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1. Introduction

Condorcet’s “paradox” demonstrates that given three candidates A, B, and C, majority rule may result in the society
preferring A to B, B to C, and C to A [2]. McGarvey [6] proved a far-reaching extension of Condorcet’s paradox: for every
asymmetric relation R (so a R b implies b J{ a) on a set X of n candidates, there are m linear order relationson X: Ry, . .., Rpy,
with R as their strict simple majority relation. That is, for every a, b € X,

m
aRb <= |{i:aR;b}| > 7

In other words, given any set of choices from pairs from a set of n candidates, there is a population of m voters, all with
simple linear-order preferences among the candidates, who will yield the given outcome for each pair in a majority-rule
election between them.

McGarvey’s proof gave m = n(n — 1). Stearns [8] found a construction with m = n and noticed that a simple counting

argument implies that m must be at least %. Erdés and Moser [3] were able to give a construction withm = O (%)

Mala [5] and Alon [1] showed that there is a positive constant c¢; such that, given any asymmetric relation R, there is some
m and linear orders Ry, ..., R, with

m
aRb < |{i:aR;b}| > 5+Clﬁ

and that this is not true for any c, greater than c;.

Gil Kalai asked to what extent the assertion of McGarvey’s theorem holds if we replace the linear orders by an arbitrary
isomorphism class of choice functions on pairs of elements. Namely, when can we guarantee that every asymmetric relation
R on X could result from a finite population of voters, each using a given kind of asymmetric relation on X?
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Informally, one may think of the situation we study here as follows. Imagine that we have n candidates running for office,
and that each voter votes in a two-step process as follows. First, the voter chooses one element from a set of ballot types,
which are partial tournaments (or asymmetric relations) with n vertices. Then, having chosen a ballot type, the voter labels
the corresponding vertices with the names of the candidates, in such a way that an edge from candidate A to candidate B
indicates a preference for A over B (of course, not all ballot types allow one to express one’s preferences, but for the purposes
of this illustration we assume that each voter does the best he or she can with the available options). The outcome of the
election is the partial tournament with a node for each candidate and an edge from A to B if more voters had edges from
A to B on their ballots than had the reverse. The question we address here is, what sets of ballot types can generate which
partial tournaments via this process, allowing any number of voters? As we shall see, the nontrivial sets of ballot types (or,
kinds of symmetric relations, as above) fall into three classes (see Corollary 3.1 and the last paragraph of this introduction).
Among these are the partisan case, in which voters are offered the chance to separate out a preferred subset of the candidates
(which is how elections are often run, with the preferred set having size 1). We will show that the partisan case is the only
one that does not lead to paradoxical results (i.e., directed cycles). We will also characterize the sets of ballot types which
allow every partial tournament to be generated.

More formally, we use the following terminology. Let (),i) denote the family of subsets of X with k elements:

<X> ={YCX:|Y|=k}
k

Either an individual voter’s preferences among candidates, or the outcomes that would result from each two-candidate
election, may be represented as any of:

o An asymmetric relation R where a R b if and only if a beats b; it is possible thata R b,b R a,and a # b.
e A choice function defined on some subfamily of <)2< ) choosing the winner in each pair. Such a choice function is called

“full" ifits domain is all of (*} ), and “partial” otherwise.
e An oriented graph, i.e., a directed graph with nodes X and edges a — b when a beats b.

We shall treat these representations as largely interchangeable throughout this paper. Total asymmetric relations, full choice
functions, and tournaments (complete oriented graphs) all correspond to the case of no abstaining. Using notation from [7],
we will let Tor(c) denote the oriented graph (i.e., partial tournament) associated with a choice function c. For any set
X, c — Tor(c) is a bijection of full choice functions onto tournaments on X, and a bijection of all choice functions onto
oriented graphs on X.

For the rest of this paper, we fix a finite set X. We let n (as opposed to n, which is used as a variable) denote the size of
X, and assume that n > 3. We let ¢ denote the set of choice functions on pairs from X, that is, the set of functionsc: Y — X

where Y C ();) and c{x, y} € {x,y} forall {x, y} € Y. When c{x, y} is not defined it is interpreted as abstention or having
no preference.

Definition 1.1. (a) Per(X) is the set of permutations of X.
(b) A choice function d is a permutation of a choice function c if there is ¢ € Per(X) such that

do®),0(N} =0x) < c{xy}=x
we writed = c°.

(c) A set of choice functions ¥ C ¢ is symmetric if it is closed under permutations of X. So for each o € Per(X), ifc € ¥
thenc? € %.

Note that a choice function d is a permutation of a choice function c if and only if Tor(c) and Tor(d) are isomorphic directed
graphs. Symmetric sets of choice functions are what was meant above by “kind of asymmetric relation”.

The main result of Shelah [7] pertained to full choice functions for the voters. It was shown that an arbitrary choice
function d could result from a symmetric set ¥ consisting of full choice functions (i.e., for each d there is a finite set
{c1,...,cm} CS € suchthatd{x,y} =x < |{i:c{x,y} =x}| > %) if and only if for some c € ¥ and x € X,

n—1
Hy:clx,yt =yl # —5
We shall call this condition “imbalance”.

Definition 1.2. For a choice function c,
(a) Let dom(c) denote the domain of c.
(b) for any pair (x, y) in X2, the weight of x over y for c is
1 ifc{x,y} =x
W (c) =10 if {x,y} & domc
-1 ifc{x,y} =y.
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(c) cis balanced if for all x € X

> Wi =o.
yeX
Thatis, |{y : c{x,y} =x}| = |{y : c{x, y} = y}|, for every x in X.
(d) c is unbalanced if c is not balanced.
(e) c is pseudo-balanced if every edge of Tor(c) belongs to a directed cycle.

Gil Kalai further asked whether the number m can be given bounds in terms of n, and what is the result of demanding a “non-
trivial majority”, e.g. 51%. We shall consider loose bounds while addressing the general case, when voters are permitted to
abstain.

To determine what symmetric sets of partial choice functions could produce an arbitrary outcome, we shall characterize
the set of all possible outcomes of a symmetric set of choice functions, the “majority closure” maj-cl(%). The symmetric set
¢ satisfies this extension to McGarvey’s theorem if and only if maj-cl(¥) = €.

Definition 1.3. For ¢ C ¢, let maj-cl(¢) be the set of d € € such that, for some set of weights {r, € [0, 1] : ¢ € ¢} with
Zce% e = 1,

dix,y} =x <= Y W} > 0.
ce€

Here and throughout this paper, [0, 1] refers to the rationals in the unit interval of the real line. Note that we cannot
assume that maj-cl(maj-cl(¥)) = maj-cl(¥), and in fact we shall see this is not true. We must show that each function d in
the majority closure, thus defined, can in fact be the outcome of a finite collection of voters using choice functions in ¢’; this
is Claim 2.6.

Shelah [7] gave a characterization of maj-cl(¥) for nonempty symmetric sets of full choice functions; there are just
two cases. If some ¢ € ¥ is unbalanced, then maj-cl(¥) = ¢; if every c € ¥ is balanced, then maj-cl(¥) is the set of all
pseudo-balanced functions. The situation with possible abstention is more complicated; there are three nontrivial cases, see
Corollary 3.1. Unlike in [7], it is possible to have nontrivial ¢ for which maj-cl(%¥) contains no directed cycles; this happens
if and only if ¥ is partisan (see Definitions 2.3 and 2.4).

2. Basic definitions and facts

In addition to the representations as relations, choice functions, or oriented graphs discussed above, we shall also find it
convenient to map each choice function c to a sequence in [—1, 1] indexed by X2, the “probability sequence”

pr(c) = (W) () : (x,y) € X*).

Let pr(%¢) be {pr(c) : ¢ € ¢}, and pr(X) denote the set of all sequences f in [—1, 1]’{‘22 such that ty , = —t, »; pr(X) contains
pr(e).

Definition 2.1. For a probability sequence t € pr(X),
(a) t is balanced if for each x € X, Zyex tyy = 0.
(b) maj(t) is the ¢ € €suchthatc{x,y} =x < t,, > 0.

Note that maj and pr are mutually inverse functions from ¢ to pr(¢); ¢ = maj(pr(c)) and t = pr(maj(t)) forall ¢ € ¢ and
t € pr(¢). The function maj is also defined on the much larger set pr(X), which it maps onto €. The reason for reusing the
name “balanced” is clear:

Claim 2.2. If ¢ € Cis a balanced choice function, then pr(c) is a balanced probability sequence. If t € pr(e) is a balanced
probability sequence, then maj(t) is a balanced choice function.

Proof. Supposec € ¢isbalanced.Foreveryx € X, Y
i.e., pr(c) is balanced.
Now suppose t € pr(€) is balanced. Then t = pr(c) for some ¢ € €. Since t,, = Wyx(c),

YW =) iy =0

yex yeX

yex W;‘(c) = 0.The (x, y)-term of pr(c) is W;‘(c), so Zyex pr(c)xy =0,

and c is balanced. O
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However, it is not the case that maj (t) is balanced for every balanced t € pr(X). For instance, choose x, z € X and define
asequence t whichhast;x = 1,t;, = —1; forally & {x, z}
tyy =ty = !
Xy — Y,z — n_27
n—2’
and for all other pairs (u, v), t,, = 0. One may check that t is balanced, yet maj(t) has >
any X with at least 4 elements.

tyx =ty =

yex Wy (maj(t)) =n — 3 > 0 for

Definition 2.3. For a choice functionc € ¢,
(a) cis partisan if there is nonempty W C X such that
c{x,y} =x < xeWandy ¢gW.

(b) c is tiered if there is a partition {X;, X, ..., Xi} of X such that c{x, y} = xifand only if x € X;, y € Xj,and i > j. We say ¢
is k-tiered where the partition has k sets. (So a partisan function is 2-tiered.)
(c) cis chaotic if it is both unbalanced and nonpartisan.

Definition 2.4. For a subset ¥ C ¢,

(a) € is trivial if ¢ = ) or ¢ = {c} where dom ¢ = {, i.e., c makes no decisions.
(b) ¥ is balanced if every ¢ € ¥ is balanced.

(c) ¢ is partisan if every c € ¢ is partisan.

(d) ¥ is chaotic if there is some chaotic ¢ € €.

(e) pr-cl(¥) is the convex hull of pr(¥), i.e.,

k k
pr-cl(¢) = Zrif,» tkeN,r; €0, g, er =1,t €pr(¥) ;.
i=1 i=1

We can now establish some straightforward results which allow us to describe the possible outcomes due to voters
chosen from a given symmetric set more explicitly.

Claim 2.5. If ¢ is a symmetric subset of €&, then d is the strict simple majority outcome of some finite set {c1, ..., ¢y} chosen
from ¢ if and only if

m
dix.y) =x < Y W) > 0.
i=1
Proof. We have that d is the strict simple majority outcome if and only if
dix,y} =x < [{i:a{x,y} =x} > [{i:ca{x,y} =y}
m
— Wy(c) > 0. O
i=1

Claim 2.6. Suppose that ¢ is a symmetric subset of €. Then d € maj-cl(¥) if and only if d is a strict simple majority outcome of
some {cq,...,Cn} C %.

Proof. Ifd € ¢ and thereis aset {c, ..., cn} C ¥ with d as their strict simple majority outcome, then for each c € ¥ letr,
be the number of times that c appears among the c;, divided by m:
i{i:c=cj
o= ———.
m

Clearly ) ... e = 1,and, for each ¢ € ¢, 0 < r < 1. Furthermore,

m "W (ci) \
dix,y) =x < Y W) >0 < >0 = > wWi©r > 0.
i=1 i=1 cEE

Conversely, suppose d € maj-cl(%¢). There are r, = gf for eachc € ¥ with ) _r. = 1,and

dix,y} =x X:Wy"(c)rC > 0.
CEF
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Let m = lcm{b, : ¢ € ¥}. Now construct a finite set {cy, ..., c,} by taking ac% copies of each c € %. % is an integer since
b, | m. Now for eachc € ¥,

, m
E Wy(c) = Wi(c) - l{i: ¢ = c}| = Wj(c)ac— = Wy(c)rem.
b, Yy
Ci=¢C
So

Z Wy(e) = Z Z Wy(c) = Z W (c)rem
i=1

CEF Ci=C CEF

Z Wy(©rem > 0 <= Z Wy (o)re > 0,
ceE ce€

so d is the simple majority relation of the c;, O

Claim 2.7. For any symmetric ¢ C ¢, maj-cl(¥) = {maj(f) : t € pr-cl(¢)}.

Proof. Suppose d € maj-cl(¥). Then there are r. perc € ¥ with > ._.. 1. = 1and

dix,y} =x <— Zrcwy"(c) > 0.
CEE

Lett = ) ..., I pr(c) be a probability sequence in pr-cl(¢). Then
tx,y = Z Tc PF(C)x,y = Z TCW;,((C).

cee cew
So
maj(t){x,y} =x < Zrcwyx(c) > 0,
cee
ie.,d = maj(t).

Suppose d = maj(t) for some t € pr-cl(%). Then for some r, with D e e =1,d = maj (ZCE% Te pr(c)).
dix.y) =x <= Y 1 pr(O)yy >0 &> Y rWi(c) > 0.
ceE ce€

Sod € maj-cl(¥). O
3. A characterization

Main Claim 3.1. Given a symmetric ¢ C ¢,

(i) ¢ is trivial <= maj-cl(¥) is trivial.

(ii) ¢ is balanced but nontrivial <= maj-cl(¥) is the set of all pseudo-balanced choice functions on X.
(iii) ¢ is partisan and nontrivial <= maj-cl(¥) is the set of all tiered choice functions on X.
(iv) € is not balanced and not partisan < maj-cl(¥) = ¢.

Proof. No nontrivial ¥ is both balanced and partisan, so the sets

{¢ C ¢ : ¢ is trivial},

{# C ¢ : ¢ is symmetric, nontrivial, and balanced},

{# C ¢ : ¢ is symmetric, nontrivial, and partisan}, and
{# C ¢ : ¢ is symmetric, not balanced, and not partisan}

partition the family of all symmetric subsets of €. Thus proving each forward implication in the claim will give the reverse
implications.

i. If no-one in ¥ makes any choices, no combination can have a majority choice.

ii. This is the content of Section 4, below.

iii. It is shown in [4] (using different terminology) that if ¥ is partisan and nontrivial then every element of maj-cl(¥) is
a tiered choice function. We give an alternate proof. Suppose that ¥ is partisan and d € maj-cl(%¥). Then there is a finite set
{c1, ..., cm} € ¥ with d as the strict simple majority outcome. For each x € X, let k, be the number of ¢; such that x is in
the “winning” partite set. For any (x,y) € X2, let k be the number of ¢c; where x and y are both in the winning subset; the
number of ¢; with ¢;{x, y} = xis ky — k, and the number with ¢;{x, y} =y isk, — k, so

dix,y} =x <= ki —k>k, —k < k> k.
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Partition X into subsets for each value of ky,
X=|JlixeX:k=k:kelk:xeX})

These subsets form the tiers, so d is a tiered function.

For the reverse inclusion, suppose d is an arbitrary tiered function with tiers {X, ..., Xi}. Let c € ¥. For eachx € X, let
Iy C Per(X) be all permutations holding x fixed and c, be a choice function in ¥ with x in its winning subset. (If y is in the
winning subset of ¢, c®¥ will suffice for c,.) Now construct {cy, ..., ¢y} by taking, for 1 < i < k, each x € X;, and each
o € Iy, icopiesofcg.Supposex € X;,y € Xj,and i > j(sod{x,y} = x). Thenforanyz € X; \ {x},anyz € X; \ {y},and any z
in other tiers, x and y are chosen by equal numbers of {c{ : o € I}}. So they are chosen by an equal number of {ci, ..., cm}
except among the functions ¢/ and c;'; there are i such functions ¢ foreacho € I, and jsuch functions ¢; foreacho € T;,.
The number of permutations fixing x and the number fixing y are the same, |I'x| = |I},|. The number of permutations fixing
x and putting y in the losing subset and the number fixing y and putting x in the losing subset is the same, . There are il
functions which choose x over y, and jl which choose y over x; il > jl so the strict simple majority outcome of the ¢; chooses
X.

Ifi = j, then il = jl, so x and y tie in the majority outcome. Thus d is the strict simple majority outcome of {cy, ..., cn}
and d € maj-cl(%).

iv. If ¢ is a chaotic set, the conclusion follows from Section 5, below.

Otherwise, ¥ is not balanced and not partisan, but not chaotic. In this case, ¥ contains unbalanced functions which are
all partisan, and nonpartisan functions which are all balanced. By symmetry, ¢ contains a nontrivial balanced symmetric
subset # and a nontrivial partisan symmetric subset 2.

Let d € €. Suppose b — ais any edge of d. For each z € X \ {a, b}, by Claim 4.5 there is a voter population T, from %
such that a beats z, z beats b, b beats a, and no other pairs are decided; moreover, the same number of voters, say m, choose
the winner in each pair, and no dissenting votes occur. In the combination |_J, T;, m voters choose a over each z, and each z
over b. m(n — 2) voters choose b over a.

Let c € & be a partisan function, and I be the size of the set of winning candidates under c. Let A C £ be the set of
permutations of ¢ so that a is on the losing side, B C £ be the permutations of ¢ so that b is on the winning side, and
C = AN B—the permutations with b winning and a losing.

w=("7N m=(30)) a=(007).

Any candidates besides a or b are tied over all the voters of A, B, or C, since each is selected in the winning set an equal
number of times. Furthermore, a does not beat b in any choice function in A, B, or C.

Now we seek to take appropriate numbers of copies of the sets A, B, and C so that, for some constant k,any z € X \ {a, b}
defeats a by k votes, and loses to b by k votes. Say we have kg copies of A, k; copies of B, and k, copies of C in a population
D. Now foreachz € X \ {a, b},

|{ceD:c{z,a}:z}|:ko('l1 2>+k1<1_ 3>+I<z<l;__23>,

{c e D:c{z,a} =a}| = (1—2

Dicthzl = bl =ko ("> 14 k(3
l{c e cf Z}—}|—<o<l 1>+<1( >+<2<1_1),

n—3
|{c € D : c{b, z}_z}|_k0<l

1
So we solve kg ( ) + k; ( ) = k4 (‘l' f) + ks ( ) with coefficients not all zero. There are solutions
n

k():n—ZI, ki =0, ky=n-2, ifl<—;

\S]

ke=0. Kk =2—n ko =n-—2, M>g.

Let k = ko (';:]2) + ks ('11:23) the number of votes for b over z, or z over q, for any z € X \ {a, b}. Now take the union of k

copies of the population | J, T,, mko copies of A, mk; copies of B, and mk, copies of C for our voter population. b defeats any

z mk times among the partisan functions, and z defeats b km times among the balanced functions, so they tie; similarly, a

and z tie. Thus we are left with b — a. The union of such populations for each edge in d yields d as the majority outcome.
Hence ¢ C maj-cl(¥). O
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4. Balanced choices

Definition 4.1. For a choice functionc € €,

(a) cis triangular if for some {x, y, z} € (3;) ,c{x,y} = x,c{y,z} =y, c{z,x} = z,and for any {u, v} € {x,y,z}, {u, v} &
dom c. We write ¢*¥* for such c.
(b) c is cyclic if for some {x1, ..., xx} € (i)
o c{x;,xj} =x;ifj =i+ 1 mod k.
e No other pair {x, y} is in dom c.
We write ¢*1-~* for such c. (Triangular functions are a specific case of cyclic functions.)
(c) Let pr™ be the set of all balanced t € pr(X).

Note that if ¢ is symmetric and ¢*¥* € ¢, then c**""" € ¥ for any {u, v, w} € ()3() similarly for cyclic functions.

Claim 4.2. If a choice function ¢ = maj(t) for some t € pr®, then c is pseudo-balanced.

Proof. Assume ¢ = maj(t) for somet € pr’. Letx — y be any edge of Tor(c); then tyy > 0.Suppose x — yisinno directed
cycle. Let Y be the set of z € X with a winning chain to x, i.e.,

Y = U {{zl,...,zk} € (X \k{y}> ck<n,Vi<kc{z,zip1} =z, z =x}.

LetY = X\ Y.Notethaty € Yandx € Y,so Y and Y partition X into nonempty sets. Suppose z € Y and v € Y. Say

Z,71, ..., 2 is awinning chain from z to x. If t; , < O, then v, z, 7y, ..., z; forms a winning chain from v to x. If v is y, the
chain forms a directed cycle with the edge x — y and we are done. If v # y, this contradicts that v ¢ Y. So we assume that
tzy > 0.
Now
Z t;» >0,
zeY,veY

since every t,, > 0, and t,, > 0 is among them. For eachu € Y let

Ty = Z tZ,uv

zeY

Fu= Y b

veY
Since f is balanced, r, + T, = 0, so
S ru+F)=0=) "r+Y fu
ueY ueY ueY
We have seen that the first summand is positive, so the second summand is negative. But it is zero because for each pair
(u,v) € ?2 we have ¢, , + t,, = 0. This is a contradiction; so x — y must be in some directed cycle. O

Claim 4.3. pr’ is a convex subset of pr(X).

Proof. Suppose t and 5 are balanced probability sequences, and a € [0, 1]g. Then & = at + (1 — a)5 has, forany x € X,

Z Uy = Z (atx,y +(1- a)sx,y)

yex yex
= ath,y +(0-0a st,y
yex yex

=a0+ (1—a)0=0.
So u is a balanced probability sequence. O

Claim 4.4. If ¢ C ¢ is symmetric, balanced, and nontrivial, then every d € maj-cl(¥) is pseudo-balanced.

Proof. By Claim 2.2, every t € pr(%) is balanced. So by Claim 4.3, the convex hull pr-cl(¥) is contained in pr”. Any
d € maj-cl(¥) is maj(t) for some t € pr-cl(¢), by Claim 2.7, hence is pseudo-balanced, by Claim 4.2. O
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For the reverse inclusion, that every pseudo-balanced function is in the majority closure, we shall consider the graph
interpretation. First we shall show that every triangular function is in the majority closure of a balanced symmetric set.

Claim 4.5. If ¥ C ¢ is symmetric, balanced, and nontrivial, then for any {x,y, z} € (;‘) the triangular function c*V* €

maj-cl(%). Moreover, there is a voter population generating c*¥-* such that the same number of votes choose x over y, y over z,
or z over x, and there are no opposing votes in any of these cases.

See Fig. 1 for an illustration of the construction.

Proof. Let ¢y € ¥ and let m be the size of the smallest directed cycle in Tor(cp). Index the distinct elements of this cycle, in
order, as X1, X, . .., Xm. Let ¢ = ¢§ where o € Per(X) takes x; to x, X, to y, and x3 to z. Now consider the cycle in Tor(c), so
X1 = X, X, = ¥, and x3 = z. We define

€1 =¢,
c; =c” whereptakesx >y, y+> z, Z+> X,
c3=c” whereptakesx > z, y+> X, Z+> y.

Let Iy, C Per(X) be the permutations fixing x, y, and z, and take {¢/ : 1 <i < 3, ¢ € I, .} as our finite set of voters.
We claim the majority outcome of this set is c*¥%.

Ifu,v € X\ {x,y, z}, then equal numbers of permutations ¢ € I}, , have ¢/ {u, v} = uand ¢/ {u, v} = v, so they
are tied. If u is among {x, y, z} and v is not, then there are some out-edges from u in Tor(c). Since c is balanced, there are
an equal number of in-edges to u. For each i € {1, 2, 3}, v will occupy the in-edges which are not on the cycle in as many
permutations of ¢; as permutations where it occupies out-edges which are not on the cycle. If m = 3, then v occupies no
edges on the cycle. Otherwise, v occupies an out-edge from u along the cycle only in

e c7, for some set of 0 € Iy, ,, if u = z; then v occupies an in-edge to z on the cycle in c3 for an equal number of
permutations.

o ¢7, for some set of 0 € I}, ,, if u = x; then v occupies an in-edge to x on the cycle in ¢; for an equal number of
permutations.

o 7, for some set of 0 € I}, ., if u = y; then v occupies an in-edge to y on the cycle in ¢, for an equal number of
permutations.

Thus uand v are tied. Otherwise, {u, v} C {x, y, z}.Foreachi € {1, 2, 3}, thereare | I’y ; ;| many ¢ . We have that ¢ {x, y} = x
ifi = 1ori = 3; this is two-thirds of the voters, so x beats y. Similarly, ¢/ {y,z} = yifi = 1ori = 2,and ¢/ {z,x} = z if
i = 2 ori = 3. Thus the strict simple majority outcome is c*-%.

The collection {¢{ : 1 <i < 3,0 € Iy, .} is the voter population in the claim. There are no opposing votes betweenx, y,
or z because such a vote would imply an edge between two vertices of the cycle which is not itself on the cycle, contradicting
our choice of the smallest cycle. O
Claim 4.6. If ¥ C ¢ and ¢*¥* € maj-cl(¥) for any {x,y, z} € ()3<> then forany k > 3 and {xq, ..., xx} € (i) , CXk g
maj-cl(%).

See Fig. 2 for an illustration of the construction.

Proof. If k = 3, we have c*1"*2*3 € maj-cl(%¥) by assumption.

Suppose that 3 < k < n and for any k — 1 distinct candidates {xq, ..., Xx_1} C X we have c*1"»*-1 € maj-cl(%¥). Say
{c1,..., tmy} is a set of mg voters with ¢*1+*-1 as their strict simple majority outcome. Let
Mo
=Y Wi (@
i=1
Then Iy > 0 since c¥*-1{xy, x,_1} = X¢_1. By hypothesis ¢*1-*-1-% ¢ maj-cl(¥). Say {c], ..., c;nl} is a set of m; voters

with c*1-*-1-*k as their strict simple majority outcome. Let

my

b= W ().

i=1
Like Iy, [; is a positive integer. Let L = Icm(lp, I;), and take i copies of each ¢;, and ﬁ copies of each ¢, to make a finite

set of voters {dy, ..., dy,} where m = imo + ﬁml. Let d be their strict simple majority outcome. For any {u, v} € ();) if

{u, v} ¢ {x1,..., %} then u ties v among the ¢; and the ¢/, so {u, v} ¢ domd. Any two points on the cycle (x1, ..., Xx1)
which are not adjacent are tied among the ¢; and among the ;. Any point on the cycle besides x; or x_; is also tied with
X, among the ¢; and among the c]. Any pair of consecutive points (;, x;) on the cycle, besides (xx_1, x;), are tied among the
¢/, but the majority of the ¢; pick x;. So d{x;, x;} = x;. X1 and x; tie among the ¢;, but the majority of the ¢/ pick xy_1, so
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d{Xx_1, Xk} = Xx_1. Similarly d{xy, X;} = X,. The only remaining pair to consider is {x1, X,_1}. d{x1, x,_1} is defined if and
only if
m

Do Wi () #0.

i=1

The left hand side is equal to
L & L & L L
. Zl Wil @+ - 21 Wi, (@) = 1 (lo) + () = 0.
1= 1=

Thus {x1, xx—1} & domd, and d{x;, x;} = x; ifand only if j = i + 1 mod k, so d = c*"»* € maj-cl(%).
By induction on k, any cyclic choice function on X is in maj-cl(¢¥). O

Claim 4.7. If ¥ C ¢ is symmetric, balanced, and nontrivial, then every pseudo-balanced choice function d € € is in maj-cl(%).

Proof. Suppose d is an arbitrary pseudo-balanced choice function. Every edge of Tor(d) is on a directed cycle, so consider
the decomposition of Tor(d) into cycles C,, for each edge x — y in Tor(d). Let d, , be the cyclic function corresponding to
Cy,y for each edge x — y in Tor(d). By Claim 4.5, ¥ meets the requirements of Claim 4.6, so every cyclic function on X is in
maj-cl(%); in particular, each dy, € maj-cl(%). If we combine all the finite sets of voters which yielded each d, ,, we get
another finite set of voters from ¢, since there are finitely many edges in Tor(d).

For any {u, v} € ()2() \ domd, the edge u — v is not in any cycle Cy . We have that Y W¥(c;) = 0 over the ; yielding

any dy y, 50 Y W!(c;) = 0 over all our voters and u and v tie in their strict simple majority outcome.

X
2

each population of ¢; yielding some dy , has >~ W!(¢;) > 0, and in particular the population yielding d,, , has }_ W¥(c;) > 0,
so over all our voters ) W¥(c;) > 0.
Thus the strict simple majority outcome is d, and d € maj-cl(¥). O

For any {u, v} € ( ) with d{u, v} = u, the edge u — v is in Tor(d). Since each cycle C,, has edges only from Tor(d),

Combining Claims 4.4 and 4.7, we have that maj-cl(%¥) is the set of all pseudo-balanced choice functions whenever ¢ is
symmetric, balanced, and nontrivial.

5. Chaotic choices

Definition 5.1. For a choice functionc € ¢,

(a) Forx € X, the valence of x with c is

val.(x) = Z Wy (c).

yeX
(b) For£ € {—1,0, 1}, let

Vi(c) = {(valc(X) —Lvale(y) +0) : {x,y} € (i) s Wio) = E} .

These are the valence pairs, with winners on the right in V_1, ties in Vg, winners on the left in V, and with 1 subtracted
from the valence of the winner. In fact,

X
Vi(c) = [ > (WO W) s iy e <2> Wy (c) =e].

zeX\{x.y}

(c) Forasubset Aof Q x @, let conv(A) be the convex hull of Ain Q x Q.
(d) Let

V*(c) = {avy + (1 — a)vp : V71 € conv (V1(c)), vy € conv (Vo(c)), a € (0, 1]g}.
These are the convex hulls of the “winning” valence pairs, together with ties, requiring some contribution from a non-
tied pair.
Claim 5.2. Foreach{ € {—1,0, 1}, (ko, k1) € Ve(c) <= (k1, ko) € V_¢(0).

Proof. Apair (valc(u) + 1, valc(v) — 1) isinV_;(c) ifand only if W}/ (c) = —1 <= W] (c) = 1,s0 (val.(v) — 1, val.(u) +
1) € Vi(c).
A pair (val.(u), val.(v)) is in Vy(c) if and only if {u, v} = {v, u} & domec, so (val.(v), val. (1)) € Vpo(c). O
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Fig. 1. Constructing a triangle from permutations of a cycle, as in Claim 4.5. Note that every edge is matched by an opposing one, except for xy, yz, and zx.

Claim 5.3. An unbalanced c € ¢ is partisan if and only if

e Vi(c) lies on a line parallel to the liney = x, and
o Vy(c) is contained in the liney = x.

Proof. Suppose that Vy(c) is all on y = x. Thus, candidates are only ever tied with others of the same valence. Suppose
further that V;(c) ison a line y = x — b. Then whenever c{w, v} = w, val.(w) — val.(v) = b + 2 is constant; the valence
of any winner is always b + 2 more than the defeated. Since c is unbalanced, there is such a pair {w, v}. If any candidate z
has a valence different from that of w, it cannot be tied with w, so {w, z} € dom c. Therefore the valences differ by b + 2,
but if val. (z) # val.(v), then z can neither tie nor be comparable to v, a contradiction. So every candidate has the valence of
w or the valence of v. If two candidates with the same valence do not tie, then b = —2 and val.(v) = val.(w). In this case,
every candidate has the same valence, which would mean that c is balanced; a contradiction. Furthermore, every candidate
with the high valence must defeat everyone of the low valence, since they cannot be tied. This is the definition of a partisan
function.

Conversely, suppose that c is partisan. Then two elements are tied only if they are both in the winning subset, or both in
the losing subset; in either case, they have the same valence, so V(c) is contained in the line y = x. V;(c) is the single point
(val.(w) — 1, val.(v) 4+ 1) for any w in the winning subset and v in the losing subset. Naturally, this point is contained in a
line paralleltoy =x. O

Claim 5.4. If ¢ € ¢ is unbalanced, then a point of V*(c) lies above the line y = —x, and a point of V*(c) lies below it.

Proof. Let v, and v, be two candidates in X having the highest valences with c. Since c is unbalanced, val.(v{) > 0. The
sum of the corresponding pair in any V,(c) is val. (vy) 4 valc(v;). If this is less than or equal to 0, then val. (v,) < —1. Thus
all other valences are at most —1, so the average valence is strictly smaller than the average of val. (v;) and val. (v;), at most
0. This is a contradiction, since the average valence is always 0. Therefore, the sum of the valence pair for v, and v, in any
Ve (c) satisfies y + x > 0. If the pair is in V;(c), itis in V*(c). If itis in V_;(c), then its reflection in V;(c) (hence in V*(c)) still
satisfies x + y > 0.If it is in V(c), then points arbitrarily close to the pair, along any line to a point of V;(c), are in V*(c).
Some of these points are above y = —x.

Let u; and u, be two candidates in X having the smallest valences with c. By imbalance, val.(u;) < 0. Suppose
valc (uq) + valc(uy) > 0. Then the average of these two valences is at least 0, and the average over all candidates is larger; it
is strictly larger, since val:(v1) > 0 figures in the average. This is a contradiction, so the sum of the valence pair for u; and
U, in any Vy(c) satisfies y + x < 0. If this pair is in V_;(c), then its reflection in V; (c) still satisfies x + y < 0. Otherwise it is
in V*(c), or arbitrarily close points are in V*(c). O

To establish that every choice function is in the majority closure of a chaotic symmetric set, we shall first establish that
some c therein satisfies a rather abstruse condition which we will call “valence-imbalance”.

Definition 5.5. A choice function ¢ € ¢ is valence-unbalanced if (0, 0) can be represented as r_1v_1 + rovg + r1v; Where
(i) Each vy is a pair in conv (V,(c)),

(ii) r—q1, 10, 11 € [0, 1]@.

(lll) r—q + To + rh = 1,

(iv) r—q # 1.
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Fig. 2. Constructing a cycle from triangles, as in Claim 4.6.

Fig. 3. The situation of Claim 5.6. The points uy and vy cannot be equidistant from w, since one lies within the dashed parallel lines, and one lies without.
Note that (0, 0) € V*(c) implies that c is valence-unbalanced.

Claim 5.6. If u is strictly between two points of conv (V;(c)) on a line segment not parallel to y = x, then the nearest point on
y = X touis of the form r_,v_; 4 r1v1, where v, € conv (V¢(c)),r, € [0, 1]g, -1 + 11 = 1, but r_y # 1.

See Fig. 3 for an illustration of the hypotheses.

Proof. Say u = (a, a + b). If b = 0, the assertion holds. Otherwise, let w = (a + g a+ g) w is the nearest point to 1 on
y =X

There are pg = (ag, bo) and p; = (ay, by) in conv (V;(c)) so that u is strictly between pg and p,. If the line segment A
between pg and p; is perpendicular to y = x, then either w is in A, and the assertion holds, or w is between p; and the
reflection of po, Go = (bo, do). So for some r_y and ry, r_1Go + r1py = W = 2qo + 3Po. If Ty = r; = 1, then p; = po,
contradicting that u is strictly between them. So r_; # r;.

If A is not perpendicular to the line y = x, then we may choose the points pg and p; so thatag+bg < 2a+b < a;+b,and
on the same side of y = x. The reflection of A over y = x lies on a line; call it L. Then L contains v = (a+ b, a), go = (bo, ao),
and q; = (b, ay), allin conv (V_1(c)); so v lies strictly between qg and q; within conv (V_1(c)).

Consider the sequence

1 1)
= —p1+(1-— )i
n n

for n > 1, approaching u as n — oc. For each n, let v, be the intersection of the line through u,, and w with the line L.
(If necessary, define the v, only for n > j, if the line from u; through w is parallel to L; at most one such j can exist.) As
n — 00, v, approaches v. So for some N € Nand alln > N, v, is in the interval (go, q1), an open neighborhood of v in L. So

W = r_qly + r10p,

forsomer_jandryin [0, 1]g withr_y +1r1 = 1.
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Ifroi=r= % then vy = w + (w — uy) is just as far from the liney = x as iy = w — (w — uy). But notice, either
e both the interval (i, p;) on A and the interval (v, q;) on L are farther from y = x than u is, while the intervals (pg, t) and

(qo, v) are closer, or
e the intervals (i, p1) and (v, g) are closer to y = x than @ is, while the intervals (po, &1) and (o, v) are farther.

Then uy is in the half-plane y + x > 2a + b, and w is the sole intersection of the line {tuy + t(w — uy) : t € Q} with the line

¥y + x = 2a + b. Thus vy is in the half-plane y + x < 2a + b, hence in the interval (qo, v) of L. But then the distance from

y = x to u is strictly between the distances from y = x to vy and to uy, contradicting that these distances are equal.
Sor_y#r. O

Claim 5.7. If c is chaotic, then c is valence-unbalanced.

Proof. We consider five cases.

Case 1. Vy(c) \ {(0, 0)} is not contained in y = x, nor in one open half-plane ofy = —x.

By Claim 5.4, there is a point v of V*(c) on the line y = —x. There is a point (ko, —ko) € conv (Vy(c)), kg # O. Either
(0, 0) is between v and (kq, —kp) or it is between v and (—ko, ko); either way, it is in V*(c), so c is valence-unbalanced.

Case 2. Vy(c) \ {(0, 0)} is not contained in y = x, but is contained in one open half-plane of y = —x.

There is (ko, k1) € Vo(c) such that kg # kq and kg # —k;. By Claim 5.4, there is a point v € V;(c) strictly on the other
ko+ky ko+kq
2 2

’

side ofy = —x.If v is on y = x, then (0, 0) is on the line segment between v and w = ( ) hence in V*(c), so ¢

is valence-unbalanced. If v is not on y = x, then it has a reflection u € V_;(c). The set conv{v, 1, w} contains an open disc
about (0, 0). Since there are points in conv (V,(c)) arbitrarily close to w on the line between (ko, k1) and (k1, kg), we may
choose (kg, k7) so ky # ki and (0, 0) € conv{w, i, (ky, k})}.

Suppose c is valence-balanced. Say v is (vg, v1). Then

(0,0) =10+ (1 —2r)(ky, k}) + 1t = r(vo + v1, v1 + vo) + (1 — 2r)(kg, k),

—r(vo+v1)

SO k6 = — 5= k', a contradiction. Therefore c is valence-unbalanced.

Case 3. Vj(c) is contained in y = x, and V;(c) is contained in a line parallel toy = x.

Then c is partisan by Claim 5.3, contradicting that c is chaotic.

Case 4. Vy(c) is contained iny = x, conv (V;(c)) contains a line segment not parallel toy = x, and V;(c) has points on either
side ofy = —x.

Then there is a point of y = —x strictly between two points of conv (V;(c)) such that the line segment between them is
not parallel toy = x. By Claim 5.6, (0, 0) = r_qv_; +r1v; where vy € conv (V¢(c)), 1, € [0, 1]g, r—1+11 = 1,butr_q # 1y,
i.e,, c is valence-unbalanced.

Case 5. Vjy(c) is contained in y = x, conv (V;(c)) contains a line segment not parallel to y = x, and V;(c) is entirely on one
sideof y = —x.

Let v be strictly between two points of V;(c) on a line segment not parallel to y = x. By Claim 5.6, the nearest point w to
vontheliney = xis r_1v_4 + r;v; where v, € conv (V,(c)),re € [0, 1]g,r—1 + 11 = 1,but r_; # r;. By Claim 5.4, V(c)
has a point vy = (k, k) strictly on the other side of y = —x from v, and hence from w. So for some r € [0, 1],

(0,0) = 1 + (1 = 1r)(r_qv—1 +r101)
= (1—r)r.qv_1+rvg+ (1 —r)rivq,
and (1 —r)r_y # (1 —r)ry, so c is valence-unbalanced. O

X

Claim 5.8. If ¥ C € is symmetric and ¢ € ¢ is valence-unbalanced, then for each {x,y} € (2

that domd = {{x, y}}.

) there is d € maj-cl(¥) such

Proof. Suppose {x,y} € (i) There are v, € conv(Vy(c)) and r, € [0,1]lg, 71 +To + 11 = 1,71 # 11, 50
r_qV_1 + rovp + r1v; = (0, 0). Now,

g = § 519, 170:§ 2o, 5122 siv,

veV_q(c) veVp(c) veVy(c)
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where Y5y, 55 = 1for each £. Each v € Vi(c) is (valc(uf) — £, valc(wf) + £) for some {uf, wi} € (ﬁ) Let o be a

. . l Z .
permutation taking u; to x and wy toy, i.e.,

(X,Y) lfug :y, wg =X,
O'{f =1, wﬁ,y) ifug =y, wé # X,
W, x)(wt,y) otherwise.

Let I'y, be all the permutations of X which fix x and y, and let

! ey ss > pr (c”’i{).

|FX’Y|«e{71,o,1} veVy(c) Telxy

f:

Of course, the sum of the coefficients is

resi |yl
= Iy = 1.
te{~1,0,1} [Tyl 1Tyl £e{—1,0,1}
veVy(c)
rel"x.y
Tgsg

i “ _1 i RSHE
Since ry, s, and Tyl are in [0, 1]g, v

Consider ty . Each 7 fixes x and y, so

€ [0, 1].Sot € pr-cl(¥).

Ui x,y) =x =

Ry} =x =

c{ug, wg} = uf-; — (=1.
So W)’,‘(c”’ff) = £.Thus

b= 3 Y Y
1%,

Y|ee{—1,0,1) veVp(c) T€lny
|yl
[Tyl

Lry=r11 —71_1.
te{—1,0,1}

Sincer_y # 1y, tyy, # 0.
Consider ty , where u ¢ {x, y}.
v x,u} =x <

14
i {x, T W) =x =
c{u, u*} = uf,

where
: W) ifr(w) & {ud, wi),
ut = (o) (r7'w) = {x if 7" (u) = uf,
y if 7' (u) = wt.

u* is never u! or wt. For a given ¢ and v, u* varies equally over all elements of X besides {u, w'}, so

Y wieth= Y wio=Y Y wio

T€lky T€lky T€lyuyreX\(ué wé}

¢ ¢
|Tey.al (vauué) — W) W (c)) = | Fyal (vale(ub) — ).

This follows from the fact that, for each u* € X \ {ug wg}, there are |l 4| permutations T which take u to u*. For any
£
u, W¥(c) = 0, and by choice of u and w¢, W;Lf (c) = ¢.

Recall that the ug were chosen so that val, (ug) — £ is the first coordinate of v. Recall also that the ry, sg, and valence pairs
v were chosen so

> on ) ski=1(0,0

£e{—1,0,1}  veVy(c)
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L DA G
Tyl

Le{—1,0,1}  veVy(c) telyy
1

= |1" Z Ty Z Sg'Fx,_y,u| (Valc(ug) — Z)
X,

y| e{—1,0,1}  veVy(c)

= 0.
Similarly, t, , = O forallu ¢ {x, y}.
Consider t, ,, with neither u nor w in {x, y}. Then
c“’f{u, wl=u <
e W), T )} = o) =
clu*, w*} = u*,
where u* = (o) (7' (w)) and w* = (¢¥)"1(r"!(w)). But 77! (u) and T~ (w) are never x or y, so u* is never u} and w*

is never wg. As 7 varies, u* and w* vary equally over all members of X except u‘é and wg, so c{u*, w*} = u* just as often as
c{u*, w*} = w*. Thus

14
u TO
E W, (c™) = 0.
telxy
Hence

tuy = b Z i) Z sfi) Z W;‘}(c”’f) =0.
[Tyl

£e{—1,0,1} veVy(c) telxy

So d = maj(t) € maj-cl(¥) has domd = {{x, y}}; all other pairs havet,, = 0. O

Claim 5.9. If ¥ C ¢ is symmetric and chaotic, then maj-cl(¥) = €.
Proof. Suppose f € .

By Claim 5.7, there is some ¢ € ¥ which is valence-unbalanced. So by Claim 5.8, for any {x,y} € (’2() there is
d € maj-cl(¥) with domd = {{x,y}}. If d{x,y} = y, by symmetry there is d € maj-cl(¥) with domain {{x, y}} and
d'{x,y} = x.So for every {x,y} € domf,letdy, € maj-cl(¥) such that domd,, = {{x,y}} and dy,{x, ¥y} = f{x, y}. Now

combine the voter populations which yielded each dy ,.
Since f was arbitrary, we have shown ¢ C maj-cl(%). Hence maj-cl(¥) isallof €. O

6. Bounds

We shall consider the loose upper bounds, implied by the preceding proofs, on the necessary number of voters from a
symmetric set to yield an arbitrary function in its majority closure, in terms of n. There is no doubt that much tighter bounds
could be obtained.

Trivial
0 functions suffice to obtain no outcome.
Balanced

In order to create a triangular function from a chosen function c, (n — 3)! permutations of the rest of the set were used.
These were repeated 3 times, to establish each pair of edges in the triangle.

An arbitrary pseudo-balanced function has each edge in a directed cycle, so one cycle per edge suffices; so we have at
most ('2') = o= cycles. Each is constructed with two fewer triangles than the number of nodes it contains. This is at most
n — 2, if some cycle contains every node. So all together we have

1n(n— Dn—-2)(n—-3)!13 = 3n!
5 13=—".

Partisan

There are at most n tiers in an arbitrary tiered function, each with at most n elements (of course, no function meets both
conditions.) For each such element x, we take functions for each permutation holding x fixed; there are (n — 1)! such. So we
have nn(n — 1)! = nn! as an upper bound.
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Not balanced, not partisan, but not chaotic

The proof of Claim 4.5 gives the size of the population T, yielding c®%Z as |T,| = 3(n — 3)!, with m = 2(n — 3)! votes for
the winner of each pair. We chose a partisan function ¢ with [ candidates in the winning tier. For each of at most ('2‘) edges
a — b and each of the (n — 2)z € X \ {a, b}, we used k copies of T, where

and m copies of a population of partisan functions D, where

(n—21)<“_1>+(n—2)(“_2> if] < 2
I -1) "=
n

IDI = n—1 n—2 .
2l —n) 1_1 +(n—2) I_1 1fl>2
In fact, k' = m copies of T,,and m’ = m copies of D, would suffice. Certainly (';:13) = Wﬂl—z)’ | (m—3)!,and
(‘;:;) = Wﬂl), | (n — 3)!, so we may take k' = (n — 2).

Ifl < 2, then we take m’ = 2(I — 1)!(n — [ — 2)!, and

/ n—1 n-—2
m'|D)| =2(l—1)!(n—1—2)!((ﬂ—2’)< I )+(“_2)<1—1>>

—2(1—1)'(n—1—2)v((“_2')(“_1)! (n —2)(n —2)! )
- ' \m—1-1!  (-D!m—1-1)

m—2Dn—1) n—2
Im—1-1) n—l—1>'

=2 —2)! (
The last multiplicand is

nn—-1[-1) —?Sn.

Im—1—-1)

Ifl > g,then we takem’ = 2(1—2)!(n—1[— 1)!,and

/ n—1 n-—2
n'|D| :2(l—2)!(n—l—1)!((21—n)(l_])+(n_2)(l—l>>

—za—z)'m—z—1)v(<2’—ﬂ>(n—1>! (n—2)(n—2)! )
- | = m—n T a-nim—1-

RIl—m)(n—1) n-2
(I=1m=1 + l—1>'

= 2(n—2)!<

The last multiplicand is

n(l—1) . n “n

I—Dm=0) n—-1—

So the total number of voters is
nn-—1)
2

=nn-—1)(n—2)! (;(n —2) +n>

IA

('2') ((n—2)|T,|K + m'|D)) ((n—2)3(n — 3)!(n — 2) + 2(n — 2)!n)

n! §n 3+n <§nn'
"5 onnl.
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Chaotic

Given an arbitrary function, we wish to create a “single-edged” d, , as developed in Section 5, for each edge in the
function; there are at most ('2') of these. In creating such a single-edged dy ,, we use a collection of permutations of a choice
function, under permutations which take x and y to elements having certain valence combinations. Reading the proof of
Claim 5.7 carefully, we see that at most 4 such valence pairs are used. For each of these, all permutations fixing the relevant
pair are used, giving 4(n — 2)! choice functions used in the creation of the single-edged function. However, these are being
combined by some set of rational coefficients, so in fact we must expand each such function taking as many copies as the
numerator of its associated coefficient when put over the least common denominator L. The coefficients sum to 1, so the
sum of the numbers of copies is L; so L(n — 2)! functions are used for each edge.

Six possible linear combinations of valence pairs yielding (0, 0) were considered in Claim 5.7. Using the fact that the
original valence pairs are pairs of integers between —n and n, we can solve for the coefficients by matrix inversion and
determine that the least common denominator is at most the determinant of the associated matrix. For instance, in Case 4,
suppose there is a point of y = —x strictly between two points of V;(c) on a line segment not parallel to y = x. (This is
true in this case, unless V;(c) is contained in a line parallel to y = x except for a point on the line y = —x; such a situation
actually has a smaller common denominator.)

We use Claim 5.6, with (0, 0) for w, and note that either the line from p, through w meets the line L, or the line from p
through w does. Say p is the one which works. Then (0, 0) is an unbalanced linear combination of the three valence pairs
D, qo, and gqy. Say p = (a, b); then one of the q is (b, a) and the other is (c, d). Solving

r+s+t=1
ar+bs+ct=0
br+as+dt =0

amounts to

-1

16

Since everything on the right hand side is an integer, the only denominator introduced is the determinant of the 3 by 3
matrix, bd — ac — ad + bc + a®> — b?. Since each of a, b, c, d is an integer between —n and n, this is at most 6n?.

In the cases involving four points, such as Case 1 or Case 5, an additional constraint is needed, which is not a consequence
of the other three.In Case 1,usery + 1, + 13 + 14 = 1, a171 + ax1y + asrs + agrq = 0, byr1 + bary + bars + bary = 0, and

add bsrs + bary = —asrs — aary, since the points v and (kq, —kg) were linear combinations of two valence pairs on the line
y = —x. The lowest common denominator is at most the determinant of

1 1 1 1

a a as Ay

b1 by b3 bs ’

0 0 a3+b3 a4+b4

which expands to a 16-term sum of three a; or b; each, hence at most 16n>. In Case 5, note that the point v between two
points of Vi (c) is arbitrary; we can choose any point between the two. Between any two pairs of integers on which do not
lie on a line perpendicular to y = x, we can choose a point whose projection on y = x is of the form (% ﬁ) for some integer
l. Solving

oxx -
ST S
Qo =
aan -
DR~ OO =

gives a determinant k(2a®> — b> — ab — ac + bd + bc — ad) at most 8n®; we must multiply by 4 because of the fraction in
the column vector, giving 32n>. This is the largest denominator of the six possible linear combinations in Claim 5.7.
Thus our upper bound is

n’ —

tn—2""" 16’ — 1)(n—2)! = 16nn..
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