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Abstract. This article continues our previous work [Int. J. Math. Math. Sci. 28
(2001), Arch. Math. Logic 52 (2013)]. We introduce a new property of (<\)-strategically
complete forcing notions which implies that their A-support iterations do not collapse AT.

1. Introduction. While there are still a lot of open problems left in
the theory of forcing iterated with finite and/or countable supports and
we still need to expand our preservation theorems, there is a feeling that
we understand these iterations pretty well. Therefore it is natural to look at
iterations with uncountable supports and ask for parallel theorems. The first
attempt could be to do nothing special and just repeat what has been done
for CS iterations. We could start in the way suggested already in Shelah [21]
(but not used there).

DEFINITION 1.1. Let A = A<*. A notion of forcing IP is said to be A-proper
in the standard sense (or just A-proper) if for all sufficiently large regular
cardinals x, there is some x € H(x) such that whenever M is an elementary
submodel of H(y) satisfying

M|=X, PaxeM, M>*CM,
and p is an element of M NP, then there is a condition ¢ > p such that
qIF“M[Gp]NOrd = M NOrd”.

The A-properness may seem to be a straightforward generalization of
“proper”, with the right consequences in place. For instance:
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THEOREM 1.2 (Folklore; cf. Hyttinen and Rautila [8, Section 3]). Assume
A<M = X\ is an uncountable cardinal.

(1) If a forcing notion P is either strategically (<\)-complete or it satisfies
the AT -chain condition, then P is A-proper.

(2) If P is A-proper, p € P, A is a P-name for a set of ordinals and p I+
“|A| < X7, then there are a condition g € P stronger than p and a set B
of size X such that gl “A C B”.

(3) If P is A-proper, then

lFp “(AT)Y is a regular cardinal ”.

Moreover, if P is also strategically (<\)-complete, then the forcing with
P preserves stationary subsets of \T.

Also chain condition results look similarly:

THEOREM 1.3 (Folklore; cf. Eisworth [3, Proposition 3.1] and Abra-
ham [T, Theorems 2.10, 2.12]). Assume A<* = X, 2* = A*, and let P =
(P3, Qi i < XTT) be a A-support iteration such that

(a) P; is A-proper for i < X\t and
(b) e, “IQi < A+

Then

(1) Py++ satisfies the \T T -chain condition, and
(2) for each i < AT we have IFp, “2* = AT 7

Proof. Abraham [1, Theorem 2.10, Theorem 2.12| gives the full proof of
the theorem for CS iterations. Eisworth [3, Proposition 3.1] presents a careful
justification of [I.3|(1). Let us sketch arguments justifying [1.3|2).

To argue that IFp, “ 2% = A\T” suppose towards a contradiction that
peP;, i< ATt and plrp, “z: AT — *2is one-to-one”. For each £ < A*™
fix a model M¢ < H(x) such that

:f,ﬂi’,i,p,gceMg, ‘M§|:)\ and <>\M5§M£.
Applying a “cleaning procedure” as in [3|, proof of Proposition 3.1] we may

choose a set I C ATT of size AT1, a set H C A™" and mappings m¢ ¢ (for
&, ¢ € I satistying £ < () such that:

(a) mee @ Me onto, M¢ is an e-isomorphism, ¢ (&) = ¢, mec(z) = =,
Tec(p) = P,

(b) MgﬂMcﬂ)\'H_:H,Mgﬂ)\—’—:Mgﬂ)\—i_:Hﬁ)\—"_,

(¢) H Cmin(MeNATT\ H) and M N AT C min(M N AT\ H), and

(d) iEH,?T&g[H:idH,)\gH.

The following claim will immediately complete the proof.
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Cram 1.3.1. If r € P is (Mg, P;)-generic and r > p and § < ¢ are
from I, then rlFp, “2(§) = z(¢) .

Proof of the Claim. Suppose towards a contradiction that r* > r, r* I

2(€) # x(¢). Take r™ > r* and £ < 2, a < X such that
P IF 2()(a) = £ and 2(Q) (@) = 1— 07,

The condition r* is (M, P;)-generic, so there is s € Mg NP; such that
s lkp, “z(€)(a) = €7 and r*,s are compatible, say ¢ > r*,s. Then ¢ is
(M¢,P;)-generic, so by [3, Claim 3.4] we also have ¢ > m¢ ¢(s). But m¢ ¢(s) IF
“ e (@) (me ¢ (€)) (me g (@) = €7, 50 mee(s) I z(()(@) = £7. Hence ¢ I
“z(&)(a) = z(¢)(a)”, contradicting the choice of r* and ¢ > r*. =

This completes the proof of Theorem 1.3. =

What is missing? The main point of properness is the preservation the-
orem for CS iterations. If one tries to repeat the proof of the preservation
theorem for A-support iterations of A-proper forcing notions, then one faces
difficulties at limit stages of cofinality less than A caused by the fact that
it is inconvenient to diagonalize A objects in fewer than A steps. This is a
more serious obstacle than just a technicality. Let us consider the following
forcing notion.

EXAMPLE 1.4 (Shelah [22, Appendix]). Assume that A = A<} is an
uncountable cardinal and let 8/)\‘+ = {§ < AT : cf(§) = A\}. Suppose that a
sequence (Ag, hs : d € Si‘+> is such that for each ¢ € S/)\‘+:

(a) As €9, otp(As) = X and Ay is a club of 4, and

(b) h5 : A5 — 2.

The forcing notion Q* = Q*((As, hs : d € S§‘+>) is defined as follows:

a condition in Q* is a tuple p = (uP,vP, €P, hP) such that

(a) w? € AT 0P € S Nwp,

(b) e = (e} : § € vP), where each €f is a closed bounded non-empty subset

of A, and e C u?,

(c) if 0 € vP, then max(e}) = sup(u? N4) > sup(v? N 6),

(d) hP:uP — 2 is such that for each 6 € vP we have h?[e; C hs.

The order < of Q¥ is such that p < ¢ if and only if u? C u?, h? C hY,
vP C 09, and for each 6 € v” the set e} is an end-extension of €f.

Plainly, under the assumptions of the following holds true.

OBSERVATION 1.5. The forcing notion Q* is (<\)-complete and |Q*| = A*.
It satisfies the At -chain condition, so it is also A-proper.

If A = A<} is not inaccessible, 2" = ATT and 2* = A, then some
A-support iterations of forcing notions like Q* are not A-proper, as a matter
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of fact this bad effect happens quite often. The problem comes from the fact
that if A-support iterations of forcings of type Q* were A-proper, we could
use Theorem [1.3|and a suitable bookkeeping device to build a forcing notion
which forces “A = A<* is not inaccessible and uniformization for continuous
ladder systems holds true”. However, this is not possible:

THEOREM 1.6 (Shelah [22], [23, Appendix, Theorem 3.6(2)|). Assume
0 < X =cf(N), 20 = 2<* = \. Furthermore suppose that for each § € S/)\‘Jr we

have a club As of §. Then we can find a sequence (ds : 6 € S§+> of colorings
such that

o dg:Ag—)Q, and
o for any h : A\t — {0,1} for stationarily many 6 € 5§+, the set {i € Ay :
ds(i) # h(i)} is stationary in As.

An explicit example of iteration of A-proper forcings with limit collapsing
AT is given in [14].

Many positive results concerning non-collapsing cardinals in iterations
with uncountable supports have already been presented in the literature.
For instance, Kanamori [I0] considered iterations of A-Sacks forcing notion
(similar to the forcing Q%¥; see Definition and Remark ' and he
proved that under some circumstances these iterations preserve A\™. Several
conditions ensuring that AT is not collapsed in A-support iterations were in-
troduced in Shelah [24] 25]. Fusion properties of iterations of tree-like forcing
notions were used in Friedman and Zdomskyy [5] and Friedman, Honzik and
Zdomskyy [].

Numerous strong versions of A-properness were studied by the present
authors in a series of articles [15H20]. Each of those conditions was meant to
be applicable to some natural forcing notions adding a new member of *\
without adding new elements of <*X. In some sense, they explained why the
relevant forcings can be iterated (without collapsing cardinals).

Also Eisworth [3] gave another (simpler) relative of the preservation the-
orem of [I5].

The properties introduced in [I5] and subsequent works were typically
applicable to either very bounding forcing notions or forcings with trees with
splittings on a stationary co-stationary set of levels. While those properties
were quite general, we had problems in including the forcing notion Q%\ (see
below) in that framework. In [20] we managed to formulate a suitable
property and show a relevant iteration theorem covering the forcing notions
we were interested in (including Qi) in the case when A is strongly inac-
cessible. Here we present a framework covering those forcings, including our
“last forcing standing”, under a very mild demand on A: it shoud admit dia-
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monds D In a sense, we generalize (and correct, see Remark |3.7) the prop-
erty considered in [I5]. Our property, the purely sequential properness over
semi-diamonds, is also close to the fuzzy properness over quasi—-diamonds of
[17, Definition A.3.6].

Notation and terminology. Our notation is rather standard and com-

patible with that of classical textbooks (like Jech [9]). However, in forcing
we keep the convention that a stronger condition is the larger one.

(1)

Ordinal numbers will be denoted be the lower case initial letters of the
Greek alphabet «, 8,7, d,e and ¢, and also by &, 4,7 (with possible sub-
and superscripts).

Cardinal numbers will be called «, A\; A will always be assumed to be
a regular uncountable cardinal such that A< = \.

Also, x will denote a sufficiently large regular cardinal; H(y) is the
family of all sets hereditarily of size less than y. Moreover, we fix a well
ordering <} of H(x).

We will consider several games of two players. One player will be called
Generic or Complete, and we will refer to this player as “she”. Her opponent
will be called Antigeneric or Incomplete and will be referred to as “he”.
For a forcing notion P, all P-names for objects in the extension via P
will be denoted with a tilde below (e.g., 7, X), and Gp will stand for the
canonical P-name for the generic filter in P. The weakest element of P
will be denoted by p (and we will always assume that there is one, and
that there is no other condition equivalent to it).

By A-support iterations we mean iterations in which domains of con-

ditions are of size < A. However, we will pretend that conditions in a
A-support iteration Q = (P¢, Q¢ = ¢ < ¢*) are total functions on ¢* and
for p € lim(Q) and o € ¢* \ dom(p) we will stipulate p(a) = g, .
A filter on \ is a non-empty family of subsets of A closed under supersets
and intersections and not containing 0. A filter is (<k)-complete if it is
closed under intersections of <x members. (Note: we do allow principal
filters or even {A}.)

For a filter D on A, the family of all D-positive subsets of A is

called D*. (So A € DT if and only if A C X\ and AN B # 0 for all
B € D.) By a normal filter on A we mean a proper uniform filter closed
under diagonal intersections.
By a sequence we mean a function whose domain is a set of ordinals. For
two sequences 7, v we write v < 7 whenever v is a proper initial segment
of n, and v < n when either v <1 n or v = 7. The length of a sequence n
is the order type of its domain and it is denoted by lh(n).

(*) This should explain the title of this paper.
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The set of all sequences with domain « and with values in A is denoted
by “A and we put <*A = J;_,, BA.
A tree is a <-downward closed set of sequences. A complete A-tree is a
tree T C <*X such that every <-chain of size less than \ has a <-bound
in T" and for each n € T there is v € T such that n < v.

Let T C <*X be a tree. For n € T we define

sucer(n) ={a<A:na)eT}, T)y={veT:v<norndv}.

We also let root(7") be the shortest n € T' such that |succr(n)| > 1 and
limy(T) = {n € *\: (Va < N)(nla € T)}.

2. Preliminaries

2.1. Iterations of strategically complete forcing notions
DEFINITION 2.1. Let PP be a forcing notion.

For an ordinal «, let O (IP) be the following game of two players, Com-
plete and Incomplete: the game lasts at most a moves and during a play
the players attempt to construct a sequence ((p;,¢;) : @ < «) of pairs of
conditions from P in such a way that

(Vj <i<a)(pj < g5 <pi)
and at stage ¢ < « of the game, first Incomplete chooses p; and then
Complete chooses ¢;. Complete wins if and only if for every ¢ < « there
are legal moves for both players.
A winning strategy st of Complete in O§(P) is regular if it instructs
Complete to play (p as long as Incomplete plays (p.
The forcing notion P is strategically (<\)-complete (strategically (<\)-
complete, respectively) if Complete has a winning strategy in the game
O} (P) (D91 (P), respectively). Note that then Complete also has a reg-
ular winning strategy.
Let a model N < (H(x), €, <}) be such that <*N C N, |[N| = X and
P € N. We say that a condition p € P is (N, P)-generic in the standard
sense (or just (N,P)-generic) if for every P-name 7 € N for an ordinal
we have plF “7 € N 7.

For the rest of this subsection we assume that:

e Q = (P;,Q¢ : ¢ < (*) is a A-support iteration of strategically (<A)-
complete forcing notions,

o for £ < (¥, sj? is the <}-first Pe-name for a regular winning strategy of
Complete in O} (Q¢), and

e a model N <(H(x), €, <}) is such that |[N|= A, SANCN and Q,... € N.

OBSERVATION 2.2. P¢- is strategically (<\)-complete.



Sh:1001

The last forcing standing with diamonds 115

OBSERVATION 2.3. Suppose that ¢ € (C*+1)NN, (ga : o < ) C NNP,
§ < A, 1 € Peois (N,P¢)-generic and qg < r for all B < 6. Then there
are conditions ¢ € N NP and r™ € P¢ such that ¢ < r*, r < r* and
(VB <d)(as < q).

LEMMA 2.4. Suppose that ¢ € (C*+1)NN s a limit ordinal of cofinality
cf(¢) < A and r € P¢ is such that

(Ve € (N N)(rle is (N,P.)-generic).
Assume that conditions g, € N NP¢ (for a < § < ) satisfy

(a) ifa< B <0, then go < qg <7, and
(b) ife e NN(, s € P. and (Va < §)(qale < s), then

slp, “the sequence (qa(€) : a0 < &) has an upper bound in Q. .

Then there are conditions ¢ € N NP¢ and rt e P¢ such that g < rt,r <rt
and (V8 < 8)(qs < q).

Proof. The arguments here are similar to those for [15, Proposition 3.3|,
except that our iterands are strategically (<\)-complete only (and not nec-
essarily (<\)-complete). This introduces some additional complexity.

Let (iy : v < cf(¢)) € NN be a strictly increasing continuous sequence
cofinal in ¢ with ip = 0. By induction on vy < cf(¢) we choose 7, 7, and 77
such that

(i) r; € Py, NN is above (in P; ) of all ggliy for B <,
) Ty € Py <my <rfand rlig <7y,

ii) if v < e <cf(C), then r; <rz, 7% <re, and

) for each € < ¢ and v < cf(¢) we have

rylel “(ra(e),r5(e) : @ < ) is a legal partial play of 03 (Q:)
in which Complete uses her regular winning strategy st?”.

So, at stage y+1 of the construction we apply Observation[2.3|to the sequence
(r;7gplliy,iys1) : B < 6) € NNP; ., and the (N,P; ,,)-generic condition

*

757 [[iy, iy+1). This will give us conditions ., € NNP;_ ,, andryqq € P
so that the demands (i)-(iii) are satisfied. Then > ., € P; ,,
according to demand (iv), remembering that the st? are P.-names for regular
winning strategies. Next, if v is limit then we first pick »* € P;  that is
stronger than all 7}, for o < v (exists by (iv)). This 7’ is (NV,P;, )-generic,
stronger than all r, for o < v and stronger than all gg[i, for 8 < d. So we
may use Observation to find rJ and r, > r’ as needed for (i)-(iii) and
then pick 77 to fulfill (iv).

Let rt € P¢ be an upper bound of (r., : v < ¢f(¢)) (remember clause (iv)
above); then also 7 < r*. Now we are going to define a condition ¢ € P, NN

Gy+1
is chosen
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We let
dom(q) = U{dom(ﬂ;+1) N iy iyt1) 2y < cf(O)},

and for € € dom(q), iy < & < iyq1, We let g(e) be the <}-first P.-name for
the following object in V[Gp,].

(A) If r;H(s) [Gp,] is an upper bound on {gs(¢)[Gp.] : B < d} in Q:[Gp,],
then q(&)[Ge.] = 7., () (G .

(B) If not (A) but {gs(e)[Gp.] : B < 0} has an upper bound in Q.[Gp,],
then ¢(g)[Gp,] is such a bound.

(C) If neither (A) nor (B), then ¢(¢)[Gp.] = qo(¢)[Gp.].

It should be clear that ¢ € P N N. Now,
o g<rT.

Why? By induction on ¢ € ( N N we show that gle < r™|e. The steps
“e = 0” and “¢ is limit” are clear, so suppose that we have proved qle < r e,
by <€ < lyq1 (and we are interested in restrictions to & 4+ 1). Assume that
Gp. C P, is a generic filter over V such that r*Je € Gp_. Since ggliy41 <
Tog1 S Ty1 < r, we also have ggle € Gp_ (for § < §) and role € Gp,.
(¢)[Gp,] is an upper bound of {gz(¢)[Gp.] : 5 < §}. Therefore

q(e)[Gr.] = 7511 (e)[Gr.] < ry11(e)[Gr.] < 7 (e)[Gr.]

(see (A) above), and we are done.
The proof of the lemma will be finished once we show that

o (VB <6)(gs < q)

Why does this hold? By induction on € € (NN we show that ggle < ge for
all 8 < §. The steps “e = 0” and “¢ is limit” are as usual clear, so suppose that
we have proved ggle < qle for f < 6, i, < e <iy41 (and we are interested
in restrictions to € + 1). Assume that Gp, C P, is a generic filter over V
such that gfe € Gp_. Then, by the inductive hypothesis and the assumption
(b) of the lemma, we know that the sequence (gg(e)[Gp.] : B < §) has an
upper bound in Q¢[Gp,]. Therefore, by (A)+(B), q(e)[Gp.| > qs(e)[Gp.] for
all 5 < §, and we are done.

Hence Tt

LEMMA 2.5. Suppose that ( € ((* +1) NN and conditions r € P¢ and
Parda € Pe NN (for o < 6 < \) satisfy

(i) Pa <ga<pg<qgg<r forala<f<od,
(ii) for each £ € (NN and B < 0 we have

qsl€ IFp, “ Pa(€),qa(8) : a < B) is a legal partial play of DS(@g)

in which Complete uses her reqular winning strategy sth 7
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(iii) esther
() 7 is (N,P¢)-generic, or
(B) € is a limit ordinal of cofinality cf({) < A and for each £ € (NN
the condition r[€ is (N, P¢)-generic.

Let T € N be an open dense subset of Pe and p— € NNP¢, p~ < r. Then
there are conditions p',q' € Pc NN and v’ € P¢ such that

(a) r <1 and g <p < ¢ <1 foralla <9, and
(b) for each & € (NN we have
¢ 1€ ke, “(pa(§), qa(§) : a<8)(P'(€),¢'(€)) is a partial play of O5(Qe)

in which Complete uses her reqular winning strategy s~tg g

(¢) under the assumption of (iii)(«), also p' € T,
(d) under the assumption of (iii)(B), if ¢go < p~ for all o < 0, then we may
still require that p— < p'.

Proof. Under the assumption of (iii)(«), the conclusion of the lemma
should be clear (including clause (c)).

So suppose we are in the case described in (iii)(3) and let (i, : v < cf(())
C NN be an increasing continuous sequence cofinal in (, with ig = 0. First,
assume that the condition p~ € N NP, satisfies g, < p~ < 7 for all a < 9.
By induction on v < ¢f(¢) we will pick conditions p?,¢",77, s so that

(*)1 p” qWGNﬂIP’Z 17,87 € Py,
()2 <p’'<q, T[17<T7<57 and ¢7 <17,
(*)3 (fY <p7 i, and sV < ryliy for ' <7, and
(%)

x)y if iy <& <iyqr and v < y* < cf((), then

1€ Ik, “the sequence (pa(€), ga(€): a < 8) (7 (€),¢7 (&) : v < <)
is a legal partial play of O} (Q¢) in which
Complete uses her regular winning strategy st?”,

and

sT1E kg, “ (17 (€),87(€) : v/ < ) is a legal partial play of O3(Q)

in which Complete uses her regular winning strategy stg ”

When we arrive at stage v < cf(¢) of the construction, after having deter-
mined p?', ¢, 77", s7 for 4/ < v, we first pick a condition * € IP;, stronger
than all s for 4/ < ~ and such that rliy < r*. [There is such an r* by
the second part of the demand (x)4 at previous stages.] Then the condition

*is (IV, P, )-generic so we may use arguments as for the first part of the
lemma (case (iii)(«)) to pick p7,¢” and s7 > r? > r* so that the demands
in (x)1—(*)4 are satisfied.
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After the construction is carried out we define p’ € IP¢ so that dom(p')
/

U, <) dom(q?) and if § € dom(p'), iy < § <iiyqr, v < cf((), then p/(€) is
the <}-first P¢-name such that the condition p' [ forces (in P¢) that

4f p(€) < p7FH(E) then p(§) = p?T(€), otherwise p'(€) = p (€)”.
Then p’ € N is a condition stronger than p~ (and so also stronger than all
o for a < §). Let ¢/ € P NN be such that dom(q’) = dom(p’) and for each
¢ € dom(q') we have

q' 1€ IFp, “(palf), qal§) : a < 8)(p'(£), ¢ (€)) is a partial play of DS(@g)

in which Complete uses her regular winning strategy s~t2 7,

Plainly, p’ < ¢'. Let 7' € P¢ be an upper bound on (s7 : v < cf(()) (exists
by the second part of the demands in (x)4). Then ' > r. Now we show
inductively that r'[§ > ¢/[€ for & < (. So suppose ¢ € dom(q), iy < & <
zﬁ,H, and ¢'[¢ < r'[€. Then v/ [€ IF “p/(&) = p?T1(€)” (by (x)2) and so also
PIEIFq(€) = () < 57H(E) < 1'(6)”. Hence p~ < pf < ¢ < 1.

If the condition p~ does not satisfy the assumptions of clause (d), then
we may use Lemma to find ¢ € NNP; and r* € P¢ such that r < r,
g < 7' and g, < ¢ for all & < §. Now carry out the above arguments for
g,r" in place of p~,7. m

DEFINITION 2.6.

(1) An RS—condition in P¢+ is a pair (p,w) such that w € [(¢* +1)]<} is

a closed set, 0,(* € w, p is a function with domain dom(p) C ¢*, and

(®) for any two successive members ¢’ < &” of the set w, p[[e’,e") is

a P.-name of an element of P.» whose support is included in the
interval [¢/,£").

The family of all RS-conditions in P¢+ is denoted by IP’CR*S.

(2) If (p, w) € ]P’R*S and G C P¢+ is a generic filter over V, then we define

U{ NGNP.] : e < &” are successive members of w}

Note that (p, w)® EIP’O Also, we write (p,w) €' G whenever (p,w)%€q.
(3) If (p1,w1), (p2, we) € IP)C* , then we write (p1,w1) <’ (p2, w2) whenever
(@) for every generic G C P¢« over V,
if (p2,wa) € G then (p1,w1)% <p.. (p2,w2)%.
REMARK 2.7. In[2.6(1)(®), p[[¢/,£”) is a sequence of P.,-names, so it is a
P.-name for some sequence. This (resulting) sequence is required to belong

to P.», and just also to V. We may therefore think about an RS-condition
(p,w) as follows. First, for every e € w N (* we have

(?) The RS stands for “revised support”.
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e a maximal antichain {p{ : ¢ € I.} of P., and
e a function f° : I. — P¢« such that f°(i) is a condition with support
included in the interval [¢, min(w \ (¢ + 1))).

(They describe a P.-name for a condition in P¢« with support in the right
interval.) Next, if ¢ < £ < &’ where ¢, ¢’ are successive members of w, then we
may fix a Pe-name p(§) for a member of Q¢ such that pf Ibp, p(§) = f°(4) ().
Note however that if we apply this approach to each £, we may not end up
with a condition in P¢+ because of the support! Nevertheless we will think
of p as a function on ¢* where each p({) is a P¢-name for a member of Q.

LEMMA 2.8.

(1) If (p,w) € IP)?*S and q € Pe«, then there is ¢* € P« stronger than q and
such that for any successive members ' < €” of w the condition q*|e’
decides pl[e’,€") (i.e., ¢*[e' I+ “plle’,€") = por o7 for some per en € P+ ).

(2) For each (p,w) € IP’?*S there is q € Pe« such that (p,w) <" (q,{0,¢*}).

(3) Let (pi,w;) € IP)?*S NN (fori <o <), and q € Pex NN, r € Pex be such
that

g<r and (Vi<j<0)((pi,wi) <" (pj,w;) <" (r,{0,¢"})).
Assume that either r is (N,P¢+)-generic, or (* is a limit ordinal of cofi-
nality cf(¢*) < A and for every ¢ € (* NN the condition r[¢ is (N,P¢)-
generic. Then there are conditions ¢ € N NPe+ and r’' € P« such that
g<q <r',r<r"and (Vi <6)((pi,wi) <" (¢,{0,¢"})).

Proof. Tt is a slight generalization of [I5, Proposition 3.6].

(1,2) Straightforward (as P¢« is strategically (<A)-complete).

(3) If r is (IV,P¢+)-generic, then the conclusion is immediate. So let us
consider the case when Rg < cf(¢*) < X and r[¢ is (N, P¢)-generic for each
ed*NN.

Let (iy : v < cf(¢*)) € NNC* be a strictly increasing continuous sequence
cofinal in ¢*, with 49 = 0. For v < ¢f(¢*) and ¢ < 6 we put p; = p;|i, and
w; = (w; Niy) U{iy} (clearly (p),w]) € IP’%S).

Now, we inductively pick conditions g, ¢, ., (for v < cf(¢*)) so that
' + P +cp.
(53 vaévq VS equg %Ng’ :':’, 7;7 [if ?;; <7, and for each 8 <y we have
q;r <g¢, and 'r; < Ty,
(iii) for every & < iy we have

1€ ke, “(qp(€), a5 (€) : B <) is a legal partial play of O5(Qe)
in which Complete uses her regular winning strategy stg 7,

and
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rfy“ 1§ ke, “ (r(E), T +(§) : B <) is a legal partial play of D(’}(@g)

in which Complete uses the strategy Stg ”

(iv) if i < ¢ and &’ < &” are two successive members of w; with &’ < i, then

the condition gy e’ decides p;[[e’,”) and (p],w.) <" (gy,{0,7,}).

At a limit stage v of the construction, we first pick an upper bound r* € P;
on <7";r : B < ) (exists by clause (iii) at previous stages). By (ii) we know
that rli, < r* so r*is (N, P )-generic. Consequently, we may use Lemma

to choose qw,qj/' € P, NN and r, € P; satisfying the relevant de-

mands in (ii)+(iii), and then we pick 7 > 7, so that the second part of
(iii) holds. Note that the demand in (iv) will then follow by the inductive
hypothesis.

Suppose now we are at a successor stage y+1, 5o we assume g, g5, 7, 7
have already been chosen. We note that a condition r* = T,Jyr iy, iy+1)) €
P; ., is stronger than r, so it is (N, Py, +1)-generic. Therefore we may apply
Lemma to ¥, the sequence (gg, qg : 8 < ) considered as a sequence of
conditions in P; , and a suitable open dense subset Z of P; ., from N to
choose ¢y+1, q;r 4 and 741, ri 1 S0 that the demands in (i)—(iv) are satisfied.

(For clause (iv) remember that by our assumptions we have (p;’+1 VH) <

(r*:{0,4y41})-)

Let r* € P¢+ be stronger than all r,’s. Apply Lemma to the sequence
(g3 : v < cf(¢*)) and the condition 7* to choose ¢’ € N N P¢+ and 1’ € P
such that

¢ <r, r<v, and (Vy<cf(C)) <)
Then 7/, ¢ are as required. =

PROPOSITION 2.9. Assume that

(1) (p,w) € PES, ( € w and sup(w N () <€ <,
(2) w C ¢+ 1 is a closed set such that |w'| < X and wU{{} Cw', and
(3) 7 is a Pc-name for an ordinal.

Then there are p' and 7' such that

(a) (p’ w') € PP and (p,w) <' (v, '),
b) p 5 pl¢ cmdp ¢, ¢*) = pIl¢, ¢7), and

(
(c) 7" is a Pe-name, and
(d) zf G C P¢+ is generic over V and (p',w') € G, then 7'[G] = 7[G].

Proof. First we declare that p'|¢ = p|¢ and p'[[¢,¢*) = pl[¢, ¢*). Now,
pl&, () is a Pe-name, so we may choose a maximal antichain B C P¢ and a
function g : B — P such that for each r € B we have
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(a) dom(g(r)) € [€, ),

(B) r decides the value of p[[¢, () and 7 IFp, p[[¢, () < g(r), and

(v) rg(r) forces a value to T, say rg(r) IF 7 = 7(r).

Let 7’ be a Pe-name such that r I-p, 7" = 7(r) for each r € B, and let p'[[¢, ()
be a P¢-name such that r I p'[[¢, () = g(r) for € B. Then (p',w’) and
are as required in (a)—(d). =

Z_/

It will be convenient for the proof of our main result to look at
RS-conditions also in a slightly different way.

DEFINITION 2.10. Let (p,w) € IP’CR*S. A standard representation of (p,w)
is a triple (A, f,w) such that

(i) A C P¢« is a maximal antichain,
(i) f: A= Pe,
(iii) for each r € A, either f(r) < r or for some ¢ € dom(r) we have
f(r)le <rle and rle lFp,“ f(r)(e),r(e) are incompatible in Q.”, and
(iv) if re A, e €wN¢* and & = min(w \ (¢ + 1)), )
then rle lbp_“ple’ = f(r)]e”.
OBSERVATION 2.11. For each (p,w) € PRS and an open dense set T C P
there is a standard representation (A, f,w) of (p,w) such that A C T.

OBSERVATION 2.12. Assume that (p,w) € IP’?*S and (A, f,w) is a standard
representation of (p,w).
(v) If s,r € A, e e wN¢*, & =min(w\ (e +1)) and the conditions sle and
rle are compatible in P., then f(s)le' = f(r)]e.
(vi) If r € A, e < " and f(r)le < rle, then there is s € A such that r|e
and sle are compatible and f(s) < s.

PROPOSITION 2.13. Let w € [(* + 1]} be a closed set containing 0, C*.
Assume that (A, f,w) satisfies (1)-(iil) of Definition[2.10] and (v) of Obser-
vation , Then there is (p,w) € RS such that (A, f,w) is a standard

representation of (p,w).
Proof. Define (p,w) so that
rlelkp, “plle,e’) = f(r)lle, &)
fore e wn¢*, & =min(w \ (¢ + 1)) and r € A. Now check. =

DEFINITION 2.14. Let (Ay, f1,w1), (A2, fa,w2) be standard representa-
tions. We write (A1, f1,w1) < (Ag, f2, ws2) whenever

(®)1 (VreAz)(ds € A1)(s <r) and
(®)g if r € Az, s € A1, s <rand fo(r) <r, then f1(s) < fo(r).

PROPOSITION 2.15. The relation < s transitive on standard representa-
tions.
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Proof. Assume (A1, f1,w1) < (Asg, fo,w2) < (As, f3,ws3). Suppose that
ri € A; (for i = 1,2,3) are such that r; < ry < r3 and f3(rs) < r3. Then
also fa(r2) < f3(r3) and consequently fa(r2) and ryo are compatible. By
M(iii) we have fa(re) < ro and therefore also fi(r1) < fao(rz). Together
fi(r1) < fa(ra2) < f3(rs), and the transitivity of < follows. m

OBSERVATION 2.16. Suppose that (p1,w1),(p2,ws) € ]P’?ks and let
(A1, fi,w1) and (A, fo,w2) be their standard representations. Assume
(A1, fi,w1) < (Ag, fo,w2). Then (p1,wr) < (p2, wo).

PROPOSITION 2.17. Let (p1,w1), (p2, ws) € ]P’CR*S be such that (p1,wy) <’
(p2,w2). Suppose that (A1, fi,w1) is a standard representation of (p1,w1).
Then there is a standard representation (As, fa,w2) for (p2,w2) such that

(Alaflawl) < (A27f27w2)'

Proof. Choose a standard representation (Ag, fo,w2) of (pa,ws) such
that (Vs € A2)(3r € A;)(r < s) (possible by Observation[2.11)). Then plainly
2.14(®)2 is also satisfied, so (A1, f1,w1) < (A2, fo, w2). =

2.2. The forcings. Let us recall the definitions of the main forcing no-
tions we are interested in. These forcing notions generalize the well known
classical forcings with trees used in the set theory of the reals. Thus both Qi
and Q3 (defined below in represent possible generalizations of Miller’s
rational perfect set forcing (see Miller [I3]). The Laver forcing notion (see
Laver [11]) is generalized by forcings Q}. Due to flexibility of our parame-
ters, the schemes presented here generalize the Cohen and the Sacks forcing
notions as well (see Remark [2.19). The many “bounded” variations of the
classical forcings with trees have suitable nice generalizations if A is inacces-
sible (see Definition 2.20). In Definition [2.22|(1) we will introduce generaliza-
tions of the Silver forcing notion (or perhaps rather the Grigorieff forcing,
see [6, §3]). Finally, relatives of the Hechler forcing (Hechler [7]) and Even-
tually Different Real forcing (Miller [I2, §5]) are introduced in Definition

5.2%(2,3).

DEFINITION 2.18. Suppose that E = (E; : t € <*)\) is a system of
(<A)-complete filters on a regular cardinal A and E is a normal filter on .
We define forcing notions Q%F (for ¢ = 1,2,3,4) and Q}E’E and Q%’E as
follows.

(1) A condition in Q*F is a complete A-tree T C <*X such that

(a) ift € T, then either |succr(t)| =1 or succr(t) € Et,
(b) (VteT)3seT)(t<s & |succr(s)| > 1), and
(c)? if j < X and a sequence (t; : i < j) C T is <-increasing, |succr(t;)]

> 1foralli < jandt=J,_;t, then (t € T and) |succr(?)| > 1,
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the order < of Q*F is inverse inclusion, i.e., Ty < 75 if and only if
Tl,TQ S QQ’E and Tgig T1.7 ~

(2) Forcing notions Q¥ Q¥ Q*F are defined analogously, but the de-
mand (c)? is replaced by the respective (c)’:

(c)! for every A-branch n € limy(7T') the set
{a < X :|sucer(nla)| > 1}

includes a closed unbounded set,
(c)? for some closed unbounded set C' C X consisting of limit ordinals
we have

(Vt € T)(lh(t) € C < |sucer(t)] > 1),
(c) (Vt € T)(root(T) <1 t = |sucer(t)] > 1).

(3) The forcing notions Q};’E and Q%E are defined like QU and Q*¥, but
in demands (c)! and (c)? we replace “a closed unbounded set” by “a set
of limit ordinals belonging to the filter E”.

(4) If each E; is the club filter of A (for all £ € <*)), then we omit E and
we write Qi instead of Q4E.

REMARK 2.19. (1) Note that our definition of Q3 slightly differs from the
one in [20], but the forcing defined here is a dense subset of the one defined
there.

(2) The forcing notion Q*¥ was studied by Brown and Groszek [2], who
described when this forcing adds a generic of minimal degree.

(3) Remember that in Definition we allow the filters E; to be princi-
pal. Thus if E; = {\} for each t € <*\, then Q*¥ is the A-Cohen forcing Cy
and Q2% is the forcing Dy from [I5, Proposition 4.10]. If for each t € <*\ we
let E} be the filter of all subsets of A including {0, 1}, then the forcing notion
Q?*F will be equivalent to Kanamori’s A-Sacks forcing of [I0, Definition 1.1].

(4) A relative of Q3 was used in iterations in Friedman and Zdomskyy [5]
and Friedman, Honzik and Zdomskyy [4]. It was called Miller(\) there and
the main difference between the two forcings is in condition [5, Definition
2.1(vi)].

(5) The property introduced in this paper does not “capture” Q}\. In a
subsequent work we will modify it to include more forcings of the form Q}E’E
However, one should note that the forcing notions Qi and Q?\ are very sim-
ilar. If in the demand (2)((;)1 we replace “includes a closed unbounded
set” with “is closed unbounded” then we clearly get an equivalent definition
of Q3. In [20, Section 4] we showed that consistently the forcing notions Q3
and @?\ are equivalent, but also consistently they are not equivalent.
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DEFINITION 2.20. Assume that

e )\ is weakly inaccessible, and ¢ : A — X is a strictly increasing function
such that each ¢(«) is a regular uncountable cardinal and a < ¢(«a) (for
a <\,

o F=(F:te Uy [[5<0 ¢(B)) where Fy is a <p(a)-complete filter on
¢(a) whenever ¢ € [[5_, »(8), a <A, and

e F is a normal filter on A.

(1) We define a forcing notion Q?D 7 as follows.
A condition in Qi’p is a complete A-tree T' C |, -, [ 15, ¢(B) such that

(a) for every t € T, either |succy(t)] = 1 or succr(t) € Fy,

(b) (VteT)3seT)(t<s & |succr(s)| > 1), and

(c)? if j < X and a sequence (t; : i < j) C T is <-increasing, |succr(t;)]
> 1foralli < jandt=J,_;t, then (t € T and) |succr(?)| > 1.

The order of Qi 7 1s reverse inclusion.
I

(2) Forcing notions Qi p for £ =1,3,4 are defined similarly, but the de-

mand (c)? is replaced by the respective (c)*:

(c)! for every n € limy(T) the set {a < A : |[succr(nla)| > 1} contains
a closed unbounded subset of A,
(c)? for some closed unbounded set C C \ consisting of limit ordinals
we have
(Vt € T)(lh(t) € C < [sucer(t)| > 1),
(c)* (Yt € T)(root(T) < t = |succr(t)| > 1).
(3) Replacing “a closed unbounded set” in (c)! and (c)3 by “a set of limit
ordinals belonging to the filter £” will define forcing notions (@30 7 pand
Qi P respectively.

REMARK 2.21. If ) is strongly inaccessible and ¢, F' are as in then

3 : 2
Q@,F is a dense subset of Q@,F'

DEFINITION 2.22.

(1) Assume that ¢ : A - (A+ 1)\ {0,1} and F is a normal filter on A. We
define a forcing notion S}g as follows.
A condition in S% is a function p such that dom(p) C A\, A\ dom(p) € E
and p(i) < (i) for each i € dom(p).
The order < of S}é is inclusion, i.e., p < ¢ if and only if p,q € S}g and
PCaq

For p € S}é we also set rt(p) = min(A \ dom(p)) (the notation rt

points to analogy with “the length of the root”).
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(2) A condition in a forcing notion Hl is a pair (s, g) such that s € *>X and
g €M,

The order < of H, is defined by: (s, ¢) < (s, ¢') if and only if ((s, g), (s',¢)
€ Hy and) s < ¢, g(a) < §'(a) for each a € [Ih(s),1h(s")) and g(a) <
g () for all a € [Ih(s’), \). B

(3) A condition in a forcing notion Ey is a pair (s, ) such that s € A>)\
G = (Gg : B < A) and for some p < A, for every f < A we have
G/g S [)\]S“. - - -
The order < of Ey is defined by: (s,G) < (s',G’) if and only if ((s, G),
(s',G") € Ey and) s < ¢, §'(a) ¢ G4 for each a € [lh(s),lh(s")) and
Go C G, for all a € [Ih(s'), N).

OBSERVATION 2.23. Assume A<* = \.

(1) For E as in and ¢ € {1,2,3,4}, the forcing notion Q%F is (<\)-
lub-complete (i.e., increasing sequences of length <X have least upper
bounds). Likewise for Q}E’E and Q%E.

(2) For ¢,F as in and £ € {1,2,3,4},_the forcing notion Qif is
strategically (<\)-complete. Moreover, if T = (T, : a < §) C Qip
is <qt F—increasz'ng and root(T,) < root(Tp) for a < f < 6 < A, then

@, _
No<s Ta € Qif 1s the least upper bound on T. Similarly for Q;,F,E and

3 —
o, FE"

(3) For E and 1) as in the forcing notion S% is (<A)-lub-complete.
(4) The forcing notions Hy and Ey are (<\)-lub-complete.

Arguably, one of the most important properties of forcing notions with
trees in the set theory of the reals is the possibility to have fusion for suitable
w-sequences of trees. Similar properties hold for our forcing notions (with
respect to A-sequences of conditions). The next two lemmas are actually
fusion lemmas exemplifying this similarity.

LEMMA 2.24. Assume that either
o F and E are as z'n 1<0<4, and P is QE’E or Q}E’E or Q%E, or

e )\ ¢, Fand E are as in2.20, 1 < ¢ < 4 and P is Qi,ﬁ or Q}p,F,E or
3
Q%F,E'
Suppose that v < X and T® € P for § < v are such that

(i) T CT° and T NOX =TT No),
(il) if § is limit, then T° = (,_sT*, and
(iil) if t € TONOX and |succps(t)| > 1, then |succpsti(t)| > 1.

Then T7 =5, T° € P.
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Proof. For Qg this was proved in [20, Lemma 3.5]; for other cases the
arguments are essentially the same. m

LEMMA 2.25. Assume that ¢, E are as in . Suppose that ps € Sﬁ for
6 < A are such that

(1) ps S psy1 and ps[(6 +1) = ps1[(d + 1), and
(ii) if 6 4s limat, then ps = U, s Di-

Then py == Uscrps € S}é.

Proof. Clearly py is a function with dom(p) = (Js., dom(ps) € A and it
satisfies py (i) < (i) for each i € dom(py). We should argue that A\ dom(py)
€ E. For this we just note that if § € A,y (A \ dom(py)) is a limit ordinal,
then § ¢ (J,.sdom(py) = dom(ps) (by (ii)) and hence § ¢ dom(psi1)
(by (i)). The assumption (i) also implies that § ¢ dom(py). =

3. Sequential purity with diamonds. For the rest of the paper we
assume the following context.

CONTEXT 3.1.

(1) X is a regular uncountable cardinal with A<* = ).

(2) D is a normal filter on A.

(3) A set S € DT contains all successor ordinals below A, 0 ¢ S and A\ S
is unbounded in A. For an ordinal v < A we define S[y] =S\ {6 < v:
§ is limit}.

(4) R is the closure of A\ & and 5 = (7, : @ < A) is the increasing enumer-
ation of R (so the sequence ¥ is increasing continuous, 79 = 0 and all
other terms of 4 are limit ordinals).

DEFINITION 3.2. A sequence f = (fs : 6 € S) is a (D, S)-diamond if
fsc€% ford €S and (Vne*\N({d€S: fs<n} € D).

OBSERVATION 3.3. Let P be a strategically (<\)-complete forcing notion,
and D be a normal filter on A.

(1) Ikp “The family of all supersets of diagonal intersections of members of
DV is a (proper) normal filter on X\ 7. (Abusing our notation, the (name
for the) normal filter generated by D in VF will also be denoted by D or
sometimes by DVIGe])

(2) If f is a (D,S)-diamond, then Fp “f is a (DVI?], S)-diamond”.

A pure extension of a tree is a subtree with the same root. This concept
appears in several places in the classical forcing with trees, e.g., in the Laver
forcing every sentence can be decided by passing to a pure extension of a
condition. The relations <, of pure extensions were important ingredients of
the properties studied in [I8], Section 2] and [20]. The property introduced in
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the present paper also involves pure extensions, but for technical reasons they
are considered for bounds of increasing sequences of conditions. However,
for our “test tree forcing notions” the intuitions behind the sequential purity
RP" introduced in Definition below should be that it is essentially the
same as <p,. For instance, in Qi we say that T € Q%\ is a pure bound on
T = (T, : a < §) if T is an increasing sequence of conditions from Q3,
d < Ais a limit ordinal, @ < lh(root(7},)) < 0 and T is a pure extension
of Nyes Ta (We will then write T RP'T.) Plainly, an increasing sequence
of conditions in Q?\ of length < A, all with the same root ¢, has an upper
bound with root ¢t. Therefore, the relation RP" introduced above is actually
a A-sequential™ purity on Q3.

DEFINITION 3.4. Let Q be a forcing notion. A binary relation RP' is
called a A-sequential purity on Q whenever ¥ RP" r implies

(a) T = (rq : @ < 9) is a <g-increasing sequence of conditions from Q of
limit length 6 < A, and
b) r € Q is an upper bound of 7 (i.e., ro, <g 7 for all a < 9).
Q

If, additionally, the relation RP" satisfies

() if 7 = (rq : @ < 4), FRP"sg for B < & & < [6|" and sg < s, for
f < v < &, then there is a condition s € Q stronger than all sz (for
B < &) and such that 7 RP" s,

then we say that RP' is a A-sequential™ purity on Q.
The next definition introduces the main technical concept of the paper:
the game Df(v‘, N,h,Q,RP", f,q) between two players, Generic and Anti-

generic. Suppose that Q = Q?\. In a play of E)f the two players construct

two descending (with respect to inclusion) sequences of trees (T, :i < \) C

Qi NN and (T; : i < A\) C Qi with the property that oftentimes T; C T .

If i € S[y] then the trees T, ,T; are chosen by Generic, otherwise they are

picked by Antigeneric. It is not unreasonable to think that for ¢ < j we have
root(1;") < root(T;) < root(T;") < root(T}).

Then for many limit § < ), a diamond sequence f guesses (via some coding
function h) the sequence (T, :i < 4), and ;.5 7; € Q3 NN is a tree with

root( ﬂ Tl_) = U root(T, ) = U root(T5).
<8 <8 <9

The task of Generic will be to make sure that oftentimes for these limit 9,

Ts Cqs and root(Ts) = root(gs) = root( ﬂ Tz_)
i<d
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DEFINITION 3.5 (Compare [I5, Definition 2.1]). Let (Q, <) be a strate-

gically (<A)-complete forcing notion and RP' be a A-sequential purity on Q.
Suppose that a model N < (H(x), €, <}) is such that |[N| = A, <*N C N
and \,Q, D, S,... € N (but note we do not demand RP* € N) and a func-
tion h : A — N is such that its range rng(h) includes Q N N. Also, let
T = (Io : a < \) list all dense open subsets of Q belonging to N and let
<A

(1)

We say that a sequence f = (fs : 0 € S) is a (D, S, h)-semi-diamond for
Q over N if fs €95 for § € S and

(x) for every <g-increasing sequence p = (po : @ < A) € QNN we have
{0 €8 (Ya<d)(h(fs(a)) =pa)} € D

Below, let f be a (D, S, h)-semi-diamond for Q over N.
An (N,h,Q, RP", f,T)-candidate is a sequence ¢ = (g5 : 0 € S limit) of
conditions from N N Q satisfying, for each limit § € S,

(a) if ho fs = (h(f5(a)) : @ < ) CQNN and it has an upper bound in
Q, then A(fs(a)) < g5 for all a < 6,

(b) if moreover ho f5 € dom(RP"), then also h o fs RP" g5, and

(c) if there is g € (.5 Za such that ho fs RP" ¢, then also g5 € (<5 Za-

If N,h,Q, RP", f, T are obvious from the context we may just say a can-
didate.

Let ¢ = (g5 : 6 € S & ¢ is limit) be a candidate and r € Q. We define
a game af(r, N, h,Q, R, f,q) of two players, Generic and Antigeneric,
as follows. A play lasts < A moves and in the ith move the players try
to choose conditions r;,r; € Q and a set C; € D so that

(a) 7 <rj,r; € N,and if i ¢ S[y]|N'R then r; <r;,

(b) (Vi<j<X(ri<rj&ry <rj), and

(c) Generic chooses r; ,r;,C; if i € S[y], and Antigeneric chooses r; ,
T, CZ if ¢ ¢ S[’y]

At the end Generic wins the play whenever both players always had legal
moves (so the game lasted A steps) and

®) if 6 € Sy N()._sC; is a limit ordinal and h o f5 is an increas-
v <0
ing sequence of conditions in Q such that for all @ < § we have
h(fs(a+1)) =7, then gs < rs and ho f5 RP" r;.

Let ¢ be a candidate (for N,h,Q, RP*, f and f). A condition r € Q
is generic for the candidate ¢ over N,h,Q, RP", f, S, if Generic has a
winning strategy in the game Df(r, N,h,Q, RF", f,q).

(*) Remember Context 3,4).
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DEFINITION 3.6 (Compare |15, Definition 2.3]). Let Q be a strategically
(<A)-complete forcing notion.

(1) We say that Q is purely sequentially proper over (D,S)-semi-diamonds
whenever the following condition (®) is satisfied:

(®) Assume that x is a large enough regular cardinal and N < (H(x), €,
<), IN[= A, <AN C N and \,Q,D,S,... € N. Then there exists
a A-sequential purity RP* on Q such that for every ordinal v < A,
a condition p € QNN and every Z, h, f, q satisfying
e 7= (Z,:a <)) lists all open dense subsets of Q from N,
e a function h: A\ — N is such that Q N N C rng(h),
e a sequence f is a (D, S, h)-semi-diamond for Q, and
e Gisan (N,h,Q, R, f, T)-candidate,
there is a condition r > p generic for § over N, h,Q, RP", f, S, ~.

(2)(a) If in (®) above the relation RP" can be required to be a A-sequential™
purity, then we say that Q is purely sequentially™ proper over (D,S)-
semi-diamonds,

(b) if the relation RP" does not depend on NNV, then we add the adjective
uniformly (so we then say uniformly purely sequentially proper etc.).

REMARK 3.7. The game Df(r, N,h,Q, RP*, f,q) is very similar to the
game O(r, N, h,Q, f,q) of [15, Definition 2.1(3)]. Some of the differences in
the definition of candidates are caused by the larger generality and the use
of RP". But one technical point is actually correcting an error in [I5]. When
comparing [15, Definition 2.1(3)(®)| and Definition 3.5 here, one notices that
in the former paper the condition (®) is “active” if the semi-diamond guessed
(r; :i < 6), while here we “activate” this demand if the successor terms of the
sequence were guessed correctly. In other words, the current (®) is “active”
more often. Now, in the proof of [I5, Main Claim 3.10] we actually use this
more often “active” version of (®): on page 73, in the paragraph between
(3.14) and (3.15), we set rjeo(s,y) = 57 (&) and not rjeo(z—:,y) = r;,(gy). This
makes “guessing on coordinate e,” different from “guessing in P¢~”. To avoid
the problem we make limit terms of semi-diamond guessing irrelevant. This
change should be introduced to [15, Definition 2.1(3)(®)] and this condition
should read:

(@)™ if 6 € SN[);.5C; is a limit ordinal and h o Fs is an increasing
sequence of conditions satisfying h(Fs(a+ 1)) =7, for all a <9,
then g5 < rs.

Then the properness over (D,S)-semi-diamonds of [15, Definition 2.3] be-

comes a potentially stronger property, but the examples presented there still
satisfy it.
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Now,

(®) if P is proper over (D, S[v])-semi-diamonds (see [15, Definition 2.3| plus
the correction stated above) for each v < X, then P is uniformly purely
sequentially™ proper over (D, S)-semi-diamonds.

Why? First note that P is (<\)-complete and define a binary relation RP*
by p RP" p if and only if

e D= (po:a<d)is a <p-increasing sequence of conditions in P, § < X is a
limit ordinal and p is an upper bound on p.

Then RP' is a A-sequential® purity. Suppose N, h, f,Z,v,§ = {qs : 6 € S is
limit) and p are as in[3.6(1)(®). For 6 € S[y] let ¢; € P be such that

e if § is limit, ho fs C PN N is a <p-increasing sequence and gs is its upper
bound, then gy = gs; otherwise g5 is the <}-first member of Ni<sLi-

Plainly, ¢* = (¢} : 6 € S[7]) is an (N, h,P)-candidate over f in the sense of
[15, Definition 2.1(2)] (and if 6 € S[] is limit and h o f5 is an increasing
sequence of conditions from PP, then ¢5 = ¢5). Let st be a winning strategy
of Generic in the game O(r, N, h, P, f,G*) of [15, Definition 2.1]. The same
strategy can be used by Generic in Of(r, N, h,P,RP", f,q) and clearly it is a
winning strategy in this game too.

PROPOSITION 3.8. Let Q, N, h,Z, RP*,~ be as in Definition .

(1) Every (D,S)-diamond is a (D, S, h)-semi-diamond for Q over N. Below,
let f be a (D,S, h)-semi-diamond for Q over N.

(2) There exists an (N, h,Q, RP, f,T)-candidate. Let q be one.

(3) If Qs (<)\)-lub-complete@ then for any condition r € Q both players
have always legal moves in the game Df(r, N,h,Q, R, f,q) satisfying
r; < rj provided that for each i € S[yY|N'R N j the conditions r;,r; are
compatible.

(4) If Q is (<A)-complete and r € Q is (N, Q)-generic in the standard sense,
then also both players have always legal moves in the game D:j(r, N, h,Q,
RP', f,q) satisfying r; < rj provided that for each i € S[y| N RN j the
conditions r; ,r; are compatible.

(5) If r € Q is generic for g over N,h,Q,RP", f,S,~, then r is (N,Q)-
generic in the standard sense.

(6) Consequently, if a forcing notion Q is purely sequentially proper over
(D, S)-semi-diamonds and there exists a (D,S)-diamond, then Q is \-
proper in the standard sense.

Proof. (5) Let gbe an (N, h,Q, RP", f,T)-candidate and r € Q be generic

for ¢ over N, h,Q, RP", f,S,~. Suppose that Z € N is an open dense subset

(4) That is, increasing sequences of length <\ have least upper bounds.
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of Q, say T = Z;, (remember that Z = (Z; : i < A) lists all open dense subsets
of @ belonging to N). We want to argue that Z N N is predense above 7, so
suppose 19 > 7.

Consider a play of Df(r, N, h,Q, R, f,q) in which Generic follows her
winning strategy and Antigeneric plays as follows.

e At stage i = 0, Antigeneric sets Cy = X, r, = (g and rg is as fixed above
o Atstagei ¢ S [ |, 7 > 0, Antigeneric first picks any legal move.C’l, T, Z
and then “corrects” it by choosing a condition r; > r} such that r; € (.

j<Z
(remember that Q is strategically (<\)-complete).

After the play is completed and a sequence (Cy,r; ,7; : i < A) is con-
structed, we know that the condition (®) of Definition [3.5(3) is satisfied.
Also, since f is a (D, S, h)-semi-diamond for Q over N, we know that { €
S: (Va < 6)(h(fs(a)) =r5)} € DT. Pick a limit ordinal 6 € S[y] N A,y C;
such that § > jp, d is a limit of elements of A\ S and ho fs = (r; : a < 9).
Then by (®) we have g5 < rs and h o f5 RP" r5. Moreover, since ro < rs for
all o < ¢ and since 5 is a limit of pomts from A\ S, we get rs € ﬂ]<5
Therefore (by [3 a5 € ()j<sZj, so in particular g5 € Zj, N N. But
the condition rj 1s stronger than ¢gs and it is also stronger than rg, so rg is
compatible with ¢s. m

PROPOSITION 3.9. Assume that a forcing notion P is one of the following
types:

(a) P= Sjg where 1, E are as in Definition M(l) and
AcE = (AM\S)UAeD,

(b) P = Q“E where E is as in Deﬁmtion@ and 1 < £ <4,

(c) P= Q%E where E, E are as in Definition E and
AeE = (AM\S)UAeD,

(d) P= Qiﬁ where \, ¢, F are as in Definition 1<t<4,

(e) P= Qi,F,E where E,E are as in Definition [2.20 and
AeE = (AM\S)UAeD,
(f) P= Sw where ¥, E are as in Deﬁmtion and A\ S € E,
(g) P= QgEE orP = Q F.B where ¢ =1 or{ =3, E, E are as in Definition

or X\, o, F E are as in Deﬁnition respectively, and A\ S € E,
(h) IP’ Hy or P =E) (see Definition m& 3)),

(i) P is strategically (<\)-complete and (<\)-complete.

(%) Note that since Generic uses her winning strategy, there are always legal moves.
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Then the forcing notion P is uniformly purely sequentially™ proper over

(D, S)-semi-diamonds.
Proof. (a) The arguments here are very similar to those for Q3  below,

but much simpler. We will use the fact that the forcing notion S B is (<A)-
lub-complete without explicitly saying this. Define a binary relation RP* by

p RP" p if and only if

e p = (py : a < J) is an increasing sequence of conditions from Slg such that
0 < Ais a limit ordinal, and
epc S% is an upper bound of the sequence p with rt(p) = rt(U,sPa)-

Plainly, RP" is a A\-sequential™ purity on S%. Now, let N, h, f,Z,~ be as in the

assumptions of 3.6(1)(®) and let ¢ = (g5 : 6 € S is limit) be an appropriate

candidate. Suppose p € S% N N. We will define a condition py > p generic

for g. For this, by induction on a < A we choose conditions p, € S}g NN as

follows.

(A)1 po =p and if § is a limit ordinal, then ps = U§<5 De-

(A)2 Suppose that o« = § + 1, 6 € S[y] is a limit ordinal, and h o f5 is
an increasing sequence of conditions from S}é N N such that ps <

Ug<s h(f5(8)). Then we let po = (psla) U (gs[[e, A)).
(A)3 If @« =9 + 1 and the clause (A)2 does not apply, then p, = ps.

Under the assumptions of (A)z we have ps < Jg_s h(f5(8)) < gs. Therefore,
it should be clear that the construction can be carried out and that the
resulting sequence (po : o < ) satisfies the assumptions of Lemma m
Consequently, py := [y Pa € S%. i

Let us show that p) is generic for ¢ over NN, h,S¢,Rpr, f,S, . Consider
the following strategy st of Generic in the game Dﬁ(pA, N, h,S%, RP™ f.q).

At stage i € S[y|, when a sequence (r;,r;,C; : j < i) has already been

] Y

constructed, Generic picks r; , 7, C; so that

(A)4 if @ is limit, then r;” = U; ;7 i = Uy and G =N, Cj,

(A)s5 if 7 is a successor, say ¢ = j + 1, then r; ,7r; € S% are chosen so that
rj <1, rt(ry) <tt(ry) =rt(ry), vy <r;,pp <r; and r; <y Also,
C; = A\ (dom(r;) N'S).

Note that at stage ¢ = j + 1, since Ty STy and p; < p) < rj;, we know that

r; Up; € S}g NN and r; Upi <rj. Therefore Generic may easily pick r; ,7;
as required. Also, by our assumption on F, we are sure that C; € D.

) Suppose now that (r;,r;,C; : ¢ < A) is a play of D‘VQ(T*,N, h,Slg,Rpr,
f, @) in which Generic follows the strategy st described above. Let 6 € S[y]N
Ni<s Ci be a limit ordinal such that h o f5 is an increasing sequence of
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conditions from S}g satisfying h(fs(i+1)) = r;,, foralli < 4. By (A)5+(A)
we have ¢ < rt(h(f5(i))) < 0 and p; <qv h(fs(i)) (for all successor i < ¢
E

and § ¢ dom(UKarj_) = dom(UJ; 5 h(f5(j)). Therefore gs[[6 + 1,7)
po+1 © Px C 1o, @516 = (U< h(f5(5))16 = 7516 and 6 = 1t(rs) = ft(%)
(UJ<Z h(f5(4))). Consequently, gs < rs and h o fs RP" rs.
(b, ¢,d, e) We know that the forcing notion P is strategically (<\)-complete
(see Observation . Define a binary relation RP* by T'RP* T if and only
if

~— >

1N

o T = (T, : a < ) is a <p-increasing sequence of conditions from P such
that § < X is a limit ordinal and for o < 6 we have a < Ih(root(7,)) < 6,
and

e T € Pisa <p-upper bound of the sequence T' with root(T") =root ([, Ta)-
(Note that the previous bullet implies (), 5 Ta € P. In cases (b) and (d)
we also know that | J,5100t(T0) = root((), .5 Ta)-)

It is easy to see that RP' is a A-sequential® purity on P. Suppose that N <
(H(x), €, <}) and h, f,Z,~ are as in the assumptions of (1)(@) Let g =
(gs : 6 € S is limit) be an (N, h,P, RP", f, T)-candidate and let T € PN N.
We want to find a condition 7% > T generic for § over N, h,P, RP*, f,S,~.
To this end we choose by induction on o < A conditions T, € PN N as
follows.

(&)1 To =T and if ¢ is a limit ordinal, then T5 = (o5 T¢.

(A)2 Suppose that « = 6 + 1, § € S[y| is a limit ordinal, and h o fy is
a <p-increasing sequence of conditions from P N N such that for all
successors 8 < § we have

B < In(root(h(f5(8)))) <& and Tj < h(fs(8)).

Let T = {t € Ty : root(ﬂ5<5h(f5(ﬁ))) Jdt=t€qs} If € #3 then
T € P and we put T, = T);. Otherwise, we choose T;, € P such that
T C Ty and To N A = T3 N A and root((g.5 h(f5(8))) € Ta-

(A)s If @ =3d+ 1 and the clause (A)g2 does not apply, then T, = Ts.

Suppose that o = 641 satisﬁes the assumptions of (A)z. Then (55 h(f5(5))
€ P (see Observation and Ts < (Vg5 h(f5(B)) < g5 and root(gs) =

root(ﬂ5<5 h(f5(B))) € T5 Let ts = root(ﬂ5<5 (f5(B))). If Ih(ts) = 4, then
also t5 = Ugs root (h(f5(8))) and succry,, (t5) = succy,(t5). (Note that in
cases (b) and (d) this must happen.) If Ih(ts) > &, then (Jz_sroot(R(f5(8)))
= ts[d < ts and succry,, (t5[0) = succr,(ts[d). (This may happen only in
cases (c) and (e).)

Therefore we may conclude that the sequence (T, : o < \) satisfies
the assumptions of Lemma At limit stages 6 < A this implies that
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Ts5 = (\3<5 I € P (so the construction can be carried out) and for A we get
T :=NperTa €P.

CrAM 3.9.1. T is (N,P)-generic in the standard sense.

Proof of the Claim. Suppose towards a contradiction that there are g <A
and a condition T+ > T* such that T is incompatible with every member

of Z¢g, N N. Construct inductively a sequence (S, : a < A) of conditions in [P
such that

o T <S5 <8,, Ih(root(Sg)) < lh(root(Sy)) for B < a < A, and
® Sa+1 € [e<q Ze and if v is limit, then S = (5, 95 (for all a < A).

Let t, = root(Sy). Since S, C T+ C T* C T, we see that t, € T, and
(Tw)t, < Sa. Now we claim that

(V) there is a limit ordinal § € S[y] such that £ < ¢ and
hofs = ((Ta)t, : < 8), ts=|Jta, Ih(ty) =6 and Ss€ () Za

a<d a<d
This should be clear in cases (b) and (d) (as closed unbounded subsets of A
belong to D). In cases (c¢) and (e) we note that

A:={6€8[y]:6limit and ho f5 = ((Tn)s, : <)} € DT.

Letting n = (J, < ta We have ) € limy(S,), so
Ay = {0 < X:|succs, (nd)| > 1} € E
(for each av < A). By our additional assumptions on E we conclude that
AN A Aan{deSH]\ (Co+1): Va <) (lh(ty) < 0)} # 0.
a<A
Then any ¢ from the set above will witness (©).
So let 4 be as given by (). Then ho f5 RP* Sj, so by B.5{(2) we conclude
45 € Nacs Lo (in particular gs € Zg, N N). But g5 < (Tsy1)ss < (T%)5 <
(T*)4;, contradicting the choice of TF. u
Now we are ready to argue that T* is generic for g over N, h, P, RP*, .S, v

and for this let us consider the following strategy st of Generic in the game
Df(T*,N, h,P, RP*  f,q). At stage i € S[y], when a sequence <rj_,rj,Cj :
J < i) has already been constructed, Generic picks r; , 75, C; so that
(A)g if 4 is limit, then r; = ﬂj<i Ty T = ﬂj<i rj and C; = ﬂj<i Cj,
(A)s if i is a successor, say ¢ = j + 1, then r;, r; are chosen so that r; < 1,

root(r;) < root(r;") = root(r;), r; <r;, T; <r; and r; < r;. Also,

C; = [Ih(root(r;)) + 1001, A) in cases (b), (d), and C; = (A \ S) U

{a < X:(Fter)(h(t) =a A |succ,(t)] > 1)} in cases (c), (e).
Why are the choices possible? By (A)s; at previous stages, for each limit
i < A the intersection of the conditions played so far is in P (remember
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Observation [2.23). Note also that then r,;” < r;. At stage ¢ = j + 1, since
r; <rj, L <T* < rjand T" is (N, P)-generic, we may find r* € PN N
stronger than both T and T; and compatible with r;. Then we may choose

ri stronger than both 7 and r;. Pick ¢ € r} such that |succ,«(t)] > 1 and
1h(t) > lh(root(r?)) and set r; = (r'); and r; = (r});.

Note also that there are always legal moves for Antigeneric (use Obser-
vation and the choices in (A)s).

Now suppose that (r;",7;,C; : i < A) is a play of Dg(T*, N,h,P,RP", f,q)
in which Generic follows the strategy st described above. Let 6 € S[y] N
Ni<s Ci be a limit ordinal such that h o fs is an increasing sequence of
conditions in P satisfying

h(fs(i)) =r;  for all successor i < 4.

Then our choices in (A)s + (A)s imply that i < Ih(root(h(fs5(:)))) < &
and h(fs(i)) > T; (for all successor i < 0). Let t = [J;_sro0ot(r; ). Since
Ih(t) =0 € C; for all i < 4§, we know that |succ,,(t)| > 1 for each i < § and
therefore ¢ = root(();.57i) = root((N;c57; ). Now using (A)a + (A)4 we
conclude g5 = (Ts541)r < (T™)¢ < (r5)¢ = r5 and ho fs RP" rs.

(f) As in the proof of (a) above we note that S% is (<A)-lub-complete
and we will use this fact several times (without saying this). We define a
binary relation RP" by p RP' p if and only if

e p=(py:a<d)C S% is an increasing sequence of conditions such that
0 < Ais a limit ordinal, and
e pcE S}g is an upper bound of the sequence p.

Then RP is a A-sequential® purity on S%. Let N,h,f,Z,7 be as in the
assumptions of(l)(@) and ¢ be a candidate. Suppose p € Slé N N. Choose
inductively conditions p, € S% AN (for @ < \) so that

(V)1 po > p satisfies S C dom(pp) and if ¢ is limit, then ps = U€<6p€,
(V)2 if a =084+ 1,9 € S[v] is a limit ordinal, and h o fs5 is an increasing
sequence of conditions from S}éﬁN such that ps <UJg_s5h(f5(3)), then

Pa = (psla) U (gsl[e; A)), and
(V)3 if @« =0+ 1 and the clause (V¥)a does not apply, then p, = ps.

It should be clear that the construction can be completed. We note that
if @« = 6 + 1 satisfies the assumptions of (V¥)2, then (by the choice of pg)
0 € dom(ps). Clearly the sequence (po : o < ) satisfies the assumptions of
Lemma and hence py := Uy oy Pa € S}é.

We claim that p) is generic for ¢. To see this, consider the following strat-
egy st for Generic in the game Df(T*, N, h, Slé, RP*, f,q). At stage i € S[v],
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when a sequence <rj_, rj,Cj : j < i) has already been constructed, Generic

picks r;",7;, C; so that

(V)4 if @ is limit, then r;” = U;; ;7 ri = U;; 75 and C; =), ; Cj, and

(V)5 if 4 is a successor, say @ = j + 1, then r; ,r; are chosen so that r; <,
rt(r;) < rt(r; ), i < r; ,and p; < r; < 1y Also, C; = [rt(ry) +
1001, \).

Suppose now that (r;,7;,C; : i < A) is a play of Df(T*,N,h,S%,Rpr,f_‘, q)
in which Generic follows the strategy st. Let 6 € S[y] N[);.5C; be a limit
ordinal such that ho fs is an increasing sequence of conditions in Sy, satisfying
h(fs(i +1)) = r;; for all i < §. Then, by the description of st, we have
i < rt(h(f5(7))) < d and p; < h(f5(i)) (for all successor i < §). Therefore
gsl[0 +1,X) € psr1 € pa € 75 and gs](0 + 1) = r5[(6 + 1). Consequently,
gs < rs and clearly h o fs RP" rs.

(g) The forcing notion P is strategically (<\)-complete by Observa-
tion . Define a binary relation RP* by T'RP" T if and only if

o T = (T, : a < §) is a <p-increasing sequence of conditions from PP such
that § < A is a limit ordinal and for v < § we have a < Ih(root(T,)) < 4,
and

e T € Pis a <p-upper bound of the sequence T. (Note that the previous
bullet implies (.5 T € PP is the least upper bound of T.)

Clearly RP' is a A-sequential™ purity on P. Let N, h, f,Z,v be as in the
assumptions of [3.6(1)(®) and ¢ = (g5 : § € S islimit) be a candidate.
Suppose T' € PN N. To construct a condition T* > T generic for ¢ we choose
by induction on o < A conditions Ty, € PN N as follows.

(V)1 Tp > T satisfies
(Vt € Tp)(|sucer, ()| > 1 = 1h(t) ¢ S),
and if ¢ is a limit ordinal, then Ty = ﬂf s L.
(V)2 Suppose that & = § + 1, § € S[y] is a limit ordinal, and h o f5 is

a <p-increasing sequence of conditions from P N N such that for all
successor 3 < & we have

B <Th(root(h(f5(8)))) <4 and Ts < h(f5(8))-
Let t5 = Ug-sroot(h(fs(B))) and T, = {teTs:ts <t =1t¢€q}.
Pick T, e P so that T, CT7 and T, N A =15 N A
(V)3 If =9+ 1 and the clause (V)2 does not apply, then T, = Tj.
Suppose that a = §+1 satisfies the assumptions of (V)2. Then (5 h(f5(8))

€Pand Ts < (g5 h(f5(8)) < gs and t5 < root(ﬂﬁd h(f5(8))) < root(gs).
Also lh(ts) = 6 € S so, by (V)1, |sucer(ts)| = 1. Hence we may conclude
that the sequence (T, : @ < \) satisfies the assumptions of Lemma At
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limit stages § < A this implies that T5 = (;_; T € P (so the construction
can be carried out) and for A we get T := (. Ta € P.

CLAIM 3.9.2. T* is (N,P)-generic in the standard sense.

Proof of the Claim. Assume that g < A and T >p T*. Build inductively
a sequence (S, : a < A) of conditions in P such that

o TT <S5 <8,, lh(root(Sg)) < lh(root(S,)) for f < a < A, and
® Sat1 € (e<q Ze; and if @ is limit then Sy = (5, Sp (for all @ < A).

Let s =root(S,). Since T, 2T+ D S, we see that s, €T, and (Ty)s, < Sa-
For some limit ordinal § € S[y] we have & < § and lh(s,) < d for a < §
and ho fs = ((T4)s, : @ < 6). Then ho fs RP* S5 and S5 € (1,5 Za. Hence
also ¢s € (yesZa (in particular gs € Zg;, N N). Since for t5 = (J, .5 5o We
have g5 < (Ts41)ts < (T*)¢; < (T'F)s; we may conclude Zg, N N is predense
above T*. m

Let us show that T* is generic for ¢ over N,h,P, RP", f.S,~. Consider
the following strategy st for Generic in the game Dg(T*, N,h,P, RP" f,q).
At stage ¢ € S[y], when a sequence <T;,Tj,Cj : j < i) has already been
constructed, Generic picks r; ,7;, C; so that
(V)a if i is limit, then r;” =(;;r;, i = (;<; 75 and C; = (;; Cj, and
(V)5 if i is a successor, say i = j + 1, then r; ,7; are chosen so that 7; < r;,

root(rj) < root(r; ), r; < r;, T; < r; and r; < . Also, C; =
[Th(root(r;)) + 1001, \).
As in the previous part, one uses Claim to show that the choices are
indeed possible and that there are always legal moves for Antigeneric.

Suppose now that (r; ,r;,C; : i < \) is a play of D;S/(T*, N,h,P,RP", f,q)
in which Generic follows the strategy st described above. Let § € S[y] N
(Ni<s Ci be a limit ordinal such that h o f5 is an increasing sequence of
conditions in P satisfying

h(fs(i)) =r;  for all successor i < 4.

Then, by (V)5 + (V)4, we have i < lh(root(h(fs5(7)))) < 0 and h(fs(i)) > T;
(for all successor i < 0). Therefore, letting t5 = (J;sroot(r; ) and using
(V)2 we conclude g5 < (T541)t5 < (T%)i5 < (75)t; =15 and ho fs RP" rs.

(h) In both cases the arguments are almost identical, so we will consider
P = H), only. Define a binary relation RP" by p RP' p if and only if

e p={((Sa,ga) : @ < ) is a <p,-increasing sequence of conditions from Hy
of limit length § < A, and

e p=(s,g) € Hy is an upper bound of p with s = (J,_; Sa-

Clearly, RP" is a AT-sequential purity on Hy. Suppose N, h, f,Z,v are as in

3.6(®) and let ¢ be a candidate for these parameters. We claim that every
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condition from Hy N N is generic for g. So let (s, g) € H) N N. Consider the
following strategy st for Generic in D:j((s,g),N, h,Hy, RP", f,q). At stage

i € S[y] of the play, after a sequence ((s;,g;),(s;,95),Cj  j < i) was
already constructed, Generic is instructed to choose (s; ,g; ), (s, 9:) and C;
as follows.

(o)1 If i = ip + 1 is a successor, then g; = Gigs 9i = Gigs S5 = Si =
Sip (gio(1h(s;,))) and C; = [lh(s;,) + 1001, A).

(0)2 If i € S[y] is limit and h(f(j)) = (s}, g; ) for each successor j < i, and
gi = (s*,g%) (note that necessarily s* =
C; = X and for a < A,

_ -
j<isj),thensi = s5; = s*,

gi(a) = sup{g; (), g* () : j < i},
9; (@) = sup{g; (@), g™ () : j < i}

(e)3 If i € S[7] is limit but we are not in the previous case, then s; = s; =

Uj<i s s gi(@) = sup{g;(a) : j < i}, g; (a) = sup{yg; (o) : j < i} for
each v < \.

Now check.

(i) Define a binary relation RP* by p RP" p if and only if p = (ps : @ < 9)
is a <p-increasing sequence of conditions from P which has an upper bound
in P, § < Ais a limit ordinal and p € P is an upper bound on p.

Plainly, RP" is a A-sequential® purity on P. (Remember P is (<\)-
complete.) Assume N, h, f,Z,v,q are as in (1)(@) and let p € N. Let
st* € N be a winning strategy of Complete in the game D(/}Jrl(ﬂl’). By induc-
tion on o < A choose conditions p}, ¢’ € P so that

(D)1 {p%, g =« < \) is a legal play of 93 (P) in which Complete follows
her winning strategy st*,

(D)2 p§=p, i, q, € N for all a < A,

(D)3 Pas1 € Mo Lp for each a < A, and

(O)4 if 6 € S is limit and g5 > p}, for all & < §, then p} = gs.

(Clearly the construction is possible.) We will argue that the condition p3 is

generic for the candidate g over N, h, P, RP', f, S,~. Consider a strategy st™

of Generic in Df (pX, N, h, P, RP", f, @) which instructs her to choose r 1, Ci

(for ¢ € S[v]) and side ordinals o; < A (for ¢ < A) so that the following

demands (O)5—(0)g are satisfied:

(0)s r; e PN N and r; € P.

(@) r; <r;andif j <ithenr; <r;jandy < o; <oy

(O0)7 a; < Xis the smallest ordinal above {y+1}U{a;+1:j < i} such that
r; <ph, and then r = p., rip1 = 7; and Cipq = [a; 4+ 1001, ).
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(O)g If € S[y] is limit and g5 > »; for all ¢ < §, and the family {gs} U {r; :
i < 6} has an upper bound in P, then 7y = g5 and r; € P is the
<} first condition stronger than g5 and stronger than all r; for ¢ < 4,

and C; = \.
(O)g If 6 € S[] is limit but we are not in the case of (O )8, the n (ry,7s,Cs)
is the <}-first legal move of Generic after (r;",7;,C; : i < §) which

satisfies also ry < r7s.

The above conditions fully define a strategy st™ for Generic. Concerning
clause (O)7 and the choice of «;, note that by (O)s there is an a < A
such that either the conditions pj,,r;” are incompatible, or p}, > r;". Since
r; > py = ps and r; > 7,7, the conditions pj,,r;” are always compatible, and
hence there is a; < A such that p7. > 7. Note that the condition pJ is
(N, P)-generic in the standard sense (by ((J)3) and also for each j < A there
is an upper bound on {r; : i < j} (and this upper bound is (IV,P)-generic).
Hence, for both players, there are always legal moves during a play in which
Generic followed st so far (satisfying 7; < r;). So, in particular, clause
(O)g completes the description of st™.

Let us argue that st™ is a winning strategy for Generic. To this end,
assume (r; ,r;,C; : i < \) is a play in which Generic follows st and let
(o : i < A) be the side ordinals chosen by her. Suppose § € S[y]N[);.; C; is
a limit ordinal such that h o f5 is an increasing sequence of conditions from
P N N satisfying

h(fs(i+1)) =r;, foralli<i.
Then also i < a; < 0 for each i < ¢, so by ((J)7 we have
(Vi <90)(Fa < d)(r; <pi) and (Va<6)(Fi<d)(py <))

Thus the sequences (p}, : @ < §) and (r; : 4 < 6) and also h o f5 have the
same upper bounds. Now, by (2)(a,b), we have g5 > ho fs(i+1) =1,
for all i < ¢, and hence g5 is stronger than all p}, for a < 6. By ()4 we get
qs = p5 < py <1 (for i < 0). Thus clause ()s applies and 75 = g5 < rs, so
also ho fs RP'rs. m

4. The iteration theorem. Here we will prove the main result: pure
sequential™ properness is almost preserved in A-support iterations. The proof
of the theorem is somewhat similar to that of [I5, Theorem 3.7|, but there
are major differences in the concepts involved.

THEOREM 4.1. Assume Context . Let Q = (Pa, Qo : v < (%) be a
A-support iteration such that for each o < (¥,

IFp, “Qq 1s purely sequentially™ proper over (D, S)-semi-diamonds ”.

Then
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(1) Per =1im(Q) is purely sequentially proper over (D,S)-semi-diamonds.
(2) If additionally, for each o < C*,
IFp, “Qaq is (<A)-complete ”
then Pex is purely sequentially® proper over (D, S)-semi-diamonds.

Proof. By adding trivial iterands to the tail of Q we may assume that
¢* > AT (this demand is just to avoid slight complications in enumerations
in (&)1, (IZ)Q below).

Assume that y is a large enough regular cardinal and N < (H(x), €, <3),
IN|=X, )N C Nand \,Q,D,S,... € N.For £ < (*let sth be the <} -first
Pe-name for a regular winning strategy of Complete in D(}(@g) (soif EeC*NN
then also sj? € N). To define a A-sequential purity RP* on Pe+ we first fix
()1 alist ((1i,¢) : @ < A) of all pairs (7,{) € N such that ¢ < ¢*, cf({) > A

and 7 is a Pc-name for an ordinal, and

(X)2 an increasing sequence w = (wj; : i < A) of closed subsets of (* +1 such
that

(X)5 wo = {0,¢*}, Ujepr wi = (¢*+1) NN and for each i < A we have
(X)5 if 7 is limit then w; is the closure of U;<; wj, and
(X)$ if @ is a successor, say i = j + 1, then for some £ € w; N (; we
have sup(w; N () < &.
We also define a function 7 : ((*+1) NN — X by
(X)z T(e) =min(i < A:e € w;) fore € ((*+1)NN.
Then for every ¢ € ¢*NN we fix a Pc-name R for a binary relation such that
IFp, “ Bgr is a A-sequential® purity on Q¢ such that if N [Gp.] is a model of
the right form, then Bgr witnesses the pure sequential™ properness of
@g for N[G]pc] 7,
Now, for ( < (*, we define a binary relation RP"[( by
(X)4 p RP* [ p if and only if

(X)) P = (pa : a < ) is an increasing sequence of conditions from P,
of a limit length 6 < A, p € IP¢ is an upper bound on p and
(R)} for every & € ¢ NN such that [(®)] 7°(€) - w < & we have

pI€ Fpe “ (Prg)+alé) 1 a < 8) R p(§) "
The relation RP" is RP[(*.
One may wonder why we use 7 - w in (X)?. When playing the game O¢,
we will play its variant on each coordinate from N N ({*. However, at stage §

(5) The “” stands for ordinal multiplication.



Sh:1001

The last forcing standing with diamonds 141

of the main game, we will look at coordinates from ws only, so we will start
our coordinate games with some delay. At stage j = 1'(§) + 4, the length of
the play constructed so far at coordinate & is ¢. It may happen that ¢ € S
but 7 (§) +i ¢ S. Since we do want to control who is making a move at
every coordinate, it makes sense to demand that ¢ \ 7°(£) has order type &
whenever § is of any potential importance. This translates to the demand
that at coordinate £ € N N (* we play the game Di(g) ., and the relevant ds
are not smaller that 7°(¢) - w.
Clearly, for each ¢ < (*,

e RP'[( is a A-sequential purity on P,

e if each Q, is (forced to be) (<A)- complete )b then RPT|( is a A\-sequential
purity, and

o if (p < 8) (RYIC) p and ¢’ < C then (pa[¢': a < 8) (R [C) pIC".

We will show that the relation RP" witnesses the pure sequential proper-
ness of Pe« for N. So let h,Z, f,q and p be as in 1)(®), that is, they
satisfy the following conditions (X)5—(X)s:

(X)s A function h : A — N is such that Pe» NN C rng(h).

(X)g A sequence f = (f5 : § € S)isa (D, S, h)-semi-diamond for P¢« over N.
(X)7 T = (Zy : a < \) lists all open dense subsets of P+ from N.

(X )8 g = (g5 : 6 € Sislimit) is an (N, h,Pe, RP", f, T)-candidate, and

We also have an ordinal 7 < A, but replacing S with S[v] in the following
arguments makes not much difference, so we may pretend that v = 1 and
Shl=S§.

We will define a condition r > p such that Generic will have a winning
strategy in the game 05 (r, N, h,P¢«, RP", f,q), that is, r will be generic for
the candidate g. This condition will be defined essentially by considering
the game Di( ) O each coordinate { € (* N N. The proof that it has the
required properties will be by induction on (. Therefore, we have to introduce
both the restrictions of our parameters to ¢ (denoted with superscript [(])
and the parameters at coordinate ¢ (denoted with superscript (¢)). We will
also need other auxiliary notions, definitions and claims. First note that if
we modify f5 (and gs) for all limit § € S such that ho f5 is not an increasing
sequence of conditions from P¢«, then we can make the winning for Generic
only more difficult. So we may assume that for each limit § € S we have

(X)g hofsisa <p c»-increasing sequence of members of Pe- N N.

For ( € NN (¢* + 1) we define

( ) We need this assumption to get bounds on coordinates £ < ¢ for which (X)% is
not “active”.
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(X)10 Al : X = N is a function such that for each o < A, hl<)(a) = h(a)[¢
provided h(a) is a function, and hl¢(a) = @) otherwise,

(X)), 21 = <Ig] ta < \), where T = {pIC:p €Ly}

It may happen that for some limit § € S there is no condition ¢ € P¢« satisfy-
ing g € (<5 Za and ho f5 RP" q (see (2)(0)), but there are such conditions
for P, I [I'and hlYo f5. Consequently, the sequence (gs]¢ : 6 € S limit) does
not have to be an (N, i<l P¢, RPT|C, f. f[d)—candidate. To define suitable ¢!¢!
we need the concept of saturated conditions. Suppose that § € S is a limit
ordinal, ( € ws and ¢* € P;. We say that the condition ¢* is saturated over
ws, h, T at ¢ if one of the following two possibilities (K)%, or (X)>, holds:

(®)%, (i) (R o f5) (RP1C) ¢* and ¢* € (-5 Zo, but
(ii) if ¢’ € ws \ (¢ + 1) then there is no ¢’ € P¢r such that ¢* < ¢’ and

(Vo f5) (RP"1¢) ¢ and ¢ € () ZKT.
a<d

(Kb, (i) 0 < ¢ = sup(ws N¢) and for each & € ws N ¢ we have

(90 f5) (RY1€)a" 1€ and q*[¢ € (VTE,  but

a<d

ii) there is no condition ¢’ € P; such that ¢* < ¢’ and
¢

(B0 f5) (RP"1¢) ¢ and ¢ € () Z.
a<d

CrLAM 4.1.1. Suppose § € S is a limit ordinal. Then there exist ¢ € ws
and q* € Pe N N such that ¢* is saturated over ws, h, T at (.

Proof of the Claim. Let (ag : & < &) be the increasing enumeration
of ws (so it is a continuous sequence and agx = ¢* and &* < [§]T). We
construct the condition ¢* as an upper bound on an increasing sequence
<q2‘ D€ < &), & < &*. Conditions qg are chosen so that q; €P, NN
and they satisfy (X){5(i). To make sure that we can pass the limit steps, at
coordinates € € N N¢* which are not relevant for RP* (i.e., with 7°(g) -w > )
we employ strategic completeness. (This forces us to introduce auxiliary
conditions ¢¢.) We do not have to worry about coordinates relevant for RP
(i-e., with 7'(¢) -w < §) as there the appropriate bounds exist by [3.4]c). The
construction may stop at some stage &y < £* because we have arrived at a
saturated condition. If the procedure does not stop before £*, then we get a
condition saturated at ¢*.

Let us present this argument with all technical details. So we attempt to
choose inductively a sequence <qg, qé" 1€ < &%) so that qg, qg‘ € Py, NN and
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(i) if & <& <€ then ¢ < ¢f < g < ¢,
(i) if e €e NN¢* and 7(g) - w > 4, then for every £ < &*,

g;lelbp, * <q§( £), 4z (e) : ¢ < &) is a legal partial play of D)‘(@E)
in which Complete uses her regular winning strategy st?”,

(ili) if e € NN¢* and T'(€) - w < 4, then g/ Fe) = gz (e),
() (k9 o f5) (R™ag) g and g € Moy Ze'.
If we have arrived at a limit stage & of the construction and we have suc-
cessfully defined <qéF 1q¢ + & < &) (so that conditions (i)-(iv) are satisfied
for all & < &), then, remembering <*N C N and § < ), we may find a
condition ¢g € Pa, NN which is above all qg (for & [< %0) and satisfies
(hlecol o f5) (RP" lag, ) g¢,- Then also gg lag € Nacs Za & for all € < &, so
either ¢g is saturated by (X)%, (and then we stop), or else we may pick
qgo € P%O N N stronger than qgo and satisfying the demand in (iv), and then
we pick gf € Pa, NN by (ii)+(iii).

Now, if we have arrived at a successor stage & = &y + 1 < £* and we
have defined qgg,qgo, then either ¢f is saturated by (X)35 (and then we
stop), or else we may pick q£+0+1 € Pa§0+1 N N stronger than qgo and such
that (iv) holds, and then we choose ¢¢ ,; by (ii)-+(iii). (We also stipulate
a5 = ¢ = Op, € Po.)

If we did manage to carry out the construction up to £* and we success-
fully defined qgr*, then it is vacuously saturated by (X)%,. m

Now, for each limit 6 € S we fix a pair (g5, (;) € IV so that

(X)%, gf is saturated over wg, h,Z at ¢}, and )
(&)5’3 if the condition g5 given by (X)g is saturated over wg, h,Z at ¢*, then
45 =45, G5 = ("

Next for ¢ € ((* +1) N N we define
(R)yy g¢ = (q([;d :0 € S is limit), where for a limit 6 € S we set

o if ¢ < ¢} then ¢l = g1,

o if(=( q € ﬂa<5I§] and (Rl o f5) (RP*[C) g%, then ¢ = gz,
<]

° otherwise g5~ 1s the <} -first condition in P; satisfying the demands
in (a)—(c) of |3 . w1th RISl RPr1¢, TS here in place of h, RP*, T
there

(%) Here we use the assumption that RE" are sequential® purities rather than just
sequential purities.
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Cramm 4.1.2. Let ( € NN (¢* +1). Then

(1) Al X — N is such that P, N N C mg(hl<),

(2) fis a (D,S,hl))-semi-diamond sequence for P,
(3)

(4)

3) T lists all open dense subsets of P¢ belonging to N, and
4) @< is an (N, nld ,Pe, RPYIC, f, TN -candidate.

Proof of the Claim. Straightforward from the definitions. =
ForCEC*ﬁNwe set
(R)15 O <f :0 € S), where for 6 € S and a < § we let

£ ) = fs() if 6§ <7(C) w
’ [ +a) if56>7() w

and then we define P.-names b h<C> f@ 7<<> so that

(®)15 29 = (T8 - a < A) where Z& = {p(¢) : p € To & pIC € G, },

(X)17 A is a name for a function with domain A and such that for each
v < A, if h(y) is a function, ¢ € dom(h(y)) and (h(7))(() is a P¢-name,
then h{9(y) = (h(7))(¢), otherwise it is g, and

(X)18 zj@ = (g5 .5 esis limit), where for a limit 6 € S, q§> is the
<y first IP’C name for a condition in Q¢ such that if ¢ < (5 and the
condition ¢ (¢) = q([;gJr ](C ) satisfies the demands in[3.5(2)(a)—(c) with

(©, féC),REr, 7% here in place of h, fs, RP*, T there, then ggo =¢;(Q),

otherwise gf;o is any condition in Q. satisfying those demands.

Note that
()19 if 6 € S is limit and ¢ € NN and T(¢)-w < 8, then g} [¢ IFe, ‘¢l =
'HOK
CramM 4.1.3. Assume that ¢ € NN ¢* and r € P¢ is (N,P¢)-generic in
the standard sense. Then the condition r forces (in P¢) that:

(1) NI[Gp,] is a model of the right form, 79 lists all open dense subsets of Q¢
which belong to N[Gp | and the function R{S) is such that N[Gp ]NQ¢ C
me(bQ),

(2) £ is a (D,S,hi))-semi- dzamond for Q¢ over N[Gp,], and

(3) g<<> is an (N[GPCL Qg O T - candidate.

Proof of the Claim. (2) Assume that r* € P¢, 7* > r, and ¢ = (g, :

a < A)is a IP’< name for an increasing sequence of conditions from QC N

[G]pc] (so g, is a name for an object in N[Gp,], but it need not belong
N). Suppose also that A¢ (for & < \) are Pc-names for members of DNV.
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Construct inductively a sequence (r; ", g7, 7, ri, A 1i < A) so that

(i) r; €PeNN, ryyr €Peyr* <o, ry <m <7, r; Sryfori <j <A,
(ii) for each e < (and j < \:
7“; e lbp, “(ri(e),r; () : i < j) is a legal partial play of 09 (Q:)
in which Complete uses her regular winning strategy st?”,

(iii) ¢ € N is a P¢c-name for a condition in Q¢ and r; IFp, “ ¢} = ¢} ",

(iv) A€ DNV and r; Ibp, “4; = A; 7,
(v) i IFp, “ the sequence <g;’ 11 < j)is <q,-increasing”.

[Why is the construction possible7 First, after arriving at step j < A we
note that the sequence <r1, : 1 < j) has an upper bound by (ii). So we
may choose a condition rj stronger than all ri, 7 (for i < j) and deciding
the values of ¢, A;, say 1} IFp, “¢; = ¢ & A] = AJ , where ¢7 € N
and A; € DN V. Since 7“3- > r; (for all i < j) and r’ IFp, “ the sequence

J
q! i < j) is increasing”, and since 7’ is (N, [P¢)-generic, we may choose
@ i< g) s e and s lis (N, B . L
conditions rj_ € NNP¢ and r; € P¢ so that r;7 < rj_ < rjfori < jand
r; <rjandr; IFp, “ the sequence (g : 7 < j) is increasing ”. Finally, r;r € P
is defined essentially by (ii).]

Now define
. f0g i< T(Q),
T\ =T +a

Clearly, (r; A(gf ) 1 ¢ < A) is an increasing sequence of conditions from
P¢+ N N. Therefore, as D is normal and A; € D and f is a (D, S, h)-semi-
diamond, we may find a limit ordinal § € SNA,_, A; such that 6 > 7 ({) -w
and (ho f5(i):i <) = <r;ﬂ<gf> :1 < 6). Then for each o < § we have

9o f9(a) = BO(£(T(0) + ) = h(£(T() + ) (€) = Gre)sa = do-
Also, 75 is stronger than all r; (for ¢ < §) so it forces that (Vi < §)(4; = 4;
& q; = qj). Hence

rslk “5eSN A Ag & b© Of5 =q6".
E<A

The rest should be clear.
(1,3) Straightforward. m

Recall that ((74,¢;) : i < A) was fixed in ()1, (w; : i < A) was chosen
in (K)o, the function 7" was defined in (X)3, and ¢, p are from (X)g. Also, ¢}
are the saturated conditions picked in (X)13.

CLAIM 4.1.4. There is a sequence (p;,pj :i < A\) C N such that for all
1 < A we have:
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(&)%O (pivwi)7 (pz—‘i_7wi) € IP)?*S N N;
(&)SO (pv {O’ C*}) < (pj7wj) < (p—‘i_ij) < (piawi) Jor all j < i, and if
J
e€e (NN and Y(e) > i, ore € (*\ N, and if G C P¢« is generic
over V such that (pj,w;) € G, then
(P, wi)%le ke, “the sequence ((pj,w;)%(e), (0 ,w;)%(€) = j < 4) is a legal

partial play of Dé(@g) in which Complete uses her regular

strategy st? 7,

(X)Sy ife € NN(*, then py(s)(s) =pjle) = p;r(s) forall j > 71 (e),

(X)9o ifi € S is limit and ¢ € dom(q}), T(¢) > i, then p;(¢) is such that for
every generic G C Pe« over V with (p;,w;) € G, and two successive
members €' ,&" of the set w; such that e’ < e < " we have:

o if {pj(e)[GNPAGNP] :j <i}U{qg (e)[G NP} has an upper
bound in Q:[G NP.], then pi(e)[G NP][G NP,] is such a bound,

(K)Sy for some & € wir1 NG\ (sup(w; N¢G;) + 1) we have pip1[€ = pf 1€ and
for some a P¢e-name 7 € N, for every generic G C P¢« over V. with
(Pis1,wiv1) € G, we have 7;[G NP, ] = 7[G NP

Proof of the Claim. By induction on i < A we choose p;, p;, Ai, Af, fi, fi
such that the following demands (x);—(x*)g are satisfied:
()1 (piswi), (P, wi) € IP’CR*S NN and (A;, fi, wi), (A, fi",w;) € N are their
standard representations, respectively, and (pg,wo) = (p, {0,*}).

(*)2 If ¢ < j < A then (Ai,fi,wi) < (.A;r,ff',wi) < (Aj,fj,wj).

(x)3 If j <X\, e € (*\wj, s; € Aj, f;r(sj) < s; and for ¢ < j the conditions
r, € Aj, 8; € A;r are such that r; < s; < s;, then

f;r(sj) le lbp, “(fi(ri)(e), fi7 (s:)(g) + i < j) is a legal partial play of D())\(@s)

in which Complete uses her regular winning strategy st?”.

(¥)a Ife € wj, j < Xandr € Aj, ' € Af and 7" € Ay, are such that

r" <r <7, then
pi(e) = pf(e) =pri(e) so fi(r)(e) = £ ()(e) = fr (") (e).
(¥)s If j € S is limit and € € dom(q}) \ U;; wi, 7 € A; and r; € A; are
such that 7; <r for i < j and f;(r) <r then
Ibp. “if {fi(ri)(e) 1 i < j}U{gj(e)} has an upper bound in Q-
then f;(r)(e) is such a bound”.

(¥)¢ Let & = sup(wit1 N ¢;). Then pirq1[€ = p; 1€ and for some Pe-name
T € N we have: if r € A;41 and fiy1(r) < r, thenrl-“7=1;"

As declared in (x); we set pg = p and we choose p(J{ € Pex NN es-
sentially by (x)3. Thus we let dom(pg) = dom(py), po(0) = pg (0) and for
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e € dom(py) \ {0} we let pd () be the <} first P.-name such that

pdle Ik “pd(e) is the answer to po(e) given by the strategy st2”.

Next we useEandmto choose standard representations (Ao, fo, wp) € N
and (A7, fo7,wo) € N for (po,wo), (pg,wo) such that (Ao, fo,wo) < (AF,
f(;r7 wO)'

Suppose we have chosen p;, pj, Ai, Af, fi, ;i € N for i < j so that the
relevant demands in (x)1—(x%)g are satisfied.

CASE: j is a successor ordinal, say j =19+ 1. Let £ = sup(w; N ¢;,) and
¢ = min(wj, \ G, )- By (K)§ we know sup(w;, N¢;,) < & Working in N apply
Proposition to &, (, wi,, wj, T4, and (pjo, wj,) to get p; and 7 such that
(®)1 (pjij) S PRS NN and (pz‘tvwio) < (pj’wj>v
(®)2 pil(EUIC, C*)) P 1(EU[C, ¢M),

(® ;3 7 € N is a P¢-name, and

(®)4 if G CP¢- is generic over V and (pj,w;) € G, then 7[G] = 1, [G].
By Proposition m (used in V') we may choose a representation (A;, f;, w;)
€ N for (pj, w;) such that (A;E, ;g,wio) < (Aj, fj,w;). Necessarily,

(®)s if r € Aj and f;(r) <r, then rlF“7 =1 "

Since

(®)6 if € € w;,, then either e < £ or e > (,

we have p;(e) = pzo( ) whenever ¢ € w;,. Therefore if e € (*N N, Y(e) < 4,
reA;,rte Al € Ar(e) andr”€A+ aresuchthatr <r"<rt<r,

107

then (pj(e) = py . (€) = pr(c)(€) and)
Fi(r)(e) = £ (1) (e) = [ (r")(e) = frie)(r)(e).
To define .A;r, f;“ and p;r we first note that

(®)7 if r € Aj, fi(r) <randr €A, s; € AF (for i < j), are such that
ri <s; <r,and € € (* \ wj, then

fi(r)le ke, “{fi(ri)(e), £ (si)(€) = i < j)(f;(r)(e) is a partial play of

E)(’}(Qa) in which Complete uses her strategy st?”.

Let r € Aj and let 7, € A;, s; € A;r (for i < j) be such that r; < s; <r. We

define g(r) € P¢+ so that dom(g(r)) = dom(f;(r)) and

(®)§ if e € dom(g(r)) \ wy, then g(r)(e) is the <} -first P.-name for a condi-
tion in @5 such that it is forced that

(a) if (fi(ri)(e), f; (s:)(e) + i < §)7(fj(r)(e)) is a legal partial play of
DS(@E) in which Complete follows her regular winning strategy st?,
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then g(r)(e) is the answer to this partial play given to Complete
by st?,
(b) if the assumptions of (a) are not satisfied then g(r)(e) = f;(r)(e),

(®)% for e € dom(g(r)) N w; we set g(r)(e) = f(r)(e).

Clearly, g is a well defined function from 4; to P¢» and g € N. We note
that g(r) > f;(r) for r € A; and

(®)g if a < j3 are successive elements of wj, 7%, r! € A; are such that %«
and r![a are compatible, then g(r%)[3 = g(r')[3.

[Why? Let rf’+ € A, rf € A; for i < j be such that rf < rf’+ < 7. Then

r? o and 7! [ are compatible and so are r? o and rl-l "+ . Therefore, by

()1 and 1Y), fi(rO)18 = fi(rDIB and £ (r2F)[B = £ (ri*)]B. Since
the definition of g(r‘)(¢) involves only <fi(rf)(5),fi+(rf’+)(5) 14 < j) and
fi(r9)(e),st?, w;, we conclude that g(r®)(e) = g(r!)(e) for all e < 8.

Pick a maximal antichain .Aj € N of P¢+ such that

(®)3, (Vs e .Aj)(Elr € Aj)(r <s), and
(®)% if s € .Aj, r € Aj and r < s, then either g(r) < s, or for some
e € dom(s) we have g(r)]e < s|e and

sle IFp, “the conditions g(r)(¢), s(¢) are incompatible in Q..

Define f; : Aj — Pex by f;(s) = g(r) where r € A; is the unique mem-
ber satisfying < s. Plainly, the function f;r belongs to N and it satisfies
condition (v) of Observation (by (®)g). Hence (_A;‘, fj’7 wj) is a stan-
dard representation of some (p;L,wj) € IP?*S N N such that p;r(s) = pj(e)
whenever € € w;. Note also that if s € Aj and f;r(s) < s, then letting
r € Aj be such that s > r we see that s > g(r) > f;(r). Thus r, f;(r) are
compatible and hence r > f;(r). This in turn implies (by (®)7) that for
each € € dom(g(r)) \ w; the condition f;(r)[e forces the assumptions of case
(a) of (®)s. Consequently, the demand (x)3 (for f;r(s)) holds. One easily
verifies that also the other relevant demands from (x);—(x)g are satisfied by
Aj, fi 0 AT f 07

CASE: j is a limit ordinal. If j € S then let ¢* = ¢}, otherwise ¢* = @pg*.
Let A? € N be a maximal antichain of P¢~ such that

(Vs € A9)(Vi < §)(3r € A)(r < s).

We are going to define a function g : A? — Pex. Let r € A? and for ¢ < j let
r; € A;, 8; € .Aj be the unique elements such that r; < s; < r. We define
g(r) so that dom(g(r)) = Ui<j dom( f;(r;)) Udom(g*) and
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(®)1 if € € dom(g(r)) \ U, ; wi, then g(r)(e) is the <}-first P.-name for a
condition in Q. for which it is forced that
(a) if {fi(ri)(e) : © < j} U{¢*(e)} has an upper bound in Q., then
g(r)(e) is such a bound, )
(b) if the assumption of (a) is not satisfied but {f;(r;)(¢) : i < j} has
an upper bound in Q., then g(r)(g) is such a bound,
(c) otherwise, g(r)(¢) = Dg.,

(®)]f1 for e € dom(g(r)) N Ui<j w; we set g(r)(e) = fre (TT(E))(E).
Clearly, g : .A? — P+ is a well defined function, g € V.
(®)12 Assume r € .A?, r, € Aj, i < rfori<j.

(a) If fi(r;) <wr; forall i < j, then f;(r;) < g(r) for all i < j.

(b) If fi(r;),r; are incompatible for some ¢ < j, then r and g(r) are
incompatible.

[Why? Clause (a) follows immediately from the inductive hypothesis (x)3
and the definition of g. To show clause (b) assume that ¢ < ¢* and iy < j
are such that

o fi(ri)le <r;ile for all i < j, and
o 7i,le Ik < fi, (i) (€), i, (€) are incompatible”

(see [2.10[(iii)). By Observation [2.12|(vi) for each i < j there is s; € A; such
that r;]e and s;[e are compatible and f;(s;) < s;. Then also f;(r;)[(e +1) =
fi(si)I(e +1) < s;[(e +1) and for each a € (¢ + 1) \ U;; wi we have

filri)lalkp, “(fir(ry)(a) : i < i) are innings of Incomplete in a play of
00(Qq) in which Complete follows st0,”.

(Note that if i/ < 7 and t € A is such that ¢ < s;, then t]e and 7 ]e are
compatible, so fy(t)[(e + 1) = fi(r#)[(e + 1).) Consequently, by induction
on o < ¢+ 1 we may show that f;(r;)[a < g(r)Ja for all i < j and o < e.
In particular, fi,(ri,)[(e +1) < g(r)[(¢ + 1) and hence, by the choice of i
and e, the conditions g(r) and r;, are incompatible. Hence also g(r) and r
are incompatible.]
In the same way as for (®)9 we may argue that

(®)13 if a < B are successive elements of w;, and r%,7! € .A? are such that
0

[

r’la and r!]a are compatible, then g(r°)[3 = g(r!)]B.

Now pick a maximal antichain A; € N of P¢+ such that

(®)3y (Vse Aj)(3r e A?)(r < s), and

(@), if s € Aj, 7 € A? and r < s then either g(r) < s, or for some
e € dom(s) we have g(r)le < sle and sle IFp.“ g(r)(e),s(e) are
incompatible in Q.”.
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Define f; : A; — P¢+ by fj(s) = g(r) where r € A? is unique such that r < s
for s € A?. Using (®)12+(®)13 and Propositionwe may easily argue that
(Aj, fj,w;) € N is a standard representation of some (p;,w;) € IP’CR,?’ NN
such that pj(e) = pr((e) for € € w; and (A, fi,wi) < (A, fi7 wi) <
(Aj, fj,wy) for all i < j. Finally, exactly as in the successor case ((®)7—
(®)10 and later) we define A;, f; and p;r. We easily verify that the demands
(¥)1—(*)6 are satisfied.

This completes the construction of {(p;,p;, Ai, A", fi, fit + i < A). Tt
should be self-evident that the conditions (x)1—(x)s imply (X)5,-(X)$,. =

Let (pf,p; : i < A) be given by Claim Recalling Remark
we define a condition r € P¢+ by declaring that its domain (support) is
dom(r) = ¢(*N N and for each ( € (*N N,

r[¢IF “7(¢) > pr)(C) is generic for g<<> over
N(Gp ], 21, Q¢ RE, f19,8,7(¢) - w™.

)~

MAIN CLAIM 4.1.5. For every ¢ € (¢* +1) N N, Generic has a winning
strategy in the game OF (r[¢, N, hlSl, Pe, RPTIC, f,Gl)).

Proof of the Main Claim. We prove the claim by induction on ¢ € (¢*+1)
N N, so suppose that ¢ € ((*+ 1) N N and we know that for all £ € NN
the condition 7[¢ is generic for gl¢) over N, hK],Pg, RPTIE, f, S, 1. Note that
the inductive hypothesis implies that

(B)o r(&) is well-defined for £ € N N ¢ (by Claim [4.1.3)), and so

(B)1 for each £ € N N (¢ we may fix a Pe-name st¢ such that the condi-
tion r[¢ forces that it is a winning strategy of Generic in the game
a?(g)w (7”(5), N[G]P’g]a b<£> ) @{a ~R§pr> f<£> > g<£>)7 and

(B)2 (pf,wf) < (rI¢,{0,¢}) for all i < A, where pf = pif¢ and wf =
(wi N ¢) U{C}-

SUBCLAIM 4.1.5.1. Assume that (p},v;) € P?S AN (fori<d<A), and
p* € Pc NN, " € P¢ are such that

ri¢<r’, pt <’ and (Vi <i<d)((p],vy) < (p7,vi) <" (r,{0,¢1)).
Then there are conditions p* € N NP¢ and r* € P¢ such that
prpt <o, <t oand (Vi< 8)((p]. i) <" (p7,{0,(}).

Proof of the Subclaim. By the inductive hypothesis (of Main Claim |4.1.5)
we know that 7[{ is (IV,[P¢)-generic for all £ € ¢ N N. Therefore, if ¢ is a
successor or a limit ordinal of cofinality > A, then we immediately find that

r[¢ is (N,P¢)-generic (see [3.§(5) and use (K); and (K)$, of [.1.4). Hence
either 7" is (IV,PP¢)-generic, or ¢ is a limit ordinal of cofinality cf({) < A
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and for all £ < ¢ the condition 7'[§ is (IV,P¢)-generic. In either case Lemma
2.8(3) applies. m

Recalling that 7 = (74 : @ < ) was defined in [3.1(4) we set
Eg ={d<A:d=95>0and d >7(¢) and (Va < 0)(a-w < I)}

(plainly, Eg € D).

We will give a strategy st for Generic in D‘f (rIi¢, N, <l Pe, RPYIC, f, (jm).
Essentially, for each ¢ € ( N N, Generic is going to play a suitable game at
coordinate £, but at each time she is playing the game on less than A\ coor-
dinates. Her actions will be described on the intervals [y4, Ya+1) separately.

We may assume that, for £ € N N (, the sets C; € pVicre] given to Generic
by her winning strategy st¢ are of the form A,y Aqa, where A, € DV. To
keep the “past and future plays” under control, in addition to the innings
(r;,ri, C;) of the game, Generic will construct aside

(B)S sas2za, 25,17 rt re(e),r?(e),Af(a),fi,g,Aia for j < va+1, &€ < X and

ar’ g ] s

e € NN ¢ with 7(g) < va+1 and i such that 1'(e) + ¢ < vat1-

The primary roles played by these objects are as follows:

o r7(e),r¥(e), Decy Af(a) are the innings at stage ¢ of the game played at
coordinate &,

e s, € P are conditions deciding r{(e), Af(e) and T, Ais are the values
forced; the conditions s, will be used as r;’s too,

o 17, 7“j+ € P¢ form a strategic completeness play and are used to guarantee
that the sequences (r; : j < 74) have upper bounds,

® 24,25 € N NP¢ are conditions forming a strategic completeness play and
are used to guarantee that the sequences (r; (¢) : j < 7a) (are forced to)

have upper bounds.

Thus we require that the following demands (H),—(H)1o are satisfied in ad-
dition to the rules of the game:

()4 sa,r;f,r; € Pe, 20,25 € NNP¢, and 7‘;7 < Sy 1l < r;r < rj for all

1 <7< Vatl-
(B)s If va ¢ S then ry, <71} andif 7, € S then r,, = 1] . Also, s, €

ﬂK%H IZK] and if v, < jJ < Yat1, then 7; = s, and
Cj=Eg N[ {AS, 1€ <Tap1 & e €NNC&T(e) +i < Yap1}-
(B)e Ife € C\{e" € NNC:T(") < a1} J < Va+1, then

rj lelkp. “(rf(e),rf () 14 < j) is a legal partial play of E)())‘(@E)

in which Complete uses her regular winning strategy st?”.
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(B)7 If e € NN¢ and T(e) + i < Yat1, then r7(e) is a P.-name for a
condition in N[Gp,]NQ., r¥(¢) is a P.-name for a condition in Q. and
Af(e) are P.-names for elements of DNV (for & < \) such that
rle ke, “(ry(e), 15 (), Dear A5() 1 T(€) +1i < Ya41) is a partial play

2

of the game D%E) (r(e), N[Gp.], bt Q., RY', f<€>,g_<5>)

W
in which Generic uses her winning strategy st.”.
(B)s fee NN¢and yo < j=7(e)+i < Ya+1, then 7, . € N is a P.-name
for a condition in Q, Afa € D for £ < vo+1, and

Sale lkp, ¢ Af(g) = Aie and if j € S then r; (e) = ro(e) =1

Also, rile - ri(e) = 7";7(5) =P (e).

(B)g If 7o ¢ S, then (pjc-,w]g) <" (15,41,{0,¢}) for all j < yat1 (where

p§ = ;¢ and w§ = (w; N¢) U{C}, see (B)2).
(B)io fya & S, then r, <2, <25 < r41 and zg <zoforB<a, v ¢S,
and for each ¢ € N N ( we have

Zolelrp. “(zp(e), 25(e) : B < o, 75 ¢ S) is a legal partial play of
96‘(@5) in which Complete uses her winning strategy st?”.

Suppose that the players arrived at a stage 7, of the play and the se-
quence (r; ,73,C; 1 i < 74) has been constructed and the objects listed in
(EE)? have been chosen for all # < «a. The procedure applied now by Generic
depends on whether the inning at ~, is given by Generic or Antigeneric, so

we will have two cases below.

CASE 1: 74 ¢ S. The inning (r7, ,7,,C5,) is chosen by Antigeneric, but
we have to argue first that

(B)11 there exists a legal move for Antigeneric.

For this we note that there is a condition ' € P¢ stronger than all r; for
J < Ya- [Why? If « = 8+ 1 then sg works: see (H)s. If o is limit, then look
at the conditions r7, r;r for j < a: by (B)s—(H)s the sequence (17 : j < va)
has an upper bound and by (H)s this bound will be above all r; for j < 74.]
Then the condition 7’ is stronger than r[¢ and stronger than all i (for
J < 7o) and we may use Subclaim to pick conditions r~ € P, N N
and r* € [P¢ so that

rm <t <t and (V) <a)(ry <17).
Then (r~,7*,A) is a legal inning of Antigeneric at this stage.

So, let (r7 ,7+,,C5,) be the inning played by Antigeneric at stage 7q.
By Subclaim [4.1.5.1) Generic may pick conditions 7~ € P NN and 7 € P¢
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so that
(Bhe 5, <~ <rtor, <t and (V) < yag) (05, w5) < (77, {0,C}).

Then zﬂ <7Th,41 ST, STTS rt (for B < a, v3 ¢ S), so by the argument
as in we may apply Lemma for <25’Z/<§ < a& s ¢S) and
T, r+. T his will give us conditions z4, 25, € N NP¢ and 7, € P¢ such that
rT < zo < 25 < (B rt < rfm and for each ¢ € ( N N the condition 2z e
forces that “the sequence (z3(€), 25(e) : 8 < a, y3 ¢ S) is a legal partial play
of DS‘(@E) in which Complete uses her regular winning strategy st”. Now, for
each e € NN ¢ and i with 7'(€) +4 < Y441, Generic picks 19 (¢), ¥ (¢), Ag( )
so that (for T'(e) + i < 74 they are the ones chosen at previous stages and)

rlelkp, “{rd(e),r¥(e), A5<)\A ( ):Y(e) +i< Ya+1) is a partial play of
D%(E)w( ( ) [G]P’ ] QEv Rgra f<€>7g<s>)

in which Generic uses her winning strategy st.”

and
o if Y'(e) + 1=, thenl@
v le ke, “17(e) = 25(e) & 1 (e) =13, (e) & Af(e) = O,

Yo 7
o if 7o < T(€) < Yat1, then

ri lelbp, “r§(e) = 23() & r§(e) = 1%, (e) & Aj(e) = Oy, 7.

Next, Generic picks 1, € P¢ so that dom(r, ) = dom(r% ) and the demands
of (B)s (for j = 7a) are satisfied and 3 (¢) = r5_(¢) whenever e € NN,
Y(e) < Yat1- For 74 < j < 7a41 she chooses r;-‘,r;-r so that dom(r}) =
dom(r;f) = dom(r3 ) and (H)e holds (for e € (\{e’ € NN(C: T(¢') < Yat1})
and for e € N N ¢ with 7(¢) < ya+1 we have

o if j <Y(g), then rj(c) = r;L(zs) 73, (€), and

o if j =7(g) + i, then rife - “rj(e )—r;'(s) =717(e)".

By (H)g and (H)7 the sequence <7“j : J < Yat1) has an upper bound in P¢,

so Generic may choose s, € P and 7;. € N, AiE € D (fore € NNg,
Y(e) +1i < Yar1 and £ < v441) such that

e s, is stronger than all rj (for j < Ya+1) and s, € ﬂj<%+l 71 and

§
® s.le H—[ps “ [‘e(E) =Tie & Af(g) = A§,5 >,

(2

() Note that necessarily i is not a successor in this case. Hence if 7o < 7'(€) - w, then
i ¢ S[T(g) - w] and otherwise i = 7, ¢ S. Consequently, in the game D%E)W the inning
at i belongs to Antigeneric.
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She also defines conditions r;” € Pc N N (for 74 < j < 7Ya+1) by declaring

that dom(r;) = dom(z3) U{e' € NN :T(e') < Yat1} and
o ife € dom(r; )\{e' € NN(: T(e) <va+1}ore € NNC, j <T(e) < Yart,
then r; () = 25 (), and
eifec NNCand j =7(e) +i* < Y441, then
T lelbp, “if (Tie:va < Y(€) +1i < Yat1) Is an increasing sequence
of conditions above 27 (¢), then r; (¢) = i,

otherwise r; () = z5(e)”.

Then for 7o < j < 7a+1 Generic plays r; chosen above, r; = so and
Cj=Egn{AS, € <Yar1 & e € NNC & T(e) +i < Yag1}. Observe
that the rules of the game and the demands (H),—(H)1¢ are obeyed by the
choices above.

CASE 2: 74 € S (this may happen only if « is limit). Generic’s choices
are similar to those from the previous case, except that r,,,7; need to be
treated differently, and this influences the choice of s, too.

By (H)7 at previous stages, for each e € N N { with T'(¢) < 74, Generic
may pick 15 (), 75 (¢) and Af(e) (for 7o < T(e) +i < *ya+1) so that (H)7
still holds. By (H)s + (H)s she may choose a condition 7" € P¢ stronger than
all ; for j < 7, and such that /() = r¥(¢) when e € NN¢, T(e) +i = Ya,

0 < i. Now, for e € (N N with v, < T( ) < Ya+1 We have
' le IFp, “the condition r'(g) is (N[Gp.], Qc)-generic and
' (g) > r; (e) for all j <o ~

Therefore, by Observation Generic may pick P.-names r§(¢), 75 (¢) for
conditions in Q. such that

rle b, “r(e) € N[Gr.] & 1§ (e) < 1(e) & r(e) < 18 (e
and

r'lelre, “r'(e) <15(e) & (V) <7a)(rj (€) < 15())”

Then for e € (NN, & < X and i such that v, < T(e) < V() + i < Yat1,
Generic picks P.-names 75 (¢), 75 (¢) and Af( ) so that (EB) holds.

7
Now she declares that dom(r,,) = dom(r; ) = dom(r’) and for ¢ €
dom(r, ) she sets

@ .
* Z"o (5) lfSGNﬂC, VQST(€)<’Y&+17
E) = E) =
Ty (€) = 73 (€) {r’ ()  otherwise.

Then rf{ ST Tj (for 74 < j < fya+1) are defined exactly as in the previous

case. As before, the sequence (r! ri g < Ya+1) has an upper bound in P¢, so
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Generic may find a condition s’ € P¢, names 7; ¢ € NN for conditions in Q. and
sets Af-:s €D (fore e NN(, 7o <T(e) +i < Yat1 and € < v4+1) such that

° rj‘." < s forall j <441 and s’ € ﬂj<%+l I][-C], and

o s le ”_]Pa “l“-e(g) =Tie & Af(fi) = Ais 7.

2

Clearly r; <1< r' < ry, < for j <7, so Generic may use Subclaim

4.1.5.1f to pick conditions s, € P¢ and r— € N N P¢ such that r= < s,

s' < sq and (Vj < 74)(r; < 7). Moreover, Generic may modify 7~ so that,
additionally, for each ¢ € dom(r~) we have
IFp, “if the sequence (r; (€) : j < Ya) has an upper bound in Q.
then 7~ (¢) is such a bound”.

Then, for 7o < j < Yat1, Generic sets dom(r; ) = dom(r~) and

o ife €dom(r;) \{' € NN(:T(¢") <va41}, then 15 (e) =17 (¢), and

eifc € NN( T(e) < Yat1 and i* is 0 if j < T'(e) and ¢* is such that
j=7()+i"if T(e) < j < Yat1, then r; (¢) is the <}-first name for a
condition in Q. such that

ry fe lbp, “if (Tie : Yo < T(€) + @ < Ya+1) is an increasing sequence of

conditions above all 7 () for j" < ya,

7

then r; (¢) = T, and otherwise r; (¢) = r~(¢)

Clearly the conditions 7 (for 74 < j < 7Yat+1) are well defined and they
belong to N. Since in the current case « is a limit ordinal, (H);9 implies
that for each ¢ € N N ( and a condition z € P, stronger than all T le (for
j' < 7a) we have

z IFp, *“ the sequence (r; (e) : §" < 7a) has an upper bound in Q.”,

and thus z Ibp, “r; () < 7 () for all J' < 7" (remember the additional
demand on 7). Consequently@, if 7/ < 94 and v, < J1 < Jo < Va1 then
rj_,grj_l Srj_zgsa.

Now, for v, < j < Y441 Generic plays T chosen above, r,, and r; = s,
if j > Yo, and Cj = ESNN{AS, 1 € < Yay1 & e € NNC & T(e) 4+ < Yai1}-
Cleary the rules of the game KE and the demands (H)4—(H)10 are obeyed
by the choices above.

SUBCLAIM 4.1.5.2. The strategy st described above is a winning strategy
for Generic in OF (r|¢, N[Gp,], B, Pe, RP*I¢, f,q)).

(*°) Without (H)10 it is not clear that rilelk“ri(e) <r(e) for all 7 < va "
(*') In this case it is not required that r; <7y, as 7o € SNR.
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Proof of the Subclaim. Suppose that < ,175,Cj 1 7 < A) is a result of

a play of O (r[¢, N (Gr.], Rl<l ,Pe, RPYIC, f, q[c) in which Generic follows the

strategy st. By what was said in the description of the strategy (specifically

in (E)11) both players always had legal moves, so the play really lasted A
steps. Let

Sasy Ray Za, Tg ) Tj’ T?(E),f?(&), Af(g)’ Ties Af,a

be the objects written aside by Generic (so they satisfy (H)s—(H)10).

We will argue that |3 - ) holds (i.e., Generic wins).
Assume that a limit ordlnal 5 €8N(;4 Cjissuch that (MR (f5(5)) ;

for each successor j < 8. Then also § € ES, so (Va < 6)(a-w < 6) and
Y)<d=r=sup(Ya:a < & vy ¢S). Therefore, by ()9,

(Vi < 9)3j < ) (v} wf) < (7, {0.});
and consequently if ¢’ = min(¢§, (), then (pgl,wfl) <" (g51¢’,{0,¢'}) for all
i < &. (Remember that ¢} is an upper bound on hl%lo fs, see (K) 12+ (K)13.)
Hence, by (X)4, + ()2,

(B3 ifee (NG NN, T(e) >0 and z € P, is stronger than both ¢ [¢ and
rle, then z |- *( ) <r(e)”.

Let 8 = (B(¢) : € < €*) be the increasing enumeration of ws N (¢ 4 1). Then

B(0) = 0 € wy and B(e*) = ¢ € w;», where i* = 1 ({) < J. Since rs is

stronger than all r;7, r; (for j < d) we also see that for each ¢ < &,

(B)34 rsIB(e) is an upper bound on RIBE) o f5,

@4 7516() € Mg T (by (E)5), and

(B)§, if B(e) € wiNC for some i < &, then T'(B(e))-w < 6 and § € ﬂ{Agﬁ(E)
§,j < 4}, and hence (by (B)s) the condition rs[3(e) forces (in Pg))
that
LI NSAVSSWAVSSY A§(5(€)) NS[T(B(e)) - wl,
o 1P o f(sw ©) s an increasing sequence of conditions in Qg(.), and
o WP (5)) = h(f5(T(BE) + D(BE)) = rrseys, (BE) =

r9(B(e)) for all successor j < 4.

J
By induction on € < £* we are going to show that

(B)i5 (WP o f5) (R 1B(e)) (rs18(€)), and
@) B(e) < ¢ and ¢ = g515(e) < rs15(e).
To start, we note that <fj (O),T?(O), AVSS Ag(()) : j < 0) is a legal partial

play of D‘g(r(O),N,h<0>,Q0,Bgr,f<0),g<O>) in which Generic uses her win-

(*2) B¢l o f5 is an increasing sequence of conditions by (K)g.
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ning strategy sty (and all names involved are actually objects from V).
Also 6 € Ay Dy A5(0), 15(0) = 77 (0) for all j € NS (by (H)s) and
T (0) = RO (f5(5)) for all successor j < §. Therefore, as the play on the

coordinate £ = 0 is won by Generic, r5(0) = r3(0) = r¥(0) > q§0> and

( (0 Ofa) Rpr 7‘5( ). Also, by (H)3,, rs18(1) is an upper bound on RBO)] ofs
andt hemee (0o fy) (R15(1) (75 5(1)). And since rs (1) € (.., 720)

(see (B)Y,) we may conclude that ¢} > 8(1) and therefore q[ﬁ( )= g 16(1)
(as (1) is not a limit of members of ws). Now by induction on £ < (1) we
argue that ¢j[§ < rs[&: it follows from (X)19 and what has been said above
that ¢;(0) = gf;()) < 15(0). Suppose 0 < £ < 3(1), £ € N, and assume that we
have shown ;1€ < rsl€. Then, by (B)1s, rs1€ Ibs, “g5(€) < r(€) < r(€)"
This concludes the arguments for ()15 when ¢ = 1.

Suppose we have justified (H)5 for 9 < ¢* and Y(8(e¢)) < 0. By (HB)7,
the condition r5[8(eg) forces that

<r?(ﬁ(eo)),r§9(6(so)),§g A5(Bleo)) : T(B(e0)) +i < 8)

is a legal partial play of the game
0% (5o (r(B(£0)), NG, . ], B Qe . FiBeo) glBteoy

in which Generic uses the winning strategy §t5(€0). Therefore, using (),
and (B)5 + (H)s, we find that rs[3(eo) forces (in Pg(.,) that

rs(B(e0)) = 1§ (Bleo)) > ¢ and (BCD o M) pErs(B(e)).

Since {700 o £17V (j) = h(f5(T(B(c0)) +5)(B(eo)) and 75]4(eg + 1) is an
upper bound on AlBEo+ Do f5 (by (B8)%,), we may use our inductive hypothesis
of (B)35 for £ to conclude that (hPEt o f5) (RP'[B(g9+1)) (r5]B(g0+1))
(ie., (B)5 for e = g9 + 1). By (B)?, and the inductive hypothesis of ()}
for e9 we see now that (§ > (e +1) and also, as §(eg+1) is not the limit of

elements of wsg, qgﬁ(aOH)] ¢;18(e0+1). As before we may use (H)13+ (X)19

to show inductively that for all £ < B(gg + 1) we have g5 < rs5[¢, getting
(B)b. for ¢ = g + 1.

Suppose that we have shown (H)i5 for 9 < £* and 7(B8(g0)) = 0 (so
B(eo) is the limit of points from (J;_sw;). The assumption of ()} for g
implies immediately that (hlPE+D] o f5) (RP'[B(eg + 1)) (r5](c0 + 1)) as
there are no new “active” coordinates here (see (X)? and (8)%,). Just as
before we argue that (B)P; holds for ¢ = g9 + 1 as well.

Now suppose that e < £* is a limit ordinal and that we have shown (B
for all & < . Since f(g) = sup(5(e’) : €’ < ¢), the assumption of (H)3;
(8

)15
)5 for
¢’ < ¢ implies that (RI¥E)o f5) (RP*[B(e)) (r518(¢)). The assumption of (F)bs
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for e’ < ¢ implies that (§ > B(e) and g5 [8(e) < r56(e). Hence, remembering

(B)%,, we also conclude that g;[B(g) € Nyes 7)) and therefore q([S’B(E)] =
¢; 15(e). Consequently, the proof of ()5 is complete.

Finally, (H)15 for £* implies that Generic has won the play under consid-
eration, finishing the proof of Subclaim 4.1.5.2. u

This completes the proof of Main Claim 4.1.5.

To deduce the theorem we will argue that the strategy st for Generic in
o (r, N, h, Pes, RPT, f, (jK*]) described in the proof of Claim for { = ¢*
is also a winning strategy for Generic in D‘f(r, N, h,Pe-, RP", f,q). Note that
if ( = ¢* and in the proof of Subclaim we look at ¢ = ¢* (ie.,
B(e) = ¢*), then we deduce that for relevant §,

() rs is an upper bound on ho f5 (by (H)3,),
(8) 75 € NacsZa (by (B)y), and
(7) (ho fs) RP"rs (by (B)5).
Therefore, gs must have the same properties (a)-(7), and by (X)b; we get
(5 = ¢* and ¢ = ¢5. Now (B)b; implies q([;g*] = gs and we see that Generic
wins indeed.

Thus the condition r is generic for g over N, h,P¢, R, f and this com-
pletes the proof of Theorem 4.1. u
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