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THE HALPERN-LAUCHLI THEOREM AT SINGULAR
CARDINALS AND FAILURES OF WEAK VERSIONS

NATASHA DOBRINEN AND SAHARON SHELAH

ABSTRACT. This paper continues a line of investigation of the Halpern—-L&uchli
Theorem at uncountable cardinals. We prove in ZFC that the Halpern—L&auchli
Theorem for one tree of height « holds whenever & is strongly inaccessible and
the coloring takes less than k colors. We prove consistency of the Halpern—
Lauchli Theorem for finitely many trees of height «, where & is a strong limit
cardinal of countable cofinality. On the other hand, we prove failure of weak
forms of Halpern—L&auchli for trees of height x, whenever k is a strongly inac-
cessible, non-Mahlo cardinal or a singular strong limit cardinal with cofinality
the successor of a regular cardinal. We also prove failure in L of a weak version
for all strongly inaccessible, non-weakly compact cardinals.

1. INTRODUCTION

Investigations of the Halpern-Lauchli Theorem on trees of uncountable height
commenced with work of the second author in [7]. In that paper, Shelah built on
a forcing proof due to Harrington for trees of height w to show the consistency
of a strong version of the Halpern—L&uchli Theorem for trees of height x, where
k is measurable in certain forcing extensions. A slightly modified version of this
theorem was applied by Dzamonja, Larson, and Mitchell to characterize the big
Ramsey degrees for the s-rationals in [3] and the x-Rado graph in [], for such
k. More recently, consistency strengths of various versions of the Halpern—Lauchli
Theorem at uncountable cardinals were investigated in [1], [2], and [9]. This line of
investigation is continued in this article.

Let # be an ordinal. For nodes n,v € ©~>2, we write 7 < v when 7 is an initial
segment of v, and write 1 <l ¥ when 7 is a proper initial segment of v. The length
of n, denoted by lg(n), is the ordinal a such that n € *2. A subset T C "2 is a
subtree if T' is non-empty and closed under initial segments. Similarly to [I], we
call a subtree T' C #~2 regular if the following hold:

(1) For all n € T and « < k, there is a v € T such that n < v and 1g(v) =
max{lg(7), o}

(2) If § < & is a limit ordinal and 1 € °2 has the property that 1 | o € T for
all @« < 4, thenn e T.

The following is the strong-tree version of the Halpern-Lauchli Theorem for
finitely many trees of height «.
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Definition 1.1. (1) (HL,, p(x)) For finite 1 < n < w and 2 < 6, we write
HL, ¢(x) to denote that for any ¢ : [J{"(*2) : @« < k} — 0, there are

A, Ty, ..., T,_1 satisfying the following:

(a) A € [k]".

(b) Ty is a regular subtree of *~2, for each £ < n.

(c) If n € Ty, then {n™(0),n (1)} C Ty iff Ig(n) € A.

(d) eI (UAIIser, Tje : € € A}) is constant, where Ty, = {n € Ty : 1g(n) =

e}

(2) A tree T C %>2 is called a strong tree if there is an A € [k]* such that

(a)—(c) hold for T.

Variations of the Halpern-Lauchli Theorem will also be investigated in this pa-
per. For their statements, the following notion of suitable triple will be useful.

Definition 1.2. (1) A triple (x,T, A) is called suitable if the following hold:
(a) A€ [r]™;
(b) T is a regular subtree of *~2;
(¢) fneTN*2 then {n~0,n" 1} C T iff & € A.
(2) Given £ < w, let (0y) denote the sequence of 0’s of length /¢, and let n; =
(0¢)™1, the sequence of length ¢+ 1 where the first £ coordinates are 0 and
the last coordinate is 1.

Note that (k,T, A) is a suitable triple if and only if T is a strong tree with A
being the set of lengths of nodes in T" which branch.

Definition 1.3 (Halpern-L&uchli Variations). Let 1 <n < w and 2 < § < k be
given, with s strongly inaccessible.
(1) HL,, ¢[x] abbreviates the following statement: Given a coloring ¢ : [ J{"(*2) :
a < Kk} — 0, then there is a suitable triple (x, T, A) and a color 6, < 6 such
that for all @« € A and 7 = (vp,...v,—1) with n; Q vy € T N *2 for each
¢ < n, then ¢(7) # 0..
(2) HL; () abbreviates the following statement: Given < = (<q: a < &),
where <, is a well-ordering of “2, and given a coloring ¢ : [J{[*2]" : a <
Kk} — 0, there is a suitable triple (k,T, A) so that whenever @ < k and

70y« -,Mn—1 € T N *2 are pairwise distinct, then c¢ is constant on the set
{7 =(v,...vn-1): /\ ne<ve €T, lg(vy) =+ =lg(vp_1) € A,
<n

and 7 is <jg(,,) —increasing}.

(3) HL; y[x] abbreviates the following statement: Given < = (<u: @ < k),
where <, is a well-ordering of “2, and given a coloring ¢ : [J{[*2]" : a <
Kk} — 0, there is a suitable triple (k,T, A) so that whenever o« < k and

N0y, Mn—1 € TN *2 are pairwise distinct, then ¢ misses at least one color
on the set
{7=(o,...vp_1): /\ ne<ve €T, lg(vy) =+ =1g(vp_1) € A,

<n

and 7 is <jg(,,) —increasing}.
We point out the following straightforward facts.
Fact 1.4. (1) For any given triple n,0, k, the following implications hold:
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HL;ﬂ(n) HL,, ¢(x)
HL! 5[] HL,, 0[x]

(2) Form<mn and 2 <0 <6, the following implications hold:
HLn o (k) — HL,,0(k)
Ly, v (k) — HL;; o(K)
HL:G[/{] — HL+ o [K]
] ]

nolk] — olk

(3) The following versions are equal:
HLmQ(I{) = HLnyg[I{}
HLI@(“) = HL:,z["f]

We briefly review some highlights from previous work. Shelah proved in [7] that
HLI,G(/@) holds for all 1 < n < w and 2 < # < k whenever & is a cardinal with
the following property (x): k is measurable after forcing with Cohen(k, \), where
A — (k1)2n. If k is a k + 2n-strong cardinal, then (*) is satisfied by A = (D2, (x)) ™.
Utilizing a lemma from [7], Zhang proved in [9] a “tail-cone” version which is
intermediate between HL:;O(H) and HL,, (k). He then applied the tail-cone version
to obtain a polarized partition relation for finite products of k-rationals, for
satisfying (x), proving an analogue of Laver’s result for finite products of rationals
in [6].

In [I], the first author and Hathaway proved that HL; ,(x) holds for any 2 <
n < w when £ is strongly inaccessible. Soon after, Zhang showed in [9] that when
K is weakly compact, then HL; g(x) holds for all 2 < 6 < k. We will improve both
results by proving the following:

Theorem 1.5. If k is strongly inaccessible and 2 < 6 < k, then HL; g(x) holds.

In [I], the upper bound for the consistency strength of HL,, ¢(x), for x strongly
inaccessible, 2 <n < w, and 2 < 0 < k, was reduced from a k + 2n-strong cardinal
to a Kk + m-strong cardinal. Our first theorem extends this result to strong limit
cardinals k of countable cofinality. The hypotheses of Theorem are satisfied
whenever k is a k + n-strong cardinal.

Theorem 1.6. Let 1 < n < w and 2 < k < w be given. Suppose X\ > (n(k))"
and that k is measurable in the generic extension via P = Cohen(k, A) forcing. Let
Q be a P-name for Prikry forcing. Then HL,, i (k) holds for all 1 < n < n in the
generic extension forced by P x Q.

Dzamonja, Larson, and Mitchell pointed out in [3] that HL;Q(/{) implies that

K is weakly compact. In the following theorem we find lower bounds for the weak
version HLsg g[x], for all 2 < 6 < k.

Theorem 1.7. (1) If k is the first inaccessible, then HLIQ[H] fails, for each
2<0<k.
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(2) Suppose k is inaccessible and not Mahlo. Then HL;G[KJ] fails, for each
2<0<k.

(3) If k is a singular strong limit cardinal and cf(k) = pt, with p regular, then
HL;HJr [K] fails.

Theorem 1.8. Assume k is strongly inaccessible, S C k is a non-reflecting sta-
tionary set, and $g holds. Then HLg g[k] fails, for each 2 < 6 < k.

Since the hypotheses of the previous theorem hold in L for all strongly inacces-
sible k which are not weakly compact, we have the following corollary.

Corollary 1.9. If V = L, then for all strongly inaccessible, non-weakly compact k
and for each 2 < 0 < k, HLg g[x] fails.

2. HALPERN-LAUCHLI ON ONE TREE

In [I], Hathaway and the first author proved that HL; ,,(x) holds for all weakly
compact k and all 2 < n < w; Zhang pointed out that the proof in [I] actually
implies HL; ,, (%) holds for all strongly inaccessible cardinals . In [9], Zhang proved
HL; ¢(x) holds for all weakly compact x and all 2 < 6 < k. Zhang also proved two
consistency results showing that under certain large cardinal assumptions, it is
consistent that there is a strongly inaccessible, not weakly compact cardinal x such
that for all 2 < 6 < k, HLq ¢(k) holds. (See Corollary 5.7 and Theorem 5.8 in [9].)

The following theorem shows that the strong tree version of Halpern—Léauchli
holds on one tree for all strongly inaccessible x and all colorings into less than
many colors.

Theorem If K is strongly inaccessible and 2 < 0 < k, then HLy ¢(k) holds.

Proof. Suppose that x is strongly inaccessible and that 2 < 8 < & is the least ordinal
such that HL; g(k) fails. By a result in [I], & must be at least w; furthermore, it
is straightforward to see that 6 must be a regular cardinal. Let ¢ : ®~2 — 6 be
a coloring which witnesses failure of HL; g(x). Without loss of generality, we may
assume that 6 is the range of the coloring c.

For € < 6, define OB; to be the set of triples

(1) m = (T,A,O[) = (TmaAmaam)
satisfying the following (a)—(f):

(a) @ <k and A C « is unbounded in «.

(b) T is a subtree of “Z2.

(¢) If p € T, then there is a v € T N *2 such that n < v.

(d) If n € T, then (n™0 and 1 are both in T') < lg(n) € A.
(e)

If 6 < a is a limit ordinal and n € °2, thenn € T <= V3 < (n | B € T).
(f) cis constant with value € on T'N (Ugea A2).
Define <. as the following 2-place relation on OB.: For m,n € OB,, m <, n if
and only if ay, < ap, Am = An N am, and Ty, = T, N 9m=2,
The following facts are straightforward.

Fact 2.1. (1) < is a partial order on OB..
(2) If (m; : i < 6) is a <.-increasing sequences, where 6 < k, then the sequence
has a <.-least upper bound.
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Proof. (1) is clear. For (2), take @ = sup;_5 @m, and A = {J,.5 Am,, and take T'
to be |J; .5 Tm, along with all maximal branches in (J; 5 Tm,. Then m = (o, A,T)
is a member of OB, and is the <.-least upper bound of (m; : ¢ < §). O

Lemma 2.2. For each € < 0 and each m € OB,, there is an n € OB, such that
m <, n and n s <.-mazrimal.

Proof. Suppose not. Then there are ¢ < 6 and mg € OB, such that for each
n € OB, my <. n implies that n is not maximal. Thus, we can build a <.-strictly
increasing sequence (m; : i < k) as follows: Given m;, since my <. m; there is
some m; 1 € OB, such that m; <. m;;. If i < x is a limit ordinal, take m; to be
the least upper bound of (m; : j < i), guaranteed by Fact

Let A = ;.. and T = {J,.,, T, Note that A € [x]" since sup;_, am, = &
and each Ay, is unbounded in ayy,,. Thus, (k, T, A) is a suitable triple. But then ¢
has constant value € on J,. 4 7' N *2, contradicting that ¢ witnesses the failure of
HL ¢(k). |

We will choose (A;,m;, ;) by induction on i < 6 satisfying the following.
(a) A; is a nonempty set of pairwise <-incomparable nodes in *~2.
(b) If j < i, then for each n € A; there is a unique v € A; such that v <1 7. (It
follows that A; N A; = 0.)
(c) & = (en =€(n) : n € A;), where &, is the minimum ordinal in the range of
con {¢ € "72: 1 < (} which is also above sup{e, : 3j < i (v € Aj)Av<in}.
(d) m; = (m, =m(n) : n € A;). Notation: m,, = (T;), Ay, &, = a(n)). (There
is no ambiguity using 1 as an index since the A; will be disjoint.)
) m, is a < (;)-maximal member of OB_,).
) n €T, and lg(n) < min(A,). (This implies that n < stem(7T5,).)
) If ¢ is a limit ordinal and (n; : j < i), n; € A, is an <-increasing sequence,
then (J,_;n; € A;.
We now carry out the inductive construction.

(e
(f
(g

Case 1: i = 0. Let Ag = {()} and £y = 0. Take my to be any <p-maximal
member of OBy, and let My = (my).

For Cases 2 and 3, we use the following notation. For n € #~2, define

(2) 0, ={e€0:3(nQCAQ) =)}

That is, ©,, is the range of ¢ on the set of nodes in "2 extending 7. Note that
|©,| = 0, since § is by assumption the least ordinal for which HL; o(x) fails and
the coloring ¢ witnesses this failure.

Case 2: 1 = j+ 1. Let A; = UueAj T, N ™2, Since A; is an antichain, so is
A;. By (f) of the induction hypothesis, for each v € A;, v < stem(T,) and hence
lv] < a(v). Given n € A;, choose

(3) enp =min(0, \ {&, : v <nand Ik < i(v € Ap)}).

Then choose m,, to be some Sgn—maximal member of OBEW such that n < stem(Tn).

Case 3: i is a limit ordinal. Let A; be the set of all nodes n € T such that 1g(n) is
a limit ordinal and Va < 1g(n), 3j < i Jv € Aj (v <anAlg(v) > a). In other words,
A; is the set of limits of <-increasing sequences (v, : j < i) with each v; € A;. For
1 € A;, choose €, and m,, as in Case 2.
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Let A = [J;.9 Ai. Note that [A] < s since |[A;| < & for each i < 0, and & is
regular. Fix some a(x) < k greater than sup{c, : n € A}. We choose by induction
a sequence (n; : 4 < 0) such that

(a) mi € Ay

(b) j <4 implies n; < n;;

(c) m <Qv € ™2 implies c(v) > e, for all j < i.
Case 1: i = 0. Let 19 € Ag; that is, o = ().

Case 2: i is a limit ordinal. By the construction of the (A;,m;,;), n; = U{n; :
J < i} belongs to A;, where 7, is the member of A; such that ; <#;. Clearly, (b)
holds, and (c) follows from (b) and (c) holding for all j < 4.

Case 3: i =j+ 1. Then n; € A;. Let
(4) Q={neT,n )93y e M2 (navAclv) = €n;)}-

Now, if @ =T, NMi)2 then we get a contradiction to m(n;) being <e(n;)-maximal.
So we can choose n; € T, N «(17)2 which is not in Q. Then 7; is in A4, so (a) holds,
and for all v € “*)2 such that 7; < v, c(v) # En;-

Recall that by the definition of ¢,,, for each v above n;, either ¢(v) > ¢,, or
else c(v) = ¢, for some k < j. We have already seen that c(v) # ¢,,, and by the
induction hypothesis, c(v) > &,, for all k < j. Thus, (c) holds. Note that (b) holds
since 7; < stem(7T},,).

This finishes the construction of a sequence (n; : i < ) satisfying (a)—(c). Let
n = U, < i, noting that lg(n) < a(*). Take any v € )2 such that < v. Then
for each ¢ < 6, mi11 < v so (c) implies that ¢(v) > €,,. The sequence of ordinals
(en, 1@ < 0) is strictly increasing, so sup;_g €y, = 0 since 0 is regular, implying that
¢(v) > 6. But this contradicts that ¢(v) must be in 6. O

3. HALPERN-LAUCHLI AT SINGULAR CARDINALS OF COUNTABLE COFINALITY

In this section, we prove Theorem the consistency of HL,, g(x) for  a singular
cardinal of countable cofinality.

Notation 3.1. Given 1 < n < w, we define the function £ on [J{"(*2) : a < Kk} as
follows: For a < k and 7 € ™(*2), let
(5) &) =min{f <a+1:8<a«aimplies (ny | 8 : ¢ < n) has no repetition}.

Thus, for o < k and 77 € ™(*2), if all members of the tuple 77 are distinct, then
&(7) is the least ordinal where they are all distinct; if the members of 77 are not all
distinct, then £(7) = a + 1.

Recall that given ¢ < w, we let ; = ((0¢), 1) denote the sequence of length ¢+ 1
where the last entry is 1 and all other entries are 0. Given 1 < n < w, define

(6) An(k) = {0 =(no,..,nn-1) € ([ "(*2): (V& < n)nj <},
a<k

and for m < w, define

(7) Apm(r) ={(u,7) : Iy <r(ue[H]™ and 7€ "(72))}.

When & is clear, we omit it and simply write A,, and Ay, n,.

Lemma 3.2. (A) = (B), where
(A) is the statement:
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(a) 1 <n, k is inaccessible, and X > (Tn(x))T.

(b) P is Cohen(r, \).

(¢) k is P-indestructibly measurable. That is, there is a P-name D so that
IFp “D is a normal ultrafilter on k7.

(d) Foranyl <n<n, m<w, and 2 < kpm < W, Cnm is a P-name for a
function with domain A, (k) and range ky, m .

(B) is the statement: There exist (g, h) such that

(o) (1) g is a P-name for an increasing function from k to k.
(ii) his a P-name for a function from "> 2 into ">2 mapping *2 into 9(®)2,

for each a < k.

(iii) h(n) (&) <h(n™ (L)), forn € *>2 and £ < 2.

(B) There is a P-name D for a set in D such that given 1 <n <n andm < w,
for each (u,7) € A, m with u C D and n, < ne for all ¢ < n, the value of
Crnom(u, K’(77)) in the P-generic extension of V depends only on (n,m).

The proof of Lemma will use the following Theorem and Lemma

Theorem 3.3 (Erdés—Rado, [B]). For r > 0 finite and k an infinite cardinal,
3 (k)T — (kT)HL
Definition 3.4. Let x < X be given and let P denote Cohen(k, A). We say that a
subset X C P is image homogenized if
(a) All members of X have domain with the same order-type: i.e., there is
some ¢ < k such that o.t.(dom(p)) = ¢ for all p € X; and
(b) For all p,g € X and & < ¢, if @ < A is the £-th element of dom(p) and
B < A is the &-th element of dom(q), then p(a) = ¢(B).

The following instance of Lemma 4.3 of [I] allows us to assume only that A >
(Jn(x))* in (A) of Lemmal[3.2]

Lemma 3.5 ([I]). Let 1 < n < w be given and let k be a strongly inaccessible
cardinal satisfying k — (ul)fg for all py, po < K. Suppose that {pgz : & € [Kk]"} is an
image homogenized set of conditions in the forcing P = Cohen(k, \), where A > k.
Then for each v < Kk there is are sets K; C k, i <n, such that each o.t.(K;) > 7,
every element of K; is less than every element of K; whenever i < j < n, and
{pa : d €[l;., Ki} is a pairwise compatible set of conditions.

Proof of Lemma Assume (A) and, without loss of generality, assume the
conditions of P have the following form: For p € P, p is a function from some
subset of A X n of cardinality less than s into #~2, the size of dom(p) N (A x {¢})
is the same for all £ < n, p(e, ¢) extends n; for each (a, ) € dom(p), and all nodes
in ran(p) have the same length.

Let G denote the canonical name for the generic object forced by P over V', and
let V4 denote V[G]. We let A, denote A, (k) and A,, ,,, denote A4, ,,(x), and note
that A,, and A,, ,,, remain the same in V and V;. Given & € [k]*, we write & in
increasing order as {a; : i < n}. In Vq, given & € [x]", 1 <n < n, and 7 < &, let

(8) Gul@) 17 1= (Glawi) [v:i <n).

Claim 1. In Vi, given & € [A]™ there is an Xg € D and an integer ky m o < kn.m,
foralll <n <n and m < w, such that ¢, ,, is constant on the set

(9) Apma={(u,Gn(d) [7) € Apm 1 u € [Xg]™ and v € Xg},
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with value ky, m a-

Proof. Work in V; and fix & € [A]"*. Given 1 < n < n, notice that since G,,(&) [ v is
completely determined by =, for each u € [£]< the function ¢, |, (u, -) restricted to
the set {G,, (@) | v : max(u) < v < k} is essentially a function on the ordinals in the
interval (max(u), ). Since D is a normal ultrafilter on x, there is a set X,, ,, € D
such that ¢, |, (u,-) is constant on {G,, (@) [ v : v € Xy}, say with value k;, 4 -
Without loss of generality, we may assume that max(u) < min(X,, ,).

Now for each 8 < k, let

(10) Xp=[{Xnu:1<n<n, ue g~}

and let X = Agc,Xg. Since D is normal, X is in D. Without loss of generality,
we may further assume that all ordinals in X are limit ordinals.

Let u € [k]<¥ and v € X be given with max(u) < . Since all members of X
are limit ordinals, max(u) + 1 < v; let 8, = max(u) + 1. Note that v € X3, since
Bu < 7. It follows that for each 1 < n < n, v € Xg, C X, ,, which implies that
Cn,|u| (’LL, Gn(O_Z) I 7) = kn,u,&-

For each 1 < n < n, define a coloring v, : [X]<¥ — k by setting ¢, (u) = ky u.a-
Then there is a Y,, € X in D such that for each m < w, 1, is constant on [Y,,]™;
denote its value by ky ., g. Letting Xg = ﬂ1<n<n Y,., we see that for each u €
[X5]<w7 kn,u,o? = kn,\u|,52- o O

InV, foreach 1 <n <n, m < w, and & € [A]", there are P-names X4 and
An m,a for the sets X5 and An m,d guaranteed by Claim l and a condition pg € P
which forces the followmg “X € D and for all 1 <n <nand m <w, ¢p,m takes
value ky, ,, & on the set An7m7a.” Without loss of generality, we may assume that
pg forces “lg(ran(pg)) € X5 and p m(u, ran(pg)) = ky.m,a for all u € [Xz]™ with
max(u) < lg(ran(pg)).”

Now we find an image homogenized collection of pg’s. For & € [A]*, recall that
dom(pg) is a subset of A x n of cardinality less than k. Fix a bijection b: A x n —
A. For @ € [\, let blran(pg)] denote the range of pz ordered as the sequence
{(pa(b=1(B)) : B € bldom(pgz)]). Let f be the coloring on [A]® into x many colors
defined as follows: For & € [A]?,

f(@) = (0. t.(b[dom(pa)])) " 1g(ran(ps)) ™ blran(pa)] ™
(11) (knma:1<n<n, m<w) (pa(a,?):{<n).

Since A — (k)% there are J € [A]", v, < K, nodes (tj : 8 < §*) in "72,
kyom < knm, and ¢ e »(7"2) with n; < ¢ for each ¢ < n such that for all
& € [J]*, the following hold:

(1) 0. t.(b[dom(pg)]) = &%;

(2) Ig(ran(ps)) = 7'

(3) blran(pa)] = (£ 1 6 < 6°);

(4) knm,a =k, for each 1 <n <nand m < w;
(5) (pa(ae,?): £ <n)=C_

In particular, |J| = &, and the set {ps : & € [J]"} is image homogenized. By
Lemma [3.5] for each v < k, there are sets K,, C J, n < n, with Ky < K; <

- < Kyn_1 such that each o.t.(K,) > v and, letting K denote [],,_,, K, the set

{pz:de K } is pairwise compatible.
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Claim 2. In Vi, there is a D € D, a strictly increasing function g : k — k with
ran(g) C D, and a strong subtree T C ®~2 with splitting levels in ran(g) such that
givenl <n <nandm < w, forallu € [D]"™ and 7] C T in A,, with max(u) < 1g(7),
we have
Cn,m(uvﬁ) = k‘l:(z,m

Proof. The function g will be constructed recursively and will give the levels of the
strong subtree T' C “~2 which is being built. For ease of notation, we will let T'(v)
denote 92N T.

For the base case, let u = (). Take @ to be any increasing sequence in J. By
Claim [1] and following exposition, we may take g(0) = lg(ran(ps)) € Xg so that for
all1 <n<n,

(12) cno(0, (palae, €) : £ < n)) =Ky o.
Let T(0) = {pa(ae, £) : £ < n} and let Xg = X;5.

Given 0 < v < k, suppose that for all § < ~, g(d) and T'(§) have been defined and
satisfy the claim. If  is a limit ordinal, let B denote the set of branches through
Us< . T(6). If v is a successor ordinal, let B denote the set of immediate successors
in "~2 of the branches through (J;_, 7'(6). Take sets K, C J, £ < n, such that K
has the same cardinality as the set of nodes in B extending n;, Ko < -+ < Ky_1,
and {pz : & € I?} is pairwise compatible, where K = [Icn K¢ Let g be a condition
in IP such that, for each ¢ < n, {q(5,¢) : § € K} is in one-to-one correspondence
with {n € B :n; <n}. In particular, ¢ extends J{py : & € K}.

Let
(13) Xy=({Xs:d<yn([{Xa:deK},
noting that this set is in D. Extend ¢ to some r € P so that lg(ran(r)) € X,
and, utilizing Claim [1] again, for each m < w, u € [{g(d) : § < 7}]™, and & € K,
Cn,m(u,+) has color ky, 5 = kj, ,, on (r(ag,£) : £ < n). We let g(y) = lg(ran(r))
and T(v) = {r(as,f) : £ <nand @ € K}.

In this way, we construct g and 7" and a decreasing sequence of sets X, € D. Let
D =A,..Xy. Each g(y) € X, \ (y+1), soran(g) C X. Then for each 1 <n <mn,
for any v < k and u € [{g(d) : 6 < 4}]<¥, for each 7 € A, N T with 1g(7) > g(v),
we have ¢, m(u,7) = k O

n,m:*

Letting D be a P-name for D, and letting h be a P-name for the tree isomorphism
from <*2 to T finishes the proof of () of Lemma [3.2] O
Remark 3.6. In fact, we get more than the Lemma claims: The statement ()
actually holds for all (u,7) € Ay, with w C D and 7 with 1g(n¢) € D (rather than
just 1g(ne) € ran(g)).

We now restate Theorem [I.6] and prove it.

Theorem Let 1 <n <wand2 <k <w be given. Suppose X > (In(k))*"
and that k is measurable in the generic extension via P = Cohen(k, A) forcing. Let

@ be a P-name for Prikry forcing. Then HL, x(k) holds for all 1 < n < n in the
generic extension forced by P x Q.

Proof. Let 1 < n < w and 2 < k < w be given. Suppose A > (J,(k))" and that
k is measurable in the generic extension via P = Cohen(k, \) forcing. Let D be a
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P-name in V for a normal ultrafilter on 5. Let G be P-generic over V and let V
denote V[G]. In V7, let Q denote Prikry forcing with tails in D. Let H be Q-generic
over Vi, and let V, denote Vi [H].

Notice that A, and A, , remain the same in V, Vi, and V5. In V3, for each
1<n<mn,letc,: A, = k be a function. In V7, let ¢,, be a Q-name for ¢,,. For
each m < w, define in V; a function ¢, p, @ Apm — k by

(14) Cnm (U, ) =j <= 3X € D (u, X) kg ¢, () = j.

Let €, m be a P-name in V for ¢, . By Lemma there are P-names (g, TL), T,
and D in V and integers k;; ,,, denoting the value in V; of ¢, m (u, 1) for (u,7) € Ay
with 7 from T

Claim 3. In Vi, there is an E C D in D such that for each u € [E]<¥ with
max(u) < o € E and each 1 <n < n, we have

(u, B\ (a+ 1)) Irg €n () = Ky ju):
for each j € A, NT such max(u) < 1g(7) < a.

Proof. Given o < k and u € [a]<¥, let Y, , € D be in D so that for all 1 <n <n
and 77 € A, N T with max(u) < 1g(7) < «,

(15) (u, Yo u) IFq €n(n) = cn(u,n).

By Claim [2, the value of ¢,(u,n) in equation is kr*L,IU\' Let Yo = M{Yau :
u € [a]<¥}, and let F = A,<xY,. Then for each m < w, whenever o € F and
u € [ENa)™, we have E\ (o + 1) C Y, . Thus, (u, E\ (a+1)) kg ¢,(7) = &

n,m?

for all 77 in T with 1g(7) < a. O

In Vo, let A = ()\; : i < w) be the generic Prikry generic sequence over V; given
by H. By genericity, for each Z € D in Vi, all but finitely many members of X are
contained in Z. In particular, A C* E, so without loss of generality we may assume
A C E. We may assume (by genericity) that the Prikry sequence has the property
that |A;41 \ A;| is strictly increasing with limit k. Moreover, we may assume that
the sequence |ran(g) N (A;, Aiy1)| is strictly increasing with limit &.

In V5, we now construct a strong subtree U of T" with x many levels so that ¢,
is constant for each 1 < n < n. By Claim foralll<n<nandalfe€A,NT
with 1g() < Ao, we have (0, D\ (Ao + 1)) IFg ¢,(n) = ki, In general, given
i <w, foralll <mn < mnandall e A,NT with 1g(7) € (A, \it1), we have
{Xos- - A, Y\ (Nigr + 1)) kg €n () = K, ;1. Since each &}, ; < k, in V5 there is
a set I € [w] such that for all 1 < n < n, ¢, is constant for all 7 in T with length
in J;c;(Ais Aiy1). Then we may take a strong subtree U of T" which has splitting
levels in (J;c;(Ai, Aig1), so that U has x many splitting levels. Then this tree U
witnesses that HL,, () holds in V5 for each 1 <n <n. ]

Remark 3.7. If the colorings ¢, : A,, — k are in V, then the functions h and g in
conclusion of Lemma (3.2 can be found in V. Hence, the strong subtree T witnessing
HL,, () for such ¢, in Theorem exists in V.

We now consider a version of Halpern—Lauchli for infinite colorings. For 2 <
0o < 01, let HL,, (1,0,,0,)[s] abbreviate the following statement: Given a coloring c :
U{"(*2) : &« < K} — 01, then there is a suitable triple (k, T, A) and a subset u C 6,
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such that |u| < 6 and for all @ € A and ¥ = (v, ...v,—1) with i) Qv € TN *2
for each ¢ < n, then ¢(7) € u.

A minor straightforward modification of the proof of Theorem yields the
following theorem.

Theorem 3.8. Under the assumptions of Theorem[I.6, if Rg < 0 < k, we get that
|F]P’*@ HLn,(l,Nl,G) (H)

4. CONSISTENT FAILURES OF HALPERN-LAUCHLI

This section provides conditions under which various versions of the Halpern—
Lauchli Theorem fail. Our first theorem provides conditions which imply strong
failure of Halpern-Lauchli; that is, failure of HL; olk] for all 2 < 6 < k. For this,
we will use negative square bracket partition relations. Given cardinals 1 <n < w
and 0, i < K, the square bracket partition relation

(16) k= [ulg

holds if for every function ¢ : [k]™ — 6, there is a subset A C k with |A| = p such
that ran(c | [A]™) is a proper subset of §. The negation

(17) ko ulg
holds if there is a function ¢ : [x]™ — 6 so that for each subset A C x with |A| = p,
ran(c [ [A]™) = 6. The following lemma will aid in the proof of Theorem

Lemma 4.1. Suppose k is a strong limit cardinal and either
(a) r is strongly inaccessible, 0 < k, and k - [K]3; or
(b) 0 < cf(k) and cf(k) = [cf(K)]3.

Then HL;Q[/@} fails.

2

Proof. To prove (a), suppose k is strongly inaccessible and 6 < k, and let ¢ : [x]? —

6 be a function witnessing k - [k]3.

Claim 4. For each A € [k]", there is an a € A such that ¢ has range 6 on the set
{{o, B} : Be AN (a,k)}

Proof. Suppose not. Then there is an A € [k]* such that for each a € A, there
is some ordinal e(«) € € which is not in the range of ¢ on the set {{c,8} : 8 €
AN (a,k)}. Since 0 < k, there is an A’ € [A]" such that e is constant on A’. But
then ran(c | [A']?) # 6, contradicting that ¢ witnesses £ — [k]2. O

Let < be any sequence of well-orderings of the levels of ©~2. Define the function
d:Upcnl2]> = 60 by
(18) {vo, 1} € [°2)? = d({ro,n1}) = c({lg(vo N11), a}).
Let (k,T,A) be a suitable triple. Take A’ € [A]" such that between any two
consecutive ordinals in A’ there are w many ordinals in A. Fix a € A’ as in Claim
and fix any node n € TN*2 and distinct nodes 1y, 71 € 12 such that noNny = 7.
For each 8 € A’ N (a, k) there are at least 2 many pairs of distinct nodes vg, vy in
T NP2 such that 7y < vy and n; < vy and 1 <g v1. By Claim {4} d has range 6 on
the set
(19) {{vo, 11} € [T i mo <wo, m <vi, lg(vo) =1g(r1) € A, and vy <ig(ve) 1}
Thus, HL;"O[KJ] fails.
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The proof of (b) is similar. Suppose « is a strong limit cardinal, let p = cf(k),
and let ¢ : [u]? — 0 be a function witnessing that p - [u]2. Let (k; : i < p) be an
increasing continuous sequence with limit x, and assume ko = 0. Define h : kK — p
by

(20) h(a) =i1<=a€ [Iii, I<E7;+1).
A proof similar to the one given for Claim [] yields the following:

Claim 5. Given B € [u]*, there is an a € B such that ¢ has range 6 on the set
{{a,b} :be BN (a,p)}.

Define the function d : |, _,.[*2]* — 6 by

(21) {n,v} € [*2]* = d({n,v}) = c({h(lg(n N v)), h(a)})

if lg(n Nv) and « are in different intervals of the partition [k, ki11) (i < p) of
k, and let d({n,v}) = 0 otherwise. Let (x,T, A) be a suitable triple. Again take
A’ € [A]" such that between any two consecutive ordinals in A’, there are w many
ordinals in A.

Let B = h[A'] and take a € B satisfying Claim 5| Let o« € A’ be such that
h(a) = a, and fix any node n € TN*2 and nodes 19, n; € “T12 such that noNn; = 7.
For each 8 € A’ N (a, k) there are at least 2 many pairs of distinct nodes vp, v in
T NP2 such that 7y <1 vy and 7y < vy and v <g v1. By Claim [5| d has range 6 on
the set

(22) {{vo,1} € [T i mo <o, m < i, lg(vo) =1lg(v1) € A, and vg <ig(vo) V1}-
Thus, HL;G[H] fails. |

The next Lemma [£.3| will also aid in the proof of Theorem For this, we need
the following.

Definition 4.2 ([8], Definition 1.2 page 418). Pri(k, u,0,0), where 0 +0 < u < K
and k is an infinite cardinal, means the following: There is a symmetric function
c: K X K — o such that

(¥) If £ < 6 and for all ¢ < p, {a;¢: ¢ < &) is a strictly increasing sequence of
ordinals less than x with the «; ¢ being distinct, and if v < o, then there
are ¢ < j < p such that

® (<@ <E{= (o, a0) =17

Pri(k,0,60) denotes Pry(k, k,0,0), which implies k£ - [x]]. The following lemma
is Conclusion 4.8 in Chapter III Section 4 of [§]:

Lemma 4.3. (1) Suppose that either
(a) u,0 are regular cardinals and p > 6%, or
(b) w is singular, p <X, and 0 = cf(u).
Then Pry(u™, ut,0).
(2) Suppose k > Vg is inaccessible, there is a stationary set S C k which reflects
in no inaccessible, § € S implies cf(0) > 6, and 0 < k and Ry < 0 < K.
Then Prq(k,0,0) holds.
Note that Pry(k, 0,0) for any 2 < 6 implies Pry(r, 0, 2), which implies xk - [x]2,
which is what we will use in order to apply Lemma [4.1
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Theorem (1) If k is the first inaccessible, then HL;GM fails, for each
2<0<k.

(2) Suppose k is inaccessible and not Mahlo. Then HL;Q[,%] fails, for each
2<0<k.

(3) If k is a singular strong limit cardinal and cf(k) = p*, with p reqular, then

HL;H+ (k] fails.

Proof. (1) Suppose & is the first inaccessible and 2 < 6 < &, and let ;4 = max(6,Ny).
Then the set S = {0 < k : cf(d) > p} is stationary and trivially does not reflect
in any inaccessible. Thus, by Lemma (2), Pri(k, 0, ) holds, for any o < k. It
follows that Pri(x,,2) holds, and hence, [r] - [x]2 holds. Then Lemma (a)
implies that HL;e[KJ] fails.

(2) Now suppose & is inaccessible and not Mahlo. By Lemma 4.1 (A) = (C)
in Chapter III of [§], there is a stationary set S C k which does not reflect in
inaccessible cardinals, and such that § € S implies cf(d) > u, where p = max(6, N;).
By Lemma (2), Pri(k,0,2) holds, and hence, [k] - [x]5 holds. Then HL;Q[K}
fails, by Lemma[4.1] (a).

(3) Lastly, suppose & is a singular strong limit cardinal, with cf(x) = u™, where
i is regular. By Lemma (1), Pry(p*, #™,2) holds, and hence, p+ - [;ﬁ]i+
holds. Then HL;‘}MJr (k) fails, by Lemma (b). O

Dzamonja, Larson, and Mitchell point out in Section 8 of [3] that HLJ, (k)
implies that x must be weakly compact. Weakly compact cardinals are Mahlo and
hence not the least strongly inaccessible. Theorem showed that if HL;Q[/&] holds
for any 2 < 6 < k where k is strongly inaccessible, then k£ must be Mahlo. Recall
that HL;Q[R] is exactly HL3 ,(x), leading to the following question.

Question 4.4. Can HL;G[H] consistently hold for some 2 < § < k when « is a
Mahlo, non-weakly compact cardinal?

We can only ask for consistency because Corollary 1.9 to the next theorem shows
that HL; g[x| fails in L for all 2 < 6 < k whenever « is strongly inaccessible and
not weakly compact.

The following theorem shows that the failure of HLgg[x], for all 2 < 0 < &,
follows from g for a non-reflecting stationary subset S C .

Theorem Assume kK is strongly inaccessible, S C k is a non-reflecting sta-
tionary set, and $g holds. Then HLg g[k] fails, for each 2 < 6 < k.

Proof. Let k be inaccessible and S C k be a non-reflecting stationary set, and
suppose that (g holds. By possibly thinning .S, we may assume that S is a set of
strong limit cardinals, and that there is a sequence
(23) {(. TR Ty, A Fius &) - € )
such that

(a) for each p € S:

@, e Foreach ¢ <2, (u,Tﬁ, A,) is a suitable triple,

e, F), is a 1-1 function from TS onto T’}

w
o3 7 € T)) implies 1g(F,(n)) = 1g(n),
o, ((<2 AN neT) Alg(n) e A,) implies F,(n™(€)) = Fu(n)~(£),
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o5 1 <\v € T)) implies Fj,(n) < F,(v),
L] f,u < 97
and such that
(b) if (k,TO, TL, Ay, Fy, &) are as above, i.e., @, holds, then for stationarily
many u € S, we have

(1o T3 Ty Ay Fuy &) = (1, TR 022, To 0422, A O, B 1T, 65).

Note that for each p € S, A, is an unbounded subset of p, since (u, A, Tlf) is
suitable, for each ¢ < 2.

Claim 6. Given f <y <k with 8 ¢ S, then there is a function g = gg . such that

(1) g is one-to-one;
(2) dom(g) = SN\ (B+1);
(3) p € dom(g) implies g(p) € Ay \ (B +1).

Proof. The proof is by induction on v < k.

Case 1. v is a successor ordinal, say 7 =1 + 1. Let § € v\ S be given. If 5 = ~,
then SN~ \ (8+ 1) = 0 and the empty function trivially satisfies (1)—(3); so now
assume that 8 < 1. If 1 € S, then SN\ (B+1) =SNy1 \ (B+ 1) and we let
98~y = 98-

If v1 € S, since A,, is unbounded in 7; we can choose 31 € A,, \ (B + 1).
By the induction hypothesis, we have g1 = ggg+1 on SN (B + 1)\ (8+ 1)
satisfying (1)—(3) and g2 := gg,+1,7» on S N1\ (81 + 2) satisfying (1)—(3). Then
dom(g1) Ndom(g2) € (B,61] N (B1 + 1,71) = 0, so g1 U g2 is a function. Further.
ran(g;) C B1 and ran(gs) N (B1 +2) = 0, so g1 U go is one-to-one and does not
contain f; in its range. Define gz = g1 Ug2U{(71,61)}. Then gg - is a one-to-one
function. Moreover,

dom(gg) = {n}U (SN (B, AU (B +1,m))
=S50 (8,m]
(24) =SNy\(B+1)

since y; € S and f1+1 ¢ S as S consists only of limit ordinals. As 1 € A, \(5+1),
this along with (3) of the induction hypothesis for g; and g2 imply that gg -, satisfies

(1)-(3).

Case 2. ~ is a limit ordinal. Let 8 € v\ S. As S does not reflect, S N~y
is not stationary in «. Recalling that S consists only of limit ordinals, there is
an increasing continuous sequence (3, : ¢ < cf(y)) of ordinals in ~ \ S such that
v = sup{B, : ¢ < cf(v)}, with By = 8. Choose g, for (8,, 5,+1) according to the
induction hypothesis, and let gg = U{g, : ¢ < cf(vy)}. Then g, is a function
satisfying (1)—(3). O

Using Claim @ we define a function c : [*2]> — 6 for each a < k as follows:

(¥)2 For v € ran(go,«) and u such that go o () = v, if {vo,v1} € [*2]? satisfy
v =1g(F.(vo [ v') Nv1), where 4/ is the least ordinal in A, above ~, then
define c({ro, 1 }) = €u; otherwise, ¢({rp,11}) =0. Let c=,_,. ¢

a<lk @

To finish the proof, let £ < 6 be given and let T%, ¢ < 2, and A C & be such that
(k,T*, A) is a suitable triple for each ¢ < x, and let I’ be the isomorphism from 7°
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onto T!. Then @, holds for the sequence (x,T°, T, A, F, &), so the set S’ of those
w € S for which

(. T T, Ay Fn6) = (T N P22, TV M#22, AN, F | TO, €)

holds is stationary. Fix y < o, both in S’. Then F, = F [ TQ and F, | T}) = F,, =
F| TS. Choose a € A, (which equals AN o) such that 4+ w < «. This is possible
since o € S implies that o is a strong limit, and A, is unbounded in o. Note that
T' N2 =T N2, for each £ < 2,

Let v = go,a(pt). Then v € A, = AN*2, since p € S’ and by (3) of Claim@
Fix a node n € T' N 72 and let 9 = n~0 and 1, = 1. Extend 7y to some v} in
“2NTL, and extend 7; to some vy in *2NTL. Let vy = F; 1(f). Then v is in

o

T° N 2. Note that, letting 7 be the least ordinal in A, above 7,

Fu(wo [9)=Fo(vo I7) = Fo(vo) 17 =15 17
In particular, v = 1g(F,, (v | 7') Nv1). By the definition (%), of ¢ it follows that

c({ro,v1}) = &, which is . Since £ was an arbitrary ordinal less than 6, we see
that HLs g[x] fails. O

Corollary [1.9] follows immediately.

5. OPEN PROBLEMS

We conclude by stating some of the multitude of open problems regarding var-
ious versions of Halpern—L&uchli at uncountable cardinals and their consistency
strengths.

Question 5.1. For k weakly compact, if HL;(,[H] holds for some 2 < 0 < &, then
must HL;2(/@) hold?

A similar question can be asked for Halpern-Lauchli on products of two trees:
Question 5.2. Given 2 < 6 < &, is HLg g[x] strictly weaker than HLg g(k)?

Question 5.3. For 2 < n < w and 2 < § < &, how do HL, g(x) and HL;G[/{]
compare? Are there models of ZFC where one holds but the other does not?
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