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Kulikov’s problem on universal torsion-free
abelian groups revisited

Saharon Shelah and Lutz Striingmann

ABSTRACT

Let T be a torsion abelian group. We consider the class of all torsion-free abelian groups G
satisfying Ext(G,T) = 0 and search for A-universal objects in this class. We show that, for
certain 7', there is no w-universal group. However, for uncountable cardinals A\ there is always a
A-universal group if we assume (V = L). Together with results by the second author this solves
completely a problem by Kulikov.

Introduction

We consider Kulikov’s problem on the existence of A-universal groups. As defined in the
abstract, a torsion-free abelian group G is A-universal for a torsion abelian group 7T and a
cardinal A if G is of rank less than or equal to A, Ext(G,T) = 0 and every torsion-free abelian
group H of rank less than or equal to A satisfying Ext(H,T) = 0 embeds into G. Kulikov [6]
asked if, for any (uncountable) A and arbitrary T, there is always a A-universal group for T.
The first attempt for a solution was made by the second author in [5], where it was proved
that the answer to Kulikov’s question is yes whenever the torsion group 7" has only finitely
many non-trivial bounded primary components and either A is countable or we are working in
Godel’s universe L. It was then later shown in [4] that indeed the answer can consistently be
no in other models of Zermelo-Fraenkel axioms of set theory and the axiom of choice (ZFC).

Here we treat the remaining cases and prove that for torsion groups T with infinitely many
non-trivial bounded primary components there is no w-universal group for 7' but always a
A-universal group if A is uncountable and V' = L holds.

Our notations are standard and for unexplained notions we refer to [3] or [2]. All groups
under consideration are abelian, the set of primes is denoted by II and all rational groups
R C Q are assumed to contain the 1. By Ext we denote the first derived functor Ext}, of the
Hom functor and by rk(G) we mean the rank dimg(G ® Q) of a torsion-free group G.

1. A-universal groups

In this section, we recall the notion of A-universal group for a given torsion group 7" and state
some results from previous papers.

DEerFINITION 1.1. If T is a torsion group and A a cardinal, then a group G is called
A-universal for T if the following conditions are satisfied:
(1) Ext(G,T) = 0;
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(2) tk(G) < A;
(3) if H is torsion-free with rk(H) < A and Ext(H,T) = 0, then H embeds into G.

Kulikov [6, Question 1.66] raised the following problem.

QUESTION 1.2. Do A-universal groups exist for all uncountable cardinals A\ and for all
torsion groups?

Obviously, if T is a cotorsion group, that is, Ext(Q,T) = 0, then there is a A-universal group
Gy = QW for T for any cardinal A. However, in general the answer was not known until the
following was proved by the second author in [5].

ProrosiTION 1.3. Let T be a torsion abelian group. Then the following properties are
satisfied.

(1) For n € w there is an n-universal group for T if and only if T has only finitely many
non-trivial bounded p-components.

(2) If T has only finitely many non-trivial bounded p-components, then there is an
w-universal group for T.

(3) Assuming (V = L) and that T has only finitely many non-trivial bounded p-components,
there is a A-universal group for T for any uncountable cardinal \.

It thus seems reasonable that the structure of 7" and also some additional set theory plays a
role in giving the answer to Kulikov’s question. In fact, it was shown in [4] that the non-existence
of A-universal groups (for any A and any 7 not cotorsion) is consistent with Zermelo—Fraenkel
axioms of set theory and the axiom of choice.

2. w-universal groups

For our investigations we need the following lemma, which is well known. However, we include
the proof for the convenience of the reader.

First recall that the basic subgroup B of a torsion group 7' is the direct sum B = @pen B,
of the basic subgroups B, of the p-components 7,; for each prime p, B, is a direct
sum of cyclic p-groups, B, is a pure subgroup of T}, and the quotient T,/B, is divisible
(see [3]).

LEMMA 2.1. Let T be a torsion group and B C T be a basic subgroup of T'. Then, for any
group G, we have Ext(G,T) = 0 if and only if Ext(G, B) = 0.

Proof. The short exact sequence 0 — B —T — T/B — 0 induces the exact sequence
Ext(G, B) — Ext(G,T) — Ext(G,T/B) = 0 where the last term is zero since T/ B is divisible.
Thus, Ext(G, B) = 0 implies Ext(G,T) = 0.

Conversely, assume Ext(G,T) = 0. By Fuchs [3, Theorem 36.1], B is an epimorphic image
of T and thus Ext(G, B) = 0 by the closure properties of the Ext-functor. |

The main ingredient of the proofs in [5] is the following useful result due to Baer [1].
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LEMMA 2.2 (Baer). Let T be a torsion and G be a torsion-free group such that
Ext(G,T) = 0. Then the following hold.

(B-i) If Q = {p1,...,pi,...} is an infinite set of different primes for which p;T < T, then G
contains no pure subgroup S of finite rank such that G/S has elements not equal to 0 divisible
by all p € Q.

(B-ii) If, for some prime p, the reduced part of the p-component of T' is unbounded, then G
contains no pure subgroup S of finite rank such that G/S has elements not equal to 0 divisible
by all powers of p.

Moreover, if G is countable, then (B-1) and (B-ii) suffice for Ext(G,T) to be zero.

We first show that the above conditions are equivalent to the following two conditions, which
will become more handy in our situation.

LEMMA 2.3. Let T be a torsion and G be a torsion-free group such that Ext(G,T) = 0.
Then the following hold.

(S-i) If Q@ = {p1,.-.,pi,. ..} Is an infinite set of different primes for which p;T < T, then G
contains no finite rank free subgroup L such that t,(L./L) # 0 for all p € Q.

(S-ii) If, for some prime p, the reduced part of the p-component of T is unbounded, then G
contains no pure subgroup S of finite rank such that G /S has elements not equal to 0 divisible
by all powers of p.

Moreover, if G is countable, then (S-1) and (S-ii) suffice for Ext(G,T) to be zero.

Proof. In order to prove the statement, it suffices to show that conditions (i) and (ii) from
Lemma 2.2 and conditions (i) and (ii) from Lemma 2.3 are equivalent. Obviously conditions
(B-ii) and (S-ii) are the same and without loss of generality we may assume that T is reduced.

Assume first that condition (B-i) holds and let L be a finite rank free subgroup of G such
that t,(L./L) # 0 for all p € Q for some infinite set of primes @ with pT' < T for p € Q. We
have to obtain a contradiction. Suppose that L has rank n >0 and let L = ,_,, Zz;. For
k<nput LF = D, Zx1, hence L° = {0} and L™ = L. By assumption, for each p € Q, there

is y, € L,\L such that py, € L. Let k, be minimal such that y, € L% Without loss of

. . K
generality, we may assume that there is no 3y’ € L,\L such that py’ € L and ¢ € L5 for
some kj, < k, (possibly by changing the choice of y,). Now Lhrtt / L™ is a torsion-free group
of rank 1 and zy, + Lk and Yp + L¥? are non-zero elements of L7+ / LY. By the choice of kp

we conclude that py, € Zzy, + L],f” and let
() pyp = apzr, + 2,

for some z, € Lf”. We distinguish two cases.

Case 1: If p does not divide a), for infinitely many p € @ (and without loss of generality for all
p € @), then by a pigeonhole argument we may assume that k, = k for a fixed k and all p € Q.
Hence, the above equation (4) reduces to py, = a,x + 2z, and shows that zj + Lk e L/ Lk
is divisible by all p € @, contradicting condition (B-ii).

Case 2: If p divides a), for (almost) all primes p € @, then the above equation (+) shows that
zp is divisible by p and we let z, = pw,, for some w,, € Lf”. Now, on the one hand, py, € Lkrt1
and apxy, € LF s0 2, = py, — apai, € L*» 1. But 2, € L% hence zp € LP».

On the other hand, dividing equation (+) by p shows that y, = (a,/p)zy, + w,. Hence, if
w, € L*», then y, = (a,/p)zy, + w, € L* 1 C L, contradicting the fact that y, ¢ L. Thus,
wp & LF» but wy € Lf” and pw, € LF» | which is a contradiction to the choice of yp and k.
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Assume now that condition (S-ii) holds and let S be a finite rank pure subgroup of G such
that G/S contains an element g + .S # 0 that is divisible for all p € @ for some infinite set of
primes @ with pT" < T for p € Q). We must show a contradiction to condition (S-ii). Choose a
maximal free subgroup L' = @,_,, of S and put L = L' & Zg. Moreover, let g + S = px, + S
for some z,, € G and all p € Q). Using the fact that x,, € L, for all p € @, it is now easy to check
that t,(L./L) # {0} for all p € @, contradicting condition (S-ii). This completes the proof. [

It will be helpful to see what conditions (S-i) and (S-ii) mean for subgroups G C Q of the
rational numbers. It is easy to see that in this case (S-i) and (S-ii) reduce to the following
conditions.

(1) If 1/p € G for some infinite set of primes (), then T, = 0 for almost all primes p € Q.

(2) If 1/p™ € G for some prime p and all n € w, then T must be bounded.

Now let T' be any torsion group and put Ry = (1/p" : n € w, T, bounded). Then the above
implies that any rank 1 group S C Q such that Ext(S,7) =0 embeds into Rp. However,
Ext(Rr,T) =0 if and only if T has only finitely many non-trivial bounded p-components.
This motivates in some way the results from Proposition 1.3.

We now use the above characterization to show that, in case the torsion group 7" has infinitely
many non-trivial bounded p-components, there is no w-universal group for 7T'. This complements
the results in [5] and solves Kulikov’s problem completely in the countable case.

THEOREM 2.4. Let T be a torsion abelian group that has infinitely many bounded non-
trivial p-components. Then there is no A-universal group for T for any cardinal Ry < A <
2%o,

Proof. Let T be a (reduced) torsion group and assume that P ={p:7T,#
0 but T, is bounded} is infinite. Suppose Ry < A < 2%0 is a cardinal and there is a A-universal
group G for T. We list the elements from P by P = {p, : n € w} and let

mew
be a vector space over the field of rational numbers of countably infinite dimension. For each

sequence 1 € “2 we now define a countable torsion-free group G, such that Ext(G,,T) = 0.
Let G, be the subgroup of D generated by

Gy = {ze,mp i n €w}U{y,) 10k €w}),

where

(1) yZ,o = Tn;

(2) Yy 1 = (/pa) () — n(k))z;
for n € w. It is now a straightforward calculation that Ext(G,,,T) = 0 by Lemma 2.3 since the
involved primes come from P. It now suffices to prove that at most A of the groups G, can be
embedded into G, which contradicts the universality of G' since there are 2%° many groups G-
If not, then there is a subset A C “2 of cardinality bigger than A and embeddings

hy: Gy — G

from G,, into G for every n € A. Clearly, there are only A possibilities for the image h,(z.) € G,
hence without loss of generality we may assume that h,(z.) =y € G for some fixed y € G and
all n € A. Let

Q ={p € P:t,((Zy)«/Zy) # 0}.

By Lemma 2.3 condition (S-i) and Ext(G,T) = 0, we conclude that @ must be finite. Choose
¢ = pn, such that ¢ € P\Q. Again there are at most A choices for the image h,(z,,) € G, so
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without loss of generality we have
hy(z,,) =w € G,

for all n € A and some fixed w € G. Let n # v € A and let k = min{l € w: n(l) #v(l)}. We
claim that

Py (Y1) = T (Y. 1),

for all [ < k. For [ = 0 this is trivial since

hn(yz*,o) = hn(xn*) =w = hu(xn*) = hl/(yz*,o)'
If I <k and hy(y, ;) = h,(z}, ;) by induction, then

1) = o (0L = 10 ) = (o) = 0(0)

- pi(hy@;:*,l) — ) = ho (8 1).

T

We now compute in G the element

17 1 1 v
ha W, o) = P (U ki) = r(hn(y2*7;€ —n(k)y)) — ;T(hll(yn*,k —v(k)y))
1
=+—u1.
Pn.
Hence, y is divisible by p,, in G, but this contradicts the choice of y. |

3. A-universal groups in L

In contrast to Theorem 2.4 and completing the results from [5], we now show that, for
uncountable A, there are always A-universal groups for any torsion group 7' if we assume
(V =1).

THEOREM 3.1. Assume (V = L), and let T be an abelian torsion group and \ be an
uncountable cardinal. Then there is a A-universal group for T.

Proof. Assume that T is a torsion group and that A is uncountable. The following
proposition is well known (see [2]).

PROPOSITION 3.2 (V = L). Let G be a torsion-free group of infinite rank and T be a torsion
group. Then Ext(G,T') = 0 if and only if G is the union of a continuous well-ordered ascending
chain {G, : « < A} of subgroups (Go = 0) such that Go41/G, is countable, |G,| < |G| and
Ext(Gat1/Ga,T) =0 for all o < A.

We now proceed by constructing a tree of torsion-free groups {G,, : n € A>A} such that the
following hold for any 1 € *>\:
(i) Gy = 0 where () denotes the empty function;
(ii) |Gyl < |lg(n)| + No where lg(n) denotes the length of n;
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(iii) Ext(G,,T) = 0;

(iv) (Gyja @ a <lg(n)) is purely continuously increasing;

(v) if pe X for some a <\, then G,/Gp, is countable and satisfies Ext(G,/
Gnraa T) = 07

(vi) if n€*>\ and G, is a pure subgroup of some torsion-free group H with
Ext(H/G,,T) =0 and H/G, countable, then there is some e € A such that there is
an isomorphism from H onto Gj». extending the identity on G,,.

It is easy to see that this construction can be carried out since the number of countable
torsion-free groups is 28 = X; < X\. We now want to construct the universal group. Therefore,
let, for any n € *> X and € € ),

Gpre/Gy =A{xpren 1 n € w}h.

Without loss of generality, we may define a Q-vector space

G = @ @Qx’r/\e,n;

NEA> X, e€A NEW

and can assume that G, C G for all ne A> . Let

Guniv = < U G77> - G.
G

neEA>A

We claim that Gypiy is A-universal for T'. Certainly, we have rk(Gyniv) < A since 2= \in L
and thus it remains to prove that Ext(Guniv,T') = 0 and that any other torsion-free group H
with rk(H) < A and Ext(H,T) = 0 embeds into Gynivy-

We first prove that Gniy satisfies Ext(Guniv, T') = 0. Therefore, let

PN = (1o < ay)
be an enumeration of *>\ such that 7, <7z implies a < 3. For a < o, we then choose

Hy = (Tpren:n€w, €N €€\, n'ec{n, v <a}c

univ *

Then Hy =0 and Guniv = Ha, = U a<an H, is the union of the purely continuously increas-
ing chain of subgroups H,. Since Ext(H,t1/Ha,T) =0 for all a < a,, we conclude that
Ext(Guniv, T) = 0. Note that Hoq1/Ha = Gyra /G-

Finally, we have to prove that any torsion-free group H with Ext(H,T) = 0 and rk(H) < A
embeds into Gyyiy. However, if H is such a group, then H = Ua<“ H, with H,1/H, countable
and Ext(Hyy1/Hy,T) = 0 for all a < p. Now, by construction there is a branch 1 € *>\ such
that 1 resembles this filtration and hence G, = H. So H embeds into Gy as claimed and
Guniv 1s indeed universal. O
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