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CANONIZATION THEOREMS AND APPLICATIONS

SAHARON SHELAH!

Abstract. We improve the canonization theorems generalizing the Erdds-Rado theo-
rem, and as a result complete the answer to ‘“When does a Hausdorff space of cardinality
y necessarily have a discrete subspace of cardinality £?” We also improve the results
on existence of free subsets.

Introduction. Ramsey’s theorem is well known and widely used. Generalizing it,
Erdos and Rado defined 2 — (#);, by: if [4] = 2, < wellorders 4, fan r-place func-
tion from A into some C, |C| < y, then for some B = A, |B] = &, fis constant on
all increasing sequences from B. That is, if by < ++- < b,y € B,by < --- < b,_; €
Bthen f(by, ..., b,_1) = f(bg, ..., b._). (Alternatively Dom f'is the family of subsets
of A of power r; there is no real difference.) First they prove: 29+ — (%) (and
trivially 2+ — (A1)}). For getting similar results for higher r they need a lemma
which will be the induction step.

For this they introduce an end-homogeneous set. For an r-place function f, we
say B (wellordered by < ) is end-homogeneous for f, if for every by < - <
b, ;e B,andb, , < b, ;€ B,b,_, <b/_ B

f(bOa sy br——29 b;-—l) = f(bOa weey br—Zs blr’—l)'

Then they define: A — (&}, if for any r, for every (4, <) of order-type 4, f r-place
function with range C, |C| < g, thereis B < A of power £ end-homogeneous for f.
Now they prove 25" — (1") ) and that 2 —» (A"}, A’ = (x); implies 2 ~ ().
So they were able to prove the Erdds-Rado theorem: 3,_;j(A)* — (A*);. See Erdos-
Hajnal-Rado [EHR]; they also prove that the theorem above is best possible.

However, already in [EHR] they raise more complicated relations, when we
consider several A (¢ < 6) and an r-place function f on | J¢4, and want to get
B, = A (as large as possible) so that, e.g., if §(0) < -+ < &(r — 1), b€ By,
b; € By, then f{by, ..., b,_1) = f{bg, ..., b,_;). More complicatedly, e.g., if
E(O) < E(l), bo < b1 EB&(O)’ b(; < b; EBF(O)’ bz < b3EBf(1), b; < béEBG(l) then
S(bo, by, by, b3) = f(b(’)’ bi’ bé9 b:;)

In a manuscript of a book [EHMR], Erdos, Hajnal, Mate and Rado formulate
when (A : § < 8) has (x; : £ < §)>—canonization for r, u: if |4¢} = A, < well-
orders | Jecyde, & < { = Ag < Ap, f an r-place function from ( Jep4, into C, |C|
= yu, then there are By & Ag, |Bel = ¢ such that:
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(*) if bo, ceny br—l € Uf<0 Be and b(,), ciey b;ﬁl € U€<o Be, and (Ve < 0)(V[ < ")
[be B, =bjeBland I <m < r=1[b < b, = b, <b,] then f(by,...) = fibp,...).

They prove that {3,(x)*:§& < 6) has {s¢: & < #)—canonization for r, g,
when 2 < &g, and n is quite bigger than r (of the order of magnitude of r2).

In that manuscript they also give some application to the discrete subspace
problem of a Hausdorff space, and the free subset problem.

We suggest here a definition which is a mixture of canonization and end-homo-
geneity (Definition 1). It includes all the cases mentioned above. The question is
whether this is the right definition, i.e. still comprehensible and reasonably easy to
handle, but already enough to cover all reasonable application. The reader can
return to this after reading.

We then formulate and prove a lemma (Lemma 2) which will be the induction
step in proving the satisfaction of canonization theorems. The improvement in it
is that by lowering the power from 2,(2)* to 3,_1(4)*, we get, many times, that the
function does not depend on the two last elements (instead of one), however this
can be done only if they come from different A4’s. This lemma is very similar to
[Sh 1, 1.1]. The major change is that possibly 4; = A1, a case ignored there.

However Lemma 2 is quite general, so in Lemma 6 we derive from it the simple
canonization theorems, which we shall need as an induction step (the parallels of

A= LK),

The Composition Claim 5 tells us how to use Lemma 6 as an induction step;
more exactly how subsequent applications of two canonization theorems (with the
“output” of the first a suitable “input” of the second) give a third canonization
theorem.

In 7, 8 we get actual canonization theorems. E.g., if 2,_;(#(§)) is strictly increas-
ing for &€ < 0, and |f] < £(0), then (1) {(3,_1x(&)*: & < 6> has (k(E)": € < 6
canonization for xy,, r and (2)if [4¢| = 2,_1x(§)* for & < 0, fa 2r-place function
from ( Jecpde to C, |C]'"" < £y, we can find By = A, |Be| = #(§)*, such that §(0)
< - < &2r — 1) < 0, by, by€ Bepy, ... implies f(by, ...) = f(by, -..).

Though the second result is a bigger improvement, it is not clear whether it is
best possible (whereas (1) is). Notice also that by Shelah [Sh 3] it is consistent (as-
suming the consistency of some large cardinals) that much better canonization
theorems hold.

In 3, 9, 10 we deal with the case @ is finite”. In the end we deal with the applica-
tions.

The first question is “suppose X is a Hausdorff space of cardinality A, does it
have a discrete subspace of cardinality x?”

Juhasz and Hajnal prove thatif ¥ = x*+, A > 22" the answer is yes, but if 1 < 2%,
it is consistent with ZFC that the answer is no (see [J]). If £ is inaccessible, or sin-
gular but ¢22°: £ < k) is eventually constant, the situation is similar. In the re-
maining case, in [EHMR] Erdds, Hajnal, Mate and Rado prove the answer is yes
if A > 3,22 if 2 < 2%, 4 < £ this reduces to the previous case. There remains
open the case £ singular, 2 = X,.:2%, but (2¥: u < £ is not eventually constant.
We prove that the answer is yes.

The free subset problem is: suppose fis an r-place function from A4 to 4, [4]| = A,
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we want to find B € A4, |B| = &, which is free, i.e., by, ..., b,_1€ B= f(by, ...,
b, )¢ B — {by, ..., b,_1}. (Alternatively, f(b;, ..., b,_;) is a small subset of 4,
and we want f(b, ..., b,_1) | B < {by, ..., b,_1}.)

There are canonization theorems which implies it. In [EHMR] they use the
Erdos-Rado theorem, hence get a positive answer when A is, approximately, 3,(x)
i.e., the “distance” from £ to A is r exponentiation. We succeed in reducing it to
about r/2 exponentiation (but with some application of the successor operation) by
using a canonization theorem for {A: ¢ < &) like (2) above.

A first version of this was [Sh 2].

Notation. Natural numbers are denoted by &, /, m, n, r, ordinals by i, j, a, 8, 7,
& &, , v, 1, cardinals by 4, &, yu, y. We define 3,(2) by induction on a: 34(1) = 4,
and 3,(2) = X, 2@ fora > 0. Let 2+ = X, 2%

If <orders A4, B< A, C < A,ac A then B < a means (VxeB) x <a, B<
C means (Vx € B)(Vy e C)(x < y), etc.

Let

[AF = {B:Bc A, |B| = x}.
[A]* = {B:B < A4, |B| < &}.

DEFINITION 1. {4;: § < 6) has a {#(§): & < #)—canonical form for [ =
{F()i% 1 i < a} [where y(i) is a nonzero cardinal, and 7(i) = <{my(i); ...; (i), n,, ()
> 0 and /(i) are natural numbers, and for each ¥ = {ny; ...; n,» we denote n(f) =
kb n;, k(F)=k, n,(F) =n,] if for every set A; (& < 8), |4¢ = A (and < wellorders
Jecode, Ag < A, for& < ) and functions f; (i < a), f; an n(#(i))-place function from
(JeAe to x(0) there are B; = Ag, |Be| = x(£) such that for every i, f; is F(i)) ®*-canoni-
cal on (B;:§ < 8). This means that when & <« < &5y < 0, a1 < -+ <
4@ € By Gpan+1 < 0 < GG anee) € By et then filay, .o @y60)s
dependson &y, ..., &, 4y, ..., Gy —i Only (And not on @, ¢y 1) 415 -+ s Tnir)))-

THE MAIN LEMMA 2. Suppose 0 is an ordinal S < 0, and for each § < 0 A; is a
regular cardinal, and A¥ are such that §€ S = A = (AH)", §¢ S = A = Af. Sup-
pose also £(§) < Af, and [1,(A¥) < A for each & < 0 (so A; is nondecreasing).

Suppose |Ag] = A, < wellorders | )¢ Ay, Az < A, for § < p,and Fi < ¢ < w)
is an m(i)-place symmetric function from U5<0Ae into y(i). Let y = X ., x(i); suppose
further that for every § < 0, B, < A4, (y <§), a,e 4, (9 <0), |B,| < «(y) and
C < A, |C| = Af there is B; = C, |Be| < (&) such that P((B,: n < &), {a,:
7 < 0)) [Pe—a specific property).

Then there are af € A;, Bf = Agsuch that

(1) forevery§ < 0, P ({B}:n < &),<ay:n < 6)),

(2) |Bf| < £(n) and for € S, By < ay,

Q) if xEa<exM*ll< 3 then for all ay, ...\, B¥ and be B, and
i<a, E'(al’ <oy (i —1» b) = F'i(al’ cons Q)1 a?)s

@ If Y + yFre® 4 ylel < of 2¥ then for each y such that y®<r¥+al < 2
§<y<@bandforalay, .. €| B¥i<abbeBtcceBt,

Fi(al’ ooy Ap(i)—2s b’ C) = Fi(ali coes ()25 bl’ C,) = E'(ala ceos Ay ()25 bs ay*)'

REMARK. We can replace in (4), cf A¥ by A¥, if we strengthen the last hypothesis
(on P;) by weakening “|C| = A;”. We can also generalize the lemma for A, singular
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cardinals (even for & € §) but the gain is marginal and it seems not to be worth
complicating the conditions. Always the proof is without significant change. We
can also replace [Be| < #(§) by |Be| < x(£) or by |Be| = #(§) without appropriate
changes.

ProoF. Similar to 1.1 [Sh 1]. For any B < 4, a€ 4, let tp(a, B) = {F{(x,
by--)=c: Fla, by ---) = ¢c,ce y(i), by --- € B,i < a}. Clearly |{tp(a, B): ac A}|
< x'B' (except when y and B are finite, and then {tp(a, B): a € A} is finite when
a < w), w.l.o.g. each A, has order type A;. We define by induction on § < 0, af €
Ag such that if y ZTp<gx(m)+lal < Ag: (see the first two sentences in the lemma)

(») If B, < A,; |B,| < «(y); n€ S = B < aj for y < §, then

‘{a’ € A4,;: tp<a', U B;,") = tp(a’e", U B,’,‘) and éeS=a < ae*}
<& 26

Otherwise choose a} suchthat [{ae 4;:a < ag}| = A¥or&é¢sS.

Now we define inductively B < A., |B¥| < x(§), §€ S = B; < a?. Suppose
we have defined for each » < &. If the hypothesis of (3) fails let C; = A, when
§¢S,and C; = {ae A;: a < af} when & € S. If the hypothesis of (3) holds let:

Ce = {a' € Ag: tp(ag", U B;‘) = tp(a’, U B;‘), and feS=d < ag"}
<€ <&

$0 [Cel = Af. If g0 + xEn<gk() 4 ylal < of ¥ there is C; = C;, |Cel = A%,
such that for all a € Cg, tp(a, (),<e Bf U {a}: 7 < 6}) is the same; otherwise C;
= C;. Now choose Bf < C, |[B¥| < ¢, such that P((B}: 7 < &), (a}: 9 < 6).

LEMMA 3. Suppose (89 < ) Ag < -+ < A, 0 < @, &) < Ay Tl 2™ < 4,
and yEm<ik(m)+lel < A, and 1, is regular and F; (i < a < w)is an m(i)-place
Junction from U,A, into (i), y = Xica)(i). Suppose further that forl < 0, a} € A,
n<?), B,s A, |B,| <s(lY(n< ), C<S A4,|C| =4 there is B, < A,, |B}| <
() and P({(B,:n < D), {a,:n < ).

Then there are af € A,, B < A, such that

(1) PKBy:n < I}, {ag:in < 6)),

2 1B < &),

B) if yZa<ikm i+ 181 < 2, then forallay, ...,a;y € | Juey BY,i < a,b€ B,

o gke % £ 3 — . * * *
Flay, ..., aiy; af; af, .-, af) = Flay, ..., a3 b, afyy, afio, ..., G-

PrOOF. Similar to (2) but we define aff by downward induction on /.

Now we return to canonization lemmas.

Claim4. () f foreach & < 8, k(§) + y <A or y <cfly, Ae = k(§) ore(§) < 1,
then (A¢: & < #) hasa {x(¢): &£ < @)-canonical form for {{1)}}.

() In Definition 1 if I = {Jcpy I'p I'p = {FOY$00: 1 < ), x(o, ©) > 0 let
x00) = Ilica, x(o, 1), I'* = {F(0)}f): p < p(0)}. Then the truth of the statement
there does not change if we replace [” by I'*.

(3) {A¢: & < 0) has {&(£): ¢ < @)-canonical form for I', iff {(A: : ¢ < 0, £(§) #
0> has (s(&): & < 0, £(&) # 0)-canonical form for /.

(4) Define A; as A if x(&) # 1 and as 1 if x(&) = 1 then: (A¢: § < 0) has (x(§):
& < @)-canonical form for I" iff (A;: § < 6) has {#(§): ¢ < @)-canonical form.

We add if {2:: & < 0, () # 1) has {a(§): & < 0, £(§) # 1)-canonical form
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for I" then (A¢: £<0) has {x(§): £§<@)-canonical form for I" when e.g. Fie I’
implies ' = y.

(5) If for some &, (&) > A then (Ae: & < ) does not have (x(§): & < 6)-
canonical form.

(6) Suppose {A¢: & < ) has {x(§): & < 6)-canonical form for I' = {FG)i:
i<al If A = 2, £'(€) < x(§) (for £ < 0) and 0 < u(i) < x(i), m@) < () then
(A& < @) has (#'(§): & < O)-canonical form for {F()"H:i < a, p@) > 1}
If h: ' — @ is strictly increasing then (A, : § < 0’) has (x(h(§)): & < 6’)-canonical
form for [

REMARK. In 4(5) there are also monotonicity properties on 7.

PRrROOF. Immediate.

Convention. In Definition 1 we always assume A is nondecreasing, ¥({) > 1,
Ae = k(§) = 2 (but we concentrate on £(§) infinite).

The Composition Claim 5. Suppose {At1: & < 8) has a {(A}: & < @)-canonical
form for I'y,y for I = 1, 2. Then (A : § < 6) has a {A}: § < 0)-canonical form for
Iy where

Ty={(n; s mes mesas s n)89 (g s mys o mp)h € I,
P=S+ng+ - +n,0<s<n, (;..; My — Sioe 'y where
1) = "% or x + 0] < Ry,
x(1) = ¥, ork =m,s >0, y(1) = x}.

PRrOOF. Trivial.

Now from 2 and 3 we can get canonization theorems, and use 5 to get more.

THE CANONIZATION LEMMA 6. Suppose A; (§ < 0) is a nondecreasing sequence of
regular cardinals, S < 6, let

A=

{)\2“, §¢S,
AEa E € Sa

and suppose

(1) for every 2t < 22 and p, [T (A ® < 4,

(2) 8o < #(8), £(8) < AL

Then {Ag: & < 0) has {x(§): & < 6)-canonical form for I', when I" consists of
elements of the following cases, for finitely many distinct y’s only:

(A) 7°C1)} when (for every ) (yF=@=<C)*t < 29,

(B) ;.)1( when [(XI+E(5(€):€<C))<I:(C)]+ < l(c)’

(C) f"(l)% when [(xml-H:(/:(E):€<c))</:(c)]+ < 112,

(D) <1; 15 when ()" < A4,

(E) ()} when [y~ ©1* < 2,

(F) <n; 1% when [ + [y=©T" < 2,

(G) 7~(1; 1)% when (y= @:6<0+10y+ < 2.

REMARK. We can in (B), (E) add “or A? is the successor of a weakly compact
cardinal > X, #(€)” and in (C), (F) “or A2 is the successor of a weakly compact
cardinal > 8] + Xl £(8)”.

Proor. For simplicity we assume A; is a successor cardinal for £€ 5. So 4, =
(A¥)*+ for £€ S, and Af = A for § < 6, £¢ S. So we are given sets 4; (£ < 6), a
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wellordering of 4 = ( ey A¢, and Ae < A for £ < L. ' = {F()i¥) i < a}, and
f; ann(F(i))-function from A to y(i). Clearly « < w;.

First assume /' comes from cases (A), (D), (G) at most. Then we define the P,:
Pe({By: 9 < §),<ayf:n < 0)) holds iff the following conditions hold:

(i) By < 4,,|B}| = k(pandajy € 4,

(ii) if the assumption of case (D) holds, f; is two-place, then for every 7 < 6 and
b, b' € BE, fi(b, a}) = f.(V', a}).

It is easy to check the assumptions of Lemma 2 hold; moreover (*) there is
C' G, |C'| = A, such that Bf < (', |Bf| = #(§) = P((By: n < &), (a;:
7 < ).

So we have B¥, af (¢ < 0) satisfying (1)-(4) from Lemma 2. Now we have to
check that (Bf: £ < @) satisfies the required conclusion of Definition 1. Now
|B¥| = x(§) by the definition of P, part (i); if 7()%) is from case A [(D)] [(G)]] then
by (3) of Lemma 2, [(ii) of the definition of P¢] [(4) of Lemma 2] the canonization
requirement on f; in Definition 1 is satisfied.

Now suppose some members of /" come from case (E) and possibly (A), (D),
(G). In the above we change the definition of P, by adding

(i) if b, ¥, @y, ..., @, € Bf, qy < ap < - < @a,, a, < b, a, < b, i < a, then
flay, ..., a,,b) = fiay, ..., a,, b").

By () above, given C’ < A, |C'| = A%, it suffices to find B¥ = C', |B¥| = #(§)
satisfying (iii). But by the assumption of (E), y<*© < ¥, so by the known facts on
existence end-homogeneous sets, it exists (we may have 8, functions to consider so if
£(§) > 8y we can replace y by ¥™, and if #(§) = Ry, in choosing the nth elements
of Bf we have to consider only functions with < n places, which are finite).

If case (F) is represented, we should replace (ii) by

(i) ifb, ¥, ay, ...,a,€Bf, <0, ;y<ay<--<a,a,<ba, <b,i<a
then fi(ay, ..., a,, b, a}) = fday, ..., a,, b', a}). .

The proof is as before.

We leave cases (B), (C) to the reader.

We can have exact conclusions from 5 and 6 just by induction, but we state
just two conclusions necessary in the applications.

Conclusion 7. (1) If 2,_1(k(£)) is strictly increasing for & < 6, and |8] < x(0), then
{2,4(kQ@Q)T: € < ) has a {k(§)t: & < @)-canonical form for I, = {F47': y =
20, any 7} U {7z n(F) = r}.

(2) In (1) if "' < #(0), we can add to I, for r = 2, {#"{1)%: any 7}. For bigger
r’s use Claim 5. (We can replace «(&)* by #(§) with appropriate changes.)

ProoF. Easy by Lemma 6; (1) is proved using 5. More exactly, we should
collect by induction on r all “good” Fkw, Fiw. The point is that if we look for the
history needed for {r);, the number of colors do not increase. For other 7, at
least for one “point” by Lemma 6(C) we gain one, so the increase to £(0)'? <
2¢@© in the number of colors is not important. Notice we can add to [, even
F(2:2;5 ... ;1807 (r — 2 two’s).2

Conclusion 8. (1) <((27)*1),> has a {(«),>-canonical form for {F~{1)%: any 7}
when {(2),> means {4, 4, ...>ic,

2For more detailed proof see Added in proof.
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(2) Suppose x(/), r; ({ < n) are such that
(A) at least one of the following holds:
@y <2510l <k, =2, k(1) = (29,
@ £ <& rp=21) =29
) ¥ <cfr, ri=1, (1) =s;
(B) for each / > 1 at least one of the following holds:
@) ry =1+ 2, &l + 1) = Q=)+,
®) ria=r+1, g(( +1) = Qs0),
Then {(x(n))y) has {(x)s)-canonical form for (1; (1), >y
(3) In (2) we can add {F*((1),,—»)y»* : any 7} even if in (2) we change ry to (3) but
then omit the first conclusion.
(4) Forn = 1 in 7], x < «[cf y < cf £] suffice.
ProoF. Trivial by Lemma 6. Note that for 8, if ¥ <, &(1) = 29+, Fa
2-place function on | Jecpde, ... let A; = {a%: a < (2)*} and define F* on [(2:)*]?:

F¥a, B) = {(§. §, 0): Flag a) = ¢; T < 6}

Let {a;: i <«t} be such that F¥a;, a;) = F*(a,, a,+) for i < j < st (exists as
(27 = {x*>,). Now we have to replace ¥ by & for fixing the orders; so let B; =
{agi: k(§) < i < s(§ + 1)}. For I + 1, case (b), we need not do this, for later we
shall fix the order by the coloring of pairs. This explains the difference between (3)
and (b).

Conclusion 9. Suppose Ay < -+ < Ag_1, 0 < w, £() < A, [ ,py 5™ < A;. Then
(At 1 < 0) has {x(I): ] < @)-canonization form for {F~{(1);>4: any i, 7} and if
(1t Em<k(m)y<s® < 7, then also for {F~<((1),>{™: any i, 7}.

ProoF. Easy by Lemma 3.

Conclusion 10. When 2 < 25

(29" £ \LLLIL .1
25+t P
(2913 |—
: £
(2x)+n (25)+n
Proor. By (9).
Applications.

Conclusion 11. Suppose X is a Hausdorff space (VA < £)2% < |X|, & singular
(or a successor) then X has a discrete subspace of card .

PROOF. The new case is # singular, 22 (1 < x) not eventually constant. Choose
e = A(@) < & such that 27 (@ < cf /c) is strictly increasing, £ = X ,A., cf £ <
Ma). Choose pairwise disjoint A, |4, = 27“)*. For each x, yeX,
U, , U, . will be disjoint nelghborhoods of x and y. Let f(x,x2x3) = {¢: ¢ a permu-
tation of {1 2, 3}, X51» € ULy, 200} The numbser of colors is finite so as ((22‘(“))+
a < cf £ has {Af: a < cf ) canonical form for {<2;1>3, <1; 2>}, 3%}
[by 7] let B, < A,, |B,| = A} exemplify it, B, = {b%: i < A}}. So B* = {bi:i < AL,
iodd, @ < cf £} is a subspace of card £ and Ugio 51 () Upippirt show b, is isolated
in B*,
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DEerINITION 12. (1) (%, r, A) — p if for any r-place function f, from & to [£]<%,
there is a free set B < ¢, |B| = .

(D) (x, r) —» p if when fis an r-place function from & to [£]<¢, |4¢| = &. £ =
{JecuAe (A; pairwise disjoint) then there are a; € 4, such that {a;: § < 4} is free
(for f).

Lemma 13. (1) (k, r) — p implies (g, r, 1) = p.

@ (@ 1) - p

(3) If {(x) > has {(u),>-canonical form for ((1),,1);=} then (x, r) —

ProoF. Easy; (1) directly; (2) letting A = {af: i < ,u++} g® ={L: @14, jate
flad)} applying the well-known theorem of Hajnal [H] on gt+; (3) directly.3

Now by 8(3) = 13(3) = 13(1) we get result on (x, r, u*) - u where we get £
from u by ~r/2 exponentiations and 2r successor operations (if in 8(3) we use case
(a) only). In the book [EHMR] r — 1 exponentiations are needed. If sometimes
G.C.H. holds (b) of 8.(2)(B) helps. For r = 2 the book gets a better result but
otherwise, when not always G.C.H. holds, we seem to gain. Also the theorem on
exp, ¢ strictly increasing (X exp,£(§), r, ) = X¢ ¢ can be strictly improved.

Unfortunately it is not clear whether this result is near the best possible (prov-
able from ZFC). This is connected to:

Question. Suppose 20 < g, 256 > (2Zj<i*(D)te,

Does {(2#®)**; i < 6> have a {«(i): { < §>-canonical form for {1, 1, 1, 1, 1,)}?

Added in proof

Proor orF CoNCLUSION 7. For a sequence 7 define by induction on i a decreasing
sequence k(i, F) < n(r): k(0, F) = n(F). If k(i, F) is defined then there are two pos-
sibilities. If 1 + 32, r; < k(i, ¥) < X211 r, for some p then define k(i + 1,7) =
k(i, 7y — 1; otherwise, if k(i, ) =1+ X2, r, then k(i + 1, F) = k(i, F) — 2
(k(i, ) measures the progress in canonicity after ; exponents). Now prove by induc-
tion on r that {3,_; (#(&))*: £< @) has (x(&)*: £ < @) canonical form for /'*® when

]1/:(0) —_ ]u(O) U Plc(O) U p/;fg) U 1’/;’(2)'
The definitions are
Iia={rm<mir,ngth,
re={Fpi g = x < k,m = n(®) - k(r, D)},

Itz ={rp:y =2, m=n@F) — (k(r,7) + 1)},

Tey={rp:rp el U, Ulss0orm=1,m = n()y}.

For r = 1, easy.

For r + 1 first apply the induction hypothesis for: {(3,_; (2¢#€)* : §< @) has
{(25®)*: ¢<Bh)-canonical form for /?; we know that {(25©)+: £<@) has
{r(€)*: &< @)-canonical form for 50,

Now we want to add the two facts together using the Composition Claim 5.
Check according to the set 7% belongs:

(A) ) e['r-H 1 T EPZ”(O) CGHERR SN Sy 1>/:(0) EP‘(O)

(B)If rp e 59 , then accordmg to the cases in k(m, F) definition.

(C) Fpe I''Q) s then 7 e '3

(D) 77 e I''*Y 4 not important.

*For more detailed proof see Added in proof.
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Note that in case (C) is the main idea, [’f ; is not autonomous.

REMARK. When (3,_1(x(£)): &£ <8 is not increasing then our notation becomes
complicated therefore we do not phrase the general case, but Conclusion 8 is the
most interesting case.

ProoF oF LEMMA 13(3). Let f be a given r-place function and we shall find a free
set B for it.

Divide & into u subsets pairwise disjoint each of cardinality £; denote them by
A;, i <y (remember p < ). Define a function G, G: [s]*1— (r + 1) such that
G(@,, ..., G,4y) is the minimal /, 1</ <r + 1, g€ flay, ..., a1, Qry15 -5 Qpp1)
and 0 (zero) if there is no such.

By the canonicity assumption for G and (A4;: i < u) thereare B; < A4, |B;| = p*
which exemplify our assumption; choose a; € B; and define B = {a;: i <&}.
Now we shall prove that B is a free set: B < 1; clear because B c | J; 4; = A.
|B| = &; because aq; € 4;, and the A4; are pairwise disjoint, so a; = a; for i # j.

It suffices to prove G(a;,, +-+,a;) = Ofori; < --i, y<g Ifitis,,1 <l <r+1,
then by the choice of {(B;: j < u) for every a’ € B;, G(a;, ..., a;_,, @, a;

-1 1+1°
v @py) = 1, s0a €fla;, ..., a,_,a .., a; ) hence B, < fla;, ..., a;,_,,
a

£1419 Trtl
iap ++o» @i, acontradiction to |B,| = ut, | f(---)] < .
REMARK. If |f(---)| < 1, {(2),>-canonical form suffice, and the number of colors

can be reduced to r + 1 but there is no real difference.
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