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PRESERVING OLD ([w]¥,2*) IS PROPER

SAHARON SHELAH

ABSTRACT. We give some sufficient and necessary conditions on a forcing no-
tion Q for preserving the forcing notion ([w]X0, D*) being proper. They cover
many reasonable forcing notions.

1. INTRODUCTION

We investigate the question “Prj (Q,R)”, which means that the proper forcing
Q preserves that the (old) R is proper for various R’s. In what follows, B C* A
means |B\4| < Xy, and A DO* B means the same.

Recall:

Definition 1.1. properness:

(a) Assume that N < (J(x), €),P € N is a forcing notion and g € P. We say
that ¢ is (IV, P)-generic iff, for every dense D C P, if D € N then DN N is

pre-dense above q.

(b) A forcing notion P is proper iff, for every sufficiently large regular x and
every countable N < (J(x),€), if p,P € N then there is a condition
q € P,q > p such that ¢ is (N, P)-generic.

Gitman proved that Prf (Q, P (w)v]) (see definition below, where, P g (,,v) is the
forcing notion ({4 € V: A Cw, |A] = X}, O*), when, Q is adding Cohen reals (or
just Cohen subsets even > 2% many). But no other examples were known even
Sacks forcing. Also for e.g. V = “V = L”, we did not know a forcing making it
not proper.
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We thank Victoria Gitman for asking us the question and Otmar Spinas and
Haim Horowitz for comments and Shimoni Garti for many more.
Let us state the problem and relatives. We are interested mainly in the case Q

is proper.

Definition 1.2. 1) Let Pr;(Q,P) means: Q,P are forcing notions and I-g “P, i.e.
PV is a proper forcing”.

1A) Let Pr{(Q,P) be defined similarly but adding “Q is proper”.

2) For &/ C 2 (w) let P, be o7\ [w]<N ordered by D*, inverse almost inclusion.
3) Let o, = #,[V] = ([w]?)V.

Observation 1.3. A necessary condition for Pri(Q,P) is:

(x)1 if x is regular and large enough, N < (H(x),€) is countable, Q,P €
N,q1 € Q is (N,Q)-generic and r1 € N NP then, we can find (g2, r2) such
that:

©  (a) q1 <g @
(b) r1 <pro
(¢) g2 Ik “rq is (N[Gql,P)-generic”.

Definition 1.4. 1) We define Pr™ (Q,P) = Pro(Q,P) as the necessary condition
from 1.3.

2) Let Pr3(Q,P) mean that Q,P are forcing notions and for some A and stationary
S C [A]® from V we have IFg “P is S-proper”, and note that S remains stationary
of course.

3) Pr4(Q,P) is defined similarly but S € V@, still S C ([A\]¥)V, so S is actually 9,
a Q-name.

4) Pr5(Q,P) is the statement (A) of 1.5(4) below.

5) Let Pr?‘ (Q,P) means Pry(Q,P) and Q is a proper forcing, for £ = 2, 3,4, 5.

Claim 1.5. 1) Pry(Q,P) means that for A large enough, letting S = ([\]})V, we
have IFg “P is S-proper”.

2) Pr1(Q,P) = Pry(Q,P) = Pr3(Q,P); similarly for Pr.

3) Also Pr3(Q,P) = Pry(Q,P) = Pr5(Q,P); similarly for Pr.

4) If Q,P are forcing notions, x large enough and regular, then, (A) < (B) where

(A) for some countable N < (€ (x), €) and for some q € Q,p € P we have
(a) q is (N,Q)-generic
(b) qlFq “p is (N[Ggl,P)-generic”
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(B) for some g, € Q,p. € P we have Pry(Qxq.,P>p.).
Proof. Easy. |
Notation 1.6. <} denotes a well ordering of 7 (x).
Recall (Balcar-Pelant-Simon [2], or see, e.g. Blass [1])

Definition 1.7. § is the following cardinal invariant, it is the minimal cardinality
X (necessarily regular) such that forcing with P, adds a new sequence of ordinals

of length .

Notation 1.8. If .7 is a tree, then sucy(p) is the set of immediate successors of

p € 7 in the tree order.

2. PROPERNESS OF P, v AND CH

Claim 2.1. Assume Vo = CH, V; D Vg, e.g. Vi = V2 and let o = o/,[V).

(a) IfRY° is a countable ordinal in V1, then Vi = “P, is proper”.
(b) If XY° = XY and V; = “(“2)Vo is non-meagre”, then Vi = “Py is

proper”.

In both cases, if V1 is a generic extension of Vi by the forcing notion Q then it
means that Pr1(Q, P ) holds.

Proof. Assume that Vi D V.

If Vi = “NY° is countable” then recalling Vo = CH clearly V| | “o is
countable” so we know that P, is proper in Vi, thus proving clause (a). So from
now on we assume R)° is not collapsed.

In Vj let & = “1>(w;) and choose a subset &’ C & such that &/’ is C*-dense in
o/ and (&', D*) is tree-isomorphic to 7. Let 7 be the isomorphism between these
trees!. Notice that all this is done in Vy (recalling that Vo = CH). In V| there
is a sequence 7 = (7, : a < w;) which is C-increasing continuous with union 7
and each .7, countable. Also there is C' = (Cs : § < wy,d is a limit ordinal) € Vg
such that Cs C § = sup(Cs), otp(Cs) = w. Let T/ = T5[{n € 5 : Lg(n) € Cs}.

Lthis is trivial as Vo = CH, however always there is a dense tree with § levels by the celebrated
theorem of Balcar-Pelant-Simon
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In V; choose a sufficiently large regular cardinal y, and let N < (J(x), €) be
countable such that o/, 7,7 € N and let 6 = wy, N N, clearly Z NN = J5. We

have to prove the statement:
(¥)g “for every p € Poy N N there is ¢ € P above p which is (N, Py )-generic”.

As Vo = CH and the density of &’ in & and (&', 2*) being isomorphic in V by
7 to 7 this is equivalent (in V7, of course) to:
(x); for every v € I NN = Js there is n € J which is (N, 9 )-generic and
v =g
In Vo we let S = (S5 : < w; a limit ordinal) where S5 = {7 : 7 = (v, : n < w) is
< g-increasing, v, € .75, moreover £g(vy,) is the n-th member of Cs}.
As (Vv € F5)3p)(v <z p € FY), and [ € S5 = there is a <g-upper bound

p € T of v, in Vg, of course] recalling J5,Ss € Vy clearly (x); is equivalent (in

V1, of course) to

(x)2 for every v € J{ thereis & € S5 such that v € Rang(7) and 7 induce a sub-
set of J5 generic over N (i.e. (VA)[A € N is a dense open subset of .7 =
An{v, :n<w} #0].

Now a sufficient condition for (x)s is
(x)3 Ss, as a set of w-branches of the tree 7, is non-meagre.

But in Vy, .7y and “Zw are isomorphic and Ss is the set of all w-branches of 7},

so by an assumption from part (b), (x)3 holds so we are done. d

Discussion 2.2. However, there can be & C &?(w) such that (&, C*) is a variation

of Souslin tree.
Claim 2.3. 1) We have Pr1(Q, Py, [v)) when,:
(a) N9 =y
(b) kg “IA| = Ny where A = (280)V”
(¢) moreover letting (u; : i < Ry) be a Q-name of a C-increasing continuous

sequence of countable subsets of A with union X, the Q-name S = {i : u; €
V} is forced to contain a club (of Ny)

(d) forcing with Q preserves “(“2)V is non-meagre”.
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2) Assume the forcing notion Q satisfies (a) + (d), Pra(Q, Py, v)) as witnessed by
S and Q is proper and S is forced to be stationary.

Then, the forcing notion QxLevy(Ry, (|Q[*)V)«Qg preserves ‘P, (v is proper”
where Qg is the (well known) shooting of a club through the stationary subsets of
w1 (to make clause (¢) hold).

Proof. Like 2.1. 0

In what follows we prove that many forcing notions destroy properness. We need

a preliminary concept.

Definition 2.4. For A > k we say that a forcing notion Q is (A, k)-newly proper

(omitting kK means k = Xy and we define (A, < x)-newly proper similarly) when: if

N = ((Ny,vy) : n € ¥ \) satisfies ® below and Q € No, and p € Q N N then,
we can find ¢, 7 such that X below holds where:

® for some cardinal x > A
(a) Ny < (H#(x),€,<}) is countable
(b) if v <n then N, < N,
(€) Ny NNy, = Ny, if & = Ro and N ANE = N&
N =U{v e Ny : Jv] <k}
(d) vy € Ny\ U{NS,,, : m < Lg(n)} hence v, ¢ U{N, : =(n < v) and
v EYIA}

vy € 9N and £ < Lg(n) = vy <y

generally where

qlFg “U{Nyin[Gql : n <w}NV =U{Nyp, : n < w}”
qlkg “n € “Xis new, i.e. n & (“A)V7
(¢)™ moreover if Kk > Vg and 7 € V is a sub-tree of ¥~ \ of cardinality < &

then n ¢ lim(7), i.e. {nln:n<w} ¢ 7.

Observation 2.5. If (N, : n € “Z\) satisfies clauses (a),(b),(c) of ® of Definition
2.4, then , the following conditions are equivalent:

o, there is (v, :m € “Z ) such that clauses (d),(e) of ® of Definition 2.4

o ifn € YA, then Ny N AL U{Nye: € < lg(n)}.

For a proper forcing notion adding a new real it is quite easy to be Nj-newly proper;

e.g.
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Claim 2.6. Assuming 2% > X\ = cf(\) > Ny, sufficient conditions for “Q is -
newly proper” are:

(a) Q is c.c.c. and adds a new real

(b) Q is Sacks forcing

(¢) Q is a tree-like creature forcing in the sense of Roslanowski-Shelah [7].
Proof. Easy; for clause (a) we use ¢ = p for B of the definition noting that: if

n € “Z A then p is (N, Q)-generic. For clauses (b),(c) we use fusion but in the n-th

step use members of N, NQ for n € "\, we get as many distinct n’s as we can. [
Theorem 2.7. We have lkg “Pyy, vy is not proper” when :

(a) V |=2% >Ry
(b) A is regular, Ro < X < 2% and® o < A = cf([a]®0,C) < X hence (by [6])
there is a stationary %, C [a]®° of cardinality < X
(c) h<A
(d) the forcing notion Q adds at least one real and is A-newly proper.
Proof. Let x be large enough and for transparency, x € ().

By Rubin-Shelah [5], see more [3, Ch.XI] in V there is a sequence (N, : n € “Z\)
such that:

Now for each n € “A let N,; = U{Ny : k < w}; we can easily add:
(e) there is # such that:
(o) # is a subtree of “> A

(8) () €
(7) if n € # then (F*a)(n (o) € #)
(0) ifn € lim(W) then n € “\ is increasing, and sup(N,,NA) = sup(Rang(n))

(e) we can choose v, € N, for v € # as in clauses (d),(e) of ® of 2.4.

2If A = Ry the rest of clause (b) follows.
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By Balcar-Pelant-Simon [2] there is .7 C [w]Y° such that

Os (a) (7,2%) is a tree with b levels (b is the cardinal invariant from 1.7, a
regular cardinal € [Ny, 2%0]); the tree 7 has a root and each node has

2% many immediate successors, i.e. .7 has splitting to 2%0)

(B) 7 is dense in ([w]™0,2%), i.e. in Py v = Py, vy recalling 1.2(2).
Choose h such that

B h = (hy : p € T) satisfies: h,, is a one-to-one function from sucg(p) onto

2%\ {hyo (1) : Po <7 p1 <7 p and p1 € sucz (po)}-
So without loss of generality
D4 y c N<>7h S N<> and B S N<>.

As Q is A-newly proper there are 7, ¢ as in X of Definition 2.4. Let G C Q be generic
over V such that ¢ € G, let n = n[G] and My := N,g) := U{Ny,[G] : n < w}, so
My < (A (x)VIG #(x)V, €) is countable, pedangically (|Ma|, #(x)V N |Ma|, €
[Ms]) < (2 00)VIGL ()Y, € 12200 VI9)).

By X of 2.4, i.e. the choice of n,q as ¢ € G we have My = M, N (x)V is
U{Nyn : n < w}, and of course M < (J(x),€). Toward contradiction assume
VIG] | “P,v) is proper”, hence some p, € Py vy is (M2, Py, v))-generic. But
T is dense in P, [v) so without loss of generality p. € 7 and p, is (M2, 7 )-generic.

Since h € N> and h < A, without loss of generality n € “”A\ = N, Nh =
Nos Nh. For any a < A let

Io={p € T : for some pyg € . we have p € sucz(po) and hy,(p) = o}

and letting .7, be the a-th level of .7 and let

I ={p € Py vy : p is above some member of 7, }.

Now clearly (in V and in V[G]):

()1

a) S, is a pre-dense subset of .7 (and of P, v1)
b

) #7F is dense open decreasing with «
¢) if p € Py, [v) then, for every large enough a < \,p ¢ .7

(
( o
(

(d) if p € Py, v) and o < A then, there is ¢ € .7, such that
Povi Ep<q"
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Also clearly the sequence (.7, : @ < ) belongs to Ny hence if a € A N Nyjq) then
o € Nyig) and the set {p € T N Nyg: p <7 ps and p € 7, } is not empty.

Now

()2 in V[G] the following functions ha, h, are well defined
(a) Dom(pe) = Dom(hs) = N> Nh
(b) he(7) is the unique p € Nyg N7 of level y which is <z p.
(c) if v < b then hi(y) = hyt1(he(y +1))

(x)3 faebhn NZ][G] then h.(a) € NU[G} Nh=N-nNh

also by the choice of h (and genericity) clearly
()4 Rang(h) is equal to u := (2%°) N Nyc)-
Lastly,
(¥)5 he € V.

[Why? As its domain, N.~Nh belongs to V and h,(7) is defined from (.7, h, v, p.) €
V and 7 is a tree.]

(*)6 (a) from u:= AN Nyq) we can define 7[G]
b wu= U{Nmn[(;] NA:n<wh.

[Why? By the choice of N.]
Together we get that 7[G] € V, contradiction. O

Claim 2.8. We have =Pri(Q, P, v]) when,

(a) 2% > X =cf(\) > K =h
(b) &< A= cf([o]5%,C) < A

(¢) Q is (\, k)-newly proper.
Proof. Similar to 2.7. O

Conclusion 2.9. Ifh < 2% and Q is a (h*, h)-newly proper then, =Pr1(Q, P, v1])-
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3. GENERAL SUFFICIENT CONDITIONS

Claim 3.1. Assume V = CH.
If Q is c.c.c. then, Pra(Q, Py (vy).

Remark 3.2. 1) This works replacing P, v by any Xi-complete P and strength-
ening the conclusions to Pry, see 3.3.
2) See Definition 1.4(1).

Proof. Let P =P, v). Clearly it suffices to prove:

() if r € P and IFg “# is a dense open subset of P” then , there is r’ such
that:

(a) 7 <pr’
(b) kg “r' € .7 C P

Why (%) holds? We try (all in V) to choose (r4, ) by induction on a < wy but

choosing ¢, together with r,41 such that:

® (a) ro=r
(b) 1o € Pis <p-increasing
(€) 6eQ
(d)  ga,qp are incompatible in Q for § < o
(€) galFq “ras1 €27

We cannot succeed in carrying the induction w; many steps because Q = c.c.c.
For oo = 0 no problem as only clause (a) is relevant.
For « limit - easy as P is Nj-complete (and the only relevant clause is (b)).
For a = 8+ 1, we first ask:

Question: Is (g, : v < ) a maximal antichain of Q7

If yes, then rg is as required in (x) on r'; why? if Gg C Q is generic over V to
which rg belongs, then for some v < 3, ¢y € Gg hence 741 € F[Gg] but #[Gg]
is a dense subset of P and is open and r.,11 <p rg so rg € Z[Gg).

If no, let ¢° € Q be incompatible with ¢, for every v < 3. Recalling Ikg “.¢ is
dense and open” the set Xg = {r € P: for some ¢,¢” <g g and ¢ IF “r € £7} is a

dense subset of [P hence there is a member of Xz above rg, let r, be such member.
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By ro € Xg, there is g, ¢® < ¢ such that ¢ I+ “r, € #”. So we choose gg as such g,
so we can carry the induction step.
As said above we cannot carry the induction for all @ < w; because then {q, :
o < w; } contradicts “Q satisfies the c.c.c.” So for some a we cannot continue, « is
neither 0 nor limit hence for some 5, = 8+ 1. So the answer to the question is
yes, hence we get the desired conclusion of (x). O
We can weaken the demand on the second forcing (above, it is Pz, v}).
Claim 3.3. If (A) then (B) where:
(A) (a) P,Q are forcing notions
(b) Q is c.c.c. moreover IFp “Q is c.c.c.”
(c) forcing with P adds no new w-sequences,® from A
(d) Q has cardinality < A
(B) (a) if P is proper in 'V then , Pro(Q,P)
(b) for every Q-name & of a dense open subset of P, the set ¢ is dense
and open in P where:

(x) F = Zyg is the set of 1 € P such that some q witnesses it, i.e.

witness it belongs to ¢ which means:
o §=1{(qn:a<ay) is a mazimal antichain of Q
o for each a < au, the set {r' € P: g, Ik “r" € £V} is an

open subset of P dense above r.

Proof. First, we prove clause (b); so fix .# and ¢ as there. Let (¢. : ¢ < k :=|Q|)
list Q.

For every r € P we define a sequence 7, of ordinals < x < X as follows:

®1 7-(a) is the minimal ordinal € < k such that (so £g(7,) = @ when there is

no such ¢):
(a) ¢ Ik “reg”
(b) if B < a then g., gy, (5) are incompatible in Q.
Now
®2 (a) n, is well defined
b) Lg(n,) < ws.

3if you assume P is proper, A = Rg the proof may be easier to read
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[Why? Obviously 7, is a well defined sequence of ordinals, i.e. clause (a) and clause
(b) holds because Q = c.c.c.]
Note

@3 if r1 <p ro then either n,, < n,, or for some a < £g(n,,) we have

777‘1 [CV = 777"2 ra

Ny (@) > 1y ().

[Why? Think about the definition.]
For s € P let 0, be N{ns, : s <p s1}, i.e. the longest common initial segment of

{ns, 5 <p s1}; clearly sy <p so = 1, 7., So

®4 n* = U{n; : s € Gp} is a P-name of a sequence of ordinals < « such that

(@i 11 < Lg(n*)) is a sequence of pairwise incompatible members of Q.

But by clause (A)(b) of the claim, forcing with P preserve “Q = c.c.c.”, so £g(n*)
is countable in V[Gp|]. By clause (A)(c) of the claim, forcing by P adds no new
w-sequences to k = |Q| (and Q is infinite) and V[Gp] has the same Ry as V| so

®5 1" is a sequence of countable length of ordinals < & so is old.
Hence

®¢ the following set is dense open in P

J ={r € P:r forces in P that n* = n, for some n; € V}

As for clause (a), let x, N, ¢1,71 be as in the assumption of (x); of 1.3, so P,Q € N.
We have to find ¢, 79 as there.

Let g2 = ¢1 and let o € P be (N, P)-generic and above rq, exists as P is a proper
forcing in V.

We shall show that (rq, ¢2) is as required, i.e. g2 IFg “re is (N[Gg], P)-generic”.
Let Gg € Q be generic over V such that ¢o € Gg and we should prove that
V[Gg] = “rq is (N[Gg],P)-generic”. So let .# € N[Gg] be a dense open subset of
P, and we should prove that V[Gg] E “# N N[Gg] is pre-dense above ry”.

It suffices to prove:

(%) if 7o <p r3 then r3 is compatible (in P) with some r € _# N N.
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So fix r3 € P; by the definition of N[Gg] there is a Q-name .# such that & =
F[Gq), for some £ € N; without loss of generality IFg “.# is a dense open subset
of P". Let # = # 4 = {r € P:r has an .#-witness ¢. = (¢}, : @ < a.)}, see
clause (B)(b) of the claim. Clearly # € N hence # N N is pre-dense in [P over
ro hence also over r3 hence there are r4,75 € P such that r3 <p 75,74 <p 75 and
r4 € NN _Z. By the definition of # there is an .#-witness ¢, = (¢}, : @ < ) for
ra € J.

But #,r4y € N hence without loss of generality G. € N and G, has countable
length, so {¢} : @ < a,} € N. As g, is a witness, necesarily it is a maximal
antichain of @ hence for some a < o, we have ¢} € Gg, as g, is a witness for
ry € fg, necessarily S = {r € P: ¢}, kg “r € .#7} is an open subset of P dense
above 74.

Clearly #; € N is an open subset of P, dense above r4 and ry <p 75 hence /1NN
is pre-dense above r5 hence there are rg <p r7 from P such that r4 € .41 " N and
r5 <pr7.

Clearly r¢ € #[Gg]NN and ¢ is compatible with 73 in P, so we are done proving
ro is (N[Gg),P)-generic.

So we are done. O

Remark 3.4. In 3.1, 3.3 we can replace “c.c.c.” by “strongly proper”.

But such Q preserves “(“2)V-non-meagre”.

Claim 3.5. 1) There is a proper forcing Q which forces ‘P, [V] as a forcing notion
is not proper”, (i.e. =Pr1(Q,P)).
2) Even (A) of 1.5(3) fails, i.e. =Pr5(Q, P, [V]).

Proof. We use the proof of [3, Ch.17,Sec.2] and see references there. We repeat in
short.

We use a finite iteration so let Pg be the trivial forcing notion, Pr11 = Py * Qg
for k < 3 and the Px-name Q is defined below.
Step A: Qo = Levy(Ry,2%0) so kg, “CH”.

Step B: Q; is Cohen forcing.

Step C: In VP2, Q, in the Levy collapse of 22" o Ny, ie. Q= Levy(Nh:lg)V[P?].
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Step D: Let .7 = ((1>) )Vl = ((1>),)VIFl be a tree, so we know that
lim,,, (7)Y = lim,, (Z)VP2! = lim,, (7)VI[Ps] hence has cardinality X; in Vs

and
(¥)1 in VF1 7 is isomorphic to a dense subset of P, 1] = P [po]-

So in V3 there is a list (n’ : & < w) of limy, (Z)VIP1] and let (n} [[y-, w1) : € < w1)
be pairwise disjoint end segments s0 7. < wi, (V- 1€ < wy) € VP and g1 < g5 <
w1 AP1 € [Ye,,w1) A Ba € [Ye,,w1) = 02, 71 # 12, [

Step E: In VF3 there is Qs, a c.c.c. forcing notion specializing .7 in the sense of
[4], i.e. there is h, € VP4 such that h, : 7 — w, h, is increasing in .7 except being
constant on each end segment 1% [[v.,w1) for e < wi, ie. p <z VAh(p) = hi(v) =

(3e)lp, v € {nkly v € [Ve,wi) }-
Now

X after forcing with Py = Qq * Q1 * Q2 * Q3, i.e. in VP4 the forcing notion

P, [v] is not proper, in fact it collapses N;.
Why? Recall (x); and note
(%)2 I ={pe€ T :(W)(p <z v — h.(v) #n} is dense open in 7
and trivially

(*)3 () = 0; in fact if G C F is generic, then,:

(A) G is a branch of 7 of order type w) let its name be (p, : v < w1)

(B) letting v, = Min{y < w; : py € F} we have k7 “{y, :n < w} is

unbounded in w;”.

O
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