Sh:863

ISRAEL JOURNAL OF MATHEMATICS 204 (2014), 1-83
DOI: 10.1007/s11856-014-1111-2

STRONGLY DEPENDENT THEORIES

BY
SAHARON SHELAH*

Einstein Institute of Mathematics, The Hebrew University of Jerusalem,
Edmond J. Safra Campus, Givat Ram, Jerusalem 91904, Israel
e-mail: shlhetal@math.huji.ac.il
and
Department of Mathematics,

Hill Center-Busch Campus, Rutgers, The State University of New Jersey,
110 Frelinghuysen Road, Piscataway, NJ 08854-8019 USA

ABSTRACT

We further investigate the class of models of a strongly dependent (first
order complete) theory T', continuing [Sh:715], [Sh:783] and related works.
Those are properties (= classes) somewhat parallel to superstability among
stable theory, though are different from it even for stable theories. We
show equivalence of some of their definitions, investigate relevant ranks
and give some examples, e.g., the first order theory of the p-adics is
strongly dependent. The most notable result is: if |A| + |T| < p,I C €
and |I| > 37+ (p), then some J C T of cardinality ut is an indiscernible
sequence over A.

Annotated contents

80 Introduction, p- 3
81 Strongly dependent: Basic variant, p- 6
We define kiet(T) and strongly dependent (= strongly! dependent =
kit (T) = Vo), (1.2), note preservation passing from T to T°%, preser-

vation under interpretation (1.4), equivalence of some versions of “@
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witness x < fit(T)” (1.5), and we deduce that without loss of gen-
erality m = 1 in (1.7). An observation (1.10) will help to prove the
equivalence of some variants. To some extent, indiscernible sequences
can replace an element and this is noted in 1.8, 1.9 dealing with the
variant ki (7). We end with some examples, in particular (as promised
in [Sh:783]) the first order theory of the p-adic is strongly dependent
and this holds for similar fields and for some ordered abelian groups
expanded by subgroups. Also, there is a (natural) strongly stable not
strongly? stable T .

§2 Cutting indiscernible sequence and strongly’ dependent, p- 26
We give equivalent conditions to strongly dependent by cutting indis-
cernibles (2.1) and recall the parallel result for 7" dependent. Then
we define Kict 2(T) (in 2.3) and show that it always almost is equal to
Kict (T') in 2.8. The exceptional case is “T is strongly dependent but not
strongly? dependent” for which we give equivalent conditions (2.3 and
2.10).

83 Ranks, p- 39
We define My <4 My, My <a, Mo (in 3.2) and observe some basic
properties in 3.3. Then in 3.5 for most £ = 1,...,12 we define <y
<l <f,r, <!, explicit A-splitting, and last but not least the ranks dp-
rka ,(x). Easy properties are in 3.7, the equivalence of “rank is infinite”
is > |T|*, T is strongly dependent in 3.7 and more basic properties in
3.9. We then add more cases (¢ > 12) to the main definition in order
to deal with (a version of) strong dependency and then have parallel
claims.

84 Existence of indiscernibles, p- 48
We prove that if 4 > [A| +|T| and a, € ™€ for a < 3,+ then for some
u C J,+ of cardinality T, (aq : o € u) is indiscernible over A.

§5 Concluding Remarks, p. 52
We consider shortly several further relatives of strongly dependent.

(A) Ranks for dependent theories, p- 52
We redefine explicitly A-splitting and dp-rk A,¢ for more cases, i.e. more
0’s and for the case of finite Ay’s in a way fitting dependent T' (in 5.9),
point out the basic equivalence (in 5.9), consider a variant (5.11) and
questions (5.10, 5.12).

(B) Minimal theories (or types), p. b7
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We consider minimality, i.e., some candidates are parallel to Ng-stable
theories which are minimal. It is hoped that some such definition will
throw light on the place of o-minimal theories. We also consider content
minimality of types.

(C) Local ranks for super dependent and indiscernibiles, p. 60
We deal with local ranks, giving a wide family parallel to superstable
and then define some ranks parallel to those in §3.

(D) Strongly? stable fields, p. 62
We comment on strongly? dependent/stable fields. In particular for
every infinite non-algebraically closed field K, Th(f) is not strongly?
stable.

(E) Strongly® dependent, p. 65
We introduce strong(®*) dependent /stable theories and remark on them.
This is related to dimension

(F) Representability and strongly; dependent, p. 67
We define and comment on representability and (b, : t € I) being
indiscernible for I € ¢.

(G) Stronglys stable and primely minimal types, p- 71
We prove the density of primely regular types (for stronglys stable T')
and we comment how definable groups help.

(H) T is n-dependent, p- 79
We consider strengthenings n-independent of “I" is independent”.

References p. 81

0. Introduction

Our motivation is trying to solve the equations
“x/dependent = superstable/ stable”

(e.g., among complete first order theories). In [Sh:783, §3] mainly two ap-
proximate solutions are suggested: strongly’ dependent for ¢ = 1,2; here we
try to investigate them not relying on [Sh:783, §3]. We define k;(T) gener-
alizing x(T); the definition has the form “sk < kjct(T) iff there is a sequence
(pi(Z,7;) : © < k) of formulas such that ...”.

Now T is strongly dependent (= strongly® dependent) iff xic;(7) = No; proto-
typical examples are: the theory of dense linear orders, the theory of real closed
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fields, the model completion of the theory of trees (or trees with levels), and the
theory of the p-adic fields (and related fields with valuations). (The last one is
strongly! not strongly? dependent, see 1.17.)

For T superstable, if (a; : ¢ € I) is an indiscernible set over A and C' is
finite, then for some finite I* C I,(a, : t € I\I*) is indiscernible over AU C,
moreover over AUCU{a; : t € T*}. In §2 we investigate the parallel here, when
I is a linear order, complete for simplicity (see more and history in [Sh:950,
§1C, 1.37]). But we get two versions: strongly’ dependent ¢ = 1,2 according
to whether we like to generalize the first version of the statement above or the
“moreover”.

Next, in §3, we define and investigate rank, not of types but of related objects
t = (p, M, A) where, e.g., p € S™(M U A); but there are several variants. For
some of them we prove “I’ is strongly dependent iff the rank is always < oo iff
the rank is bounded by some v < |T'|7”. We first deal with the ranks related to
“strongly’ dependent” and then for the ones related to “strongly? dependent”.

Further serious evidence for those ranks being of interest is in §4, where we
use them to get indiscernibles. Recall that if 7' is stable, [A] < XA = AT a, € €
for @ < p := AT, then for some stationary S C p, {as : a € S) is indiscernible
over A, |S| = yi; we can write this as A — (A)3%; We can get similar theorems
from set theoretic assumptions: e.g., i a measurable cardinal, very interesting
and important but not for the present model theoretic investigation.

We may wonder: Can we classify first order theories by A —r (1), as was
asked by Grossberg and the author (see on this question [Sh:702, 2.9-2.20]).
A positive answer appears in [Sh:197], but under a very strong assumption on
T: not only T is dependent but for every subset Py,..., P, of |M| the theory
Th(M, P, ..., P,) is dependent, i.e., being dependent is preserved by monadic
expansions.

Here we prove that if T is strongly stable and p > |T'|, then J,+ —7 (;ﬁ):f.
We certainly hope for a better result (using 3, (|T]) for some fixed n or even
(2)* instead of 3,+) and weaker assumptions, say “T" is dependent” (or less)
instead of “T is strongly dependent”. But still it seems worthwhile to prove
4.1, particularly having waited so long for something.

Let strongly’ stable mean strongly’ dependent and stable. As it happens
(for T), being superstable implies strong? stable implies strong! stable, but the
inverses fail. So strongly’ dependent does not really solve the equation we have
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started with. However, this is not necessarily bad; the notion “strongly’ stable”
seems interesting in its own right. This applies to the further variants.

We give a “simplest” example of a theory T' which is strongly! stable and
not strongly? stable at the end of §1 as well as prove that the (theories of the)
p-adic field is strongly stable (for any prime p) as well as similar enough fields.

In §5 we comment on some further properties and ranks. Such further prop-
erties hopefully will be crucial in [Sh:F705], if it materializes; it tries to deal
mainly with K°"-representable theories and contains other beginnings as well.
We comment on ranks parallel to those in §3 suitable for all dependent theories.

We further try to look at theories of fields. Also, we deal with the search
for families of dependent theories T" which are unstable but “minimal”, much
more well behaved. For many years it seems quite bothering that we do not
know how to define o-minimality as naturally arising from a parallel to stability
theory rather than as an analog to minimal theories or to generalize examples
related to the theory of the field of the reals and its expansions. Of course,
the answer may be a somewhat larger class. This motivates Firstenberg—Shelah
[FiSh:E50] (on Th(R), specifically on “perpendicularly is simple”), and some
definitions in §5. Another approach to this question is of Onshuus in his very
illuminating works on th-forking [On0x1] and [On0x2].

A result from [Sh:783, §3,84] used in [FiSh:E50] says that

0.1. CLaM: Assume T is strongly? dependent.

(a) If G is a definable group in €p and h is a definable endomorphism of G
with finite kernels then h is almost onto G, i.e., the index (G : Rang(h)) is
finite.

(b) It is not the case that: there are a definable (with parameters) subset
©(€,a1) of €, an equivalence relation E;, = E(x,y,az2) on ¢(€,a;) with
infinitely many equivalence classes and ¥(x,y, z, as) such that E(c,c,as) =
Hx,y,c,a3) is a one-to-one function from (a co-finite subset of) ¢(€,a;)
into ¢/ FEjg,.

We continue investigating dependent theories in [Sh:900], [Sh:877], [Sh:906],
more recently [Sh:950] and Kaplan—Shelah [KpSh:946], [?] and concerning de-
finable groups in [Sh:876], [Sh:886] and [KpSh:993].

We thank Moran Cohen, Itay Kaplan, Aviv Tatarski and a referee for pointing
out deficiencies.
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0.2. Notation: (1) Let ¢® be @ if t =1 or t = true and —p if t = 0 or t = false.
(2) S*(A, M) is the set of complete types over A in M (i.e., finitely satisfiable
in M) in the free variables (z; : i < «).

1. Strongly dependent: Basic variant

1.1. Convention: (1) T is complete first order fixed.
(2) € =& a monster model for T

Recall, see [Sh:783]:

1.2. Definition: (1) Kict(T) = Kict,1(T) is the minimal x such that for no
@ = (pi(Z,7;) : i < k) is Ty = T'{ consistent with T for some (= every)
A, where £g(Z) = m, lg(g!,) = £g(y;) and

Ly = {pi(Ty, ﬂi)if(n(i):a) pefNa<and i < K}

(1A) We say that ¢ = (pi(Z,7:) : @ < k) witness k < Kict(T) (with m =
Lg(Z)) when it is as in part (1).
(2) T is strongly dependent (or strongly® dependent) when it (T) = No.

Easy (or see [Sh:783]):
1.3. Observation: If T is strongly dependent then T is dependent.

1.4. Observation: (1) Kiet(T°Y) = Rict(T).
(2) If T, = Th(My) for £ = 1,2, then kit (T1) < Kict(T2) when:
(%) My is (first order) interpretable in M.

(3) If T" = Th(C, ¢)ceca, then Kict(T') = Kict(T)-

(4) If M is the disjoint sum of My, My (or the product) and Th(M),
Th(Ms;) are dependent, then so is Th(M); so My, My, M has the same
vocabulary.

(5) In Definition 1.2, for some A, I‘f is consistent with 7" iff for every A, Ff
is consistent with 7.

Remark: Concerning Part (4) for “strongly dependent”, see Cohen—Shelah
[CoSh:E65, Th.24].

Proof. Easy. 1.4
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1.5. Observation: Let £g(Z)=m, ¢=(v;(Z, §;):i<k) and let ¢'=(@;(Z, 7)1 <k)
where ¢}(z,9;) = [i(2,9;) A —pi(z,57)], and let @" = (¢} (z,9}) : i < K)
where of(2,97') = [21(2,57) = ~¢i(2,57)]. Then ®g = ®F & @ < (3 €
*2)@2, © (In € "2)@, and ®L & @ o @, forl =2,3and @2 & @), &
®;u where @l = (p;(z,7;)"™ : i < k) and

®

®2 we can find (a}:k <w,i <) in € such that Lg(a;) = Lg(7:), (@}, : k <w)

is indiscernible over U{di 1 j < Kyj # i,k < w} for each i < k and

@ witness k < Kiet(T),

NG =

{pi(z,ad) A —pi(Z,al) : i < k} is consistent, i.e., finitely satisfiable in
¢,
®3 like ®2 but in the end {;(Z,af) = ~;i(z,a}) : i < K} is consistent.
1.6. Remark: (1) We could have added the indiscernibility condition to ®2,
i.e., to 1.2(1), as this variant is equivalent to ®35.

(2) Similarly we could have omitted the indiscernibility condition
in @?5 but demand in the end: “if k; < ¢; < w for ¢ < k then
{@i(z,a;, ) A —pi(Z,a;) : i < K} is consistent” and get an equivalent
condition.

(3) Similarly we could have omitted the indiscernibility condition in ®2
but demand in the end “if k; < ¢; < w for i < k then {p;(7,a},) =
—;(Z,ay,) : i < K} is consistent” and get an equivalent condition.

(4) We could add ®} < ®_,.

(5) In ®%,®2 (and the variants above) we can replace w by any X (see 1.7).

(6) What about ®2 = ®.? We shall now describe a model whose theory
is a counterexample to this implication. We define a model M with
™ = {P, P;, R; : i < k}, P a unary predicate, P; a unary predicate, R;
a binary predicate, as follows:

(a) |M| the universe of M is (k x Q) U"Q,
(b) P¥ ="Q,
(c) PM={i} xQ,
(d) B ={(,(i,q)) : n € "Q,¢ € Qand Q |= (i) > g},
(e) ¢i(z,y) = P(x) A Pi(y) A Ri(z,y) for i < k.
Now
(o) Why (for Th(M)) do we have ®27?
For i < K,k < w let a}, = (i,k) € PM recalling w C Q.
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Easily (a} : k < w,i < k) are as required in @%; e.g., the unique n € *Q
realizing the type. Also, for each i < k, the sequence (a}, : k < w) is indiscernible
over {al, :j < k,j #iand m < w}.

Why? Because for every automorphism 7 of the rational order (Q, <), for
the given ¢ < k we can define a function 7; with domain M by

(%)1 for j < k and ¢ € Q we let 7;((4,q)) be (4,q) if 7 # i and (j,7(q)) if j =1,
()2 for n,v € XQ we have 7;(n) = v iff (Vj < k)(§j # i = n(j) = v(j)) and
v(i) = mi(n(i))-
So 7; is an automorphism of M over Uj #i PjM which includes the function
{(af,al,) 1 a € Q}
(8) Why (for Th(M)) do we not have ®1?

Because M = (Vy1,y2)[Pi(y1) APi(y2) Ayr # y2 = Vi—y (V2) (i (, ye) ANP(2) —
vi(w,y3—e))]-
(v) T is dependent. Why? Left to the reader (use restriction to any finite
T C ).

Proof. The following series of implications clearly suffices.

® implies ®2

Why? As @, clearly for any A > R we can find @, € 9T ¢ for i < K, o0 < A
and (¢, : n € “N\), ¢, € 9@ ¢ such that |= ¢;[e,,a’] iff n(i) = a. By some
applications of the Ramsey theorem (or polarized partition relations), without
loss of generality (al : a < \) is indiscernible over U{dé 1<K, jF LB <A}

for each i < w. Now those a’,’s witness @?5 as ¢, witness the consistency of the
required type when 7 € ©{0}.

2 3 ; ; 2 3 2 3
®; = ®; (hence in particular ®%, = ®7, and ®%, = ®_,).
Trivial; read the definitions.

®% = ®2 (hence in particular ®7, = ®2, and ®2, = ®2.,).

By compactness, for the dense linear order R we can find ay for ¢ < x,t € R
such that for each i < k the sequence (@i : ¢ € R) is indiscernible over J{a? : j #
i,j < k,s € R} and for any so <g s1 the set {@;(Z,a} ) = —p;(z,a})) : i < K}
is consistent, say realized by ¢ = Cy,s,- Now let u = {i < k: € |= ;¢ a ]},
. ;ngn(slfso)
Now (b}, : n < w,i < k) exemplifies ®?.

if i € v and as a’ if i € K\u.

and for n < w define b}, as a s1—n(s1—50)

2 . . 1 2 2 3 3
®7 implies ®, (hence by the above ®7 = ®, and ®; = ®).
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Let (al,: a <w,i < k) witness ®2 and ¢ realizes {¢;(Z, ap) A\—pi(Z,a}) : i <r}.
Without loss of generality a! is well defined for every t € Z not just ¢t € w (and
i < k), and (a!:t€Z) is an indiscernible sequence over {a’ : j€k\{i} and s€Z}.
Also, without loss of generality for each i < &, (@), : a € [2,w)) as well as
{(a*,_,, :n € w) are indiscernible sequences over

J{al :j <k, j#iandteZ}u{c}

For t € Z,i < k let b} = ab,"ab, ., so € = ¢}[e, b)) (as this just means
¢ = i(E,ah) A—p;fe,al]) and € = —h[¢, bl ] when s € Z\{0} (as the sequences

¢ @b, and ¢"aj,  realize the same type). So (b}, : o < w,i < k) witness ®,.

3 : 3
@5 implies @z
Read the definitions.

®§’5N implies that for some 1 € *2 we have ®;m.
As in the proof of ®2 = ®L,; but we elaborate: let (@i, b :a<w):i<k)
witness ®7, noting ¢" = (¢} (%,91,95) : i < x) where lg(7}) = Lg(5i) =
lg(y5). Let ¢ realize {¢f(z,ab,b}) = ~¢!(z,ai,bl) : i < x}. Without loss of
generality, for each i < k the sequence (@, "b’, : 2 < a < w) is indiscernible over
U{al, b7, : 5 € k\{i} and a < w} UG
By this extra indiscernibility assumption, for each ¢ < k we can find
o(i),£1(i) € {0,1} such that n > 2 = € = ;¢ a’ )@ A g;[e, b, By
the choice of ¢ we have € = ! (¢, a}, b)) = ¢! (¢, al,b}), hence by the choice of
@l we cannot have € |= p;[¢, ad]° D Ap;[e, a, b1 D Api[e, ai 1@ Ap;ile, b4 .
Hence there are ¢3(i),¢4(¢) € {0,1} such that
o 4(i) = 0= € = gilc, ‘_123(1')]1780(1.)7
° f4(’L) =1=C ': (pi[é, 623(1_)]1—41(1')_

Lastly, choose n = (1 — £;,(; (i) : @ < &) and we choose (d;, : @ < w,i < k) as

follows:

e if £4(i) = 0 and n = 0 then d’, = gy (i)
e if £4(i) = 0 and n > 0 then d}, = af,,,
e if 4(i) = 1 and n = 0 then d!, = b}

e if /4(i) =1 and n > 0 then d!, = b} ..

Now check that (d*

(63

ta <wand i < k) witness ®_,.

®?5Ml , ®§’5 are equivalent where 7 € 2.
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Why? Because the formula (¢;(z,a)) = —y;(z,a})) is equivalent to
(pi(z,a))"? = =p;(, ai)"™). 15

1.7. Observation: (1) In Definition 1.2, without loss of generality m(= £g(Z))
is 1.

(2) For any k we have: k < kict(T) iff for some infinite linear order I; (for
i < k) and (@ :t € I;,i < k) such that (@i : t € I;) is indiscernible over
Uf{al : s € Ij and j #i,j < k} U A and finite C, for  ordinals i < k, the
sequence (a! : t € I,) is not indiscernible over AU C.

(3) In 1.5, for any A(> Ng), from the statement ®2¢ we get an equivalent one if
we replace w by A; similarly for ®2.

Proof. (1) For some m, there is ¢ = (p;(Z,§;) : i < k),{g9(T) = m witnessing
K < Kict(T); without loss of generality m is minimal. Fixing @ by 1.5 we know
that ®7 from observation 1.5 holds. Let (@, : i < s, < A) exemplify ®2 with
A instead w and let ¢ = (¢; : i < m) realize {p;(Z,a}) A —p;(Z,a%) 1 i < K}

CASE 1: For some u C k, |u| < k for every i € k\u the sequence (a’, : a < \)
is an indiscernible sequence over U{dé 1€ r\u\{i}}U{cm-1}.

In this case for i € wk\u let ¥;(Z',7}) == @i(Z | (m — 1), {(Tm-1)"7;) and
Y = ((T', 7)) 1 i € w\u) and b%, = (cpp_1) @, for @ < \i € k\u and ¢ =
(i (2, 90) + i € k\u). Now (bl : & < \,i € k\u) witness that (abusing our
notation) ®12ﬁ holds (the consistency is exemplified by ¢ [ (m—1)), hence (in the
notation of 1.5) ®11Z7["] holds for some 7 € "\*2, contradiction to the minimality
of m.

CASE 2: Not Case 1.

We choose v¢ by induction on ¢ < & such that

& (a) ve € K\ U{ve 1 e < (Y,
(b) we is finite,

(c) for some i € v, (@,

i@ : 5 € v\i}, B < A} U {emr),

(d) under (a)+(b)+(c),|vc| is minimal.

:« < A) is not indiscernible over

In the induction step, the set uc = U{v: : € < (} cannot exemplify Case 1, so
for some ordinal i(¢) € x\u¢ the sequence <dfl(<) : o < A) is not indiscernible

over U{a{i 27 € r\uc\{i(Q)} and B < A} U{cm—1}, so by the _ﬁnite character of
indiscernibility, there is a finite v C k\uc\{i(¢)} such that (a;@ ta < A)isnot
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)} U v satisfies
):(c) and ().
Having carried the induction let i, (¢) € v¢ exemplify clause (c). We can find
a sequence d¢ from U{dfé 27 €v\{i.(¢)} and B < A} such that (@ HO 0 < A)
is not indiscernible over (¢,,—1)"d.
Also, we can find n(¢) < w and ordinals ¢ ¢0 < Been < - < Been(c)—1 < A
for £ = 1,2 such that the sequences

indiscernible over U{dé cjev,f < AtU{em—1}. Sov = {i(¢
(a)+(b)+(c), hence some finite v, C k\uc satisfies clauses (a),(b

ngi2(©) ~ i) S in(Q) ~ ai(0)
dag 30" ag -1 and d7ag 5" a0

realize different types over ¢,_1.

s (C) ~ ~q=(©)
Now we consider ag Agi -1 where

B = max{B¢1,n¢)-1 + 1, Bc2n(e)-1 + 1}

so renaming, without loss of generality B¢ 1 n)—1 < B¢2,0- Omitting some
alﬁ*(o’s, without loss of generality Bs. 1,m = m, B¢,2,m = n(C)+m for m < n(¢).

BS, - ~gt (O ~g(©
Now we define by d n(Of T On(O)Bn(c)— L for B <X ( <k,

By the indiscernibility of (a~ i), iy < \) over de U U{dé tjER\Ye, B< A} C
U{% (j € ﬁ\{zg(_)},ﬁ < A} we can deduce that (b% : B < A) is an indiscernible
sequence over [J{b5 : ¢ € K\{(}, @ <y and B < A}. But by an earlier sentence
BC, b$ realizes different types over ¢,,_1, so we can choose ¢’ (x, %) such that

05 Y1 ¢ ¢
CE ga’g(cm,l,l;g) A =@l (em—1,bY) for i < k.

So (bS, : @ < w,( < k) and @ = (@i (x,9¢) + ¢ < k) satisfy the demands on
(@i« k <w,i< k), (pi(x,9;) i < k) in @% form =1 (by 1.5’s notation), so by
1.5 also @;[n] holds for some 1 € 2, so we are done.

(2) Implicit in the proof of part (1) (and see Case 1 in the proof of 2.1).

(3) Trivial. 1.7

A relative of kict(T) is
1.8. Definition: (1) kicu(T") = Kicu,1(T) is the minimal x such that for no m < w
and @ = (p;(Z;,7;) : i < k) with £g(Z') = m x n; can we find @’, € “9@)¢ for
a <\ i<kand ¢, € ™€ for n € "\ such that:
(a) (€yn:n <w) is an indiscernible sequence over | J{a’, : o < \,i < K},
(b) foreachn € ®\,a < Aandi < k we have € |= ;(Cyo” -+ "Cpni—1,al, ) H@=10)),

)
(2) If @ is as in (1), then we say that it witnesses xk < Kicu(T).
(3) T is strongly!* dependent if xicy(T) = No.
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1.9. Ceam: (1) Kieu(T) > Kiet(T).
(2) If cf(k) > Ng then kicy(T) > k < Kict(T) > K.
(3) The parallels of 1.4, 1.5, 1.7(2) hold.!

Proof. (1) Trivial.
(2) As in the proof of 1.7.
(3) Similar. 1.9

* * *
To translate a statement on several indiscernible sequences to one (e.g., in
2.1), one notes:

1.10. Observation: Assume that for each o < k, I, is an infinite linear order,
the sequence (a; : t € I,) is indiscernible over AU U{a, : t € Iz and B €
k\{a}} (and for notational simplicity (I, : @ < k) are pairwise disjoint) and
let I =3{I,:a<k}tel,=Lg(a) = ((x), and lastly for a < k we let
&(a) = S{C(8) : B < a}.

Then there is (b : t € I) such that

I not divided by any member of & = (b; : t € J) is indiscernible over
AUC] then we can find (&, : a < k), P, is a set of cuts of I, such that
S| Zu| i a <k} = || and, if a < K, J is a convex subset of I, not divided
by any member of Z,, then (a; : ¢ € J) is indiscernible over AU C,

(e) if C C € and & is a set of cuts of I such that [J is a convex subset of
I not divided by any member of & = (b, : t € J) is indiscernible over
AUCU {bs : s € I\J}] then we can find (Z, : a < k), P, is a set of cuts
of I, such that £{|P,| : a < k} = |Z| and, if @ < k,J is a convex subset
of I, not divided by any member of Z,, then (a; : t € J) is indiscernible
over AUC U{a;:t e I\J},

(f) moreover, in clauses (d), (e) we can choose &, as the set of non-trivial cuts
of I, induced by 2, i.e., {(J'NI,, J'NI,) : (J',J") € PI\{(1a,0), (0, 1)}

L And of course more than 1.7(2), using an indiscernible sequence of ms-tuples, for any
my < W.
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Proof. Straightforward; e.g.:
Without loss of generality (I, : o < k) are pairwise disjoint and let I =
Y{I, : a < k}. We can find by € ¢(¥¢ for t € I,a < x such that: if n < w,

ap < - < apo1 < n,té <7 <1 tiﬁl and sg <I., " <I, sirl for ¢ < n,
then the sequence (b~ -+ b5 )"+ A(Efn’,’;’f K Al;toﬁfff ) realizes the same
0 ko—1 0 kp_1—1
type as the sequence (a%"---"aly ) --- “(@%r=t---ca's!); this is pos-
0 kp—1 So Skp_1—1
sible by compactness. Using an automorphism of €, without loss of generality
tel, =b¥=a® Nowfortelleta;be (ala ---"al - )acn-
Clauses (a)+(b)+(c) hold trivially and clauses (d), (e), (f) follow. 1.10
* * *

In the following we consider “natural” examples which are strongly depen-
dent; see more in 2.5.

1.11. Cram: (1) Assume T is a complete first order theory of an ordered
abelian group expanded by some individual constants and some unary pred-
icates P;(i < i(*)) which are subgroups and T has elimination of quantifiers.

T is strongly dependent iff we cannot find i, < i(*) and v, € Z\{0} for
n < w such that:
() we can find b, ¢ € € for n,¢ < w such that
(a) b <ty = Ln(bnyg2 — bnygl) ¢ Pii?
(b) for every n € “w there is ¢, such that ¢, — by, n) € P forn < w.

(2) Let M be (Z,+,—,0,1,<, P,) where P, = {na: a € Z}, so we know that
T = Th(M) has elimination of quantifiers. Then T is strongly dependent,
hence Th(Z,+, —, 0, <) is strongly dependent.

1.12. Remark: (1) This generalizes the parallel theorem for stable abelian
groups.
(2) Note that if G is the ordered abelian group with sets of elements Z[z],
addition of Z[x] and p(x) > 0 iff the leading coefficient is > 0, in Z, P,
as above (so definable), then Th(G) is not strongly dependent using P,
for n prime.

(3) On elimination of quantifiers for ordered abelian groups, see Gurevich
[GuTT].

Proof. (1) The main point is the if direction. We use the criterion from 2.1(2),(4)
below. So let (a; : t € I) be an infinite indiscernible sequence and ¢ € €
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(with @; not necessarily finite). Without loss of generality € = “c > 0” and
at = {at o : @ < o) list the members of My, a model and even a |T'|*-saturated
model (see 2.1(4)), and let p, = tp(c, My).

Note that

(*)1 if as; = ar; and s # ¢, then (a,; : 7 € I) is constant.

Obviously, without loss of generality, ¢ ¢ |J{M; : t € I} but € is torsion free
(as an abelian group because it is ordered), hence

(x)2 t € Z\{0} = tc ¢ U{M, : t € I},

(¥)3 fort € I,a € My and ¢ € Z\{0}, let 1%, € “*)+12 be such that [1)%(i(x)) =
1 < e > a) and, for i < i(x),[n4(i) =1 & 1c —a € PF,

(#)a for t € I and a € My let po := U, ez 0y (P Y ¢;) Where 2 pi(x) =
{1tz # a, (tx > a)"CC)Y and ¢ (x) := {P;(tx — a)"® i < i(x)}.

Now

o for e € Z\{0} and a < a* let I, = {t € I : ar,o, < tc};
0y (u—1,up,u1) is a partition of a*, where

(a) u_y = {a < a*: for every s <yt we have € |= at o < Gs,a},

(b) uo = {a < o*: for every s <; t we have € = a4 = at.a},

(¢) u1 = {a < o for every s <; t we have € |= a5.o < ar.0};
Oy if ¢ € Z\{0} then

(a) I’ is an initial segment of I when « € uq,

(b)

(©)

(@)
[Why? Recall <® is a linear order. So for each ¢ € Z\{0},a € uj, by the
definition of u; the set I’ := {t € I : a; o < tc} is an initial segment of I, also
te I\l = e <®asqascg¢ | J{Ms:s €I} by (%)

Now suppose a, 8 € uy and [Ig\I3| > 1 and I}, 15 ¢ {0,1}; then choose

t1 <r tp from IG\I}, and to € I;,t3 € I\Ij. As I}, Ij are initial segments and
to <1 t1 <1tz <pts, necessarily € |= “asy 0 < 1€ < Qg0 A Gy g < L0 < Qig,87.

1! is an end segment of I when o € u_g,
It € {0,1} when « € uyg,
{I: : @ € u1 }\{0, I'} has at most 2 members.

If at, o <% as, 5 we can deduce a contradiction (€ = “ic < ayy.0 < ap,.5 < tC7).

Otherwise, by the indiscernibility of the sequence ((a¢qa,a:g) : t € I) we get
€ agy,p < aty,0 and a similar contradiction. So [I5\1;] < 1.

2 Recall that Pl =, = —p.



Sh:863

Vol. 204, 2014 STRONGLY DEPENDENT THEORIES 15

So 14, Iy ¢ {0, 1} = |I5\1}| < 1 and by symmetry [I[;\I5| < 1. So {I, : a €
ui \{0,I}| <2, i.e., clause (d) of [y holds; the other clauses should be clear.]
Now clearly
Os if o, 8 < afx),t € Z\{0} and at,o = —as,p (for some equivalently for
every t € I) then:
(a) (@ €u) = (FEuy),
(b) ((tc) < at,a) = (ar,p < ((—t)c)) recalling e, (—t)c & U,cp My,
(c) I = I\I}.
Also
Oy if ¢1, 2 are from {1,2,...} and t1as,q = t2ayg then
(a) [@€u_1 =B €u_],[a €ug=p € ug and [a € u3 = f € uy],
(b) (t€1;?) < (t€ly), hence I = Iy
[Why? Clause (a) is obvious. For clause (b) note that ¢ € I'? < a;q < t2¢c <
naga < t1(t2c) & aarg < 12(tic) S arg < ucete I[;l ]
By symmetry, i.e., by U3, clearly
(5 the statement (d) in [y holds for a € u_j.
Obviously
Clg if a € ug then I € {0, T}.
Together
O {1, :a < a* and ¢ € Z\{0}}\{0, I}, hence has < 4 members.
Hence
®o There are initial segments J, of I for £ < ¢(x) < 4 such that: if s, ¢ belongs
to [ and £ < l(x) = [s € Jp =t € Jg| then ng, (i(x)) =, (i(x)).
[Why? By the above and the definition of n;, (i(x)) we are done.]
@1 For each t € I we have |J{pa(z) : a € M} F pi(z).
[Why? Use the elimination of quantifiers and the closure properties of
M;. That is, every formula in p;(x) is equivalent to a Boolean combi-
nation of quantifier free formulas. So it suffices to deal with the cases
o(x,a) € pi(x) which is atomic or negation of atomic and x appear. As for
b1,b2 € €, exactly one of the possibilities by < ba, b1 = by, b < by holds,
and, by symmetry, it suffices to deal with o1(z,a) > o2(x,a),01(z,a) =
os(z,a), Pi(o(x,a)), ~P;(o(x,a)) where o(x,7),01(x,7),02(x,y) are terms
in L(77). As we can substract, it suffices to deal with o(z,a) > 0,0(z,a) =
0, Pi(o(z,a)),~Pi(o(x,a)). By linear algebra, as M; is closed under the
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operations, without loss of generality o(z,a) = tx — a4 o for some ¢ € Z and
a < a*, and without loss of generality ¢ # 0. The case ¢(z) = (1o — at.o =
0) € p(z) implies ¢ € M; (as M is torsion free), which we assume does
not hold. In the case p(z,a) = (tx — at,o > 0) use p,, (), in the case
o(x,a) = Pi(tx — arq) or p(x,a) = 2P, (1x — at,o) use qg;a (z) for ng,  (i).]
If . € Z\{0},n < w and ay,...,an—1 € My, then for some a € M; we have
C<n i <i(x)An,, (1) =1=n(i) = 1.

[Why? Let o’ € M, realize p; | {ag,...,an—1}, exist as M; was chosen
as |T'|T-saturated; less is necessary. Now tc —ay € P¥ = 1a’ —a; € P¥ =
(tc —a’) = ((tc — ag) — (1’ — ay)) € PE and let a := 1’|
Assume ¢ € Z\{0},7 < i(%),a < a*,s1 <y s2 and t € I\{s1, $2}; then:

(a) ifn;, (i) =1and 77;32,a(i) =0, then n;, (i) =0,

(b) if mg, (i) =0and Moty o (i) =1, then n;, (i) =0.

[Why? As we can invert the order of I it is enough to prove clause (a).
By the choice of a + 1’ we have tc — as,.o € P%,1c — asy.q ¢ PF, hence
Usy .0 — Gsy.0 & P, hence also as, o — as, o ¢ PF.

By the indiscernibility we have a;q — ts,,0 ¢ Pf and as 1€ — G, 0 € PZ-C
we can deduce tc — az o ¢ PF, hence Nar... (1) = 0. So we are done.]

For each ¢« € Z\{0},i < i(x) and o < o*, the set I}, := {t :n;, (i) =1}1is
(), I or a singleton.

[Why? By ®s.]
if Lo = U{I}, : t € Z\{0},i <i(*),a < o* and I}, is a singleton} is infinite,
then (possibly inverting I) we can find ¢, € I and 8, < a*, ¢, € Z\{0} and
in < i(*) for n < w such that
(a) t €I, then [thc —arp, € PE] &t =t, for every n < w,

(b) (ap, — asgp, : s #t € I) are pairwise not equal mod Pg,
(€) tn < tpyr for n < w.

[Why? Should be clear.]

If Lo = U{If, : + € Z\{0}, e < @*,i < i(x) and I} , is a singleton} is finite
and Jo(¢ < £(x) < 4) are as in ®g, then tp(as, {c}) = tp(as, {c¢}) whenever
(8,0 € INL) A N\peyuy (8 € Je =T € Jy) recalling a list the elements of M.

[Why? By ®4 and ®; (and ®q) recalling the choice of p, in (x)q4.]

Assume ¢, (@; : t € I) exemplify T is not strongly dependent; then I, cannot be
finite (by ®¢) hence I, is infinite, so by ®5 we can find (¢, Bn, tn,in) : 0 < w)
as there.
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That is, for n < w,f < w let by ¢ :=a¢, g,. So

®7 tnC—bpo € Pzi iff tne—as, 8, € Pii iff ty =t, iff £ =n,
®g if {1 < ¥5 then bnlz — bn,b ¢ Pz%z
[Why? By clause (b) of ®s5.]
Now
®g if 7 € “w is increasing, then there is ¢, € € such that n < w
= tnCy = b y(n) € P

[Why? As (a; : t € I) is an indiscernible sequence, there is an automorphism
f = fy of € which maps a, to a,,, for t € I, so f,(byn) = b
ey = fo(c) satisfies n < w = 15, f(¢) = by y(n) € PE ]

Now (b ¢ : n,{ < w) almost satisfies () of 1.11. Clause (a) holds by ®s
and clause (b) holds for all increasing n € “w. By compactness we can find
(b, ¢ : 1, £ < w) satisfying (a) + (b) of (%) of 1.11.

[Why? Let I' = { P;,, (tn®y—Ynn(n)) : N€ W, n<wU{=F;, (tnTn e, —tnTne,)
n<w,l </ly <w} UT issatisfied in € we are done, otherwise there is a finite

n.n(n)- Hence

inconsistent IV C T'. Let n. be such that: if y, , appear in I” then n,{ < n,.
But the assignment yn ¢ > bpn,+¢ for n < n., ¢ < n, exemplified that I is
realized, so we have proved half of the claim. The other direction should be
clear, t00.]

(2) The first assertion (on T') holds by part (1); the second holds as the set
of terms {0,1,2,...,n — 1} is provably a set of representatives for Z/F,, which
is finite. 111

1.13. Example: Th(M) is not strongly stable when M satisfies the following:

(a) it has universe “Q
(b) it is an abelian group as a power of (Q, +),
(c) it PM ={f e M: f(n) =0}, a subgroup.

We now consider the p-adic fields and more generally valued fields.
1.14. Definition: (1) We define a valued field M as one in the Denef-Pas lan-
guage, i.e., a model M such that:

(a) the elements of M are of three sorts:
(a) the field P which (as usual) we call K| so K = K™ is the field of M
and has universe P, so we have appropriate individual constants (for
0,1), and the field operations (including the inverse which is partial),
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(B) the residue field PM which (as usual) is called k¥, so k = kM is a field
with universe P, so with the appropriate 0,1 and field operations,
(7) the valuation ordered abelian group P} which (as usual) we call TM|
so I' = T'M is an ordered abelian group with universe P}, so with 0,
addition, subtraction and the order;
(b) the functions (and individual constants) of K kM T™ and the order of
'Y (actually mentioned in clause (a));
(c) valM : KM — T'M  the valuation;
(d) ac™ : KM — kM the function giving the “leading coefficient” (when, as in
natural cases, the members of K are power series);
(e) of course, satisfying the sentences saying that the following hold:
(a) TM is an ordered abelian group,
(8) k is a field,
(v) K is a field,
(&) val,ac satisfies the natural demands.

(1A) Above we replace “language” by w-language when: in clause (b), i.e.,
(a)(7), '™ has 1r (the minimal positive elements) and we replace (d) by

(d)g achl: KM — kM satisfies: A,., ac}!(z) = ach! (y) = valM (z —y) >
val™ (x) + n.

(2) We say that such M (or Th(M)) has elimination of the field quantifier
when: every first order formula (in the language of Th(M)) is equivalent to a
Boolean combination of atomic formulas, formulas about k* (i.e., all variable,
free and bounded vary on PM) and formulas about I'™; note this definition
requires clause (d) in part (1).

The following is well known (on 1.15 and 1.16 see, e.g., [Pa90], [CLRO6]).

1.15. Cram: (1) AssumeT is a divisible ordered abelian group and k is a perfect
field of characteristic zero. Let K be the field of power series for (I', k), i.e.,
{f : f € Yk and supp(f) is well ordered} where supp(f) = {s € T': f(s) # Ox}.
Then the model defined by (K,T', k) has elimination of the field quantifiers.

(2) For p prime, we can consider the p-adic field as a valued field in the
Denef-Pas w-language and its first order theory has elmination of the field
quantifiers (this version of the p-adics and the original one are (first-order) bi-
interpretable; note that the field k here is finite and formulas speaking on T’
which is the ordered abelian group 7 are well understood).
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We will actually be interested only in valuation fields M with elimination of
the field quantifiers. The following is well known.

1.16. CLaM: Assume € = Cp is a (monster, i.e., quite saturated) valued field
in the Denef-Pas language (or in the w-language) with elimination of the field
quantifiers. If M < € then:

(a) it satisfies the cellular decomposition of Denef which implies 3: if p €
S'(M) and Py(xz) € p then p is equivalent to pl*l := U{p[c*] : c € PM}
where pi = pbt U pbo? and plt = {p(val(z — ¢),d) € p : p(z,7)
is a formula speaking on T'™ only so d C TM ¢ € PM} and p[c*’2] =
{p(ac(z —¢),d) € p : ¢ speaks on k™ only}, but for the w-language we
should allow p(aco(z — ¢),...,ac,(z — ¢),d) for some n < w;

(b) ifp € SY(M), Py(z) € p and ¢, ¢z € P and val™ (z—c;) < valM (z—cy)
belongs to p(x) then p[;;] () F p,[;*l] (x) and even {val(z —¢1) < val(x —c2)}
Pt (@);

(c) for e € “>(kM), the type tp(¢, 0, k™M) determines tp(¢, 0, M), and similarly

for TM

1.17. CramM: (1) The first order theory T of the p-adic field is strongly depen-
dent.

(2) For the theory T of a valued field F which has elimination of the field quan-
tifier we have: T is strongly dependent iff the theory of the valued ordered
group and the theory of the residue fields of F are strongly dependent.

(3) Like (2), when we use the w-language and we assume k™ is finite.

1.18. Remark: (1) In 1.17 we really get that T is strongly dependent over the
residue field 4 the valuation ordered abelian group.

(2) We had asked in a preliminary version of [Sh:783, §3]: show that the
theory of the p-adic field is strongly dependent. Udi Hrushovski has noted
that the criterion (St)s presented there (and repeated in 0.1 here from [Sh:783,
3.10=ss.6]) apply, so T is not strongly? dependent. Namely, take the following
equivalence relation E on Z,:val(z —y) > val(c), where c is some fixed element
with infinite valuation. Given z, the map y — (x + cy) is a bijection between
Z, and the class x/E.

(3) By [Sh:783, §3], the theory of real closed fields, i.e., Th(R) is strongly
dependent. Onshuus shows that also the theory of the field of the reals is not

3 Note: p € SY(A, M), AC M is a little more complicated.
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strongly? dependent (e.g., though Claim [Sh:783, 3.10=ss.6] does not apply but
its proof works using pairwise, not too near b’s, in general just an uncountable
set of b’s).

(4) See more in §5.

Of course,

1.19. Observation: (1) For a field K, Th(K) being strongly dependent is pre-
served by finite extensions in the field theoretic sense by 1.4(2).

(2) In 1.17, if we use the w-language and kv is infinite, the theory is not
strongly dependent.

Proof. (1) Recall that by 1.11(2), the theory of the valued group (which is an
ordered abelian group) is strongly dependent, and this holds trivially for the
residue field being finite. So by 1.15(2) we can apply part (3).
(2) We consider the models of T as having three sorts: P the field, P the
ordered abelian group (like value of valuations) and P the residue field.
Let
[0; (a) I be an infinite linear order, without loss of generality complete
and dense (and with no extremal members),
(b) (@ : t € I) be an indiscernible sequence, a; € “€ and let ¢ € € (a
singleton!),
and we shall prove
[y for some finite J C I we have: if s,t € I\J and (VreJ)(r<;s =r<rt),
then @, a; realizes the same type over {c}.
This suffices by 2.1 and, as there, by 2.1(4) without loss of generality
Os ar = (ar; = @ < a) list the elements of an elementary submodel M;
of € = ¢r (we may assume M; is N;-saturated; alternatively we could
have assumed that it is quite complete).

It easily follows that it suffices to prove (by the L.S.T. argument, but not used)
[, for every countable u C « there is a finite J C I which is O.K. for

(@ lu:tel).
Let f; s be the mapping a,; — a¢; for ¢ < a; clearly it is an isomorphism from
Mg onto M.

Now

Uy pr = tp(c, My), so (pt)([l*] for a € M, is well defined in 1.16(a).
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The case P»(x) € (), p: is easy and the case Pi(z) € (), pt is easy, too, by an
assumption (and clause (c) of 1.16), so we can assume Py(x) € [, pe(x).

Let % = {i < a:as,; € PY for every (= some) s € I}.

Now for every i € % :

(¥)! The function (s,t) ~ val®(as; — as;) for s <; t satisfies one of the

following:
CASE (a)}: it is constant.
CASE (b)}: it depends just on s and is a strictly monotonic (increas-

ing, by <r) function of s.
CASE (c)}: it depends just on ¢ and is a strictly monotonic (decreas-
ing, by <r) function of ¢.

[Why? This follows by inspection or see the proof of ()7 ; below.]

For £ = —1,0,1 let % := {i € %: if £ = 0,1,—1 then case (a)!, (b)}, (c)}
respectively of (x)} holds}, so (%_1,%,?) is a partition of % .

For i, j € 9/ we shall prove more:

(*)7, We have i,j € %, and the function (s, t) — val®(asj — as,;) for s <yt
satisfies one of the following:
CasE (a)7 ;: val®(asj — as) is constant.
Casg (b)7;: val®(at j — as,;) depends only on s and is a monotonic
(increasing) function of s and is equal to val®(as, ; — as ;) when s <y s1.
CasE (c)7;: val®(at; — as,i) depends only on ¢ and is a monotonic
(increasing) function of ¢ and is equal to val®(a; ; — at, ;) when t <j t;.

[Why does ()7 ; hold? In this case we give a full check.

First, assume: for some (equivalently every) ¢ € I the sequence <V&1¢(at, s i)
s satisfies s <y t) is <p-decreasing with s recalling that we have assumed T is
a linear order with neither first nor last element. Choose s1 <j s2 <; t, so
by the present assumption we have vale(atﬁj — as,4) <r Valc(atyj — sy,
hence val®((at; — asyi) — (ar; — as,4)) = val®(ar; — as,), which means
val®(as j — agy i) = val®(—(as,; — as, ;) = val®(as,; — as, ;). So in the right
side t does not appear, in the left side s; does not appear, hence by the equal-
ity the left side, Vale(at,j — Gs,,i), does not depend on t and the right side,
Valc(asw- — as,,;), does not depend on s1, but as i € %4 it does not depend
on s3. Together, by the indiscernibility for s <; ¢ we have Valc(am —ag;) is
constant, i.e., case (a)ij holds. So we can from now on assume: for each ¢t € I
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the sequence (val®(a;; — as;) : s satisfies s < t) is constant or for each t € I
it is <p-increasing with s.

Second, assume: for some (equivalently every) s € I the sequence
<val¢(at1j — as;) @t satisfies s <y t) is <p-decreasing with t. As above in
the “first” situation, we can show that case (a)fy ; holds. So from now on we can
assume that for every s € I the sequence <V&1¢(at,j —as;) : t satisfies s < t) is
constant or for every s € I the sequence is <p-increasing with s.

Third, assume: for some (equivalently every) t € I the sequence
<va1¢(at1j — as,) @ s satisfies s <y t) is constant. This implies that s <; t =
val®(a; j — as;) = e; for some & = (e, : t € I). If for some (equivalently every)
s € T the sequence (val®(a; j — as;) : t satisfies s < t) is constant, then clearly
case (a)?ﬁj holds, so we can assume this fails; so by the end of the “second”
situation this sequence is <p-increasing, hence (e; : t € I) is <p-increasing.
So most of the requirements in case (c)fj hold; still we have to show that
t<pti=valla,; —ay, ;) = e

Let s<rt<jyti. We know that e; <pey,, which means that Vale(am—a&i) <r
val®(as, j—as;). This implies that val®((as j—as.i)—(as, j—as:)) = val®(as j—as.),
which means that valc(atyj —ag, ) = valc(atﬁj — as,;) = e; as required; so case
(¢)7; holds and we are done (if the “third” situation holds).

Fourth, assume that for some (equivalently every) s € I the sequence

(val®(at; — as;) : t satisfies s <7 t) is constant. Then we proceed as in the
2

i

So assume that none of the above occurs. Hence for every (equivalently some)

“third” situation, getting case (b); ; instead of case (c)

t € I the sequence (Vale(am —as,;) : s satisfies s <y t) is <p-increasing (with s,
by the “first” and “third” situations above), and for every (equivalently some)
s € I the sequence (val®(a;; — as;) : t satisfies s <y t) is <p-increasing (with
t, by the “second” and “fourth” situations above).

Hence we have s <; t1 <j ta = valc(athj —as,) <r valc(atw- — as) =
val®(as, j —as;) = val®((as, j — asi) — (at, j —asi)) = val(at, j — as, ;), hence
valc(athj — as;) does not depend on s as s does not appear on the left side;
but (see above) it is <p-increasing with s, contradiction. So we have finished
proving (*)12,]]

(x)? For each i € %, for some t} € {—oo} UT U {+0cc} we have:

(2)? val®(c — as,;) = val®(as; — as;) when s <;t and s € Ty,

(b)? (val®(c — as,) : s € I+) is constant, and if r € I and s <[ ¢
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are from I+ then valc(c —ar;) <r Valc(at,i — Gsi)s
(c)} ac®(c—as;) = ac®(ar; — as;) when s <; t and s € Iy,
(d)? (ac®(c — as,) : s € Isyr) is constant.
[Why? Recall the definition of %4 which appeared just after (x)}, recalling that
we are assuming I is a complete linear order; see [J;(a).]
(¥)a The set J; = {tf : i € %} has at most one member in 1.
[Why? Otherwise we can find ¢,j from %4 such that ¢} # t; are from I. Now
apply ()7 + (+)7 + ()7 ]
So without loss of generality
()5 Jp is empty.
[Why? If not, let Jo = {t.} and we can get enough to prove the claim for I,
and for Isy, ]
Now:
B, Ifi € 24 and t] = oo then for every so <r s1 <y s2 <y s3 we have
(a) {V&lC(SC — Qsy) > Valc(asm —as0)}F pt[l*s]o’i and

(b) ¢ satisfies the formula in the left side; on pt[;joﬁj, see [y.

[Why? By clause (b) of 1.16 and (*)? and reflect.]

1
Hence:

Be If #1 = {i € 2 : tf = 0o} then Ry, , where for # C % we let:
Xy if s <7t then &SW’t, where for %' C U:
X5, %' Ca,s,tel and f; s maps U{pL*j 1€Y'} onto U{pL*j Hew'}.
[Why? Should be clear as J; = ) and the indiscernibility of (a; : ¢ € I) and
1]
Hs Assume that: we have ¢ € % satisfying 7 = —oo, and j € %, is such
that t; = —oo and s,t € [ = val®(c — as ;) > val®(c — as;). Then:
®3 if s <1 81 <1 52, then {val®(z — ay, ;) > val*{(c —as, )} F p
and the formula on the left is satisfied by c.

[Why? Should be clear.]
Hence:

(]

Qs ,i

H4 If for every ¢ € U; satisfying ¢t = —oo there is j as in the assumption
of B3 then Xy, holds for #o={i€? :t} =—0}.

[Why? As in Hs.]
Consider the assumption:
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The hypothesis of Hy fails and let j(x) € %4 exemplify this (so, in
particular, 7, =—00). Let #3={i€% :1] =—oc and val®(c—a, j(x) >
val®(c—ay ;) forany s,t € [} and #4 = {i € % : t; = —co and i ¢ #3},
s0 j(x) € #4

If B then Ky,

[Why? Similarly to the proof of Ha.]

By

s

If H5 then:
(a) (val®(c —as ) :s €1 and j € #4) is constant,
(b) Vale(c—arﬁj(*)) <r val®(as;—as,), hence (ps),[l*s],j(*) H (ps)l[l*s],i when
1€ Wyand s<;tArel,
(c) for some finite J; C I we have: if s,t€ J\J; and (M€ J1)(s<;s=
r <y t)) then tp(val®(c—a, j(s)), M) =fo 1 (tp(val® (c—ay j(u)), My)),
(d) for some finite Jo C I we have: if s,t € I\Jy and (Vr € J,.)(r <; s =
r <1 t) then tp(ac®(c — as j(x)), Ms) = fs ¢ (tp(act(c = ay j()), My),
(e) for some finite J3 C I we have: if s,t € I\J3 and (Vr € J)(r <1
s=r <yt then &%.
[Why? Let i € #4; so i € #a, hence i € %, which means that case (b)}
of ()} holds, so for each ¢ € I the sequence (Vale(at,i —as,;) © s satisfies
s <y t) is <p-increasing. Also, as i € #, clearly tf = —oo, hence by
()3 (b)? we have (val®(c — as;) : s € I) is constant; call it e;. All this
applies to j(x), too. Now as i € #4, we know that for some s1,t; € T
we have Valc(c — @y, j(x)) < valc(c — ay,4), i.e., €jy <r ¢;. By the
choice of j(x), for every j € % such that ¢ = —oo, i.e., for every
j € Ws for some (equivalently every) s,t € I, we have val®(c — ay ;) <
Vale(c — atyj(*)). In particular, this holds for j = 4, hence for some
So,ty € I we have Valc(c — Qsy,i) < Valc(c — Qg j(x))s 1-€., € ST €j(x)s
so together with the previous sentence, e; = e;(,), so clause (a) of By
holds. Also, the first phrase in clause (b) is easy (using (x)? (b)2,
= i)
For clause (c) note that it means tp(e;(.), Ms) = fs+(tp(ej(s), My)) is
strongly stable; for clause (d) note that (x)?(d)? and Th(k™) is strongly
dependent.

second phrase); the second phrase of (b) follows because e;

Lastly, for clause (e) combine the earlier clauses.]
For some finite J C I, if s,t € I\J and (Vr € J)(r <y s =r <y t) then
X5
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[Why? If the hypothesis of H3 holds let J = 0, and if it fails (so
B5, B, B7 apply) let J be as in Hz(e), so it partitions I to finitely
many intervals. It is enough to prove ﬁsw’t for several # C 24 which
covers % . Now by H; this holds for #1 = {i € %4 : t = oo}. If the
agssumption of Hs holds we get the same for #5 by Hy, and if it fails
we get it for #5 by Hg and for #} by H7(e) and the choice of J. Using
U = W1 U W, Wa = W3 U Wy we are done.]
As we can replace I by its inverse:
Ho For some finite J C I, if s,¢ € I\J and (Vr)(r <; s = r <; t) then
X5
So we are left with %. For i € % let ep; = val(ar; — as;) for s <y t, well
defined by the definition of %. Let #5 := {i € %: for every (equivalently
some) s #t € I, val®(c —as;) < val(as; —as;)} and let Wo := %\ W5.
Obviously:
Hio We have Xy .

Easily:
B, If i,j € #5 then case (a)7; of ()7 holds.
[Why? By (+)7; and as i, € # = (+){ (a)} + (%)} (a)}.]

Mo Ifi,5 € # and s # t € I, then val®(a;; — as;) = €.
[Why? As %6 = %\¥s]
Hence:
Bis (eo: : @ € #s) is constant. Call the constant value e,, so s # ¢ €
INi,jEWs = Vale(atyj — Qi) = €y
Easily:
14 For every i € #5 theset I, . :={s € I: Valc(C* as,i) > e} has at most
one member.
Bis Let #7:={i € #s: L;c # 0} and let {t;*} = I, . for i € #4.
Hig If i, ] € W~ then t’;* = ﬁ;*.
[Why? Otherwise without loss of generality ¢I* < 7" and let ¢ € I be such
that t7* < t At7* < t. Now val®(c — ag= j) > Vale(am- — ap:+ ;) = e, and
val®(c — ags=j) > val®(as; — ags=;) = ex, hence e, < val®((c — ape i) — (¢ —
ags+ ;) = Valc(at;*,j — ag:+ ;); but the last one is e, by B12, contradiction.]

Hi17 Without loss of generality #% = 0.
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[Why? E.g., as otherwise we can prove separately for Iy« and for Is¢x- for
any i € #7.]

Bis Ifi,j €#6 and s#t €l then act(c—ay ;)— ac®(c—as;) = ac®(as,i—az, ;).
[Why? As val®(c — as;), val®(c — as;) and val®(cs; — (ct;) are all equal to e..]

The rest should be clear.

(3) For the w-language the proof is similar. 1.17

2. Cutting indiscernible sequence and strongly™ dependent

2.1. Observation: (1) The following conditions on 7" are equivalent, for o > w.

(a) T is strongly dependent, i.e., Rg = ket (T).

(b)o If I is an infinite linear order, a, € € for ¢t € I, I = (a;, : ¢t € I)
is an indiscernible sequence and C' C € is finite, then there is a convex
equivalence relation F on I with finitely many equivalence classes such that
sEt = tp(as,C) = tp(a, C).

(¢)a If I =(a;:t e I)is as above and C C € is finite, then there is a convex
equivalence relation E on I with finitely many equivalence classes such that:
if s € I then (a; : t € (s/FE)) is an indiscernible sequence over C.

(2) We can add to the list in (1)

(b), like (b)q, but C' a singleton;

(c),, like (c)q, but the set C is a singleton.

(3) We can, in parts (1) and (2), clauses (¢)q, (b)a, (b)5,, (¢),, restrict our-
selves to well order I.

(4) In parts (1), (2) and (3), given k = x<? 6 > |T|, in clauses (b), (c). and
their parallels, we can add that “a, is the universe of a f-saturated model”;
moreover, we allow I to be:

(i) I = (ay :u € [I]<N0) is indiscernible over A (see Definition 5.45(2)),

(ii) agy = a,
(iii) each @ is the universe of a f-saturated model,
(iv) for some infinite linear orders I_1, Iy and some I' = (@, : u€ [[_1+I+1;]<N0)
indiscernible over A = Rang(ag), we have:
(@) ue [I[[<F = al, = a,,
(8) for every B C A of cardinality < 6, every subtype of the type of
(@y 2 u € [I-1 + L]<X0) over (ay : u € [I]<N0) of cardinality < 6 is
realized in A (we can use only A and (a; : t € I), of course).



Sh:863

Vol. 204, 2014 STRONGLY DEPENDENT THEORIES 27

Remark: (1) Note that 2.8 below says more for the cases kict(T) > R, so there
is no point in dealing with it here.
(2) We can, in 2.1, add in (b)a, (¢)a, (ba)’, (ca)’ “over a fixed A” by 1.4(3).
(3) By 1.10 we can translate this to the case of a family of indiscernible

sequences.

Proof. (1) Let k = w (to serve in the proof of a subsequence observation).

() = ~(b)a

Let A > Np; as in the proof of 1.5, because we are assuming —(a), there are
@ = (pi(2,7;) - i < k) and (@}, : i <w, < \) witnessing ®2 from there.

For a < A let af € € be the concatenation of (@, : i < k), possibly with
repetitions, so it has length &.

Let n = (wn :n < w) and b* realizes {¢y,(z,al,) A ~pn(z,al, 1) n < w}h.

So for each n, tp(al,,b*) # tp(al, 1,b*), hence tp(a;,,,b*) # tp(al,41,b%)-
So any convex equivalence relation on A as required (i.e., such that aEfS =
tp(ay,b*) = tp(aj, b*)) satisfies n < w = —(wn)E(wn + 1); it certainly shows
=(b)q-

=(b)a = =(c)a
Trivial.

~(0)a = ~(a)

Let (a; : t € I) and C exemplify —(c),, and assume toward a contradiction
that (a) holds. Without loss of generality I is a dense linear order (hence with
neither first nor last element) and is complete and let ¢ list C.

So

(x) for no convex equivalence relation E on I with finitely many equivalence
classes do we have s € I = (a; : t € (s/F)) is an indiscernible sequence
over C.

We now choose (E,,, I,, Ay, J,,) by induction on n such that

® (a) E, is a convex equivalence relation on I such that each equivalence
class is dense (so with no extreme member!) or is a singleton;
(b) A, is a finite set of formulas (each of the form (Zo,...,Tm-1,7),
Lg(Z¢) = v, for some m, £g(g) = £g(2));
(c) Iy = I, Ey is the equality, Ag = 0;
(d) I,41 is one of the equivalence classes of E,, and is infinite;



Sh:863

28 S. SHELAH Isr. J. Math.

(e) Anyq is a finite set of formulas such that (a; : ¢ € I,41) is not
A, 4 1-indiscernible over C;

(f) Ens1 | Iny1 is a convex equivalence relation with finitely many
classes, each dense (no extreme member) or singleton; if J is an
infinite equivalence class of E, 1 | I,+1 then (G; : t € J) is Apq1-
indiscernible over C' and |I,+1/Fy+1| is minimal under those con-
ditions;

(€) Ent1 | (U\Int1) = En | (INIp41), so B,y refines E,;

(h) we choose (Ay41, Eny1) such that, if possible, I;,11/Fp4+1 has > 4
members.

There is no problem in carrying the induction as T is dependent (see 2.2(1)
below, which says more, or see [Sh:715, 3.4+Def. 3.3]).

For n > 0, E, [ I,, is an equivalence relation on I,, with finitely many equiv-
alence classes, each convex; so as [ is a complete linear order clearly

()1 for each n > 0 there are t <; -+ < tZ(n)—l from I,, such that s; €
InNsy € I, = [s1Eps0 = (VE)(s1 <t} =52 <t As1 >t} = s2 > 1))

Asn>0= F, # E,_1, clearly

(¥)2 k(n) > 2 and |I,/E,| = 2k(n) — 1,
(%) {Tne: € <kn)}U{{t;}}:0< ¢ < k(n)} are the equivalence classes of
FE, | I,, where
(%)4 for non-zero n < w, £ < k(i) we define I,, ¢:
if 0 <€ <k(n)—1then I, o = (t}, 1} )1
if 0 = € then I, p = (—00,t})1,.,
if ¢ = k(n) — 1 then I,, , = (t},00)1, .

n?

As (see end of clause (f))) we cannot omit any ¢t} (¢ < k(n)) and transitivity of
equality of types, clearly

()5 for each ¢ < k(n) — 1 for some m and ¢ = ©(xg,...,Tm-1,7) € Ay,
there are sg <y -+ <1 Sm—1 from I, and s; <; -+ <y s},_; from
Lo Ut} } U Iy p41 such that € = ¢las,, ..., ¢ = ~plag, ..., .
Hence easily
(%) J € {Inye: ¢ < k(n)} iff J is a maximal open interval of I,, such that
(a; : t € J) is Ap-indiscernible over C.

By clause (h) and (%),
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(¥)7 if k(n) < 4 and £ < k(n), then (a; : ¢t € I, ¢) is an indiscernible sequence
over C, hence
(%) if k(n) < 4, then for at most one m > n do we have I,,, C I,,.

Note that
(x)g m<n=1I,CIl,VI,NI,=0.

CASE 1: There is an infinite v C w such that (I, : n € u) are pairwise
disjoint.

For each n € u we can find ¢, € “>C and k, < w (no connection to k(n)
from above!) and ¢(Zo,...,Zk,-1,7) € A, such that (a; : ¢ € I,) is not
©n(To, ..., Tk, -1, 0)-indiscernible (so lg(Z;) = «). So we can find t} ; < -+ <
th k1 in Iy for £ = 1,2 such that |= @n[a, ., ..., dn,tinil,én]if(é:m. By minor
changes in A, ¢, without loss of generality ¢, is without repetitions, hence
without loss of generality n < w = ¢, = C..

Without loss of generality A,, is closed under negation and, without loss of
generality, t _, <j t§. We can choose t' € I,,(m < w,m ¢ {1,2},k < ky)
such that, for every m < w,k < kj, we have £} <; ;" , ;" | <s tg”“l; let
gy = Qg -+ gy and let T = (x; : 1 < Lg(Cy)). So for every n € “w the
type {ﬁgon(d;m(n), T)A cpn(dfw(n)ﬂ, T) :n < w} is consistent. This is enough
for showing xict(T') > No.

CASE 2: There is an infinite v C w such that (I, : n € u) is decreasing.

For each n € u, E,, | I,, has an infinite equivalence class J,, (so J, C I,,) such
that n <mA{n,m} Cu= I, C J,. By (x)s, clearly for each n € u, k(n) > 4,
hence we can find £(n) < k(n) such that I}, = (In ey U{t},} U Ly gny1) 18
disjoint to J,,. Now (I! : n € u) are pairwise disjoint and we continue as in
Case 1.

By the Ramsey theorem at least one of the two cases occurs, so we are done.

(2) By induction on |C].

(3), (4) Easy by now. 21

Recall

2.2. Observation: (1) Assume that T is dependent, (a; : t € I) is an indis-
cernible sequence, A a finite set of formulas, C' C € finite. Then for some convex
equivalence relation F on I with finitely many equivalence classes, each equiv-
alence class in an infinite open convex set or is a singleton such that, for every
s € 1,{(a; :t € s/E) is an A-indiscernible sequence over | J{a, : t € I\(s/E)}UC.
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(2) If I is dense and complete, there is the least fine such E. In fact, for
J an open convex subset of I we have: J is an F-equivalence class iff J is a
maximal open convex subset of I such that (a; : t € J) is A-indiscernible over
CUl{a;:teI\J}.

(3) Assume that I is dense (with no extreme elements) and complete. Then
there are t; <y --- < typ_1 such that, stipulating to = —o0,tr = oo, Iy =
(te,tes1)1, we have

(a) (@ :t € Ip) is indiscernible over C,
(b) if € {1,....,k—1}) and t, <;t, <;t/, then (a; : t € (t,,t;)r) is not
A-indiscernible over C.

Proof. (1) See clause (b) of [Sh:715, Claim 3.2].
(2), (3) Done within the proof of 2.1 and see the proof of 2.10. 2.2

2.3. Definition: (1) We say that ¢ = (p;(Z, ;) : i < k) witnesses & < Kict,2(T)
when there are a sequence (@; o : a < \,i < k) and (b; : i < k) such that

(a) (@i, : & < A) is an indiscernible sequence over U{a; s : j € x\{i} and
B < A} for each i < k&,
(b) bi CU{@j0:j <i,a <A},
(¢) p = {pi(®,ai0°bi),~¢i(T,a;1°b;) : i < Kk} is consistent (= finitely satisfi-
able in €).
(2) Kict,2(T) is the first x such that there is no witness for k < Kict,2(T).
(3

(4) T is strongly? stable if it is strongly? dependent and stable.

) T is strongly? dependent (or strongly™ dependent) if fict 2(T) = Ro.

2.4. Observation: If M is a valued field in the sense of Definition 2.3 and [TM| >
1, then T := Th(M) is not strongly® dependent.

Proof. Let a € TM be positive, ¢o(z,a) = (val(z) > a), E(x,y,a) :=
(val(z,y) > 2a) and F(z,y) = 2% +y (squaring in K™). Now for b € ¢o(M, a),
the function F(—,b) is a (< 2)-to-1 function from o (M, a) to b/E. So we can
apply [Sh:783, §4].

Alternatively, let a,, € T'M a, <pm ani1 for n < w be such that there are
bn.a € KM for a < w such that o < 8 < w = ap41 > ValM(bma —bn.g) > an
and val(bn.o) > an,. Without loss of generality, for each n < w the sequence
(bp.q @ @ < w) is indiscernible over {by, oy : M1 € W\{n},a < w}U{anp, : n1 <
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w}. Now for n € “w clearly p, = {val(z — X{ap yim) : m < n}) > an :n < w};
it is consistent, and we have an example. 2.4

Note that the definition of strongly? dependent here (in 2.3) is equivalent to
the one in [Sh:783, 3.7(1)] by (a)<(e) of Claim 2.9 below.

The following example shows that there is a difference even among the stable
T.

2.5. Example: There is a strongly® stable not strongly? stable T' (see Definition
2.3).

Proof. Fix A large enough. Let F be a field, let V' be a vector space over F of
infinite dimension, let (V}, : n < w) be a decreasing sequence of subspaces of V
with V;,/V,, 41 having infinite dimension A and Vo =V and V,, = ({V,, : n < w}
have dimension A. Let (z% + V,41 : a < A) be a basis of V,,/V,41 and let
294 € Z and a < \) be a basis of V,. Let M = M, be the following model:

(
(a) universe: V|
(b) individual constants: 0V,
(¢c) the vector space operations: = + y,z —y and cx for ¢ € F,
(d) functions: FM, a linear unary function: FM(2?) = zntl FM(z90) =
:Cw,iJrl
« 9
(e) FM, alinear unary function:
F(a0) = wg, F3' (23 h) = o and F3 (a") = 2"
redicates: = V,, so P, unary.
f) predicates: PM =V, P, y.
Now

(x)o for any models My, My of Th(M),) with uncountable {PM¢ : n < w}
for £ = 1,2, the set .# exemplifies M;, My are L x,-equivalent where:
Z is the family of partial isomorphisms f from M; into M2 such that,
for some n, (N; : i <nVi=w) we have:
(a) Dom(f) = Byop Ni & Nos

(b) N; € PM is a subspace when i < n Vi = w,

(¢) N; is of finite dimension,

(d) (o) NynPMifi<nand FM(N;) = Nigq if i +1 < n.

(B) NinY_, <0 Nim = {0} when i = w and Ny o := Ny, Njmy1 :=
F2M1 (Ni,m)a

(e) similar conditions on N} = f(N;) fori <nVi=w.

()1 T = Th(M)) has elimination of quantifiers
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[Why? Easy.]
Hence
(*)2 T does not depend on A,
(x)s T is stable.
[Why? Because if Ny is Ri-saturated, Ny < Na, then {tp(a, N1, N3) : a € €}
has cardinality < || N1 by (x)o.]
Now
(x)4 T is not strongly? dependent.
[Why? By 0.1. Alternatively, define a term o, (y) by induction on
n:oo(y) =y,0n+1(y) = F1(on(y)), and for n € “X increasing let

po(y) ={P1(y - 00(90?7(0))), Py — 00(95?7(0)) - 01(90717(1))), S
P, (y — E{ag(xf;(l)) sl<n}),. ..}

Clearly each p, is finitely satisfiable in M. Easily this proves that
T is not strongly? stable I.]
So it remains to prove
()5 T is strongly stable.
Why does this hold? We work in € = €p. Let A > (2%)T be large enough
and k = k™0, We shall prove k;(T) = R by the variant of (b)!, from 2.1(3);
this suffices. Let (G : @ < A) be an indiscernible sequence over a set A such
that ¢g(a.) < k. By 1.10, without loss of generality each a, enumerates the
set of elements of an elementary submodel N, of € which includes A and is
N;-saturated.
Without loss of generality (I NZ = @ and):
[, for some a,(n € Z),A D (A UU{a, : i € Z}), and (@, : n <
0)"(@q : @« < A" (@], : n > 0) is an indiscernible sequence over A" and
(@a : @ < A)"(A) is linearly independent over A’, A is the universe of
N, N is N;-saturated and N NN, is Ry-saturated (and does not depend
on ).
Hence by (%)
By (a) a# BAaa; =ag; = Ga,; =ag; € A,
(b) if u C X then cl(|J{Gq : @ € u} U A}) is < €,
(c) if u C A is finite we get an Nj-saturated model (not really used).

(We can use the stronger 2.1(4).) Easily
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Os if a € Ny, b€ cl(U{Ns: 8 <a}UA) then:
(a) a=b=ac€ A,
) a—be Pt = (3cc A)(a—ce PEAb—ce PY).

[Why? Let b=0%(ag,,...,as,, ,,a),a€“>A,0 aterm, fo<f1<-<Bm-1 <
o; then for every k <w large enough b’ :=0%(aj}, a4, ..,Gr+m—1,a) belongs
to A (recalling (x)3 + [J1) and, in Case (a), a=b=a =1, and in Case (b),
a—bePf=a-bc P
Oy Ifap € L(U{Na:a€upt UA) and ug C A for £ = 1,2 then:
(a) if a1 = ag, then for some b € cl(|J{ Ny : @ € ug Nug} U A) we have
a1 —b=uas—be A
(b) if a; — az € PE, then for some b € cf({N, : a € us Nuz} U A) and
c € A wehaveas —b—c€ Pf and az —b—c€ PL.

[Why? Similarly to [s.]

Now let ¢ € €; the proof splits into cases.

CasgE 1: ce cl(U{ag : B< A} UA).

So for some finite u C A\, ¢ € cl(U{ag : B € u}); easily (ag : § € A\u) is an
indiscernible set over A U {c}, and we are done.

CASE 2: For some finite u C ), for every n for some ¢, € cl(|J{ag:Beu} U A)
we have ¢ — ¢, € PM (but not case 1).

Clearly u is as required. (In fact, easily cl({ag : 8 € u} U A) is N;-saturated
(as w is finite, by [a(c)), hence there is ¢* € c¢f(|U{apg : € u} U A) such that
n<w=c" —ec, € PM)

CASE 3: Neither case 1 nor case 2 (less is needed).

Let n(1) < w be maximal such that, for some c,(;) € A, we have ¢ — ¢, (1) €
Pri‘{l) (for n =0 every ¢’ € A is O.K.; by not Case 2 such n(1) exists).

SUBCASE 3A: There is n(2) € (n(1),w) and c,(2) € cl({ag : f < A} UA) such
that ¢ — Cn(2) € P’Ijl\(42)'

Let u be a finite subset of A such that ¢,y € cl({ag : B € u} U A); now u is
as required (by s 4+ [y above).

SuBCASE 3B: Not subcase 3A.

Choosing u = () works, because neither Case 1 nor Case 2 holds with

u = () and subcase 3A fails. 25

2.6. Remark: We can prove a claim parallel to 1.11, i.e., replacing strong de-
pendent by strongly? dependent.
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2.7. CLAIM: (1) Ii,‘ct,g(Teq) = l‘ﬁjct72(T).
(2) If T, = Th(M,) for £ = 1,2, then Kict,2(Th) > Kict,2(T2) when:

(x) My is (first order) interpretable in M.

(3) If T" = Th(€, ¢)cea, then Kiet2(T") = Kict,2(T).
(4) If M is the disjoint sum of My, My (or the product) and Th(M7), Th(Ms)
are strongly? dependent, then so is Th(M).

Proof. Similar to 1.11. 2.7

Now kict(T') is very close to being equal to Kict,2(T).
2.8. CLAaM: (1) If k = Kiet,2(T) # Kiet(T') then:

(a) Kict,2(T) = Ry A Kiet(T') = R,
(b) there is an indiscernible sequence (G, : t € I) with a; € “€ and c € €, ] is
dense complete for clarity, such that
(%) for no finite w C I do we have: if J is a convex subset of I disjoint to
u then (a; : t € J) is indiscernible over | J{a: : t € I\J} U {c}.

(2) If T is strongly™ dependent then T is strongly dependent.
(3) In the definition of Kie,2(T), without loss of generality m = 1.

Proof. (1) We use Observation 1.5. Obviously kict(T) < Kict,2(T'); the rest is
proved together with 2.10 below.

(2) Easy.

(3) Similar to the proof of 1.7, or better use 2.10(1), (2). 2.8

2.9. Cram: The following conditions on T are equivalent:

(@) Kict,2(T) > No,

(b) we can find A and an indiscernible sequence {(a; : t € I) over A satisfying
a; € “C and t,, € I increasing with n and ¢ € ¥ € such that, for every n,
tn, <rt=tp(a,,AUcU{a, :m<n})#tp(a, AUcU{a, : m <n}),

(¢) similarly to (b), but t, <yt = tp(ay,, ,AUcU{as:s <rtn})# tp(as, AU
cU{as:s<rtp}),

(d) we can find A and a sequence (a} : t € I,), I, an infinite order, such that
(ay : t € I,) is indiscernible over AU | J{a}* : m # n,m < w,t € I,}
and, for some ¢ € “>€ for each n,(a} : t € I,) is not indiscernible over
Audeul{ay : ¢t € I,,m < n},
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(e) we can find a sequence (@n(Z,Yn,...,Jo) : 0 <w) and (@% : a < A,n < w)
such that: for every n € Y\ the set

Py = {en(@,al,al ) a0 0) ) i <w e < A

is consistent.
Proof. Should be clear from the proof of 2.1 (more in 2.3). 2.9

2.10. Observation: (1) For any x and ( > x we have (d)<(c)¢c =(b)¢ < (a); if,
in addition, we assume =(Rg = kit (T) < kK = N1 = Kict,2(T")) then we have also
(c)¢c ©(b)c¢, so all the following conditions on T are equivalent;
(&) Kk > kiet(T),
(b)¢ if (@ : t € I) is an indiscernible sequence, I a linear order, @; € °€ and
C C € is finite, then for some set & of < k initial segments of I we have:
(%) if s,t € I and (VJ € &)(s € J =t € J), then a,, a; realizes the same
type over C (if I is complete this means: for some J C I of cardinality
< K, if s,t € I realizes the same quantifier free type over J in I, then

as, a; realizes the same type over C),

(c)¢ like (b), but strengthening the conclusion to: if n < w,so <; -+ <;
Sn—1,t0 <1 -+ <y tp and (V¢ < n)(Vk < n)(VJ € P)[sp € J =t € J],
then as,” --- "a¢,_, and a¢,” - - "ay,_, realize the same type over C,

(d) k> Kict,2(T).
(2) We can, in clauses (b); and (c)¢, add |C| = 1 and/or demand I is well
ordered (for the last, use 1.10).

Proof. We shall prove various implications, which together obviously suffice (for
2.10 and 2.8(1) and 2.8(3)).

~(a)= =(b)¢

Let A > k. As in the proof of 1.5 there are ¢ = (@;(Z,7;) : i < K),m =
g(z) and (@}, : i < k,a < X) exemplifying ®2 from 1.5, so necessarily @,
is non-empty. Recall that fg(a’,) is finite for i < k,a < X\. Let @ € °€ be
alal”---"al, where al, has length ¢ — ¥y .fg(a’) and is constantly the first
member of al. Let ¢ realize p = {¢;(Z, a2;) A =i (T, a2i41) 1 i < K}.

Easily ¢ (or pedantically Rang(¢)) and (a}, : & < ) exemplify —(b)¢.

(a)=(b)c-

If k = Vg, this holds by 2.1(1); in general, this holds by the proof of 2.1(1)
and this is why there we use k.
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~(b)e = ()¢

Obvious.

(@)= ~(d)

The witness for —(a) is a witness for —(d).

(@)= (o)

Let (pi(Z,9;) : i < k) witness —(d), i.e., witness k < Kict,2(T), so there are
(@i < \i<k)and (b; : i < k) satisfying clauses (a), (b), (c) of Definition
2.3. By Observation 1.10 we can find an indiscernible sequence (@}, : a <
A x k), Lg(ak) = (s, where ( := X{lg(y;) : i < j} such that i < K A < A =
a; | (¢, Giv1) = @i Now (@ : o < A x k), € witness —(c)¢,, because if & is as
required in (c)¢, then easily (Vi < k)(3J € Z)(JN[Ai, i+ ) ¢ {0, [Mi, \i+ )},
hence |&?| > k. Now clearly ¢, < ¢, hence repeating the first element ({ — )
times we get (b, : & < Ak), which together with ¢ exemplify —(c).

It is enough to prove:

(%) assume —(c)¢; then
(i) ~(d),
(ii) —(a) except possibly when (a) + (b) of 2.8(1) holds, in particular
Ny = Kiet (T) < & = N1 = Kie,2(T).
Toward this we can assume that
X T is dependent and C, (a; : t € I) form a witness to —(c)¢.

Let ¢ list C' without repetitions and, without loss of generality, I is a dense
complete linear order (so with no extreme elements). Let £g(Z,) = ¢ for £ < w
be pairwise disjoint with no repetitions, of course, ¢g(7) = £g(¢) < w (pairwise
disjoint), and let @ = (p; = ¢i(Zo, - - -, Tn(i)—1,¥) : 4 < |T']) list all such formulas
in L(rr). For each ¢ < |T'|, by 2.2(1), (2) there are m(i) < w and ;1 <y --- <g

ti,m(i)—1 as there and m(¢) is minimal, so stipulating ¢; o = —oo, tim(i) = 0O We
have:
(%) if s{ <5 -+ <1 S:n(z')—1 and s§ <y -+ <y 5:;1(1')—1 and sj,s; real-

ize the same quantifier free type over {t;1,...,%; m()—1} in the lin-
ear order I for each ¢ < mf(i), then € = “gpi[asé,...,a%(i)il,é] =
pilasy a7

For each i < |T|, for each £ € {1,...,m(7)} we can find w;  such that

(¥)2 (a) wie © I\{tie},
(b) w; e is finite,
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(c) if s1 < t; ) < s2 then (@ : t € (s1,52)1) is not {¢;}-indiscernible
over CU{a; : t € w;}. Moreover for some n} < m(i), letting
IT; : {0,...,m(i) =1} = {0,...,m(i) — 1} be I1;(0) = n},IL;(n}) =
0 and II;(n) = n otherwise and letting ¢}(Zo,...Tmu)-1,Y) =

Sﬁ(fni(o)7 - 7jH¢(m(i)—1)) for some t;n S W; 6(3) forn = 1,... ,n(i)—
1if sy <r t; 04 < s2 then for some t' € (s1,s2)7\{t} we have
': (pg[dt/ s dt*i,m ey dt*i’n(i)71 s E] = ﬁ(p;[dti,l(i) s dt;.*’la ey dt:)n(i)71 s E].

If the set {t;r : 4 < |T|,k =1,...,m(i) — 1} has cardinality < x we are done,
so assume that

(%)3 {tie:i <|T| and £ € [1,m(i)]} has cardinality > &.

CASE 1: K > R (so we have to prove —(a)).

By the Hajnal free subset theorem and by (x)s there is ug C |T'| of order
type x such that ¢ € ug = {t;p: € =1,...,m(i) — 1} € {tjr: j € uo\{i} and
C=1,....,m() — 1} UU{w;e:j € u\{i} and ¢ € (1,m(7))}.

There are u C ug of cardinality x and a sequence (£(7) : ¢ € u),0 < £(i) < m(i)
such that (t; ;) : ¢ € u) is with no repetitions and disjoint to {t;, : i € u and
€ # L(1)} Ul U{wi e ¢ @ € up. We shall now prove k < kict(T'); this gives —(a),
—(d) so it suffices.

Clearly by 1.5 it suffices to show (A any cardinality > Ro; we can easily change
the a}’s to have finite length preserving (a) + (b) below):

[J, there are dfx € ¢¢ for i € u,a < A and set A such that
(a) (@, : @ < A) is an indiscernible sequence over J{a} : j € u,j #
i,a < A}UA,
(b) (@, : a < A) is not {¢; }-indiscernible over A U ¢.

By compactness it suffices to prove [, for any finite v C u and A = Ng; also,
we can replace A by any infinite linear order.
We can find ((s1,, $2,1) : ¢ € v) such that

(*)4 81,0 <1 tiyg(i) <1 S2,i (for 1 € ’U),

(%)5 (81,i,82,4)1 is disjoint to J{(s1,5,52,5) : J € v\{i}} U U{wj ) € v}
So ((al : t € (s14,52)1) : j € v) and choosing A = J{a; : t € Wi (i), 1 € v} are
as required above. Thus we are done.

CASE 2: kK = Ny so we have to prove —(d) and clause (ii) of () and (for
proving part (2) of the present 2.10) that, without loss of generality, |C| = 1.

We can find A and u:
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0! (a) ACC,
(b) w C I is finite,
(¢) if n <w and t§ <y --- <y t¢_, for £ =1,2 and (Vk < n)(Vs € u)
(t,lc:SEti:S/\tllc <[SEti <1$), then C_L,%A e A&tiil,at%A e Aati,l
realize the same type over A,
(d) if A’ u' satisfies (a)+(b)+(c), then |A’| < |A].
This is possible because C' is finite and the empty set satisfies clauses (a), (b),
(c) for A. By our present assumption A # C, so let ¢ € C\A. Now we try to
choose (ig, £, wy) by induction on k < w:

® (a) i < K,

(b) 1 <{r <mlix)— 1,

(C) iy, 0 € I\wkv

(d) wry 2uUwoU--Uwi—1 U{tigkos---sbix_1.06_1ts
(e) wr C I\{ti, ¢} is finite,
(f) if s’ < tip.e, <1 ", then (a;:t € (s,s")r) is not indiscernible over
{@s : s € wi} U {c} moreover the parallel of (x)2(c) holds.

If we are stuck in k, then wy_1 € [I]<Y when k > 0 and u when k = 0 show
that (a; : t € I), AU {c} contradict the choice of A recalling we are assuming
—(c)¢. If we succeed, then we prove as in Case 1 that kict 2(Th(€, a)aca) > Ro,
so by 1.4 we get Kict2(T) > Ng. So we have proved clause (d) completing
the proof of 2.10; also clearly (x)(b) holds hence we complete also the proof of
2.8 2.10-

2.11. Conclusion: T is strongly? dependent by Definition 2.3 iff T is strongly?
dependent by [Sh:783, §3,3.7], which means we say T is strongly? (or strongly™)
dependent when: if (a; : ¢ € I) is an indiscernible sequence over A, t € I =
lg(a;) = a and b € “>(€) then we can divide I into finitely many convex sets
(Ip : £ < k) such that, for each ¢, the sequence (a; : t € Iy) is an indiscernible
sequence over {a,:s € I\I,} UAUb.

* * *

Discussion: Now we define “T is strongly®* dependent”, parallel to 1.8, 1.9 at
the end of §1.
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2.12. Definition: (1) Kicu,2(T") is the minimal s such that, for no m < w and
¢ = (i@, 7i) : i < k) with £g(z') = m x n;, can we find @, € “9W)¢ for
a <\ i<kand ¢, € ™€ for n € "\ such that:
(a) (€yn :n <w) is an indiscernible sequence over |J{a’, : @ < \,i < K},
(b) for each n € *\ and i < k we have € = ©; (0" -+ Cpni—1,a%)E (=10,
(2) If ¢ is as in (1), then we say that it witnesses £ < Kicy,2(T).
(3) T is strongly!* dependent if Kicy(T) = No.

2.13. CLAM: (1) Kicu,2(T) < Kict,2(T).
(2) If cf(k) > Ng then Kicy2(T) > k < Kiet2(T) > K.
(3) The parallel of 1.4, 1.5, 1.7(2) holds.

3. Ranks
3A. RANK FOR STRONGLY DEPENDENT 7.

3.1. Explanation/Thesis: (a) For stable theories we normally consider not just
a model M (and, say, a type in it), but all its elementary extensions; we
analyze them together.

(b) For dependent theories we should be more liberal, allowing one to replace
M by Nl when M < N < Ny,a € 9@ (N;) (N4 is the expansion of N
by restrictions of the relation in N; definable with parameters from a);

(c) this motivates some of the ranks below.

Such ranks relate to strongly! dependent, they have relatives for strongly?
dependent.
Note that we can represent the ¢ € Kj ,, (and ranks) close to [Sh:783, §1],

particularly ¢ = 9.

3.2. Definition: (1) Let My <4 M; for My, M7 < € and A C € mean that:

(a) My C M, (equivalently My < M),

(b) for every b € My, the type tp(b, My U A) is f.s. (= finitely satisfiable) in
M.

(2) Let My <a, My for Mo, My < €, A C € and p € S<Y(M; U A), or p is

just a (< w)-type over M1 U A, means that

(a) Mo C My;

(b) if b e My, ¢ € My,a1 € A,as € A, C ': 901[6,@1,@] and @2(:3,5,&2,6) € por
is just a (finite) conjunction of members of p (e.g., empty), then for some
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b’ € My we have € |= ¢ [b],a1,¢| and o2(Z, b, a@z,¢) € p, or is just a finite
conjunction of members of p.

3.3. Observation: (1) Mo <4, M, implies Mo <4 M.

(2) If p= tp(b, M1UA) € S"(MUA), then My <a, My iff My <45 Mo.

(3) If Mo <a My <a Ma, then Mo <a Mo,

(4) If Mo <apranua) My <ap Ma, then Mo <4, Mo.

(5) If the sequences (M7, : @ < §), (A, : @ < §) are increasing continuous,
0 a limit ordinal and My <4, My, for a < §, then My <4, M.
Similarly using <4, p, -

(6) If M; C M> and p is an m-type over M7 U A, then M7 <4 M, &
My <a,p Mo.

Proof. Easy.

3.4. Discussion: (1) Note that the ranks defined below are related to [Sh:783,

§1]. An alternative presentation (for ¢ € {3,6,9,12}) is that we define
My as (M,a)qeca and T4 = Th(€,a)eca, and we consider p € S(My),
and in the definition of ranks to extend A and p we use appropriate ¢ €
S(Np),M4 < N4, A C B. Originally, we prsented here many variants, but
now we present only two (¢ = 8,9), retaining the others in §5A.
We may change the definition, each time retaining from p only one formula
with little change in the claims.
We can define ¢ € Kp y, such that it has also N¥, where M* C N¥(< €p)
and:
(A) change the definition of r <, 1 to:
(a) NY C N¥
(b) A¥ C AY C A* U N¥,
(¢) M* C MY C N¥
(d) p” C p%
(B) change “y explicitly A-split /-strongly over 1’ according to, and re-
placing in Def 3.5(4) or Def. 5.1(4) clauses (e), (e)’ the type p* by
Pt
(C) dp-rk¥ , is changed accordingly.
So now dp-rk’¥ may be any ordinal, hence 3.7 may fail, but the result in §4
becomes stronger, covering also some models of non-strongly dependent 7.
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3.5. Definition: (1) For £ =28,9 let

K= {; x=(p,M,A),M amodel <C€p, AC Crp,
p € S™(M U A), and if £ =9 then p is finitely satisfiable in M }.

If m = 1 we may omit it.

For r € Ko let ¢ = (p*, M¥, AY) = (p[r], M[x], Alr]) and m = m(z), recalling
pt is an m-type.

(2) For ¢t € Ky let Ny be M¥ expanded by R,z 5a = {b € WM
¢(z,b,a) € p} for p(z,9,%) € L(rr),a € WA and R,yq) = {b € “OM :
¢ plb,al} for (7, 2) € L(rr),a € 99¢; let 7 = 7w,

(2A) In parts (1) and (2): if we omit p we mean p = tp((), M U A), therefore
we can write N4, a Ta-model, so in this case p = {p(b,a) : b € M,a € M and
¢k ofbal}.

(3) For 1,9 € Ky g let

(o) t §f;r y means that r,n € K, o and
(a) Af =AY,
(b) M* <ap MY,
(c) p* Cp",
(d) M <apgplo) M7
(B) t <’y means that for some n and (r;, : k < n),1p <% te1 for k <n
and (z,n) = (to,xn), where
(v) r <% v iff (r,9 € K0 and) for some ¢’ € K, ¢ we have
(a) r<b. ¥,
(b) AY C A" C A¥UMY,
() MY C M¥,
(d) p°=p" [ (MO UA).

(4) For t,9 € Ky, ¢ we say that y explicitly A-splits (-strongly over r when:
A = (A1,A2),A1,Ay C L(7r), and for some ¢’ and ¢(z,7) € Ay we have
clauses (a),(b),(c),(d) of part (3)(v) and

(e) there are b, a such that
() a=(a; : i <w+ 1) is Ay-indiscernible over A* U MY,
(8) AN\A* = (J{a; : i < w}; yes w not w + 1! (note that “A"\ A* =7
and not “AY\A* D7 as we use it in (e)(7) in the proof of 3.7),
(v) @; € M¥ for i <w+1 and b € “>(AY),
(8) o(z,a"b) A —p(Z,a,"b) belongs to p* for k < w.
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5) We define dp-rk”? , : K¢ — Ord U {oo} by
Al ;

(a) dp-rkx ,(r) > 0 always,

(b) dp-rkx ,(x)> a+1 iff there is y € Ky ¢ which explicitly A-splits f-strongly
over ¢ and dp-rkj ,(n) > «,

(¢) dp-rkx ,(xr) > 0 iff dp-rkX ,(r) > o for every av < § when ¢ is a limit ordinal.

This is clearly well defined. We may omit m from dp-rk as r determines it.
(6) Let dp—rk’g,e(T) = U{dp-tka ¢(r) : ¢ € Ky} if m =1 we may omit it.
(7) If Ay = Ay = A we may write A instead of (A1, Ag). If A =L(7p) then
we may omit it.

Remark: There are obvious monotonicity and inequalities.

3.6. Observation: (1) <, is a partial order on K, .
(2) Ko C Kis.

(3) ifr,n € Ko thent <8 p < <) .

(4) if r,p € Ko then r <8 v & ¢ <3 v.

(5) if r,9 € Kyno then y explicitly A-splits 8-strongly over ¢ iff y explicitly
A-splits 9-strongly over r.

6) If r € Ky 9, then dp-rk} ,(r) < dp-rky 4(x).

7)Ifae™Cand = (tp(a M UA), M, A) then t € Ky, 8.

8) In part (7), if tp(a, M UA) is finitely satisfiable in M then alsoy € K, 9.
9) Ifr € Ky, ¢ and k > Ry, then there is y € K, ¢ such that ¢ < < . pand MY
is k-saturated (hence in Definition

(
(
(
(

is k-saturated; moreover, M
Aln],p[]

3.2(4), without loss of generality, M¥ is (|M* U A*|*)-saturated).
Proof. Easy.

3.7. CraM: (1) For each £ = 8,9 we have dp-tky(T') = oo iff dp-rk,(T) > |T'|*
iff Iijct(T) > No.

(2) For each m € [1,w), the latter holds similarly using dp-rk}*(T'), hence the
properties do not depend on such m.

3.8. Remark: In the implications in the proof we allow more cases of £.

Proof. Part (2) has the same proof as part (1) when we recall 1.7(1).

kict (T) > No implies dp-rk,(T) = oo:

By the assumption there is a sequence @ = (g, (2, Jn) : n < w) exemplifying
No < Kiet(T). Let A > Ny and I be A x Z ordered lexicographically, and let
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I, = {a} X Z and Is, = [a,A\) X Z. As in 1.5, by the Ramsey theorem and
compactness we can find (@} : ¢t € I,n < w) (in €r) such that

® (a) Lg(ay) = Lg(Yn),
(b) (@ :t € I) is an indiscernible sequence over | J{a}" : m <w,m # n
and ¢t € I},
(c) for every n € “I,p, = {@n(z,ap)f"M=) . n < w t € I'} is consis-
tent (i.e., finitely satisfiable in ).

Choose a complete 71 D T with Skolem functions, and M* &= T; expanding
¢ be such that in it (a? : ¢t € I,n < w) satisfies ® also in M™*; this exists by
the Ramsey theorem. Let M be the Skolem hull in M* of [J{a}* : m < n,t €
LIu{a™ :m € [n,w)and t € I} and let M,, = M} | 7(T). So we have M,, < €,
which includes {a}* : t € I, m € [n,w)} such that M, 41 < M, and (a} : t € I>3)
is an indiscernible sequence over M, 11U{a}* : m < n,t € I}, hence (a} : t € I5)
is an indiscernible sequence over M,, .1 U A,,; the indiscernibility holds even in
M*, where A, = {a}* :m <nand t € I,}. We delay the case { =9. Let n € “I
be chosen as ((2,) : i <w). Let p € S(My) be such that it includes p,,.

Lastly, let t, = t, = (pn, Mpn, Ayn), where p, = p | (4, UM,). By 3.6(7)
clearly r,, € Ky.

It is enough to show that dp-rke(r,) < co = dp-rk,(rn) > dp-rk,(tn+1), as
by the ordinals being well ordered this implies that dp-rk(r,) = oo for every
n. By Definition 3.5(5) clause (b), it is enough to show (fixing n < w) that
o1 explicitly splits £-strongly over r, using (ZL?LZ.) 1< w>A<a?27n)>. To show
this, see Definition 3.5(4); we use ), := tp, clearly 1, an oast, =1, € Ky,
so clause (a), of Definition 3.5(3)(y) holds. Also, Af» C Af+1 C Af» U M*n
as Af»+1 = Ay {a} :t € L1} and J{ay : t € L} C M*, so clause (b) of
Definition 3.5(3)(v) holds. Also, M*»+1 C M¥» and p+1 D ptn | (Af»UMEn+1)
and even ptrtt = pfa | (Af»+1 U M*+1) hold trivially, so also clause (c),(d) of
Definition 3.5(3)(7y) holds.

Lastly, ﬂgan(z,a?lyi)) for i < w,n(x,a(,,)) belongs to p,, hence to ptr+i,
hence by renaming also clause (e) from Definition 3.5(4) holds. So we are done.

We are left with the case £ = 9. For the proof above to work we need just
that p(€ S(My)) satisfies n < w = p | (M, U A,) is finitely satisfiable in M,,.
Toward this, without loss of generality, for each n there is a function symbol
F, € 7(M*) such that: if n € "I then ¢, := EM (dg(o)a . ,d:;(_nl_l)) realizes
{om(z,a)fE=1m) .y < nand o < A}, so F, has arity ${€g(g,) : m < n}.
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Let D be a uniform ultrafilter on w and let ¢, € € realize p* = {¢(z,b) :
b C Mo, (z,9) € L(ra+) and {n : € = ¥(cyn,b)} € D}, so clearly p =
tp(cy, Mo, €) € S(My) extends {¢, (x,ay)ft=1") . n < and t € I'}. There-
fore we have just to check that p, = p | (4, U M,,) is finitely satisfiable in M,
so let ¥(z,b) € pp; thus we can find k(*) < w(C Z) such that b is included in
the Skolem hull My ) of U{a(] ,) :m <nanda€ZAa<k(x)}U{a" :m e
[n,w),t € I} inside M*.

Let v € ¥\ be defined by

v(m) = n(m) for m € [n,w)

v(im) = (1,k(x) + m) for m < n.
By the indiscernibility:

(¥)1 for every n, € = ¥(cyin, b) = ¥(cyn, ),
and by the choice of p
(¥)2 {n: € = ¥(cym,b)} is infinite, but clearly
(¥)3 Cnpm € M, for m < w.
Together we are done.
dp-tk(T) = oo implies dp-rk,(T) > |T|*:
Trivial.
dp-tke(T) > |T|" = Kict(T) > Ro:
We choose by induction on n sequences @™ and (12 : o < |T'|7),(@%, A% : a0 <
|T|*) such that:
®n (a) @" = (pm(z,¥m) : m < n); that is ¢" = (" (z,y7) : m < n) and
ol (z,g7) = @t (2, gt for m < n, so we call it @, (2, §im)-
(b) 12 € Ky and dp-rke(z}) > o
(c) ap = (a, )" + k <w,m < n), where the sequence a,;" is from Ata,
(d) For each o < |T|* and m < n the sequence (a,,' : k < w) is
indiscernible over U{ZLZ;c ci<myi £ mok <wyUMaUAD.
(e) We have b»™ C Afa = U{dZ;C ti<myk < w}UA” for m < n such
that: ifne"wandm<n:3"mCU{d"’ i< myk <n()}uU
A2, then (5% | ME)U{mpm (@7 BN (5,00 B
m < n} is finitely satisfiable in €.
For n = 0 this is trivial by the assumption rk-dp¢(7") > |T'|*; see Definition
3.5(6) (and 3.5(7)).
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For n + 1, for every o < |T'|* (as rk-dpe(x},;) > a by Definition 3.5(5))
we can find 33,978, ¥h(2,90), (@, © k < w) such that Definition 3.5(4) is
satisfied, with (1,306,908, ¥a(2,¥a), (@5}, + k < w)) here standing for
(5, r,9,0(z,9), (ar : k < w)) there such that rk-dpe(n}) > «, and we also

have ag 7, b* here standing for a,,,b there. So for some formula ¢, (x, 7,) the
set S, = {a < |T|" : (2, 97) = @n(x,yn)} is unbounded in |T'|T, so "t is
well defined, hence clause (a) of ®,1 holds.

For a < |T|*, let Bn(a) = Min(S,\a) and let "1 = D) SO clause (b)

«
m

of ®,+1 holds. Let <agj;1*m ik < w) be <ag&a)+1,k ck < w)ifm <n and
(@ x -k <w) if m =mn, and let ATt = A 41, so clauses (c) + (d) from
®n41 hold. Also, we let b2T1™ be BZEZL)H if m <n and Bg’(’;) if m = n. Next,
we check clause (e) of ®,1.

Let n € "tlw be as required in sub-clause (y) of clause (e) of ®,41 and let «

be any member of S. By the induction hypothesis

(pfasr | MPas1) U {mp(a, @ ) Bo™) Aol @l 0 B0™) 2 m < )

> ayn(m) /7 e

is finitely satisfiable in €.
By clause (d) of 3.5(3)(«) it follows that

(p?)o; f Mﬁa) U {_'90(567 a’Zﬁ,n(m))’ bg,m) A 90(567 aZﬂ,n(m)Jrl) tm < n}

is finitely satisfiable in € (i.e., we use Mo+ < A[3n],plsn] 1M [57] M?a | which suf-

fices; we use freely the indiscernibility).
Hence, by monotonicity, the set

(pPe | (M U {azzl’m ck<n(n)ork=wlUAl )

U {=p(@,an’ o, bem) Ap(a,ant o ™) sm < n}

is finitely satisfiable in €.
Similarly,
(%% 1 (M%) U {mp(, b B 1m) A (o, it o))

_ntln Tntl, _nt, Tnt+l,my |
U {pla,arthn Buihmy A, arthm By om < n)

is finitely satisfiable in €.
But agthm, dztll(;; 1 realize the same type over a set including all the relevant
elements, so we can replace above the first (apt"™) by the second (dzt;(;z) 1)

so we are done proving clause (e) of ®;,41.
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Having carried out the induction it suffices to show that @ = (o, (z,Tn) : n <
w) exemplifies that ki (T) > Ro; for this it suffices to prove the assertion ®2
from 1.5(1). By compactness, it suffices for each n to find (@™ : k < w) for
m < n in € such that £g(a;™) = €g(gn), (@™ : k < w) is indiscernible over
U{a," : k <w,i < n,i#m}foreachm < nand € |= (3z)[A,,,,(~p(z, ag™)A
e(@,a;™)]. B

We choose ap™™ = a, "\, ., ™, where k(x) is large enough such that
U{be™ :m < n} CU{ay)' : m < nand k < k(x)} and let o = 0; clearly
we are done. 3.7

3.9. Observation: (1) If r € K¢ and |T| + |AY| < p < ||M¥]|, then for some
My < M* we have || My|| = p and for every y §f,r ¢ satisfying My C MY
we have dp-rk,(y) = dp-rk,(x).

(1A) If dp-rky(r) < oo then it is < |T|*. Similarly, dp-rk,(T) (with (2!T1)+
this is easier).
(1B) If dp-rkz ,(r) < oo then it is < [A; U Ag|T + V.
(2) If r <j, v then dp-rke(r) > dp-rk,(n).
(3) Ify §f;r y and 3 explicitly splits ¢-strongly over vy, then 3 explicitly splits
{-strongly over .
(4) The previous parts hold for m > 1, too.

Proof. (1) We do not need a really close look at the rank for this. First, fix an
ordinal (.

We can choose a vocabulary 7¢ o,m of cardinality |A| + |¢| + |T| such that:

®; for any set A fixing a sequence a = (ag : f < «) listing the elements of
AM <€and pe S (M U{ag: B < a}), Ma,p, or more exactly Ms p,
is a 7¢,,m-model;

we let

®2 (a) ds(¢) = {n:n a decreasing sequence of ordinals < (},
(b) I'c = {u: uis a subset of ds(¢) closed under initial segments} and
' = U{T¢ : ¢ an ordinal},
(c) for u € T'¢ let ' = {@ : ¢ has the form (¢, (Z,yy) : n € u) where
T = (xg: 0 <m),pn(Z,yn) € L(rr)}, and
®3 there are functions @, ,, for m < w, a an ordinal, satisfying:
(a) fu €T, € Ordand ¢ € Z1", then D, (u) is a set of first order
sentences,
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(b) ®a,m(u) is a set of first order sentences,

(c) ifr € Kimye and a = (ag : B < ) list A*, then dp-rk(r) > ¢ iff
Th(Maps]) U Pa,m(®) is consistent for some ¢ € EF ),

(d) if @,9 are isomorphic (see below), then ®, ,,,(§) is consistent iff
Po.m (¥) is,

where

®1 ¢ = (on(@,7y) : 1 € u), = (Y,(Z,2,) : m € v) are isomorphic when

there is a one-to-one mapping function h from w onto v preserving

lengths, being initial segments, and its negation such that ¢, (Z,7,) =

W(n) (z, zh(n)) for n € u.

[Why @37 Just reflect on the definition.]

Now if ¢ = dp-tk,(r) has cardinality < pu (e.g., ¢ < |T'|7), part (1) should be
clear. In the remaining case, if © > |T|*, by (1A) we are done and otherwise
use the implicit characterization of “co = dp-rk,(z)”.

(1A) Now the proof is similar to the third part of the proof of 3.7(1) and is
standard. We choose by induction on n a formula ¢, (zZ,9,) < |T|" for some
decreasing sequence 7, ., of ordinals > « of length n; we have

O Ppa(@™) is consistent with Th(Mé%;Z]aP[XZ]) where Dom(g™?*) =

{my ol £:£<n}and @ZT’LO’; M(:E,gjgfa 1) = (@, 3) for £ < n.
The induction should be clear and clearly is enough.

(1B) Similarly.

(2) We prove by induction on the ordinal ¢ that dp-rk,(y) > ¢ = dp-rk,(r) >
¢. For ¢ = 0 this is trivial, and for ¢ a limit ordinal this is obvious. For (
successor order, let = €41 so there is 3 € Ky which explicitly splits ¢-strongly
over y by part (3) and the definition of dp-rk; we are done.

(3) Easy, as <)" is transitive.

(4) Similarly. 3.9

3B. RANKS FOR STRONGLY'T DEPENDENT 7. We now deal with a relative of
Definition 3.5 relevant for “strongly™ dependent”.

3.10. Definition: (1) For ¢ € {14,15} we define K, ¢ = Ky, s—¢ (and if m =1

we may omit it and </, =<6, <f =<6 <l=<t76),
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(2) For r,n € K, we say that y explicitly A-splits -strongly over r when
A = (A1, As), A1, Ay C L(77) and for some ¢’ and ¢(Z,9) € Ay with £g(Z) =m
we have clauses (a),(b),(c),(d) of clause () of Definition 3.5(3), and

(e)” there are b, a such that
(o) a=(a;:i<w) is Aj-indiscernible over A* U M"Y,

(B) AY D A*U{a; 1 i <w},
(y) b C A¥ and a; € M* for i < w,
(6) @(,a0"b) A —~p(Z,a1°b) € p*'.

(3) dp-rky"(T') = U{dp-rk,(x) + 1 : ¥ € Ky}

(4) If Ay = A = Ay we may write A instead of A, and if A = L(7r) we may
omit A. Lastly, if m = 1 we may omit it.

Similarly to 3.6.

3.11. Observation: (1) If r,y € K;5, then “y explicitly A-splits 15-strongly over
¢ iff “y explicitly A-splits 14-strongly over p”.
(2) If r € K15 then dp- k3 15(®) < dprkR 14 ().
Proof. Easy by the definition.
3.12. CraM: (1) For ¢ = 14 we have dp-rk,(T) = oo iff dp-rk,(T) > |T|" iff
Kict,2(T) > Ro.
(2) For each m € [1,w), similarly using dp-rk}*(T').
(3) The parallel of 3.9 holds (for £ = 14,15).
Proof. (1) Kict,2(T) > Ng implies dp-rke(T") = oo.
As in the proof of 3.7.
dp-1k(T) = 00 = dp-1k,(T) > |T|* for any /.
Trivial.
dp—I‘k@(T) > |T|+ = Iiict,g(T). -
We repeat the proof of the parallel statement in 3.7, and we choose b but not

(2) By part (1) and 2.8(3).
(3) A similar proof. 3.12

4. Existence of indiscernibles

Now we arrive at our main result.
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4.1. THEOREM: (1) Assume

d) aq € €r for a < \F,lg(a,) = m,

(

(b)

(c) A= 32x(<(*)+1)(ﬂ)7
(d)

(e) ACCr,[A|+]T] < p.

Then for some u € [)\j]”t the sequence (a,, : a € u) is an indiscernible sequence
over A.

(2) If T' is strongly dependent, then for some ((*) < |T|™ part (1) holds, i.e.,
if clauses (c),(d),(e) from there hold, then the conclusion there holds.

4.2. Remark: (0) This works for £ = 14,15,17, 18, too; see §5A.

(1) A theorem in this direction is natural as small dp-rk points to definability
and if the relevent types increase with the index and are definable, say over the
first model, then it follows that the sequence is indiscernible.

(2) The oy (c41)() is more than needed; we can use )\2’(*) where we define
Ao = p+ B{(2*)* : € < ¢} by induction on (.

(3) We may like to have a one-model version of this theorem. This will be
dealt with elsewhere.

Proof. (1) Clearly ¢ € K, 0 = p* € S™(A* U M?¥) and we shall use clause (e) of
Definition 3.5(4).

By 3.6(6), it is enough to prove this for £ = 9, but the proof is somewhat
simpler for £ = 8, so we carry the proof for £ = 8 but say what more is needed
for £ = 9. We prove by induction on the ordinal ¢ that (note that the M,’s
are increasing but not necessarily the p,’s; this is not an essential point as by
decreasing somewhat the cardinals we can regain it):

(%)¢ if the sequence I = (@, : a < A1) satisfies K¢ below, then for some
u € [AF]*" the sequence (G, : a € u) is an indiscernible sequence
over A where (below, the 2 is an overkill, in particular for successor of
successor, but for limit ¢ we “catch our tail”):

X, there are A, B, M, p such that
(a) A= X220 for every € < (,
(b) M = (M, : a < A\T) and M,, < €r is increasing continuous (with
@),
(¢) M, has cardinality < A,
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d) Gq € ™(Ma41) for a < AT,
e) Po = tp(aa,M UAUB),

(f) BC e, |B| <N

(8) ta = (Pa;Ma, AUB) belongs to K, ¢ and satisfies dp-rk}*(ra) < ¢.

[Why is this enough? We apply (x) for the case ¢ = ((x) so A = A, and
we choose M, < € of cardinality A by induction on a < AT such that M, is
increasing continuous, {ag : § < a} C M,.]

If ¢ = 8, fine; if £ = 9, it seems that we have a problem with clause (g). That
is, in checking r, € K, ¢ we have to show that “p, is finitely satisfiable in M,”.
But this is not a serious one: in this case note that for some club E of AT, for
every a € E, the type we have tp(aq, M, U AU B) is finitely satisfiable in M,
So letting M/, = My, al, = Go when a < AT, o/ € E and otp(C' N ') = « and
similarly p,, = tp(Ga/, Mo, €) we can use ((al,, M., pl) : a < A7), so we are
done.

So let us carry the induction; arriving at ¢ we let 8, = Joxcqe(p), for £ <
3; note that 0%—1 = 6; and M2 = X. Let y be large enough and let B <
(A (x), €, <3) be of cardinality A such that &, M,p,a, B, A belong to B and
A+1CBandY C BAY| < AN =X =V € B. Let 6(x) =
B N At so, without loss of generality, cf(6(x)) satisfies AT0()) > X Let ¢* =

dp-rk(ps (), M), AU B) and 0 = 01, hence \ = A7 We try by induction on
e<0t+0" to choose (Na.,a.) such that:

®: (a) a. < d(x) is increasing with ¢,

b) N: <aus Pa(e) M, is increasing continuous with e,

¢) N: has cardinality 6,

d) £ <e= aq, € Na,,

e) G, realizes psey) [ (No. UAU B)

(f) if pss) splits over N. U AU B, then ps(.) [ (Na.,, U AU B) splits
over N8 UAUB,

(8) (Pa. [ (Na. UAUB), No,, AUB) <pr (P5(x)> Ms(s), AUB) and they
(have to) have the same dp-rk,

(h) N. C M, (but not used).

(
(
(
(

€

Clearly we can carry the definition. Now the proof splits into two cases.

CASE 1: For £ = 0%, ps(4) does not split over No, UAU B.

By clause (e) of &, clearly € € [£,£ + 01) = tp(dqa., Ne U AU B) does not
split over N, UAU B and increases with e. As (N¢ . : € < ) is increasing and
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Qo. € Ney1, it follows that tp(aa., No+ U{ag : B € [07,2)} U AU B} does not
split over N91+ UAU B. Hence by [Sh:c, 1,§2] the sequence (aq, : j € [£,{+6T))
is an indiscernible sequence over N, U AU B so, as M T < 0%, we are done.

CASE 2: For £ = 6T, ps(, splits over No, UAU B.

So we can find ¢(z,7) € L(r7) and b,e € “9¥) (Ms(,y U AU B) realizing the
same type over N,, U AU B and ©0(Z,b), ~p(T,¢) € Ps(x)- S0, without loss of
generality, b = b'"d,¢ = ¢"d where d € “>(AU B) and V', € ™) (My,)) for
some m(x). As No, <aup Ms(x) (see clause (b) of ®¢) clearly there is D, an
ultrafilter on ™) (N¢) such that Av(Ne UAU B, D) = tp(t/,N¢e UAUB) =
tp(¢, Ne U AU B).

Without loss of generality {b” € ™) (Ny,) : =(,b",d) € ps()} belongs to
D, as otherwise we can replace o, b’,¢ by —p, &, b.

Let M. = (Ms()) AUBU{as.,} and let M < & be such that Ms,) € M™*
and, moreover, (M) AUBU{ag.)} < MZUBU{%( 5 and the latter is A\*-saturated.
Clearly, letting p} = (tp(@s(+), M UAUB) and ;6( 0 = (pé( . 6( ),AUB)
have 50, <pr ;;'(*) Note that ¢ < &€ = (pa. | (Noo UAUB),N,.,AUB) <p,
L5(x)-

We can find (b, : @ < w+w) such that b, € ™) (M+) realizes Av(Ny, UAU
BU{bs: B < a}, D) and, without loss of generality, b, = b'.

We would like to apply the induction hypothesis to (" = dp-rk(rs()), so let:

G (a) N =6,
(b) a’E = aa for e <07,
() M.
(d) p = tp(aaﬂNs),
(e) B *BU{b o <wA+wl,
(f) A

We can apply the induction hypothesis to (', i.e., use (*)¢: for some u' C 6%

/

of cardinality u" the sequence (al

: € € u) is indisernible over A, hence the
set u := {a. : € € v'} has cardinality p™ and the sequence (a, : « € u) is
indiscernible over A, so we are done.

But we have to check that the demands from K¢ hold (for 1), M’ = (M :
e< Oy, P =(p.:e<OT).

CLAUSE (a): As 6 = Jayerg1(p), clearly for every &€ < ¢* we have § =
6=2x(c+1) | hence 0 = §=2x &+,

CLAUSE (b): By ®.(b), M is increasing continuous.
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CLAUSE (c¢): By ®c(c).
CLAUSE (d): By ®.(d).
CLAUSE (e): By the choice of p..
CLAUSE (f): By the choice of B’.

CLAUSE (g): Clearly 1. € K, ¢, but why do we have dp-rk(z.) < ¢*? This is
equivalent to dp-rk(xl) < dp-rk(zs))-

Recall rs(y) <pr ;g’(*) and . explicitly split £-strongly over ¥s(x), hence by the
definition of dp-rk we get dp-rk(x.) < dp-rk(rse)).

What about the finitely satisfiable property of p’ when £ = 97 For some club
Eof ", e € E= tp(an., No. UAU B’) is finitely satisfiable in N,

(2) By 3.7, dp-rk}*(T') < |T'|* for £ = 8, so we can apply part (1). 41

5. Concluding remarks

We comment on some things here which we intend to continue elsewhere, so the
various parts ((A),(B),...) are not so connected.

(A). RANKS FOR DEPENDENT THEORIES. We note some generalizations of §3,
so Definition 3.5 is replaced by

5.1. Definition: (1) For £=1,2,3,4,5,6,8,9, 11, 12 (but not 7, 10), let

K= {x = (p,M,A),M amodel <C€p, AC Crp,
if £ € {1,4} then p € S™(M), if £ ¢ {1,4} then
peST(MUA), and if £ = 3,6,9,12 then
p is finitely satisfiable in M }

If m = 1 we may omit it.

For r € Ky let ¢ = (p*, M¥, AY) = (p[r], M[x], Alr]) and m = m(z), recalling
pt is an m-type.

(2) For ¢t € Ky, let Ny be M expanded by R,z ga) = {b € 9@ -
o(z,b,a) € p} for o(7,7,2) € L(rr),a € “®Aand ¢ = 1,4 = a = () and
Rygay = {b € WOM : & | gb,a]} for p(7,2) € L(rr),a € 9O} let
Ty =TN,-

(2A) If we omit p we mean p = tp((), MUA) so we can write N4, a 74-model,
so in this case p = {¢(b,a) : b€ M,a € M and € = ¢[b,a]}.

(3) For 1,9 € Ky g let
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a) r < means that r, 9y € K,, ¢ an
(@) r<p v hat 1,9 € Ky, ¢ and
(a) AT = A",
(b) M* <ap MY,
(c) p* Cp"
(d) if £=1,2,3,8,9 then M* <4 1y M (for £ =1 this follows from

clause (b)).
(B) t <’y means that for some n and (1, : k < n),tx <% try1 for k <n
and (z,9) = (ro,tn) where
(v) r <4 v iff (r,9 € Ky, e and) for some ¢’ € Ky, ¢ we have
(a) r<b ¥,
(b) A* C AY C A*U MY,
(¢) MY C MY,
(d) £e{1,4} = p» =p¥ | M? and £ ¢ {1,4} = p" = p* | (MY U AY).
(4) For t,9 € K,, ¢ we say that y explicitly A-splits (-strongly over r when:
A = (A1,A9),A1, Ay C L(77) and, for some ¢’ and ¢(Z,7) € Az, we have
clauses (a),(b),(c),(d) of part (3)(y) and
(e) when ¢ € {1,2,3,4,5,6}, in AY there is a Aj-indiscernible sequence
(ay : k < w) over AFUMY such that ag € > (M¥) and @(Z, ao), ~¢ (&, a1) €
p?c/ and ap C AY for k < w,
(e) when £ = 8,9,11,12 there are b, a such that
(o) a=(a;:1 <w+ 1) is Aj-indiscernible over A* U M?Y,
(B8) A\A¥ = {a; : i < w}; yes w not w + 1! (note that “A* =7 and
not “A\Af D7 as we use it in (e)(y) in the proof of 3.7),
(7) bC A* and a; € M¥ fori <w+1,
(8) (z,ar"b) A —p(Z,a, b)) belongs * to p¥' for k < w.

5) We define dp-rk”? , : K, ¢ — Ord U {oo} by
At ;

(a) dp-rkx ,(r) > 0 always,
(b) dp-rkX ,(x) >+ 1 iff there is n€ Ky, » which explicitly A-splits (-strongly
over r and dp-tkz ,(v) > a,
(c) dp-rkRx ,(xr) > § iff dp-rkX ,(r) > « for every a < d when ¢ is a limit ordinal.
These are clearly well defined. We may omit m from dp-rk as ¢ determines it.
(6) Let dp—rk’g,e(T) = U{dp-tka ¢(r) : ¢ € Ky ¢} if m =1 we may omit it.

4 This explains why ¢ = 7,10 are missing.
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(7) If Ay = Ay = A we may write A instead of (A1, Ag). If A =L(7r) then
we may omit it.
(8) For ¢ € K g let Il = (p¥ | M¥, M¥, A¥),

So Observation 3.6 is replaced by

5.2. Observation: (1) <%, is a partial order on K.
(2) Koy S K@) when £(1),02) € {1,2,3,4,5,6,8,9,11,12} and
0(1)e{1,4} = £(2)e{1,4} and £(2)€{3,6,9,12} = (1) €{3,6,9,12}.
(2A) Ko o) Sl it €K, 2y} when £(1)€{1,4},6(2)€41,...,6,8,9,11,12}.
(2B) In (2A) equality holds if z(£(1),£(2)) € {(1,2), (1,3), (4,5), (4,6)}.
(3) v <tV p=r <8 pwhen (£(1),£(2)) is as in (2) and £(2) €{2,3,8,9} =
(1) € {2,3,8,9}.

(3A) ¢ Z(l) n = gl <é(1) ! when the pair (£(1),£(2)) is as in (2B).
(4) 1 “” p=p < ) n when (£(1),£(2)) are as in part (3) (hence (2)).
(4A) ¢ <, 1) =l gif y if (¢(1),4(2)) are as in part (2A).
(5) v expllcltly A-splits £(1)-strongly over ¢ implies vy explicitly A-splits
£(2)-strongly over ¢ when the pair (¢(1),4(2)) is as in parts (2),(3) and

0(1) € {1,2,3,4,5,6} < £(2) € {1,2,3,4,5,6).
(6) Assume (£(1),£(2)) is as in parts (2),(3),(5). If r € Ky, 1) then dp-
I“kg,g(l)(?) < dp—l“kg,e(g)(lﬂ), ie.,

{£(1),£(2)) €{(3,2),(2,5),(3,5),(6,5),(3,6)}
U {(9,8),(8,11),(9,11), (12,11),(9,12)}.

(7) Assume @ € ™€ and vy = (tp(a, M U A), M, A) and ¢ = (tp(a, M U
A), M, A). Then

a) i =y,

b) ?GKmlﬁszl,

&) ) E KmaN KmsN KpsN Knii,

d) if tp(a, M U A) is finitely satisfiable in M then also y € K, 3N
Ko N Ko N Ko 1o

(8) If v € K, 4(2), then dp-rklm(g)(;[*]) < dp-tkym (o) (r) when the pair
(£(1),£(2)) is as in part (2A).

(9) Ifr € Ky, ¢ and k > Ny, then there is § € K, ¢ such that ¢ < < . pand MY
is k-saturated; moreover, M Alnl,

(
(
(
(

plo] is k-saturated (hence in Definition

3.2(4), without loss of generality, M¥ is (|M* U A*|*)-saturated).
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5.3. CLAIM: In 3.7 we can allow £ = 1,2,5 (in addition to £ = 8,9).

Proof. Similar but:
Kict (T) > Vg implies dp-rky(T) = D when ¢ € {1,2,4,5,8,9,11,12}:

(A) Let A, =U{a* :m<nteh}ifl{<T7and, if{>7 A, ={a":m<n
and t € I }.

(B) “rp41 explicitly split ¢-strongly over r,’
and (af, ;) 11 <w)(ag,) if £>7.

(C) Similarly in ‘:Lastly...”: Lastly, if £ < 7, on(®,a{; ), ﬁ¢n(x,a?1,n+1))
belongs to p*= and even pf=+1 and if ¢ > 7, <pn(z,a?17n)) for n < w,

)

using (afy . 14 <w) if £ <7

—n(2,a(2,n)) belongs to py, hence to p*~+1, so by renaming also clause
(e) or (e)~ from Definition 3.5(4) holds. Thus we are done.

dp-1k,(T) > |T|" = Kict(T) > Rg when £ =1,2,3,5,6,8,9:

(D) In ®,(e) we use
(E) (@) if £ €{2,3,5,6} and m < n, k < w, then @, (z,a,7") € p'e < k=0
hence =y, (z,a1") € pta <k #0 for k < 2;
(B) if £ =1 then pta U {pm(z, az:zl)if(kzo) :m < n,k < 2} is consistent,
(y) if £ = 8,9 we also have o™ C Afa = U{ZLZ;c i< m,k <whUAR
for m < n such that: if € "w and m < n = ™ C U{dg;C :
i < myk < (i)} UA?, then (pfa | M%) U {@m(dzzﬁm),gg’m) A

=0 (T, ELZ’Z‘(m)H, b™) 1 m < n} is finitely satisfiable in €.
(F) In checking clause (e) of ®;,41

CASE ¢ = 1: We know that
pratt U {pom(z, dZ:?)if(k:O) :m < nandk <2}

is consistent. As rp, Sf,r 37 by clause («)(d) of Definition 3.5(3), we
know that ¢it! := pia U {pp(z,any] )= :m < nand k < 2} is

consistent. But gpn(x,azzl’m) = pn(@ay/i ) € gttt for k < 2,m <n

and @, (2, 8", ma k)0 = o, (2, a7 ) =0 € qitt and T C pin C

q" !, hence pra U {p(z, dZ:?)if(k:O) :m < n and k < 2}, being a subset

of g"*1, is consistent, as required (this argument does not work for ¢ = 4).
CASE 2: £ € {2,3,5,6}. Straightforward.

CASE 3: £ € {8,9}.

As before
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5.4. Observation: Like 3.9 for £ =1,2,3,4,5,6,8,9,11,12.
5.5. Definition: In Definition 3.10 we allow ¢ = 17, 18.

5.6. Observation: (1) If “y explicitly A-splits £(1)-strongly over r”, then “y
explicitly A-splits £(2)-strongly over r” when

(£(1),4(2)) € {(15,14), (14,17), (18,17), (15, 18) JU{(¢, (+12) : £ = 2,3,5,6}.

(2) If r € Ky (1), then dp—rkge(l)(;) < dprkR 4(5)(r) when (£(1),£(2)) is as
above.

Proof. Easy by the definition.

5.7. CLAM: (1) In 3.12(3) we allow £ = 17, 18.
(2) “dp-tk,(T) > |T|" = kiet(T) > N1 7; we allow £ = 14,15,17,18.

5.8. THEOREM: In 4.1 we can allow
(a) £€{8,9,11,12} and even ¢ € {14,15,17,18}.

Proof. Similar to 4.1. 5.8

We can try to use ranks as in §3 for 7" which are just dependent. In this case
it is natural to revise the definition of the rank to make it more “finitary”, say
in Definition 3.5(4), clauses (e),(e)’ replace (ax : k < w) by a finite long enough
sequence.

Meanwhile just note

5.9. CraM: Let ¢ = 1,2,3,5,6 [and even ¢ = 14,15,17,18]. For any finite
A C L(rr) we have: for every finite Ay, rka, A ¢(T) = oo iff for every finite Ay,
tka, . a0(T) > w iff some ¢(x,y) € A has the independence property.

Proof. Similar proof to 3.7, 5.3.

Let (Gq : @ < w) € M be indiscernible.

Let ¢(z,a0), ~¢(Z,a1) € p exemplify “p splits strongly over A, = [J{M,. :
¢ <e}UAUB so tp(ag, A.) = tp(ai, A.). Let AT = AUaoUa; and we find
u C {ae 1 e < 0]} as required:

(%) there is NT < M,||[N*|| < 0 such that N* < N < M = dp-rk(A,p |
(N*UA),N*) = dp-rk(A,p, M). 5.9
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5.10. Question: (1) Can such local ranks help us prove some weak versions of
“every p € S, (M) is definable”? (Of course, the first problem is to define such
“weak definability”; see [Sh:783, §1]).

(2) Does this help for indiscernible sequences?

5.11. Definition: We define Ky, , and dx—rkg,é for x = {p, ¢, q} as follows:

(A) for z = p: as in Definition 3.5(4),(5), 5.1(4),(5),

(B) for x = ¢: as in Definition 3.5(4),(5), 5.1(4),(5) but we demand that in
clause (e),(e)’ of part (4) that {(Z,b,) : n < w} is contradictory;

(C) for x = ¢: as in Definition 3.5(4),(5), 5.1(4),(5) but in clauses (e),(e)’ of
part (4) we have a, from AY for o < w + w such that {¢(z,a,) @< :
a<w4w}C p?, and in (e¢’) we have a,, from AY and a,,, from M¥. In
detail:

(e) when ¢ € {1,2,3,4,5,6}, in AY there is a Aj-indiscernible sequence
(ap : k < w) over A* U MY such that a; € “>(M?¥) for a < w and
o(Z, a), ~(T, Gwik) € p?, and ay, Gy € AY for k < w,

(e) when ¢ = 8,9,11,12 there are b, a such that
() a=(a;: 1< w+w) is A;-indiscernible over A* U M"Y,

(B) AY D A*U{a;:i < w+ w},

(7) b C A* and a; € M¥ for i < w +w,

(8) (&, ar"b) A —~p(&,a,"b) belongs 5 to p¥ for k < w.

5.12. Question: Does Definition 5.11 help concerning Question 5.107

5.13. Discussion: We can imitate §3 with dc-rk or dg-rk instead of dp-rk and
use appropriate relatives of kit (7T). But compare with §4.

* * *

(B). MINIMAL THEORIES (OR TYPES). It is natural to look for the parallel of
minimal theories (see end of the introduction).

A subsequent work of E. Firstenberg and the author [FiSh:E50], using [Sh:757]
(see better [Sh:E63]), considered a generalization of “uni-dimensional stable 7.
The generalization says (see 5.22(1)):

5.14. Definition: (1) T is uni-dp-dimensional when: (7" is a dependent theory
and) if I, J are infinite non-trivial indiscernible sequences of singletons, then I,J

5 This explains why ¢ = 7,10 are missing.
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have finite distance, see below, or I and J* do, recalling J* is the inverse of J
(i.e., we invert the order).

(2) (From [Sh:93]) For indiscernible sequences I,J over A we say that they
are immediate A-neighbours if I 4+ J is an indiscernible sequence over A or
J + I is an indiscernible sequence over A. They have distance < n if there are
Io,...,I, such that I = Iy,J = I,, and Iy, Iy;, are immediate A-neighbors (so
indiscernible over A) for £ < n. They are neighbors 6 if they have distance < n
for some n.

(3) If I is an infinite indiscernible sequence over A, then C4(I) = J{I' : T',1
have finite A-distance.

Discussion: Note that for Th(Q, <), the first order theory of the rational order,
any two increasing infinite sequences of elements are of distance 2. If we forget
above to have the “or I,J* of finite distance”, we shall get two classes up to the

relevant equivalence.

5.15. Problem: (1) Does uni-dp-dimensional theories have a dimension theory?
(2) Can we characterize them?
(3) If p € S™(A), is there an indiscernible sequence I C p(€) based on A?,
i.e., such that {F(C4(I)) : F an automorphism of € over A} has cardinality
< € (equivalently < 2/71+141) as is the case for simple theories.

We can try another generalization.
5.16. Hypothesis (till 5.23): Let £ be as in Definitions 3.5 and 5.1.

5.17. Definition: T is dp’-minimal when dp-rk‘(r) < 1 for every r € Ky, i.e.,
Ko for m=1.

5.18. Remark: For this property, 7" and T°% may differ. Probably, if we add
only finitely many sorts, the “finite rank, i.e., dp-rkf(r) < n* < w for every
r € K,”, is preserved.

5.19. Observation: T is dp’-minimal when: for every infinite indiscernible se-
quence (G, : t € I), I complete, a; € “C and element ¢ € € there is {t} C I as

6 We may prefer the local version: for every finite A C L(rr) and finite A’ C A (or
A’ = A) there are I', J/ realizing the A-type over A’ of I,J, respectively, such that I, J’
are (infinite) indiscernible sequences over A’ (or A) and have distance over A’.
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in 2.1 (i.e., a singleton or the empty set if you like) when ¢ < 12, and as in 2.9
when £ € {14,...}.

Proof. Should be clear. 5.19

5.20. CramM: (1) For £ = 1,2 we have T is dp’-minimal when: there are no

(@l, :n < w) and ¢;(x, y;) such that

(a) fori=1,2, (a : n <w) is an indiscernible sequence over | J{a>~* : n < w},

(b) for some b € € we have = p1(b,a}) A —p2(b,al) A pa(b,ad) A —pa(b,a?).
(2) Similarly for rk-dp*(x) < n(< w), i.e., if we replace 1 by n in Definition

5.17.

Proof. Straightforward.

5.21. Problem: (1) Are dp’-minimal theories T" similar to o-minimal theories?
(2) Characterize the dp’~-minimal theories of fields.
(3) What are the implications between “dp‘-minimal” for the various £?
(4) As above also for uni-dp-dimensionality.

5.22. CLaM: (1) For ¢ = 1,2 the theory T, Th(R), the theory of real closed
fields is dp‘-minimal; similarly for any o-minimal theory.
(2) Th(R) is dp’-minimal for £ = 1,2, similarly for any o-minimal theory.
(3) For prime p, the first order theory of the p-adic field is dp'-minimal.
Proof. (1) As in [FiSh:E50].
(2) Repeat the proof in [Sh:783, 3.3](6).
(3) By the proof of 1.17. 5.22

5.23. Remark: If T is a theory of valued fields with elimination of field quantifier
(see Definition 1.14(1),(2)) and k%7 is infinite, this fails. However, if T'¢7 k%7
are dp!-minimal then the dp-rk for T are < 2.

Another direction is:

5.24. Definition: (1) We say that a type p(Z) is content minimal when:
(a) p(z) is not algebraic,
(b) if q(7) extends p(z) and is not algebraic then ® ;) = ®,z); see below.

(2) @pz) = {0(To,- -+ Tn1) : U{p(Te) : £ < n}U{p(Z1,...,T,)} is consistent
(see [Sh:93]).
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5.25. Question: Can we define a reasonable dimension for such types, at least

for T dependent or even strongly dependent?

* * *

(C). LOCAL RANKS FOR SUPER DEPENDENT AND INDISCERNIBLES. Note that
the original motivation of introducing “strongly dependent” in [Sh:783] was to
solve the equation: X/dependent = superstable/stable. However, (the various
variants of) strongly dependent, when restricted to the family of stable theories,
gives classes which seem to be interesting but are not the class of superstable
T. So the original question remains open. Now returning to the search for
“super-dependent” we may consider another generalization of superstable.

5.26. Definition: (1) We define le-rk™ (p, A) = leo-rk™ (p, A) for types p which
belong to ST (A) for some A(C €) and finite A(C L(rr)).
It is an ordinal or infinity and
(a) le-rk™(p, A) > 0 always,
(b) le-tk™(p, A) > o = S+ 1 iff for every u < X there are finite Ay O A
and pairwise distinct ¢; € SX, (A) extending p such that i < 1+u =
le-tk™ (g, \) > B,
(c) le-tk™(p, A) > 6, a limit ordinal iff le-rk™(p) > « for every a < 4.
(2) For p € S™(A) let” le-tk™(p, ) be min{lerk™(p,\) | A : A C L(77)
finite}.
(3) Let le-rk™ (T, A) = J{le-tk™ (p,A) + 1 : p € S™(A4), A C €}.
(4) If we omit A\ we mean A\ = ||+,

5.27. Discussion: There are other variants and they are naturally connected to
the existence of indiscernibles (for subsets of ™€, concerning subsets of I71€);
probably representability is also relevant ([CoSh:919], [Sh:F705]).

5.28. CLAIM: (1) The following conditions on T are equivalent (for all A >
T ):
(a)x for every A and p € SR(A) we have le-rk™(p, \) < oo,
(b)a for some a* < |T|*, for every A and p € S¥(A) we havele-rk™ (p, \) <

a*,

7 Easily, if A7 € Ay C L(rr) are finite and p2 € S’A”2 (A) and p1 = p2 | A1 then lc-
rk™(p1) > le-rk™(p2). So le-rk™(p, ) is well defined.
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(c)x there is no increasing chain (A,, : n < w) of finite subsets of L(7r) and
A and (p, : n € “Z\) such that p, € S’&y(n) (A) and v<an = p, C py,
and if m # g are from "\ then py, # py,,
(C)x, like (¢)x with (p, :n € “Zw).
(2) Similarly restricting ourselves to A = |M|.

Proof. Easy. 5.98
Closely related is

5.29. Definition: (1) We define le; — rk™(p, \) for types p € S™(A) for

A C € as an ordinal or infinitely by:

(a) leg —rk™(p, A) > 0 always,

(b) leg —rk™(p,\) > a = B+1 iff for every p < A and finite A C L(77)
we can find pairwise distinct ¢; € S™(A) for i < 1 4 p such that
p | ACg; and le; — k™ (g;, A) > B,

(c) le; —rk™(p, A) > 6 for 6 a limit ordinal iff ley —rk™ (p) > « for every
o< 4.

(2) It A =2(JT])"" we may omit it.

5.30. CLAIM: (1) The following conditions on T are equivalent when
p> =TI
(a), for every A and p € S™(A) we have lc; —rk™ (p, 1) < o0,
(b), for some a* < Io(|T|)", for every A and p € S™(A) we have
ley — k™ (p, p) < aF,
(¢) for no A do we have a non-empty set P C S™(A) such that, for every
p € P and finite A C IL(7r), for some finite Ay the set {qg | A1 :q € P
and g | A = p | A} has cardinality > A,
(d)x letting = = U{E, : n < w},E, = {A : A is a sequence of length
n of finite sets of formulas p(Z,y) € L(rr),Lg(Z) = m} there is no
(A : A € Z), where Ay is a finite set of formulas such that: for every
A we can find A and (py, : A € E and n € ta(M) \) such that:
() pyy € S™(A), o
(B) if A € Zpm € "X and A = A"(A,) € Epya, then pio (o) |
Ap = pay, [ Ay for a < Xand (pgr 0y | Ax 1 a < A) are
pairwise distinct,
(e)x for some (Aj : A € E) as above the set T UT) is inconsistent, where
I" is non-empty and:
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() if A =EZ,41,n € "I\ and p(Z,7) € Ay, then

(\@)[ A P(yw<so<seA,n,y>_so@m,mmy))},
£<lg(y)

(B) if A €Z,41,m € "X\ and o < 8 < A, then

\/ ey)( A P<y4>A<w<xA,nA<a>w))zw(m,nm,y)).

o(x,g)EAR £<tg(¥)

(2) Similarly restricting ourselves to the cases A = |M|, i.e., A is the universe
of some M < €.

Proof. We will elaborate elsewhere, using [893, Th 2.16, 335]. 5.30

5.31. Definition: (1) We define lcs — rk™(p,A\) and lcg — rk™(p, ) like
lep — rk™(p,A) and le; — rk™(p, A), respectively, replacing “A C L(rr) is fi-
nite” by “A C L(7r) and arity(A) < w” where:

(2) arity(¢) = the number of free variables of ¢, arity(A) = sup{arity(¢p) :
¢ € A} (if we use the objects ¢(Z) we may use arity(¢(Z)) = €g(T)).

5.32. CLAIM: The parallel of 5.28, 5.30 for Definition 5.31.

Remark: In particular, the rank leg — rk™ seems related to the existence of
indiscernibility, i.e.,

5.33. CONJECTURE: (1) Assume lc-rk™(T') < oo for some ¢ < 3. We can prove
(in ZFC!) that for every cardinal p, for some A we have A\ — (u)r.

(2) Moreover, X is not too large, say is less than 3,11 (u + |T))*" (or just
< :(2u)+)-

(D). STRONGLY? STABLE FIELDS. A reasonable aim is to generalize the char-
acterization of the superstable complete theories of fields. Macintyre [Ma71]
proved that every infinite field whose first order theory is Ng-stable, is alge-
braically closed. Cherlin [Ch78] proves that every infinite division ring whose
first order theory is superstable, is commutative, i.e., is a field so algebraically
closed. Cherlin and Shelah [ChSh:115] prove “any superstable theory Th(K), K
an infinite field, is the theory of algebraically closed fields” (and this is true even
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for division rings). More generally, we would like to replace stable by depen-
dent and/or superstable by strongly dependent or at least strongly? stable (or
another variant).

Of course, for strongly dependent we should allow at least the following cases
(in addition to the algebraically closed fields): the first order theory of the real
field (not problematic, as it is the only one with finite non-trivial Galois groups),
the p-adic field for any prime p and the first order theories covered by 1.17(2),
i.e., Th(KT) for such F.

Hence

5.34. CONJECTURE: (a) If K is an infinite field and T = Th(K) is strongly?
dependent (i.e., Kict,2(T) = No), then K is an algebraically closed field (not
strongly!!).

(b) Similarly for division rings.

(c) If K is an infinite field and T = Th(K) is strongly' dependent, then K is
finite or algebraically closed or real closed or elementary equivalent to K
for some F as in 1.17(2) (like the p-adics) or a finite algebraic extension of
such a field.

(d) Similar to (c) for division rings.

Of course it is even better to answer 5.35(1):

5.35. Question: (1) Characterize the fields with dependent first order theory.
(2) At least “strongly dependent” (or another variant; see (E), (F) below).
(3) Suppose M is an ordered field and T'= Th(M) is dependent (or strongly

dependent). Can we characterize?

Remark: But we do not know this even for stability. So adopting strongly
dependent as our context we look to what we can do.

5.36. CLAIM: For a dependent T' and group G interpreted in the monster model
€ of T, for every ¢(z,y) € L(rr) there is n, < w such that, if « is finite,
(@; : i < ) is such that G N (€, a;) is a subgroup of G, then their intersection
is the intersection of some < n,, of them.

Remark: If T is stable this holds also for infinite o by the Baldwin—Sax] theorem
[BaSx76].

Proof. See Kaplan-Shelah [KpSh:993].
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5.37. CLAIM: If the complete theory T is strongly’ dependent, then “finite
kernel implies almost surjectivity”, which means that if in €, G is a definable
group, 7 a definable homomorphism from G into G with finite kernel, then
(G : Rang(m)) is finite.

Proof. By a general result from [Sh:783, 3.8, 4.5] quoted here as 0.1. 5.37
5.38. CLAIM: Being strongly’ dependent is preserved under interpretation.
Proof. By 14, 2.7. 5.38

Hence the proof in [ChSh:115] works “except” the part on “translating the
connectivity”, which relies on ranks not available here.
However, if T is stable this is fine, hence we deduce

5.39. Conclusion: If K is an infinite field and Th(K) is strongly? stable, then
T is algebraically closed.

5.40. CLAIM: Let p be a prime. Then T is not strongly dependent if T is the
theory of differentially closed fields of characteristic p or T' is the theory of some
separably closed fields of characteristic p which is not algebraically closed.

Proof. The second case implies the first because, if 4 C 71,75 a complete L(72)-
theory which is strongly dependent, then so is 77 = To N L(7y). So let M be a
N;-saturated separably closed field of characteristic p which is not algebraically
closed. Let ¢, () = (3y)(y*" = ) and p.(z) = {@n(z) : n < w} and let 2B,y
mean ¢, (r —y), so EM is an equivalent relation.
Let (aq : o < wi) be an indiscernible set such that o < < w1 = ag — aq ¢
©1(M). L
Let n (2, 90,91, Yn—1) = (32)[pn(2) Az = yo +y7 + - +yp_y +2].
Now by our understanding of Th(M):
® (a) if bp € M for £ <n then M = (3x)n(x,bo,...,0n-1),
(b) in M we have ¥pn41(2, 90, -,Yn) F Un(z, 90, -, Yn—1),
(¢) in M we have, if ¥, (b, aag,-- -5 Ga,_1) ANYn(b,apy,---,a8, ), then
Necn e = B
[Why? Clause (a) holds because, if by € M for £ < n, then a = bo+bF +- - +bF
exemplifies “Jz”. Clause (b) holds because if M E ¥pni1]a,bo,...,bn—1,by)
as witnessed by z +— d, then M = ,a,bo,...,byp—1] as witnessed by z +—
d+b2", which € ¢,(M) as @,(M) is closed under addition, and d € ¢, (M)

n

1
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by d € pni1(M) C p,(M) and 2" € ¢, (M) as b, witnesses it. Lastly, to
prove clause (c) assume that for £ = 1,2 we have d’ = dﬁ’n € n(M),b =
Qog T8, +al 4+l +d andb=ag, +ab +db, +---+al_ +di
We prove this by induction on n. For n = 0 this is trivial, n = m+1 substituting,

n—1 e n n
etc., we get aq, —ag, = (ag1 —ab )+ +(ap —agni)—i—(dé’ —di ) € p1(M),

so by an assumption on (ay : v < wy) it follows that ap = Bp. As there are

unique p-th roots the original equation implies an, +ab, +-- -+ a?" "+ d{’n =

Qtn—2
n—2 n
ag, +ap, +---+ap  +dj , and we use the induction hypothesis.]
So together:

© for every n € “(w1), there is b, € M such that
(Oé) M+ 1/)n(b77, An(0)y -+ an(n_l)), hence
(B) if n<w,ve™(w1),v #n [ n then M=y, (by, o), - -5 Gu(m—1))-

This suffices. 5.40

(E). STRONGLY® DEPENDENT. It is still not clear which versions of strong de-
pendent (or stable) will be most interesting. Another reasonable version is
strongly® dependent, but see more below. It has parallel properties and is nat-
ural. Hopefully, at least some of those versions allows us to generalize weight
(see [Sh:c, V,83]); we intend to return to it elsewhere. Meanwhile, note:

5.41. Definition: (1) T is strongly® dependent if kict 3(T) = Ro (see below).

(2) Kict,3(T) is the first s such that the following ® holds:

if v is an ordinal, Gy € V(Mq41) for o < 0, (Gq : a € [8,9)) is an indiscernible
sequence over Mg for f < 6 and 1 < 2 = Mp, < Mg, < € and ¢ € “~¢€ and
cf(6) > K, such that if n < w,apo < - -agn_1 <k for £ =1,2, a1; < ag; for
1<nandbC Mgy | thereis b2 C Mgy, such that @a, o A+ Aday,,, A b
and o, o A Ada,, , Ab? realize the same type, then for some 8 < &, (aq :
a € [B,0)) is an indiscernible sequence over Mg U €.

(3) We say T is strongly’ stable if T is strongly’ dependent and is stable.

3.* stable as

(4) We define kict 3.« (T) and strongly®* dependent and strongly
in the parallel cases (see Definitions 1.8 and 2.12), i.e., above we replace ¢ by

(€n, : n < w) indiscernible over | J{Mp : 5 < d}.

8 We may consider replacing § by a linear order and ask for < k cuts.
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5.42. CLam: (1) If T is strongly’*! dependent then T is strongly’ dependent
for £ =1,2.

T is strongly’ dependent iff T is; moreover, Kict 0(T) = Kict,e(T9).

If Ty is interpretable in Ty then Kict ¢(T1) < Kict,e(T2).

If Ty = Th(Barma) (see [Sh:783, §1]) and Ty = Th(M) then kie ¢(T2) =
Kict,e(T).

(5) T is not strongly® dependent iff we can find ¢ = (pn (%o, T1,9n) : N < W),

N TN TN
= W N
NG

m = {g(Zo), and for any infinite linear order I we can find an indiscernible
sequence {(a, by, : t € I, € “>1 increasing) (see Definition 5.45 below) such
that for any increasing sequence 1 € “I, the set {@n(Zo, as, by ) =)
n<wandn(n—1)<rselifn >0} of formulas is consistent (or use just
s=mn(n),n(n) + 1 or n(n) <y s, it does not matter).

(6) The parallel of parts (1)—(5) hold with strongly®* instead of strongly?.
In particular, (parallel to part (5)) we have T is not strongly®* depen-
dent iff we can find ¢ = (pn(To,...,Txm),¥n) : N < w),m = Lg(T),
and for any infinite linear order I we can find an indiscernible sequence
(¢, by i t € I,n € “> 1T increasing) (see 5.45) such that for any increasing
ne“l,

{@(Zo, s, bypn) 1) 0 < w and n(n — 1) <1 s if n > 0}
U{Y(Zigs s Tiny_15€) = U(Zjgs -3 &gy 15C) i < w, 00 < -+ <1 < W,

Jo <+ < Jm-1 <wandeC U{ds,bp :s€1,p eI increasing}}
is consistent.

Proof. (1)-(4). Easy.
(5), (6) Easy, see [Sh:F918]. 5.42

Recall that this definition applies to stable T (i.e., Definition 5.41(3)).

5.43. Observation: The theory T is strongly® stable iff: T is stable and we
cannot find (M, : n <w),¢ € “”¢€ and a,, € “(M,4+1) such that:
(a) M, is F¢-saturated,

(b

) M,
(c) tp(an, M,) does not fork over My,
(d) tp(e, M, Ua,,) forks over M,.

Proof. Easy. 5.43

n+1 1s Fi-prime over M, U a,,
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5.44. CONJECTURE: For strongly® stable T we have dimension theory (including
weight) close to the one for superstable theories (as in [Sh:c, V]). We may try
to deal with it in [Sh:839]; it is related to §5 G below.

(F). REPRESENTABILITY AND STRONGLY4 DEPENDENT. In [Sh:897] we deal
with 7" being fat or lean. We say a class K of models is fat when, for every
ordinal a, there are a regular cardinal A and non-isomorphic models M, N € K
which are EF;LIr y-equivalent, where EF;‘ , is a strong version of “the isomorphism
player has a winning strategy in a strong version of the Ehrenfuecht—Frésse game
of length \”. We prove there that, consistently, if T is not strongly stable and
Ty D T, then PC(T4,T) is fat (in a work in preparation [Sh:F918] we show that
it suffices to assume “T" is not stronglys-stable”; see below).

Cohen-Shelah [CoSh:919] deals with the stable case [Sh:F705], a work in
preparation, we hope to deal with representability. The weakest form (for ¢
a class of index models, e.g., linear orders) is, e.g., first order T is weakly &-
represented when for every model M of T' and, say, a finite set A C L(7p) we
can find an index model I € ¢ and sequence (G; : t € I) of finite sequences
from M€ (or just singletons) which is A-indiscernible, i.e., (see below) such
that |M| C {a; : t € T}.

This is a parallel to stable and superstable when we play with essentially the
arity of the functions of £ and the size of A’s considered. The thesis is that T
is stable iff it, essentially, can be represented for essentially € the class of sets
and parallel representability for £ derived for order characterize versions of the
class of dependent theories. We also define €-forking, i.e., replace linear orders
by other index sets. Meanwhile, [CoSh:919], has fulfilled those hopes for stable
T but [KpSh:975] shows that for general dependent T the hopes fail. We define

5.45. Definition: (1) For any structure I we say that (G, : ¢ € I) is indis-
cernible (in € over A) when: fg(a;) depends only on the quantifier type
of tin I and: if n < w and 5§ = (80,51,--+,8n-1),¢ = {to,--+,tn_1)
realize the same quantifier-free type in I then aj := as,” -+ "a¢,,_, and
a5 = s, -+ Gs,_, realize the same type (over A) in €.

(2) We say that (b, : u € [I]<N0) is indiscernible (in €) (over A) similarly:
if n < w,wp,...,Wp—1 € {0,....,n— 1} and 5 = (sp : £ < n), t =
(te : £ < n) realize the same quantifier-free types in I and w, =
{sk + k € we},vp = {ti : k € we} then @y "Cup_yyGuy ** Copy_y
realize the same type in € (over A).
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We may use incr(< w, I) instead of [I]<Y°, where incr(*I) = incr, () =

incr(a, I) = {p : p is an increasing sequence of length « of members of
I}. We can use < a or < «; clearly the difference between incr(< w, I)
and [I]<®° is notational only (when we have order).

5.46. Definition: (1) We say that the m-type p(Z) does (A,n)-ict divide

(2)

over A (or (A, n)-ict! divide over A) when: there are an indiscernible
sequence (a; : t € I), I an infinite linear order and sg <y to <y $1 <s1
t1 <1+ <1 Spn—1 <1 tp—1 such that

@1 p(Z) F “pa (T as,, A) £ tpa (T ay,, A)” for £ < n.

We say that the m-type p(Z) (A, n)-ict?-divides over A when, above, we
replace ®; by:

@2 p(T) b “tpa (T as,, U{as, : k < LFUA) # tpa (T ae,, U{as, : k <

¢} U A)” for £ < n.
We say that the m-type p(Z) (A,n)-ict®-divides over A when, above,
({@; : t € I Uiner(< n, I)) is indiscernible over A and we replace ®; by
®3 P(T) F “UPA(T Gsy, Ay, sy UA) # tPA(T 1y, Qs sy UA)”
for £ < n.
We say that the m-type p(z) (A, n)-ict*-divides over A when there are
n* < w and sequence (@, : n € inc(< n*,I)) indiscernible over A such
that (where comp(I) is the completion of the linear order I):
if ¢ realizes p(Z), then for no set J C comp(I) with < n members

is the sequence (a, : 1 € inc(< n*, IT)) A-indiscernible over A, where
I™ =(I,P)tcy and P, :={s € [ : s < t}. Note that if T is stable, we
can equivalently require J C I and use P; := {t}.

For k € {1,2,3,4} we say that the m-type p(Z) (A, n)-ict*-forks over A
when for some sequence (¢ (Z, ar) : £ < £(x) < w) we have

(a) p(Z) & Vicyp Ve(@,a:),

(b) Ye(z,ar) (A, n)-icth-divides over A.

If kK = 1 we may omit it; if A = L(7r) we may omit it.
We define ict* —rk™ (p), an ordinal or oo, as follows (easily well defined):
ict® — k™ (p) > a iff p is an m-type and, for every finite ¢ C p, finite
A C Dom(p) and n < w and S < «, there is an m-type r extending
q which (L(7r),n) — ict*-forks over A with ict®-rk™(r) > 8. If ictk-
rk™(r) # B+ 1, we say that n witnesses this if the demand above for
this n fails. If n 4 1 is the minimal witness, let n = ict® — wg™(r).
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(7) Ko (T) s the first & > N such that, for every p € S™(B), B C €, there
is a set A C B of cardinality < & such that p does not ict*-fork over
A. Omitting m means for some m < w; note that we write sy ict(T) to
distinguish it from Definition 2.3 of ki 2.

(8) T is stronglyy, dependent [stable] if kot (7)) = Ro [and T is stable].

(9) We define kg, ict,«(T) in a parallel way, i.e., now p(Z) is the type of
an indiscernible sequence of m-tuples and T is stronglyy . dependent
[stable] if it is dependent [stable] and kg ict,«(T") = Ro.

5.47. CLAM: (1) For dependent T', the following conditions are equivalent:

(a) Kaict,«(T) > No; see Definition 5.46(4),(7),(9).
(b) There are m, {(Ag,ng) : £ < w),I,J such that:
(o) Ay CL(7r) finite and ny < w and ng > ¢ for { < w,
(8) I is an infinite linear order with increasing w-sequence of members,
(

v) J=(a, : p € inc<y,(I)) is an indiscernible sequence with a, € “C,
(0) forn € “I an increasing sequence, for some ¢; € ™€(¢ < w) we have:

(1) (€r: £ < w) is an indiscernible sequence over | J{a, : p € incr(I, <
w)},

(i) if J is the completion of the linear order I, then for no finite Jy C
J do we have: ifn < w and pf, ..., p%_ € incr(I, < w) forf = 1,2
are such that lg(pl,) = Lg(p2,) for m < n and p{"---"pl_; and
P&~ -+ p2_; realize the same quantifier free type over Jy in J,
then apt IR Aap}m,l’ a2 IR Aapi,l realize the same Ay-type over
U{é: ¢ <w}inC.

(¢) The natural rank is always < co.

(2) For dependent T the following conditions are equivalent:

(a) Hzict(T) > No,

(b) like (b) is part (1), only (¢, : £ < w) is replaced by one m-tuple ¢,
(c) ict* —rk™(z = &) = o0,

(d) ict* —rk™(z =) > |T|*.

(3) Similarly (just simpler) for k = 1,2, 3 instead 4.

Proof. Straightforwad, but for part (2) see details in Cohen and Shelah [CoSh:E65,
§2]. 5.47
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5.48. Question: (1) Can we characterize the T such that the ict*-rk! rank of
the formula z = z is 17

(2) Do we have ict’-tk™(Z = Z) = oo iff ict’-rk! (z = z) = o0, i.e., can we in
part (2) say that the properties do not depend on m? The positive answer will
appear in Cohen and Shelah [CoSh:E65].

Now

5.49. Observation: (1) For k = 1,2,3, if p(%) (A, n)-ict® forks over A, then
p(z) (A, n)-ict?+1 forks over A.

(2) If T is stronglyi4+1 dependent/stable, then T is strongly, dependent/
stable.

(3) For k € {1,2,3,4}, if T is strongly k dependent/stable, then T is
strongly k dependent/stable; if T3 is interpretable in 7o and T» is
strongly;, dependent/stable, then so is T;.

(4) Assume T is stable. If p € S™(B) does not fork over A C B, then
icth-rk™(p) = icth — k™ (p | A).

Remark: Also, the natural inequalities concerning ict-rk™(—) follow by 5.49(1).
The parallel of 5.49 holds for types of indiscernible sequences over A.

Proof. Straightforward. Details on the proof of part (3) for k = 1, see [CoSh:E65,
12] 5.49

5.50. Example: (1) There is a stable NDOP, NOTOP, not multi-dimensional
countable complete theory which is not strongly? dependent.

(2) T = Th(“*(Z2),En)n<w is as above, where Zy = Z/27 as an additive
group; E, = {(n,v) : n,v € “1(Z3)} are such that n [ (wn) =v | (wn).

(3) As in part (1) but 7' is not strongly dependent.

Remark: This is [Sh:897, 0.2]. It shows that the theorem there adds more cases.

Proof. (1) By part (2).

(2) So let My be the additive group (“*(Zz),+) where + is coordinatewise
addition and, for a < w, let M, = (“*(Z2), Py)n<a, where P, = {n € “1(Z,) :
7 | (wn)} is constantly zero and E, = {(n,v) : n,v € “*(Zz) are such that
n | (wn) = v | (wn)} and M) = (“*(Z2), Ep)n<a. Hence M/, M, are bi-
interpretable, so we shall use M,. Let T = Th(M,,) and let T, = Th(M,).
So for a model N of T, is just an abelian group in which every element has
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order 2, with distinguished subgraph P for n < «, hence a vector space over
the field Zy and P decrease with n.

T is stable:

For n < w, a model of T}, is determined by finitely many dimensions: (P} :
P,ﬁrl) for k < n (where E}Y is interpreted as the equality), so T}, is superstable
not multi-dimensional.

Hence T necessarily is stable.

T is strongly dependent not strongly? dependent:

As in 2.5; in fact it is strongly dependent.

T is not multi-dimensional:

If N is an Nj-saturated model of T, then it is determined by the following
dimension as vector spaces over Zs, for n < w:

()1 PY/PYy,

()2 Nyeww P’

Each corresponds to a regular type (in €7%).

T has NDOP:

Follows from non-multi-dimensionality.

T has NOTOP:

Assume Ny < € is Ny-saturated, Ny < N for £ = 0,1, 2 such that tp(Ny, Na)
does not fork over Ny. Let A be the subgroup of € generated by N; U Na and
let N3 = & | A. Easily N3 < €p; moreover, N3 is Ni-saturated.

By [Sh:c, XII] this suffices.

(3) Expand M, by Q. = {n € “*(Z2) : n | [wm,wm + w) is constantly zero}
for m < n. 5.50

(G). STRONGLY3 STABLE AND PRIMELY MINIMAL TYPES.

5.51. Hypothesis: T is stable (throughout §5 G).

5.52. Definition: [T stable] We say p € S®(A) is primely regular (usually o < w)
when: if K > |T| + || is a regular cardinal, the model M is k-saturated, the
type tp(a, M) is parallel to p (or just a stationarization of it) and N is k-prime
over M +a and b C *> N\"> M, then tp(a, M + b) is k-isolated; equivalently °
N is k-prime over M + b.

5.53. CLAIM: (1) Definition 5.52 is equivalent to: there are k, M,a, N as there.

9 Because N is k-prime over M + @ -+ ¢ whenever ¢ € *~ N.
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(2) We can in part (1) replace “s > |T| + |a| regular, k-prime” by “f(x) >
k(T),Fe-prime”, respectively.

Proof. Straightforward. 5.53
Now (recalling Definition 5.41 and Observation 5.43)

5.54. CLAIM (T is stronglys stable): If cf(k) > k,.(T) and M < N are F2-
saturated, then for some a € N\M the type tp(a, M) is primely regular.

Proof. The reader can note that by easy manipulations, without loss of gener-
ality k = cf(k) > |T|; in fact, by this we can use tp instead of stp, etc.

Let a, = min{ict® — rk(tp(a, M)) : @ € N\M}, and let a € N\M and
o«(z,d,) € tp(a, M) be such that au, = ict® — rk({p.(z,ds)}).

We try to choose Ny, ag, By by induction on ¢ < w such that

B (a) M < Ny < N and ag € N,/\M;
(b) Ng is F¢-primary over M + a¢ and ag = a;
(c) if £=m+1 then
() Ny < N, and tp(am,, M + ay) is not F-isolated,
) Ny, is F¢-primary over Ny + a,,
) Ny is F2-constructible over Nyy1 + ao;
) Be € Ny,
) ay € Be,
) 1Bl < 5,
) every F¢-isolated type ¢ € S<“(M U By) has no extension in
S<¢(M UJ{Bwm : m < £}) which forks over M U By,
(e) By is Fe-atomic over M + ay.
Let (Ng,ag) be defined iff £ < 1+ £(%) < w; clearly £(x) > 0.
Xy If £(%) < w, then tp(ag), M) is primely regular.

[Why? If not, then for some b € Ny, \M we have tp(as., M + b) is not
F¢-isolated.

We try to choose b’ by induction on & < & such that

(M11) (@) b = (D),
(B) bL € “> (Nys)),
) tp(bl, M U U{b' ¢ < e} U{b}} is Fe-isolated,
) tp(bl, M U U{b' ¢ <e}U{b,ar,...,ay.)} is Fi-isolated for k =
£(x),...,0,

(v
(0
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(e) tp(a, M U U{l_)'C : ¢ < ¢e}) forks over M U | J{b¢ : ¢ < €} for some
ac w>(Bg(*)) when € > 0.

We are stuck for some e(x) < r because |By)| < &, and let B’ = (J{b. :
e < g(x)}. Now we can find an F¢-saturated N’ which is F2-constructible over
M + B’ and Fg-saturated N” which is F¢-constructible over N U By(,. By the
choice of B’, the model N’ is F¢-constructible also over M U By(,) U B’ (by the
same construction), hence N is F¢-constructible over M + By, + B'.

Clearly N” is Fy-prime over M + By, + B’ and Ny, is Fg-prime over
M + By + B’ (as B" € Ny, see clause () above, and B’ has cardinality
< k). So there is an isomorphism f from N” onto Ny over M U By, U B.
Renaming, without loss of generality f = idy» so N = Ny,.

Lastly, we shall show that (N',b,B’) is a legal choice for (Ny(y)+1,04(+) 41, Be(x)+1)-

Why? The non-obvious clauses are (c)(), () and (d) of Byq41.

First, for clause (d) obviously B’ C |[N'|,b € N’ and |B’| < &, so (d)(«), (B),
(7) hold and clause (d)(g) holds by the clause H; 1(). As for (d)(§), assume
q € S<¥(M U B’) is F¢-isolated, let ¢ € ¥~ (N’) realize ¢, and let B, C M U B’
be of cardinality < s such that stp(¢, By) - stp(¢, M U B’). Now we have
stp(¢, MUB’) I= stp(¢, M U By, UB’), as otherwise we can find ¢ in € realizing
stp(¢, By). hence stp(¢, M U B') for £ = 1,2 such that stp(¢i, M U By, U
B') # stp(ca, M U By(,y U B'); so for some finite a C Bg(*),g C M we have
stp(¢,dUaU B') # stp(éa,dUaU B’). Now without loss of generality ¢;,¢c; are
from Ny, contradicting the choice of £(x). Let b list B’ without repetitions,
so by the induction hypothesis stp(b"¢, M U By,)) b stp(b"e, M UBy U --- U
By(+)), hence stp(¢, M U By, U b) Fstp(é, M UByU---U By U b), so by the
choice of b and the previous sentence really clause (d)(d) holds for the choice
of (Ng(*)_,_l, Ap(x)+15 Bg(*)_,_l) above.

Second, concerning clause (c)(3) of By (.)11, by the sentence after the choices
of B, N" above we know that N’ is F-constructively over M U By, U B’, so
clearly stp(N', M U B') I stp(N', M U B’ U By(,)), hence stp(By(,), M U B’) -
stp(By(x), N'), so easily stp(By(.y, M U B" U {ayu}) F stp(Byy, N').

Now By(,)UB’ is F-atomic over M U{ay (.}, being € Ny, recalling B, (b)
holds. Therefore hence By, is Fg-atomic over M U B" U {ay(.)}, hence by the
previous sentence By, is F-atomic over N’ 4 ay(,); but |By| < &, hence it is
F{-constructible over N' + ay(,). As N” is F¢-constructible over By,y UN' by
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its choice (and ay.) € By by By(.)(d)(B)), clearly N is also Fg-constructible
over N' U {ay)} as required in (c)(B).

Clause Hy(c)(y) means that N,y = N" is Fi-constructible over N’ + a,(,).
Now Ny.y = N” is Fi-constructible over By,) U N’ and a € “~(Ny,)) im-
plies stp(a, By U N') = stp(a, Bo U - - - U B,y U N'), hence by monotonicity
stp(a, By(.y UN') F stp(a, ao + By, + N'), so by the same construction N,y =
N" is F¢-constructible over ag 4+ Byx) + N'. As Byy € Ny, |Booy| < &, it
is enough to show that By, is Fj-atomic over ag + N’, and this is proved as
in the proof of clause (d)(d) above. So indeed (N’,b, B’) is a legal choice for
(Ne(e)+1, @o(s)+1> Begey+1)- But this contradicts the choice of £(x), so we have
finished proving X .]

Ko If £ =m+ 1< 1+ £€(x), then tp(am, Ny) is not orthogonal to M.

[Why? Toward a contradiction assume tp(a,, N¢) LM. So we can find A, C Ny
of cardinality < x such that tp({ag, . . ., am), Ag) is stationary, tp({ao, . - . , Gm ), Ne)
does not fork over Ay and tp(Ag, M) does not fork over Cy := Ay N M and
tp(Ag, C¢) is stationary, and ay € A; and (recalling N, is F%-primary over
M + ay) we have stp(Ag, Cp + ag) b stp(Ag, M + ap); it follows that tp(M, Ay)
does not fork over C;. As tp(am,M + Ay) is parallel to tp(am,N¢) and
to tp(am, Ae) and tp(am,Ng) L M is assumed, we get that all three
types are orthogonal to M. It follows that stp(am,As) b stp(am, M + Ay),
but recall ay € Ay, so stp(am,A¢) b stp(am, M + ag). As |Ay] < & this
implies that tp(am, M + A;) is Fl-isolated. But recall stp(A;, Cp + ag) =
stp(Ag, (Ag N M) + ag) b stp(Ag, M + ag). Together stp(an, + Ag, Co + ag) F
stp(am+Ae, M4-ay), hence tp(am, M+ay) is F-isolated, contradicting X, (c)(«).]

To complete the proof by K it suffices to show ¢(*) < w, so toward a con-

tradiction assume:
&3 f(*) = Ww.
As we are assuming X3, we can find (N, : £ < £(x) = w) such that:

©1 (a) Ny < NZ_,
(b) Ng is saturated, e.g., of cardinality || N||I”1,
(c) N, +1 <N/,
(d) ¢

(e) (NZF, )ceNeuN+ is saturated.

p(N,", N) does not fork over Ny,
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[Why? We can choose N, by induction on ¢. For ¢ = 0 it is obvious, and for
¢ =m + 1 we choose N, while satisfying the relevant demands in ®; on N, ; ,
and then choose N}, satisfying the relevant demands on (N,, N,}). Lastly, by
the uniqueness of the saturated model there is an isomorphism f; from N/, onto
N} over N,,, and let Ny = fi(N)).]
Next, for £ < (%) we can find I, such that:
®2 (a) I, C N;\NZH’

(b) I, is independent over (Nerl,M), (i.e,, c€ Iy = tp(e, Nerl) does
not fork over M and I is independent over NN, erl),

(c) tp(N,, NZH UI,) is almost orthogonal to M,

(d) if ¢ € Iy, then either ¢ € ¢.(€,d,) or tp(c, M) is orthogonal to
¢ (x,d,), i.e., to every ¢ € S(M) to which ¢, (x,d,) belongs,

(e) if ¢ € S(N;,) does not fork over M and ¢«(r,d,) € q or g is
orthogonal to ¢, (z,d.), then the set {c € I, : c realizes ¢} has
cardinality || Ng|,

(f) welet I, = I, N . (¢, d.).

. ? Jr .

[Why possible? As (N, ’C)CEN?H) is saturated.]

Now for ¢ < £(x),

©3 I, is not independent over (NZZrl +a, NZH).

[Why? Recall a = ap. Assume toward a contradiction that

(¥)3.1 I is independent over (N | +a, Nj\ ).
As by clause (b) of ®3 we have tp(Is, N, ;) does not fork over M, it follows that
I, is independent over (N, ;+a, M). Also, by (*)3.1 we know that tp(a,N, UI,)
does not fork over NZFI. Also, tp(a,NZFl) does not fork over Nyiq1 (because
a € N and tp(N; 1, N) does not fork over Ny1 by ®1(d)). Together it follows
that

(x)s.2 tp(a, NZi-l + 1) does not fork over Npi1.
Recall that tp(Ng, N ;) does not fork over Nyyy (by ©1(d) because Ny < N

using symmetry) and tp(a, Ny U NZH) does not fork over N, similarly, hence
tp(Ne + a, N, ;) does not fork over Ny 1, hence

(*)3.3 tp(Ne, N

11 + a) does not fork over Nyy1 + a.

Recall Ny is F-constructible over Nyy1+a (by Byy1(c)(7y)), Ne is F2-saturated
and tp(NZrl, Ny + a) does not fork over Nyy;. Clearly
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(¥)3.4 Ny is also Fe-constructible over N, , + a (even by the same construc-

£+1
tion).
As tp(a, Nerl +1,) does not fork over Ny4q and Nerl is F¢-saturated, it follows

that
(*)3.5 tp(Ny, NZH + I,) does not fork over NZH, hence over Ny, 1.
But by ®» clause (c), for every d € “>(N,") the type tp(d, N/, +1;) is almost
orthogonal to M, hence recalling Ny C N, ; ,
(*)3,6 tp(NEa N+

0+1
®3.1 — @3.5 so can be used later).

+ 1) is almost orthogonal to M (this does not depend on

Hence by (*)3.5 + (*)3.6 we have
(x)3.7 tp(Ng, Ney1) is almost orthogonal to M.
But Ngy; is Fé-saturated, so this implies
()s.8 tp(N¢, Npy1) is orthogonal to M.
But by H(b)
(*)3.9 ag € Ny.
By X we have
(*)3.10 tp(ae, Ny41) is not orthogonal to M.

Together (x)s.s8 + (%)3.9 + (%)3.10 give a contradiction, so (x)s1 fails, hence ®3
holds.]
Now (recalling clause (f) of ®2)

©4 I} is not independent over (N, ; 4 a, N/, ;).
[Why? By ©3 + clauses (b)+(d) of ®g, recalling that a € ¢.(€,d.), by the
choice of @ in the beginning of the proof of 5.54.]

®s5 For each n, tp(a, N;F) (L(rr), n)-ict3-forks over M.
[Why? By 5.55 below, with I, N:—e here standing for I,,_,_1, Ny there, clause

(d) there holds by ®3 here; M, A there stand for M, M here, clauses (a),(b),(c)

there hold by (x)36 here (recalling that (x)3.¢ does not depend on ®31 — ®@3.5.]
O ax > ict® —rk(tp(a, N;H)) for every n < w.

[Why? By the choice of o, (z,d.),a,a, in the beginning of the proof we have

o = ict® — rk(tp(a, M)), and by ©s and the definition of ict® — rk(—) this

follows.]

©®7 For each n, tp(a, N;{H) is not orthogonal to M.
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[Why? By @2(b) + @4
Hence we can find ¢ € S(M) such (for any n):

®g (a) some automorphism of € over d. maps tp(a, N,,) to a type parallel
to g,
(b) ict® —rk(q) < a,
(¢) q and tp(a, N,,+1) are not orthogonal,
(d) if ¢ C q,|¢'| < k then ¢'(N) € M [actually clause (d) follows by

(©)]-

This contradicts the choice of a.; so £(*) < w and we are done. 5.54

5.55. CLAIM: Assume T is stable. A sufficient condition for
“p(a, Nn) (A, n) — ict*-divides over A”

is:

® (a) (Ng: £ <n) is <-increasing,

(b) ACM< Ny,

(¢) I € Nyy1\ Ny is independent over (Ny, M) for £ < n,

(d) tp(a, Ne UIy) forks over Nyiq,

(e) tp(Neg1, Ne + 1p) is almost orthogonal to M.

Proof. Left to the reader, noting that (I, : £ < n) are pairwise disjoint (by
clauses (a) +(c)) and U{I; : £ < n} is independent). 5.55

5.56. Remark: (1) We may give more details on the last proof and intend to
continue the investigation of the theory of regular types (in order to get good
theory of weight) in this context somewhere else.

(2) We can use essentially 5.55 to define a variant of the rank for stable theory.
So 5.55 can be written to use it and hence 5.57 connects the two ranks.

5.57. CLAIM: Assume k € {3,4} and ict*rk(T') < oo; see Definition 5.46(6).
Ifcf(k) > |T|*" orlessand M < N are k-saturated, then for some a, o(z, a), n*

we have:

(a) a € N\M,

(b) if T is stable, the type p = tp(a, M) is primely regular,
(c)

(d)

a€“ M and p(x,a) € p,
w x (wict*-rk(p(z,a))) + (ict® — wg(p(x,a))) is minimal.

Proof. We choose a, ¢.(z,d.), o, n, such that:
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)

) —
(c) €k ¢la,d.],
(d) o

)

)

(g) under clauses (a)—(f) the number n,(< w) is minimal.

Clearly there are such a, ¢.(z,¢), a and n,. Then we try to choose (N¢, ag) by
induction on ¢ < w such that By from the proof of 5.54 holds. But now we can
prove similarly that /() < n.. However, still tp(a, Ny(.)) is not orthogonal to
M.

[Why? We can choose NJ, ceey NZE*)’ Ip,...,Ip)—1 asin ©®2+©3 in the proof
of 5.53 and prove ®3 there, which implies the statement above. As p.(x,d,) €
tp(a, Nyx)), it follows that ¢(Ny(.),¢) € M and any o’ € ¢(Ny),¢)\M is as
required.

This is enough. 5.57

Similarly to Definition 5.46:

5.58. Definition: Let T be stable.

(1) For an m-type p(Z) we define sict>-tk™(p(z)) as an ordinal or oo by
defining when ict®-tk™(p(Z)) > « for an ordinal a by induction on a:
(%)p(z) sict?rk™(p(Z)) > a iff for every f < o and finite ¢(z) C p(z)

and n < w we have:
(**)5(;’) we can find (My : ¢ <n), (I, : ¢ < n) and a such that:
(a) My <Cis FY (r)-saturated,
(b) My < My,
(¢) q(z) is an m-type over My,
(d) @ realizes ¢(z) and B < sict® — rk(tp(a, M,)) > 5,
) Ip C“>(My4q) is independent over (My, My),

f) I, is not independent over (M, + @, My) (clearly, without loss

of generality, I, is a singleton).

(2) Ifsict3-rk™(p(Z)) = a < oo, then we let sict3-wg™(p(Z)) be the maximal
n such that, for every finite ¢(Z) C p(Z), we have (**)2‘(%

(3) Above instead of sict®-rk(tp(a, A)) we may write sict3-rk™(a, A); simi-
larly for scit3-wg™ (a, A); if m = 1 we may omit it.

e

(
(
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5.59. CLaM: (1) T is stronglys stable iff T is stable and sict®>-tk™(p(Z)) < oo
for every m-type p(Z).

(2) For every type p(Z) there is a finite q(Z) C p(z) such that (sict>-rk(p(Z)),
sict?>-wg(p(z)) = sict® — rk(q()), sict®>-wg(q())).

(3) If p(z) F q(&), then sict®-rk(p(z)) < sict*-rk(q(z)), and if equality holds
then sict3-wg™ (p(z)) < sict®-wg™ (q(z)).

(4) (T stable) If p(%), q() are stationary parallel types, then sict3-rk™ (p(z)) =
sict® -1k (q(z)), etc. Ifay,a; realizes p€ S™(A), then sict®-rk™ (stp(ay, A) =
sict®-rk™ (stp(ag, A)). Similarly for sict®-wg™. Also, automorphisms of €
preserve sict3-rk™ and sict®-wg.

5.60. CLAIM: p(Z) (A,n)-ict? forks over A for every n when:

® (a) G is a definable group over A (in €),
(b) b € G realizes a generic type of G from S(A), as was proved to exist
in [Sh:783, 4.11], or T stable,
(c) p(z) € S<Y(A+1b) forks over A.

Remark: We may have said it in §5 F.
Proof of 5.60. Straightforward.

5.61. Conclusion: Assume T is stronglys dependent.
If G is a type-definable group in €p, then there is no decreasing sequence
(G, : n < w) of subgroups of G such that (G, : Gp41) = & for every n.

5.62. Remark: (1) In 5.60 we can replace “ict®” by “ict?” and also by suitable
variants for stable theories.
(2) Similarly in 5.61.

(H). T 1s n-DEPENDENT. On related problems and background see [Sh:702,
2.9-2.20], (but, concerning indiscernibility, it speaks about finite tuples, i.e.,
a < w in 5.71, which affect the definitions and the picture). On a consequence
of “T" is 2-dependent” for definable subgroups in € (and more, e.g., concerning
5.64), see [Sh:886].

5.63. Definition: (1) A (complete first order) theory T' is n-independent when
clause (a)™ in 5.64 below holds.
(2) The negation is n-dependent.
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5.64. Problem: Sort out the relationships between the following candidates for

“T is n-independent” (T is order order complete; also, we can fix ; omitting

m we mean 1):

(a)"

Remark: We can phrase (b)

Some ¢(Z, Yo, Y1, - - -, Jn—1) is n-independent, i.e., (a)?, for some m.
Some ¢(Z, Yo, Y1, - - -, Yn—1) is n-independent where £g(T) = m, where:
© ©(Z, Yo, Y1, --Yn—1) is n-independent when there are df; € talvg
—n—1

for a < A\, ¢ < nand (p(Z, d?](o), e ,an(nfl)) :m € ™\ is increasing)
is an independent (sequence of formulas).

There is an indiscernible sequence (a, : a < A),© = ©(Z, Go, - -+ Tn-1),
m = Lg(x),Lg(ge) = Lg(as) for £ < n,a < X and ¢ € Y9 ¢ such that:
if k < mnand (R : £ < £(x)) is a finite sequence of k-place relations
on )\, then for some sequence t,5 € "\ realizing the same quantifier
free type in (X, <, Ro, R1, ..., Ryq)) we have € |= ©O[b, @sys -5 s, _,| A
—[b, sy, - - -, A, -

For some ¢ = ©(Z,%o,-.-,Jn-1),09(Z) = m, for every j € [l,w),
for infinitely many k there are af € t9W)¢ for i < k,¢ < n such that
Kp n{e(@ad,....al"") «ig < kfor £ < n} :p e S™(U{al :
(< nyi < kY| >2kxm,

n
m?

(c)7 as alternative definitions of

“o(Z, Yo, --,Tn—1) is n-independent”.

So in (b)7, it is better to have n indiscernible sequences.

m

5.65. Observation: If o(Z, Yo, ..., Jn—1) satisfies clause (a)™, then it satisfies a

strong form of clause (¢)" (for every k) and the number is > 2",

Remark: Clearly Observation 5.65 can be read as a sufficient condition for being

n-dependent, e.g.:

5.66. Conclusion: T is n-dependent when: for every m, ¢ and finite A C L(rr)
for infinitely many k < w we have |[A| < k = |[SR(A)| < 2(-/0".

5.67. Question: (1) Can we get clause (a) from clause (c)?

(2) Can we use it to prove (a)} =(a)??

m*

5.68. Observation: In 5.64, if clause (a) then clause (b).

5.69. Question: Does (b) imply (a)?
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5.70. CLAM: If T satisfies (a)" for every n, then: if X\ - (u)5 then A\ -
(1)x, where:

5.71. Definition: We say that A =1 (u)o when: if a; € *(€r) for i < A then for
some % € [A* the sequence (@; : ¢ € %) is an indiscernible sequence in €.

Remark: (1) Note that for @ < w this property behaves differently.
(2) Of course, if § = 2/*1FITl and X\ — (u)5* then A =7 (11)a-
(3) See on the non-2-independent T' and definable groups in [Sh:886].

5.72. CONJECTURE: Assume —(a)™ (or another variant of n-dependent). Then
ZFC - VYavVuaz(A =1 (@)a)-

5.73. Question: Can we phrase and prove a generalization of the type-decompo-
sition theorems for dependent theories ([Sh:900]) to n-dependent theories T,
e.g., when (Ag‘il) = g1 for £ < n, By < (H(RT),€,<%;) has cardinality A,
[§B£+1])\E C By, {CT, Brii,.-. ,’Bn} € By.
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