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Abstract. We show that the existence of a continuum sized family F of entire func-
tions such that for each complex number z, the set {f(z) : f € F} has size less than
continuum is undecidable in ZFC plus the negation of CH.

1. Introduction. In [2], Erdés asked the following (for some history on
this, see [3]):

QUESTION 1.1. Is there a continuum sized family F of analytic functions
from C to C such that for each z € C, {f(z) : f € F} has size less than
continuum?

In the same paper, answering a question of Wetzel, Erdds showed that
CH is equivalent to the following: There is an uncountable family F of
analytic functions from C to C such that for each z € C, {f(2) : f € F} is
countable. We show here that the answer to Question is undecidable in
ZFC plus the negation of CH.

2. No such family in the Cohen real model. The following theo-
rem implies that there is no such family in the Cohen real model which is
obtained by adding Ne Cohen reals to L.

THEOREM 2.1. Suppose V.= ¢ = X > cf(A) > k = wy. Let P add &
Cohen reals. Then in VT, whenever F is a continuum sized family of entire
functions, there exists z € C such that |{f(z) : f € F}| =c.

Proof. Let r € *2 be the Cohen generic sequence added by P. Clearly,
VIr] & ¢ = X Suppose (fs : @ < A) is a sequence of pairwise distinct
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entire functions in Vr|. Note that each f, is coded in V[r[{,] for some
€n < K. As cf()\) > K, we can choose X € [A\]* and & < & such that for each
a € X, fqo is coded in V[rl&,]. Let z, € C be Cohen over Vr[&,] so that
it avoids every meager subset of the complex plane coded in V[r[,]. Since
two distinct entire functions only agree on a countable set, it follows that
(fa(2x) : @ € X) are pairwise distinct. m

3. Consistency with failure of CH. We now show that a positive
answer to [I.1] is also consistent with the failure of CH.

THEOREM 3.1. It is consistent with ZFC plus the negation of CH that

there is a family F of entire functions such that |F| = ¢ and for every
2€C, {f(z):z€eC} <.

Before we begin the proof of Theorem let us recall Erdés’ con-
struction in [2] under CH. Let {z; : ¢ < w1} = C. Inductively construct
(fi + 1 < wi) such that each f; : C — C is entire and for every j < i < wy,
fi # f; and fi(z;) is a rational complex number. This is possible because
for every countable X C C, there is a non-constant entire function sending
X into the set of rational complex numbers.

We adopt a slightly different strategy that exploits the singularity of
continuum as follows. Starting with a model where ¢ = w,,,, we perform a
finite support iteration (P;, Q; : ¢ < wy) such that, at each stage i < w1, via
a ccc forcing Q; of size w;11, we add a family F; of entire functions such
that|F;| = wi41 and for every j < i, letting W be the set of first w;41 members
of V¥ N C in some fixed enumeration, we have (Vz € W;)(|{f(2) : f € Fi}|
< wj+1). So F = J{Fi : i < w1} will be the required family in V¥. The
possible set of values for {f(z) : f € F;} is not fixed beforehand but added
generically together with F—this is the major point of difference with Erdos’
construction. The main problem then is to ensure that Q; is ccc. We do this by
requiring that the finite approximations to members of {f(z) : z € W;} can
be chosen quite independently of those for {g(z) : z € W}, for f # g € Fi.
This is materialized by using strongly almost disjoint families in [w;41]“ 1.
The next lemma says that such families can consistently exist.

LEMMA 3.2. The following is consistent:

(a) ¢ =wy,.
(b) There is a family {Aq : @ < wy, } such that each Ay is in [wy, |““1.
(c) For every o < B < wy,, Aa N Ag is finite.
(d) For everyi < wy and a < wy,, |Aa NWit1| = Wit1-

Proof. We use Baumgartner’s thinning out forcing [I, Theorem 6.1]. Let
V = GCH. Set A = w,, and A\; = w;y1. For each 1 < i < wy, define P; as
follows. Let K; = {v € [wa, \i] : v = cf(v)}. Then p € P; iff:
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i) p=(p,:veK;.

(ii) Each p, is a function with dom(p,) € [A\]<".

(iii) For each o € dom(p,), pu () € [Ni]<V.

(iv) If v < v/, then dom(p,) C dom(p, ), and for each a € dom(p,),

pu( )gpu( )
For p, q € P;, write p <; q iff:

e For each v € K;, dom(p,) C dom(q, ).
« For each a, B € dom(p,), p,(a) C g, (@), and i % 8, then p, (@) Npy(B)
= qu(a) N QV(B)-

Let P = [[{P; : i < k} be the full support product of {P; : i < k}. Sop € P
iff p = (p(i) : i < k) and p(i) € P; for every i < k. For p,q € P, p < ¢ iff
p(i) <; q(i) for every i < k.

Cram 3.3. P preserves all reqular cardinals below \.

Proof of Claim The proof is almost identical to that of [I, Lem-
ma 6.6] but we provide a sketch. Let G be P-generic over V. Let 7 < A be
a regular cardinal in V' and suppose V|G| = 7 > cf(7) = u. Note that P is
wa-closed, so 1 > wy. Fix 1 <14, < wy such that p = A, .

Let Q = {(p(i)1[Ais41,00) 1i <wi) : p € P} and H = {(p()[[Ai,+1,00) :
i <wi):p€ G}. Then Qis A, y1-closed and H is Q-generic over V. In V[H],
for i, <i <wpand a < A, let E; o = U{p(i)(Ni,+1)(a) : p € H} and for
1t <i,and a <A, let B, = ;. Let

Q = {{p@)I0,Ai.] i <wi):p€eP
A (Vo € dom(p(i)(Ai,))) (pi(Ai) (@) € Eio)}

and K = {(p(i)[[0,\i,] : ¢ < w1) : p € G}. Then it is easily verified that
K is Q'-generic over V[H| and V[G] = V[H|[K]. As Q is \;, +1-closed,
cf(r) > A\i,41 in V[H]. Since \;, > wa, a A-system argument shows that
V[H] E Q' satisfies \;, y1-c.c. (see [I, Lemma 6.3]), hence V|[G] = V[H][K]
= cf(7) > A\i, 41 > p, a contradiction. m, ,

Let G be P-generic over V and V; = V[G]. In Vi, for a < A, let F, =
U{Fia N [wi,wig1) 0@ < wi} where Fyo = {gu, (@) : (Fp € G)(q = p(i))}-
Then each F, is unbounded in w;4; for 1 < ¢ < w; and their pairwise
intersections have sizes < wy.

In V4, define Py by p € Py iff p is a function, dom(p) € [A]<®* and p(a) €
[Fo Uwi]<™ for each a € dom(p). For p,q € Py, p < q iff dom(p) C dom(q)
and for all a, f € dom(p), p(a) C ¢() and if a # B, then p(a) N p(B) =
q(a)Ngq(B). As CH holds in V7, a A-system argument shows that Py satisfies
No-cc. Since it is also countably closed, all cofinalities from V; are preserved.
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Let Gy be Pj-generic over V; and Vo = V1[Gy]. For a@ < A, set F! =
U{p(@) : p € G1}. Then each F, is unbounded in w;;; for i < w; and their
pairwise intersections are countable.

In Va, define Py by p € Py iff p is a function, dom(p) € [A\]<¥ and for
each a € dom(p), p(a) € [F.]<M0. For p,q € Py, p < ¢ iff dom(p) C dom(q)
and for all a, 8 € dom(p), p(a) C ¢(a) and if o # B, then p(a) N p(B) =
qg(a)Ng(B). A A-system argument shows that Py satisfies ccc, so all cofinal-
ities are preserved.

Let G2 be Pao-generic over Vo and V3 = V5[Ga]. For a < A, set A, =
U{p(a) : p € G2}. Then each A, is unbounded below w;;1 for each i < wy
and their pairwise intersections are finite. As {A, Nw; @ @ < A} is a mod
finite almost disjoint family, V3 = ¢ > A. The other inequality follows from
a name counting argument using Vo = AN = \. u,,

Proof of Theorem[3.1] Let V be a model satisfying the clauses of Lem-
ma We will construct a finite support iteration (P;,Q; : i < wi) of ccc
forcings with limit P satisfying the following:

|]P>‘ = Wy - .

IFp, (Zia : @ <wy,) lists Cand Z; = {20 : j <@, & < wit1}-

(o : ¢ < wig1) € VP is such that IFp, (Yo : @ < wit1) is a one-one listing
of Zi, 50 {fja 1 0 < wy, } = CNVE

In Vi Q; is a ccc forcing of size \; that adds a family F; of entire functions
of size wj41 such that for every j <1, IFg, [{f(¥a) : @ < wjt1}] < wjs1.

Set F = Ui<w1 F;. If 2 € VPN C, then for some i, < w; and o < Wi, 41, We
have z = y,. Hence

U@ re s UUE) 7 e B+ Ut £ € 7
< WZ;:1 +wr Wi, 41 = Wi*-«sz; .

The following lemma shows that (Q;’s can be constructed.

LEMMA 3.4. Suppose k is reqular uncountable. Let (A, : a < k) be such
that for every o < B < k and uncountable cardinal p < k, Ag N p € [p]*
and Ao N Ag is finite (so k < ¢). Let (yo : o < K) be a sequence of distinct
complex numbers. Then there exists a ccc forcing Q of size k such that the
following hold in V@:

(a) There is a family F of entire functions of size k.
(b) For every uncountable cardinal pn < &, |{f(ya) : o < p, f € F}| = p.

Proof of Lemma[3.4, For £ < k, let he : kK — A¢ be such that he (o) is the
ath member of A¢. Note that hel[u] = Ag N p for every regular uncountable
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1 < k. Define Q as follows: p € Q iff

p= (npvmpaupvvp7wpa <m§,a : ‘E € Up,Oé S vp>7 <fg : f € up>7

(B iy € wp, m < my))

where:

e 1<n,<w,1<my <w.

® Uy, vy, wy € [K]<N0 and |yo| < n, for every a € vy,
o w, D {he(a) 1§ €up, a € vyl

[

mga < my for all £ € up and a € vp.

e For each £ € wu,p, fg = fg(x,x;,xg)QEUp = fg’(m,x’a,xg a € vy s
a rational function in the 2|vp| + 1 variables {z} U {z],2) : o € vp}
over the rational complex field (complex numbers whose real and imag-
inary parts are rational) which can be expressed as a polynomial in x
whose coefficients are rational functions of {z/,z! : o € v,} such that
fE(2l, 20, 70 )aew, = v for every B € v,

e For every v € w, and m < my, B, is a closed disk in the com-

plex plane with rational complex center and rational radius that satis-

fies: If zqem € Bzg(a)m for some & € wuy, a € v, and m < my, then

fe(x, Ya, za@ng’a)a@p is well defined (no vanishing denominators).

Informally, p promises that for { € u,, the {th entire function j?g added by Q
is approximated by fg(x Yo Za)acw, uniformly on the disk {z € C : |z| < nyp}

he(a)ml It also

The parameter

with an error < 27" where 2, is an arbitrary point in B

promises that ff will map yo (for a € v,) into By he(a),m? -

m in BY,, allows us a countable amount of freedom to choose jgg(ya) (this
is useful to increase vy, see Claim [3.5{c) below).
For p,q € Q, define p < ¢ iff:
ny < ng, my < my.
up € ug, vp € vy and wy, € wy.
If £ € up,a € vp, then m{ | =my .

Bi,, C B, for all v € w, and m < m,,.

q
Whenever |z| < Np, & € Up, Zga € Bhs(a),mg’a

|f§(2,ya, Z{,a)aEvp - fg(zayaazg,a)a€vq| < 1/2np - 1/2nq‘
CrLAIM 3.5. The following are dense in Q:
a) {peQ:&cu,} for{ <k.
b) {peQ:(y€wy) A(ny,mp>N)} for N <w and vy < k.
¢

) {peQ:p vy} for B < k.
d) {p€Q: (¥Vm < my)(Vy € wy)(diam(BE ;) < 27N)} for N < w.

e) {p € Q: (V1,72 € wp)(Ymy,ma < my)((y1,m1) # (2, m2) = BYymy N
Bh,m2 = (Z))}

with a € vy, we have

(
(
(
(
(
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Proof of Claim Clauses (b), (d) and (e) should be clear. Let us check
(a) and (c).

(a) Suppose ¢ € Q with & € &\ uq. If vy = 0, then we can add &,
to ug and set fg*(x) = 0. So assume vy = {a; : 1 < i < k}. Define g; =
9i(z, 7, o, )1<j<i for 1 <@ < k recursively as follows:

g1 :aj+;1:gl —ZL‘ZM,
$”_ — gi(x’ . ,1‘/ .,SU”.)1<j<i
Git1 = Gi + ( H (:L‘ —:L"’aj)> Qi+l om+/1 @ /Oéa —.
1<j<i Hléjﬁi(xaiﬂ B xo‘j)

Define p > ¢ as follows. Set n, = ng, m, = my, u, = uq U {&}, vp = vg,
wp = wg U {he,(a) : a € vy}, fE = gr and ff = f{ for £ € ug. Set
myg , = m{ , and By, = By, if already defined; otherwise choose them
arbitrarily.

(c) Suppose ¢ € Q and 8 € &\ vg. By increasing n,, we can assume
lyg| < ng. For each & € ug, define f? by

aly — fA(aly, 2l )
ﬁ 5 ﬁ? o Ya)aEvg
=+ (Tl @-a) :
e ter (L e =g =
where we take a product over the empty index set to be 1.
Let ¢ = min{|lyg — ya| : @ € v4} if vy # 0 and € = 1 otherwise. Set
up = ug, Up = U U{B}, wp = wg U{he(B) : € € ug}, np = ng+1, my, =
mg + |ug|. For each & € ug, choose mgﬁ > mg such that & # & implies

mg i mg 5- We need to choose BE s such that whenever |z| < ng,
P
§ €Eugand z € Bhg(a),mga

(T (¢ - o) 22 St | 11
« Haevq (y,B _ ya> — 9ng 2nq+1.

For this it is enough to have

for a € vy, we have

Q€vq

k
€
q
‘Z&ﬁ - fg (yﬁ’ Yo Zﬁ:a)aevq| < (an)anq+1
where k = |vg|. But this is easily arranged by first shrinking ng (a),mga’s

for a € vy and then choosing Big accordingly. m, .

(8),my
Let G be Q-generic over V. For ~ <£[;£ and m < w, let a, ;,, be the unique
member of ({BY : p € G}.
For ¢ < A, define f¢ : C — C as follows. Choose {p; : k < w}
C G such that £ € wup, and ny, > k for every k < w, and set fe(z) =
limy, fg (2, Yo Qe ( a)mgka)ae”pk' Since we have uniform convergence on com-

pact sets, f¢ is analytic. Note that the definition of f¢ is independent of the
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choice of {pr : k < w} C G. For suppose {g; : k¥ < w} C G is such that
§ € ug, and ng, > k for every k < w. Let r, € G be a common extension of
Pk qk- Then, for every z € C with |z| < k, we have

—k
’fgk (Z7 Yo, ahﬁ(a),mg’lfa)ae".)pk - fgk (zv Yo, ahg(a)7mgf€a)a€vqk ‘ S 2 +

since it is at most

’fgk (Zv Yo, ahg(a),mgfa)aE%k - fgk (Z, Ya, ahg(a),mg“a)aewk ’

+ ’fgk (za Yo, ahg(a)ymgfa)Qquk - fgk (Z7 Yo, ahg(a)7mgf€a)a€vrk ’7
and hence the two limits must be the same.

Set F = {fe: £ < k}. For £, a < K, let mg o be such that for some p € G
we have £ € up, o € v, and mga = mg . Note that, for every &, a < &, by
considering a sequence {pj : k < w} C G with a € v, , we can infer that
fe(ya) = Uhe(a),me.o- Next suppose & < § < k. Choose av < k such that
he, (@) # he,(a). Then fe (ya) = Ohe, (a),me; o # Che,(a)mey a0 = fes(Ya)- So
f¢’s are pairwise distinct. Finally, for every uncountable 1 < k, we have

{fe(ya) oo <, € <K} < Haneayme, 1§ <K, a < p}
< Haym v <p,m<wh =p.

So it suffices to show that @Q is ccc. Suppose A C Q is uncountable.
Choose S C A uncountable such that the following hold:

e n, =Ny, my = my, |uy] =nl and |v,| =n2 do not depend on p € S.

o (up,:pe€S)isa A-system with root u,, and (v, : p € S) is a A-system
with root v,.

o If &1 # & are from u, and he, (1) = he, (o), then {a1, ao} N (vp \ve) =0
for every p € S. This uses the fact that A¢ N Ag, is finite (countable
suffices).

e By possibly extending p € S, we can assume 1 < |v,| < n? (so v, and
Up \ U, are non-empty).

o u, ={&;:j <nl}and v, = {a,) : k < n?} list members in increasing
order, and r! C nl and 72 C n? are such that u, = {&, : j € rl} and
v, = {apk  k €12}

e For all j <nl, k<n? and m < m,, we have fgpj: [z, x

p p
gp,j’apyk hépyj (ap,k)vm

depend on p € S.

e 0 < e < 27+ ¢ is smaller than the radius of every Bj j..m, and
Yopr, = Yapy,| > €1 forall p € S and ky < ky < n2.

e Each point of X = {(ya,, : k < n2) : p € S} is a condensation point of
X ccn,

’ 7
apk? :Capyk)k<n% >

=mj and B = Bjkm where f;, m; i, Bjm do not
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Suppose p,p’ € S and we would like to find a common extension g. This
boils down to constructing fg for £ € up Uuy. For £ € (up Uuy) \ uy, this

is similar to the proof of Claim (c) To construct fg for & € u,, we will
make use of the following lemma.

LEMMA 3.6. Suppose:

(i) 1 <ny <w,0<e; <0.5.

(i) f = f(z %k Yk)k<k, @S a rational function in the variables {z} U
{zk, yr + k < ki} over the rational complex field which can be expressed
as a polynomial in z whose coefficients are rational functions of xk, yi
for k < k. over the rational complex field, satisfying f(xy, Tk, Yk )k<k,
=y for every | < k,.

(iii) ag,br € C for k < ki, |ak| < n. for k < ks, and |ag, — ag,| > €1 for
every k1 < ko < k.

(iv) If |a}, —ak] < e1 and |b), — b| < e1 for k < ky, then f(z,a}, b )k<k, 1S
well defined (no vanishing denominators).

(V) vx C ks, vs & {0, K, }.

Then there ezist 0 < €9 < £1/8 and g = g(z,xl,yl,x}g,xz,y;,yz)levhkek*\v*

such that whenever |a3 —ag| < €2 for k € k,\vy, letting b2 = f(a2,a;,b;)j<k,

we have |b2 — by| < g1 — 2e5 for k € ky \ vx and the following hold:

(a) g is a polynomial in z whose coefficients are rational functions of the
other variables over the rational complex field satisfying z = x; implies
g =1y forl € v, and z::zi; impliesg:yi forj=1,2 and k € ky \ vs

(b) Letting a,lg = ag, by = by for k € k. \ v« we have the following. For
every ¢, cj, satisfying |c; — by| < €2, |c), —bj| < e forl € vy, j =1,2,
k € ki \ vy, we have

j j 1.2 1 2
|f(zval7ai;7 8 Cj)lEU*,kek*\v* - g(z, ar, ¢, g, g, Cg, Ck)lev*,kek*\v*’ < €1,
for all |z| < ny and j =1,2.
Proof of Lemmal[3.6 Set
1 1
9= f(2, 20T Y1 Yi 1w, keka\o, T Z Gj

JEk\vs
where

F’](z)[yQ - f(xga Zy, xllc) Y, yl};)lév*,kek*\v*]

Fy(x3) ’
Fi(z)= ] G-ad[[G-= II G-=)
kek*\v* lG'U* kek*\v*
k#j

Clause (a) is easily verified. We need to find 0 < €2 < £1/8 such that
clause (b) holds. Note that for all sufficiently small e5 < /8, if |a?—aj| < &9,
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then |05 —bj| = | f(a}, a, br)e<r. — f(aj, @i, bi)rar,| < 3e1/4 < e1—2e9. Fix
¢, ¢, as in clause (b) and consider

] j 1 2 1 2
|f(zv arg, a‘lz;v C, C]i;)leu*,kek*\v* - Q(Z, ap, Cpy Qg Ay Cpey Ck)lév*, keky\v« |
This is at most
1 1 2 2
’f(zv ar, ag, C, Ck)lev*, k€k\ve — f(z7 ar, ag, Cr, ck)lev*,kek*\v*‘

1 2 1 2
+ E ’Gj(zvalaClaak7a}g7Ck7ck)lev*,k€k*\v*|'
JE€k\vs

Fy(a?)

The former term is easily bounded by €1/2 by choosing sufficiently small 5.
So it suffices to ensure that ol 41

For the latter, notice that
(4TL* > 2k,
< .
€1
€1

‘ Fy(2)
2 2 1 1
c; — f(a3,ay,a5,c,c < ——.
‘ 5 f( jo Ay Ay Cly k)lEU*,kEk*\v*‘ k*(4n*)2k*
The expression on the left side is at most
‘C? - b§| + ‘b§ - f(a?7 ar, al{;a Cl, Cllc)IEv*,ka*\v*|‘

Recalling our choice of bjz, this is bounded by

€2+ ‘f(a§7 a, allcﬂ b17 bllc)IEv*,kek*\v* - f(agﬂ a, al%:? Cls Cl%:)lev*,kek*\v*‘-
It is clear that this can be made arbitrarily small by choosing sufficiently
small 2. m,

Fix p € S. For each j € r!, using Lemma we get €2 = g2 and
g = gj for f = fj, ak = Yay, ., b = the center of Bjyp, , and v, = r2. Let
e3 =min{ey; : j € r;}. Choose p’ # p from S such that |yq, , — Yo, | <€3
for each k < n2. We will construct a common extension g of p,p'.

Set ng = ny + 1, my = my + nin?, Ug = Up U Uy, Vg = Up U Uy
and wg = wp, Uwy U {he(a) : £ € ug, o € vg}. Choose mga’s such that
{mg’a S eup\uc N € vy \vy) or (€ € uy \ux A € vy \ vy} are pairwise
distinct integers in [my,m;). Next choose fg , Bl for £ € ug, v € wy and
m < mq as follows:

o If & € upy\uy, let fg be as in the proof of Claim (c) applying the process
. q . . p
[V — V4] ;clmes. Define Bhg(a)ﬂmg,a for o € vy, by shrinking Bhg(a),mga and
choose Bh& (@), for a € vy \ v, accordingly.
q q
o If £ € uy \ uy, we define fg and Bhg(a),mg,a
e If £ € u,, choose j € r} such that &, ; = £ and set fg = gj. Obtain bz for
2\ 12 g 2 _ 2 q
k € ng\ry asin Lemmafor a = Ya,, - For k € ng, choose Bhg(ap,k),mj,k

analogously.
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to be a rational disk contained in a disk inside Bj,k’mj’k with center b, and
q

he (@ 1),k
disk contained in a disk with center b7 and radius less than e3 (so it is con-
tained in B}k, ). Notice that if §1 # &3 are from u, and {a1, a2} N (vg\vs)
# 0, then he, (a1) # he,(a2) so there is no conflict in doing this. m,

radius less than e3. For k € n2 \ 72, choose B to be a rational

4. Regular continuum. We conclude with the following.

QUESTION 4.1. Is a positive answer to Question [1.1| consistent with
20 = Ny ?

One way to get this would be to construct a model where 2% = Ry and
for some A € [C]™, for every X € [C]™, there is a non-constant entire
function sending X into A. We do not know if this is possible.
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