Sh:29

JOURNAL OF COMBINATORIAL THEORY (A) 16, 199-208 (1974)

A Substitute for Hall’s Theorem
for Families with Infinite Sets

SAHARON SHELAH

Department of Mathematics, The Hebrew Uriversity, Jerusalem, Israel
Communicated by the Managing Fditors
Received April 10, 1972

A sufficient condition for the existence of a system of distinct representatives
for a family S is that x € A €S implies the number of elements of A4 is not
smaller than the number of sets in S to which x belongs.

INTRODUCTION

The celebrated Hall’s Theorem [1, 2] gives a necessary and sufficient
condition for the existence of a system of distinct representatives for a
family S of finite sets: the union of any m sets of S is a set of at least m
elements. Synonyms for “a system of distinct representatives” are
“a transversal” and “a one-to-one choice function.” The problem of
finding such conditions for an arbitrary family of sets seems to be difficult
(see [3, 6] for partial results and for explanation of the difficulty). So
Mirsky suggested looking for sufficient conditions, and successively
he, Knight, and Milner formulated such conditions. In [4] it was shown
that Knight’s condition AeS = |{B: BeS,ANB +# g} <|A]| is
sufficient for the family S to have a system of distinct representatives.
It was also pointed out in that paper that in order to prove the sufficiency
of Milner’s weaker condition, stated in the abstract, it is enough to prove
it in the case in which S is a denumerable family of sets. This will be
proved here. Unlike [4], no set-theory is needed and the proof is combi-
natorial and computational. Unfortunately it is not elegant. For more
information on transversals, see Mirsky [3]. This is a partial answer to
Problem 15 of [3].

NotAtioN. N will be the set of natural numbers including zero. By a
family of sets we mean an indexed one, that is, with possible repetitions.
S will be a fixed countable family of non-empty sets, that is,

199

Copyright © 1974 by Academic Press, Inc.
All rights of reproduction in any form reserved.



Sh:29

200 SAHARON SHELAH

S = {4,:ne N}. L will denote a subfamily of S consisting of finite sets
only. K will denote a finite subfamily of S consisting of finite sets only. For
any S’ C S, D(S") = dom(S") = Uues' 4. X, Y, A, and B are subsets of,
and x, y points of, dom(S). The letters i, j, k, I, m, n, p, q, r always denote
natural numbers. | 4 | is the number of elements of 4A—which is here a
natural number or oo; the same with | L |—the number of sets A e L.
(x) = [{A: x€ A S}. A transversal of S is a one-to-one function F,
F(A4) € A. Using indexes, we agree p; = p(i) etc.

MAIN THEOREM. If S is a countable family of non-empty sets and
x € A eSimpliesv(x) < | A| then S has a transversal.

Proof. W.lo.g. for every x € dom(S):
1) v(x) =min{| A |: x€ A€ S}.

For otherwise we shall add to S infinite sets A4,’ (which may
have points outside dom(S)) such that, for xedom(S), xe 4, iff
n+1<min{| 4]:xcA4€S} — v(x). Let S; = {4: A €S, A finite}. W.lLo.g.
we may assume that S; = S — S; = {Y,: n € N} is infinite and that the
sets Y, are denumerable (for any infinite member of S can be replaced by
a denumerable subset).

A set B C dom(S) is acceptable if S; has a transversal F, which avoids B,
that is, F(4) ¢ B for any 4 €S. By Hall’s Theorem, B is acceptable iff
| D(K)— B| — | K| = 0 for any KCS. If equality holds, K is called
B-critical. 1t is easy to see that K is B-critical iff S has a transversal
avoiding B, and any such transversal F satisfies {F(4): 4 € K} = D(K) — B.
Hence the union of B-critical sets is a B-critical set, when B is acceptable.

Define

@ dK)=|DK) —|K]
() dK B)=|DK)—B|—|K],

@ wxD= Y i—jﬂ-

weAeL
B  tx,L)y=1-—wx,L).
Note that
(A) for any B, Kd(K, B) = d(K) — | B|,
(B) by definition, K is B-critical iff d(X, B) = 0,
© by Hall’s Theorem, B is acceptable iff, for any K, d(K, B) > 0.
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By the condition in the theorem x € 4 € S implies that v(x) < | 4 | and
hence that

wix, L) < Y, —v(l—x)_:l

XEAES
Thus
(D) 0 <wkx L) <1l,and 0 < #(x, L) < 1.
Let us try to connect these numbers:

6) IKl=21

AeK

1
= i TAT
x€ D(K) xe AeK
= Y wx K).

ze D(K)

So using (2)
() dK)=IDK)I—|K|= ) 1— Y wxK)

ze D(K) ze D(K)
= Y Hx K).
xe D(K)
By (A)
® dK,B)yz=dK)—|B|= E;K) i(x, K) — | B].

Let us prove. We shall define by induction on #n distinct y,, € Y, such that

(*)». S, has a transversal avoiding B, = { y;: i < n}, or equivalently
for any K, d(K, B,) = 0.

Suppose we succeed in defining the y, so that (*), holds. Let
B=UB, ={y,¥,} Then, for any K, as D(K) is finite, there is n,
such that D(K) " B = D(K) N B, and hence d(K, B) = d(K, B, ) > 0.
Therefore, by Hall’s Theorem, S; has a transversal F avoiding B. Extend F
by putting F(Y,) = y, and we are done. All that remains is to define the
Yn - By (7) and (D),

dK, $)=dK)> ¥ tnK)> Y 0=0,

xe D(K) xe D(K)

and so (*),, is satisfied for n = 0.
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From now on 7 is a fixed (natural) number, y; € Y, are defined fori < n,
and (*),, is satisfied. If there is y € Y,, — B, such that, for any B, -critical K,
y ¢ D(K) then we define y, = y and (*),,, is satisfied. So assume from now
that such y does not exist, and we shall get a contradiction. Let ¥,, — B, =
{xn: me N}. So for every m there is a B,-critical K, , x,, € D(K,,). Define
K, inductively so that | D(|);<,, K,)I is minimal (for the already chosen K ,
i << n). Define

© k"= K,, L= K,, Dn=DK"™, D= D(L)

pm peN
As the union of B,-critical families is a B,-critical family, K™ is
B, ~critical.
(E) d(K™, B,) = 0 for every me N.
So by (8)
0=dKm B> ¥ t(x,K™)—|B,|.

zeD,,
Hence, as | B, | = n,

nz= Y tx, K™).
x€D,,
Since K™ C L, it follows from (4) and (5) that w(x, K™) << w(x, L),
(x, K™) = #(x, L). Therefore, n > 3;cp_#(x, L). This inequality holds
for any m, and, since D, C D,,,;, D = Un D, , it follows that
(10) n= ) t(x, L).

xeD

Hence

(F) Y #(x, L) converges.

xeD

The rest of the proof is dedicated to contradicting (F). For any
m,x,€D,CD,x,cY,¢L,andso

W D= Y o< Y e <o) — oy -

xmeAeLl ZgEAEL
Therefore

1

(1) f(xm,L)Zl—W(Xm,L)>m-
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As 3 ..pt(x, L) converges, {x € D:t(x, L) > 1/p} is finite for any p,
hence

(G)  lim v(xy) = co.

Notice that

and

for 0 < m <m, . Using these identities, we obtain from (4), (5), and (1)

that
1) (D =1-— Y —
x€E AL l ,
1 1
- xe;es U(x) B :ce;eL | ‘
a 935/4;7— D(x) zeAeL ( U(X) I A )
_ v (1 1
wEAEGZS—L p=§a;(w) (P p+ 1 )
l4]l—1
1 1
+ L1
a:e;sL ZJ:%(@) (P p+1 )
Let

0, lf p<U(x),
13) cp,x) = %b(x) fd:xedeL, ((x) <) 4] <pl,

if p > o(x);

thus
| 1
14 L L) = —_— ,
Let

(%) =} e(p, ).

xe
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The convergence of these sums follows from

16 w0>Y i)=Y }: (‘“‘ﬁT) (p, x)

zeD zeD p=1

-3 (== ez, )

p=1 D p + 1 xeD

So clearly by (15) and (16)

(H) each ¢, is a natural number and

o (1 1
pzz:l (? I ) C»
converges.
Also
D Lljg ¢, = 00,
As x, €D, x, €Y, €S — L, we have ¢(p, x,,) > 1 if v(x,,) < p. There-
fore, ¢, = [{m: v(x,) < p}| — 0.
We next prove that for any p
(*) L,={4deL:|A| = p}is finite.

Call xeD balanced if xcAeS = |A| =uv(x), AL and let
A* = {xe D: v(x) < p, x not balanced}. For x € 4* we have

- 1 (x) — 1 1
Meb = Y TS T T

z€Ae L

1 1
OO D~ ppF )

Therefore A* is finite by (F). Hence there are m,, m, so that A* C D,,
and 4 € K™ whenever 4L, and 4 N 4* 5= 0. To prove (*) it will be
enough to prove that L, C K’"l Suppose this is false. Thus there is a least
integer ¢ > m, such that L) = (K?— K™)yn L, # . By the definition
of A*,if xe Ae L), then x is balanced and 4 € K* — Ko,

Notice that AeL,, BeL — L, implies AN BC A*C D, and
xn€J{4: A e L,} implies x,, € A*. Considering any transversal F of K?

tx,L) =
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avoiding B, , it covers D(K% — B, , hence its restriction F, to K¢ — L,/

covers D(K™) — B, , as K™ is B,-critical. Also F, covers D(K? — L,’) —

D(K™) — B, , so F, is a transversal of K¢— L, which covers

DK*— L,y —B,. It follows that K?— L, is B,-critical. By the

minimality of D(K9) it follows that L, is empty and this is a contradiction.
‘We now prove that

M) ¢y =cpn (modp+ 1).
All the congruences in the following will be modulo p + 1. By (13) we have

0, if vlx) >p+1,
e(p,x)—c(p+1,x) = {—c(p + 1, x), if v(x)=p+1,
Hd:xedeL, |A|=p+ 1},
if olx) <p+1.

Therefore, since ¢(p + 1,x) = —[{d:xedeLox) <|4|<p+ 1)
for v(x) = p + 1, it follows that

e(p,x) ~clp+1,x)=|{Ad:xedeL, | 4| =p+ 1}
Now
Cp — Cpp1 = Z (e(p, x) — c(p + 1, x))

zeD

Y Kd:xedeL,|A|=p+ 1}
v(mﬁiﬂﬂ

Y, Hx:xed}

AeL
| 4|=p+1

=0,

li

i

since the summation contains only finitely many terms by (*). So (J) was
proved.
It remains to prove only

Lemma 1. Ifc,, p > 1is a sequence of natural numbers, lim,, ., ¢, = oo,
and ¢, = ¢,., (mod p +- 1), then

d 1
1;(%_17—}-1)0”:00'

Proof of Lemma 1. We shall assume it converges and get a contra-
diction.
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Choose €, 0 << € < 0.1. Define

an  cr-3 (-

1
v p+1)c,, (r may be ).

Notice

(K) If p(k) is an increasing sequence k << / then
e = 3 e
Choose n, such that e > C, . Let
(18) Cp = Cpy1 — [(p+1)(p + 1),

9  Ap= Y I

i=p+1
So
C(L__!__):_cﬁ_ Cp zfg_cp+1—1(p+1)(P+1)
Ap p+1 p p+1 p p+1
:-—c—p— 1
4 p+1

(20) Cpq:jg_:cp(%~pil)

Cp Cq q—1
_ Ly vy
P q é*l

CZD Cﬂ
=2 _ 29 1L I(p,9q).
» q+@@

If there is g, such that, for ¢ > g, , ¢, > €q then

pgzocp(% p—l*—l) Zl’(—'— ‘:‘ )=€p§opi1=oo,

a contradiction. So
(L) for arbitrarily large ¢, ¢, < «g.
Choose gy = ny, ¢, < €4y . Now for any r = g, by (20)

cq
N 0
Cop =
9o

r)
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or
Cq, r

e
7*1(%’) N Cyp -

(4
q, r

QL e —rlge, D =r|—"—0C,
90

gr(:]: +s)=26r,

as ¢, , r, and I(q, , r) are integers, ¢, > 0, and 2¢ < 1 necessarily
M) Kqo,7) =0, forr = gq,.

Define
@) ke, = Y Mosi)
By (M)

N) k(go,r) = 0,forr = gq,.
We now prove by induction on r that
23) Cp = Cqy + 1lgo, 1) — k(qo > 1), for r>=q,.
For r = ¢y, l(g, , ¥) = 0 and k(g, , ) = 0 so (23) holds. Assume it holds
for r.
Crm =+ Lnlr+1)
= g+ 1lqo, 1) —~ k(go, 1) + (¢ + D6y
= Cq +(r -+ D) Ugy,7) + (r + 1) Ly — k(go, 1) — Ugo» 1)
= g + (r + DIlgo, r) + L1l — [k(go , 1) + g5, 7)]
=g+ (r -+ DUgo, v+ 1) — ki(gy, r + 1).
So (23) holds.
From (23) and (N) we can deduce ¢, < ¢, + rl(go, r). But we noticed

in (L) that, for arbitrarily large r, ¢, << er. Hence by (21) ig,,r) = 0,
hence ¢, < Cq,p » contradicting lim,,_.,, ¢, = c0.

Remark. Instead of lim, ., ¢, = co, it suffices to demand that ¢, is not
eventually constant.
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