STABLE THEORIES

BY
S. SHELAH*

ABSTRACT

We study K7(d) = sup {| S(A)’ :lA[ < k} and extend some results for
totally transcendental theroies to the case of stable theories. We then inves-
tigate categoricity of elementary and pseudo-elementary classes.

0. Introduction In this article we shall generalize Morley’s theorems in [2] to
more general languages.

In Section 1 we define our notations.

In Theorems 2.1, 2.2. we in essence prove the following theorem: every first-
order theory T of arbitrary infinite cardinality satisfies one of the possibilities:

1) for all y, [A]=x=]|S(4)] < x + 2", (where S(A) is the set of complete
consistent types over a subset 4 of a model of T).

2) for all y, |[A]|=yx=|S(4)] < x'", and there exists 4 such that |4] =,
|| z x™.

3) for all y there exists 4, such that |A]| =y, [S(4)| > | 4].

Theories which satisfy 1 or 2 are called stable and are similar in some respects
to totally transcendental theories. In the rest of Section 2 we define a generalization
of Morley’s rank of transcendence, and prove some theorems about it. Theorems
whose proofs are similar to the proofs of the analogous theorems in
Morley [2], are not proven here, and instead the number of the analogous theorem
in Morley [2] is mentioned.

In Section 3, theorems about the existence of sets of indiscernibles and prime
models on sets are proved.
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of Jerusalem, under the kind guidance of Profeossr M. Rabin.
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In Section 4, a two-cardinal Skolem-Léwenhiem theorem is given without proof,
and is followed by some theorems about categorical elementary and pseudo-
elementary classes.

Among them appear:

TueorEM. If T is categorical in A, A > | T |+ Ry, A# inf{u:p™ > p+ |T|}
then T is categorical in every cardinal = A, and in some cardinal <y(|T|)

<32(@"™.

THEOREM. If the class of reducts of models of T to the language L is categorical
in A A> |T|, a,> I T| and the ordinal y is divided by (2'™)7, then the class
of reducts of models of T to the language L is categorical in 3,.

Some of the results of this article appear in my notices [8], {7].

After proving the theorems in this article, an unpublished article of JI. P.
Ressayre [5] came to my attention. It deals with categorical theories and includes
results previously obtained by F. Rowbottom. Among the results in Ressayre’s
article are a weaker version of Theorems 2.1 and 2.2, a partial version of 3.5, and
a somewhat weaker version of 4.6.

1. Notations. M will denote a model, | M| is the set of its elements, | 4] is
the cardinality of A, and | M | is the cardinality of the model M. We shall write
acM instead ae | M | o, B, 7, i, j, k, I, will denote ordinale, é a limit ordinal and
n, m natural numbers.

A, x,p will denote infinite cardinals. A* is the first cardinal greater than A.
2(y,a) is defined by induction: 2(3,0)= x, a(x.« + 1) = 22%9 and 3(y, )
=Jacsa(:0); 2@ =2,=2(No,0). If x=1¥, then R(}p)= .4+ where
N, = w, is the o’th infinite cardinal.

T will denote a fixed first-order theory with equality. If y(x) is a formula in the
language of T with one variable., (M) is the set of elements satisfying . M F tﬁ[a]

if y[a] is satisfied in M. Without loss of generality we assume that for every
formula ¥(x,, -+, X;) there is a predicate R(x, -, x,) such that (Vx)(W(xy, ", x,)

= R(%;,*»x,) €T and that there are no function symbols in the language.
Morley [2] explains why there is no loss of generality here. The language of T
will be denoted by L(T). The predicates in L(T) will be {R;:i < | T|}. Tis complete
unless stated otherwise. Usually x, y, z will be individual variables, %, ,Z— finite
sequences of variables, a, b, ¢ will denote elements of models, and 4, b, ¢ will de-
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note finite sequences of elements of models. It is implicitly assumed that different
sequences of variables contain no common variables. { ) will be the empty sequence.
4, or a(i) will be the i’th element of the sequence 4. Instead of writing (Vn < w) (d,c4)
we shall write g,€ 4 or de A. A, B, C will denote substructures of T-models, and
when we speak about a set A, or define A, we speak about its relations as well.
That is we do not distinguish between the substructure 4 and the set A. By
Ac M we mean that A< |M |, and the relations on A4 are the relations on M
restricted to 4. T'(4) is the theory T together with all the true sentences R[d4],
de A, and T(A) is a complete theory. When writing R[ 4] we assure implicitly that
the length of the sequence 4 is equal to the number of places in the predicate R.

We define p to be a type on A iff p is a set whose elements are of the form
Y(X, d), where de A, and ¥ is an arbitrary formula in L. g, r will also denote types_
If for every ¥, de A — (%, d) € p or Y(d,d) € p, p is called a complete type on A,
If A is not mentioned, then it is assumed A is the empty set. When we speak about
a type we implicitly assume that T(4) U p is a consistent set. We define p]A
= {Y(%,d) e p:de A}. If not otherwise assumed X = x in p.

ST(A) is the set of complete types on A. As T is fixed we write S(4). If I is a set
of predicates then p]I ={yep:y =R(x,d) or Yy =—R(x,d) and Rell,
S{A) = {p|I:peS(4)}, p|R=p|{R}, and Sk(4) = S(z;(4). By our notations
we can distinguish easily between p|I and p|4. On S(4) (S,(4)) a compact
topology is defined by the sub-base which has the following sets as elements:
for every ¢ = yY(x,4d), Vs = {p:¥(x, @) € p}. M realizes a type p on | M|, if there
is an element b of M such that for every Y(x,d)e p M Ey[b,d] (that is : (b, 4)
is satisfied in M). M omits p if it does not realize p. M is called A-saturated if
every type on A with A = M, |p| < 4, is realized in M. If M is | M ||-saturated
it is called saturated.

u#(y) is the smallest cardinal such that if T with | T| = x, has a model omitting
a type p in every cardinal smaller than u(y) and not smaller than | T |, then it has
such a model in every cardinal > I T]. In Vaught [9] the following results are
mentioned:

ux) <3, wherey = (Zx)+5 #(No) =245 #(25) = 2(25+1) when

cf 6 =w.

T is categorical in A if all models of T of cardinality A are isomorphic. pc (T, T)
is the class of reducts of models of T; to L(T). (We assume implicitly that
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T =T, NL(T).) pe(Ty, T) is categorical in A if all models in pc(Ty, T) of car-
dinality 4 are isomorphic.

2. On possible cardinalities of S(4)
DerINITION 2.1: Kp(A)=sup{|S(4)|:|4|SA}=inf{u:| 4|1 =|S()| < u}.

NoTATIONS: #,T will denote ordinal sequences of zeroes and ones. For 0 < i <i(n)
n; is the i’th element of the sequence, where I(y) is the length of the sequence.
¥"® will denote ¥ if 7(i) = 0, and — ¥ if 5(i) = 1. n|« is the sequence of the first
o elements of 1.

THEOREM 2.1. 1) If there exists A, IA['T|= IA], IS(A)I > |Al Then for
every A, Kz() Z inf {(2%)* : 2% > 2}.

2) There exists A as mentioned in 1, iff tthere exists a predicate R such that:
T'r = {(3%) Ao<i<inRE, 7" P):1(n) < @} U T is consistent.

REMARKS, The same argument will show that if there exists an A such that
| 4| <|S(4)], then Ty is consistent.

Proof. Let us assume that 4 satisfies | 4|/"l =] 4], | S(4)| > | A|. Then we
shall show that there exists a consistent I'; as mentioned in 2, and that the con-
sistency of I'p implies the conclusion of 1. This will prove the theorem.

Now for every R, we define p; ~ p, (mod R) iff pllR = p2|R. This is an equi-
valence relation on S(d4), which divides it into | Sg(4) | equivalence classes. Since,
for every py,p,€S(4), py # py, there is an R such that P, ~ p, (modR),
| S| = |[TeSx() | =TTx|Sx(4)|. If for every R, |Sg(4)| <|A4|, then
|S(4)| £]A|'"™ =|4]|, a contradiction. Hence, there esxits an R such that
| Sx(4)| > | A| = No. We shall prove that I'g is consistent.

For every 4 such that de A, R(x, @) divides Sg(4) into two sets: the types p such
that R(x, &) € p, and the types p such that — R(x, §) € p. If in every such division
one of the sets is of cardinality <|A |, for example the set {peSg(4): R(x, &%) e p}
then,

| Sx()| = |U{peSR(A):R(x, d)"@ep}u {peSy(A): forall 4
R(x,a)" ¢ p}| < Z [ {peSr(4):R(x,d) @ep}|+1=|4], a contradiction.

So there exists @ = d® such that R(x,d" ) divides Sg(4) into two sets of car-
dinality > |4 |- For every one of them we can repeat the above discussion and
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find. 4<%} a*? such that there exists >|A| types p with either R(x,d® ),
R(x,d3°)ep; R(x,d®), — R(x, @®)ep; —R(x, i), R(x,d*”)ep; or

— R(x, ), — R(x, &'y € p. We can continue defining 4", and proving by it the
consistency of I'z. And so we have shown one direction.

Let y = inf {u:2" > A}. We define

I={Ruy"™ ) =gy<x}u T

It is easy to see that if I is not consistent then Iy is not consistent. Let M be a model
of I, and A, the set of elements which realize the variables {(}7"”),,: In) =1y,
7y < 3, 1 < I(5"")}. The cardinality of 4, is £ X,.,2"! < 4, and in M 2* different
complete types on A, are realized. (The types realized by elements which realizes
the variables y,, () =1). So |4,|<A. | S(4,)|=2*> 4, and so K()2(2H)* > A".

DerINITION 2.2. If in T there is no predicate R such that I'g is consistent,
T is called stable.

DEFINITION 2.3. If for every A, Kg(A) £ A* + 2T+ then T is called super
stable.

THEOREM 2.2. 1) If T is stable and there exists A, |A|=2"' such that
S(4)| > |A], then for every 1, Ky(1) > A¥. So there exists arbitrarily large
powers for which Kp(A) > A* + 2"Th+.
2) There exists A as mentioned in 1 iff there exists a sequence
of w predicates {R": n < w) such that

I{R*:nw<) = {R"G’, 7" =— R"(x’", 7*"): for all

f:(io’...’im_l’ im,...,i‘ ver l<w>,f' =<i09 '“’lm-'liim"'!’ il’...':l < w>’
l;n # im3 g= <i0’ "'sim—1>a h = {im, l,:,} and
i,if < for all 1 < w}
is consistent.
3) If T is super stable and there exists A with ]S(A)[ > |A|,| TI
and if A>|A|+|T|, A< S(A) is regular then there exists B< 4, |B|=|T|

such that |IS(B) | 2 A. We can conclude that, for super stable T, if Kr(4) > At >|T|
then K(|T|) > |T|*.

Proof. The way we prove 1 and 2 will be similar to that of Theorem 2.1. First,
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we shall prove from the assumption of 1 that there exists {R":n<w) such that
I'(R":n< @) is consistent, and then that if I'{(R": n< w) is consistent then for
every A there exists A, such that | A| = A, | S(4)| 2 A™. Then choosing such an 4
for A= N(2|T|, ), we close the circle.

Let A be as in the assumption of 1.

LemMma 2.3. There exists R®, a predicate of L(T), such that the partition of
S(A) by the equivalence relation (modR®) contains at least ]Tl+ classes of
cardinality > | A|.

Proof of the lemma. Ifnot—|S(4)| < Xg|Sk(4)|+|T|'™ =] 4], acontra-
diction.

For every one of the |T| + classes there exists R; that divides it in a similar
manner. But there are only | T| predicates. So there exists R such that there are
| T|* classes (mod R) such that in each of their partitions by R' there are | T|*
classes of cardinality > |A|. It is easy to see that we can continue to define R,
for n < .

Now (R": n<w) is defined. By the construction just mentioned there exists for
every n {p(j; io,sim-1):j <|T|*, iy<|T|*,m <n} such that the following
three conditions are satisfied:

P(sio, s im-1) € Sgm(A); if j #j' then p(jiio, -, im—1) and p(j';ig, -, im-1)
are contradictory; and p(i,) U P(i,; i) U p(is,i1,i) U -+ U p(ip; ig, "5 im—1) 1S
consistent.

From this it can be easily seen that '{R":n< ) is consistent. Now we shall
prove that if I { R":n{w) is consistent, then for every A there exists an 4 such
that |A| =1, |S(4)|2i%. Let I = TU {R™(x’, 7" =R"x’",7%": for, all
m<ao, f =<i0,---,im L B o ipy e 1< @), g = (igy s impy B = {imsim}, and
' =gy s b=t b 5 1y - 1 I <) such that (Vj < @) (i; < AAi’j < D)}

IfT is 1ncon51stent, then a finite subset of T is inconsistent and so T<R": n<w)
is inconsistent, a contradiction. Therefore I' has a model. Let A4 be the set of
elements realizing the variables appearing in 7°"* Then elements realizing different
variables from {x Iif=<lg, o, ipy 1< ), i;<1} realizes different types on A.

S0 |A| S Lnd" =4, [S(A)] 2 4.

Now it remains to prove part 3. We can try again to build the construction that
appears in the beginning of the proof replacing ‘“more than ]A |” by “at least 7>
As that attempt must fail by our assumption, we get a set S of = 4 types in S(4).
such that for every R there are no more than | T| equivalence classes of power = 4,
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{SR):i<jr £|T|}. Now | S =|UiSR)| < 4 and | S — mxJ: S:(®) |
< Xx|S—UiS{R)| < 4 and this implies that | Ng(JiS(R) | =2 4 >|4]-
If py, po € Nl JiSAR), py # p, there is an R such that p; | R # p, | R; but p, | R is
one of | T| elements of {p| R: pe| J;S{R)} (by the definition of S,(R)), and so there
is A(R) < A, | A(R)| =|T | such that for every py, p, € Nl JiS(R)if pix | #p,|R
then p, | A(R) # p,| A(R). It follows that | S({_z AR)| = | nx(J:Si(R) 2 1, and
UnA®)| <.

REMARK. By a more refined proof we can replace I'{ R":n <w) by the more
elegant set

ij-1

I"({R“n<w)y=TJ{@» /lo[zzf(x,y-‘f)/\h/__\0 R, 7)]:m <o,
g= <i0:"'aij>9 f= <i0""’ij—lsh>s Bgs s bm < CO}

DerINITION 2.4, We shall define S7(4) and TRj(A4) by induction on «, where I is
a set of predicates in L(T). SP(4) = S,(A). TR}(A) will be the set of types in S}(A4),
which have, in every extension B of 4, at most one extension which is an element
of S}(B). S{(4) = S(A) = Ji<a TRY(A).

REMARK. An analogous definition appears in Morley [1], 2.2 and footnote 13.
THEOREM 2.4. If R is a predicate of L(T), Ty is consistent iff Sx(A) # 0 for

every a and A. If for some o and A Sx(A) =0, then there exists f < ®, such
that for every A, Sh(4) = 0.

Proof. As in Morley [1], 2.7, 2.8.
ReEMARK. In fact, f < w.
DeFINITION 2.5. 1) If Iy is not consistent, then to every type p € S(4), we define

Rank (R, p) as the first o such that p| R € TR}(A).
2) If T is stable then Rank(p) = ( Rank (R, p):i <|T|>.

LEMMA 2.5. It is possible to define a lexicographic order on Rank(p),
such that there is no monotonically decreasing sequence of type ] T|+.

Proof. Immediate.

THEOREM 2.6. 1) If B< A, and p € S(A), then Rank (R, p) < Rank(R, p)| B) and
Rank (p) < Rank (p|B), and there is no more than one extension q of p
| B, q€S(A), such that Rank(g) = Rank(p|B).
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2) For all A, and peS(A), and for every R, there exists a
finite set B.< A, such that Rank (R, p) = Rank (R, p| B).

Proof. See Morley [2] 2.4, 2.6. Notice the difference in terminology. (Rank
here is rank and degree there.)

3. On some properties of stable theories.

THEOREM. 3,1. If M is a model of a stable theory T, |T| <i=|A| < |M]|,
K(4) = At and A a substructure of M, then there existsaset Y in M, ] Y[ =A%,
which is indiscernible on A (that is, for all yy,---,y,; z1,,z,€ Y. ay, -+, a, €A,
MER(y1,, Vus @15+, ) = R(2y, 0+, 2,5 84,0+, a,,) If for every i j, y;# y; and
Z; # Z,).

REMARK 1. A similar theorem, for totally transcendental theories appears in
Morley [2] 4.6. Rowbottom has a weaker unpublished theorem.

REMARK 2. In fact we can prove more: in every B« M, ]B[ > A, and for every
regular y < |B|, x> 4, there is such a ¥, provided |B|<y=|{peS(4): p is
realized in M} ] < ¥.

Proof. In S(A) there are A types, and so at least one of them, p, is realized at
least [A [ + times. Let the set of elements of M realizing p be B.

LEMMA 3.2. There exists Ay, |A;| =4 A< A, = M, and p, € S(4,) p; © p,
such that, if M o B, o A4, [Bl I = A, p, has one and only one extension of the
same rank in S(B;) and the extension is realized = A* times in M.

Proof. of 3.2. Let us assume the lemma is not correct. We shall define by
induction C; which fulfills the following conditions:

1) C; = {<A(k.j), plk,)p: J; k < i} where p(i,j) € S(AGL)), AGLj) > 4,
AG| =2

2) If p(i,j) G p(i’,j’) then i< i’ and there exists p(i + 1,j”) such that
p(.)) § pli+ 1,j") < p(i',j").

3) If p(i,j) G p(i + 1,j') then Rank(p(i,j)) < Rank(p(i + 1,j")) or |B(i.j)]|
> 22 |B(i +1,j')|, where B(i, j) is the set of elements of M realizing p(i, j).

4) For every i,j,i’,j’, p(i,j) < p(i',j") or p(i,j) = p(i’,j’) or they are contra-
dictory (that is, T U p(i,j) U p(i’,j') is inconsistent);

5) C;= C;fori<j.

We shall not prove the conditions explicitly as they are obvious from the
construction.
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Let Co = {{ 4. p} = {<A(0,0), 5(0,0)}.

Let us define C;,,. If | B(i, )| > A then by our assumption there exists 4; = M,
A(ij)= A4, |A1 |=l such that every extension of p(i,j) to 4, has a smaller rank or
is realized at most A times. Then we add to C; (A(i + 1,k), p(i + 1,k)> (where
AGi+1,k) = A,) for every extension of p(i,j), p(i + 1,k), which belongs to
S(A(i + 1,k)) and is realized in M. Their number is <1 as |4, | =1 implies
|S(A1)| < A. We do so to every {A(i, j), p(i,j)> € C;, and we get C,, . (We have
enough indices so that there will be no confusion.) It is easily seen that lCi+1|
<|Ci| + 4| C;|, and for every j, |AG + 1,/)| £|AG,j")| + A< 4 for some j'.

Now we define Cj;. Let (Al, p'> < (4% p») if A' « A% and p' < p> 1
(A", p'>i <j is an increasing sequence, then Ui<j (AL P = <Ui<in’Ui<j .
The elements of C; will be the elements of Ui<,S C,;, and unions of increasing
sequences in|_J;<;C;, (4', p'), such that p* is realized in M.

It will now be proved that Cizj+ = Cigj+ 41 = Cjg, +2 = ---. It is sufficient to
show that{ J,{C;:i < | T|*} = Cgy+. That comes from the construction, for if it is
not correct, there is an increasing sequence <{4’,p'> : i <|T'|*>. Then Rank (p)
is decreasing sequence, and by Lemma 2.4 that sequence cannot be strictly decre-
asing, so there exists an i such that Rank(p;) = Rank(p;,,)= ---. By condition 3
|{aeM: a realizes p,. }| <1 (as Rank(p)=Rank(p;.,) and p;G pisy)
and similarly ]{aeM : a realizes Pi+1}| > A (as Rank(p;,;) = Rank(,;;,) and
Di+1 T Di+2), @ contradiction.

We shall now show that |C;| < 1 and |A(i,j)] <A for i <|T|*. If not, let k
be the first ordinal that contradicts our assertion. If k=i + 1 then |C,| £|C;]
+ 4| C;| £ Aand for every j, for some j | A(k,j)| < | A(i,j’)| + A = A (as remarked
in the definition of C;4,), so that k has to be a limit ordinal, and k < { T l *. Let
A'=(J{A(1,)):j;1<i}. Now it can be seen easily that [A’|<|C/| - max;| A(i, )| <4
for i < k, and from that, and the construction, it can be easily seen that ]A" ] £,
and therefore ]S(Ak)I = A. Now the {B(k,j) :j} are disjoint sets, and every one of
them is the union of sets realizing some complete types on A,, and by the con-
struction B(k,j) # 0, and so the number of B(k,j) is no more than A. Thus
|Ci ~Ui<k Ci] £ 4. We can conclude that [C| | C—Uick G| + Zick [Ci
<A+ k A=1, a contradiction; and so ]CITI*I £, |A|T|+[ <A,

For every b with b € B(0, 0), the set of A(i, ), p(i,j)> in Cz|+ such that b € B(i, j)
is an increasing sequence in C,y)+. The union of the sequence is also in Cy+, and
so there is a last such element in C 1+, {A®, p*>. The set of elements of M realizing
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p® will be denoted by B*. Now if there is an element of C,, greater than (A", p°>,
then by the construction of C; there is such an element {A4’, p’> such that b realizes
p’, in contradiction to the definition of (A4’ p*». Therefore | B”| < A4 Now
B =B(0,0) = | J{By:be B} = J{BG, j):| BG,j) | SAjii<|T|*} 4 < |B]
< | Ciry, | - A = 1 — contradiction.

So we have proved Lemma 3.2.

It follows that without loss of generality we can assume that for every C, such
that A «C < M and |C| = 4, p has one and only one extension in S(C) which is
of the same rank, and that extension is realized at least A+ times. Let the set of
elements of M realizing p be B.

We define by induction the sequence {y;:i < A}. y, is an arbitrary element of B.
If we define y, for every i <j < A7, then y; = y(j) will be an element of M that
realizes the only extension of p to a type q in S(A U {y;:i <j}) such that
Rank (p) = Rank(g). By the definitions of B and p, there is such a y;.

LemMMA 3.3, If i <i,<--<iy<At, ji<-<j, <At then for every
predicate R in T and every d, de A,

MER[y(iy), -, y(in), @1 = R0y o), -+, y(U), 4]

Proof of Lemma 3.3. Without loss of generality i, = k.

Now, in the construction of the y,, in every stage in S(AU{yi: i <j}) there is
only one extension p; of p such that Rank(p,) = Rank(p), so the type which y;
realizes on A( J{y;:i < j} is independent of the choice of y;. If {z;:i <j} satisfies:
for every i, z; realizes a type g; on A| J{z,:k < i} such that g; > p, Rank(g,)
= Rank(p), then it can be easily proved by induction that {y;,,--, y;,» satisfies
the same type on A as {z;,,**,***, z; ». Now, if we choose y;, as the first y, and y;,
as the second, etc., they will satisfy the same formulaes as y;, -, y,. It remains to
prove that after choosing y;,, -, y;, as the first k y’s we can choose y;, ,, as the
next y. That is, perhaps y, , realized a type p on AU{yil,---, ¥j.}, such that
Rank (5) < Rank (p). But if q is the type of y;, ,, on A|J{yy, =y} (I =Jis1 — 1)
then Rank(p) = Rank(q) £ Rank(j) < Rank(p), contradiction. So Lemma 3.3
is proved.

LEMMA 3.4. Y is indiscernible on A.

Proof. The proof is the same as in Morley [2] 4.6, since in every cardinal y
there is an ordered set that has more than y Dedekind cuts.
So Theorem 3.1 is proved.



Vol. 7, 1969 STABLE THEORIES 197

DErINITION 3.1. Let K be a class of models, 4 a substructure of such models,
M eK is called K-prime on 4, if for every M, o 4, M, € K, there exists an iso-
morphism from M into M, that is the identity on A.

THEOREM 3.5. If T is a stable theory, and |A| S X, ,2%=|S(A)]| <2},
or A2 | T|*, then among the A-saturated models of T, there is a prime model on
every substructure A of a model of T.

REMARK. An analogous theorem appears in Morley [2] 4.3.

DEFINITION 3.2. pe S(A4) is called i-isolated if there is a type p; = p, | p, | < 4,
such that p is the only element in S(A4) that includes p,.

Proof of 3.5. In order that the model we will build on 4 be A-saturated, we
should realize every type of cardinality < A, and in order that it be a prime we
should realize only types which are realized in every A-saturated model including A.

So it is sufficient to show that if p is type on a set A, ] p] < A, then there exists an
extension p, of p, p; € S(4), and p, is A-isolated. For if it is right, we can add an
element to A for every A-isolated type. And if we continue adding such elements
for every type p, | p | < A (by adding an element which realizes a A-isolated complete
type containing it) we shall get the wanted prime model.

Now let A2 | T|* and {p| < A where p is a type on A. Among the elements of
S(A4) containing p, there is a g with minimal Rank (R, q), so there are a finite
number of formulaes which define the type completely with regard to R, (among
the extension of p). We adjoin these formulaes to p, and continue with R, R, ---.
Because of the compactness theorem, this operation does not lead to a contra-
diction at the limit. So after | T | steps we get the required type — a type of power
< |p|+|T| < A, which has only one extension in S(4).

It remains to deal with the case |A| < X, .,2%=|S(4)] < 2%, Let p be a type
on A, l pl < A, which contradicts our conjecture. Let p = p (. If p,, has more
than one extension to a type in S(4), then there is a formula R(x, ), such that
P> = P J{R(x,d)}, and p, = pl J{—R(x, 4)} are consistent. We continue with
Pay and p, as with p, and can define p, for every sequence n of ones and
zeroes, i(n) < 4, [ p,,l < 4, such that:

1) if n, is not is not an initial segment of n, or conversely, then p, U p,, is
not consistent;
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2) if ny is an initial segment of #,, then p, < p,,; and

3) if Iy) is a limit ordinal then p, =|Ji<isPy- Then {p,:I(n) S A} are 2*
contradictory types on a set of cardinality < 2 + ¥,.,2%= X_,2¥ < 2% a contra-
diction.

4. On categorical elementary and pseudo elementary classes.

TueoreM 4.1. Let M be a model of a not necessarily complete theory T,
Q predicate in L(T), p a type. Let @™+ =

1) If M omits the type p, and :(IQ(M)I,?) = ”MI, then in every cardinal
= IT], there is a model My of T which omits p and such that 'Q(Ml)l < ] T|.

2) If M omits the type p, and 3 (IQ(M)I,?) <M, ]Q(M)] 29, then for
all cardinals y =22 = ] T!, there is a model M of T which omits p and such
that |Q(M )| =4, | My |,= -

Proof. The proof is by the methods of Morley [3] and is not given here.
(Also see Vaught [9].)

ReMARKS. The theorem can be slightly improved as don by Morley [2], in
analogous theorems.

TheoreM 4.2. If pC(Ty,T) is categorical in a cardinal 1> [TI I, then for
every ¥, |T1| Sx<A Ki(y)=yx", and so T is stable.

Proof. By Morley [1], 3.7 (the proof for the non-denumerable case in the same)
there exists a model M of Ty, || M || = 4, such that for every 4 = M, at most
IAl + [ T1| types on A are realized in M, and it follows from this that the same
holds for the reduct of M to L(T). If K4(x) = x ™, [ T, [ < x < 4, there is a reduct
to L(T) of a model of T, of cardinality 2, for which there exists 4 = M satisfying
lAl =y, and > x types of S(A) are realized on A in the model. This contradicts
the categoricity.

THEOREM 4.3. If pC (T3, T) is not categoricalin Ay =19 (y * o) > I T, | (where
y=Q2"™)*, a>0), then it has a non-] T'*-saturated model in every car’
nality. This is also true if we replace the assumption by: “‘pC Ty, T)has a n on:
saturated model in A,’.

Proof. As any two saturated models of the same cardinality > 1 : are 1so-
morphic (see Morley and Vaught [1]), the second assumption follows trom the
first.
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Let M be a non-saturated model such that | M | = 4, and M is the reduct to
L(T) of M,. Then there exists Ac M |A4| < | M|, and peS(A4), such that p is

omitted in M. When we adjoin to M, the relations Q(M) = A4 and to every predicate
R of L(T) Yx(M,) = {d: R(x, d) € p}, we get a model M,. Now | Q(M,)| < || M, |
and M, omits p; = {(V7) (A:Q(F) — R(x, 7)) = Y(7): R a predicate in L(T)}.

By 4.1 in every cardinality there is a model M5 of the theory of M, such that
|0(M)| <| Ty, and M; omits the type {R(x,d):d,€ Q(M3), M5 F Yglal, R a
predicate of L(T)} which is a type on a set of cardinality < |T1| (its consistency
follows from the theory of M,), and this proves the theorem.

LemMmA 4.4. 1) If[Tll < A, A is regular, and IAI </l:>|ST(A)l £ A, then
p C Ty, T) has a saturated model in A.

2) If | T, | £4, n2 A, pis regular and |A| S 4= |ST(D)| <4,
then pC(T,, T) has a A-saturated model in A.

Proof. Since the proofs are essentially similar, we prove only 1). Let
Ty, =Ji<jr,) Ti where T} < Ty/if i <jand Ty’= T; forii 2 | Ty | and | T{|< 4. By
the conditions in 1 we can easily define a sequence (M ‘i <) such that:
li| || M| <2; M as a model of T; if i <j then the reduct of M’to L(Ty)
is an elementary extension of M'; the L(T)-types on M’ are < p ; J<jo A
and pji is realized in M/; M° =U,-<‘,M !, M, is the required model.

COROLLARY. 1) If T isnot stable then pC (Ty, T) has a saturated model in a
regular cardinal 1 = I T, | iff y<id=2%Z A

Proof. Suppose there exists y; <A <2*. Let y =inf{y:2*> A}. As T is not
stable, by Theorem 2.1, there exists 4, |A| < X,.,2* £ A such that there exists
2% > A contradicting types of power y < A on A. If T has a saturated model M of
power A, then there is 4" = M, with A’ isomorphic to 4. Thus in M more than
| M| contradicting types have to be realized, a contradiction. The opposite
direction in trivial by 4.4.1, since always, S(4) < 24I1*ITI

THEOREM 4.5. 1) If | Ty| =N, and T is not stable then the number of iso-
morphism types of pC (T, T) in Ny is at least Iﬁ - ocl.

2) If | Ty| = N, and T is not super stable, then the number of isomrophism
types of p CTy(T)inN, is at least |(/3 - ac)/cal.
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3)If pC(T,T) is categorical in a cardinal >|Ty|, different from
inf{y: g 2T, 2" > x+|T|}, then a) T is superstable, b) K{(2) =A% for 1= ] Tl.
¢) pC (T, T)is categorical in a cardinal > | Tll iff all models in it are satu
rated, and d) p C(T,,T) is caterogical in 9 (y-a) for y=Q"H*,
«>0, 3(ya) >|Ty|.

Proof. 1, 2) If K;(1) > A*, then for every y = At there is a model M in
pC (T, T) such that there exists a set A with more than ]A | types realized on it in
M, | A| = ], and there is no such set of greater cardinality. (The existence is proved

as in 4.2.) . o
3) By 4.2, for every y with | T, l Sx <A Kg(y) =x*. So,if 1is regular

then there is a model in p C (T3, T) of cardinality A which is saturated by Lemma
4.1.2. If A is singular, then 1 >y =inf{y:y = | Tl,x“" >y}, andso Ki(y)=x",
and as x* >y, this implies that T is super stable. As Ky(| Ty |) = | Ty | *, by 2.2
K(4) = A*, and so by Lemma 4.4.1 p C(T;,T) has a | Ty I + .saturated model
in A. Therefore by 4.3, p C (T}, T) is categorical in § (7 o) (y = '™+, o > 0),
and so K(u) = p* for every p 2 | Ty |. That implies by Lemma 4.4, that in every
power u > | Ty | and regular x < pu, there exists a model of power pin pC(Ty, T),
which is x-saturated. So if pC (T, T) is categorical in g, its only model in y is
saturated. It is clear that if pC (T, T) has only saturated models in u > |T|,

then it is categorical in p.

ReEMARK. In 4.3 and 4.5.3 we apply a two-cardinal theorem to a categoricity
theorem. In fact, a more general connection exists among the following conditions
ony A u(xsi pw:

1) If | T| < x and T has a model which omits a type p and such that | M| =4,
|@(M)| < 4, then T has a model M’ which omits psuch that = | M’ || > | o) |.

) If ITll <y and pC(T, T) is categorical in p, then it is categorical in A.

HIf l T1| < x and every model of power pin p C (T}, T) is homogeneous, then
the same holds for A.

1 implies 3. (Keisler proves this in [1]) 1 implies 2 if p#inf{4;:A] 2 x,
A¥o> 4.} or if gy <y = N(xy,®) < x. 3 implies 1 if x is not greater than the first
measurable cardinal, and there is no weakly compact y, such that y, < x < (2*)".
2 implies 1 if in addition g # inf{A,: 47 2 %, 47° = 4} or x; < x = Ny, w) <1,

THEOREM 4.6. If T is categorical in a power A, A>| T|, A#inf{y: x*>x+| T},
then there exists a cardinal 2, such that T is categorical in every cardinal
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> Ao, and is not categorical in any power ¥, |T| < y < Ao. Furthermore 14 is
such that Ao < p(| T|) < 2(@2"™*).

Proof. If for every y < u(l T |) T has a model M which is not | T| *-saturated,
| M || = x, then it has such a model in every cardinal > | T| a contradiction by 4.4.
(Forif A= M,|A| £|T|, peS(A), and pis omitted, we adjoin to M the constants
{eii<]| TI} a names for the element of 4, and relations as in 4.3, and the result
follows by the definition of p( | T| ))NowifMisa | T | +.saturated but not saturated
model of T, then there exists A= M, |4| < | M|, | 4] > | T|, peS(4), such that
p is omitted. As Ko(|A|) =|A|* and | M| > |4]|> |T|=| M| >|T|*, there
exists an indiscernible set Y over 4, |Y| = |4|*, by Theorem 3.1. If
Y={y:i< IA]*}, let B=AuU {y;:i<y}}, where {y;:i <y} is indiscernible
over A, and M, be a prime model over B among the |T]+-saturated models,

which exists by 3.2. Now it will be proved that p is not realized in M,. In the
construction of M,, we adjoined to B the elements of {¢;:i < lBi} one after
another, such that ¢; realizes a |T| *-isolated type on BUi{c; : i <Ij}, defined by p;_
|p;| <|T|*. If ¢ realizes p, let By = {c;}, and By, = B;U {b: b is mentioned
in p;, and c, € B;}. Now |UiBi| < ] T|, and it can be easily seen that in a prime
model over AU ({y;:i <y} nUi<w B;), p is realized, and so it is realized in M
a contradiction, so p is not realized in M. As we can take =12, (2’”') + [y, > | A

b

it follows that T has a non-saturated model in ¥, in contradiction to 4.3, 4.4.3.
So every | T|*-saturated model is saturated. If T is not categorical in 4;, then
it has a non—| T | *+_saturated model of cardinality ,, and so T is not categorical
in any cardinal A,. I T| < A; £ 4. As we have shown that there exits a cardinal
A< y(l T |) in which every model of T is ] Tl *-saturated, the theorem follows.
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