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SIMILAR BUT NOT THE SAME:
VARIOUS VERSIONS OF & DO NOT COINCIDE

MIRNA DZAMONJA AND SAHARON SHELAH

Abstract. We consider various versions of the & principle. This principle is a known consequence of
¢. It is well known that > is not sensitive to minor changes in its definition, e.g.. changing the guessing
requirement form “guessing exactly” to “guessing modulo a finite set”. We show however, that this is not
true for . We consider some other variants of & as well.

§1. Introduction. In this paper we consider various natural variants of & princi-
ple. We answer questions of S. Fuchino and M. Rajagopalan.

The principle was introduced by A. Ostaszewski in [7]. It is easy to see that &
follows from ¢, and in fact it is true that < is equivalent to & 4+ CH, by an argument
of K. Devlin presented in [7]. By ([10, §5]) ¢ and & are not equivalent, that is,
it is consistent to have & without having CH. Subsequently J. Baumgartner, in an
unpublished note, gave an alternative proof, via a forcing which does not collapse
N; (unlike the forcing in [10]). P. Komjath [5], continuing the proof in [10, §5]
proved it consistent to have MA for countable partial orderings +—CH, and &.
Then S. Fuchino, S. Shelah and L. Soukup [2] proved the same, without collapsing
N;.

The original R. Jensen’s formulation of {» ([3]) is about the existence of a sequence
(As : § < wi) such that every 4; is an unbounded subset of J, and for every
A € [0, we have 4ANJ = A, stationarily often. Many equivalent reformulations
can be obtained by using coding techniques (see [6]). As a well known example, we
mention K. Kunen’s proof ([6]) that {~ is equivalent to . Here >~ is the version
of { which says that there is a sequence

({AL:n<w}:d<w),

each 4% C 4, and for every 4 € [, ]™', we stationarily often have that A N5 = 42
for some .
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We consider the question asking if & has a similar invariance property. To be
precise, we shall below formulate some versions of &, and ask if any two of them
are equivalent. We are particularly interested in those versions of & which have the
property that the parallel version of > is equivalent to {. The main result of the
paper is that almost all of the &-equivalences we considered, are consistently false.

Versions of & which are weaker than the ones we consider, are already known
to be weaker than &. Namely, in his paper [4], I. Juhasz considers the principle &’
claiming the existence of a sequence

((A°:n<w):6limit < w; )
where for any J sets { 49 : n < w } are disjoint, and such that for every 4 € [
there is & such that for all # we have sup(4% N ;) = 5. 1. Juhdsz shows that &’ is
true in any extension by a Cohen real.

We heard of the question on the equivalence between & and &° from F. Tall, who
heard it from J. Baumgartner. J. Baumgartner credited the question to F. Galvin,
who credited it to M. Rajagopalan. And indeed, M. Rajagopalan asked this ques-
tion in [8], where he introduced &* (denoted there by &y ). In the same paper M. Ra-
jagopalan also introduced &? (denoted there by &) and showed that CH + &
suffices to construct an Ostaszewski space. He also asked if &2 was equivalent to
&. The answer is negative by Theorem 2.1 below.

Most of the other equivalence questions we consider here were first asked by
S. Fuchino.

We now proceed to give the relevant definitions.

DEerFINITION 1.1. We define the meaning of the principle &fr for / ranging in
{0,1,2,e} and T a limit ordinal < ;. (If T = o then we omit it from the
notation.)

Casel. I =0.
For some stationary set S C w; N LIM, there is a sequence ( Ay :J € S) such
that

(a) Ajisan unbounded subset of §.
(b) otp(4;) = 7. ®
(¢) For every unbounded A C ), there is a J such that 45 C 4.

Casg2. I =1.

For some stationary subset S of w; N LIM, there is a sequence { 45 : § € S ) such
that

{(a) Ajis an unbounded subset of 6.
(b) otp(4s) = 7.
(c) For every unbounded A4 C w, there is a & such that |45 \ 4| < Ry.

Case3. [ =2,
For some stationary S C w; N LIM, there is a sequence
({4 n<w}:6eS8)
such that
(a) Each 49 is an unbounded subset of &.
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(b) otp(42) = T. |
(c) For every unbounded 4 C wy, there is ad and an n such that 49 C 4.

Casgd. [ =,
For some stationary set S C w; N LIM, there is a sequence
({45, :m<m*(9)}:0€8)
such that

(a) Each 49, is an unbounded subset of .
(b) otp(43,) =T.
(¢c) For every unbounded 4 C w;, there is a 4 and an m < m*(5) such that
A° C A.
(d) For all relevant &, we have m*(8) < w.
In the above, LIM stands for the class of limit ordinals.

REMARK 1.2.

(1) One could, of course, consider the previous definitions with w; replaced by
some other uncountable ordinal, in fact an uncountable regular cardinal. As our
proofs only deal with e, we only formulate our definitions in the form given above.

Also, we could consider principles of the form &/.(7') in which T is a stationary
subset of w; and parameter J in the above definitions is allowed to range only in T
(e, SNT).

(2) The definition that A. Ostaszewski [7] used for a &-sequence (4; : 6 € S)
requires that for each 4 € [w;]™' there is a stationary set of § such that 4; C 4. Itis
well known that this is equivalent to our definition of &°. Hence &° is the usual &
principle of Ostaszewski, and we shall often omit the superscript 0 when discussing
this principle, and freely use the equivalence between the definitions.

It is obvious that &% => &} = &%, and that &} = &% == &2. The result
of the first Sections 2 and 3 of the paper is that, except for the following simple
theorem, the above are the only implications that can be drawn.

THEOREM 1.3.

(1) Suppose that Y\, T2 < w; are limit ordinals and that &, and &, both hold.
Then &, v, holds.
(2) &, v, ==, for Y limit < w) and ¥ < w,. Similarly for the other versions

of & considered.
PRrOOF.
(1) Let (A% : 6 € S;) for I = 1, 2 exemplify &v,. For d € lim(S;) N S, we let
B, E | 4.
a€A§

Hence B; is an unbounded subset of 4.

Suppose that A € [w]™'. For each a < w, the set 4 ~ « is an unbounded
subset of w, hence contains stationarily many A4} as subsets. So we can find an
unbounded subset T} = T[4] of S such that

aeTl = Al C A~ sup(T) Na).
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Now we can find ad € lim(S;) N S, such that 4} C T;. Hence B; C 4 and B; is
unbounded in 8. Moreover, otp(B;s) = Y| - 1.

We have shown that ( B; : § € im(S;) NSy & otp(Bs) = Y| - Y, ) witnesses that
&, .7, holds (note that the fact that the set of relevant é is stationary follows from
the previous paragraph).

(2) Easy. 4

The questions considered in the paper are answered using the same basic tech-
nique, with some changes in the definition of the particular forcing used. A detailed
explanation of the technique and the way it is used to prove that &' does not im-
ply &°, is given in §2. The changes needed to obtain the other two theorems are
presented at the end of §2 and in §3.

§2. Consistency of &' and ~&°.
THEOREM 2.1. CON(&' + ).

Proor. Throughout the proof, y is a fixed large enough regular cardinal.
We start with a model V' of ZFC such that

VI Olon) + 2% =y,

and use an iteration Q = ( Po, Qp : @ < wy & B < ;). The iteration is defined in
the following definition.

DEFINITION 2.2.

(1) By a candidate for a &, we mean a sequence of the form ( 4; : § < w) limit ),
such that 45 is an unbounded subset of §, with otp(4s) = w.

(2) In V, we fix a continuously Increasing sequence of countable elementary

submodels of (#(x). €, <}). callit N = (N : i < o, ), such that -

i<w)
(this is possible by CH), and (N7 : j < i) € N fori < ).
(3) During the iteration, we do a bookkeeping which hands us candidates for &.
(4) Suppose that f < w;. and let us define Qp, while working in V%5,
(a) Suppose that CH holds in V'?# and the bookkeeping gives us a sequence
Af = <A§j : 0 < w; alimit ordinal) which is a candidate for &. For some club

Ej4 of w we choose a continuously increasing sequence N# = (N,-ﬁ :i € Eg)of
countable elementary submodels of (#(y), €, <3 ). such that we have

) c | N

iGE/f
and such that for every i € Eg we have N/ NV = N?, while

B, : B
<Nf rJsi > € Nmin(E/;\(H-l))'
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Furthermore, A? ¢ N*

min(£,)* 10e0 Op = Op, ., is defined by
05 £ {f: (i) fisa partial function from w) to {0, 1}
(ii) otp(Dom(f)) < w®

i1
(ii1) ff(Ni/ Nw) € Nrfnin(E/;\(i+l))’

(iv) f71{1}) N 4% = 0= |Dom(f) N 4%| < R
(v) feV}

(b) If -CH, then Q; = 0. (Of course, our situation will be such that this case
never occurs. )
In Q,, the order is given by

fori e E/;

f < g < gextends f as a function.

(5) For a < 5, we define inductively

P, £ {p:Dom(p) € [a]*™ & (V8 € Dom(p))
{p(B) is a canonical hereditarily countable over Ord
Pg-name of a member of Qg, and p[f Ikp, “p(B) € Qp”) }.
The order in P, is given by
p <q < (i) Dom(p) C Dom(g).
(i) Forall B < o, we have g[B I+ “p(B) < q(B)”.
(iii) {y € Dom(p) : p(y) # q(y) } is finite.

DEFINITION 2.3, Suppose o < ws, and p < g € P,. Then
(1) We say that g purely extends p, if ] Dom(p) = p. We write p < q.
(2) We say that g apurely extends p, if Dom(p) = Dom(g). We write p <,y g.
(3) The meaning of p >, g and p >, g is defined in the obvious way.

DEeFINITION 2.4. Suppose that ¥y < w;. A forcing notion P is said to be purely
y-proper if:
For every p € P and a continuously increasing sequence (N; : i < )
of countable elementary submodels of (#(y), €, <}) with p, P € Ny,
(Nj:j <i)€ Ny, thereis a g >, p which is (N;, P)-generic for all
i <y.

FACT 2.5. A ccc forcing notion is purely y-proper for every vy < w;.

ProoF OF THE FAacT. This is because every condition in a ccc forcing is generic,
see [9, I11, 2.6 and 2.9]. -

General facts about the iterations like the one we are using.

FACT 2.6. Iterations with the support we are using, have the following general
properties:

(1) @ < p= P, C Py as ordered sets.

(2) (a <p&qgePp)=(qla € P, &qla<g).
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(B) (a<p&pePs&pla<qe P,)=>qU(plla, B)) € Py is the least upper
bound of p and q.

(4) If a < B, then Py <o Pg. Hence, Gp
Q. over V[Gp 1.

G)If(p:i<i*<w)isa <p,—mcreasmg sequence in Py~ for some o* < w;,

../ Gp, gives rise to a directed subset of

def
then p = Ui<;» pi is a condition in Py~ and for every i < i* we have p; <, p.
(6) Pure properness is preserved by the iteration. Moreover, for any y < wy, pure
y-properness is preserved by the iteration.

ProOOF OF THE FacCT.

(1)—(5) Just checking.

(6) The statement follows from some more general facts proved in [9, XIV].
A direct proof can be given along the lines of the proof that countable support
iterations preserve properness, [9, 111, 3.2]. -

Back to our specific iteration.

CLaM 2.7. Suppose a* < ws. In VP, the forcing Q- has the ccc. Moreover, it
has the property of Knaster.

ProOF oF THE CLAIM. We fix such an a* and work in V'*e*. We assume CH, as
otherwise we have defined Q,« as an empty set.
Hence sequences N &f (N&" i € Eq» ) and (A4S : 3 < o limit) are given.
Let
E¥(5€Ee NNy =6},
so E is a club of w,. Suppose that g, € Q,- for & < w are given. Let

def{é € E : for some a € E \ & we have § > sup(é N Dom(q,)) }.

A contains a final segment of acc(E ), as otherwise we can find an 1ncreasmg sequence
(6; 1 i< w®) fromacc(E) ~ 4. Choose o > sup{J; : i < w® } with @ € E. Hence
for all i < w® we have that §; = sup[Dom(q,) N J;], which is in contradiction with
otp(Dom(q,)) < w®.

Let C be a club such that 4 © C. Ford € C, we fix an ordinal o witnessing
that § € 4. Soas € E \ 6 and § > sup(é N Dom(g,,)).

Foré € C, let g(6) be defined as the minimal ordinal € E such that q,, € N;(’;,)
(note that g is well defined). Hence, the set of 6 € C which are closed under g, is a
club of w;. Call this club C;.

Note that there is a stationary S C C; such that for some ¢* we have

é € S = sup(d NDom(g,,)) = &*.
Now notice that for ; < d, € Cy, we have
Dom(qq, ) € N“ Nw; = ag,.
So, if §) < d; € S, we have
Dom(ga, ) N Dom(qa,, ) C @5, N Dom(q,, ) € &*.
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Now let 6* & min(S), so 6* > &*. By (iii) in the definition of Q. j.-, for every

Jd € S we have
Gas T(Dom(qad) née&*) = (qa,; f(Dom(qa‘,.) No*))rE* e Nr?ni;(Ea*\(tS*H))'

So, there are only countably many possibilities, hence we can find an uncountable
set of a5 such that ¢,, are pairwise compatible. =

REMARK 2.8. ccc orders like the one above were considered by Abraham, Rubin
and Shelah in [1].

CONCLUSION 2.9. For all o« < w3, the forcing P, is purely y-proper for all y < w;.
[Why? By Fact 2.5, Fact 2.6 (6) and Claim 2.7.]

CLAM 2.10. The following hold for every a* < wy:
(1) In Py~ if p < r, then for some unique q we have

P <prq <ape ¥ & (ae DOIH(‘]) & q(a) # r(a) = ac Dom(p))~

(2) The following is impossible in P,-:
There is a sequence (¢; : | < w; ) which is <p-increasing, but for which
there is an antichain (r; 1 i < wy ) such that q; <ap: 1;.
(3) If p € Py~ andz is a Py«-name of an ordinal, then there is q € Py« with p <pr 9
and a countable antichain I C {r : q <up r } predense above q, such that each
r € I forces a value to 1.
4) If a* < o, thenlkp,, “|Qan
(5) If a* < wy, then V= £ CH.
(6) Qu~ is closed under finite unions of functions which agree on their common
domain.
(7) VP E 2N =,
(8) P, satisfies Ny-cc.

—_ Nl”

ProOOF OF THE CLAIM.

(1) Define g by q dzefp U (r[(Dom(r) ~ Dom(p)).

(2) We prove this by induction on a*. The case a* = 0 is vacuous, and if a* is
a successor ordinal, the statement easily follows from the fact that each Q, has the
property of Knaster.

Suppose that o* is a limit ordinal and (¢; : i < w; ), (r; : i < ;) exemplify a
contradiction to (2). Fori < w; let

def
w; = {a S Dom(qi) : ri(a) 7& q,-(a) },
hence w; is a finite set. Without loss of generality, we can assume that sets w; (i < w)
form a A-system with root w*. Let #* & Max(w*) + 1, so f* < a*.
Now notice that

a € Dom(r;) NDom(r;) & —(IFp, “ri(a), r;(c) are compatible”)
implies that & € w*, for any i, j < w;. Hence, (g;[f* i < w;)and (r;[f*:i <
w; ) exemplify that (2) fails at #*, contradicting the induction hypothesis.

(3) We work in ¥ %=, Fix such p and 7. Let J be an antichain predense above p,
such that every r € J forces a value to 7.
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We try to choose by induction on i < w) conditions p;, r; such that

¢ po=p,

o j<i=p; <p pi,

e r, clJ,

* pi <apr ti,

o j<i=> r,-J_rj.

If we succeed, (2) is violated, a contradiction.

So, we are stuck at some i* < w;. Wecan let ¢ def pi~ and [ déf{r,- i<}

(4) Obvious from the definition of Q.

(5) Can be proved by induction on a*, using (3) and (4).

(6) Just check.

(7) Follows from the definition of P,«, part (3) of this claim, and the fact that
VER = Ny,

(8) By 2.2(5) and part (4) of this claim (see [9, III, 4.1] for the analogue in the
case of countable support iterations). -

CramM 2.11. It is possible to arrange the bookkeeping, so that |tp,,, —de.
ProoF OF THE CLAIM. As usual, using Claim 2.10(7), it suffices to prove that for
every a* < w;,, in V'P=* we have

ko, “( AS" 16 < w; ) is not a &-sequence.”

Let G be Q,--generic over V%= and let F o UG. Let 4 & -t ({0}). Suppose

that A D A2 for some 8. Then for every f € G we have f~1({1}) N 4% =0, so
| Dom(f) N A4Z"| < No.
However, the following is true:

SuBcLAM 2.12. The set
F YL € Qo |Dom(f) N A5 | =Roor fTH {1 N A #0}
is dense in Qg

PROOF OF THE SUBCLAIM. Given f € Q,-. If Dom(f) N 4§ is infinite, then

f € 7. Otherwise, let # & min(42") < Dom(f). Letg & £ U {(8 1)}, hence
g>fandge 7. .
We obtain a contradiction, hence 4 is not a superset of A3 . -

DerINITION 2.13. Suppose that
(a) y< a1,
(b) N = (N, :i < y)isacontinuousincreasing sequence of countable elementary
submodels of (# (), €. <}),
(c) 1,@ € Noyand p € P, N Np,
(d) plF“z €[] and
() N[(i +1) € Niy fori<y.
We say that e < y is bad for (N, 1, p, Q) if ¢ is a limit ordinal, and there are no r,,
B. € N; (n < w) such that

(1) tn ”_sz “ﬂn € E”,
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2) Unew ﬁn = Ns N,
r, > pforalln,
B, increase with »,

)
)
) for some ny € w the set { r, : n > ng } has an upper bound in P,,,,
)

¥ leps “ (. n < o) and EN“,, & (B, : n < w) are definable in

(#(x)", €, <) from the isomorphism type of (( N : & < &), p, 1, Q) (we
shall sometlmes abbreviate this by saying that these obJects are defined in a
canonical way).

MAIN CLaM 2.14. Suppose that N, y, p and T are as in Definition 2.13. Then the
set

BE {e<y:ebadfor(N,z,p0))}

has order type < w®.
ProOF OF THE MAIN CLaM. We start by

SuscLaM 2.15. Let N, y, p and T be as in the hypothesis of Claim 2.14. Then, we
can choose canonically a sequence p = ( p; . j < wy ) such that

(1
(2

is S ~Increasing.
p

) b
) p
3) Forz < y and n < w, we have that p,;,n, € Ni.1.
4) For each i < y, for every formula w(x,y) with parameters in N;, there are
infinitely many n such that one of the following occurs:
() For no p' > puiin do we have that for some y, the formula w(p’, y) holds.
(B) For the <}-first r > puirn such that w(r,y) holds for some y, we have
F Zapr Doitntl-
(5) For j < wy a limit ordinal, we have p; = Ui<j Di-

PROOF OF THE SUBCLAIM. We prove this by induction on y, for all N and p.

If y = 0, there is nothing to prove.

If y < w is a limit ordinal, we fix an increasing sequence (y; : k < w ) which
is cofinal in y, such that yo = 0 (we are taking the < 5-first sequence like that). By

induction on k we define ( p; : wyr < j < wyryr ). Welet po &f p. Atthestage k of
the induction we use the induction hypothesis with p,, , (N; : oy < j < wyryr )

here standing for p, N there, obtaining { p; : wyr < j < wy.4, ), noticing that
def

Poy. € Nay,,,. We define pyy,,, = U;,, pj- We thus obtain
(pj oy < j <@y )

in V. As the parameters used are in N, ., by the fact that our choice is canonical,
we have that ( p; 1 oy < j < @pry1) € Nope, 41

Suppose that y = y’ + 1. By the induction hypothesis, we can find a sequence
(pj 1 J < wy') satisfying the subclaim for p and N[y’. As N|y € N,, again we
have that the sequence ( p; : j < wy’) isin N,. Let p,,, &f Uj<wy PJ-

We list as (y}, = w, : n < w) all formulas y(x, y) with parameters in N,/, so
that each formula appears infinitely often, picking the <-first such enumeration.
By induction on z < @, we choose p,,, ... We have already chosen p.,,.
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At the stage n + 1 of the induction, we consider w,. If (o) holds, we just let

Doy £nt1 df Pey +n. Otherwise, there is a condition r > p, ¢, such that y,(r, y)

for some y. By elementarity, the <;-first such 7 isin N,/ ;. By Claim 2.10 (1), there
is a unique g such that r >.5r ¢ >pr puy'+n and

o € Dom(g) & r(a) # g(a) => o € Dom(p).
Hence, g € N,/.1 and we set pu,yni1 d:dq. —

We now choose p as in the Subclaim, using our fixed y, N, 7 and p.
NoTtE 2.16. For every limit € < y we have that Dom(p,.) = N, N w,.

[Why? Let i < we be given, and let a € N; N w,. Consider the formula y(x, y)
which says that x = y € P, and @ € Dom(x). This is a formula with parameters
in N;. Option (o) from item 2.15 of Subclaim 2.15 does not occut, so there is m
and 7 >apr Powi+m such that y(r, y) holds for some y. Hence

a € Dom(r) = Dom(pwism) € Dom(p,(11))-

So N; Nw, C Dom(p,,(;41)). and hence N N w; C Dom(pese).
On the other hand, if @« € Dom(p.,:), there is i < € such that « € Dom(p,,;) C
Niy1 €N
OBSERVATION 2.17. Suppose a < w;, while g € P, and w € [Dom(g)]<®. Then
there is g™ > ¢ in P, such that
(x)* Ifi e wuU{j € Dom(q) : q(j) # q*(j) }, then g*(i) € V (an object), and
not just g i I- “gT(i) € V” (not just a name).

[Why? By induction on «. The induction is trivial for & = 0, and in the case of
« a limit ordinal it follows from the finiteness of w. Suppose that o = f + 1. We
have g[S IF “q(B) € V", so we can find r € Pg such that r > ¢[f, and 4 such that
r - “q(B) = A”. Now apply (x)# with r in place of ¢ and

(wnpu{j:r(j) #4940}

to obtain g5 . Let ¢~ &f a5 ~{(B.A)}]

Continuation of the proof of 2.14. Since p is <,-increasing, the limit of p is a
condition, say p.. Now let g* > p, be the <}-first such that g* I+ “$ € 1” for some
f > N, Nw, and with the property

[ € Dom(p.) & p.(a) # q*(a)]== ¢*(a) an object,

which exists by Observation 2.17. Let w* &f {a € Dom(p,) : p.(a) # q*(a) }.
We now define

b qéf{e <y ( U Dom(q* () N (Ne ﬂwl)) is unbounded in N, N w; }

acw*

NotEe 2.18. otp(b) < w®.
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[Why? Suppose that ¢; for j < w® are elements of b, increasing with j. Now, for
every j < w® we know that N, N c; is bounded in N, N, but

|J Dom(g*(a)) N (N, Newy)
acw™

is unbounded in N, . N w;. Hence

Ej+1
U Dom(q*(a)) n [NEj nwhNE/.H mCDI) 76 m
acw*

However, by the definition of the forcing,

otp( U Dom(q*(a))) <w®,

acw*
a contradiction.]

Continuation of the proof of 2.14. Our aim is to show that B C b (B was defined

in the statement of the Main Claim). So, lete* € (y + 1) \ b be a limit ordinal. We
show that ¢* ¢ B. We have to define 7 & TN e~ p. and B o B e+ px SO to satisfy

(1)—(5) from the definition of B, and to do so in a canonical way, to be able to prove
Subclaim 2.19 below, hence showing that (6) from Definition 2.13 holds.
Let

34 [sup( U Dom(q*(a)) N Ne» ﬂwl] +1,

acw*

s0 ¢ < N.» Nw;. We enumerate N.» Nw* as {ay, ..., 0,~—1}. By Note 2.16, we can
fix j* < e* such that {ay, ..., @, —1} € Dom(p,;-). Let j* be the first such. Also

leto & N, Nw;. Now we observe that for all / < n*, we have ¢*(a;)[¢ € N,-. _
[Why? Clearly, there is ¢’ < e* such that {ay,...,0-_1,{} C N With N
defined in Definition 2.2 (2), we have that N € N,. Also, we have that
Blre,.  “EXE ﬂ E, isaclubof w”,
I<n*

(cf. Definition 2.2 (4) (a). Hence, by properness and the choice of NV, we have that
for every e € [¢, y], we have that

OlFg,. , “N.Now; € E”.

Leti & N, Ney, hence N? € N,,,. In particular, we have @ I+, . _, “i € E” and
N Nw; < N« Newy. So for all] < n* we have

q* ()€ = q* () (N Nay),
but
Bl “N N =N Nay”,
hence by Definition 2.2 (4) (a) (jii), we have
q*lay Ik “q* ()¢ € N,?ﬂ,,@a,\(iﬂ))”-
But
0o, IF “min(E,, ~ (i + 1)) € Neyi[GY”,
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hence

gla; Ik “q(ay)[E € No 1 [G]”.
By properness and the fact that g*(oy) € V', we have ¢*(ay) € € Nery1.]
Let us pick the <}-first increasing sequence (&, : n < ) such thate™ = J
while wj* + 1 < g9 and & € N,,, in addition to (V! < n*)[qg*(a)[¢ € Ng,]-

n<w €n ]

Defining r, and $,. We do this by induction on n. If n = 0, we set ro &f Pawe,» and
alsolet my = 0, &, = &.

At stage n + 1, we assume that at stage n we have chosen r, € N, ;1 N P,, and
m, < @ so that 7, >apr Pwe,+m,. We also have chosen ¢,,, B, € N, 11.

We define a formula ¢, (x, y) which says

(1) x € P,, and Y is an ordinal > Max{f,, N., Nw; }.

(2) xIF “y’ € t” for some y’ > y.

(3) If I < n* , then x(ey) is an object, not a name, and x(a;)[¢ = q* (o) [£.
(4) Forl < n*, we have x(a;)1¢ € N, and Dom(x(a;)) N & C w1 N &,.
(5) For all o we have

a € Dom(x) N Dom(Pwe,,+mn) & x(a) 7é DPoe,+m, (a)
= a € {ap,.. Qo1 }

Hence, ¢, is a formula with parameters in N, .3 C N; Also, we have that
wnl{q*,d) holds.
By the choice of j, there is m, ) > m, (we pick the first one) such that for the

<3-first 7 > poe,..)+my,,—1 for which there is y for which ¢, (7, y) holds, we have

n+l"®

r Zapr Poensy)+mus- We let

def
Tntl =r U (pwen+1+m,,+1 rDom(Pwe,,+1+m,,+1) ~ Dom(r))

Note that 7,1 € N;,, 41 and that @, (7,11, y) must hold for some y. The <} -first
such y is an element of N, .1, and we choose it to be S, . .

Finally, we define &, &f min(N,,,, ~ sup{U,.,. Dom(r,1(cs)) \ &}).

At the end, we obtain (canonically chosen) sequences (7, : n < w ), (S, : n < @),
(¢y :n<w)and (m, : n < w) such that
) Zapr Poe,+m,-

) & = £ and én are strictly increasing with n.
) For all/ < n*, we have Dom(r,(oy)) ~ & C (&,, &aq1) and 7, () is an object.
) ralkp, “Bu€T”.
) ﬁn-i—l > ﬂn

) Un<wi8" N Nwy.

) rn € Nex.

) Forl < n*, we have r,(og)[¢ = ri(og) €.

) a € {ﬂ € Dom(rn) . rn(ﬂ) # pw5n+m,,(ﬁ)}=>a € {Ot(), ceeQpx — 1}

[Why? By item 2 in the definition of ,.]

We will use r,,, B, (n < w) to witness that ¢* ¢ B. It is true that r, > p and 8,
increase with n, and their limit is N~ N ;. We need to show that for some ny, the
sequence r, (n > np) has an upper bound in P,,. The natural choice to use would
be J, ., 7, but this is not necessarily a condition!

(1
(2
(3
(4
(5
(6
(7
(8
9
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[Why? By item 2 above, all r,, for n > 0 agree on e such thata ¢ {av, ..., an-—1}.
By items 2, 2. and 2 above, we even know that for every / < n*, the union

U rn(al)
n<w
is a function. If 6’ < N.« N wy, then for all/ < n* we have

U rn(al)r5/ = U rn(al)rél

n<w n<n’
for some n’ < w, so this is a condition in Q,, (by Claim 2.10(6)). If 0’ > N.xn,,
then |, r»(a;) N’ is finite. However, it is possible that for some oy it is forced
that the intersection of the set
L Dom(ra(as))
new
with 4?{,’5me is infinite, so {J,,, 7. (c) might fail to be a condition in Q,,.]
(We remark that it is because of this point that we are getting &' and not & in
Ve)
Now, we define conditions g; for [ < n* as follows. First set a,- def wy. By
induction on / < n* we choose g/ € P,,, so that
(a) ¢ <4},
(b) g; oy is above r, oy for all n large enough.
This clearly suffices, as g Ug*[(Dom(g*) ~ Dom(g;.)) is a condition in P,,, which
is above all but finitely many r,,.
The choice of g;. Let g5 &Lf g*log = pilag. Given g} € P,,, with I < n*, We
can find ¢;* > ¢ in P,,, such that

g - min(:ﬁl?\,’s*ml ~ o) =47

for some ordinal ;. By item 3, above, the ordinal {; belongs to Dom(r,(c;)) for at
most one n. Let n; be greater than this n. Hence there is a condition g;" in Pq, 4
such that ;" (o) is an object and

g/ ley = g7 & qf (o) > U ralar) & g (o) (L)) = 1.

n>mn

Now let
. def
9 = ¢ U U ralle + L auy).

n>n;
Note that g}, | («) is forced to be a function, for any & € Dom(q;), as all r, agree
on[a; + 1,0711). Also, g/, (a) is forced to bein V.
Now, the sequence (g, : / < n*) is as required.
To finish the proof of the Main Claim, we need to observe

SuBcLAIM 2.19. Suppose that N and M are two equally long countable continuously
increasing sequences of countable elementary submodels of (#(x), €, <} DT Q)
with OV = QM = Q. and F = (f; : i < 1g(N)) is an increasing sequence of
isomorphisms f;: N; — M.
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Then. if By, andFy . are defined, so are By ;) p(r) and Fit.F(p).F(z)- Moreover,
Bit ko) F(o) = P p. and FiFip).Fz) = F(rﬁ,p’z)‘

PROOF OF THE SUBCLAIM. Check, looking at the way f, 7 were defined. -

To finish the proof of the Theorem, we prove
Cram 2.20. Ikp, &'.

ProoF oF THE CLaM. We use the following equivalent reformulation of { in V'
There is a sequence

(N°=(N?:i<é):6<m),
such that

(1) Bach N9 = (N? ;i< d)isa continu01_1sly increasing sequence of countable
elementary submodels of (#(y), €, <}, p, 7, 0). with N)New; < Sand N°[(i+1) €

N; +1 for i < 8. Here, p, Q and 7 are constant symbols In addition, QN0 =Q.

(2) For every continuously increasing sequence N = (N; : i < e, ) of countable
elementary submodels of (#(x), €, <}, p,7,Q) such that Q™ = Q, there is a
stationary set of & such that for all i < & the isomorphism type of N; and N? is
the same, as is witnessed by some sequence of isomorphisms { f¢ : i < &) which is
increasing with 7.

For each limit ordinal 8, let N° & | J._, N¥. We define A;:

If ﬂN,, Ny o is well defined, then we let 4; & Rang(/de s TN,,) Other-
wise, we let A; be the range of any cofinal w-sequence in 5 Note that in
any case A is an unbounded subset of § of order type w.

We claim that (4; : § < w;) exemplifies that V'? = &'(w;). We have to
check that for every unbounded subset 4 of w; in ¥ %2, there is a 6 < w; with
|A()‘ ~ A| < No.

Suppose this is not true. So, there are p*, 7* exemplifying this, that is

p*IF“7* € [w]™" and for all § we have |45 \ 7*| = R¢”.

We fix in ¥ a continuously increasing sequence N = (N; : i < w; ) of countable
elementary submodels of (# (). €, <}, p, 7. Q) such that p™ = p*, while t% = 1*
and Q™ is our iteration Q. In addition, N|(i + 1) € N;, for all i. For every
y < wi, we can apply Claim 2.14 to N [(y 4 1). Using this, we can easily conclude
that the set

def

={d<w:(a) NsNw; =4
(b) 4 is a limit ordinal
(c) By .p%.z» A0d Fys e o are defined }
is a club of w;. Letd € C be such that sequences N'[6 and ( N? : i < §) have the

same isomorphism type. Let this be exemplified by F = ( f; : i <), an increasing
sequence of isomorphisms f;: N; — N?. By our choice of constant symbols, we



Sh:574

194 MIRNA DZAMONJA AND SAHARON SHELAH

also have that F(Q) = 0, F(p*) = p™ and F(z*) = t™. By Subclaim 2.19, we
have that
ﬁ]\-]&'pNg’_ENg = 181\7[(5.,;*,1-* , and ;N‘s,pNg.‘rNg = F(”N[o‘.p*f*)-

We now let (B, : n < w) &f ,3-1\_]‘s ~ wi- By the definition of 7 and f, there is
p o

no and condition ¢ such that g IF “f, € t*” for all n > no, and ¢ > p*. Hence

q IF “|4s ~ t*| < Ry”, which is in contradiction with the fact that ¢ > p*. -
Norte 2.21.
(1) We note that the present result clearly implies that & and ? are not the same
(even without CH).

Clearly, V'~ | 2% = R,. One of the ways to see this is to notice that under
CH the full & and &! agree (while ¥ F«2 2% < R, obviously).
(2) Note that the sequence ( 4; : < w; ) exemplifying &' in V7, is in fact a
sequencein V.

For clarity of presentations we decided to give details of the proof of Theorem 2.1
rather than Theorem 2.22 below, which is of course stronger than Theorem 2.1.
Now the obvious changes to the proof of Theorem 2.1 (just change the definition
of Op) give

THEOREM 2.22. CON(&! + —*).

In the next section we encounter another similar proof, where the changes needed
to the proof of Theorem 2.1 are more significant, and we spell them out.

§3. Consistency of &° and —é'.
THEOREM 3.1. CON(&® + —d!).

ProoF. The proof is a modification of the proof from §2, so we shall simply
explain the changes, keeping all the non-mentioned conventions and definitions in
place. _

Our iteration is again called @ = (P, Qp : a < wy, f < wy), but Qﬂ will be
redefined below. )

DEFINITION 3.2.

(1) A candidate for a &' is a synonym for a candidate for &.
(2) Suppose that § < w,, and let us define Qp, while working in V' ##. It is defined
the same way as in Definition 2.2 (3), but we change the condition (a) (iv) into
(iv') Dom(f) N 4% infinite = (3°y € Dom(f) N 45)[f (y) = 0].

Norte 3.3. The following still hold with the new definition of the iteration

(1) Claim 2.7.
(2) Conclusion 2.9.
(3) Claim 2.10.

[Why? The same proofs.]
Cram 3.4. It is possible to arrange the bookkeeping, so that I-p,, —dh!.



Sh:574

SIMILAR BUT NOT THE SAME: VARIOUS VERSIONS OF & DO NOT COINCIDE 195

PROOF OF THE CLAIM. It suffices to prove that for every a* < ws, in V' F=* we have
ko A4S 6 < @y ) is not a &'-sequence.”

Let G be Q,--generic over VP andlet F &G, Let 4 & F-1({1}). Suppose

that (45 ~\ 4| < Np. We can ﬁnd p* € G which forces this, m fact without loss of
generality for some € < § we have

prIF“4s N4 Ce”

But consider

s {g>p":(3y € (4% ~e)nDomlq))[g(y) =0]}.

This set is dense above p*: if r > p* is such that Dom(r) N Af;* is infinite, then
r € #. Otherwise, let

y = min(4$" ~ (Dom(r) Ue))
andletg U {(y,0)}. Contradiction. =

DEFINITION 3.5. Suppose that
(a) 7 < o,
(b) N = (N, :i <y)isacontinuous increasing sequence of countable elementary
submodels of (¥ (x), €, <}),
(C) I, Q- € NOandp € sz N Ny,
(d) plI-“z €[en]™” and
(e) Ni(i+1)e Ny fori<y.
We say that ¢ < y is bad for (N,z, p, Q) if ¢ is a limit ordinal, and there is no
m(e) = m(Nle, p,7) < w and sequences (r” : n < w) and (f” : n < w) for
m < m(e) such that »7, B € N, and
) 1 ep,, “B € 77
) UnEwﬂn "‘N nwl’
} r® > pforalln, m,
) ﬁn increase with n,
) for some m < m(s) the set { v’ : n < w } has an upper bound in P,
)

(1
(2
(3
(4
(5
(6) m(e) and

P tens d=ef((r,’," n<ow):m<me))
and
Bireps E((Brin<w):m<mle))

are definable in (#(x)", €, <}) from the isomorphism type of ((N; : & <
), p,7, Q) (we shall sometimes abbreviate this by saying that these objects
are defined in a canonical way).

MAIN CLAIM 3.6. Suppose that N, y, p and t are as in Definition 3.5. Then the set
def{e <y:ebadfor (N,z,p,0)}
has order type < w®.
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PROOF OF THE MAIN CLamM. Fix such N, y, p and 1. We define 5 = p(y, N, 1, p)
as in Subclaim 2.15 and p., ¢*, w*, b as in the proof of Main Claim 2.14. We shall
show that B C b, by taking any limit ordinal ¢* € (y + 1) \ b and showing that it
isnotin B.

Given ¢*, we define n*, £ and (r, : n < @) and <,B,, : n < o )the way we did in
the proof of Main Claim 2.14. We let m(e*) = 2% — 1. For m < m(e*), we let
{i" : n < w } be the increasing enumeration of

{i<w:i=m(mod2")}

and let r = ri» and B = Bin. We shall show that for some m < m(e*), the
sequence (r? : n < w) has an upper bound in P,,. Recall the definition of «; for
[ < n* from the proof of Main Claim 2.14. Notice that it is not a priori clear that
U,<o I is a condition, as it may happen that for some / < n* it is forced that

X1 = | Dom(ry) (@) N 43

~ Nox Ny
n<w

is infinite, yet | J, ., 77 (c;)[X; is O only finitely often.
By induction on/ < n* we choose g; € P,, and k; < 2, so that

(@) g7 > pslay,
(b) (Va < 0)[n = k;/(mod 2') = r,[a; < q7].
(©) 95 <4qf1
This clearly suffices, as we have that ¢, € P,, is a common upper bound of
{rf,‘"* n<ow}.
Let g5 = g*lag = p.lao.
Given g; € P,, and k; < 2/ for some [ < n*. Let
T {n<w:n=k (mod2")}.

et k| = def k; and k2 = k; +2!. ThenT = TI'; UT,, where I'; and T'; are infinite
dlSjOlnt and defined by the following, for j € {1,2}.

T, ‘i‘if{n el :n=kj(mod 2+,
If

g -« U Dom(r,(a;)) N 4y ., finite”
nEI“,-

for at least one j € {1,2}, let j* be the smallest such j and let &, d—Efk Let

« def
4141 =qf ~ {(az, U rn(al)>} ~ pullay, ey 1)
nel jx

Otherwise, we can find some g; € P,, such that g; > ¢; and

g/ = | Dom(ra(ay)) N 4% ., infinite”.
nels
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Let J* Q_g 1 and k1+1 d=ef k{, and let

w  def
141 = q ~ {(al’ U ra(ey) UOU er Dom(r"(al))\é)} ~ p(au, r11).
nel V "e

(Remember that for n; # ny, we have that Dom(r,, (o;)) \ € and Dom(r,, (o)) ~ &
are disjoint.)

Observe, similarly to Subclaim 2.19, that the choice of 7 and ﬁ- in this proof was
canonical. -

Cram 3.7. I~p,, &°.

Proor oF THE CLaim. Let (N? = (N? : i < &) : 6 < w;) be as in the proof of

Claim 2.20, as well as N? for limit ordinal § < w;.
For limit § < wy, we define n*(5) and (A7 : m < m*(8) ) as follows.
If Brs. o % and Fs v vy are well defined, then we let m*() ¥ m 5o s o and

for m < m*(d) we let AT &f {B" : n < w}. Otherwise, we let m} = 0 and A4 be

the range of any cofinal w-sequence in J.
We claim that

({AT :m <m*(0)):0 < wy)

exemplifies that V" |= &* ().
Suppose that

p*IF“t* €[] and for all 5, m we have 47 \ 7* # 0.

Let N, C, 6 and F be as in the proof of Claim 2.20. Itis easily seen that ¢,- obtained
as in the proof of Main Claim 3.6 exemplifies a contradiction. =
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