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First order logic with equicardinality in random graphs

ABSTRACT

We answer a question of Blass and Harari about the validity of the
zero-one law in random graphs for extensions of first order logic.
For several graph properties P (e.g. Hamiltonicity), it is known
that every (regular) logic able to express P is also able to interpret
arithmetic, and thus strongly disobeys the zero-one law. Common
to all these properties is the ability to express the Hartig quantifier,
a natural extension of first order logic testing if two definable sets
are of the same size. We prove that the Hartig quantifier is sufficient
for the interpretation of arithmetic, thus providing a general result
which implies all known cases.
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1 INTRODUCTION

In this paper we study zero-one laws in the random binomial graph
G(n, p). Recall that G(n, p) is defined as a probability distribution
over the set of all labeled graphs with vertex set {1,2,...,n}, by
requiring that each of the (}) potential edges appears with proba-
bility p and independently of all other edges. Zero-one laws — the
phenomena where all properties in some (logical) set of properties
are either almost surely valid or almost surely invalid for a given
random graph — teaches us about the set of properties itself and
the underlying random graph. It is thus considered an important
part of Finite Model Theory. In this work we prove that a certain
quantifier allows interpretation of a segment of arithmetic, which
is the extreme opposite of a zero-one law, in the sense of having
no control over asymptotic behavior of properties. We show that
this quantifier explains all known cases of properties P for which,
if augment first order logic with P, we can interpret Arithmetic.
Besides of its intrinsic value and the short proof, we see this result
as an explanation, or a step towards one, of the phenomena.
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The study of random graphs was pioneered by Erdés and Rényi
in the 1960s, originating from two seminal papers [8, 9]. One of
the earliest phenomena recognized in their work is the fact that
many natural graph properties — including connectivity, Hamil-
tonicity, planarity, k-colorability for a fixed k and containing H as
a subgraph for a fixed graph H — hold either in almost all graphs,
or in almost none of them. Formally, consider G(n, 1/2), which is
the uniform distribution over all labeled graphs on n vertices. For a
graph property P, we say that it holds asymptotically almost surely
(a.a.s. for short) in G(n, 1/2) if

lim P (G(n, 1/2) satisfies A) = 1
n—oo

and that it holds asymptotically almost never (a.a.n. for short) in
G(n,1/2) if

lim P (G(n,1/2) satisfies A) = 0.
n—oo

The observation that natural graph properties hold either a.a.s.
or a.a.n. in G(n, 1/2) remains valid when 1/2 is replaced by any
constant probability strictly between 0 and 1, and so from now we
consider G(n, p) for a fixed p € (0,1).

The above observation is not a formal statement, because of the
lack of a formal definition of "natural graph properties". From a
logician’s point of view, it is natural to consider the class 7O of
first order properties. These are properties which can be expressed
as a sentence in the first order language of graphs, whose dictio-
nary consists of a single binary relation ~ representing adjacency.!
Indeed, the classic zero-one law, proven independently by Glebskii
etal. [11] and Fagin [10], states that every first order property holds
either a.a.s. or a.a.n. in G(n, p) for a constant p € (0, 1). However,
many graph properties which are considered natural — including
connectivity, Hamiltonicity and k-colorability — are not first order.
On the other extreme, the class SO of second order graph properties
contains all the properties listed above, but fails to obey a zero-one
law. For example, as noted by Fagin [10], the property of having
an even number of vertices is second order, but has no limiting
probability.

It is therefore natural to ask for extensions of first order logic
which are strong enough to express a given graph property P on
the one hand, but still obey a zero-one law on the other hand.
This question was posed by Blass and Harari [2], in particular for
Hamiltonicity and rigidity (asymmetry). They suggested monadic
second order logic, denoted MSO, as an extension which expresses
rigidity and might obey the zero-one law, and also asked about
extensions of O with equicardinal quantifiers. These questions
has been studied in many papers. The following review is far from
being comprehensive; for a survey of the results in this field see,
e.g., [4].

Note that a trivial extension of O which includes P is the union
FO U {P}. However, this class of properties clearly lacks a basic
notion of closure. To avoid such trivialities, the extensions of first
order logic which are required to be regular. A regular logic can
be described as a logic that is closed under negation, conjunction,

!From now on we shall identify logical sentences with the properties they describe.
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existential quantification, relativization and substitution (see [6] for
more details). For a given property P, the minimal regular extension
of first order logic which expresses P is obtained by adding the Lind-
strom quantifier of P, which we denote Qp [17, 18]. Syntactically,
we define FO[Qp] as the set of sentences obtained from the set of
atomic formulas by closing it with respect to first order operations
and quantification with Qp, which is done as follows: given a for-
mula ¢y (x) with one free variable x and a formula ¢g(x, y) with
two free variables x, y, return the formula Qpx, y (¢v (x), g (x,y))
in which x, y are quantified. Semantically, the truth value of this
formula is defined as follows. For a given graph G = (V,E), let
Vo={v €V :G kE ¢y(v)} and let Ey be the set of edges {u,v} € E
with u,v € V) such that G = ¢(u,v) or G |= ¢(v, u). Then

G E Qpx,y (pv(x), pe(x,y)) & Go = (W, Ep) satisfies P.

For a more detailed treatment of these notions, see [7].

The answer to the first question of Blass and Harari, regarding
Hamiltonicity and rigidity, was given by Dawar and Gréadel [5],
and in a stronger form by Haber and Shelah [12]. Let Q¢ be the
Lindstrom quantifier of rigidity and let Qpam be the Lindstrom
quantifier of Hamiltonicity. Then FO[Qyj] obeys the zero-one
law, while for #O[Qnam] the zero-one law fails in a very strong
sense: this language can interpret a segment of arithmetic in G(n, p),
which allows (among other things) to express a property with no
limiting probability. The answer to the second question, about
monadic second order logic, was given much earlier by Kaufmann
and Shelah [16]: MSO can interpret arithmetic, and so the zero-one
law fails colossally.

As for other graph properties, Haber and Shelah also proved
that the zero-one law holds for the extensions of #O with the
Lindstrém quantifiers of connectivity and k-colorability for every
fixed k. These results also follow a more general theorem by Dawar
and Gréadel [5], from which Planarity follows as well. On the other
hand, there are additional graph properties for which it is known
that the corresponding Lindstrom-extension of ¥ O can interpret
arithmetic: these include regularity, having a perfect matching and
having a C4-factor.

Common to all the Lindstrom-extensions of O which are
known to be able to interpret arithmetic is the ability to express the
equicardinality quantifier, also known as the Hdrtig quantifier [13],
which we denote Q-. This quantifier allows for testing if two de-
finable sets are of the same size. Syntactically, given formulas ¢(x)
and ¥/(x) with one free variable x, the Hartig quantifier returns a
formula Q=x (¢(x), ¥(x)) in which x is quantified. Semantically,
for a given graph G = (V, E) we have G | Q=x (¢(x),¥(x)) if and
only if

HoeV:GRe@} ={oeV:GEy@)]}.

The Hértig quantifier is a natural extension of first order languages
and was studied quite extensively in the context of general model
theory and abstract logic [14].

In this paper we prove that the extension FO[Q-] is able to
express arithmetic in G(n, p). This answers the third question of
Blass and Harari, and provides a general result which immediately
implies all known cases. We demonstrate the ability to interpret
arithmetic with the existence of a property with no limiting proba-
bility.

See https://shelah.logic.at/papers/1250/ for possible updates.

THEOREM 1.1 (MAIN THEOREM). Let p € (0, 1) be a constant. Then
there exists a sentence ¢ € ¥ O[Q=] such that the limit

lim P (G(np) F p)
does not exist.

The proof consists of two parts: probabilistic and logical. In the
probabilistic part (Section 2) we show how FO[Q=] can express
sets of vertices of logarithmic size (which we call logarithmic sets
for short). We also show how to express arbitrary subsets of a given
logarithmic set. This allows the interpretation of MSO logic on
logarithmic sets. For the logical part (Section 3) we apply Kauffman
and Shelah [15], which, as mentioned above, show that MSO logic
can interpret arithmetic in G(n, p).

Notation and conventions. We denote for short FO- := FO[Q-].

Given a list of variable symbols x1, ..., xp, let FO(x1, ..., xp) de-
note the set of first order formulas (in the language of graphs) with
X1, ..., Xn as free variables. Similarly define FO=(xy, ..., x,) and
MSO(x1,...,xn).

Throughout the text we maintain the convention of denoting
random variables with a boldface font.

Forn € Nand p € (0,1), we write G ~ G(n,p) when G has
distribution G(n, p). For two vertices u,v € V, let u ~ v denote that
they are adjacent in G. For a subset S C V, let G[S] denote the
subgraph of G induced by S.

Given two sequences of positive random variables (Xy),_;,
(Yn);—q> we define the following notions of asymptotic equiva-
lence:

(1) We say that X;, = (1 + 0(1)) Y,, with high probability if there
exists a sequence ¢, = 0(1) such that

X
P(—”—l
Yn

< 6,,) =1-o0(1). (1)

(2) We say that X, = (1+0(1))Y, with exponentially high
probability if there exists a sequence ¢, = 0(1) such that

< sn) =1-exp (—nQ(l)) .

X
]P(—"—l
Y

n

For convenience, we often omit dependency on n from our notation.

Finally, recall the following tail bounds on binomial and Poisson
variables, following from Chernoff’s inequality (see [1], Appendix
A). Let X ~ Bin(n, p) and y = EX. Then for every 0 < § < 1,

52
POX -l > ) < 2exp (-5 @
Let X ~ Pois(A) and p = EX. Then for every 0 < § < 1,
52
POX -l > ) < 2exp (- ). o
2 THE PROBABILISTIC PART

From now fix a constant 0 < p < 1 and consider the binomial
Erdds-Rényi graph G ~ G(n, p).
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We begin by fixing two arbitrary vertices uj,uz € V. Let V/ =
V \ {u1, u2}. Define the following (random) vertex sets:

A = {veV’:v~u1/\v~u2},
B = {UEV’:U~u1/\U~ﬁu2},
C = {veV’:v+u1AU~u2},
D = {veV :ix+u Av+u}.

Note that the statements v € A,0 € B,v € C,v € D are all express-
ible as formulas in FO (uy, uz, v).
From (2), with exponentially high probability we have

Al = (1+0(1)p?n, )
B,IC| = (1+0(1)p(1-p)n, (5)
ID| = (1+0(1))(1-p)°n. (6)

It will be convenient to condition by the values of the variables
A, B, C, D; that is, to condition by an event of the form

QOapcp={A=AB=BC=CD=D}

where A, B, C, D are possible values of A, B, C, D. Note that condi-
tioning by Q4 p,c.p does not affect the distribution of G[V’].

The rest of the section is as follows. In subsection 2.1 we intro-
duce a construction that can be used to express logarithmic sets.
In subsection 2.2 we show how to express arbitrary subsets of any
logarithmic set. In both subsections, all the probabilities and ex-
pected values are assumed to be conditioned by Q4 g c p, where
A, B, C, D satisfy the asymptotic equivalences given in (4), (5), (6).
Finally, in Subsection 2.3 we apply the law of total probability to
obtain non-conditioned results.

2.1 Expressing sets of logarithmic size

We construct subsets of A in terms of the edges between A and B.

Definition 2.1.

(1) For every vertex x € A, let dg(x) denote the B-degree of x,
which is the number of edges between x and B.

(2) Forevery 0 < k < |B|let S = {v € A:dg(v) = k}.

(3) Foreveryx € AletS[x] =Sq,(x) = {v € A:dp(v) =dp(x)}.

Remark 2.2. Given a vertex x € A, the statement v € S[x] is
expressible as a formula in FO= (u1, uz, x,v):

veEAANQ=y(yeBAYy~0v,yeEBAY~x)
where x € Ameansx ~ ug Ax ~ ug andy € Bmeansy ~ ug A=(y ~
uz).
Importantly, note that the B-degrees (dp(x)) e are iid. with
distribution Bin (|B|, p).

THEOREM 2.3. Let ¢ > 0 be a constant. Then, with exponentially
high probability, there exists 0 < k < |B| such that |Si| = (1 +
o(1))clnn.

To prove Theorem 2.3, we introduce some notations and a lemma.

Definition 2.4. Let ny = |A| and ng = |B|. For every 0 < k < ng
let pp. = P(Bin (np,p) = k). Alsolet u = png and o = \/p(1 — p)np.

In the following lemma we apply normal approximations to
estimate the binomial probabilities py.

See https://shelah.logic.at/papers/1250/ for possible updates.
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LEMMA 2.5. Let ¢ > 0 be a constant. Let ty € R be the unique

positive solution of
1 ( t§ ) clnn
exp|——| =

Varo 2 n

and let ko = ji+ too. Then, for every integer k € [ko — n' ko + nl/“]
we have py = (1+0(1)) 01% (where the asymptotic term o(1) is
uniform with respect to k).

Proor oF LEMMA 2.5. We apply Theorem 1.2 and Theorem 1.5
from Bollobas [3].

First note that ng = ©(n), g = O(n), o = G)(nl/z) and ty =
(1 +0(1))VInn. For a given integer k € [ko —n' ko + nl/4], we

can write k = yi + to for t = tg + O(n~"/*). Applying Theorem 1.2
from [3] (with h = to and n = np),

R o Iy
k= Varo P72 P (1-p)ng pznf3
- ! exp —ﬁ -eXp(O(ton_l/4))-exp(O(ton_l/z))
\2ro 2
~ (1+0(1) "
n

Similarly, applying Theorem 1.5 from [3] (with h = to and n = np),

1 ( tz)
ex _——
Voo P\

303 ttot to 1 1
p [,

T2(1-p)%b?  3p3b3  2pb 12k

Pk 2

2no

! exp (—%) - exp (O(ton_l/‘*)) - exp (O(ton_l/z))

=(1+ 0(1))cln—n.
n

Inn
n

Overall we have pg = (1+0(1))c22, where the 0(1) can be taken

to be O ((ln n)l/zn_l/“) and uniform with respect to k. O

Proor oF THEOREM 2.3. Note that s := [Sg| ~ Bin (n4, pg) for
every 0 < k < ng. The variables {sk}zg , are not independent, since
erclio s = n4. However, we can replace them with independent
variables by introducing a Poisson process.

Let {d;};2, be iid. variables with distribution Bin (np, p) and
let N ~ Pois(n,) be independent of {d;};2;. These variables define
the Poisson process dj,dy, ...,dN. For every 0 < k < np let §;
count the number of times the value k appears in the process; that
is, 8 = [{0 < i < N :d; = k}|. Then the variables {§k}Zio satisfy
the following two properties:

(1) The distribution of {Ek}Zio given N = ny4 is identical to the

distribution of {sk}Zio.

(2) {§k}Zi0 are independent and §g ~ Pois(napy) for every k.
We now apply Lemma 2.5 with 1% as the constant. For every integer

ke [ko —n' ko + nl/“] we then have

E(Sg) =napr = (1+ 0(1))p2n . 1% Inn=(1+0(1))clnn.



Paper Sh:1250, version 2024-01-27.

LICS’24, July 8-12, 2024, Tallinn, Estonia

From (3) we deduce that there exists a sequence ¢, = 0(1) such that
for every integer k € [ko — 4, ko + nl/“],
P8k € [(1 —ep)clnn, (1+¢&,)clnn]) < %
Write
I [(1=ep)clnn, (1+ep)clnn],
K = [ko —n'% ko + nl/“] Nz

for short. Then, from independence,

LY 1
P(sx ¢IVkeK) < (5) = exp (_@(n /4)).

Therefore there exists k such that §; € I with exponentially high
probability.

Finally, we condition by the event N = n4. By Stirling’s approxi-
mation, P(N=ny) =0 (ngl/z) =0 (n_l/z). Overall

P (8 ¢ I Yk € K)
P(N=ny)
exp (—@(nl/“)
= —) = exp (—@(nl/“)) .
e (n~'2)
We conclude that, with exponentially high probability, there exists
k such that s € I, and so s = (1+0(1))clnn as we wanted. O

A

P(sp ¢ IVk€K) <

COROLLARY 2.6. Letc > 0 be a constant. Then, with exponentially
high probability, there exists x € A such that |S[x]| = (1+0(1))cInn.

ProoF. Given k such that [Sg| = (1+0(1))clnn, pick any x € S
and then Sy = S[x]. O

2.2 Expressing arbitrary subsets

To express subsets of a given set S C A, we use the edges between
SandC.

Definition 2.7. Foraset S C A,asubsetT C S and avertex z € C,
we say that z definesTin Sif T={se€S:s ~ z}.

PROPOSITION 2.8. There exists a positive constant ¢y such that
the following holds with exponentially high probability. For every set
S C A of size |S| < colnn and for every subset T C S, there exists
z € C which definesT in S.

PRrOOF. Let pg = min {p, 1 — p} and choose ¢( be a positive con-
stant such that y := —colnpy < 1.

Fix S € A of size |S| < colnnand T C S. For a given z € C, it
defines T in S with probability

p‘T‘(l _p)lsl_lTl > p(l)s‘ > pgolnn = n_y‘

Crucially, the subsets of S defined by different vertices z € C are
independently distributed. Thus the probability that there exists no
z € C which defines T in S is

(l -pTl —P)lsl_lTl)lq <(1- n_y)lc| = exp (—@(nl_y)) )

Taking a union bound over n©(nn) possible choices of S and T, the
probability that exist T and S such that no z € C defines T in S is

pOUnn) exp (—nlfy) = exp (@(ln2 n) — nlfy) = exp (—nQ(l)) .

See https://shelah.logic.at/papers/1250/ for possible updates.

That finishes the proof. O

2.3 Non-conditioned results

Finally, we can apply the law of total probability over the events
Qa,B,c,p and lose the conditioning by the values of A, B, C,D. The
following theorem summarizes the probabilistic ingredients re-
quired for the proof of Theorem 1.1.

THEOREM 2.9. There exists a positive constant co such that, with
exponentially high probability, for every setS C A of size|S| < coInn
and for every subset T C S there exists z € C which defines T in S.
Moreover, with exponentially high probability there exists x € A such
that |S[x]| = (1+ 0(1))%0 Inn.

From now on, ¢o always refers to the constant promised by
Theorem 2.9.

The event described in Theorem 2.9 depends on our initial choice
of two vertices uy, uz. Let us denote it Q(u1, u2). The theorem states

that P (Q(u1,u2)) =1 —exp (—nQ(l)). From symmetry considera-

tions, this probability does not depend on uj, us.

3 THE LOGICAL PART

We start by recalling the results of Kauffman and Shelah [15] about
the expressive power of monadic second order logic in G(n, p) with
a constant p € (0,1). These results are summarized by two main
theorems. Theorem 1 states that there exist MSO-formulas ¢, Px
which (with high probability) express addition and multiplication
operations on the vertices. Theorem 2 demonstrates the expressive
power of these formulas by constructing MSO-sentences with
complicated sets of subsequential limits.

Another useful fact is mentioned in [15] as a closing remark. It
states that unary relations on the vertex set V = {1,2,...,n} can
be used to encode binary relations on the subset {1, 2., L\/EJ }
using the mapping (i, j) — i+ j |_\/EJ To state this result more
formally, let BSO denote the class of second order sentences (in
the language of graphs), with quantification only over unary and
binary relations (here BSO stands for binary second order).

THEOREM 3.1 (KAUFFMAN-SHELAH). Let G ~ G(n, p) for a con-
stant0 < p < landletS = {1,2,..., L\/EJ} Then for every
Y’ € BSO there exists y € MSO such that, with high probability,

GEYy < G[S] kY

For the proof of Theorem 1.1, we need a sentence which alter-
nates very slowly between near-0 probabilities and near-1 probabil-
ities. More specifically, we aim for a sentence which refers to size n
of the graph, and alternates depending on the modular residue of
log™ n. Here log”" is the iterated logarithm function; its significance
comes from its insensitivity to a replacement of n with ©(lnn),
which will be necessary later when we restrict to a logarithmic
subset. This approach is described in a subsequent paper by Shelah
and Spencer [20], and also in Spencer’s book [19] (see Subsection
8.3.3), from which we borrow some of the notation.

In B8O, by using the MSO-formulas ¢, ¢x which (with high
probability) express addition and multiplication in G, it is not
hard to construct a formula LogStar(x,y) expressing the equal-
ity y = log™ x, and a formula Mod(x) expressing the property
x=0,1,...,49 mod 100 (see [19] for more details).
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We now define two BSO-sentences:

(1) Arith’, which states that there exist a binary relation LogStar
and a unary relation Mod as above.

(2) BigGap’, which also states the existence of LogStar and Mod,
and additionally states that

dx, y [Max(x) A LogStar(x,y) A Mod(y)]

where Max(x) is a formula stating that x is the maximal
vertex.

Given that ¢, ¢x indeed express addition and multiplication in G
(which happens with high probability), we have:

(1) G E Arith’ (every finite graph satisfies Arith’).

(2) Iflog"(n) =0,1,...49 mod 100 then G E BigGap'.

(3) Iflog*(n) = 50,51,...99 mod 100 then G [ —BigGap’'.
Now we use Theorem 3.1 to convert the BSO-sentences Arith’
and BigGap’ into MSO-sentences Arith and BigGap. Letting S =
{l, 2., I_\/EJ} in G, we have G[S] ~ G (I_\/EJ ,p). Therefore, with
high probability,

(1) G [ Arith.

(2) Iflog* I_\/EJ =0,1,...49 mod 100 then G [ BigGap.

(3) Iflog™ | Vn| = 50,51,...99 mod 100 then G = —BigGap.

Also note that log* n — 1 < log* | yn| < log*n.

The next step involves another conversion, this time from MSO-
sentences on a subset of logarithmic size to #O=-sentences on the
entire graph. As in Section 2, let us arbitrarily fix two vertices uy, ua,
and use them to define (random) vertex sets A, B, C, D.

PROPOSITION 3.2. Let y € MSQO. Then there exists a formula
U™ (u1, ug, x) € FO= (u1,ug, x) such that, given the event Q(uy, uz),
for every x € A with |S[x]| < ¢o Inn we have

G E " (ur,uz,x) = G[S[x]] E .

Remark 3.3. When writing G | ¢*(uy, uz, x), we implicitly as-
sume that the variable symbols uy, u, x are interpreted as the cor-
responding vertices ug, uz, x € V.

Proor. Given i, define y/* (u1, ug, x) as follows:

e Restrict quantification to S[x]: replace every Vov (6) with
Vo (v € S[x] — 6) and every Jv (0) with o (v € S[x] A 0).
Recall that the statement v € S[x] is expressible as a formula
in FO= (uy, ug, x,0).

e Convert unary relations: for every unary relation R intro-
duced by ¢, replace 3R (0) with Jzg(zr € C A 0) where zg
is a new variable symbol, and also replace every R(v) with
v ~ zg. Similarly handle VR (). Recall that the statement
z € C is expressible as a formula in FO (uy, ug, ).

Given the event Q(u1, uz), for every x € A with |S[x]| < ¢o Inn, we
know that every subset of S[x] is defined by some z € C. Therefore

GE Y (u,uz,x) = GIS[x]l Ey

as we wanted. |

We shall use Proposition 3.2 with i/ = Arith and ¢ = BigGap;
this will give us access to arithmetization over logarithmic sets
S[x].

Another important ingredient is the ability to compare logarith-
mic sets.

See https://shelah.logic.at/papers/1250/ for possible updates.
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Definition 3.4. Let S,S” C A. We say that S is pseudo-smaller
than S’ if there exists z € C which defines a subset T’ C S’ such
that |T’| = |S|.

Remark 3.5. Note that is S is pseudo-smaller than S’ then |S| <
|S”]. In the other direction, given the event Q(u1, up), if |S| < |S] <
co Inn then S is pseudo-smaller than §’. Also note that given two
vertices x, x” € A, the statement “S[x] is pseudo-smaller than S[x’]”
is expressible as a formula in FO= (u1, u2, x, x”).

We are now ready to complete the proof of Theorem 1.1. In the
proof we employ the following notation. For a vertex set U C V
let E(U) be the set of edges of G with both endpoint from U. For
two disjoint vertex sets Uy, Uz C E let E(Uy, Uy) be the set of edges
of G with one endpoint from U; and the other from U,. Given
two vertices u1, ug, note that the event Q(uy,u2) is determined
by the values A, B,C of A,B,C and the values of the edge sets
E(A,B),E(A,O).

Proor oF THEOREM 1.1. We define Alt as a sentence in FO=
stating the existence of two vertices uj, up and a vertex x € A such
that:

(1) G E Arith* (u1, ug, x).

(2) If x” € A is another vertex such that G | Arith* (uy, up, x’)

then S[x] is not pseudo-smaller than S[x”].

(3) G E BigGap™ (u1, ug, x).

As we have seen, all these statements are indeed expressible in
F O=. We now show that lim,_,e P (G £ Alt) does not exist.

First, restrict to a subsequence of n with log* n = 25 mod 100.
We show that P (G | Alt) — 1 on this subsequence. Fix uy, up
arbitrarily (e.g. u1 = 1 and uy = 2). We know that P (Q(uy,uz)) =
1-0(1), so it is sufficient to prove P (G | Alt | QO(u1,uz)) = 1lon
the subsequence.

Condition by the values A, B, C of A, B, C and by the values of
the edge sets E(A, B), E(A, C) such that Q(u1, uz) holds. The event
Q(uq,u2) guarantees a vertex x” € A such that [S[x’]| = (1 +
o(1)) %0 In n. The conditioning determines the set S = S[x”]. The im-
portant observation is that the induced subgraph G[S] depends only
on E(A), and therefore, given the conditioning, its distribution is
still binomial, with vertex set of size (1+0(1)) %0 In n and parameter
p. We deduce that, given the conditioning, G [S[x’]] | Arith with
high probability. Applying Proposition 3.2 and the law of total prob-
ability over all possible values of A, B, C,E(A, B), E(A, C), we con-
clude that given Q(u1, uz), with high probability there exists x” € A
such that G | Arith*(uy, u, x”) and |S[x’]| = (1 + o(l))%0 Inn.

Now pick x € A such that G | Arith* (ug, up, x) and |S[x]| is
maximal. Let m = |S[x]|. By definition, x satisfies parts 1 and 2 of
Alt. From maximality, m > |S[x"]| = Q(Inn) and so 23 < log* m <
25. Therefore G [S[x]] [ BigGap. From Proposition 3.2 we get
G E BigGap* (u1, ug, x) and so x also satisfies part 3 of Alt.

Second, restrict to n with log* n = 75 mod 100. We show that
P (G [ Alt) — 0 on this subsequence. Let Q = (", 1, Q(u1,u2).
Theorem 2.9 implies P(Q(u1,u2)) = 1 — exp (—nQ(l)) for every
U1, Uz. A union bound over @(nz) possible pairs uj, up then shows
that P(Q) = 1 — 0(1). We prove that G |= —Alt given the event Q,
and thus complete the proof.

Assume that there exist uj, ug, x such that parts 1 and 2 of Alt
hold. From part 1 and Proposition 3.2 we have G [S[x]] [ Arith.
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From part 2 and the assunption that Q(u1, uz) holds we again deduce
thatm := |S[x]| = Q(In n). Therefore 73 < log* m < 75. Combining
both facts we deduce G [S[x]] | —-BigGap, which implies G |
-BigGap® (u1, uz, x) from Proposition 3.2. Therefore x does not
satisfy part 3 of Alt. O
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