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ABSTRACT. We describe a framework for proving consistency results about
singular cardinals of arbitrary cofinality and their successors. This framework
allows the construction of models in which the Singular Cardinals Hypothesis
fails at a singular cardinal x of uncountable cofinality, while x* enjoys various
combinatorial properties.

As a sample application, we prove the consistency (relative to that of ZEC
plus a supercompact cardinal) of there being a strong limit singular cardinal
x of uncountable cofinality where SCH fails and such that there is a collection

of size less than 2% of graphs on xk such that any graph on x* embeds into
one of the graphs in the collection.

INTRODUCTION

The class of uncountable regular cardinals is naturally divided into three disjoint
classes: the successors of regular cardinals, the successors of singular cardinals and
the weakly inaccessible cardinals. When we consider a combinatorial question about
uncountable regular cardinals, typically these classes require separate treatment and
very frequently the successors of singular cardinals present the hardest problems.
In particular there are subtle constraints (for example in cardinal arithmetic) on
the combinatorics of successors of singular cardinals, and consistency results in this
area often involve large cardinals.

To give some context for our work, we review a standard strategy for proving
consistency results about the successors of regular cardinals. This strategy involves
iterating <r-closed xk'-cc forcing with <k-supports for some regular cardinal x,
with the plan that the whole iteration will also enjoy the xT-chain condition. The
xT-chain condition of the iteration will of course ensure that all cardinals are pre-
served, and is also very helpful in the “catch your tail” arguments which frequently
appear in iterated forcing constructions.
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When « = w this proof strategy is completely straightforward as any finite sup-
port iteration of ccc forcing is ccc; for regular kK > w we need to assume that
k<* = k and that the iterands have some strong form of k*-cc and some other
properties in order to ensure x'-cc for the iteration (this issue is extensively dis-
cussed in Il below). When « is singular the strategy is no longer available, and
this is one difficulty among many in proving consistency results involving singular
cardinals and their successors.

Dzamonja and Shelah [7] introduced a new idea, which we briefly describe. Ini-
tially k is a supercompact cardinal whose supercompactness is indestructible under
<k-directed closed forcing. The final model is obtained by a two-step forcing. The
first step, P, is a <x-directed closed and kT-cc iteration, whilst the second step is
Prikry forcing, Pry, defined from a normal measure U on k in V[G], where G is
a P-generic filter over V. The iteration P is designed to anticipate and deal with
Pry-names for subsets of £, so that after forcing over V|G| with Pry we obtain
the desired consistency result. Dzamonja and Shelah used this method to obtain
the consistency, relative to that of a supercompact cardinal, of the existence for a
k singular strong limit of cofinality w of a family of k¥ many graphs on ™ which
are jointly universal for all graphs on x*. In this model 2% = 25" and this value
can be made arbitrarily large.

A well-known early interaction between model theory and set theory gives one
that if 2% = k™ there is a saturated graph (i.e., model of the theory of graphs) on
kT and any such graph is universal. So the point of results such as that of DZamonja
and Shelah is to address the possibility of having small universal families of graphs
on kT when 2F > 1.

In this paper we build a similar framework in which the final forcing step is a
version of Radin forcing and changes the cofinality of x to become some uncountable
cardinal less than k. After building the framework, we prove a version of the result
on universal graphs mentioned in the last paragraph.

Theorem [T.T0l Suppose k is a supercompact cardinal, X < k is a reqular cardinal
and © is a cardinal with cf(©) > k* and k™2 < ©. There is a forcing extension
in which cofinally many cardinals below k, k itself and all cardinals greater than k
are preserved, cf(k) = A, 2F = 2%" = © and there is a universal family of graphs
on kT of size kTT.

The need for large cardinals in the broad context of combinatorics at singular
cardinals and their successors is at least partially explained by the theory of core
models and covering lemmas. If there is no inner model with a Woodin cardinal,
then there is an inner model K with many strong combinatorial properties (for
example GCH and square hold), and such that k™ = (k*)X for every singular
cardinal k. This resemblance between V and K in the absence of inner models
with large enough cardinals exerts a strong influence on the combinatorics of T in
V'; for example it implies that [0, holds in V' under this hypothesis.

In the instance of the results on universal graphs we obtain a model in which
k is a singular strong limit cardinal where 2¢ > kT, i.e., the singular cardinal
hypothesis fails. It is known through work of Gitik, Mitchell, Shelah and Woodin
that the consistency strength of the singular cardinal hypothesis failing alone is
exactly that of a measurable cardinal x of Mitchell order o(x) = k*+. Specifically,
in one direction Woodin gave a forcing construction of a model in which the singular
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cardinal hypothesis fails from a certain large cardinal hypothesis and Gitik showed
this hypothesis follows from that of the existence of a measurable cardinal x of
Mitchell order o(k) = k™% ([9]). In the other direction Gitik showed ([10]), building
on Mitchell’s Covering Lemma ([I9]) and ideas of Shelah developed in the course of
his pcf theory ([23]), that if the singular cardinal hypothesis fails there is a model
in which there is a measurable cardinal x of Mitchell order o(k) = x™*. Thus some
large cardinal hypotheses are necessary for these results on universal graphs that
we prove.

This paper is in some sense a sequel to the work by Dzamonja and Shelah [7],
and so we briefly record some of the innovations introduced here.

e Prikry forcing at « is homogeneous and adds no bounded subsets of «, while
Radin forcing has neither of these features. This entails major changes in
the analysis of names for x* in the final model, the proof of xT-cc for
the main iteration, and the proof that the final model has a small jointly
universal family.

e The arguments of [7] involve a complex iteration scheme which is used to
build a Prikry forcing Pry, and would have become even more complex
if we had used it to build a suitable Radin forcing. In this paper we use
diamond sequences to achieve similar goals.

e One of the central points is that our main iteration enjoys a strong form of
the x*-chain condition. None of the standard preservation theorems were
quite suitable to show this, so we took a detour into iteration theory to
formulate and prove a suitable preservation theorem.

The paper is organized as follows: {Il shows that cardinals are preserved in
< rK-support iterations of certain types of <x-closed, k*-stationary chain condition
forcings (and as a spin-off we give a generalized Martin’s axiom for these forcings).
g2l is on preservation of diamond through forcing iterations. §3] collects relevant
material on Radin forcing. §4describes the long Mathias forcing and its variant for
adding Radin names for universal graphs. §5l contains the proof of the stationary
xT-chain condition for the forcings of §4 §f gives the main iteration. {7l gets a
small family of universal graphs at a cardinal of uncountable singular cofinality.

The problem of the existence of a small family of universal graphs has some
independent interest, and is also a natural test question for our forcing framework.
In [3] the methods of this paper are applied to prove a result parallel to Theorem
[CI0 concerning graphs on Y, y1. As part of his thesis work in progress, Jacob Davis
has also obtained a parallel result for graphs on RN, 4.

Notation. Card and On are the classes of cardinals and ordinals respectively. The
size of a set A is denoted by either A or |A|. If X is a set and & is a cardinal, then
P(X) is the set of all subsets of X and [X]* is the set of all subsets of X of size k.
We define [X]<", etc., in the obvious way. If X, Y are sets, then XY is the set of
functions from X to Y. As in [I5], Definition VIL.6.1, if I and J are sets and « is a
cardinal we write Fu(I, J, k) for the set of partial functions from I to J of size less
than , {p|pis a function & p <k & dom(p) C I & rge(p) C J}.

We designate names for the projection functions on cartesian products. If X, Y
are sets we define mp : X XY — X and m : X XY — Y by no(z,y) = « and
m(z,y)=yifze XandyeV.
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We write f - g for the composition of the functions f and g. When f and g
agree on dom(f) N dom(g) we write f 4 g for the unique function h such that
dom(h) = dom(f) Udom(g), h | dom(f) = f and h | dom(g) = g.

If f: Ax B — C is a function, a € A and b € B we write f(a, .) for the
function g : B — C such that g(d) = f(a,d) for all d € B and f(.,b) for the
function h : A — C such that h(c) = f(c,b) for all c € A.

If X is a set of ordinals we write ssup(X) for the strong supremum of X, that
is, the least ordinal a such that X C «, and cl(X) for the closure of X in the order
topology. If o, S are ordinals we write a8 for their ordinal multiplication product.

One non-standard piece of notation which will be useful and which we define
here is the following. If y = (y, | 7 < 1h(y)) is a sequence of sets and yo € Card we
often write ky for yo, the first entry in y.

If p, r are regular cardinals with p < x we write, on occasion, Sy for {¢ <
k| cf(§) = p}, and similarly for SZ,,, S5, and so on. If S is a stationary subset of
Kk we say that T C S is a club relative to S if there is some club C C & such that
T=5nC.

A function g : Kk — K is regressive on a set S C k if for every € € S we have
g(e) <e.

A subset X of a partial order (P, <) is linearly ordered if for all p, ¢ € X either
p < qor q < p, directed if every finite subset of X has a lower bound in X, and
centred if every finite subset of X has a lower bound in P. A partial order (P, <)
is <k-closed if every linearly ordered subset of size <k of P has a lower bound,
<k-directed closed if every directed subset of size <x of P has a lower bound, and
<k-compact if every centred subset of size <k of P has a lower bound. P is countably
compact if and only if it is <w;-compact. Clearly any <x-compact partial order is
<r-directed closed, and any <k-directed closed partial order is <x-closed.

If (P,<) is a partial order and ¢, r € P we write ¢ || 7 to mean that ¢ and r
are compatible in P, that is, there is some p € P such that p < ¢, r. If (Q, <) is
a sub-partial order of (P,<) and ¢, 7 € Q we write ¢ ||q © to mean ¢ and r are
compatible in Q, that is, there is some p € Q such that p < ¢, r. A partial order is
splitting if every element has two incompatible extensions.

A partial order (P, <) is well-met if every compatible pair of elements has a
greatest lower bound: i.e., for all p, ¢ € P if p || ¢, then there is some r € P such
that » < p, ¢ and for all s € P with s < p, ¢ we have s < r.

For a regular cardinal &, a partial order P has the xT-stationary chain condition
(abbreviated later as the kT -stationary cc) if and only if for every sequence (p; | i <
/<;+> of conditions in P there is a club set C' C xT and there is a regressive function
fonCnN S,’j+ such that for all o, B € C'N S,’§+ with f(a) = f(B) the conditions p,
and pg are compatible. We note that by an easy application of Fodor’s lemma, this
property implies that P enjoys the strengthened form of the x*-Knaster property
in which any x'-sequence of conditions has a stationary subsequence of pairwise
compatible conditions. A stronger notion (see Lemma [l and Example [[L6] below)
is that P is k-linked if P is the union of kK many sets of pairwise compatible elements.

When forcing with a partial order (P, <) over a model V' we take the notions of
names and canonical names to be as in [15], writing & for a P-name in V and § for a
standard P-name for y € V. We will freely use the well-known Mazximum Principle,
which states that if IF Jz¢(x, g, G), then there is a name & such that I+ ¢(&, g, G)
Usually our usage should be clear: as is customary we take the Boolean truth values
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0, 1 to be identified with the (ordinal) elements of {0,1}. Thus forcing names for
truth values are names for ordinals < 2. In the context of forcing, if p, ¢ € P, then
p < q means that p is stronger than q.

Cohen forcing to add A\ many subsets of a regular cardinal x, which we denote
by Add(x, A), is the collection of partial functions of size less than k from A to 2,
Fn(\, 2, k), ordered by reverse inclusion.

The Laver iteration L for a supercompact cardinal x is a k-cc forcing poset
of cardinality x which makes the supercompactness of x indestructible under <k-
directed closed forcing [16].

If kT is a successor cardinal a xk*-tree is a tree of size kT, height ™ and each
level of size at most k. A binary k¥ -tree is a k¥-tree such that each point in the
tree has exactly two successors in the tree order. If T is a cardinal greater than
kT a xkT-Kurepa tree with Y-many branches is a xk'-tree with Y-many branches
of length x*. If there is such a tree there is one which is binary and a subtree
of the complete binary tree <Ko (see, for example, [15], Chapter 2). In a slight
abuse of terminology, we refer here to binary x*-Kurepa subtrees of <KT2 as binary
kT-Kurepa trees.

The usual forcing to add a k™ -Kurepa tree with Y-many branches, due to Stewart
[26], is the forcing notion in which conditions are pairs (t, f) consisting of a binary
sub-tree, t, of <K"2 of successor height, say v + 1 < sk, each level of size at most
k and each point in the tree having a successor of height v, and a bijection f
between a subset of T and the set of points of height . The ordering is that
p=(tP, fP) < q = (t9, f?) if ¢4 is obtained by, in Kunen’s [15] vivid précis, ‘sawing
off P parallel to the ground’: i.e., there is some a < k™ such that t¢ = tP N %2,
dom(f?) C dom(f?) and f(€) <P fP(), where <P is the tree order on tP. This
forcing has the k™ -chain condition and is <xT-directed closed with greatest lower
bounds: every directed set of conditions of size at most x has a greatest lower
bound.

We recall here in one place, for the reader’s convenience, the definitions of various
variants of the ¢ principle. The reader can also consult, for example, [I5] and
Rinot’s article [2I] for further information about these principles. Let k be a regular
cardinal and B a stationary subset of k.

A sequence (A, |a € B) is a $g(B)-sequence if A, C « for each « € B and
whenever A C « the sequence frequently predicts A correctly: {a € B| ANa = A, }
is a stationary subset of k.

A sequence (4, | a € B) is a $*(B)-sequence if 4, € [P(a)]S® for each a < K
and whenever A C k there is a closed unbounded subset C of x such that C N B C
{aeB|ANae a,}.

A sequence (4, | a € B) is a {1 (B)-sequence if 4, € [P(a)]= for each a < K
and whenever A C k there is a closed unbounded subset C of x such that C N B C
{a€B|ANa, CNa€ 4,}.

We say that . (B) holds (resp. $*(B) holds, i (B) holds) if there is a . (B)-
sequence (resp. a % (B)-sequence, a {F (B)-sequence).

When B is the whole of , i.e., B={a|a < £}, we omit mention of it. So, for
example, a {.-sequence is a $n({a | a < K })-sequence and so on.

A $,(B)-sequence on k X & is a sequence (A, | € B) such that 4, C a x «
for each o € B and whenever A C k X k one has that {a € B|ANaxa=A4,}is
stationary in k.
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Clearly, if there is a <. (B)-sequence, then there is a >, (B)-sequence on k X K
— the closure points of any enumeration of x X x in order type x form a closed
unbounded subset of k. We talk similarly of {7 (B)-sequences and {; (B)-sequences
on Kk X K.

If G =(X,E)and H = (Y, F) are graphs, then f : G — H is an embedding of G
into H as an induced subgraph if Voo € X Vr1 € X (29 E 21 +— f(x0) F f(z1) ).
Since this is the only kind of graph embedding which concerns us we will simply
call them embeddings.

Let x be a regular cardinal. We say that a family # of graphs on & is jointly
universal for graphs of size s if for every graph G = (k, F) there is some H =
(k,F) € ¥ and some embedding f : G — H of G into H. We say that ¥ is a

small universal family if F < o8,

1. SOME ITERATED FORCING THEORY
In the classical exposition of iterated forcing Baumgartner [I, §4] wrote:

The search for extensions of MA for larger cardinals has proved to
be rather difficult.

One reason for this is that for x regular and uncountable, an iteration of <x-closed
and kT-cc forcing posets with supports of size less than x does not in general have
the xT-cc. For example, a construction due to Mitchell described in a paper of
Laver and Shelah [I7] shows that in L there is an iteration of length w of countably
closed Ns-cc forcing posets such that the inverse limit at stage w does not have the
Ny-ce.

The literature contains several preservation theorems for iterations involving
strengthened forms of closure and chain condition, along with corresponding forcing
axioms. The first results in this direction are in unpublished work by Laver [II, §4].
Baumgartner [I] proved that under CH an iteration with countable supports of
countably compact N;-linked forcing posets is No-cc, and proved the consistency of
some related forcing axioms. Shelah [22] proved that under CH an iteration with
countable supports of posets which are countably closed and well-met and which
enjoy the Ny-stationary cc also enjoys the No-stationary cc. Shelah also proved more
general results for certain iterations of kT -stationary cc posets with supports of size
less than x, and proved the consistency of a number of related forcing axioms.

The main result of this section is a common generalisation of the results of
Baumgartner and Shelah quoted above. In order to state the theorem we require a
definition.

Definition 1.1. Let (P, <) be a partial order.

e Two descending sequences (g; | < w) and (r; | < w) from P are pointwise
compatible if for each ¢ < w we have ¢; || r;.

e (P, <) is countably parallel-closed if each pair of pointwise compatible de-
scending w-sequences has a common lower bound.

Theorem 1.2. Let k be an uncountable reqular cardinal with k<% = k. Every iter-
ation of countably parallel-closed, <rk-closed, kT -stationary cc forcing with supports
of size less than k has the kT -stationary cc.
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Proof. Let P = ((P¢|¢ < x), <Q§ | € < x)) be a <k-support iteration of forcings
such that for each £ < x it is forced by P, that Qg is countably parallel-closed, <x-
closed and xT-stationary cc. We prove, by induction on ¢ and following the proof
of Lemma 1.3 of [22] closely, that for each £ < x, P¢ has the stationary x*-chain
condition.

Suppose that P, has the stationary x*-chain condition for all ¢ < €. Let (p; |i <
kT) € * Pe. We construct for each i < kT a decreasing w-sequence (p? | n < w)
such that p? = p; and p? € P¢ for each n < w.

Induction step n + 1. Suppose we have already defined (p? |i < ™). For each
i < kT and ¢ < € we have IFp. “pl'(e) € Q.” and pl'(e) = 1y, if ¢ ¢ supp(p}).
As IFp, “Q. has the xt-stationary c¢” and (p(e)|i < xt) names a xT-sequence
of elements of Q., we may find P.-names C™ for a club subset of £ and ¢” for a
regressive function on C’g‘ witnessing the x'-stationary cc for the sequence named
by (p}(e) i < k™). .

As P. has the x*-chain condition, if IFp. “ D is a club subset of k 7 there is
some club D’ € V such that IFp, “ D' C D ”. So we may as well assume that
Cr = € for some club C7 € V.

For each i < k™, dealing with each ¢ € supp(p}) inductively and using the
<k-closure of P¢, find some p?“ < p? such that

Ve € supp(p}) pit! Telkbe, © gl (i) = pl(i)

for some ordinal p?(i) < i. Let pZ(i) = 0 for & ¢ supp(p?).

Let {eq | @ < p}, for some p < k1, enumerate ([ J{supp(p?) |n <w & i < k1 }.
Foreache < &let C. =(),.,Crandlet C ={i< k™ |Va<i (ieC.)}.

n<w [
Claim 1.3. Using the hypothesis that k<% = k, we can find a club E C C and
a regressive function k on S% N E such that if i, i € S5 N E, k(i) = k(i') and
1 <1, then:

(1) U{supp(py) In <w}n{ey [y <i}
= U{supp(py) [n <w}n{ey |y <i'}.
(2) U{supp(p}) In <w} C{ey [y <i'}.
(3) Ify<i, n<w ande, €supp(pl), then PE (i) = e (i").

(Note that, by (1), for every v to which clause (3) applies we have v < i and
ey € U{supp(p}) [n <w}.)
Proof. We start by making some auxiliary definitions.

Let H = {h| dom(h) € [s*]<% and h : dom(h) — “k*}. By the hypothesis
that £<* = k we have that H = k. So we can enumerate H as, say, (h, |n < 7).
Noticing that H C [kT x “k*]<", for i < k™, define H; = H N [i x “i]<%. Since
® = k we have, for each i < &, that H; = k.

So we can define f : kK — kT by, for i < kT, letting f(i) = the least 7 < kT
such that H; C {h,|n <71}

Also, for each i < k¥, set F; = {v < xT|e, € U{supp(p?)|n < w}} and
D, = FNi.

Let B = {i < st |f“9UU{F;|j < i} C i} It follows that E is a closed
unbounded subset of xkT.

r<
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In order to see this let us define for n < w the functions g, : k¥ — k™ by go(4)
is the least ordinal 7 such that f“ UJ{F;|j < i} C 4, and gn11(2) = go(gn (i)
for n < w. Then for any i < ¥ we have that i < |J,,.,, gn(i) € E. This shows
that E is unbounded. Moreover, if B C FE is of limit order type less than x*
and d € sup(B) U|J{Fj|j < sup(B)}, then there is some b € B such that d €
bUU{F;|j<b} and hence f(d) < b < sup(B).

Now define, for each i < T, the function k; : D; — “i by letting k;(v)(n) =
pz (i) if ey € supp(p}'), and = 0 otherwise.

So for each i < kT we have k; € H;,.

Define k : Kt — k™ by setting k(i) = that 1 such that k; = h,,.

For each i < k¥ we have k; = hy(;) and thus k(i) < f(i).

Now if ¢ € F and cf(i) = k, simply because k; is a function of size <k, there is
some ¢* < i such that k; € H;«. Hence for such ¢ we have k(i) < f(i*). We also
have f(i*) < i since i € E.

Hence if ¢ € F and cf(i) = x we have k(i) < 4, and so we have shown that k is
regressive on £ NS ,ff.

Moreover, if i, i € EN S5 and k(i) = k(') we have that k; = k;, and hence
that (1) and (3) hold. Finally, if i < ¢’ as well we have, since i’ € E, that F; C ¢’
and hence (2) holds. AT

With Claim [33in hand, suppose that i < i’ < k*, i, i’ € S5 N E and k(i) =
k(i"). We now construct, by an induction of length £, a condition ¢ € P¢ which is
a common refinement of p!’ and p}, for all n, and hence of p; and p;;. The support
of ¢ will be the union of [ J{supp(p}) |n < w} and J{supp(p})|n < w}.

For o € U{supp(p}) | n < w} \ U{supp(p}) |n < w}, as IFp, “ Q, is countably
closed 7, take ¢(o) to be any r such that ¢ [ o IFp, “Vn < w (r < pl(0)) ”.
Similarly, for o € J{supp(®}) |n < w} \U{supp(p}) | n < w}, take ¢(o) to be any
rsuch that ¢ [ o lFp, “Vn <w (r <pl(o)) .

Finally, if o € [J{supp(p}') | n < w }NJ{supp(p}’) | n < w}, then o = ¢, for some
v < i (by conditions (1) and (2) above), for each n < w we have p? (i) = pZ (i)
(by (3) above), and 4, i’ € C. (by the construction of C' and the choice of E).

By construction, for each n <w we have ¢ [ o Ibp, “ pj(0) |lg, pj(o) 7. By the

fact that IFp, Qo is countably parallel-closed ”, we can choose q(o) to be some r
such that ¢ [ o IFp, “Vn < w (r < pf(o), pii(o))”. Thus for all n < w we have
that ¢ [ (c4+1) <pl [ (c+1),p} [ (0 +1). Niw

We remark that the previous theorem allows us to give ‘generalised Martin’s
axiom’ forcing axioms similar to those formulated by Baumgartner [I] and Shelah
[22]. One example is given by the following theorem.

Theorem 1.4. Let k be an uncountable reqular cardinal such that k<% = K, and let
A > kT be a cardinal such that y<% < X for every v < X. Then there is a <r-closed
and kT -stationary cc forcing poset P such that if G is P-generic, then in V|[G] we
have 2% = X\ and the following forcing axiom holds:

For every poset Q which is <k-closed, countably parallel-closed and k™ -stationary
ce, every v < A and every sequence (D;|i < ) of dense subsets of Q there is a
filter on Q which meets each set D;.

As in [I] and [22], there are variations with weaker hypotheses on J, yielding
weaker forcing axioms which only apply to posets Q of bounded size.
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The following straightforward lemma indicates some connections between the
hypotheses used in [I] and [22] and the ones used here.

Lemma 1.5. Let P be a forcing poset.

(1) If P is well-met and countably closed, then it is countably compact.
(2) If P is countably compact, then it is countably parallel-closed.
(3) If P is k-linked, then it is k™ -stationary cc.

Proof. For note that by an easy induction any finite subset of a well-met poset
with a common lower bound has a greatest lower bound. Now suppose that C C P is
a countable centred set and enumerate it as (p,, | n < w); then let g, be the greatest
lower bound for (p, | n < m). The conditions g, form a decreasing sequence which
has a lower bound by countable closure.

For suppose (P, <) is countably compact and that @ = (¢;|7 < w) and
R = (rj|j < w) are two pointwise compatible descending sequences from P. If
g <ip < <ipm<wand jo<J1 << jp <wlet k=max({im,Jn}) and note
that since gy, || r there is some p € P such that for all [ < m and all e < n we have
p < g;,, rj.. That is, any finite subset of Q U R has a lower bound. Hence, by the
countable compactness of (P, <), we have that @ U R has a lower bound. Thus we
have shown that (P, <) is countably parallel-closed.

For suppose P is k-linked and that (A, |y < k) is a partition of P such
that each A, is a pairwise compatible subset. Let (p;|i < k*) C P. Define
I S,’j+ —> Kk by f(i) =y if and only if p; € A, for i € S,’j+. Then f is a regressive
function and if f(i) = f(j) we have that p; and p; are compatible. ATT

One cannot reverse Lemma For example, it is a folklore result that
Add(k, \) is kT-stationary cc if k<% = k but is not s-linked if 2 < \. We give
proofs of these facts for completeness. The reader may also find the proof of the
former useful as a dry run for the considerably more elaborate proof in §5l that the
forcing Q(w) of §lis k*-stationary cc; the notation used here closely mirrors that
used there.

Example 1.6. Let x and A be cardinals, with » regular, k<" = x and 2% < \.
Then Add(x, \) is not s-linked, however it is k*-stationary cc.

Proof. In order to see that Add(x, ) is not x-linked let us suppose that (B; | i < k)
is a collection of k many pairwise compatible subsets of Fu(\, 2, k). For each i < k
and a < A we have that if p, ¢ € B; and o € dom(p) N dom(q), then p(a) = ¢(«).
Hence for each i < & there is a function f; € *2 such that for each p € B; we have
pC fi

For each o < A define dy, : K — 2 by do (i) = fi(«). Since 2" < X there are «,
B < X such that d, = dg. Now consider p € Fn(\, 2, k) such that «, 5 € dom(p)
and p(a) # p(B). Then for each i < k we cannot have that both p(a) = f;(a) and
p(8) = £:(8). Hence U{B; |i < x} # Fn(A,2, x).

We now verify that Add(k, A) is kT -stationary cc.

Suppose (p'|i < kT) is a collection of conditions in Add(k, \). For each i <
let t* = dom(p®). Let {cv, |y < v*} be an enumeration of (J{ ¢' |i < kT }, for some
v < Kkt

Next, for each i < x™ let {aiy |y < 4%}, for some 7 < k, be the increasing
enumeration of ¢*, let §° = ssup({v|a, € t'}), let T = {y <i|a, € t'}, and let
q" € Fu(T",2, k) be defined by ¢'(7) = p'(a).
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So each v < kT, each o < A, each 0 < kT, each T" € [i]<" and each ¢’ €
Fn(T",2,k) C Fn(i,2, k).

For i € [k,kT1] let H; = [i]<" x Fn(i,2, k) X k, and write H for H,+. Let h* be
an injection from H into x*. Define k : [k,xT) — sT by setting k(i) to be the
least i* < k1 such that H; C h*~14*.

Let C = {j < vt |Vi < j(0",k(i) < j)}. As the intersection of the sets of
closure points of the two given functions, C' is a club subset of k.

Let h(i) = h* (T, ¢*,otp(t')) for i € C'N S5, and h(i) = 0 otherwise.

We have that h*~1(h(i)) € H; for all i € [r,xT). If i € CN S§+, since
h*=1(h(i)) < k, there is some i’ < i such that h*~*(h(i)) € Hy, and hence there is
some 7 < 4 such that h(i) < k(7).

Hence, as i is a closure point of k, we have h(i) < i for all non-zero i < k.

Now suppose that 7,5 € cn S,’j+, i < j and h(i) = h(j). So we have T = T7,
¢ = ¢’ and otp(t') = otp(t!).

Set t = tiN ¢l

Lemma 1.7. (a) (t/ \ t')N{a,|i<y<j} =0, and
() £ a7 < i),

Proof. Suppose ., € ti. If v < j, then v € T9. But 79 = T*, so v € T*. Hence
v <iand ay € t', proving (a). If a., € ¢, then v < 6" < j. (Since the definition of
0" immediately gives that v < 6% and since i, j € Candi< j, one has that 6 < j.)
Thus if .y € t* N 7 we have v < i by (a). So (b) holds. AT

By Lemma [[7[(b) we have for a., € t that p'(ay) = ¢'(7) = ¢/ () = p’ (o), and
hence p’ and p? agree on the intersection of their domains, and thus are compatible
conditions. ATg

2. PRESERVING DIAMOND UNDER FORCING

In this section we give an account of how versions of the diamond principle at a
regular cardinal x are preserved by certain forcing posets. We are most interested
in the situation where the forcing poset is an iteration P, of length x, and we can
find a diamond sequence (S, | o < x) € V[G,] such that S, € V[G,] for all o. We
will use the results of this section in §6l and §7

The following result is well-known. For the reader’s convenience we will sketch a
proof. Similar arguments appear, for example, in the proof that & does not imply
$uw, in [24], §1.7, and in a preservation theorem for {f in [4], §12.

Theorem 2.1. Let x be a reqular uncountable cardinal, let P be a forcing poset of
cardinality x which preserves the reqularity of x and let G be P-generic over V.
(1) If Oy holds in'V and P preserves stationary subsets of x, then {, holds in
V|G].
(2) If &% (resp $F) holds in V', then &% (resp &F) holds in VIG].

Proof. (1) Enumerate the elements of P as p; for ¢ < x;, fix in V' a diamond sequence
(T, Caxal|a< x) which guesses subsets of x x x, and in V|G| define S, = {n <
a|3i < a(p; €Gand (i,n) € Ty)}. Now if S =8¢ C x we let T = {(i,n)|p; IF
fj € S}, and observe that {a|T Na x a = T, } is stationary in V (hence also in
VIG]) and E = {a|¥n € SNa i < ap; € Gand p; IFH € S} is club in V[G].
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At any point « € E such that TNa x a = T, we have that SN a = S,. Hence
(Sa|a < x) is a $y-sequence in V[G].

(2) The proofs for ¢y and O; are very similar. The key difference is that the
hypothesis that the regularity of x is preserved suffices to see that F is club in
V[G], and the stronger form of guessing occurring in the {7} and Q; gives a club
from V' with which to intersect it. ApT

Observation 2.2. For future reference we note that:

(1) An entirely similar argument shows that if B is a stationary subset of x and
P preserves stationary subsets of B, then P preserves <, (B). If P preserves
the stationarity of B, then P preserves ¢} (B) and ¢ (B).

(2) In both parts of Theorem 2] the value of the diamond sequence in V[G] at
« is computed in a uniform way from G [ a where G [ a = GN{p; |i < a}.
In fact the restriction of the diamond sequence to a + 1 (i.e., (S; |i < a))
can be computed in a uniform way from G | a.

(3) In the proof of part of Theorem 2] let A be the stationary set in V[G]
given by A={a|SNa=5,}. Forevery a € E, SNa € VI[G | o] and so
easily ENa € V|G | a]. Also, by the preceding remarks, AN« € V[G | a].
If we now let H = AN E, then H is a stationary set on which S is guessed
correctly and additionally H Na € V]G | o] for all « in the closure of H.

Proposition 2.3. Let k, x be reqular cardinals with k < x. Let P = ((P¢|¢& <

X)s (Qg | € < x)) be a forcing iteration with <r-supports with Pe < x for each
& < x. Let G be P-generic over V.
Suppose A is a stationary subset of S;N and {$(A) holds. Then there is a

sequence (Sg | € € A) such that:

(1) For all € € A, S¢ is a Pe-name for a subset of €.

(2) If in V[G] we define Se as the interpretation of S¢ by Ge, then the sequence
(Se | € € A) has the following strengthened form of the $y (A)-property: for
every S C x there is a stationary set H C A such that SNE = Se for all
& € H, and in addition H N & € V|G| for all € in the closure of H.

Proof. We start by observing that by arguments as in Baumgartner’s survey paper
on iterated forcing [II, §2] the poset P is y-cc. We sketch the proof briefly: given a
sequence (p; | i < x) of elements of P we apply Fodor’s theorem and the bound on
the size of initial segments to find a stationary set U C SX and an ordinal n < x
such that supp(p;) Ni Cn and p; | n is constant for ¢ € U. Then find 4, j € U such
that supp(p;) C j and argue that p; is compatible with p,.

Noting that |P| = x, we enumerate P as (p¢ | £ < x) and identify each P, with
the set of conditions p € P such that supp(p) C ¢ for £ < x.

Let F be {&§ < x| Ve < & (supp(p:) < § & Pe = {p-|e < &})}. Since P is an
iteration with <k-support, F' is club relative to S¥,_. Let us define h : x — x by
setting h(e) = the least ¢ such that supp(p.) C € and P. C {p¢ | ¢ < £}, and define
C to be the set of closure points of h.

For each £ € C'NSY, and € < £ we have that supp(p.) C h(e) < £ and, since
cf(€) > k and the size of the support of each condition is less than &, there is some
v € CN¢ such that h(e) <y and so P. € {pc|¢ <~} Hence { € F. Thus A\ F
is non-stationary.
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Since P is x-cc it preserves stationary subsets of x, and we may therefore appeal
to Theorem [ZT] and Observation to obtain a sequence (S¢ | € AN F) such
that:

(1) Forall¢ e ANF, SE is a P¢-name for a subset of &.

(2) If in V[G] we define S¢ as the realisation of S¢ by G, then for every S C &
there is a stationary set H € AN F such that SNE =S¢ for all { € H and
additionally H N ¢ € V[Ge] for all £ in the closure of H.

To finish the proof we fill in the missing values by defining 5'5 = () for ¢ €
A\F. A3

3. RADIN FORCING

As we commented in the introduction, our proof involves Radin forcing. There
are several accounts of this forcing in the literature (see [20], [18], [5], [I1] and [13]),
each subtly different from the others, and it turns out that it does matter which
version of the forcing we use. Although the proofs of the various properties of the
forcing are easiest, or at least slickest, for the versions given in Cummings-Woodin
(B]) and in Gitik ([I1]), using either of these here creates technical difficulties.
Consequently, we shall define and use a version of Radin forcing which, except
for one small alteration to which we draw attention below, closely follows that of
Mitchell in [18].

First of all, we give, by induction on x € Card, the definition of the set of
ultrafilter sequences at k.

Definition 3.1. Let x be a cardinal and let U, be the collection of ultrafilter
sequences at cardinals smaller than x. A sequence u = (u, |7 < lh(u)) is an
ultrafilter sequence at k if lh(u) is a non-zero ordinal, uy = k, so that, using the
notation of the introduction, x,, = &, and, for 7 € (0,1h(u)), each u, is a k-complete
ultrafilter on V,, with U, € wu, and satisfies the following normality and coherence
conditions (with respect to u):

(normality) it f : U, — V, and {w € U, | f(w) € V,,} € u,, then there is
some x € V,; such that {w € U, | f(w) =2} € u,.

(coherence 1) if f: U, — k and {w € U, | f(w) < lh(w)} € u, thereis o < 7
such that ue = {X C Vi [{w € U | X NV, € wpw)} € ur}.

(coherence 2) if 0 < 7 and X € u,, then {w € U, |35 < lh(w) XNV, € wz} €
U

Definition 3.2. The class U is the class of all ultrafilter sequences on any cardinal:
U= UnECard Uy

Definition 3.3. For clarity we reiterate the following special cases of notation of
Definition Bt U+ is the set of ultrafilter sequences at cardinals less than or equal
to k and U+ \ U, is the set of ultrafilter sequences at «.

Observation 3.4. As Mitchell comments in [I§], by the coherence properties, if
u € U and lh(u) < Ky, then for 7 € (0,1h(u)) one has that u, concentrates on
{we U, | h(w) =7} (ie, {we U, | Ih(w) =7} € u,).

Observation 3.5. We need some large cardinal assumption in order to construct
non-trivial ultrafilter sequences. For the purposes of this paper we can use a con-
struction due to Radin [20]. Let j : V — M witness that x is 2"-supercompact.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



Sh:963

FORCING CONSTRUCTIONS 7417

Derive a sequence u by setting ug = & and then uy, = {X CV, |u [ a € j(X)} for
a > 0. One can verify that for every a < (27)" we have u [ @ € U,. In fact we
will only need ultrafilter sequences of length less than x in the sequel.

Definition 3.6. If u € U, then F (u) = (¢ (o m(u)) Ur-

Definition 3.7. A pair is some (u, A) with u € U and A € ¥ (u) if Ih(u) > 1 and
A=0if lh(u) = 1.

(Note that our notation thus far is marginally, but inessentially, different from
that of [I8].)

Definition 3.8. Let w € U. Ry, Radin forcing at w, has as conditions sequences
of pairs ((ug, Bo), - - ., (un, By) ) such that u,, = w and, writing &; for k,,,, (u;, B;) €
Uy,,, and Bi11 N Vﬁj = for 1 < n.

Let p = ((ug, Bo), - .-, (tn, Bn)) and ¢ = {(vo, Do), ..., (Um, Dm)) € Ry. Then
q < p (q refines p) if m > n and

(i) for every i < n there is j < m such that u; = v; and D; C B;,
(ii) for every j < m, either v; = w; for some ¢ or for the least ¢ such that
Ky; < Ku,;, vj € Bi and Dj C B;.

We also define ¢ <* p if (u; |7 < n) = (v; |4 < n) and for each i < n we have
D; C B;. We say that ¢ is a (Radin-)direct extension of p. Thus ¢ <* p implies
q=p.

Definition 3.9. Let p = ((ug, Bo), ..., (un, Br)) be a condition in R, . A pair
(u, B) appears in p if there is some ¢ < n such that (u, B) = (u;, B;). Similarly an
ultrafilter sequence u appears in p if there is some i < n such that u = u;.

Thus clause (ii) in the definition of < in Definition B8 reads: if v; does not
appear in p and 4 is minimal such that x,; < f;, then v; € B; and D; C B;.

Observation 3.10. [I8] omits the last clause in the definition of what it is to be a
condition. However our conditions form a dense subset of the conditions as defined
in [I8] and the facts that we quote from [I8] are also true of our forcing. This minor
change is advantageous for technical reasons in order to make the proof below run
smoothly.

To help orient the reader, we record a few remarks (without proof) about the
nature of the generic object for the forcing poset R,,. This generic object is best
viewed as a sequence (u; |7 < §) where u; € Uy, and (K, | ¢ < 0) is increasing
and continuous. When lh(w) > 1 the sequence (&, | ¢ < ) is cofinal in x,,, and we
will view this sequence as enumerating a club set in x,, which we call the Radin-
generic club set. When 7 = 0 or 7 is a successor ordinal, then lh(u;) = 1, otherwise
Ih(u;) > 1. The translation between the generic sequence and the generic filter is
given by the following.

Definition 3.11. Let G be an R,-generic filter over V. The sequence (u; |i < d)
is the corresponding generic sequence if it enumerates {u € U,,, | Ip € G u appears
in p}, i.e., the set of u € U,,, which appears in some condition in G.

Lemma 3.12. Let G be an Ry -generic filter over V and (u; |i < 0) the corre-
sponding generic sequence. Then

G={peRy|Yue U, (uappearsinp — F <du=1w;) &
Vi < §3q < p (u; appears in q) };
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i.e., G is the set of conditions p € Ry, such that every u € U, which appears in p
is among the sequences u;, and every sequence u; appears in some extension of p.

Definition 3.13. A lower part for R,, is a condition in R, for some v € U, .

We note that any condition in R,, has the form ™ (w, B) where y is empty or a
lower part for R,,, and B € F (w). In the case when y is non-empty we will say that
y is the lower part of y~ (w, B). Tt is easy to see that any two conditions with the
same lower part are compatible, so that R,, is the union of x,-many k,,-complete
filters and in particular it enjoys the xf-chain condition.

A key point is that below a condition of the form 3 (w, B) with y non-empty,
everything up to the last ultrafilter sequence appearing in y is controlled by pairs
in y. More formally:

Definition 3.14. Let y = ((u;, B;) | i < n) be a lower part for R,,. Then ky, = K,
and R, ={qg€eR,, |¢<y}

Lemma 3.15. Let p =y~ (w, B) be a condition in Ry, with y non-empty. Then
the subforcing {q € Ry | ¢ < p} is isomorphic to the product Ry, x {q € Ry |¢ <
(w, B\ U2)}.

It follows from these considerations that if (u; |i < d) is a generic sequence for
Ry, and ¢ < 0, then (u;|i < () is a generic sequence for R, .. More generally, if
there is a condition in the generic filter with lower part y, then the generic sequence
induces an R,-generic object in the natural way.

Definition 3.16. Let y be a lower part for R,, and let G be R,-generic over V.
We say that y conforms with G if and only if y is the lower part of some condition
in G.

The following lemma is a “local” version of Lemma [3.12]

Lemma 3.17. Let G be an Ry-generic filter over V' and let (u;|i < &) be the
corresponding generic sequence. Let y = {(vg, Br) |k < n) be a lower part. Then
the following are equivalent:

(1) y conforms with G.

(2) For every k < n the sequence vy, appears among the sequences u;, and for
every i with Ky, < Ky, the ultrafilter sequence u; appears in some extension
of y in Ry.

Moreover, if i < &, then u; appears in some lower part y' which conforms with
G and with ky = max({ky, ky,; }), and such that if v~ (w,B) € G there is some
B’ € F(w) such that vy (w, B') <y (w, B).

The following result by Radin captures a key property of Ry,.

Theorem 3.18 (Radin). (The Prikry property for Radin forcing.) Let p € Ry, and
let ¢ be a sentence in the forcing language. Then either there is some p’ <* p such
that p’ IFr,, ¢ or there is some p' <* p such that p' Ik, —¢.

Combining Theorem I8 and Lemma B.I5 we obtain a lemma (due to Radin)
which will be very important in the proof of x*-cc for the main iteration. Recall
that by our conventions a name for a truth value is just a name for an ordinal which
is either 0 (false) or 1 (true).
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Lemma 3.19 (Radin). Lety™ (w, B) be a condition in Ry, with y non-empty, and
let b be an Ry-name for a truth value. Then there exist C C B with C € F(w)
and an R, name for a truth value ¢ such that whenever G is Ry-generic with
y " (w,C) € G and G’ is the induced generic object for R, then (b)¢ = (&)<

Proof. Using the factorisation given by Lemma and the Product Lemma, we
may view b as an R*-name for an R,-name for a truth value where R* = {q €
Ry g < (w,B\ "(,l,{;r) }. Since |R,| < k and a name for a truth value amounts to an
antichain in R, there are fewer than x many R,-names for truth values. Since ¥ (w)
is k-complete we may appeal to the Prikry property for R* and shrink (w, B\ ‘UFJ)
to (w, C) in order to decide which R,-name ¢ is in question. ATy

In the situation of Lemma [B.I9 we will sometimes say that the condition
y~ (w,C) reduces the R,-name b to the R,-name ¢. Similar arguments (which
we omit) about reducing names for sets of ordinals give another important result.

Theorem 3.20 (Radin). Letw € U, let G be Ry,-generic over V and let (u; | j < 4)
be the corresponding generic sequence. For every o < Ky, if i is largest such that
K, < a, then every subset of a lying in V|G| lies in the R, -generic extension given
by (u; | j <i).

It follows readily that forcing with R,, preserves all cardinals. However cofinali-
ties may change, and the general situation is a little complicated. The main point
for us is given by the following result.

Theorem 3.21 (Radin). Let w € U, let G be Ry, -generic over V' and assume that
Ih(w) is a regular cardinal A with A < k. Let G be Ry,-generic. If X is not a limit
point of the Radin-generic club, then V]G] = X is regular and cf(k) = A.

We note that the condition on A in this theorem is easy to arrange by working
below a suitable condition in R,,. For example we may arrange that the least point
of the generic club is greater than .

We will also require a characterisation of Radin-genericity which is due to
Mitchell.

Theorem 3.22 (Mitchell). Let (u;|i < &) be a sequence of ultrafilter sequences in
some outer model of V. Then the following are equivalent:
(1) The sequence (u; |1 < d) is Ry -generic.
(2) For every j < 0 the sequence (u;|i < j) is Ry;-generic, and if Ih(w) > 1,
then F(w) ={X e V|I <IVij<i<d = wu € X}; ie, if
lh(w) > 1, then F(w) is the tail filter generated on the V-powerset of Vi
by the generic sequence.

Definition 3.23. Sequences which satisfy the Mitchell criterion from Theorem B.22]
are sometimes called geometric sequences.

The following considerations will play a central role in the proof of Theorem

[C10

Observation 3.24. Suppose that V C V’ with VY = VKV, (e.g., V' might be
a generic extension of V by <k-closed forcing). Suppose that in V' there is an
ultrafilter sequence w’ such that 1h(w) = lh(w’) and w(a) = w'(a) NV for 0 < a <
Ih(w). Let (u; |4 < d) be an R,-generic sequence over V.
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e By the Mitchell criterion for genericity and the observation that F(w) C
F(w'), the sequence {u; |7 < §) is also an R,-generic sequence over V.

Lemma 3.25. Let G be an Ry-generic filter over V' and let (u;|i < &) be the
corresponding generic sequence. Let y = ((vg, Bg) |k < n) be a lower part. Then
the following are equivalent:

(1) y conforms with G.

(2) For every k the sequence vy, appears among the sequences u;, and for every
1 with Ky, < Ky, either u; appears among the sequences vy or u; € By, for
the least k such that Ky, < Ky, .

Proof. 1t is immediate that the first condition implies the second. For the converse
direction, by Lemma [3.17, we need to verify that every sequence u; with k., < Ky,
appears in some element of R,. This is immediate when u; appears among the vy,
so we assume that it does not and let k be least with k,, < Ky, . If Ih(u;) = 1, then
we may extend y by shrinking By to By \ U+ and inserting the pair (u;,0). If
Ih(u;) > 1, then ¢ is the limit and by hypothesisLuj € By, for all large j < i, so that
(by the geometric condition from part (2) of Theorem [B.22]) By NV, € F(wi).
In this case we may extend y by shrinking By, to By \ U+ and inserting the pair

(ui, Be N Vi, )- Az
A very similar argument gives:

Lemma 3.26. Let G be an R, -generic filter over V' and let (u;|i < &) be the
corresponding generic sequence. Let y~ (w, B) be a condition. Theny™ (w,B) € G
if and only if y conforms with G and u; € B for all i such that K, > k.

For use later we make a technical definition which is motivated by the Mitchell
criterion for genericity, and will be used in the definition of the main iteration.

Definition 3.27. For y = ((u;, B;) | i < n) a lower part for R, A = (A, |p < p*)
a sequence of subsets of V., and n < k,, we say y is harmonious with A past or
above 1 if for each i with ¢ < n one of the following conditions holds.

o Ky, <1
e Ky, =n,u; = (n) and B; = 0.
 fiy, >, and {u; }UB; CU, - 4p\ Uy

Observation 3.28. We record some remarks about the preceding definition.

e If a lower part y is harmonious with A past 7 it divides rather strictly into
a part below 7 and a part above: there is no (u;, B;) appearing in y such
that n < k,, while x,, < n for some v € B;.

e Definition depends only on the set |J,_ . A, rather than the sequence
A itself. It is phrased in this way to avoid encumbering later definitions
with union signs.

The following lemma shows how to thin a lower part conforming with a Radin
generic sequence to one which still conforms and which is also harmonious past
some 1 with a sequence of sets whose union contains the interval of the generic
sequence consisting of those measure sequences with critical point at least n and
which it can ‘see’. This, also, is useful for the proof of Theorem [Z.10l
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Lemma 3.29. Let G be an Ry-generic filter over V' and let (u;|i < &) be the
corresponding generic sequence. Let A = (A,|p < p*) be such that each A, is a
set of measure sequences with a common critical point k, < K, leta ={kK, | p < p*}
and let D =J,_ - 4,.

Suppose that 1 is a successor point in the generic club set C such that u; € D
for all i such that n < k,, < ssup(a).

Let y be a lower part conforming with G with k, < ssup(a), and suppose that
(n) appears in y. Then there is a lower part y' such that

(1) v is a direct extension of y in Ry,
(2) v conforms with G, and
(3) ¢ is harmonious with A past 1.

Proof. By the definition of conformity all sequences appearing in y have the form
u; for some i. We will obtain 3’ by some judicious shrinking of the measure one
sets appearing as the second entries of pairs in y.

Consider the pairs (v, B) appearing in y. If k, < 7 there is no problem, and if
K, =1, then (as n is a successor point in C') we have v = (1.) and B = (), so again
there is no problem.

Suppose now that (v, B) appears in y and k, > 1. By the definition of con-
ditionhood, B contains no measure sequence u with «, < n. Let j be such that
v = u;, and recall that lh(v) = 1 and B = {) for j a successor, and lh(v) > 1 and
B e F(v) for j a limit.

By hypothesis we have v, € D for all ¢ such that x,, > n; it follows by the
“geometric” criterion for genericity (see Theorem [3.22)) that if j is a limit, then
DNV, € F(v). So when v = v; for j a limit, we may shrink B to obtain a set
B’ = BN D with B’ € F(v). We define 3’ to be the resulting lower part. Aoy

Lemma 3.30. Ify is a lower part which is harmonious with A pastn and y' € Ry,
then y' is harmonious with A past 7).

Proof. We consider each pair (u, B) appearing in 3. If u already appears in y, then
we have that (u, B’) appears in y for some B’ such that B C B’, and it is easy
to see that in all cases the harmoniousness conditions are satisfied. If u does not
appear in y, then let (v,C) be the unique pair appearing in y such that u € C,
and consider the various cases of the definition for the pair (v,C): if k, < 7, then
Ky < m and we are done; the case k, = 1 cannot occur as C # 0); and if x, > 7,
then {u} UB CC C, - 4, \ Uy AT

4. THE DEFINITION OF Q(w) AND USEFUL PROPERTIES OF IT

Suppose that U is a measure on a measurable cardinal k. Recall that x-Mathias
forcing using U has as conditions pairs (s, S) with s € [k]<*, S € U and ssup(s) <
min(S) and ordering given by (¢,T) < (s,S5) if s =t Nssup(s) and TU (¢t\ s) C S.
This forcing preserves cardinals as it is <x-directed closed and has the xT-chain
condition. If G is a generic filter over V for the forcing and y = [J{s|3S €
U (s,S5) € G}, then for all S € P(k) we have that S € U if and only if there is
some « < k such that y \ o C S. Consequently, the forcing is also known as the
forcing to diagonalise Ull

IThe earliest uses of this forcing of which we have evidence are in unpublished work from
1992 by Shizuo Kamo [14] and Tadatoshi Miyamoto, independently, on the splitting number for
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We also recall Ellentuck’s topologically inspired notation [§] that if (s, S) is a
condition in this forcing, then [s,S] = {y € [k]"|s C y C sUS}. Using this
notation we have that (¢,7) < (s,S) if and only if [t,T] C [s, S].

In this section we define two forcing posets. The first poset M (w) is the analogue
of the k-Mathias forcing for ultrafilter sequences w; it will diagonalise the filter
F(w). The second poset Q(w) is the variant of M (w) which is tailored, in the style
of the analogous forcing from [6], to deal with Radin forcing names for graphs, and
binary relations more generally, on 7.

One can view k-Mathias forcing as adding a subset y of k¥ which is potentially a
member of U’ for some normal measure U’ extending U in some generic extension.
In the same spirit, M (w) is designed to add a set A C V,, which is potentially a
member of ¥ (w') for some sequence w’ in a < fy-closed generic extension where
Ih(w') = lh(w) and w; D w; for 0 < i < lh(w).

For the rest of this section we fix an ultrafilter sequence w with lh(w) > 1, and
write k for K,,.

Definition 4.1. M (w) is the forcing with conditions p = (A, B), with:
o A=(A,|p<pP), where p? <,
Vp<pP (A, C U, & Ay #0 & Ik, <KVu € A, Ky = Kp),
Vp < p?Vue A,V1 € (0,1h(u)) ulTe€A,
(kp|p < pP) is strictly increasing,
B e F(w),
Yv € BY7T € (0,1h(v)) (v | 7 € B), and
ssup({y | p < p?}) < min({s | v € B}).
If p, ¢ € M(w), then ¢ < p if AP = A% | p? and B? UUpe[pp’pq)Ag C BP, while
qg<*pifg<pand A? = AP. If p, ¢ € M(w) and g <* p we say that ¢ is a direct
extension of p.

Definition 4.2. Set [AP, BP] to be

{(Dflp<k)|Vp<k (DPCU, & Tk, <kVu€ D (k, =kp) &
Vu € DPV7 € (0,1h(u)) (w 7€ D)) & (K,|p < k) is strictly
increasing & (D |p < pP)=AP & U{Dp|p€[pp,/<;)}QBp}.

Then (A%, BY) < (AP, BP) if and only if [A%, BY] C [AP, BP].

It is useful to have a name for the set of cardinals which are the first elements
of the various ultrafilter sequences appearing anywhere in AP for p € M(w). Ac-
cordingly we make the following definition.

Definition 4.3. If p = (A, B) € M(w) let a? = {k, | p < p?}.

uncountable cardinals. See, for example, the reports on this work in [27] and [28]. The latter
paper, in particular, gives a full account of their principal result, that it is consistent relative
to there being a supercompact cardinal, that there is an uncountable cardinal x with splitting
number s, greater than xT, and its proof via iterating this forcing. Unfortunately we have not
had access to the preprint [14] itself. The forcing has also at times been named long Prikry forcing.

A rather similar forcing, however, was given by Henle [I2] in the early 1980s in the choiceless
context of cardinals with strong partition properties. Henle called his forcing Radin-like forcing,
the descriptor referring to properties of the subset of the cardinal added rather than the form of
the conditions.
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Now we move on to the definition of the forcing Q(w). This is carried out under
the following running combinatorial assumption.

Setting 4.4. Suppose 7 is a binary xT-Kurepa tree with T many branches.

Definition 4.5. Let (b, | < T) enumerate a set of branches through 7. Let
(Ey | < T) be alist of canonical R,-names for binary relations on x*. We will
use the sequences (b, |a < T) and (E, | o < T) as parameters in the definition of
the forcing Q(w).

Q*(w) is the forcing with conditions p = (4, B, t, f) satisfying the following four

clauses.
(1) (A, B) € M(w) (see Definition ET)). We set a = a(45).
(2) t € [(ansup(a)) x Y]<% and f = (f7|(n,a) € t). For n € aNsup(a), set
t"={al(na) et}
(3) Vn € ansup(a) Vo € t7 d = dom(f) € [kT]<".
(4) Yneansup(a) Ya et V¢ € dl v <k fI(() = (ba | ¢, v).

If p, ¢ € Q*(w), then ¢ < p if [A9,B?] C [AP,BP], t* C 7 and VY(n,a) €
P (f2)P € (fi)% and ¢ <* pif g <pand A7 = AP, ¢ =17 and f? = fP. (If ¢ <* p
we say ¢ is a direct extension of p.)

We write Q(w) for the suborder of Q*(w) consisting of conditions which also
satisfy:

(5) for all n € anNsup(a), for all o, B € 7, for every lower part y for R,
harmonious with A past n, and for all {, ¢’ € d1 N dg we have

FAC) = f3(O) AL = f5(<)
— y (w,B) Fg, “CE,( +—CEs('”.

Observation 4.6. Observe that in clause (5), if y = ((u;, B;) |7 < n) and y is
harmonious with A past n for some 7 € a, then &, < sup(a).

Observation 4.7. It is important to remember that Q(w) and Q*(w) depend on
the tree 7 and the sequences (b, |a < T) and (E, |a < T) even though their
names do not make this dependence explicit.

The poset Q(w) is designed to add a sequence A* which diagonalises ¥ (w) in
a sense made precise in Corollary below, together with various objects that
can potentially be understood as R,+-names where w* is an ultrafilter sequence
existing in some <k-directed closed forcing extension of V, with lh(w) = lh(w*),
wiNV =w; for 0 <7 < lh(w) and |J A* € F(w*).

The aim is that if (u; |9 < 7) is an R,~-generic sequence (where we note that
by the Mitchell criterion this sequence is also R,-generic) and u; € |JA* for all
i such that x,, > 7 (along with various other technical conditions), then the “n-
coordinate” in the poset Q(w) will add an R,+ name for a binary relation of size
kT together with embeddings of all the relations named by the names E,, into this
relation.

We are particularly interested in the posets Q(w) for certain specific lists of
relations, for example when (E, | o < T) is a list of canonical names for all graphs
on 7. In this case the “n-coordinate” will add a name for a graph whose realisation
will be universal for the graphs named by the names in the list.
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Lemma 4.8. For every ¢ < &, the set of ¢ € Q(w) such that ¢ < k% for some
p < p? is dense and open.

Proof. It is immediate that this set is open, so we only need to verify that it is dense.
Let p € Q(w) and let p = pP. Find v € BP such that s, > max({e,sup(a”)}) and
note that v [ 7 € BP for 0 < 7 < lh(v). Now let p? = p+ 1, A7 | p = AP,
Al ={v[7[0<7<Ih(v)}, B?={v" € B? |Kky > Ky}, 19 =17 and f7 = f7.

We claim that ¢ € Q(w) and ¢ < p. The only non-trivial point is to check
that ¢ satisfies clause (5) in the definition of Q(w). Let 0, «, 3,¢, ¢’ be such that
f2C) = f3(C) # f2(¢") = f3(¢'), and note that since (1, a) € t9 = t” we have that
n € a? Nsup(aP).

Let y be harmonious with A? above 7. By the definition of harmonious, Defini-
tion B:27, we have that ky < K,.

If Ky < Ky, then clearly y is harmonious with AP above 7, and we are done by
clause (5) for p and the remark that vy~ (w, B?) <y (w, BP).

If Ky = Ky, then we have y =y~ (v | 7, D) for some 7 < lh(v), where Ky < Ky,
y' is harmonious with A? and also D C | o< pp AP. By the choice of £, to be strictly
greater than sup(a?) we see that D is bounded in V,;, and so cannot be of measure
1 for any measure on v; hence necessarily 7 = 1 and D = (), so that actually
v | 7= (Ky). It follows that 4 (w, BY) < ¢~ (w, BP), and again we are done by
clause (5) for p. Agg

Corollary 4.9. If G is Q(w)-generic over V and A* is the union of the sequences
AP for p € G, then A* is a k-sequence and for every B € F(w) there is p* < K
such that A, C B for p* < p < k.

The proof of Lemma L8 also gives the following result.

Corollary 4.10. The set of p € Q(w) such that p, is a successor ordinal is dense
in Q(w).

Notation 4.11. For < r, a < T and ¢ < x* let D! = {p € Q(w)|a €
(t"P & ¢ € (dR)P) }-

Lemma 4.12. Suppose p € Q(w), n € a?, a < T and ¢ < ™. Then there is q €
D, with < p, AT = AP, B = B, (7)1 = ("} U {a} and (d1)? = (d1) U{C}.
(In the last clause we formally take (d2)P =0 if o ¢ (t7)P.)

Proof. If p € Q)gﬁ . then take ¢ = p and there is nothing more to do.

So suppose that p¢ D . If a & (1) observe that ( A7, B?, t?U{ (n,) }, f*(0))
is a condition in Q(w) and refines p. (The concatenated 1-tuple consisting of
the empty set records that the value of the new f-part of the condition (AP, B?,
P U{(n,a)}, fF7(0)) at the co-ordinate (1, ) is the empty function.) Conse-
quently we may assume without loss of generality that o € (¢7)P and ¢ ¢ (d))P.

Pick v € k\Uyy gy 180((ma- F)7).Tet ()7 = (FPUL(C, (b | G,0))} and set

(f1)e = (f1)7 for (i, B) € t7 with (', ) # (n,0). Then q = (A?, B, 7 ((f3)1]
(n,B) € t7)) is clearly an element of @*(w) and refines p.

Moreover, g satisfies (5) of the definition of Q(w). In brief this is true because
¢ inherits the truth of (5) from p for every collection of data for instances of (5)
except one, and for that collection we have ensured (5) holds vacuously.

In more detail, suppose 1/ € aA"B") N sup(a@"BD), B, v € (t7)7, y is a
lower part for R,, harmonious with A? past o’ and ¢’, ¢ € (dg/)q N (dz,)q. Either

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



Sh:963

FORCING CONSTRUCTIONS 7425

7 € a4 B nsup(aA”BN), B, v € (t”')p, y is a lower part for R, harmonious
with A? past i’ and ¢/, ¢ € (dj )P N (dz/)p, and hence

£ = 1) £17(¢") = F1(¢)
—y(w, B”) Ibg, “¢' By (" = (B ("
or’ =mn,v=aand (" = ( and we have that v was chosen specifically so that

(f2(¢) # (f3)P(¢'), and hence the antecedent of the instance of the implica-
tion in (5) of the definition of Q(w) is false, and so for this collection of data (5)

holds. AT

Corollary 4.13. For each n < k, each a < Y and each { € kT, the set Q)g’a =
{peQw)|aec (P & (e (dl)P)} is dense and open in {p € Q(w) |n € a? }.

Proof. Immediate from Lemma [4.12] ArT3

Corollary 4.14. If G is Q(w)-generic over V, n € |J{a?|p € G} and a < T,
then U{ f2" |p € G, (n,«) € t*} is a function with domain k™.

Lemma 4.15. Q(w) has splitting.

Proof. This is proved using an argument very similar to the one for Lemma
As observed there, given a condition p we can easily find a condition in Q(w)
refining it with a non-empty t¢-part, so without loss of generality we may as well
assume P # (). Let (n,«) € t?. Now pick ¢ € T\ (d)P, and working exactly as
before we can define two extensions gy, q; of p which are both in Q)”’a but satisfy
(fM(¢) # (f1N1(¢), simply by choosing, at the ultimate stage of that argument,
two distinct elements vg and vy of K\ U, gy rg((71 - f3)P), where previously we

merely picked one. Then gy and ¢; are incompatible. ATy
Lemma 4.16. (1) The forcing poset Q(w) is <k-compact.
(2) Descending sequences from Q(w) of length less than k have greatest lower
bounds.

Proof. We start by proving Let C ={¢;|i < u} be a centred subset of Q(w)
for some p < k, and fix for each finite set Y C p some condition sy € Q(w)
such that sy < ¢; for all i € Y. We will define a quadruple (A*, B*,t*, f*) of the
appropriate type, and prove that it is a condition in @ (w) and forms a lower bound
for C.

Let p* = sup{p% |i < p}. By the hypothesis that C is centred it is easy to see
that there is a unique sequence A* = (A, | p < p*) such that A* [ p% = A% for all
i < p. If i < j < pthere is some p € Q(w) such that p < ¢, ¢/, and hence by the
definition of < (see Definition ) one has that AP | p% = A% and AP | p% = A%.
Thus either A% is an initial segment of A% or vice versa. We write &, for the
common value of k, for sequences v € A,, and a* for {,|p < p*}.

Let B* = ﬂYE[u]<W B®Y. By the completeness of the filter ¥ (w) we see that
B* € F(w). It also follows from the definition of Q(w) that k, < k, for every
p < p* and every v € B*, for if k, € a* there is some ¢ < p such that x” € a%, and
hence for all v € B one has k, < Ky, and thus, as B* C BY%, one has k, < Ky.

Let t* = J;, t%. Clearly t* C (a” Nsup(a®)) x T and [t*] < k.

For each (n,«) € ¢*, let d" = J{d%"| (n,a) € 19, i < p}.
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By the hypothesis that C is centred it is easy to see that there is a unique
sequence of functions f* = (57| (n, ) € t*) with dom(f>") = d%", and f5"(¢) =
f3-1(¢) for all ¢ € d%m.

It should be clear that (A*, B*,t*, f*) is a condition in @*(w), and that if
(A*, B*,t*, f*) is a condition in Q(w), then it forms a lower bound for C. So
to finish the proof, we must verify clause (5) in the definition of Q(w).

Let n € a* Nsup(a*) with n < sup(a*), let a, B € t*7, let y = ((u;, B;) | <n)
be a lower part harmonious with A* past 7, and let ¢, ¢’ € &% N d;’" be such that
fam(Q) = £57(Q) # fa (<) = f57(¢).

Choose a finite set Y large enough that:

e There is ig € Y with 7 € a%o, n < sup(a%o) and k,, < sup(a%o).
e There is i; € Y with (n,) € t%, and ¢ € da*".
e There is iz € Y with (n,8) € t92, and ¢ € dqﬁm’n.
e There is i3 € Y with (1,) € t%, and ¢’ € da®™".
e There is iy € Y with (1, 3) € t%, and ¢’ € d&*™".

Now consider the condition sy. By the construction A%o is an initial segment
of A%Y and so by the choice of iy one has that y is harmonious with A®Y past 7.
Since sy € Q(w) it follows easily that

Y (w, B ) kg, “CEo( = CEs(' 7.

€
S

By construction B* C BSY7 and so y~ (w, B*) also forces this equivalence and we
are done.

In order to see that holds, suppose that C' as in the proof of is a
descending sequence of conditions. Then (A*, B*,t*, f*) is a greatest lower bound

for C. ATy
Corollary 4.17. Q(w) is both <k-directed closed and countably compact.

The following result is useful in the proof, which appears in the next section,
that Q(w) has the stationary x'-chain condition.

Lemma 4.18. Let p = (A,B,t,f) € Q(w). Let t = U{t"|n € o’} and let
d =U{dl|n € a?&a € t"}. Then there is ¢ € Q(w) with ¢ < p, A1 = AP,
B?=BP, t" =t for alln € o and (d1)? = d for alln € a? and o € t.

Proof. As in the second paragraph of the proof of Lemma 12 we have that r =
(AP BP P U {(n,a)|n € a? & a € t\t"},fP"(D|n € a? & a € t\ ")) is a
condition in @Q(w) which refines p and is such that a” = a? and (¢7)" = ¢ for all
nea.

Now enumerate D = {(n,a, ) [n€aP & aet & (e d\d!}as{(n, o, () i <
~v} for some vy < aP X t X 4.

If D = 0, then p itself satisfies the properties required for q.

Otherwise, carry out an induction on v, using Lemma ([I2)) at initial and suc-
cessor stages and Lemma at limits, to construct a descending sequence of
conditions (r; [i < ) with ro <7 and such that (; € (d{})™ for each i < 7.

Finally, if v is a limit ordinal use Lemma to choose a lower bound ¢ for
(rili <), and if y =4"+1is a successor set ¢ = 7. ArTg

We now introduce the notion of a weakening of a condition.
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Definition 4.19. Let p be a condition in Q(w) such that pP is a successor or-
dinal and let p* < pP. We define the p*-weakening of p to be the quadruple
r= (A", B",t", f") where A" = AP | p*, a" = {kb | p < p* }, B" = BPUU{ AL | p* <
p<p'} t"={(na)et’nea"Nsup(a”)} and " = (f"|(n,a) €1").

Lemma 4.20. Let p € Q(w) with pP a successor ordinal, let p* < pP and let r be
the p*-weakening of p. Then

(1) reQw),

2)p<r,

(3) and for every n € a” and every lower part y which is harmonious with
A" past n, if fE(C) = f5(Q) # fE(C) = [5((), then y”(w, BT) I
“CEQCI — <E5CI ”

Proof. It is easy to see that r € @Q*(w) and that p refines r in @Q*(w). Since
fon = o when (n, o) € t7, clause in the conclusion implies that r satisfies
clause (5) in Definition (and hence that 7 is in Q(w)). It will therefore suffice
to verify clause .

Suppose for a contradiction that y (w, B") does not force the desired equiva-
lence; then there is an extension y'~ (w, B) forcing that the equivalence is false.
Shrinking B if necessary we may assume that B C BP.

We will break up 3’ as yo~ y1~ y2, where yo € Ry, y1 consists of pairs (u,C')
such that u is drawn from (J{ AD | p* < p < pP}, and y2 consists of pairs (u, C) such
that u is drawn from BP. This is possible because, by the definition of extension in
Ry, all pairs (u,C) in y’ with k, > k, have u € B".

We claim that 10" y; is harmonious with AP above . An appeal to Lemma [3.30)
shows that yg is harmonious with A™ above 7, which handles the pairs appearing in
Yo- Let (u,C) be a pair appearing in y;, and observe that n € a” = {x] [p < p* },
while u € {AD]p* < p < pP}, so that n < Ky« < ky. By the definition of the
ordering of R, we have C' C B", and since k, = K, for some p < p? in fact
C CU{A8| p* < p < pP}. In particular as 1) < k,+ we have that C'N V11 = 0.

We claim that by shrinking measure one sets appearing in y» (if necessary) we
may assume that

Y (w,B) =y 1" Y2 (w,B) <wo  y1” (w,BP).

For pairs (u,C) appearing in y, we have that v € BP and C C B" = BP U
U{AD | p* < p < pP}. Since pP is a successor ordinal we have that r, < rpp—1 < Ky
for all v € J{ AD | p* < p < pP}, so that we may shrink C' to obtain a pair (u, D)
with D C BP.

Since yo” y1 is harmonious with A? above 1 and p is a condition, yo ™ 41" (w, BP)
forces the equivalence (Eo(’ <= (FEjs¢’. This is a contradiction as 3’ (w, B) is an
extension of yo” y1” (w, BP) and forces that the same equivalence fails. Ao

Corollary 4.21. Let p and g be conditions in Q(w) with p < q and p, a successor
ordinal. Let p? < p* < pP and let r be the p*-weakening of p. Then p <r <q.

Proof. By Lemma we already know that p < r so we need only to check that
r < g. It is routine to check that A" [ p? = AP | p? = A4, t" D t4, fI1 = fp1 DO fan
for all (n,a) € 9, and finally B" U { A}, [p? < p < p"} = BPUU{A)|p? < p <
pP'} € B Az
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5. Q(w) HAS THE STATIONARY K —CHAIN CONDITION

For the duration of this section we fix an ultrafilter sequence w with lh(w) > 1
and let k = K,,. As in the previous section, let 7 be a x-Kurepa tree, let (b, | a <
T) be an enumeration of a set of branches through 7 and let (E, |a < T) be a
list of canonical R,-names for binary relations on k. Let Q = Q(w).

Notation 5.1. For each a < k* let T, ={z € T | lh(z) = o} and let e, : T, —

7., be a bijection enumerating 7T,

As T is a kT-Kurepa tree one has for @ < k* that ?Q <k
Notation 5.2. For a < § < T let A(c, §) be the least ¢ such that b, [ { # bg | ¢.

Notation 5.3. If p = (A4, B',t, f) € Q and there are t € [T]<" and 4 € [sT]|<"
such that ¢t = ¢7 for all € a and 4 = dom(f7) for all n € a and « € ¢, let ZP
be the set of all tuples (n,y,x,¢,(’,d,8') where n € a Nsup(a), y is a lower part
harmonious with A past n, z € T, ( < (' < k™, (,{’ € d and 6, &' < k.

Lemma 5.4. Suppose p' = (A, B',t,f) € Q and there are t € [Y]<" and d €
[KT]<% such that t = t" for alln € a and d = dom(f]1) for alln € a and « € t.
Then there is some B € F(w) with B C B’, so that p = (A, B,t, f) <p’ and such
that whenever z = (n,y,2,(,(’,8,0') € ZP and o € t is such that x = b, | (,
12(¢) = (z 1 ¢,6) and f1(¢") = (z,0") there is an Ry-name ¢, such that y~ (w, B)
forces that &, is the truth value of the assertion that CE.C’.

Proof. First of all notice that Z? = ZP'. For each z € ZP we may define an R,,-
name 7, such that for all a € ¢t with f74(¢) = (z | ¢,d) and f7((") = (z,0),
Y (w, BY) forces that 7, is the truth value of the assertion that (E,¢’. (Condition
(5) in the definition of being a condition shows 7, does not depend on «.)

By Lemma B.19, for each z € ZP there is a set B, C B such that vy~ (w, B.)

reduces 7, to an R,-name ¢,. As 70 < g any B € F(w) such that B C (), ,, B.
suffices. A57

Proposition 5.5. Q has the stationary x*-chain condition.

Proof. Let {p/'|i <k} € [Q]*". Let p/t = (A%, B'i#"%, f') for each i < k', write
a* for a?", p* for pP", and for each p < p* write nﬁ) for (k,)P".

We start by tidying up, for each i < s, the collection of domains of constituents
of the f’*. We want to emphasize that this step in the argument is not strictly nec-
essary. At the cost of a more elaborate case analysis below, proofs of the stationary
chain condition can be given which do not rely on the forcing having the property
of having greatest lower bounds for descending sequences of length less than «, a
property which we do use in carrying out this tidying up.

2We remark that we use Kurepa trees in the definition of the Q(w) rather than arbitrary xt-
trees with Y-many branches, because the fact that each 7, has size at most x saves us a little
work in the proof of the k1-stationary chain condition given in this section; see the definitions of
the ¢"* and X% and their roles in the definition of the function h below. In [3] an analogous
chain condition argument is given without this nicety.
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By applying Lemma I8 and then Lemma 5.4 we can find {p*|i < kT } € [Q]"”qu
such that for each i < k* we have p' = (A%, B',t!, fi) < p’* and there is some
t' € [Y]<* and some 4% € [kT]<" such that

o t' =" for all n € a,
o ' =dom(f}*) forall n € a’ and o € ¢', and
e B’ has the property stated in the conclusion of Lemma [5.41

Now we make a plethora of auxiliary definitions for each 7, set out in the list
below.

Let {a, |7 < 7*} be an enumeration of | J{ t'|i < x*} for some v* < k. Let
{ozf/ | ¥ < 4'} be the increasing enumeration of ¢?, for some v* < &, for each i < k™.

Next, for each i < kT and n € a’ let

0 = ssup({7 |, € £1}), 0} = ssup(d"),

I'"={A(a,d) |a, o € £}, V" = ssup(I'),

Ti={y<ila,et}, Al=T"Ni, D'=d"Ni,

Y"i = {y|y is a lower part harmonious with A® past n},

g7 (C,) = (e (mo( 27 (Q))), ma(£17(C))) for € T# and ¢ € D,

X1t ={{y,e, ¢, F1o)|lye YT & e<y & ((eD &< &
on setting @ = al one has F : D' — k x kis given by F(*) =
(ec-(mo(f&*(¢*))), mi(fa*(C¥))) for ¢* € D* & letting z = by | (', f2(C)
= (z 1 ¢,0) and f7*({') = (z,¢), we have 5 = Glyam e 5601

Recall that m; is a projection onto the Ith co-ordinate, so in the definition of ¢g"?,
for example, 7o(bo, | ¢,¥) = ba, [ ¢ and 7 (ba., [ ¢,v) = v, while, as per Notation
611 e is the function enumerating the (th level of the x-Kurepa tree 7, so that
ec(ba, I ¢) € k. Thus g™ : D' x T — &k x k and dom(g"*(.,7)) = D" for v € T"

Notice, also, that the various F, ¢, x, 6 and ¢’ appearing in the definition of
X% are uniquely determined by i, n and the (y,¢,¢,¢’).

For the convenience of the reader we record the types of objects which we have
just defined: a, € T for v < v* < k%, o € T for v < 7" < &, 65 < KT,
e [xH]<F, vl < kT, 08 < kT, T € [i]<%, A® € [i]<%, D € [i]<%, Y7 € V, and
g™ is a partial function of size less than x from i X i to k x k.

We next argue similarly to the proof of Claim [[3]and define a regressive function
on a set which is club relative to S,’f. Recall from the section on notation that if
I and J are sets and « is a cardinal, then Fn(I, J, k) is the set of partial functions
from I to J of size less than k.

Let h* be an injection from Vi, x ([ 1] <" xFn(kT x 6T, s xk, k) x [6T]<Fx [ 1] <F x
kX (Vexkxkt xkt xV,xFn(k, kX K, k))<") x Kk into 7. Let us write H for
the domain of h*.

For k < i < k™ let H; be defined similarly to H with ¢ in place of k*: H; =
Vi X ([7]SF X Fo(7 X 7,6 X K, k) X [T]<F X [T]<F" X 6 X (Ve X £ X T X T x V,; X
Fn(r, k X K,£))<") X K.

Define k : [k, k1) — kT by k(i) as the least i* < s such that H; C h* 147>,

Let C = {j < k¥ |Vi < j (0}, 0, v, k(i) < j)}.

As the intersection of the sets of closure points of the four given functions, Cis
a club subset of k™. N

Let h(i) = h*(A%, ((T%, g™, D, AP otp(t)), X7%) |5 € a'), &) for i € C NS5
and h(i) = 0 otherwise.
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We have that h*~L(h(i)) € H; for all i € [k,xT). If i € C NS5

h*=1(h(i)) < k, there is some i’ < i such that h*~*(h(i)) € Hy, and hence there is
some 7 < 4 such that h(i) < k(7).

Hence, as ¢ is (amongst other things) a closure point of k, we have h(i) < i for
all non-zero i < k™.

Now suppose that i,j € C N SN ;i< j,and h(i) = h(j). In particular we have
that A% = A7 (and hence a’ = a’) and &' = &/, that 6}, 6}, v < j, and finally that
for all n € a,

(T', g™, D", A%, otp(t'), X)) = (T7,¢"7, D7, A otp(¢?), X ).

We prove a series of lemmas which together describe the common parts of p* and
p’. Let A be the common value of A” and A7 and a that of a’ and a’.

since

Lemma 5.6. (a) (t/\ t')N{a,|i<y<j}=0, and (b) t: Nt C{a,|v<i}.
Proof. Suppose a., € ti. If v < j, then v € T7. But TV = T% so v € T*. Hence
v <iand o, € t', proving (a). If ay, € ¢, then v < 6} < j (for the definition of 6}
immediately gives that v < 6§, and since i, j € C and i < j one has that 6} < j).
Thus if a., € ' N ¢/ we have v < i by (a). So (b) holds. A5y
Lemma 5.7. 4N dJ Ci.
Proof. If ( € d'Nd7, then ( < 0i <j. So(e€dinNj=DI=D'=d"ni. Ar7
Lemma 5.8. Ifn€a anda € t'NtI, then f1° | d°Nd = f19 [ d*NdJ.
Proof. Let n € a and a € t'N¢J. By Lemmal5.6] if @ = ., then v < i. By Lemma
B7 4°Nd7 Ci,and hence d°Nd7 CiNd? = D' = DI, the first equality being
the definition of D? and the second holding since h(i) = h(j).

As unpacked in the paragraph starting “Recall ...” immediately after the bullet-
pointed list of definitions above, D = dom(g"(.,v)) and D7 = dom(g™(.,7)),
and hence dom(g" i(.,7)) = dom(g™I(.,7)).

Asaetintd, if ¢ € d°Nd7 we have e ( ( 1)) = ec(mo(f77(¢))) and, as
ec is a bijection, 7r0(f77 1(¢)) = mo(f17(¢)) = b | ¢. Hence we have the claimed

agreement. Asg

Recall that f? + f7 is the unique function f such that dom(f) = dom(f%) U
dom(f7), f [ dom(f*) = f* and f | dom(f7) = f7.
Let ¢ = (A, B'N Bt Utd fi + f7).

Lemma 5.9. The quadruple q is a condition in Q*.

Proof. Recall that we defined A = A" = AJ. Lemma [5.8 shows that f? and f7 are
compatible. AR

Lemma 5.10. I'"NT7 Cq.

Proof. If ¢ € T*NTY, then ¢ < v* < j (the latter since i, j € C and i < 7). So
¢ € AJ. But A = A, so ¢ < i. Az

Notation 5.11. For o € t' U ¢/ define d4 = d° U d7 if a € ' NI, dd = d° if
a€t!\t/handdl =d7 ifae ¢\ ¢

Lemma 5.12. For a € t'U ¢/ and n € a we have d% = dom(f1?).
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Proof. Immediate from the definition of ¢, specifically the definition of f7 as f*+ f7,
the fact that dom(f7%) = d* for all n € @’ and « € t’. See the third paragraph
of the proof of Proposition and the definition by cases of the notation d? just

given. ArT

Lemma 5.13. Suppose o, 8 € t'Nt/, (, ¢ € dinNd%, ¢ < ¢, n € a and
f2UC) = f34(C) # f29(¢) = f3U(¢"). Then¢, ¢" e d*Nd7.

Proof. Let @« = o, and § = . Then 7, v/ < i by Lemma and A(a, ) €
I"NT7 Ci by LemmaBI0 As by [ ¢" = 7o(f24(C) = mo(f3(¢") = bs [ (' we
have ¢’ < A(a, 8) and hence ¢, ¢! <i. Thus ¢’ € d9Ni C D/ = D C 4%, Similarly
(ed. Az

Finally, we can now show that ¢ satisfies (5) of the definition of Q.

Lemma 5.14. Suppose a, B € t'Ut?, ¢, (" € diNdf, n € a and f19(¢) = f(C) #
fra¢) = f39(¢") and y is harmonious with A% past 1. Then y (w, BY) IFg,
113 CEQC/ @ CE CI 77.

Proof. 1f for some k € {i,j} we have o, 8 € t*, then, using Lemma BEI3 if «
Betintd, ¢, ¢ edF. AspF e we havey (w, Bk) - “ (Bl CEg(' 7. But
B = B'N B/ C B*, so y (w,B?) <y (w,B*) and y " (w, BY) IF “ (E,( <=
CEsC" 7. o o -

Otherwise, either we have a € "\ ¢/, f € t7\ t* and (, ¢’ € 4" N d’7 or we have
the symmetric case with the roles of ¢ and j exchanged. We treat the former; for
the symmetric case exchange i and j throughout.

Suppose 3 is the eth element of ¢/. As otp(t') = otp(t’), we can define " to
be the eth element of ¢*. As X' = X"/ we have that the ‘F]" for the tuple
that starts (y,e,¢,¢’,...) is the same for both i and j. Hence e (mo(f2"(¢"))) =
e (wo(fg’j (¢")). As e is a bijection and 7y is a projection onto the first coordinate,
thlS gives b,B r C/ = bﬁ’ r C/. Let €Tr = b,B r CI = bﬁ’ r CI, fn;Z(C) fﬁd (C) ( r C 6)
fn;l(cl) = fgﬁj (C/) = (x7 5/)7 and’ ﬁna‘HY7 z = (17’ y, :Z:7 C’ <l767 5/).

Then z € ZP' N Z?', and ol = ¢1 = &, say, where ¢ is an Ry-name for a truth
value. Since BY = B' N BY, y~ (w, BY) simultaneously reduces the truth values
of the statements “¢ Eg(’” and “CEg (' to o, so y~ (w,B?) IF “( Eg (! <~
(Eﬁ ¢'”. If B’ = a we are done. Otherwise, as p' € @ we also have that
y (w,B") I+ “CE,( <= (Eg "7, and hence y~ (w,B?) I+ “(E,({ <
CEg('”, as required. AT

Lemma (.9 showed ¢ € Q" and Lemma EDZI shows that in fact ¢ € @ as well.
Since by construction ¢ < p*, p’, and both p* < p* and p] < p'7, we have shown

that there is a suitable function A such that if ¢, j € CﬂS ,© < jand h(i) = h(j),
then p’* and p7 are compatible. Hence @) has the fi"’—statlonary chain condition.

6. THE MAIN ITERATION

Let V' be a model in which « is supercompact, A is a regular cardinal less than k,
and  is a successor cardinal with predecessor x~ such that cf(x™) > x*+. Suppose
also that GCH holds in V and hence, by [25], {(SX,) holds.
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Let L be the Laver iteration ([L6]), as defined in V', making the supercompactness
of k indestructible under <k-directed closed forcing.

Let é be a canonical [.-name such that IFp “ é: x — V, is a bijection ”.

Using Theorem [[.2] Lemma [[L5 Proposition 2.3} Lemma and Proposition
(.5l we will define an L-name [PX so that IFp FX is an iteration of length x consisting
of Qy, a name for the usual forcing to add a x+-Kurepa tree with x ~-many branches
followed by a <k-support iteration of <k-directed closed, countably parallel-closed
kT-stationary cc forcings each of size less than x”. Thus the iteration will add
x-many subsets of x, but at each intermediate stage 2% = x~. The constituents
of the iteration will depend on a fixed sequence (&, | o < x~) of L * Qo-names for
distinct branches through the x™-Kurepa tree. As we define the iteration we also
build an enumeration of L * P, as (pg | € < x). As x is a regular cardinal and since
Ik “ the iterands are of size less than x ” there will be a club set relative to SX
of £ < x such that L Pe = {p. | e < £}; formally, such that for all ¢ < & we have
supp(pe) C € and L x [.Pf ={pe [ £]e < &}. (See the proof of Proposition 23) We
simultaneously inductively define L ﬂbg—names SE as in §2 and derive L * Fg-names
ut.

As each 5'5 is a canonical name for a subset of £, when £ = kA¢ (ordinal multipli-
cation) we can easily convert it into a name for a set of order type A of sequences of
& many subsets of k. In order to do this, for each 7 < A, set I'L§+T to be the name de-

rived from S¢ for {e“{n < k| kKAe + KT +1 € Se N [KAe + m',ﬁ;— R(T+1)}e<
¢} and set 1 = /%A<u§+7, [1+7 < A).

We use the sequence 4€ to help define the next stage in the iteration. Let Ut
be a L * Pg-name for the class of all ultrafilter sequences. (As for each { < x
we have Ik “ [}55 is < k-directed closed 7, we will have for all £ < £ < x that
e, US = US.)

If cf (&) = kt, LxPe = {p-|e < £}, € = kAE and IFp, “0¢ € UE and foze = K7,
let (F§|a < x~) enumerate the canonical L * P¢#?Rye-names for graphs on s+
and let Q¢ = Q(u¢), where Q(tf) is an L % P¢-name for the forcing defined from €,
(o< x™)and (E§|a < x~) as in §8 Otherwise let Q¢ name trivial forcing.

Fix G which is L-generic over V and H which is Fg—generic over V[G]. For £ < x
let He be the restriction of H to [P?, let Q¢ = Qf*HE, and let ué = (0f)%*He,

If VIG][He] E u® € U, kye = K and Th(u®) = A, let

e K be the Q(u®)-generic over V[G][H¢] induced by H,
e AS=(A,|p<k & Ipe K A, =(A,)P),
e and a® = (J{a” |p € K¢}

Fix an enumeration (Dg | € < x) of the L * P,-names for subsets of V, such that
each Dg isan L * ﬂbg-name.

Let j : V. — M witness that  is 2X-supercompact, such that in the iteration
j(L) we force with P, at stage x and then do trivial forcing at all stages between
# and (2X)*F. Let j(L) = L % P, * £, where £ is an I x P,-name and note that by
the choice of j we have Iy p © Lis <(2X)-closed 7.

We now carry out, in V[G][H], an inductive construction of length x in which we
build a chain of conditions (r¢, g¢) € LG*H *j(ﬂbx) for £ < x. Note that forcing with
LG over V[G][H] always adds a generic embedding j : V[G] — M[j(G)] (see
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2, §9]) so that the name j(P, ) is well defined. The construction includes arranging
for each § < x that IF;c.n “ge € j([Pg) ” and that for all p € H¢ we have that
re i “de < j(p) 7 B

Define U = ({v € U |k, = k& lh(v) < ANHVICHH As V[G][H] |= 2% = ¥, x is
a successor cardinal and \ < k, we have that V[G][H] | U < ((227)}) = 2x.

Inductive case: € = 0 or limit £&. By the <x-closure of LE*H §(Py), just
choose some (r¢,qe) such that |- c.n “ ge € §(Pg) ”, and for all & < ¢ we have
(T&, Qf) < (’1”5/7 (j&/). Then for each p € H& we have T¢ |FLG*H “ ng < j(p) ”

Inductive case: £+ 1. If £ = 0, then Qq is the usual forcing to add a xT-Kurepa
tree with x~-many branches as computed in V|G|, and we set r1 to be the trivial
condition and ¢; to be a name for the greatest lower bound of the union of the
pointwise image of the Qp-generic filter. We now assume that £ > 0.

If VIG][He] = u® ¢ Uor ut € Ubut ke # K or ub € U and ke = K but
lh(u®) # A, there is nothing to do and we can take (r¢i1,Ger1) = (e, qg“ﬂj(Qé)).
So assume otherwise: V[G][H¢] = u € U, ke = k and 1h(u®) = \.

By the construction so far (r¢, g¢) IFpur ) © thereis alifting j : VIG][H¢] —
M[j(G)][i(He)] of j.” . .

As 2X is less than the closure of L& x j(P,) we may, by shrinking if necessary,
assume that there is some (r¢,¢;) < (r¢, ge) such that (rf,dg) || “v € §(D¢)” for
every v € l.

Definition 6.1. If v € UYICIH] Th(v) = X and for all 7 < A we have v, N
V[G][H¢] = us we say v fills out us.

Note that if v fills out u¢, then, a priori, v € 8.

Lemma 6.2. Suppose there is a lifting j : V|G|[He] — M[j(G)][j(He)] of 5. Set
B =N{j(B%)| (A%, B t4, f1) € K¢}. Suppose there is some v € UV[GH I which
fills out u¢ and for all T < \ we have v | T € B.

Then there is a master condition for j(Qg¢) such that on forcing below the master
condition there is a lifting of j to a map j : V[G][He][Ke] — M[j(G)][7(He)][7(Ke)]
such that for every v € UNB filling out us and every T < X we have v | T € j(A%),.

Proof. We construct a suitable master condition p* = (4*, B*, t*, f*).

o =A v T|T<A&veEBN (U \ Uy) & v fills out us }.
° B*:P\‘u,ﬁ—.

ot =Rk Xj".

[ ]

For each n € a¢ and a < x~, f a)—U{J(fp"HpEKE}

We note that since f2" is a partial function of size less than x and we have the

density lemmas, Lemma [£8 and Corollary [L13] it is easy to see that d](a) =

dom(f771) = jés+ and £ (G(Q)) = J(f27(C)) for any p € Ke such that (7,0) €
tP. We also note that a?” = af U {x}.

It is routine to verify that p* € j(Qf) and that p* SJ(QE) j(g) for ¢ € K¢. We
must now show that p* satisfies (5) in the definition of j(Q¢).

Let e af, and suppose that 71, ((C) = £ (I(O) £ £, (G (C) = £ (G(C)
for some «, 8 € x~ and ¢, € k. Let y be harmonious with A* past n. If k, < &
let 3/ = y. Otherwise let 3/, 7 < A\, v € B* which fills out u¢, and B € F(v | 7) be
such that y =y (v | 7, B).
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Using Corollary and the definition of p* we may find p € K¢ with pP a
successor ordinal such that
n € a? with n < max(a?),
Ky < max(aP),
(n, @), (n,B) € 7,
¢, ¢ edenn d’f’;",
o fECQ) = fET(CQ) # fE() = 5,

e and ¢/ is harmonious with AP past 7.

If y =y we have that y is harmonious with AP past n and
Yy (i(uf), BY) <y (i(u),§(B") = iy~ (uf, BY)).

As p is a condition in Q¢ we have y ™ (uf, BP) I+ © CESC +— CEEC’ 7, and we are
done by elementarity.

So we may assume that we are in the other case, that is, y = v/~ (v | 7, B)
for some v € B which fills out u¢. We note that v [ 7 € B, since each of the
sets BY is closed under taking initial segments. Let p* < pP be minimal such that
max({7, iy }) < i

Since y was chosen to be harmonious with A* past n, B*NV, = 0, and n <
K = fy, we see that B C [J{A5]n < Ky, p < £} and K, > 7 for all w € B. Since
y'" (v | 7,B) is a condition, we also have that k,, > k, for all w € B. So by the
choice of p*, B C {45 p" < p <k}

Since the condition p € K¢, A, = Al for p* < 0 < p?” and A, C BP? for
pP <o < k. It follows that B C | J{ A2 | p* <o < pP} U BP.

We now appeal to Lemma to obtain the p*-weakening of p, that is to say,
the condition ¢ € Q¢ such that p? = p*, p < ¢, A7 = AP | p*, BT = [ J{ A, | p* <
o< pPYUBP, 1= {(1f,a') € 7|7/ € atNsup(a?)} and f7 = 17 | (o, o) € 1),

Since p < ¢ we have ¢ € K¢, and so B* C j(B?). By the choice of p*, since
p? = p*, A1 = AP | p*, max({n, Ky }) < Ky~ and ¥’ is harmonious with AP past 7,
we have that 4’ is harmonious with A? past 7.

By clause (3) of the conclusion of Lemma[20] the condition ¢ enjoys a strength-
ened form of condition (5) in the definition of Q(w), which implies in this case that
Yy (€, BY) I “ (B¢ +— CES( .

We claim that 5~ (j(u€), B*) < '~ (j(u),§(BY) = j(y' " (us, BY)).

The only non-trivial point is that the pair (v [ 7, B) can be added to the condition
y' " (j(ub),5(B?)). This holds because v | 7 € B C j(B?), and B C [J{ AP | p* <
o < pP’}UBP = B? = j(B,)NV,. As in the case when y = 3/, we are now done by
elementarity.

Now that we have shown that p* is a condition in j(Q¢) we have that p* <j(@Qe)
j(g) for g € K¢, and so p* is a master condition. The last thing to check in order
to complete the proof of the lemma is that p* is a master condition of the type
required. However, this is almost immediate from its definition.

For as j : V[G][H¢|[Ke] — M[j(G)][7(He)][i(Ke)] is a lifting we have that
p* € j(K¢) (see [2, Proposition 9.1]). We also have, by definition, that A$ =
mquE[Aquq]a and so j(Ag) = j(nquE[Aquq]) = nqej(KE)[Aanq]' Hence if
q € j(K¢) and p? > k + 1, then, by the definition of compatibility under <gq, and
since K¢ is a filter, we must have A2 = A*.
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Consequently, if v fills out u* and v | 7 € B, then by the definition of p* we have
v |7 € A’ and hence, by the previous paragraph, v | 7 € j(A%). Ao

Having established the preceding lemma, we can now complete the inductive
step.

Case (i). There is some (r,q) < (ré,dé) with I c.x ¢ € j(ng) such that

(r,4) ”_LG*H*j(D'Dg) “Ju e U (v fills out u* & V7 < A
vlTeB=N{jBY|(A%, B, f) € K¢} )"

Let 7¢41 = r and use Lemma to choose ¢¢i1 such that gep1 [ € = ¢,
(res1,Ges1 T &) IF “gerr(€) is a lower bound for j“K¢” and (reqq1,gesr) IF « for
every v € U N B which fills out u* and every 7 < A we have v | 7 € j(A%)”.

Case (ii). Otherwise. Again, by the closure of ZG*H x j(P,), let (rej1,der1) <
(1. g¢) be such that (re11,ger1 [ €) IF “gey1(€) is a lower bound for j“K¢” since
Qf is trivial. ATnductive construction
GxH

When the construction is complete use the x-closure of L * j(P,) again and
take a lower bound (r*,¢*) for ((r¢,de) | € < x) such that for all ¢ € H we have
r* Ik ¢* < j(q). Thus (r*,¢*) forces that j can be lifted to some j : V[G][H] —
MIj(G)][i(H)] with j(G) = G+ H * j(G) /(G + H).

Claim 6.3. If we generate u = (u, | T < X) from such a lifting of j to VIG|[H] in
the usual inductive way, with up = K and by setting u, = {D € V[G|[H]|u | T €
J(D)} for 0 < 7 < A, then in fact we have w € V[G|[H] (and not merely u €
VIGIH]H(G)/(G * H)][j(H)]) and u € UV,

Proof. The argument is an inductive repetition of a typical one in the context of
Laver forcing.

By induction on 7 < X suppose that v [ 7 € VI[G|[H]. A priori, u, €
VIGI[H][j(G)/(G* H)][j(H)]. However j(G)/(Gx* H) * j(H) is generic for a highly
closed forcing — it is certainly (27)*-closed. So in fact u, € V[G][H]. As V[G][H]
is closed under sequences of length less than or equal to A we also have u [ 7+ 1 €
V[G][H]. Similarly, we inductively obtain that v [ 7 € V[G][H] for limit 7, and at
the end of the induction that v € V[G][H].

We also need that normality and the two coherence conditions from Definition
311 hold for w..

Suppose f: U, — V,, is a function in V[G][H]. Observe that

VHV[G][H][j(G)/(G*H)][j(H)] - VKV[G][H].

Then {w € Uy | f(w) € Vi, } € ur ifand only if j(f)(u [ 7) € VYVIGIH) it and only

if there is some z € VHV[G] ] guch that J(f)(u ] 7)==, if and only if there is some
z € VYO guch that {w e U, | f(w) =z} € u,. Hence u satisfies normality in
VIG][H].

Similarly, suppose f : U, — . Then {w € U, | f(w) < lh(w)} € u, if and
only if j(f)(u | 7) < 7, if and only if there is some o < 7 such that j(f)(u | 7) = 0.
For this o we then have for X C V; that X € u, if and only if u | o € j(X) if and
only if j(X) N Vi € uj(fy(urr) if and only if {w € U, | X N Vi, € Wi} € ur.

Finally, if 0 < 7 and X € u,, then v [ 0 € j(X) and so {w € U, |37 <
Ih(w) XNV, €wz}E€ur. So u also satisfies the two coherence conditions. AgT
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Claim 6.4. In V[G|[H] there is a stationary set S C S, such that:

e Forevery& € S one hash(u®) = X and for every T < X that u,NV[G][H¢] =

3
ué.
For every £ in the closure of S, SN € V[G][He].
For every £ € S, uf € ‘Z,l:Jr[G”HE].

For every £ € S, {v|3p <k ve A5} e F(u).

Proof. We start by outlining the motivation for the first step in the proof. As
SX, is a stationary subset of SX,, Proposition 23] tells us that there is a (S, )-
sequence in V[G][H] (with the properties given in PropositionZ3(1) and (2)), which
predicts subsets of x. The statement of the claim talks about predicting sequences
of measures. So in order to apply Proposition [2.3] we must ‘code’ such sequences of
measures by subsets of k.

Working in V[G][H], define a set T' C x ‘coding’ v by enumerating each wu, in
order type x as (yr¢ | € < x) and setting TN [k7&, kT(E+1)) = {wT7{+n|n € yre }.
Appealing to Proposition 23], we may find a stationary set S C S, such that S
satisfies the first two clauses of the claim.

For £ € S and 0 < 7 < A, we have that u$ is a measure on Vj; in V[G][H¢]. Since

‘ll,‘.g/ ¢ _ ‘UX [G]IH] it is clear that each uﬁ concentrates on U,.
Normality. Suppose f : U, — vV ICIHE anq {w e U, | flw) € V., } € us.

As ué C u, we can apply normality for u to get some z € V, such that {w €
U | flw) =z} € ur. But z, f € V[G][He]; hence {w € U, | f(w) = z} €

Coherence (i). Suppose f : U, — k with f € V[G][H¢] and {w € U | f(w) <
lh(w)} € ué. Again as u C u, we can apply the first coherence condition for u
to get some o < 7 with 2 € uy if and only if {w € Us |z NV, € wpw)} € ur.
If x € V[G][He], so that @ € u§, then, recalling that f € V[G][H¢], we have {w €
UelzN Vi, € wra } € VIG][He], and hence {w € U, |2 NV, € Wy} € ub.
Conversely, if {w € U, |2 NV, € wy } € uf, then, as u§ C u,, we have z € u,.

Coherence (ii). If 7/ < 7 and = € ui,, then {w € U, |30 < lh(w)zNV,, €
w, } € u, and the set is clearly in V[G][H¢] as x is and hence is an element of us.

Finally, at each £ € S when we did the inductive construction of (re41, gey1) we
must have been in ‘Case (i)’ and used Lemma [6:2] because (r*,¢* | j(£)) would be
an appropriate witness. Consequently for all 7 < A we have that u | 7 € j(A%),
and hence A% € F (u). Ag7

Proposition 6.5. Let S € V[G|[H] be as given by Claim [0l Let € be a limit of
elements of the set S of cofinality at least k*. For each 7 < X let v, = | J{ul | ¢ €
SnNE}. Then V[G][He] = v is an ultrafilter sequence and Ve € SNE A® € F(v) .

Proof. By Claim we have that S N ¢ € V[G][He|, thus v € V[G][He]. It is

clear that v is a sequence of measures concentrating on ‘Zl,g [GIHe] 1 order to see
that the normality and coherence conditions hold it is enough to observe that since
cf(§) > Kt we have that for each z € P(k) and f: U, — V, if 2, f € V[G][H¢]
there is some € € S N ¢ such that z, f € V[G][H:]. Again by Claim we have
that A° € F(v). AgT

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



Sh:963

FORCING CONSTRUCTIONS 7437

7. PROOF THAT WE DO GET SMALL UNIVERSAL FAMILIES

Let S € V[G][H] be as given by Claim [6.4] As in Proposition [6.5] we choose &
a limit point of S with cf(¢) = ktF. Let G * He be the L % Pe-generic filter over
V induced by G * H, and define an ultrafilter sequence v € V|G % H¢| by setting
vy = H{ullee SNE} for 0 < 7 < A Let g* be R,-generic over V|G x He]. As we
discussed in §3] by forcing below a suitable condition we may arrange that

e the generic object induced by g* is a A-sequence (u; |i < A) of ultrafilter
sequences,

e defining x; = Ky, for i < A, the set C' = {k;|i < A} is a club subset of &,

e min(C) > A, and so cf(k) = A in V[G = He * g*].

Notation 7.1. For e € SN¢ set H. to be the induced P.-generic filter over V[G],
Q: = Qg*HE, K. to be the Q. generic filter over V[G][H,| induced by G * H,
A =(A,lp<r & Ipe K (p<p? & Ay = AD)), K}, to be the common value of
Ky for w € A3F, and a* = {K5 | p <K}

As per Observation B.24] the characterisation of genericity for Radin forcing
implies that for every ¢ € S N¢, the sequence (u; |i < A) is R,=-generic over
V|G][H,]. Let ¢g° be the R,<-generic filter over V[G][H.] induced by this sequence,
so that easily g = g* N Ry-.

Note that, by the characterisation of Radin-genericity from Theorem [3.22] for
each e € SNE, since A° € ¥ (v) by Proposition 6.5 we have that u; € ([J{ A} | p <
k} for all large j < X. Let i < X be the least successor ordinal such that u; €
U{A;7 |p <k} for j > i, and let n. = k,,_ . Since 7. is a successor point of the
generic club C, the sequence u;, = (7).

We note that since u;, = (n.) € U{ A}° | p < k}, we may define 0. as the unique
p such that (n.) € A}7, and by definition we have r,, = 7. = x;_. It follows that
for any ¢ € K. with 0. < p? we have that (7.) € AZ and 7. € a?.

Definition 7.2. For ¢ € SN¢ let € = (Eg)G*Hs*gi and, for o < y-, let
fo,=U{(fI)|qge K. & o € 197 }.

As we proved in Section @] (see Corollary EI3), {5, is a function with domain ™
such that §5,(¢) € {ba | ¢} X & for every ¢ < x™.

Definition 7.3. For each ¢ € SN¢ and a < x~ define £ on rge(f§,) by z 2 2/
if and only if ht(mo(2)) €S ht(mo(z")). That is, EF = §5,“€S (for if ( < kT and
f2,(¢) = z, then ht(my(2)) = ().

We now prove a short technical lemma which will allow us to give an equivalent

characterisation of Z;, which in turn facilitates the proof that £; and Ej are
coherent for a # 5.

Lemma 7.4. Lete € SNE. Suppose y” (uf, D) € ¢° and q = (A%, B9,t9, f9) € K,
are such that

e p? is a successor ordinal,
® 7)e, Ry S SUP(aq)y
e B1C D.
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Then there is a lower part y' such that
oy (u5,B7) <y (v',D),
oy (v, B7) € ¢°,
e ¢ is harmonious with A? past 1.

Proof. Let jo < A be the largest ordinal such that x,, < max(a?). For all j with
Jo < j < A we have that u; € |J,_, A5 and k,,; > max(af), so that u; € B

Appealing to the second part of Lemma [B.17] and to Lemma [3.26] we may now
extend ¥y~ (uf, D) to a condition ¥ (uf, B?) € ¢° by first adding in (as necessary)
the pair ((n.),0) and a pair with first entry w,,, then shrinking D to B?. Note that
Ky = max({7e, fy, Ku,, }) < max(a?).

Appealing to Lemma .29 there is y’ directly extending g in Ry such that y’
conforms with ¢¢, and 3’ is harmonious with A? past 7.. A7

Proposition 7.5. For eache € SNE, a < x~ and z, 2’ € rge(fS,) we have z EF 2’
if and only if there exist a condition q € K. and a lower part y harmonious with A4
past ne such that ¢ and y~ (uf, BY) witness that z Ef 2/, i.e., letting ¢ = ht(mo(2))
and ¢’ = ht(mo(2')), such that

e actem, ¢, (e dy, f(C) = 2 and f7e(C) = 2,

e y is harmonious with A? past 7.,

ey (u,BY) €y,

oy (uf, BY) g S ¢,

Proof. If q and y are as in the equivalent, then y™ (u®, BY) € ¢° and
y (B Ik [ B
so that ¢ €2 (.

For the converse direction, suppose that ¢ € ¢’. Choose a condition y™ (uf, D) €
g¢ such that y (uf, D) H—KM[SHHE] CEEC' and (7.) appears in y. By the choice of
7e, the sequence (7. ) and all subsequent sequences appearing in y are members of
Up<fi AZE

Choose a condition ¢ € K¢ such that 7., x, € a?, p? is a successor ordinal, and

B? C D. Appealing to Lemma [Z4] we find a condition 3’ (uf, BY) which is exactly
of the kind needed to form a witness (together with ¢) that z E° 2’ A7

Next we show that £y and Eg cohere for a # S.

Lemma 7.6. Letc € SNE, a # B and z and 2’ € 1ge(f;,) Nrge(f3). Then z E; 2’
if and only if 2 E5 2.

Proof. Choose r € K, and y a lower part witnessing the equivalent conditions listed
in Proposition that z E£F 2’. Choose p < r such that p € K., pP is a successor
ordinal, and p contains enough information to verify that z, 2’ € rge(f%), that is to
say, that 8 € 9=, (, (" € d", f5"*(¢) = z and fF"*({') = 2"

We now recall the notion of p*-weakening from Definition LT9 Let ¢ be the
p"-weakening of p, and note that by definition A9 = AP [ p" = A" and a? = a". It
follows from Lemma and Corollary 4.2]] that p < ¢ < r, in particular ¢ € K,
and B? C B".

We claim that y and B? will serve as witnesses that z Es Z', that is, that
y (uf, BY) € ¢° and that y~ (u®, BY) Ik CEEC/.
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By Lemma B.26] to check that y™ (uf, BY) € g° we must show that y conforms
with g¢ and u € B? for all u appearing on the generic sequence with x, < x,. Since
y~ (uf, B") € g¢, we see that the lower part y conforms with g¢ and also that v € B"
for all u appearing on the generic sequence with x, < x,. Fix such a sequence u.
Since r is a condition and u € B" it follows that ssup(a?) = ssup(a”) < k,. By the
choice of 7. and y, we have u € [J{A}*|p < £}, and since ¢ € K. we have that
u € BY.

Since B? C B", we see that ¥~ (uf, BY) is a refinement of y~ (uf, B"), and in
particular y~ " (u¢, BY) I+ CEZC’ Since A? = A" and q is a condition, it follows from
clause (5) in Definition F5] that v (u¢, BY) I+ CEEC’. AT

Definition 7.7. Working in the model V[G][H¢|[g*], we define for each ¢ € SN ¢
a relation ¢ on the set (J{{ba [ (| < KT} xKk|a<x } by

2EZ +—Fda<x 2ES .
Proposition 7.8. V[G][H¢][g*] = EF is of size kT and is universal for {€5, | a<x™}.

Proof. E° has size k™ by the choice of {b, |a < x™}, as for @ < x~ and { < xT
we have that b, [ ¢ € T, where 7T is the x*-Kurepa tree added by Q.

The universality follows from the definitions of &%, E; and E°, and Lemma
[C.8 which ensures that each f, is an embedding of €, into E*: for Definition [T3]
ensures that each ¢ is an embedding of € into £ C £°, and Lemma [0l ensures
the compatibility of these embeddings. A3

Proposition 7.9. In V[G][H¢][g*] suppose E (€ V[G][H¢]lg*]) is cofinal in SNE
and for all e € Z we have that { ES | < x™ } is a list of canonical names for all
graphs on kt. Then {E°|e € E} is a universal family in the collection of graphs

on kt.

Proof. Let € be a graph on T in V[G][He][g*] and let E be a canonical I Pg * R,
name such that € = F¢*He*9" Since F is a canonical name it has size at most ./<;+,
and hence, since cf(£) > £, there is some ¢ € Z such that E is an L * P, * Rye-

name and hence ¢ = EG*H<*¢" By Proposition [Z.8 we thus have that ¢ embeds
into ‘E°. AT
Theorem 7.10. Suppose k is a supercompact cardinal, A < k is a regular cardinal
and © is a cardinal with cf(©) > k*+ and kT2 < ©. There is a forcing extension
in which cofinally many cardinals below k, k itself and all cardinals greater than k
are preserved, cf(k) = A, 2F = 25" = © and there is a universal family of graphs
on kT of size kTT.

Proof. Let x = ©T. As mentioned in the first paragraph of §6, it is standard that
if k is supercompact there is a forcing extension in which x remains supercompact
and GCH and <, (SX,) hold. Now force with L * P¢ * R, and work in V[G][H¢][g*].
Cofinally many cardinals below &, k itself and all cardinals above k are preserved
from V to V[G] and the remaining factors preserve all cardinals. The final factor
Radin forcing makes A the cofinality of the previously regular (indeed supercom-
pact) cardinal k. The second factor of the forcing makes 2% = 25" = © and the
final Radin factor does not increase these values as it has size 2. By Proposition
{E? | e € E} is a universal family in the collection of graphs on k™ and has size

=E=xTt. AT
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