f-almost disjoint; i.e. A# B € o = |ANB| <0},
See [She93b, §6].

Note 4.11. If A > k > 3,,(0) then in 4.9, T;(X) = A.
(See [She00d]).

Note 4.12. ([She96a, 1.2]). Assume A > p = cf(u) > 6 > Ry and cov(f, Ry, Ry,2) <
. Then the following are equal

AM0) =min{x: if a CRegNA\ p,|a] <6 then we can partition a to (a, : n < w)
such that b C a,, and |b] < Ny = maxpcf(b) <
and [a,]<™° is included in the ideal generated by
{bgla,] : 0 € 0, } for some d,, C kT N pef(ay,) of cardinality < p}

A1) =min {|2]: 2 C [\~ and for every A € [\]¢
for some partition (A4, : n < w) of A we have:
(Pnin<w), PnC P, |Pnl <p p> = sup(B)

and n <w and a € [4,]% = (34 € Z,)la C A]}.
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§ 5. PCF THEORY: [SheT78], [She82, Ch.XIII,§5,86], [She88a], [She90a]

a denotes a set of regulars, min(a) > |a| (except for a generalization in [She94a,

§3]).
For a partial order P let cf(P) = min{|4|: AC P, A V p <q}. We say that
pEP gEA
P has true cofinality if it has a well ordered cofinal subset whose cofinality is called

tcf(P) (equivalently - a linearly ordered cofinal subset).

Note 5.1. Jcyla], J<ala] [She94c, 1.2(2),(3)], also [She94c, 3.1], [She94a, 3.1]. For
example we define:

Jeala] =1 {b Ca: for every ultrafilter D on b,cf(J][b/D) < A}.

Jila] =: {6 Ca: for every ultrafilter D on b, tcf(J[b/D) # A}
Note 5.2. Definition of variants of pef [She94c, 1.2(1),(2)], [She94a, 3.1] for example

pcf(a) = {cf(J]a/D) : D an ultrafilter on a}.

For given cardinals 6 > o let

pefrip o) (a) = {tef([[b/J) : b Ca, bl <0,/ is a o-complete ideal
on b and []b/J has true cofinality},

I'(6) means T'(0F,0).
Note 5.3. Trivial properties [She94c, 1.3,1.4].
Note 5.4. Basic properties [She94c, 1.5,1.8,2.6,2.8,2.10,2.12].

Note 5.5. |pcf(a)| < 219l [She94c, 1.8(5)], pcf(a) has a last member. [She94c, 1.9
Also, if [a U b| < min(a U b) then (pcf(a)) N (pcf(b)) has a last member; actually,
|a] < min(a), |b| < min(b) suffices (by [She96a, 6.4A], we can take intersections of
many a;).

Note 5.6. If D, D; (i < k < min(a)) are filters on a, F a filter on &,

D={bCa:{i:beD;} € E}and \; =tcf(][a/D;)
(well defined) then tcf([Ja/D;), and tcf([] Ai/E) are equal [She94c, 1.10]. More-

1<K
over, A k < A; is enough [She94c, 1.11].

(And see more in [She93b, 3.3,3.6], generalization [She97f, 1.10]).

Note 5.7. (Repeating 2.3) What is Chy, (where N < (H(x), €)), Ch}(0) = sup(NN
0) for 6 € a) [She94c, 3.4], [She94b, 3.4], “stationary F' C [[a” [She94a, 1.2,1.3,1.4],
more in [She96a, §6].

Note 5.8. cf([]a) = maxpcf(a) [She94b, 3.1,more 3.2], [She94c, 3.4], other repre-
sentation [She97{].

Note 5.9. There is a generating sequence (bg[a] : 6 € pcf(a)); i.e. J<pla] = Jg[a] +
bo[a], so J<x[a] is the ideal on a generated by {bp[a] : @ < A} and [] bg[a]/J<¢[a] has
true cofinality 6 and Jy[a] is the ideal on a generated by {bg[a] : 6 < A}U{a\ by[a]};
[She94a, 2.6] also [She94c, 3.1] + [She93a, §1], more in [She94g, 4.1A]; nice good
cofinal f: [She94c, §3], [She94b, 3.4A], [She94a, 1.2,1.3,1.4], [She9dg, 4.1A(2)].
Another representation is included in [She97f] (see 2.8 on the framework and 5.23
below); it uses 0.6 from [She93a].
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Note 5.10. If b C a and ¢ = pcf(b), then for some finite @ C ¢,b C |J by[a] see
0cd
[She94c, 3.2(5)].

Note 5.11. Cofinality sequence [She94c, 3.3], [She94a, 2.1, more in the proof of
[She94g, 4.1].

Note 5.12. f is x-continuous (nice) [She94c, 3.3,3.5,3.8(1),(2)].

Note 5.13. For a discussion of when a has a generating sequence which is smooth
and/or closed [She94c, 3.6,3.8(3)], [She94g, 4.1A(4)]; smooth means p € by[a] =
bula] C bala], closed means pcf(by[a]) = by[a]. If for example |pcf(a)] < min(a)
we can have both [She94c, 3.8] and more, then we can use the “pcf calculus” style
of proof. Proofs in this style can generally be carried further but become a little
complicated, as done in [She96a, 6.7-6.7E] (particularly [She96a, 6.7C(3)].) On a
generalization, see [She97f].

Note 5.14. If A = maxpcf(a), and p =: sup(A N pef(a)) is singular, then for ¢ C
pcf(a) unbounded in g, tef([Tc/JPY) = A [She94c, 3.7, [She94a, 2.10(2)], where for
A a set of ordinals, J§4 = {B C A : sup(B) < sup(4)}.

Note 5.15. If A € pcf(a), then for some b C a we have: A = maxpcf(b) and
AN pcf(b) has no last element and A ¢ pcf(a\ b); see [She94a, ,2.10(1)].

Note 5.16. If (Vu)[p < A= p<" < )], then J.y[a] is k-complete [She94a, 1.6(1)].

Note 5.17. Localization: if A € pcf(b), b C pcf(a) (and we assume just |b] <
min(b)), then, for some ¢ C b we have || < |a| and A € pcf(c), [She94a, 3.4].

Also if A € pef, complete (), b € pef(a) then for some ¢ C b, we have [¢| < |a
and A € pcf (¢); see [She96a, 6.7F(4),(5)].

o-complete

Note 5.18.
(a) pcf(a) cannot contain an interval of Reg (= the class of regulars) of cardi-
nality |a|T4.
In fact:

(b) for no a and y is {i < |a|** : x***! € pcf(a)} unbounded in |a|*4.

[Why? If so, there is A € pcf((x,x"““‘“) N pef(a)) such that A > y1*™ hence
by localization for some ¢ C (X,X‘H“‘H) N pef(a) of cardinality < |a| we have
A € pef(c), hence for some limit ordinal § < |a]**, ppy(x ™) > A > xHel™ and
we get a contradiction by [She94g, §4].]

Note 5.19. Defining (p, 8, o)-inaccessibility [She93b, 3.1,3.2].

Note 5.20. On pcf(b) for b C pcf(a),|b| < min(b) or even with no inaccessible
accumulation points, see [She94c, 1.12], [She94a, §3], mainly: having b%[a] C pcfla].
Note 5.21. Uniqueness of f (< j-increasing cofinal) [She94c, 2.7,2.10].
Note 5.22. If J = Jexla], A = tef(J[a/J), a = U a;, then for some finite b; C
pef(a;) (with ¢ < o) we have A = max pef( | bi),l;gd for w C o we have
i<a
maxpcf( g bi) <& (g ai> eJ

[She94a, §1], more in [She96a, §6].
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Note 5.23. If A = (\; : i < K),I* a weakly f-saturated ideal on k (see below)
0 = cf(f) < \i, then the pcf analysis, e.g. from 5.9 holds for A when we restrict
ourselves to ideals on x extending I* (see [She97f, §1,82]).

E.g. 0 can play the role of kK = Dom(I) if I is weakly #-saturated, i.e.

(*)1,0 there is no division of k to 6 sets none of which is in I.

Note 5.24. If |a] < min(a), Ry < o = cf(0), then for some o < o and Ag, ag (8 < )
we have
() a= U ag,
B<La

(ii) A\g = maxpcf(ag)

(ii) Ag ¢ pef(a\ ag) and

(iv) Ag € pefy_com(as)-
[Why? We prove this by induction on max pef(a), hence by the induction hypothesis
we can ignore (iii) as we can regain it. Now let

J={bCa: wecanfinda <o, (ag:8<a)
such that b= |J ag and (ii), (iv) above}.
B<a
Clearly J is a family of subsets of a, includes the singletons, and is closed under
subsets and under unions of < ¢ members. If a € J we are done. If not, choose
¢ C a such that ¢ ¢ J and (under these restrictions) A, =: max pcf(c) is minimal.
Now by the minimality of A, Jcx_ [a] € J, so by, [a] satisfies the requirement for
b e J (with a = 1). Contradiction].

Note 5.25. See more in 7.18 and [She97d] and particularly [She02].

Note 5.26. If A = maxpcf(b) and A N pcf(b) has no last element (see 5.15) and
p < sup(A N pcf(b)), then for some ¢ C pcf(b) \ p of cardinality < |b| we have
A = maxpcf(c) and 6 € ¢ = maxpcf(0 Nc) < 0 (see [She03, 2.4A,2.4(2)], an ex.).

Note 5.27. Above, the demand |a| < min(a) was essential, but:

o If a C pcf(b), |b| < min(b) then, almost always, the pcf theorem holds for
a, fully by [Shea].
e In the other direction, see 5.23.
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§ 6. REPRESENTATION AND PP
Note 6.1. Definition of pp and variants [She94b, 1.1]. For X singular

ppy(A) = sup{tctf([Ja/J): aisaset of <6 regular cardinals,
unbounded in ), J an ideal on a including JP4
and []a/J has true cofinality},

PP(A) = PPer(r)(N);
pp T (N) is the first regular without such a representation

ppr(A) means that we restrict ourselves to J satisfying I,

pp7(A) = PPy (V)

and
pp;(A) = sup{pp5(A) : J an ideal extending I},

A =T pp(A) means more than equality; the supremum in the right hand side
is obtained if it is regular.

Note 6.2. Downward closure:
If A =tcf( [ Ai/I), Ai = cf(X;) > K, and kK < X = cf(N) < A, then for some X,
i<K
we have k < A, = cf(\;) < A; and N = tcf([] A,/I). Moreover,
<K
thimy A = p < N < )\:>t1im1/\; =pu

N = tef([T N, <r) is exemplified by ut-free f, which means: if w C ' and |w| < p,
then for some (s, : @ € w), s4 € I and for each i < k, (fo(i) : @ € w,i & s4) is
without repetition; in fact, we get “strictly increasing.” [She94b, 1.3,1.4,2.3] more
[She94g, 4.1] a generalization [She97f, 3.12].

Note 6.3. If A > k > cf()\), I an ideal on k, k is an increasing union of cf(\)
members of I, then {tcf( 11 )\i/I) s tlimy A, = X and A\; = cf(/\i)} is an initial

1<K
segment of Reg \ A, so the first member is AT, [She94b, 1.5,2.3].

Note 6.4. If A > cf(\) > Np, then for some increasing continuous (A; : i < cf(\))
with limit A, [T AF/J5¢,, has true cofinality A*, [She94b, 2.1].

i<cf(X)
Note 6.5. pp(\) > At contradicts “large cardinal” type assumptions, for example

“every p-free abelian group is free” [She94b, 2.2,2.2B], for the parallel fact on cov
see [She94b, 6.6].

Note 6.6.

(a) (inverse monotonicity) If g > A > k > cf()\) + cf(u) and pp;f(\) > p, then
PPy (A) = ppf (1)

(b) sogiven kp < k1 < wif A is minimal such that A > k1 > kg > cf(N), pp(\) >
w, then: a C Reg N [k1,A), |a|] < ko, sup(a) < A implies max pef(a) < A;
equivalently, A € (k1,A) and cf(\) < kg = pp,, (N) < A [She94b, 2.3]
(with more)
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(c) assume k < x < p, and
(VAN € (x, 1) and cf(N\) < k = pp(N) < y]

then for every a C (x, u) of cardinality < k, sup(a) < g we have max pcf(a) <
w [by (d) below and 6.9 below]

(d) maxpcf(a) < sup{ppjan, (1) : 1 ¢ a, p=sup(anu)} [by the definition].

Similar assertion holds for ppr, I is “nice” enough.

Note 6.7.

(A) If X\ is singular, p < A, then for some § < cf()\) and increasing sequence
(N\i 1 < §) of regular cardinals in (u, A\) and 6 = c¢f(d) V & < w; we have:
A; > maxpef{)\; : j < i} and AT = tef([[A;/JPY), [She94b, 3.3]

(B) If A is singular and Rg < cf(A\) = kand A p® <Xand A < 8 = cf(0) <\,

<A
then for some increasing sequence (\; : ¢ < k) of regulars < A, A = Y \;
<K
and ] A\;/JPY has true cofinality 6 (see [She94a, 1.6(2)]). Moreover, we

<K
can demand ¢ < x = maxpcf{); : j < i} < A;. We can weaken the
hypothesis to Rg < k = cf(A) < Ag < X and (Vu)[Ao < p < A and cf(u) <
k = pp(p) < A] (see [She94a, 1.6(2)]. If we allow cf(A) = kK = Ry we still
get this, but for possibly larger J, see [She96a, 6.5].

Note 6.8. ppp(g,) can be reduced to finitely many pppg), see [She94b, 5.8].
Note 6.9. If > 0 > cf(p) and for every large enough p' < pu:

[ef (1) <0 = ppy(p') < 4
then

pp() =" (1) =" PPr(er(u)) (1)
[She94a, 1.6(3)(5),1.6(2)(4)(6),1.6A].

Note 6.10. If (b¢ : ( < k) is increasing, A € pef( | be) \ U pef(be), then :
(<K (<K

(A) for some ¢ C |Jpcf(be), |¢| < &, we have A € pef(c)
¢

(B) if K = cf(k) > No, then for some club C' C k and A¢ € pef( |J be) for

£<¢
¢ € C, we have \ = CI;[C Ae/JP4 e (¢ € O) is increasing and
(€ C = Aey1 >maxpef{r¢ : £ € C and £ < (}

[She94a, 1.5].
Note 6.11. If > 0 > cf(u) > o = cf(0), and for every large enough p/ < p:

[0 <cf(i') < 0= pprep+ ) (1) < 4]
then

ppF(cf(p,)Jr,a)(:u) = Ppr(cf(u))(ﬂ)
[She93b, 1.2] and more there.
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Note 6.12. : If u > k = cf(u) > Rg and for every large enough p' < p

(W)™ < por just [cf(p') < cf(p) = pp,. (1) < 4l

then pp™(u) = pp}'bd (1) and we can get the conclusion in 6.7(B) above [She94a,
1.8]. Generalization for I'(6, o) in [She93b, 1.2].

Note 6.13. : If A > k = cf(A) > Rg, A > 6 then for some increasing continuous
sequence ()\; : ¢ < k) with limit A:

(a) for every i < k,A; < 1 < Aip1 and cf(u) < 0 = ppy(p) < Aig1

(b) for every i < K, PDPgicr(s)(Ai) > A [She94a, 1.9; more 1.9A].
Note 6.14. If 0 < cf(p) < 0 < k < p then:

+0+

pPPe(p) < p™” = pp. (1) = PPe(i);

and

+0+

PPr(o+,0) (1) < 1 = PPr(s+,0) (1) = PPo(1)

[She94a, 3.6; more 3.7,3.8].

Note 6.15. If (u; : i < k) is increasing continuous, py > k20 > k = cf(k) > Ry and
cov (i, iy K7,2) < pit1, then for some club E of x we have

§ € EU{K} = ppyoa (us) = cov(ps, s, kT, 2)

cf(8)

so e.g. for most limit § < w1, ppba (35) =T Js41 (see [Sheb, part C, remark to X,
§5, p.412).

Note 6.16. If ppf () > A = cf(N), (so cf(u) < o) then

(a) for some a an unbounded subset of yu, |a| < o, A = tcf([Ja/Jbd) =
max pcf(a) or

(b) for some a C (u,A) of cardinality < o, A = maxpcf(a) and § € a =
max pcf(0 Na) < 0 (see [She03, 2.4A,2.4(2)]).

Note 6.17. For singular y we like to have, for A € (u, pp™ (1)) N Reg, an increasing
sequence A of regulars of length cf(u) converging to pu such that A = tef([T A, <ba ).
ot

We had such results for A\ = g+ and when o < p = || < pu; see [She94a, §1]
(and more in [She94a]).

®1 If A >k > cf(XN) > N, and p < A of cofinality < x (satisfying pp,.(u) < A)
is large enough, then
(a) for every regular 6 € (A, pp;} (1)) there is an increasing sequence
(A; i < cf(N)) of regular cardinals < A, with limit A, such that 6 is
the true cofinality of [T \;/J5%. This means that

(b) PP, (A) = pP(A) = PPjna (A)

Note 6.18. Now from a paper by Gitik and the author [GS13], we quote directly:
(A) Assume that k > R is a weakly compact cardinal. Let p > 2" be a singular
cardinal of cofinality x. Then for every regular A < pplf(ﬁ) (1) there is an

increasing sequence (\; : @ < k) of regular cardinals converging to p such
that A = th( H Ai <J'1€)d).

<K
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(B) Let p be a strong limit cardinal and € a cardinal above u. Suppose that at
least one of them has an uncountable cofinality. Then there is o, < p such
that for every x < 6 the following holds:

0 > sup { sup pef, _omplete(@) 1 a € Reg N (1t x), la] < p}.
As an application we show that:

(C) if k is a measurable cardinal and j : V — M is the elementary embedding
by a k-complete ultrafilter over , then for every 7 the following holds:
(a) if j(7) is a cardinal then j(7) = 73
(b) 13(m) = [G)I;

(c) for any k-complete ultrafilter W on &, |j(7)| = |jw (7)].
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§ 7. COVERING NUMBER
Definition 7.1. [She94b, 5.1]

cov(A, p,0,0) =min {|Z| : P C [A]<" such that Va C X with |a| < 6,
Ja < o and 34; € & (i < ) such that a C |J A4;}.
i<a
So cov(\, kT, kT, 2) = cf([A]=F, Q).
Note 7.2. Basic properties [She94b, 5.2,5.3] see also [She94b, 3.6]; for example if
A > 0 > cf(N\) > o, then for some p < A we have

cov(M\ A\, 0,0) = cov(\, p,0,0).

Note 7.3. cov and cardinal arithmetic and T1()) see e.g. [She94b, 5.10], [She94b,
5.6,5.7,5.9,5.10, Definition of TT]. For example,

N = cov(\, kT, KT, 2) + 27

By this and 7.4, 7.5 below we shall use assumptions on cases of pp rather than
conventional cardinal arithmetic.

Note 7.4. Oncov =pp: if A > p >0 >0 =cf(o) > Rg, A > pVcf(p) € [0,0), then
cov(A p,0,0) = sup{ppr(gﬁ)(x) : X € [, A, cf(x) € [0,0)}, we have =T if pu = 6;
[She94b, 5.4].

Assuming for simplicity A = u, if =T fails, then for some a C Reg N p we have
la| < p,sup(a) = p and

cov(A, u,0,0) = sup{tcf([[b/J): b Ca,l|bl <6b,u=sup(b),
J is an ideal on b extending JP4};

see [She02, 6.12].
Note 7.5. The parallel of 7.4 for o = Xy “usually holds”, i.e.:

(a) for X singular, cov(\ A, cf(A)T,2) = pp(N) if for every singular xy < A,
pp(x) = xT; [She94g, §1] (and weaker assumptions and intermediate stages
there)

(b) if cf(A) = Rg, A g0 < X and pp(\) < cov(A, A, Ny, 2), then

<A
{p: X <p=n, <pp(\)}
is uncountable [She94g, 5.9], more in [She96a, 6.4]. If X is a strong limit,
then the set has cardinality > A;

(c) few exceptions: if (A; : i < k) is increasing continuous and x = cf(k) > Ny,
N cov(Ni, Aiy kT,2) < Ay, then for some club C of k, § € C' U {x} implies
;z:lality, ie. cov(As, As, N1,2) = pp(As). [She94g, 5.10]

(d) For example, for a club of § < wy, 2= suffices for the parallel of 6.4, [She94g,
5.13)

(e) if on X there is a Ny-saturated A-complete ideal extending J2¢ (for example,
A areal valued measurable) then cov(A, Ry, Ry, 2) < A [She96a, §3] and more
there

(f) in clause (c), if &™0 < A\g we can add pp(As) =+ PP sba(As); of course, there
cov(As, As, N1,2) = cov(As, As, k7T, 2).
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Note 7.6. cov = minimal cardinality of a stationary S [She94b, 3.6,5.12], [She94g,
3.6,3.8,3.8A,5.11,5.2A], [She94f, Ch.VIL§1,84], [She93b, 2.6(using 2.2),3.7], finally
[She93a, 3.6]; for example

cf (L<x(N), C) = min{|S| : S C [\]=" is stationary}.

Moreover, we got a measure one set of this cardinality for an appropriate filter; for
another filter see [She00c].

Note 7.7. Covering by normal filters (prc), [She94a, §4], [She93b, §1], generalization
[She93b, §5], essentially [She96a, proof of 4.2 second case]. To quote [She93b, §1].

Note 7.8. On cf;([]a,<r), a generalization, see [She94g, 3.1].

Note 7.9. Computing cfZ,([[a) [She94g, 3.2]; computing from it pp(A) for non-
fixed point A by it [She94g, 3.3].

Note 7.10. cov is cfZy([J(Reg N A), <jva) is pPr(g,q), when cf(o) > Ro [Sheddg,
3.3,3.4,3.5].

Note 7.11. cov(\, A, cf(A\)T,2) =T pp(\) when ) is singular non-fixed point [She94g,
3.7(1), and more 3.7(1)-(5),3.8].

Note 7.12. Computing cov(A,6,60,2) by using cf.p when 6 > cf(\) = Rg, see
[She94g, 5.1,5.2,5.3,5.4,5.4A,5.5], restriction to subset of A N Reg is [She94g, 5.5A].
See more in [She94g, 6.5]; here, in 5.7, 5.8.

Note 7.13. Finding a family & of subsets of A covering many of the countable
subsets of A, for example, if a € [\]"* we can find H : @ — w such that each count-

able subset of H~1({0,...,n}) is included in a member of . l.e. we characterize
the minimal cardinality of such & by pcf [She93b, 2.1-2.4], [She96a, 1.2] more in
[She02].

Note 7.14. Characterizing the existence of & C [A\]®!, |22| > X with pairwise finite
intersection [She93b, §6] more in [She96a, 1.2], [She02].

Note 7.15. If A > > o = cf(0) > N, then {cov(\, p1,0,0) : p > 6 > o} is finite

[GS93].

Note 7.16. Let A > k > Ny be regular, then: A cov(y,~,x,2) < A iff for every
pn<A

w<Xand (aq : @ < A), ag C 4, |ag| < k for some unbounded s C A, | U aa| < K

acs

(a problem of Rubin-Shelah [RS87], see [She94a, 6.1], [She96a, 3.1]). For A successor
of regular, a stronger theorem: see [She94a, §6]; more [She02, 6.13,6.14].

Note 717. If p > A > &, 0 = cov(u, AT, AT, k) and cov(\, K, k,2) < u (or at least
< ), then cov(u, AT, AT, 2) = cov(, k, K, 2), [She96a, 2.1].

Note 7.18. 1) If A > 3, then for some x < 3, cov(A\, 3}, 31, k) = A, [She00d,
1.1]; any strong limit singular can serve instead of J,,.

2) For a singular limit cardinal p (for example p = R,,) sufficient conditions (for
replacing J,, by u) are given in [She00d, 2.1,4.1]. For example such a condition is

(*)H,IJ« a g Reg \ 1% A |Cl| < 2 = |pCfnfcomplete(a)| < M-

3) So for every A > 3, for some n and & C [A]<2* of cardinality ), every X €
[A]2 is the union of < 3, sets from #; ([She00d, 2.5]) and the inverse [She00d,
4.2] (see [She02]).

Also if the statement above holds for e.g. ®,, then (*)x, x,., holds (by [She00d,
2.6]).
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§ 8. BOUNDS IN CARDINAL ARITHMETIC

Note 8.1. If (\; : i < k) is increasing continuous, J a normal ideal on x and
ppy (M) < A then pp,(A.) < AL [She94b, 2.4], [She94a, 1.10,1.11] where |A]|
is Galvin Hajnal rank, i.e.

1]l =sup {|If +1: f <p, h},

D,. the club filter on «.
Note 8.2. Let Cy be the class of infinite cardinals and define by induction:

Ce =:{X: for every £ < (, Ais a fixed point of C¢}
(i.e. A =otp(Cc N A)), then for example

pp(wl-th member of Cy \:lQ(Nl)) < Jy(Ry)T-th member of Oy \ Ja(Xy)
[She94d, 5.6].

Note 8.3. For ( < w; we have

PPaor (RS (F2(R1))) < Rig, e, )+ (T2 (X))

and more on Ng, see [She94d, 5.4,5.5], where

RO(A) = AT NG = A, RELT() = RE(Ro)

where

¢=N() + Land X5 = [ RGN,

a<d

and for 4 limit,

R6(0) = A Roa (V) = [ Nop (R () and 1500 = [ %600,
i<t a<d
Note 8.4. If there are no [there are < N;] inaccessibles below A, A > 28t cf(\) =
Ny, then there are no [there are < 2%1] inaccessibles below pp(A) [She94d, 5.10],
similarly for Mahlo, e-Mahlo.

Note 8.5. If A pp(Rs) < Ny, pp(Ry,) = N+, then there are |a*| subsets of wy
d<wy
with pairwise countable intersection [She94a, 1.7(1), more(2)] getting Kurepa trees

[She94a, 2.8.2.9)].

Note 8.6. The minimal counterexample to Tarski statement is simple, Jech-Shelah
[JS91].

In [Tar25] Tarski showed that for every limit ordinal 3, [] Re = N‘Bﬁl, and con-
£<p
jectured that

H Roe = N‘am
£<p

holds for every ordinal § and every increasing sequence {o¢ }¢<g such that lime. g o¢ =
N, .
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Now: if a counterexample exists, then there exists one of length w; + w (Jech
and Shelah [JS91]).

Note 8.7. pp(Nats) < Noqsi++ [She9dg, 2.1,2.2, more 2.3-2.8].

Note 8.8. If § < Ny, cf(6) = Ny then pp(Ns) < N,,. If [d] + cf(§)™2 < &, then
PP(Nots) < Nty [She9dg, 4.2/4.3.4.4], more [She93b, 3.3-3.6].

Note 8.9. More on the number of inaccessibles: [She96a, §4].
E.g. [She96a, 4.4]. For transparency, assume that for no core model K[A], with
A a set of ordinals, do we have covering (here the SCH holds). Then

(A) Assume p > cf(p) =Ny, po < 1,
o > |{X € (1o, 1) : X inaccessible}| < p.
Then
ot > ’{)\ P <A < DPPr(eng) () A inaccessible}‘
(B) The parallel of [She94g, 4.3].
Note 8.10. By Gitik and Shelah [GS93]:

o

(a) If p is a Joénsson limit cardinal not strong limit, then (29 : o < p) is

eventually constant.
(b) If w is a limit cardinal, pg < pand A p— [9];“;0, then (20 : gy < 0 <
0€(po,p)
) has finitely many values.
(¢) If on p there is a pg -saturated, uniform p-complete ideal for example u a
real value measurable < 2%¢ then the assumption of (b) holds, hence its
conclusion.
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§ 9. JONSSON ALGEBRAS

Note 9.1. Definition and previously known results: [She94b, 4.3,4.4]. A Jénsson
algebra is one with no proper subalgebra with the same cardinality. A Jénsson
cardinal is A such that there is no Jénsson algebra with countable vocabulary and
cardinality A.

Note 9.2. Definition of id;(C), id)(C) see [She94k, 1.8], id’;(C) see [She94k, 1.16]
(also with k instead of j).

Note 9.3. Jénsson games: Definition [She94k, 2.1], connection to [She94k, 2.3] (for
example A = N, 41).

Note 9.4. AT (for a singular \) is not a Jénsson cardinal when:

(a) A is not an accumulation point of inaccessible Jénsson cardinals [She94b,
4.5 more 4.6]

(b) weaker hypothesis (for AT — [AT]=%) [She03, 2.5]

(¢) A =27} (see [She03], [ES05] more there)

(d) on every large enough regular p < A, there is an algebra M on p which

has no proper subalgebra with set of elements a stationary subset of u, see
[She97a, 3.3].

Note 9.5. Sufficient condition for “A not Jénsson” [She94l, 1.8,1.9] for A —» [A]$¥
[She94l, 1.10,3.5,3.6,3.7].

Note 9.6. X inaccessible is not Jénsson when: A not Mahlo [She94l, 3.8], A has
a stationary subset S not reflecting in inaccessibles [She94l, 3.9], A\ not A-Mahlo
[She94k], A not A x w-Mahlo [She03, 1.14], there is a set S of singulars satisfying,
rky(S) > rky(ST) where ST = {k < X : x inaccessible, S N k stationary}, [She03,
1.15).

Note 9.7. If ut is a Jénsson cardinal, u > cf(u) > No, then cf(p) is “almost”
pt-supercompact [She03, 2.8] other [She03, 2.10].

Note 9.8. If X\ is regular, and for every regular large enough p < A, for some
f 1 — X\ we have ||f||JEd > X\ (or at least this holds for “enough” p’s), then on A

there is a Jonsson algebra, [She94k, 2.124+2.12A]. More sufficient conditions there.
Note 9.9. See more [She03], [ES05].
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§ 10. COLOURING = NEGATIVE PARTITION RELATIONS:
(SEE [She88a], [She90b], [She91b))

Note 10.1. Definition of Pry: Prg, see [She94f, AP,1.1], Prg_), see [She94f, AP,1.2],
Plréy)7 see [She94f, AP,1.3], Plrz(,’y)7 see [She94f, AP,1.4], Pry, see [She94l, 4.3].

For example: Pri(A, u,0, k) means: there is a 2-coloring of A by € colours (=
symmetric 2-place function from A to ) such that: if {(w; : i < u) is a sequence
of pairwise disjoint subsets of A\, A\ |w;| < k and ¢ < 6, then for some i < j, on

w; X w; the coloring c is constant. In Pro(\, 11,6, k) we replace ( by h: k x Kk — 6
and demand a € w; and § € w; = ¢(«, B) = h(otp(w; N ), otp(w; N B)). If p= A
we may omit it, if K = Ry we may omit it. (See [She94f, AP,1.2]).

Note 10.2. Trivial implications [She94f, AP,1.6,1.6A,1.7] and Pr; = Prq by [She94l,
4.5(3)], Prqy = Pr; = Pry by [She94l, 4.5(1)]. For example if Pry(\, p,0,0),x =
X<7 + 2% < < X < 2X then Prg(\, i, x,0). Other such Pr and implications
[She97a, §2,54].

Note 10.3. Colouring for successor of singular: [She94b, 4.1,4.7], [She03, §2] for
example Pri (AT, AT, (cf(N\))T,2) for A singular.
Note 10.4. Combining Pry’s [She94b, 4.8,4.8A].
Note 10.5. Using pcf:
(a) if A = tcf([T¢/JP?) and [0 € ¢ = [c\ 0] = |c[], then Pry (X, A, 2/, cf(c)); see
[She94b, 4.1B], [She88a].

(b) getting colouring on A € pcf(a) from colourings on every 6 € a, see [She94b,
4.1D].

Note 10.6. Using guessing of clubs: Definition and basic properties of for example
(Dz)? [She94l, 4.1].

K,0,0,T

Note 10.7. Proof of such properties [She94l, 4.2], [She03, 2.6]

(a) if X is a regular A > o >  then Pri(AT, AT, 0, k), [She94l, §4]
(b) if A is inaccessible with a stationary subset S not reflecting in inaccessibles
and o < mingescf(d) and £ < A then Pri(\ A, &, 0), [She94], 4.1+4.7]

(¢) if A= pT,pu> 2k < p, then Pry(\\, cf(p), &), [She03, 2.7]

(d) if A= pt,pu > cf(u) then Pri(\ A, cf(u),cf(p)), [She9db, 4.1(1)]

(e) by [ES05] we get such properties for e.g. A =3

(f) if A =N and p = Ng or if A = pu™F, p regular then Pry (A, A\, \, 1) ([She97a,

§1])-
Note 10.8. (E2) implies Pry [She94l, 4.4].
Note 10.9. (D2) = Pr; [She94l, 4.7].

Note 10.10. Concerning the results in [She81a] on partition relations restriction of
the kind appearing there are necessary (we use FILL) see, some day [STa].

Note 10.11. Galvin conjecture:

(a) R, - [Nl]zjl ([She92, 5.8(1)], more there), but

(b) for the naturally defined h : w — w if CON(ZFC + A\ — (X1)¥) then it is
consistent with ZFC that: 2% = )\ — [R1]5 > (we can even get X € A
which exhibits the conclusion simultaneously for all n, A — [Rq]}} (nys if
hi(n) > n, hi(n)/h(n) = o0), [She92, 3.1]
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(¢) if k is measurable indestructible by adding (even many) Cohen subsets to
K, then a generalization of Halpern Lauchli theorem holds to #~2 (but using
some (<o a < k), <o a well order of *2) ([She92, 4.1,4.2 + §2]). See more
in [She96¢], [She00e], [RS00], and [Shed].

Note 10.12. More on colouring (improving results on Jénssonness from [She03] to
colouring) see [ES05], e.g. for A = 3} we have Pry(\,\, A, Ro).

Note 10.13. More on Pr;’s in [She06, §3]. E.g., if u > Nq is strong limit, x > p,
A = 2X is singular, then x € p N Reg\ {No} = Psy1(cf(A), A, k).
See more in [She2la] and from there, on [Rinl4], [Shel9).
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§ 11. TREES AND LINEAR ORDERS

Note 11.1. Let as = {\; : ¢ < ¢} and a; = {); : j < i} for every ¢ < 4. If
A = maxpcf(as) and \; > maxpcf(a;), then we can find in [](as) a <j_,[(as)-
increasing cofinal sequence (f, : a < A) such that {{fs [ a;:j <i}:i<da <A}
forms a tree with 0 levels, level ¢ of cardinality maxpcf(a;) < A; and > A many
d-branches [She94b, 3.5].

Note:

(a) The lexicographic order on . = {f, : @ < A} has density > A;.
<8
(b) If TT\i/I is as in [She94b, 1.4(1)(see 1.3)] then F is (X\;)-free (see 6.3).
Hence any set of cardinality < ¥\; is the union of < gen(I) many sets F”
each satisfying “for some s € I we have (f, [ (0\s) : fo € F') is increasing”:
ie.
[ < B, fa,fa € F',i€d\s|= fali) < fz(i).
Here gen(/) = min{|2?| : & C I generates the ideal I'}. [She94b, 1.4(3)]
(¢) if A > 291 then we can have such trees with exactly A branches [She88b;
somewhat more: [She96a, 6.6B].

See more in part (C).
Note 11.2. There are quite many (); : i < J), A as in 11.1: for example, if
Nog <k =cf(p) < po<p<A=ct(A) <pp,(u)

then we can find such (\; : i < k) with limit p with po < Ay < p, if A |a]® < por
a<p

at least (Vp' < p)[pp, (1) < ], see [She94da, 1.6(2),(4)]. Also pp(Nays) < Cay|s|+

helps to get such examples, see [She97e, §5], [RS9S].

Note 11.3. For A > k = cf(x) the following cardinals are equal:

sup{p : some tree with A nodes has > p many s-branches}

and

sup{pcf(a) : |a] < min(a), cf(otp(a)) =, a CRegN AT\ k and
0 € a = maxpcf(anf) < 6}

see [She00a, 2.2].

Note 11.4. Definition of Ens, entangled linear order and basic facts. (Ens stands
for entangled sequence.) See for example [She94f, AP,2.1,2.2 more 2.3].

A linear order Z is A-entangled if given any n < w and pairwise distinct xi el
(e<n, (< A)andw C{0,1,...,n—1} there are { < & such that for e < n we have:
z¢ < x¢ & e € w. We say T is entangled if it is |Z|-entangled; Ens(\, u) means
there are p linear orders Z¢ (( < p) each of cardinality A and if n < w, (¢ < p
distinet (e < n) and w C n and if 2§ € Z¢ are distinct then for some a < 8 < p we
have Z¢, | xg, < 2§ & e € w.

For more on o-entangled linear orders see [She97e]; first

Claim 11.5. Ens(cf(2%)), by Bonnet-Shelah [BS85]. The proof gives
Ens(cf(2}),Rg) when there is a linear order of cardinality 2* and density \.

Note 11.6. Ens(AT, cf())) for A singular [She94b, 4.9 more 4.11,4.14] more [She94a,
5.3].
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Note 11.7. For p regular uncountable and a linear order Z of power p, Z is entangled
iff the interval Boolean algebra of Z is A-narrow (see Bonnet-Shelah [BS85] (using
different names), later [She94j, 2.3] or [She97e, §1]).

Note 11.8. A sufficient condition for existence of entangled linear order of cardi-
nality A is: A = maxpcf(a), & = |a|, [0 € a = 6 > maxpcf(0 N a)], 2% > sup(a),
a divisible to & sets not in Jcx[a], [She94b, 4.12]. If we omit “2% > sup(a)” we
can still prove Ens(A, k); [She94b, 4.10A] more in [She94b, 4.10F,4.10G], [She%4a,
5.4,5.5,5.5A].

Note 11.9. If cf(\) < A < 2% then there is an entangled linear order in A¥,
[She94b, 4.13)].

Note 11.10. If X € pcf(a) and [0 € a = 6 > maxpcf(§ Na)] and for cach § € a
there is an entangled linear order or just Ens(f, max pcf(6 N a)), then there is one
on A, [She94b, 4.10C].

Note 11.11.

(a) If k4 < cf(\) < A < 2%, then there is an entangled linear order in AT,
[She93b, 4.1 more 4.2,4.3].

(b) There is a class of cardinals A for which there is an entangled linear order of
cardinality A", [She94a, §5]. It is not clear if we can demand e.g. A = AYo,
but if this fails, then for & large enough, ¥ = k = 2% < R, 44 (see (a),
more in [She97¢]).

(¢) There is a class of cardinals A for which there is a Boolean algebra B of
cardinality A* with neither chain nor antichain of cardinality A*; i.e. if
Y CB,|Y|=|B| then (3z,y € Y)[z <yl and Br,y e Y)z £ y Ay £ z].
In fact, for any sequence (z, : @ < AT) of distinct members of B:

(1) o< p)(za < zp),

(17) Ba < B)(zq > xp) and
(iit) Ba < B)|za £ xp Axg £ x4]; see [She9Te, 4.3].

(d) Moreover, in part (c), for any given Ao, letting 4 be the minimal p =8, >
Ao then we can find B as there with density u (everywhere); similarly in

(b).

(e) Moreover in (c) (and (b)) if the density character is u, £ € {0,1,2}, 0 =
cf(f) < pand x, € B (for o < A) are distinct then for some w C A, |w| =0
we have for any o, f € w, a < 3:

{=0=2, <23
{=1=2,>23

(=2=2,%xs 23 £ T0
Similarly in part (b).
(f) If 2* is singular, then there is an entangled linear order of cardinality (2*)*
(the assumption implies (Vu)[A < cf(u) < p < 2% < pp(p)] (ie. pu = 2%),
this suffices as we can use 6.6(b), 6.12, 11.8; see [She97e, 5.5, pg.65]).

Note 11.12. Universal linear orders: see Section 13, Model Theory.
Note 11.13. For every A there is y, A < pu < 2* such that (A) or (B):
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p = X and for every regular y < 2 there is a tree T' of cardinality A with

> x branches (so a linear order of cardinality > x and density < \)

@> A, and:

(a) pp(p) = 2%, cf(n) <A, (V)[cf(A) < X < 6 < ju= pp,(0) < p]. Hence,
by [She94a, §1] for every regular y < 2 there is a tree from [She94b,
3.5]: cf(p) levels, every level of cardinality < p and x (cf(u))-branches

(8) forevery x € (A, p), thereis a tree T of cardinality A with > x-branches
of the same height

() cf(n) = cf(Xg) for Ao = min{6 : 2Y = 2*} and even PPr (et (u)) (1) = 22
see [She94b, 5.11], [She93b, 4.3] and [She96a, 3.3]; see more in [She09a,
2.10].

Note 11.14. If 0,1 = min{6 : 2¢ > 2%} for n < w, > 6, < 2%, then for some

n<w

n > 0 and regular p € [0,,0,,1) for every regular y < 2%, there is a tree with x
nodes and > x p-branches [She96a, 3.4].

Note 11.15. Kurepa trees: there are two contexts that arise

(a)

(b)

we can get Kurepa trees of singular cardinality: if A = (\; : i < ) and § <
Ai = cf(N\;), Ay > maxpef{); : j < i} then there is a tree with ¢ levels, the
i-th level of cardinality < \;, and at least max pcf{\; : i < 0} §-branches,
see [She94b, 3.5], hence can derive consequences from conventional cardinal
arithmetic assumptions

if for example pp(R,,) > R, and for a club of § < wy,pp(Ns) < N,
then there is an (Ry)-Kurepa tree (see [She94a, 2.8] for more). We get a
large family of sets with small intersection in more general circumstances
[She94a, 1.7].

It A Jaff <p,cf(p) =k >N and p < A < pf, then there is a tree with

a<p

w1 nodes, k levels and exactly A branches, A of them of height k. We can
derive results on linear orders (really they are the same problems). If we
speak on the number of k-branches (or for linear order number of Dedekind

cuts of cofinality from at least one side k), instead of “ A |a|® < p” it
a<p
suffices that

(x) (@) 27 <po<p
(b) if po < x < p and cf(x) < & then pp(k) < p.

See [She89] or [She96a, 6.6(1)]. (Similarly, other results can be translated between
trees and linear orders).

See https://shelah.logic.at/papers/E12/ for possible updates.
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§ 12. BOOLEAN ALGEBRAS AND GENERAL TOPOLOGY

Note 12.1. Concerning Boolean algebras and topology. A-c.c. is not productive
and A — L-spaces exist and A\ — S-spaces exist and more follows from Pr (A, 2)
(or appropriate colouring) see [She94i, 1.6A] so [She94b, 4.2] is a conclusion of
this. This is translated to results on cellularity of topological spaces (cellularity
< A& Af-cc).

We have

(a) if X\ > Ny, for some AT-c.c. Boolean algebras By, Bs we have: By X By is
not At-c.c. (why? now Pry(AT, AT, 2,R¢) suffice [She94f, 1.6A] and it holds
by [She91lb] or [She94l, 4.8(1),p.177] if A regular > Ry, [She94b, 4.1,p.67] if
A is singular and lastly by [She97a, §1] if A = N;)

(b) if X is inaccessible and has a stationary subset not reflecting in any accessi-

ble, then for some A-c.c. Boolean algebras By, Bs we have: By X Bs is not
A-c.c. (see [She94l, 4.8])

(¢) if A is Mabhlo, ®§° (see 1.5) then for some A-c.c. Boolean algebras B,,

for any proper filter I on w extending J?? we have [] B,/ fails the \-c.c.
[She94l, 4.11].

Note 12.2. Concerning Topology: characterizing by pp when there are f, € "o
for & < @ such that o < 8 = V fa(i) < fg(i), see [She93b, 3.7], is needed for

1<K
Gerlits, Hajnal and Szentmiklossy [GHS92]. The condition is (when 6 is regular for

simplicity)

2% >0 or (p)[cf(pn) <k < pand p <o and ppt(p) > 6]

(for 6 singular, just ask if it holds for every regular 6; < 6).
(Why not just 8 < ¢%? Because if e.g. x =3, § = 3,41, 0 = g we do not
know whether pp™ (k) = 67).

Note 12.3. Concerning Topology: let X be a topological space, B a basis of the
topology (not assuming the space to be Hausdorff or even Tp). If A = Rg or A is
strong limit of cofinality Ng, and the number of open sets is > |B| + A, then it is
> ANo: see for A = Ny [She93c], for A > Ny, [She94h] relaying on [She00d].

Note 12.4. Concerning Topology: densities of box products: for example if p is
strong limit singular, p = > \;, cf(\;) = N, 2% = A\, \; are strong limit
i<cf(p)
cardinals, max pcf{\; : ¢ < cf(p)} < 2#, cf(u) < € < p, then the density of the
cf(u)T-box product % is 2# [She96a, §5].
Gitik Shelah [GS98] prove consistency results.

Note 12.5.

(a) the results in 12.3 come from starting to analyze the following: given a
wi-complete filter D; on A;, for ¢ < K, what is

min {|A] : A C [] A; such that for every
i<K
(A; 1i < k)€ [] D; wehave AN ] A; # @}

i<k <K

continued in [She00b] and then [She99].
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(b) This is applied also to the problem of A-Gross spaces. These are vector
spaces V over a field F with an inner product such that for any subspace
U CV of dimension A,

dim{x eV: /\ (x,y) = 0} < dimV.
yeU
See Shelah Spinas [SS96].

Note 12.6. A well known problem in general topology is whether every Hausdorff
space can be divided to two sets each not containing a homeomorphic copy of
Cantor’s discontinuum. In [She00d] we have a sufficient condition for this (e.g.
la] < Vg = |pef(a)] < Rg and 2% > R, by [She00d, 3.6(2)], the (x); version relying
on [She00d, Th.2.6]). But we can prove: if ¢f is a closure operation on P(X) (i.e.
a C clla) = cl(cl(a)), a Cb= clla) C cl(b)) and |a] > Vg = |cf(a)| > 3, then
we can partition X to two sets, each not containing any infinite a = ¢f(a). (Can
prove more).

Related weaker problem is to find large A C “\ containing no large closed
subsets, A strong limit of cofinality N, if pp(\) = 2* is easy (hence for higher
cofinalities this holds and e.g. for many Js, § < wy). See [She94b, 6.9], more in
[She96a, 3.3,3.4]. See more in [She00d], [She04].

Note 12.7. If pp(A) > AT, cf(A) = Rg (or just a consequence from [She94b, §1],
see 6.2 here), then there is first countable A-collectionwise Hausdorff (and even A-
metrizable), not A™-collectionwise Hausdorff space (see [She96b]; when we assume
just cov(A, A, Ry, 2) > AT use [She94b, §6]).

Note 12.8. If A < A<?*, then there is a regular x < X and tree T with x levels, for
each a < k, T has < XA members of level < «, and T has > A many k-branches. If
A < A<* and —(3p) [p strong limit and p < A < 2¢], then this is above 2% > \; see
[She96a, 6.3].

Note 12.9. Depth of homomorphic images of ultraproducts of Boolean algebras,
[She97f, §3] and resolved for \; > 2/Po™(D)l in [She00a, §3].

Note 12.10. If X is strong limit singular, x = cf(\) and e.g. 2* = A, then for some
Boolean algebras By, By we have: Bj is AT-c.c., By is (27)%-c.c. but By x By is
not A*-c.c. (see for more [SheOOb]). More constructions in [She99].

Note 12.11. If A = A2+, B a J,-c.c. Boolean algebra of cardinality < 2* then B is
A-linked (that is B\ {0} is the union of < A sets of pairwise non-disjoint elements),
see [She00b, §8].

Note 12.12. On the measure algebra, [She99].
Note 12.13. On independent sets in Boolean Algebra, [She99].

Note 12.14. On ultraproducts of Boolean Algebra: s(B), spread, i.e. constructing
examples of inv( [[ B;/D) > [] inv(B;)/D, see:

1<K 1<K

(a) for inv being s, (spread), Roslanowski Shelah [RS98], [She99]
(b) similarly hd (hereditarily density)
(¢) similarly hL (hereditarily Lindelof)
d) for inv being Depth, [She0la], [She05b], [GS08], [GS12b)
)

(
(e) for inv being Length, [SheOla].
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§ 13. STRONG COVERING, FORCING, AND PARTITION CALCULUS

Note 13.1. Preservation under forcing: essentially pcf and pp are preserved except
for forcing notion involving large cardinals. Specifically if (the pair of universes)
(V, W) satisfies r-covering [i.e. V C W and if a C Ord, W |= |a| < & then for some
beV,aCbC Ordand W = |b| < k] and a C Ord\ « is a set from W of cardinality
< k of regulars of W then

pef” {cf¥(0) : 0 € pefV(a)} = {ct (N) : A € pet™ ({ctV (0) : 0 € a})}

(this applies for example to (K, V) if there is no inner model with measurable by
Dodd and Jensen [DJ81]).

Note 13.2. The strong covering lemma: see [She98b, Ch.XIIL,§1,§2] or better [She94f,
Ch.VIIL,§1,82]; see more in [She93b, 2.6,p.407] and [She00c|, each can be read inde-
pendently.

Suppose W C V is a transitive class of V including all the ordinals and is a
model of ZFC, let A > k be cardinals of V.

We say (W, V) satisfies the strong (A, k)-covering property if for every model
M € V with universe A and predicates and function symbols there is N < M of
cardinality < k, NNk € k, N € V but the universe of N belongs to W; we also use
stronger versions (like the set of such N’s is positive or even equal to [A\]=* modulo
some ideal, or weaker versions like union of few sets from W).

Those papers do this without using fine structure assumptions, just that (W, V)
satisfies (A, k)-covering and related properties.

Note 13.3. Application of ranks (see 3.2) to partition calculus: Shelah Stanley
[SS00]. If there is a nice filter of x (see 3.2) and A, cf(X) > k = cf (k), (Vu < \) u” <
Athen A — (A, w+1)2.

Note 13.4. Also, with ranks. If A > cf(\) > R, then A — (\,w + 1)? in ZFC (see
[She09b]).

Note 13.5. Polarized Partition Relations
1,1
If A is strong limit singular and 2* > A*, then ()‘;) — (§)2 , see [She98al.

Note 13.6. If A > cf()) is a limit of measurables and some pcf assumptions are
forced, then even (’\;) — (A;);’l, see [GS12al.

Note 13.7. See [She97d].

Note 13.8. On inner models, see [GSS06].
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§ 14. AXioM OF CHOICE, WEAK VERSIONS
Note 14.1. Set theory with weak choice: [She97d], [Shel2], [Shel4].

Note 14.2. The intermediate axiom of choice: (Ax)4 (see [Shee]).
1) We suggest considering (Ax), in addition to ZF + DC, which tells us each
[]0 is well ordered. This is orthogonal to V = L[R].
2) In particular, it gives: given a set I, for every ordinal o, ‘a is covered by a
sequence of few well ordered sets (depending only on I), even uniformly.
3) There is a class of successor cardinals which are regular (and even so called
“explicitly successor”).

Note 14.3. (See [Shel6b]) We have a quite strong pcf theorem which the minimal
cofinality is big enough compared to the index set.

Note 14.4. (See [Shel6b]) Black Boxes and constructing abelian groups.
Note 14.5. On splitting stationary sets, see Larson and Shelah [LS09].

Note 14.6. A ZFC conclusion — we quote from [Shee, §3]:

We prove that if 4 > k = cf(u) > Ry, then from a well-ordering of P(P(k)) U "*“u
we can define a well-ordering of “u. If, e.g., p is a strong limit singular cardinal
of uncountable cofinality, then by using a well order of H(u) we can define a well-
ordering of P(u), hence of H(u™). Lastly, we give sufficient conditions (in ZF +
DC) on singular p for ut to be regular. Actually, if 4 = pRo + 22" k = k8, and
X C u codes P(P(k)) and “u, then by using X as a parameter we can define a
well-ordering of “u.
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§ 15. TRANSVERSALS AND (), I, J)-SEQUENCES

See [She85b| (and [She75]), a transversal is a one to one choice function.

Note 15.1. If I is an ideal on k, A > cf(\) and pp;(A) > p, then we can find a
family of functions f, (o < p) from k to A, which is AT-free for I i.e. any A of them
are strictly increasing on each z € Dom([) if for each o we ignore a set s, € I such
that i € K\ (sa Usg) = fali) < fa(i) (so {Rang(f.) : @ € u} has a transversal
when u C p,|u|l < ) [She94b, 1.5A] (the case p singular changes nothing for this
purpose). So NPT(AT, k) (see Definition below). On weakening “pp;(A\) > u” to
“ppf (A) > w” for pu successor of regular see [She94a, §6] (u singular-easy). On
weakening pp;(A) > p to cov(A, A, k1,2) > p, see [She94b, §6] for some variants;
in particular NPT jua (AT, Rg) when cov(A, A, k%,2) > A by [She94b, 6.3,p.99].

Note 15.2. Definitions of variants of NPT, [She94b, 6.1], [She94a, 6.3] for example
NPT(A, k) means that there is a family {4; : i < A} of sets each of cardinality < &,
and < A of them have a transversal, but not all. Similarly for NPT ;(\, k) we have
fo : Dom(J) — ordinals as in 15.1.

Note 15.3. Trivial and easy facts [She94b, 6.2,6.7], why concentrating on
“NPT(AT,Ry), cf(X) = Rg” [She94b, 6.4].

Note 15.4. If X > cf(A) = Rg and cov(A, A, R,2) > AF, then NPT jpa (AT, Ry),
[She94b, 6.3] more in [She94b, 6.5,6.8], [She94a, 6.1], [She94a, 6.2] application to
[RS87], [Sheda, 6.4,6.5].

Note 15.5. When ) is a strong limit of cofinality o, there is 7' C “\, |T| = 2* with
no large dense subset, [She94b, 6.9] (there is a subclaim with more information).

Note 15.6. If I is an ideal on k, u > k > cf(u), ppy(A) > A = cf(\) > p,
A = cf(N) > Kk (for i < k), tlimy A; = p, (fi : @ < A) is <;-increasing cofinal
in [] Ai/I, then for some A C A, |A| = X for every B C A of cardinality A and
i<K

§ < p* there is B C A of order type § and (s, : a € B’) such that: s, € I,
a < pfand ¢ € K\ (saUsg) and @« € B' and § € B' = f.(() < fz((¢) so0
(Rang(fo I (k\sa) : a € B') is a sequence of pairwise disjoint sets. (For somewhat
more, see [She96a, 6.2,6.2A(3)]).

Note 15.7. (k-MAD families)
Let k = cf(k) > Ng. For any p > 27, letting
X = X = sup{ppra (') : 22 < p' Cpy, of(u') = K}
we have:
(a) every k-almost disjoint subfamily of [u]” (i.e. intersection of two has car-
dinality < x) has cardinality < x; also xj; = T’ (1)

(b) trivially there is maximal k-almost disjoint family C [u]*® and all such fam-
ilies have the same cardinality which is in x

(c) if X0 = X, Xn+1 = X{y,,)» Xw = D_ Xn then

n<w
(@) xn =sup{pp,, (1) : 2* < ' < p, cf(i) = w} where
Jn={ACK": (3a)(F"1)... 3 an_1){ag,...,an_1) € A}

(B) X(xo) = Xw (hence is doubtful if it is consistent to have x, # Xn+1)-
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Note 15.8. 7 = (ny : @ < A) is a (A, I,J)-sequence for [ = (I; : i < §) iff each

Na € [ Dom(I;),J is an ideal on 4,1 is an ideal on A, each I; is an ideal on
1<

Dom(I;), and

Xelt={i<d:{n.(i):aeX}tel;} el

The definition was introduced in [She00b] and considered again in [She99]. In
[She99] first the case of the Erdés-Rado ideal defined there was considered. For the
case I = (J39:i < 6) and A = tef([] Ai/Jp?) and J = JP9, T = J39, the existence
i<s
of a (A, I,J)-sequence comes from pcf theory. Also the case I; = T[] Jj\Did/ for
<n; o
(Aie + € < my) increasing a sufficient pcf condition for the existence of a (A, I, J)-
sequence was given in [She99] which holds sometimes (for any given (n; : i < ¢).
Also in [She99] the case I; = J&‘i[:knw for (A;¢ : £ < n) a decreasing sequence
of regulars was considered, giving a sufficient condition which requires pcf to be

reasonably complicated. A most case I; = [] Jf\l,sz’e, Ai ¢ regular decreasing, Jf\‘St’e

£<n
is the ideal of non-stationary sets +{d < A : cf(J) # 6}, when e.g. § < kK < A; ¢ and

we prove existence for some (A\; s : £ < n,i < §). Many applications for Boolean
algebras can be found in [She99].

Note 15.9. The family {x : NPT(x,R;)} is not too small, see [She79], Magidor
Shelah [MS94], [She97b].
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§ 16. MODEL THEORY, ALGEBRA, AND BLACK BOXES

Note 16.1. Lo x-equivalent non-isomorphic models in A: if A > cf(A\) > Ry there
are such models of cardinality A (if cf(A) = Xy, it suffices to have: (\; :i < cf(\))
is an increasing sequence of regulars with limit A and that

{6 < cf(X) : there is an unbounded a C § with A > maxpcf{\; : i € a}}

is stationary; not known if this fails in some universe of set theory, see [She94b, §7].

Note 16.2. Universal Models: for example, the class of linear orders.

If X is regular and Ju [u™ < A < 2#], then there is in A no universal linear order,
not even a universal model (for elementary embeddings) for 7' in A where T is a
first order theory with the strict order property. For almost all singular A we have
those results, more specifically if A is not a fixed point of the second order the result
holds; and if it fails for A the consequences for pp are not known to be consistent,
see [KS92a] which rely on guessing clubs.

Note 16.3. A much weaker demand on the first order T suffices in 16.2: NSOPy,
see [She96¢, §2]. On the remaining cardinals see some information in [She93d, §3];
on complimentary consistency (only for A = X;) see [She80b, §4].

Note 16.4. Universal models for (w + 1)-trees with (w + 1)-levels and or stable
unsuperstable T":

Similar results: if A regular (3u)[ut < A < p®°] then there is no universal
member; also for most singular [KS92b.
Similarly if k = cf(k) < &(T), Gu)[p™ < X < p~].

Note 16.5. Universal abelian groups have similar results for pure embedding (under

reasonable restrictions (mainly the groups are reduced, because there are divisible

universal abelian groups the interesting cardinals are A¥0 > \ > 2%¢). For torsion

free reduced abelian groups, &', or reduced separable p-groups, £5() if 2% 4+ <

A = cf(\) < pNo, then there is no universal. For “most” A, A regular can be omitted.
(This and more [KS95]).

Note 16.6. We can use the usual embedding but restrict the class of abelian groups.
The natural classes: & (torsion free, reduced i.e. has no divisible subgroups) and
K(p) (reduced separable p-groups). But in addition we restrict ourselves to the
abelian groups which are (< A)-stable (see [She96d]; club guessing is used).

Note 16.7. For classes 8, @) from 15.7 of abelian groups under embeddings
see [She97c]: mainly if A0 > \ > 2% there are negative results except when some
pcf phenomena not known to be consistent (also club guessing is used). Below the
continuum there are independence results. More on the existence of universals see
[She93d] on metric spaces see [She97c| and on normed spaces [DS04].

Note 16.8. For cardinals > 3, for the classes £, 85(P) the results in 16.7 are
improved to have demands on the cardinals like 16.4, see [She01b].

Note 16.9. There exists a reflexive abelian group, whose cardinality is the first
measurable cardinal, [Shel0]. We do not succeed in proving the existence of arbi-
trarily large reflexive groups, but show that it would follow from relatively weak
assumptions. Furthermore, we show that any condition which would preclude their
existence must be quite stringent.

Note 16.10. For a survey on the existence of universal abelian groups under various
embedding relations, see [She21b, §10] with references and table (see [She21b, pg.
302].)
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Note 16.11. 1) Existence of a A-free but not free abelian group of cardinality
A for arbitrarily large A < [first fixed point]. (See Magidor and the author,
[MS94].)

2) Consistency of “for the first A = Ny, every A-free algebra is free” for any
variety; also [MS94].
3) See more in 16.14, [She20].

Note 16.12. Diamonds and Omitting Types: In the omitting type theorem for L(Q)

in the A" interpretation, not only A = A<* (needed even for the completeness) was
used in [She81b] but (D£)y [for A\ successor this is ¢y, generally it means: there
is (P @ a < A), P, a family of < X subsets of A such that for every A C A
for stationarily many 6 < A\, AN4§ € Ps]. Now by [She00d]: if A > T, then
A=A & (DO, In fact: if A = AN and (Vu < \)(p=r">s < \) = (D0)sx
(where (Df)gx is defined as above but for a € S) = {6 < X :cf(§) = K}, and
p<"7t = sup{\ : there is a tree with p-nodes and A many k-branches}).

Note 16.13. There are uses for proving Black Boxes (see [Shear, Ch.IIL,§6]), those
are construction principles provable in ZFC, and have quite many applications, see
there for references.

Note 16.14. 1) In [Shel3b] we prove! that for strong limit singular ;1 we can
find quite large and quite free sets C “(“);, and quite strong Black Boxes.
2) We define the following objects as in [Shel3b, §1]:
(a) Let C = {strong limit singular p : pp(u) =1 2#}, with =T as on pg.4
(b) Cx={pu€ C:cf(p) =r}
(¢) The set F C " is called (0,0, J)-free, where J is an ideal on k, when

fi#feF={i<k:fi(i)=f(i)} €J
and every F' C F of cardinality < 6 is [J, o]-free, which means that:
o there is a sequence (uy : f € F') of members of J such that for
every pair (v,1) € o X k, the set {f € F': f(i) =y Ai ¢ uy}
has cardinality < 1+ o.

(d) We may replace “F C "u” by a sequence C' = (C5 : § € S) with Cjs
a set of order type k, or even a by a set {Cs : § € S}. This means
that the definition applies to {fs : § € S}, where f5 is an increasing
function k — Cs for each §; similarly for the other parts.

Definition 16.15. [See [Shel3b, 0.5=LOp.14]]

Assume we are given a quadruple (), u, 6, k) of cardinals.? Let BB~ (\, p, 6, k)
mean that some pair (C,¢) satisfies clauses (A) and (B) below; we call the pair
(C,e) a witness for BB~ (), p1,0,k). Let BB(\, i, 0, x) mean that some witness
(C,¢) satisfies clause (A) below and for some sequence (S; : i < \) of pairwise
disjoint subsets of A (or of S), each (C | S;,¢ | S;) satisfies clause (B) below,?
where:

(A) (a) C=(Cy:a€S)and S=S(C)C \=sup(S)

(b) Cu C « has order type k

(c) C is p-free (see 0.6) [but when we replace x by J then we say “C is
(u, J)-free”.]

(B) (a) c={cq:a€Sf)

IThe proof of [Shel3b, 2.6, Case 2| appears incomplete, but the claim is proved in [She0b5a,
1.11].

2but we may replace A by an ideal I on S C X\ = sup(5), so writing A would mean that S = J;
also, we may replace k by an ideal J on &, so writing x would mean that J = J,Ed.

3thus replacing S and ¢ by S; and ¢ [ S;
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(b) cq is a function from C, to 6

(c) ifc: |J Cq, then ¢, =c | C,, for each a € S
a€es
[but when we replace A by an ideal I on S, then we demand that the

set {a € S:cq =c [ Cy}isnotin I].
Remark 16.16. The reader may recall that if .S is a stationary subset of
{0 < A:cf(0) =k}

for a regular cardinal ), S is non-reflecting, and C = (C, : a € S) satisfies C5 C
d —sup(Cs) and otp(Cs) = k, then $g implies BB(A, A\, A, k). Therefore, if V =
L then for every regular x < A with A a non-weakly compact cardinal we have
BB\ A A k).

Theorem 16.17. (From [Shell, 1.18-LOp.15].) We have BB()\,C, (A, 0), <pu)
when.:

(A) pe Cy, A=cf(2") and 0 < p, 0 = cf(0) < p;

(B) S C S) is stationary;

(C) C=(Cyp:a€Sl), CsCd,|Cs| <u;

(D) x < 2" = (@ < on

(E) C is shallow: that is, |{CsNa:a € Cst| <\ for a < A.

The BB Trichotomy Theorem 16.15. If ;4 € C,, and k > o = cf(0), then at
least one of the following holds:

(A) There is a u*-free F C "u of cardinality 2/
(B) (a) A:=2F = X<* (so X is regular) and x < A = x7 < A
(b) if S C S is stationary and C = (C, : @ € S) is a weak ladder system
(i.e., Cs C 0)* then
(c) letting J2%* = {A C A: AN S is not stationary in A} we have®
o1 BB(JE, C,0,<p) for every § < u provided that
0eS=|Cs| <p
o> BB(JEE, C, (24,0), <)) for any 6 < p1
(C) (a) Mg = 2" is regular, x < Ay = X7 < Ag, and A\; = min{9 : 29 > 2#} is
both regular and strictly less than 2#
(b) like (B)(b) for A = A2 but |Cs| < Ay for § € S (so Cs = ¢ would not
work)
(c) BB(JE*, u",0, k) for every § < p and any stationary subset S of A\
(c)’ like (B)(b), but for A = A1, S a club or simply not in the weak diamond
ideal [DST78].

Note 16.18. In [She20]

1) We get scales with some two-cardinal freeness properties. This is used to
get somewhat free n-dimensional scales.

2) Hence for every n < w there is an X, ,,+1-free (but not X, ,+o-free) abelian
group G such that Hom(G,Z) = {0}.

3) Also, a complementary consistency result.

Note 16.19. On tiny models: On tiny models see Laskovski, Pillay and Rothmaler
[LPRO2], M is tiny if u = |M| < |T|,T categorical in |T|", where |T'| is the
number of formulas up to equivalence. Assume further that for 7' not every regular
type is trivial, then existence of such T for given u is equivalent to the existence

4Bear in mind that a choice of Cs = 6 would satisfy this
5What about freeness? We may get it by the choice of C; also, if C is a ladder system
(particularly if strictly), we will get a weak form (e.g. stability).
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of A; € [pu]* for i < pT such that A [4; N A;j| < Rg, hence necessarily p < J,.
i<j

(Proved in the appendix of [She00d]).

Note 16.20. On cofinalities of the symmetric group: Let Sp be the family of regular

A such that the permutation group of w is the union of a strictly increasing chain

of subgroups. Now Sp has closure properties under pcf, say if n < w = A\, € Sp

then pcf{\, : n < w} C Sp (Shelah and Thomas [ST97]).

Note 16.21. Hanf number
On application to Hanf numbers see Grossberg Shelah [GS86].

Note 16.22. On the number of non-isomorphic models: see [She09a, §2]. See more
in [Shel6a], e.g. on groups. A survey on existence of universal, see [Dza05], more
recently [STh].

Note 16.23. In addition, if g = X, > cf(u) then there is no universal linear order
of cardinality A = u*. See [STc].
Note 16.24. We can sum: (see [S*c, 6.1])
there is T such that if A\ ¢ Univ(7'), then for some cardinal p
(x) A= p* and (a) or (b), where:
(a) w is singular strong limit such that g =Yg, § < p and 2# > A,
(b) p is regular, 2<# < A < 2" and b, = A\ <0,.
(see [Ste, 6.1])
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§ 17. DI1sSCuUsSION

Thesis 17.1. Artificially /naturality thesis.

Probably you will agree that, for a polyhedron, v (number of vertices) e (number
of edges) and f (number of faces) are natural measures, whereas e + v + f is not,
but from a deeper point of view v —e+ f runs deeper than all. In this vein we claim:
for A regular, 2* is the right measure of P()\), and \* is a good measure of [A\]<*.
However, the various cofinalities are better measures. A" is an artificial combination
of more basic things of two kinds: the function A — 2* (X regular which is easily
manipulated) and the various cofinalities we discuss (which are not). For example
pp(R,) < Ry, is the right theorem, not RX0 < R, + (2%0)* (not to say: 2% < R,
when R, is strong limit). Also the equivalence of the different definitions which
give apparently weak and strong measures, show naturality:

(a) cf([R,]™) = pp(Ra)
(b) min{|S| : S C [A]=" stationary} = cf([A\]=%, C) for k < A
() if A>p>0>0=cf(o) >Ny then

COV()\vﬂa 9, 0) = SuP{ppF(cf(x)ﬁ,a) (X) p < X < )‘70 < Cf(X) < 9}

Note, x < ppy(A) says [A]S" is at least as large as y in a strong sense, whereas

x > min{|S] : S C [A]SF stationary} says that [\]<" can be exhausted very well by
X “points” (for the right filters: measure 1).

We tend to think the pp’s are enough, but there is a gap is our understanding
concerning cofinality N, mainly: is it true that

(%) A > cf(A) = Ro = cf([A]=", C) = ppy, ().

We have many approximations saying that this holds in many cases (see 7.5).
More generally, we should replace power by products, and cardinality by cofinal-
ity, and therefore deal with pcf(a).

Note 17.2. The Cardinal Arithmetic below the continuum thesis:

We should better investigate our various cofinalities without assuming anything
on powers (for example, the difference between the old result pp(R,,) < R(gno)+ and
the latter result pp(R,,) < N, is substantial); as

(a) you should try to get the most general result (when it has substance of
course)

(b) if we add many Cohen reals, all non-trivial products are > 2%, but our
various cofinalities do not change, so we should not ignore this phenomenon

(c) even if we want to bound 2* for A strong limit singular, we need to inves-
tigate what occurs in the interval [\, 2*] which is a problem of the form
indicated above; this is central concerning the problem (see [She96a]): if A
is the w;-fixed point then 2 is < the wy-th fixed point

(d) looking at cardinal arithmetic without assumptions on the function A s 2%,
makes induction on cardinality more useful.

Thesis 17.3.
(A) pp(A) is the right power set operation.

A — 2% (X regular) is very elastic, you can easily manipulate it, but pp(\) (A
singular) and cov(A, i, 0,0) are not; it is hard to manipulate them, and we can
prove theorems about them in ZFC.
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(B) pcf, cov are basic operations, with non-trivial ZFC results.

1) Consider [A]<*, the family of subsets of A of cardinality < k, when A > & (see
17.1).
2) A is the crude measure of [\]<F.

It is very interesting to measure it, and cardinality is generally a very crude
measure; pp, (\) is a fine measure; and we have intermediate ones: cf([\]<*, C),
min{|S| : S C [A=" stationary} and more. The best is when we can compute
cruder numbers from finer ones; particularly when they are equal, so we could use
different definitions for the same cardinal depending on what we want to prove. So
we want to show that the ppr(c¢())(A) for A singular is enough.

Note 17.4. Ppr(g,»)(A) is the finest we have for what we want; they are like the
skeleton of set theory; you can easily change your dress and even can manage to
change how much flesh you have; but changing your bones is harder. You may
take hypermeasurable A, blow up 2* and make it singular; this does not affect
for example ppr(y,)(A*) when A* > A cf(A*) = Ny (even if \* < new 2}, nor
cov(A*, A* Ny, o) (0 = 2,8y); they measure really how many subsets of A* of cardi-
nality Ny there are - not through some A’ < A\* having many subsets of cardinality
< Nj.

Note 17.5. Subconscious remnants of GCH have continued to influence the research:
concentration on strong limit cardinals; but from our point of view, even if 2%¢ is
large and p < 280 = 2# = 280 the cardinal arithmetic below 280 does not become
simpler.

Also GCH was used as an additional assumption (or semi-axiom), but rarely
was the negation of CH used like this: simply because one didn’t know to prove
interesting theorems from —CH. But now we know that violations of GCH have
interesting consequences (see below).

Note 17.6. Up to now we have many consequences of GCH (or instances of it)
and few of the negations of such statements. We now begin to have consequences
of the negation, for example see here 11.10; so we can hope to have proofs by
division to cases. For example, let A be a strong limit singular; if pp(A) > AT then
NPT(A*,cf()\)) and if pp(A) < AT then 2* = At (and O lsantwch(8)et(n))) and 80
various constructions are possible (see here 11.10(b) and [She97e] on more, also
[She96b], [RSI8]).

Note 17.7. The right problems.
An outside viewer may say that the main problem,

(R, =3, = 2% < n,,)

was not solved. As an argument we may accuse others: maybe X, is the right
bound. But more to the point is our feeling that this is not the right problem. The
right problems are:

(o) Does pcf(a) always have cardinality < |a|?
(B) TIs cov(A, A, Ry, 2) =T pp(A) when cf(X) = Rg?
Now («) is just a member of a family of problems quite linearly ordered by im-

plication discussed in [She93a, §6], [She00d], which seem unattackable both by the
forcing methods and ZFC methods. The borderline between chaos and order seems

(o)™ Can pcf(a) have an accumulation point which is an inaccessible cardinal?
(Hopefully not.)
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Similarly (8) is the remnant of the conjecture that all cov(\, p, 8, o) can be expressed
by the values of ppr (g ,)(\') and even ppp(c¢(ay)(A'); this has been proved in many
cases (see 7.5). On an advance see [She00d].

Also though («), () have not been solved, much of what we want to derive from
them has been proved.

Another problem on which no light was shed is:

() if A is the first fixed point, find a bound on pp(A) (or better cov(A, A, Ry, 2)).

We can hope for the wy-th fixed point, to serve as a bound but will be glad to have
the first inaccessible as a bound. Even getting a bound assuming GCH below A
would open our eyes. This becomes a problem after [She86a], [She82, Ch.XII,§5,56].

(0) Generalize [She94b, §1] to deal with what occurs above tlim; A; (for exam-
ple 4.1, (), 0)-entangled linear order).

More accurately, assume [ A;/J has true cofinality A, p = tlimy(\;) = sup(\;), A;
1<0(*)
regular > §(x), and sup; 5,y Ai < 0 = cf(#) < A. We can find regular A; < A; such
that tcf([] \;/J) = 6) as exemplified by f, which is uT-free (hence tlim(\}) = \;)
in addition: if § < 6, cf(8) < 0 and cf(8) > 2/°®I (or just f [ § has a <s-lub) then
without loss of generality fs/J is the <-lub of f | §, we want to know something
on (cf(fs(a)) : @ < 8). For more information see [She94g, 4.1,4.1A].
Note that we also do not know, for example

(e) if cf(A) <k < A, is cf(pp,(A)) > A? (we know that it is > k)
(¢) we believe pcf considerations will eventually have impact on cardinal in-
variants of the continuum, but this has not materialized so far.

Note 17.8. The perspective here led to phrasing some hypotheses, akin to GCH or
SCH.

The “strong hypothesis” says pp(\) = AT for (every) singular A. Note it is
like GCH but is not affected by, say, c.c.c. forcing; it follows from —0# and from
GCH,; its negation is known to be consistent and I feel it is a natural axiom. Other
hypotheses may still follow from ZFC: for example, the medium hypothesis says
Ipcf(a)| < |a|, and the weak says {u : pp(p) > A, u < A, cf(pu) = No[> N} is
countable [finite]. There are intermediate ones; such hypotheses and consequences
are dealt with in [She93a, §6], see more in [She00d], [She02]. Particularly concerning
the connection of the medium and weak ones, (see 13.3, 7.18), ZF 4+ DC + [ well
ordered suffice, see [Shee].

Note 17.9. In a major advance, Gitik has proven in [Git20] that the following
version of the weak hypothesis fails: {y : cf(11) = & < 1, PPy complete (i) = A} may
be large.

Still open is whether, in the RGCH (see [She00d]), we can replace J,, by X,,.
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§ 18. PART B - CORRECTIONS TO THE BOOK [She94f]

page 50,line 22: see more in Part C.
page 51,line 12: replace A™ by p.
page 51.line 13: see more in Part C.

page 66,Theorem 3.6: second line of theorem:
replace \?*1 by )\gﬂ

add after the second line of Remark 3.6A:
2) This is essentially the proof from [She82, Ch.XIIL§6] and more appears in Ch.IX

first line of the proof:
replace A > Ny by “\g > |a|* (why? as we can replace \g by A\{" and deduce the

result on the original \g from the result on A )”

replace fifth line of the proof:
Nj, = N {Skolem Hullys (AU U Cp) : Cs a club of f(APA+1) for § < o}
B<a

add in the end of the proof:

Clearly this family is a family of subsets of A each of cardinality at most Ay of
the right cardinality. So we have to prove just that it is cofinal. So let X be a
subset of A of cardinality at most Ag, and we shall find a member of the family
which includes it. Let x be large enough. By 3.4 we can find an elementary
submodel N; of (H(x),€,<%), for i < & =: |a|* each of cardinality such that
{F, Mo,a*,\, X, f,g} € N; and i < j — N; € N, increasing continuous with ¢ and
condition (b) form 3.4 holds for f € F.

It is enough to prove that

(¥) Ny includes NsNA
for this it is enough to prove

(xx) if Cj is a club of )\g+1 for each 8 < a* and M’ is the Skolem Hull in M of
Ao UUH{Cs: B < a*} then M’ include Ns N A.

For this we prove by induction on v < « that
(%), M’ includes AN XS,
Case 1: v =0.
In this case as M includes \g this is trivial.

Case 2: «v a limit cardinal ordinal.
In this case the induction hypothesis implies the conclusion trivially.

Case 3: v =+ 1.
Use the induction hypothesis and the choice of the functions f and g. (See more
Ch.IX, 3.3)

page 136,lines 21,22,23:
replace by:
No problem to define. We define B (for i < A, @ € S) by induction on a:
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{B:cf(B) # A and B € AY V 8 =sup(BN AL)} if cf(a) # ¥y
B’ = N{ U B? . C aclub of a such that A cf(8) = No} if cf(a) =%y
peC BeC

(or see [She9la, 4.1]).

page 210, line 15:
add: or X is not Mahlo and we can use Ch.III.

page 222 line 24: replace by:
Definition 1.4. 1) We say D is strongly nice if it is strongly nice to every

page 224 line 8: replace by:

sup{ H f(@)/D : D is a normal filter extending D*}
1<wi
page 228 line 1: replace D* by D* € V*.
pages 334-337: see a rewriting in [Shea]

page 334 line -4 replace by:
(2) The first phrase follows from part 1 and check the second

page 335,line 4: replace “f [ bula] < &7 by “f [ b,la] < f&”

page 335,line 18: space after &; replace () b,,[a] by U bs,[q]
=1 =1

page 336,line 3: replace b by ¢

page 336,line -7: replace U3 3 by 3.2

page 381,lemma3d.5 and page 383,line 21: No! But see [She94g, 5.12] and [She02,
§6]

page 410,line -1: replace by: {§ < o : cov(As, A5, 07,2) < us} contains a club of o,
where

(x)(7) let us be ppg'(As) the first regular 1 > As such that:
if a C Reg N As \ |a|t, then sup{maxpcf(b) : b C a,|b| < 6 and (Vx <
As)maxpcf(b N x) < As} (so normally this means cov(As, As,01,2) =T
PPy (As))-

page 411 line 1: replace by:

(i) cov(A, A, 07, 2) < ppg*(A) which normally means cov(A, A, 07, 2) = ppy(N),
e.g. if cov(A;, 0F,07,2) < A foraclubofi <o

(iii) if e.g. ™0 < A, then we can add {§ < o: if cf(d) = Ry then ppffbd()\g) >
cov(As, As,6,2)} contains a club (for the changes needed for the proof see
below, Part C).
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page 417 line 11: add:
Here examples are constructed for A singular and in [She97a] for A = X; which
was the last case.

page 418 line 20: sequence of not sequence of ...
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§ 19. PART C - EXPANSIONS FOR [She94f]

§17  Short Expansions
page 50,line 22: add: [this is the proof of II,1.4(3)].

Case 1: otp(A) is zero.
Trivial.

Case 2: otp(A) is a successor ordinal.

Let « be the last member of A and let A’ by A\ {a}. Clearly the order type
of A’ is (strictly smaller than that of A) hence by the induction hypothesis we can
find s3 € i for 8 € A" as required. Define sg for 8 € A as follows:

if B =a, then sg = @ and if B € A" then sg =: {i < r 4 € s} or fo(i) < fa(i)}.
Now s is a subset of k and if 3 = « is the union of two sets: sj and {i < x :
fa(i) < fg(i)}, now the first belongs to I by its choice and the second as we know
fa <1 fa (because 8 < ). So S, their union is in I, too.

This holds also in the case 8 = . So sg € I for § € A, and it is easy to check
the requirements.

Case 3: otp(A) is a limit ordinal.

Let 0 be sup(A), so is a limit ordinal. So by 1.4(ii)(d) there is a closed unbounded
subset C' of § and sets 7o € I for a € C such that i € K\ 7, \ sg and o < § implies
1) < fo(i).

Without loss of generality 0 € C (let to =: {i < & : fo(i) > fmin(a)(9)})-

Now for every o € C'let A, =: AN[a, min(A\(a+1)). Clearly otp(A,) < otp(A4),
let A, =: Ay U{a}. So otp(A]) =1+ otp(A,) < otp(A) (as the latter is a limit
ordinal). So we can apply the induction hypothesis, getting sj; for 8 € Aj, as
guaranteed there.

Now we define sg for § € A as follows: let ag =: sup(C'N 3) and v5 =: min(A4 \
(a+1)). So B € Aag, hence sj; is well defined, and let

sp=: 85 N{i <k : it is not true that fo,(i) < fa(i)}.
Now check.

* * *

page 51, line 13: add to the end of line (this is line 7 of the proof of II,1.5A).

Of course, we do not have knowledge on the relation between f. (i) and fz(j),
so we just e.g. use f/, defined by f/ (i) =: kfa(?) + 4 (so f. is a function from & to
A as £ < A). Now (fl, : a < p) is as required (note that ({fa (i) 14 < p} 14 < k) is
a sequence of pairwise disjoint subsets of A).
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§ 20. MoORE oN II,3.5
This refinement is used in [Shef].

Claim 20.1. Assume

(a) a={\; 1< d} is an increasing sequence of reqular cardinals > &
(b = tef . (a, <de)
(c
(d
(e

No > 21 fori < & or justi < & = g > |pcf(a) ]
f(0) > No

c
S =: {z < 0 : for some iy < i1, pcf{A; 1 i < j < i} \ D Aj is a singleton
<t

) A
)
)
)

cardinal < ;T sup )\j} is stationary.
i<

then we can find (fo : a < A) such that

(a) fa € I Niis < pa-increasing and cofinal
<3

®) if fellXand (Vi<d)Ba<N|[fli=foli]then fe{fo:a<A}

<9
Remark 20.2. This is just the proof of [She94f, Ch.II,3.5], just we use more of it.

Proof. Let p= > A and p; = > A; for j < 4.
i<d i<j

Recall a = {\; : i < &}, so min(a) > |uNpcf(a)]. Let b = (by : 6 € pcf(a)) be
a generating sequence for pcf(a). Choose (f? : 6 € pcf(a)) as in claim 20.4 below.
Now we let

= {f € H/\i : for every 0 € pcf(a), for some n < w
<0
and 0y < ... < 0,1 from pcf(by)
and ag < Oy, ..., qp_1 < 6,1

we have f [ by = max{fgﬁ < n}}

Let f, = f2 for a < \.
First clearly

()1 a< A= fo € F.
Secondly, the main point is
()2 if f/, " € F then [’ < <gbg fror fr=gea f"or f7 <jea f'.
Why does (x)2 hold? Given f’, f" € Z, let
a={0€a:f(0) <fO)}
co={0€a: f(0)=f"(0)}

s ={0€a:f/(0)>f"(0)}

so (c1, ¢g, ¢3) is a partition of a. Let E = {i < §: for £ =1,2,3 if sup(cy) = sup(a)
then sup(c, N A;) = sup(an A;) and if sup(c) < sup(a) then sup(cs) < A; for some
Jj <t}

Clearly E is a club of §; by clause (c¢) of the assumption, S C § is stationary
hence SNE # @, solet i € SNE and let 6; be the single member of pcf(anX;)\ p; =
pef({A; 1 j < i})\ pi (recall the definition of S). So by, contains an end-segment of
an\; — say b’. By the choice of .# and the assumption f', f”/ € .# and the choice
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of 6;, we know that for some end segment b” of b’, f/ | b” € {f% [ b" :a < 6;}
and without loss of generality also f” | b” € {f% | b” : a < 6;}. So for some (3,
B < 0; we have [ 6" = f5i [ 6" and f” [ " = f{i [ .

Now ' < B’"v g = pg"v p > 8" and accordingly we get one of the three
possibilities in (x)s.

Now clearly we are done. Coo g

Claim 20.3. 1) In 20.1 we can weaken assumption (e) to

(e)s letting (u; = i < o) be increasing continuous with limit sup(a) so o =
cf(sup(a)) for some normal filter D on cf(sup(a)) = cf(d) we have:

(e)p ifa’ Ca(=:{\; :i <d}) and sup(a’) = sup(a) then
{i < o :max(pcf(a’ Np;)) = max(pef(anu;))} € D.

2) Assume a has no last element, cf(sup(a)) > Vg, and A = tcf(wa/JPY) and
p < sup(a) = maxpcf(anp) < sup(a), (e.g. a={\; :i <} from 20.1 assuming
clauses (a)-(d) of 20.1.

then for some unbounded a* C a, we have (clause (a), (b), (c) of 20.1 and)
clause (€) 4« of part (1) holds (hence the conclusion of 20.1).

Proof. 1) Let a = {); : i < ¢} such that )\; is regular increasing with 4.

We repeat the proof of 20.1. So our problem is that in proving (x)s, so we have
f', " € % and having defined the partition ¢y, cg,¢3 of a, at least two parts are
unbounded in a say ¢, , ¢,

X if 6 € pcf(ee) \ {A} then by \ ¢, € Jy[a].

[Why K? As in the proof of 20.1, we know that f’, f”/ € .% hence for some ¢ € J¢[d]
we have f' | (bg\c), f” | (bs\c) belongs to {f? | (bg\0) : @ < 0} and we continue as
there.] Now for ¢ = 1,2,3 we have sup(c¢) = sup(a) = Sy := {j < o : max pcf(c, N

pe) = maxpef(an )} = cf(sup(a))} € D also B := {i : sup(anpu;) = p;} is a club
of 0. Hence S=ENS;NSyNS3 € D.

So for the D-majority of j < o we have sup(cs, N p;j) = p; = sup(ce, N p) and
max pef(cg; N ;) = max pef(a py) = max pef(cg, Np;) and we get contradiction
by X.

2) We try to choose (a, : 7 € ") by induction on < w such that

(Z) acy=a
(ii) a, C ay, for n € "o
(1) sup(a,) = sup(a)
)

for every n € "o for some club F, of o we have: for every j € F, there is
i < j such that maxpcf(a,-~ ¢y N pj) < maxpef(a, N p).

Now for n = 0 there is no problem and if a,, (a, : 7 € "o) has been chosen but
there is no suitable (a,, : 7 € ""'o) then for some 1 € "o letting
P,y = {{i < o : maxpcf(bNi) < maxpcf(a, Ni)}: b C a,,sup(b) = sup(a,)},

the normal ideal D, (on o) which &, generates satisfies @ ¢ D,, so a,, D, are as
required. Lastly, not all the a,’s are defined as then we let

E ={i < 0 :i alimit ordinal such that n € “7i =i € E,}

Clearly E is a club of 0. Now for any ¢« € F, we choose, by induction on n < w, a
sequence 7,, € "i such that 7, <n,41 and maxpcf(a,,) > maxpcf(a,,, ). We let
no = ( ), and 7,41 will exist by clause (iv). So (maxpcf(a,, ) : n < w) is a strictly
decreasing sequence of cardinals, a contradiction. So we are done. Uso.3
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Claim 20.4. Assume

(a) |pcf(a)| < min(a), a as usual a set of reqular cardinals

(b) b= (bg : 6 € [a]) a generating sequence for pcf(a) (exists by z.x - FILL)
which is closed (i.e. p € bg = by, C bg) and smooth (i.e. pcf(b,)Na="b,).
We can choose by induction on 0 € pcf(a), fO = (f% : o < \) such that
(@) f& eTlbg is <_,[b,)-increasing and cofinal
(B) if 0 € pcf(a), « < 0 and pu € by, then for some n < w, po, ..., fn—1 €

pCf(b#), 50 < pos - - -aﬂn—l < Hn—1, and ﬂ < p we have
f 1o, =max[{f} : £ <n}]
Proof. This is a restatement of [She94f, Ch.VIL§1]. O

Claim 20.5. Assume K is regular and 0 = (0; :i < k) is a sequence of reqular
cardinals > k¥. then for some u, E,\, X\ and D we have

(a) u C K is unbounded
(b) A =tcf(]] 0, <JB<1>
SN
(¢) E:={6 < k:d alimit ordinal and 6 = sup(u N J)
(d) 5\:<)\5:5€E>
(e) A\s =maxpcf{f;:icund\j} for every j € [js,9)

) A= th(H 0;, <J1lzd)

i€u

) 2 is a normal filter on k extending 9D

) if A€ DT, vs Cund, js <4, \s > maxpcf{f; :i € und\vs\ js} for
0 € A then | J{vs : § € A} is a co-bounded subset of u.

Remark 20.6. We can add:

(f
(g
(h

(7) if v is an unbounded subset of u then the set
{i <k :maxpcf({#;:j €iNv}) = maxpef({6; :j € ﬁu})}
belongs to 2.
Proof. By the pcf theorem there is ug € [k]* such that
(*) A=tef( [T 6;, <J33) is well defined.

1€UQ

Now for every u € [u]” we define E, and (A} : § € E,) as in clauses (c),(e) and
stipulate A% = 0 for i € k\ E,, and let A\* = (A\¥ : i < k). So 7, = rkg, (A\! 1 i < k)
is a well defined ordinal and we can choose u; € [u]® such that 7,, is minimal. Let

Dy ={ACkK:A€D,or Ac D)\ D and vy, < Tkpi(ma)((Af 11 < k))}.

As for clause (h), but [She00al], 2, is a normal filter on x (extending %, ). For
proving [?] assume that A € 27, 0= (vs: 6 € A), j = (js : 6 € A) and vs C u1 NG,
Js N6, js <6 and Ay' > maxpef{f; :i CdNwuy \vs\ Js}-

We should prove that v := u; \ J{vs : § € A} is bounded in k. Toward con-
tradiction assume x = sup(v) and we shall prove that 7, < 7, thus deriving the
desired contradiction

(+%)1 Y, = kg (A™1).
But by the choice of 2,

(x%)2 Tkg, (A"1) =1kg_ 1 4(A"1).
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Now clearly by our assumption
(xx)3 0 € A= A§ < AJ'
hence
(%) AV < A% mod (2, + A) hence
(+%)5 kg, 1 A(AY) > kg, 1 a(NY).
Now by a monotonicity property of rkp(\¥) in D
(#4)6 kg, +a(A") > 1kg, ().
But

(+x)7 1kg, (A”) = 0.

Together (xx); — (%)7 gives v, > 7o, contradicting the choice of u;. The contra-
diction comes from assuming that v is unbounded in &, so sup(v) < &, thus finishing
the proof of clause (h) and of the claim. 005

Remark 20.7. We can replace (JP4, 2,;) by other such pairs (on x or on [u]<").

Observation 20.8. Assume 6 = cf() and A = (0; : i < k) is an increasing
sequence of reqular cardinals > k™1 and A = tcf([] 0;, <Jgd). Then we can find an
u, . Z, f such that

(a) u C K is unbounded
(b) f={(fa:a <)) such that
(C) fa S H 972

€U

(d) (fa:a <A)is <jpa-increasing cofinal in ([] 0i,<jva)

i€u
(e) F C ] 0; includes {fo : a < A} and|{f [5:f€ﬁ}| <XsfordeFE
i€u
(f) if f € T 0 for every j < 0 for some g € F we have f, | (jNu) =g | (jNu)
icu
then f € F

(9) Z is linearly ordered by < jva.

Let u, E,(\; : i < K),  be as in the previous claim. As we can ...?
For j € E;j let J; = {v Cunj:maxpcf(N; i € [j',74) Nu) < X\ for some
j' < j}. For each § € E, choose (f3:a < AY) such that
®s (a) foe II o
i€und

(b) fO=(fS:a<)\,) is <j,-increasing and cofinal in ( [] 69“ <7)
jEuN

() iff716 hasa <y,-l.u.b. then fg is an increasing <j,-l.u.b.
Let
® F*={fec[Ni: (Vo€ E)Y3a<Xs) flund)=f> mod Js}.

SN

For f € F let g}' be the function with domain F, g;ﬁ'((;) = a, «a as above (clearly it
is unique). By [Shear, xxx| - FILL
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® we can find fo € F for a < X\ such that f = (fo : a0 <)) is < jpa-increasing
cofinal in ([T Aiy <jpa) (and if o > K, f | o has a <gva-e.u.b. then fo is

icu
such < jva-e.u.b..
u

Assume toward contradiction

X fi,fe € F and uy = {i € u: f1(i) < fa(i)} is unbounded in k and also
ug =\ uy is unbounded Ox.
Now FE is partitioned to
Ay ={6€E:g;(5) <gs(d)} and
Ay ={0€ E:gys(0)>gs(0)}
Hence for some £ € {1,2} we have A, € DT. So for each § € As we can find vs
such that
(a) u\v5 €Js andvs Cund
(b) f fgf @ [vs fork=1,2
(c) zfé_ 1 then gy, (0) < gy, (0) andf L) us < fgf2(5) < f§f2(5) [ vs
(d) if £ =2 then gy, (6) > gy, (0) and f.qfl(é) [vs > fgfz(5) [ vs
This is clearly possible.
Now ifi € v:=J{vs : § € A;} then [f1(i) < f2(i) < € = 1] but by the previous

claim (clause (b)) and clause (a), v is a co-bounded subset of u, fi < fo mod J>4
or fo < fi mod JP s0 we are done.

Conclusion 20.9. Assume p > k = cf(p) > Vo, (u; : @ < K) is increasing continu-
ous sequence with limit i,cf(p;) < Kk and pp(p;) < piy1 for i < k. then we can find
F as in 20.8 of cardinality (and cofinality) pp(u).
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§ 21. MORE ON III,4.10: DENSELY RUNNING AWAY FROM COLOURS
Question 21.1. [Hajnal]: Let A = (2%)T. Is there ¢ : [\]*> — w such that

(VA € N (Vn < w)(3B € [A]*)[n ¢ Rang(c | [B]?)]?

Answer: yes.

Clearly it is equivalent to the property Pr (), Ro,2) defined below for A = (2%0)*,
Now Claim 21.3 covers the case A = (2%0)T and then we have more. We look again
at [Shear, Ch.II1,4.9-4.10C,pp.177-181].

Definition 21.2. Pr7(),0,0) where A > 6 > 1, A > 0 = cf(0) means that there is
c¢: [\? — o such that

(VA € N (Va < 0)(3B € [A]*)[ min Rang(c | [B]?) > af

(So far, @ is redundant). Moreover, if w, € [A\]<!T? for a < \ are pairwise disjoint
and ¢ < o then for some X € [A\]* we have

(%) if @ < B are from X then (Vi € wy)(Vj € wg)(e{i, j} > ¢).

Claim 21.3. Assume A is a regular uncountable cardinal, 2 < k < X and ®% holds
or just @5 (see below).
then there is a symmetric 2-place function ¢ from A to Ry such that:

() if (w; i < A) is a sequence of pairwise disjoint non-empty subsets of
A |lwi| < Kk andn < w, then for Y € [A\]) for every i < j from'Y we have:

max(w;) < min(w;)

/\ /\ c(a, B) > n.

acw; fEwW;

(i.e. Pr7(A\Ro, k).
Note that Definition 21.4(1) is from [Shear, Ch.II1,4.10,p.178].

Definition 21.4. 1) For a Mahlo (inaccessible) cardinal A and £ < X let

®% there is C = (Cs : 6 € S2), where S2 =: {§ < X : § is inaccessible}, Cs a
club of &, such that: for every club E of A for some § € acc(E) N S2 of
cofinality > , for no ¢ < x and a. € S2 (for € < ¢) do we have

() nacc(E)Nd\ |J Ca. is bounded in 6.
e<¢

2) For A regular > k = cf(k) > Ry, let

@4 there is C = (C5 : 6 € 5),S = {§ < A : 8limit}, C5 a club of § such that:
for every club E of X for some ¢ € acc(E) of cofinality > &, for no ( < k
and o € S (for € < ¢) do we have

(x)" 83, NE\ J C,, is bounded in § where S2, = {§ < \ : cf(d) > k}.
- e<C -

Remark 21.5. 1) For A Mahlo, the property ®?\ holds if there are stationary subsets
S; of A for i < X such that for no 6 < A, A [S;N0 a stationary in §] (we can consider
<8

only ¢ inaccessible).
[Why? Choose Cs a club of ¢ disjoint to S; for some i(d) < d, such that
min(Cs) > i(d)].
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2) This is close to [She88b, §3], see [She94f, Ch.II1,2.12]. As in [She88b, §3], the
proof is done such that from appropriate failures of Chang conjectures or existence
of colourings we can get stronger colourings here. For the result as stated also
c(B, ) = Lg[p(B, )] is O.K., but the proof as stated is good for utilizing failure of
Chang conjecture (as in [She88b, §3]).

3) Note that @3 is closely related to @& from [She94f, Ch.II1,2.12]. Also if £ < N,
then in ®% we can replace nacc(E) by E.

4) Note that A weakly compact fails even ®3 and forcing notion P which is 6-c.c.
for some 6 < A preserves this.

Observation 21.6. In Definition 21.4 in (x) and (%) if kK < Vg it does not matter
whether we write E or nacc(FE).

Observation 21.7. 1) @3 implies @\°.

2) @3 implies 3.

3) If k1 < kg < X then @5 = Q' and §5* = &Y.
4) @5 = @ if X is inaccessible > Ry.

Proof. 1) Let C exemplify ®2 and we shall show that it exemplifies ®§0, assume
not and let E be a club of A which exemplifies this. We choose by induction on
k<waclub E; of \: By = E, if E};, is defined let

A =:{6 <X: §€acc(E)NS2 and for no
a €S2 is EyNéd\ C, bounded in §}.

As C exemplifies ®3, clearly Ay, is a stationary subset of A and let

By = {6 €EFEL:6= sup(Ak n 5)}

Let 6(x) € () Ex which necessarily belong C E. By the choice of E we can find
k<w

n <w=k and ay € S2 for £ < n such that nacc(E) Né(x)\ U Ca, is bounded in
£<n
d(*). Now we choose by induction on k < n,d; € acc(E,4+1-x) such that 0, < d(x)

and nacc(Epn+1-k) Ndx\ U Cq, is bounded in é;. For k = 0 any large enough
L<n—k

d € 0(x) N Epq1 is O.K. For k+ 1 use the definition of E,,;1_. For k = n,d,, gives

a contradiction to the choice of E.

2) Same proof replacing S2 by S2,..

3) The same C witnesses it.

4) Here A is inaccessible. That is, we have to show that:

the version with (%) = the version with (x)’

Let C" = (C} : 6 € S2) exemplifies ®5. We define S = {§ < A : § limit} and
C ={(Cs:0 €8) as follows: if § € S2(C S) we let C5 = C and if § € S\ 52
let Cs be a club of § of order type cf(d) with cf(d) < § = min(Cs) > cf(d) and if
§ is a successor cardinal, say % then min(Cs) > 6 (possible as § ¢ S2 = cf(0) <
§V (30 < 8)(6 =07)). We shall show that (Cs : 6 € S) exemplify @F.

Given a club E of A, let

Ey={0 € E : ¢ alimit cardinal, otp(6 N F) = § and ¢ > k}

and Ey = {6 € Ey : otp(d N Ey) is divisible by x*},

so Ej is a club of A so by the version with (x) there is § € acc(FE;) N S2 hence
cf(8) > k satisfying (x), i.e. the requirement in 21.4(1); we shall show that it
satisfies the requirement in 21.4(2) thus finishing.
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Solet ¢ < kand a. € S for € < ¢ and we should prove that Y =: S3 _NE\ J Ca.
- e<(
is unbounded in §, so fix 8* < § and we shall prove that Y N (8*,0) # @ thus
finishing.
Let ¢ be the disjoint union of ug, u1, us, where
ug ={e < (:a: <0}
up ={e < (:a.>6and a. € S\ S2}
uzz{s<C:a€26andaE€Sé}.

By the choice of § we know that Y3 = nacc(E1)Nd\ |J C,, is unbounded in 6.

ECu2
As cf(8) > k (see its choice, i.e. § € acc(E)NS2 Amin(E) > k), we can find B € Yz
such that § < §, 8 > 6" and 8 > a. for € € uyg.
Now cf(B) = k* as B € Y2 C nacc(E;) and by the choice of E;. Also

g €upg=sup(Cq.) < B and e € uy = sup(C,. NP) <

(as otherwise 8 € (., contradicting 8 € Y3), so we can find By < (3 such that
g€ € up Uug = sup(Cq. N P) < Bo. Now for e < ¢, if Co. N (Bo,8) # @ then
€ € uq, so by the choice of C,. we know |C,_| = cf(a:) < min(C,.) < 8, noting
that § is a cardinal as Fj is a set of cardinals. By the definition of Fy, F; we know
that E N Sén N B has cardinality 8 hence E N S2, \ By has cardinality 3, so we
finish. - a D21_6

Proof. By 21.11(4) without loss of generality &%, so let C' be as required in ®%.
We define e, for every ordinal @ < A as follows:
(a) ifa=0,ea =2
(b) ifa=p+1, e, ={0,5}
(¢) if « is a limit ordinal, then we let e = Cs U {0}.

Let S be the set of limit ordinals < A. For a@ < 8 we define by induction on ¢ < w
the ordinals v, (3, @), v, (8, ).

L=0: v (B,0) =B, v, (B,a) =0

(=k+1:v/(8,a)= min(e%:r(ﬁ’a)\a) if o <5 (B,) and vy, (B, ) = sup(eﬁ(ﬂ’a)ﬂ
@) if o< (B,a)and a ¢ acc(ew:(ﬁ’a)).

Note that v, (3,a) < a < 7/(B,«) if they are defined and then ¢ > 0 =
v (B,a) < v/ ,(B,a) (prove by induction). So if & < B < A for some k =
k(B,a) < w we have: v/ (8,a) is defined iff £ < k and: 7, (3,«) is defined iff
(< kV[l=kand vy (B,a) =a] and: v (B,a) = aor a € acc(e(ﬁw’a))). Let
p(B,a) = (v (B,a) : £ < k(B,a)). Note (we shall use it freely):

®1 if v < a < B,k < k(B,a) and v, (B,«) is defined and A 7, (8,a) < v

<k
then
(@) £<k=7/(8,0) =7/ (8.7)
(B) L<k =7, (Ba) =" (8,7)
(v) k(B,7) = k(B, @) and p(B, @) < p(B, 7).
Now we define c{a, 8} = ¢(8, @) = ¢(a, ) for a < 8 < A as follows:
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So assume @ = (w; : i < A) is a sequence of pairwise disjoint subsets of A, |w;| < k
and n(*) < w. Without loss of generality for some x* < 1+ &, A |w;] = &* and
i<\
i < min(w;) and [i < j = sup(w;) < min(w;)]. Let w; = {a! : ¢ < k*}. Let
x > (2M)*, and we choose by induction on n < w and for each n by induction on
i <A NI < (H(x),€,<}) such that [NI'[| < A, {(NI 1 e <) :j <i} €N,
w € NP, N increasing continuous in i and (N/" : i < \) € N§ for m < n.
Let us define for ¢ < w

E'={6<X:NfnXx=5¢}

St ={6 €53, nacc(E’): forno ¢ <k and a. <X
for ¢ < ¢ do we have

§ >sup[S2, NENS\ U Ca.l}-
- e<(¢

Note that a < A = (E¥, 8%) € N1 hence 6 € B! = § = sup(6 N S*).

We know that S* is a stationary subset of A as E* is a club of A because @) is
exemplified by C.

Choose 6,y € E2")+1) 0 §2(()+) and then choose a(x) < A such that
a(*) > 0y (+). We now choose by downward induction on m < n(x) ordinals 6y, (;;,

such that:

O € B2 N §2m

()(0) Om < dmia
(i

)
)
(174) Om > sup{v, (B,0m+1) : B € Was), £ < k(B,0m41), vy (B, 6my1) well defined}
() om ¢ U{Cy : v = ’y,j(,@’émﬂ)(ﬁ,émﬂ) for some 8 € wq (s}
(V) G < Oy Gy < Gy ifm +1 < n(x)

(vi) if a € [}, 0m) then (VB € wy) (VB € wa(*))[p(ﬁ”,ém) qp(ﬂ",ﬁ’)]

[Why can we do it? Assume d,,;; € S2™+1 has already been defined and we shall
find 0,5, (,, as required. Let

Yo = {7, (B,0m+1) : B € warny, £ < k(B,0m+1), v (B,0m+1) well defined}

0 Y,, is a subset of §,,1 of cardinality < &, but 8,11 € SV (if m = n(x) — 1
by the choice of d,, if m < n — 1 by the induction hypothesis). But

S§2m+1) € 3 hence (V8 € S2mHD)[cf(8) > k], hence sup(Y;,) < 8r1. Also as
Smy1 € B2+ 0 §2(m+1) by the definition of S2(™+1) | there is

f:n € SgnﬂEz(erl) ﬁﬁ\U {S’y : (Elﬂ € wa(*))h = '71_:(/375 (63 6m+1)]}\sup(Ym)

As each e, is closed and there are < x of them,(}, < &,. where

m+1)

G = sup {{sup Y} U { sup(e5 N €5,) : (36 € wa)y = % 55,1y (B Oms1)]} |

So we can find d,, € (¢, &) NS, N E?™ N S?™ as required and choose ¢ < 0y,
large enough.|

(%) For every a € [(f, o) we have

(VB € wa)(VB" € wy)[c{p, 8"} > n].
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[Why? By clause (vi) above.]
Let

W:{(5<)\: 0 > ¢} and for some o > ¢ we have
for every o' € ((§, ) we have

(V' € war) (V8" € war) [, 7} 2 n] }.

As &g € Ey (see (x)(ii)) so by Eg’s definition, o = Ny N X hence ¢y € Ny . Now
w € Ny (read definition) hence W € N and by (*) 4 (+*) and W’s definition
do € W, hence W is a stationary subset of X\. For 6 € W, let a”(d) be as in the
definition of W. So E = {§* : (V6 € W N §*)[a"(§) < 6*]}, it is a club of A hence
W' = WNE is a stationary subset of A and {a”(§) : § € W'} is as required. gy 3

Conclusion 21.8. If A = cf(\) > Rq is not Mahlo (or is Mahlo as in 21.4(1) or
214(2}), K then PI‘7(A,N0,N0).

Proof. By 21.3 it suffices to prove @i". This holds by 21.9, 21.11 and 21.12 below.
Lo g

Claim 21.9. 1) If A =y then &5 .
2) If X is (weakly) inaccessible, not Mahlo or Mahlo as in 21.4(1), e.g. asin 21.5(1),
and Vg < k < X then Y.

Proof. 1) Choose Cs a club of § of order type cf(d).
Repeat the proof of 21.6(2), using

Eo={6<\:6>pand otp(ENJ) =4 is divisible by p?}.

The only point slightly different is |C, N (8o, )| < |8] (now B is not a cardinal).
For y singular, |C,, | < = |8 =|8NS2, NE\ Byl, and for u regular we choose §
of cofinality u and everything is easy.

2) Now &7 holds trivially (choose a club E§ of A with no inaccessible member and
choose Cs a club of § of order type cf(d) such that cf(6) < 6 = min(Cs) > cf(0)
and 0 ¢ E* = min(Cj) > sup(E* N ), now for any club E choose § € acc(ENE*))
So we can apply 21.6(2). Os1 9

Definition 21.10. Prg(A, 4, 0,0) means:
there is ¢ : [\]2 — [0]< \ {@} such that iff w, € [\]<¢ for a < X are pairwise
disjoint and ¢ < o then for some Y € [A]* we have o/, o’ € Y and

Oé/ < a/l = (VB/ c wa’, VBH c wa”)[< c 0{6/76”}]-

Observation 21.11. Note that Prg(\ A, 0,0) = Pry(A,0,0) because we can use
d{a, f} = max[c{a, B}].

Claim 21.12. 1) If X is reqular and Rg < o < X then Prg(AT, AT, 0, ).

2) If v is singular, X\ = pt and Rg < o < cf(u) then Prg(A, A, o,cf(p)).

3) If \ is inaccessible > Rg, S C X\ stationary not reflecting in inaccessibles and
o < A, 0 =min{cf(0) : § € S} then Prg(A, A, 0,0).

Proof. The proofs in [She94f, Ch.II1,§4] gives this - in fact this is easier. E.g.
1) Follows by Claim 21.3 (and [She94f, Ch.II1,4.2(2),p.162]) but let us give some
details.

Let € be as there (i.e. € = (eq : @ < AT), eg = &, eqy1 = {a}, es5 a club of §
of order type cf(8)). Let h : AT — o be such that (V¢ < o)(3F6 < A1) (cf(5) =
Aand h(8) =), ha = h | ea, h = (hy : a < AT).

Let v(8, «),ve(8, @), pr, be as there (Stage A,p.164) and also the colouring d: for
a< B <At
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d(8, ) = max{h(ve+1(8, @) : ve11(8, @) well defined}.
By Stage B there the result should be clear. o112
Hajnal has shown the following:

Theorem 21.13. Assume A = (2<°)%, k = cf(k) > w, I is a normal ideal concen-
trating on S, = {a < X : cf(a) = k}, A C [N? is such that AN [B)*> # @ for all
BeIt and A= |J A, for some § < k.
n<é
Then there exist I and T such that I C J, T C &, J is a normal ideal and for
allneT and B € J* we have

(BN A, #@ and GN (B> C | J{A, :neT}.

This comes from the following:

Lemma 21.14. Assume A\ = (2<%)T, k = cf(r) > w.

I is a normal ideal concentrating on Sk x, P is a partial order not containing
decreasing sets of type k.

Assume further that

p:PA) — P and

P(A) <, p(B) for AC B.

Then there is an A € I and a normal ideal J D I satisfying B € J iff B € I or
p(B) <p p(A) for B C A.

page 412: add at the end
The following improves [She94f, Ch.1X,5.12,p.410].

Claim 21.15. 1) Assume

(a) 0= ct(o) >Ry

(b) (A\i i < o) increasing continuous, A = sup{; : i < o}
(¢) 0 <0<\ ando™ <\

(d) cov(Ai, A\, 07,2) <\ fori<o.

then
(@) pPe(A) =* cov(A,\,0F,2) and ppTa(A) = cov(A, A, 0F,2)" (on pp™ see
below).
(B) S* ={d <o :cov(As, A, 0F,2)FT = pprd ()\5)} contains a club of o.
2) Instead of “o™0 < X it suffices

® for some club C' of o, iff i < d € C,6 of cofinality Ro and set a C A5 of
cardinality < \; and a is a set of regular cardinals, then

A> ’{tcf(]_[ b/Jp%) : b Ca, sup(b) = s, otp(b) = w, [[b/JP¢ has true coﬁnalz'ty}‘.

(So without loss of generality \sy1 is above this cardinality.)
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Definition 21.16. Let J be an ideal on some ordinal Dom(.J). We let
ppF (A) = min {p : p regular > A, and
sup{tcf [[A¢e/J : A = (A : t € Dom(J))
¢

is strictly increasing with limit A} < p}.

Proof. Proof of 21.16 1) Similar to the proof of [She94f, Ch.IX,5.12]. We assume
toward contradiction that the desired conclusion fails.
Without loss of generality

(¥)o(a) each \; is singular of cofinality < o

(b) 013 < Ao and oo < Ao

(C) COV()\Z', Aiy 9+, 2) < >\i+1

(d) p € (Ao, Aiv1) = PPa (1) < Aig1.
[Why? Clearly we can replace (\; : i < o) by A | C = (); : i € C) for any club C
of o, hence it is enough to show that each of the demands holds for A [ C' for any
small enough club C of 0. Now (a) holds whenever C' C {i < A : ilimit}, clause (b)
holds for C' C [ig,0) when 673 < \;, and clause (c) holds as cov(\;, A, 07,2) < A
and use [She94f, Ch.I[,5.3,10] + Fodor’s lemma and monotonicity of cov.

Lastly, clause (d) holds as if {u < A : ppg(p) > Acf(u) < 0} is unbounded in A,

we get a contradiction by [She94f, Ch.II1,2.3(4)].]
Let A, =: A. By [She94f, Ch.VIIL1.6(3)] we have (but shall not use)

(¥)1 if § < o and cf(5) > Ng then pp, (As) = PP (As) (and cf(As) = cf(9)).
cfrg

Now by clause (d)

(¥)2 a CRegNA; \ Ao, |a] < 0 and sup(a) < A; implies max pcf(a) < ppy (\i)-
Let
S=:{i<o:cov(h,\i,0",2) > ppi}ag/\i)}.

So it is enough to prove that S is not stationary.
Let for i < o, p; =t ppGra (i), 80 Nix1 > pi > N\, p; is regular. Note that
cf(N;)

fto = PPo(As) = PPSha(Ai) by [She9df, Ch.VIIL1.6(3)].
Clearly
(*)3 A < Wi = cf(,ui) < COV()\i,/\i,9+,2)+.
We can find A = (A¢ : ¢ < A) such that:
(¥)aa) (<X => A =0
(c) for every A C \; of cardinality < 6, for some ¢, A\; < ¢ < cov(A;, A, 07,2)
(which is < A;11) we have A C A..

Choose x regular large enough, now choose by induction on ¢ < ¢ an elementary
submodel M} of (H(x), €, <}), [IM;|| < pi, M N p; is an ordinal such that

()5 if ¢ < o, then

UM u{¢:¢<satul{nii<a), A, (M;:j<i)} C M.

7<i
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Let &2, = M} N [\;]<". Tt is enough to show that

S;={i<o: forsomeY C\;, |Y| <60 and
Y is not a subset of any member of &;}

is not stationary and o ¢ S; (in fact S, S; are equal).
[Why? As clearly S C S;.]

We assume 57 is a stationary subset of ¢ or o € S7 and eventually will finish by
getting a contradiction.

For each i € S7 choose Y; C \; of cardinality < 6 which is not a subset of any

member of &;. Let Y = |J Vi, 80 Y C A, |Y| < 6; and for each i < o we can
1€S1

find an ordinal ((7) such that A\; < {(i) < cov(A;, A;,6,2) (which is < Aj41) and

Y N A € Acy. Now [Ac)| < Ai, hence by Fodor’s Lemma there is i(*) < o such

that

Sy =:{i <o :|Aci)] < Nigwy }-

is a stationary subset of o. Let Z =: {{(i) : i € S3}. Now if ¢ € Sy, then by
[She94f, Ch.IX,II,5.4] and [She94f, Ch.II,§1] we have

pp?]fl;d (A) = COV()‘v >‘7U+70) =+ ppF(a*,a)()‘)
so there are j* < o and B; € P, = M, N [A\|<* for j < j* such that Z C |J B;.
J<j*
So for some j < j* we have |Z N B;| = 0. Now the set

A* = U{A'Y 1y € By, |4,] < /\i(*)}
belongs to M,, has cardinality < \;(,) x [B;| < A and

Y = U{Yﬂ)\iiiESg and C(Z) EBj} -
U{A((z) 14 € Sy and C(Z) S BJ} CA*e 2,

contradiction. So we have finished the case o € S; and from now on we shall deal
with the case o ¢ S; hence S; is a stationary subset of o, hence without loss of
generality So C S;. Note that if 6 < o and cf(d) > Ry, we can apply this proof to
As, (N 14 < 6) (for o/ = cf(d)) hence

(*)6 1€ SQ = Cf(Z) = Np.

Clearly

(%)7 fornoi € Sy and Z/ C Z N \; is Z' unbounded in \; and is contained in a
member of M of cardinality < A;.

Now we want to work as in the proof of [She94f, CH.IX,3.5], but for o places at once

with “nice” behavior on a club of o, in the end the model is the Skolem Hull of the

union of Ry sets, so one “catches” an unbounded subsets of Z. Let A = (\; : i < o).
We shall choose by induction on k < w,

NE NP g, (A £ < w), <<A§7i ri<o) il <w)
such that:

a) for z € {a,b}, N? is an elementary submodel of (H(x), €, <*,c,\) of car-
k X
dinality < o and N} is the Skolem Hull of N N A and IV} < N}j

(b) NG[N§] is the Skolem Hull of {i : i < o} [of ZU{i:i < o}]in (H(x), €, <}

,0,A)
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(c) g € [TRegN NN\ AG)
(d) for x € {a,b} : Ni,, is the Skolem Hull of

NE U {gr(r) : & € Dom(gx)} U (N2 N o)

() NpnA= U A
I<w

(f) Ay = U 4}, and (A}, : i < o) is continuous increasing (in 7) and A7, C \;
<o
and |A§7i| <o
(9) if K € RegNAN N\ AL then sup(N} N k) < gr(k) < k
(h) if a € A% has order type w and sup(a) = )\; and a is a subset of some
b € M; of cardinality < Ao, then for some infinite b C a, g [ b is included
in some function k¥ € M} such that [Dom(hk)| < Ao.

For X € H(x) and a function F' we let

AX,F)=A{F(x1,...,2p) : T1,..., 2, € X}.

Let us carry the induction for k = 0; we define N&, N¢ by clause (b) and define
{AY: 0 <w} as

{A(o +1,F) : F a definable function in (H(x), €, <},0,A)}.

For k+1, let g, € [[(RegN AN N\ AJ) be defined by g, (k) = sup(NE N k) (note:
the domain of g, is determined by N2, the values — by N}).
We now shall find g satisfying:

(a) Dom(gx) = Dom(g}), g € [](Dom(g},))

(B) g1 < 9k

(v) ifi < 0,0 <w and a € RegN A%\ A\{ is unbounded in \; and is a subset
of some b € M of cardinality < A\ and is of order type w, then for some
infinite b C a we have g [ b is included in some hy € M such that
|Dom(hp)| < Ag

(6) f a C A\ NRegN A?l \ )\3' and a € M}, then g [ a C h for some function
from M}, .

Note: a function choosing (f** : p € pcf(a)) satisfying (%), below for each a C
Reg N A\ 6%, |a| < 6 is definable in (H(x), €,<}), so each M is closed under it
where

(¥)a fO* = (fOF : o < p) satisfies
(a) for €],
(B) a <B= ot <s_ . f5"
() i£0 < cf(a) < min(a) then f3*(s) = min{ U f3"(x) : C a club of o)
S

(0) if f € ][] a then for some o < p we have f < f&* mod J,[a].

Let (a; ¢ : ¢ < ¢ < o™0) list the a such that tcf([]a/J59) is well defined and for
some n < w, a C A¥ a C Reg N A\; \ \{, otp(a) = w, A\; = sup(a) and there is
b C RegNA; \\{, b € M}, |b] < )\ such that a C b: note that the number of such
a-sis < oo, Let {b;¢: (< (G < o™} be such that bic C RegN i\ A\, bic € M,
|bi,C| < )\0 and a; ¢ - bi:C'
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So apply [She94f, CH.VIIL§1]; i.e. let 6; = 6 + o™ choose (Mck S ¢ < 0
increasing continuous, M < (H(x), €, <3), (M§ : ¢ < &) € M{,,, [ME] < Xo
and gj,, (A’Zi ci < ol < w), Z, (b i € So,¢ < (;) belong to M¥F; and the
function gx (k) =: sup(x N U++ Mé“) satisfies clauses (), (8), (7), (0) above. Now

¢<0]
N o, N,i’H are defined by clause (d). Note that by the definition of p} we have:
for every i < o, ( < (;, for some infinite a = af . C a;¢ we have p;¢, k =
max pcf(a) < ;. Moreover [[a/JP4 has true cofinality. So our main demand on
Gk 180 gr1 [ 0 = f;“””*‘”“ mod JE?( for a suitable 6, so & = sup(u,cx N My, 1)
is O.K. (For clause () use (b) 4+ (c) above.)

Now let {AFT!: ¢ < w} be a list of:

{)\QA( U A* URanglgr | U AL],F): n<wand F a

m<n m<n

definable function in

(H(),€,<5,0,0) |

and if
At =N A( U AR U Rang[gy, | U Aﬁl],FKkH) and i < o
m<n m<n
ge [ (U AF N\ Ad) is included in some function: Dom(h’zi) = bZi, hf}i(n) =
m<n

sup(k N M}, ).
Having finished the inductive definition note that:

(s UNE <UDNR < (H(x), €, <5, 0, N).
k %
[Why? As N < NP < (H(x), €, <%, 0,A) by clause (a) and clause (d).]
(*)9 LkJN]? ﬁ)\o = LICJN]? ﬂ)\o.

[Why? NP N Ao € Ny N A (see clause (d)).]

(¥)10 if 4 € RegN AT\ A\J and p € N2 then |J NP contains an unbounded
k k<w

subset of uN |J N}.
k<w

[Why? By clauses (d) + (g).]
So clearly (as usual)

UNinx=JMna
k k

but Z C N(l)’ - kL<JwN£ and Z C X hence Z C kwag N A. So for each i € Sy, we
can find ((@"*,w®* u* F“*) .k < k(i)) such that:

(a) a*® = (1))

(b) @a* = (ab* . n < nbk)

(c) each af;* belongs to N U (Ao NN}, )

(d) w* ={n <n®*:akk e NN NP}
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(e) ub* ={n <n®*:abk € N*NRegN A\ \{}
(f) Fi*F =(F}*:nen® \ w"), and F* is a definable function in
(H(x), €,<3,0,7)
(g) ifk > 0, thenai* = FoF(... abk=1 . ,gk_l(ai;ﬁfl), ) menik=1 s cyik-1.

Let a’F € A’g(l. kon)- Note (x) We can find stationary S3 C Sy such that:

() if i € S3 then k(i) = k(x) and for k < k() we have ntk = nk Wit = wk
ut* =k FYF = FF 0(i k,n) = £(k,n).

We can also find a stationary Sy C S5 such that:

(¥) if i1 < iy are in Sy then a’t'F € Aé?(k ) ia
(#x) if k < k(x),n € u” then (abF : i € Sy) is constant or strictly increasing
and if it is strictly increasing and its limit is # A\ (hence is < A) then it is
< )\Inin(5'4)'

Let E={5<0o:5=sup(dNS,) and if n € u*, and (a’* : i € Sy) is strictly
increasing with limit A then (a%* : i € Sy N §) is strictly
increasing with limit As}.

Now choose 0(%) € E NSy, and choose b, a subset of d(x) N Sy of order type w
with limit §(x). We can choose b*™ € [b]¥ for k < k(x), n < n* such that: %0 = b,
pentl C phin ph+10 — phn® and if n € uk, (aik 1 i € Sy) strictly increasing with
limit A then [[{a%* : i € bF"F1}/Jbd || has true cofinality which necessarily is
< Ho(x)-

So (recall n**) = 1) b* = b**):1 is a subset of S; N d(*) of order type w with
limit (%) and b* C %™ for k < k(x), n < n* and b* C b¥"*! hence n € u* and

(a%* i € Sy) strictly increasing = Hs(x) > max pef{al¥ : i € b*}.

Now we prove by induction on k < k(x) that for each n < n¥ for some By ,, €

Mj ) with [Bra|| < Ao we have {aiF : i € b*} C B,. For k = 0 clearly

Ag(k n € M(S*(*) has cardinality < o. For k > 0, for each n < nF
zcbk,n+1

we use the
C b and the choice of g;_1 and clause (x)o(c). So we get a contradiction to
()7 so we are done.

2) A variant of the proof of part (1). First, it is enough to prove, for each i(x) < o
restrict ourselves to S* U {0 < o: the cardinal appearing in ® is > A}, then
without loss of generality i(x) = 0 and see that {; < Ag is O.K. Oa1.16

Remark 21.17. 1) Note that if we just omit “o™° < \” we still get that for a club of
§ < o, cf(0) > g or cf(d) = Ng and ppFa(As); if < cov(Ag, Ai, 07, 2) is still > )\(J{M.

Conclusion 21.18. If u is strong limit singular of uncountable cofinality then for
a club of i’ < p we have (20)T =+ PPSoa (1')-

cf(pn’)
Conclusion 21.19. If Js is a singular cardinal of uncountable cofinality, then for
a club of a < 0, if cf(a) = Vg then
(%)1 27 =T pp(})

(¥)2 thereis S C “(ia) of cardinality 2=« containing no perfect subset (and more
— see [She94b, §6]).

See https://shelah.logic.at/papers/E12/ for possible updates.
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§ 22. GUESSING CLUBS BY COUNTABLE C'-S
Recently® Zapletal [Zap01] proved a beautiful theorem

Theorem 22.1. If I is a “nice” (definition) of a o-complete ideal on P(R) for
suitable LC if ZFC + LC F cov(I) = 2% then ZFC + LC = Unif(I) < Ry.

He also showed that N4 cannot be replaced by No. The < N4 comes from quoting
guessing clubs. The following shows we can replace ¥4 by N3 (other continuation
see [SZ97], [SZ99]).

Claim 22.2. Assume 6* < wi is a limit ordinal and S C S§§ is stationary. then
we can find C = (Cy : a € S) such that

{6 € S:5=sup(Cs), 0" =otp(Cs), and Cs C E}
s a stationary subset of wso.

Proof. For each o < wy choose (a$ : i < wy); it will be an increasing continuous

sequence of countable subsets of o with union a. For each a < ws let

O = {z < wy : ¢ is a limit ordinal such that
VB € af [a] = a? N A,
a<w = aCa and
J <'i = the closure of a} is C a;* U {a}}.
Clearly

(%)1(a) each CY is a club of w;

(b) if i € CY and B € a? thenz’eC’g.

(x)2 for some ¢ = ¢* < wy, for every club E of w; the following set F¢-(E) NS
is non empty where

X F¢(E) is the set of § < wa such that:

(a) 6 =otp(6NENS)

(b) 6 =sup(ENénS) = sup(ag NENS)
(¢) otp(ag NENS) is divisible by ¢*

(d)

d GC’ghenceﬂeag:\CEC’g.

¢
[Why does (x)2 hold? Otherwise for each ¢ < wy there is a club E¢ of ws such that
Fe(Ee) =@. Let E* =({E¢: { <wi}\wi, clearly E* is a club of wq, and so is
E ={d<wy:d=o0tp(E*NdNS)} and choose § € E' N S, exists as £’ is a club
of wy and S C SZ is stationary. Easily the set

C* = {¢ < wy : ¢ limit, otp(a‘g N ENS) is divisible by §*}

6added Fall 2002

See https://shelah.logic.at/papers/E12/ for possible updates.
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is a club of wy. So there is ¢* € C* N CY, clearly § € F¢«(E*) hence § € Fe«(E¢):
contradiction.]

(x)s if By C Ejy are clubs of wy then Fe«(Ey) C Fe«(Ep).
[Why? Note that a C b C § = sup(a) and §*|otp(a)| = 6*otp(b).]

(%)s for some club Ey of wy for every club Eq of wy the set Fe«(Eq, Ey) # @
where Fe+(Eq, Ep) = {0 : 0 € F¢«(Ep) and ag* NEyNE; = ag* NEo}.

[Why? If not we choose by induction on ¢ < w; a club E. of wy such that i <
e = FE. CE;and F¢e+(Eeq1,E.) = @. So E* =N{E; : ¢ < w1} is a club of wy so
we can find § € F¢«(E*), hence § € N{F¢+(E) : € < wi} by (*)3. Now trivially
(ag* NE. : e < wi) is a decreasing sequence of subsets of ag* which is countable
and € < wyp = ag* NE. # ag* NE.y1 as Fe« (Eq41, E:) = @, contradiction. ]

We fix Ej as in (%)4,

(%)5 for some & < wy we have: for every club E; of wy for some 6 € Fe«(E1, Ep)
we have otp(ag* NSNEy) =¢.

[Why? As in the proof of (x)4.]
So necessarily ¢ is divisible by ¢*. Choose b C & = sup(b), otp(b) = 6*. Let

§" = {a <w; :otp(ad. NSNEy) €bU{£}}

Now we define C' = (C, : a € S) as follows: if « € S\ S’ we let C,, = & and if
a€ S welet Cy ={B: 5 €ad NSNEyand otp(BNag NSNEy) € b}.

Now you can check that C' = (C,, : a € S) is as required. (Noting that is clause
(e), “stationarily many” “at least one” are equivalent demands.) Ooo.o

Remark 22.3. Can we demand above that if C,, has no last element then C, is a
closed subset of «?
Not clear to me, but we can find

® there is (€, : @ € S) such that
(a) €, is a countable family of countable subsets of a N S, each of order
type < ()
(b) if C € %, then C is closed as a subset of «
(¢c) if feC €%, then CNB € Gp
(d) if E is a club of ws then for stationarily many « € S for some C € €,
we have §(x) = otp(C) and C C E.

In some cases Zapletal [Zap01] uses d < b we can replace this by cf([d]*°,C) =2
because

Claim 22.4. Assume & is reqular uncountable.
If A > Kk and cf([N]<%,C) = A, then for any a < k there is Y C “([A\]<") which
is By o(N)-positive, i.e.,

® if x > X and & € H(x) then there is N = (N; : i < ) such that x € N; <
(H(x) €<3)

NG| < &

N,NKk €K
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N; increasing continuous

N [ (Z+1) 6Ni+1.

Proof. As in [She93a, §2] (fill!)
Let Wy = {a € Eg : {¢*,¢*} € CY and otp(ag. N Ep) < ¢} and for a € Wy let
bo = ag‘* N EyNS. Clearly

®)

[BS85]

[DJ81]
[DS78]

[DS95]
[DS04]
[Dza05]

[ES05]

[GHT5]

[GHS92]

[Git20]

[GS86)

[GS93]
[GS98]
[GS08]
[GS12a)]
[GS12D]

[GS13]

[GSS06]

[HJS86]

(a) a € Wy = by, C Wy and otp(by) < ¢
(b) acbgNBeW=0b,=bgNa

(c) if Ey is a club of wy then for stationarily many o € Wy N S we have
b, C Ey and otp(b,) = &.

22,4
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