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Annotated Content

§1 A forcing axiom for A > R fails
[The forcing axiom is: if P is a forcing notion preserving stationary subsets
of any regular uncountable © < A and $; is dense open subset of PP for
i < X then some directed G C P meets every $;.
We prove (in ZFC) that it fails for every regular . > 8. In our counter-
example the forcing notion P adds no new sequence of ordinals of length
< A).

§2 There are {®]}-semi-proper forcing notions

§1. A forcing axiom for A > R fail

David Aspero asks on the possibility of, see Definition below, the forcing axiom
FA(R, ¥y) for the case & = the class of forcing notions preserving stationarily
of subsets of Ry and of N,. We answer negatively for any regular A > R; (even
demanding adding no new sequence of ordinals of length < 1), see 1.16 below)

1.1. Definition.

1) Let FA(R, A), the A-forcing axiom for ! mean that R is a family of forcing notions
and for any P € R and dense open sets $; C P fori < A there is a directed
G C P meeting every $;.

2) If R = {P} we may write P instead of K.

1.2. Definition. Let A be regular uncountable. We define a forcing notion P = IP’%
as follows:

(A)ifpePiff p=(a, S, W) = (aP, SP, CP) satisfying
(a) o < A
(b) SV =(Sp:p<a)=(S;:B<a)
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(c)CP =(Cp:p<a)=(Cf:B<a)
such that
(d) Sg is a stationary subset of A consisting of limit ordinals
(e) Cg is a closed subset of B
(f) if B < o is a limit ordinal then Cg is a closed unbounded subset of B
(g)ify e CgthenC, =y NCg
(h)CsgNSpg =0
(i) for every p < aandy € Cg we have S, = Sg B B
(B) order: natural p < q iffa? < a?,SP = S?1 | («? + 1) and CP = C1 |
(a? +1). -
1.3. Observation
1) IP’% is a (non empty) forcing notion of cardinality 2*.
2) %, =1{pe ]P’% : P > i} is dense open for any i < A.
Proof. 1) Obvious.

2) Given p € ]P’% if «” > i we are done. So assume a” < i and for y € (a?,i]
let S be S* for any stationary subset S* of {§ < A : & > i a limit ordinal}
which does not belong to {Sj : f < a’}andlet Cy = {j : @ < j < y}and
q = (i, SP(S] 1y € (@P,i]),CP(CY : y € (aP,il). It is easy to check that
p<qgePlandq e 9. O
1.4. Claim. Let A = cf(X) be regular uncountable and P = Pi. For any stationary
S C Aand Pi-name fof a function from y* < X to the ordinals or just to V and
p € P there are q, 8 such that:

Ni)p<qeP
(ii)a? =56 +1
(iii) 5 € Sify* = A
(iv) q forces avalue to f | (6 N y™*)

(v)if p <80 y* and\-p “Rang(f) C 1" then q IFp “ f(B) < 5”.

Proof. Without loss of generality S is a set of limit ordinals. We prove this by induc-
tion on y*, so without loss of generality y* = |y*| and without loss of generality
y* < A= y* = cf(y*), butif y* < A the set S is immaterial so without loss of
generality
® y*<r&deS= cf(d) >y*
Let x be large enough (e.g. x = (J3(A)™), <; is a well ordering of #(x) and
choose N = (N; : i < A) such that
©(a) N; < (#(x), €, <;) is increasing continuous

(b) A, p, f, S belongs to N; hence P € N;

(© INill <2

(d NiNnxea

() (Nj:j <i)belongto N;yi;hencei C N;soA CU{N; :i <A}
Let§; = N;NA,and leti(x) = Min{i : i < A is a limit ordinal and §; € S}, itis
well defined as (6; : i < A) is strictly increasing continuous hence {§; : i < A} is a



Sh:784

Forcing axiom failure for any A > &, 287

club of A; so by ® we know that y* < A = cf(i(x)) = cf(5;x)) > y*. Leta be
8; for i < i(x) a limit ordinal and be §; 4+ 1 for i < i(*) a non limit ordinal. Now
by induction on i < i(*) choose p; andif i < i(*) also p; and prove on them the
following:
(@) pi, p; € PN N4
(i) p; is increasing
(iii) a? > af (and §; 1 > o’ follows from p € PN N; 1)
@iv) Sé’li = SandCé’l; = {Ol; 1 j < i}
(v) p; isthe <>’)‘(-ﬁrst q satisfying:
qeP
j<i=pj<q
al > §;
Sl = Sand
C;<={a7:j < i}
(vii) p; is the <} -first g such that:
qeP
Pi =49
q forces a value to f(i) if y* < A

q forces avalue to f [ §; if y* = A.

There is no problem to carry the definition, recalling the inductive hypothesis on
y* and noting that ((pj_, pj) ©J <) € Niq1 by the * <] -first” being used to
make our choices as (N; : j < i) € N;jy1 hence (§; : j < i) € N;y1 and also

((2\{;)-< 1 j <i) € Ni41 (and p, f € No < Nit1).
Now Pics) is as required. O

1.5. Conclusion. Let . = cf(A) > Rg. Forcing with ]P’% add no bounded subset of
A and preserve stationarity of subsets of A (and add no new sequences of ordinals
of length < 1).

Proof. Obvious from 1.4. O

1.6. Claim. Let A = cf(A) > Ro. IfFA(]P’%), (the forcing axiom for the forcing
notion IF’%, M dense sets) holds, then there is a witness (S, C) to A where

1.7. Definition.

1) For A regular uncountable, we say that (S, C) is a witness to » or (S, C) is a
A-witness if:
(a) S=(Sp:B <4)
(b)C=(Cp:B<ir) _ )
(c) foreverya <, (a, S [ (@ +1),C [ (@+ 1)) € IE”%.
2) For (S, C) awitness for A, let F = F 5 i) be the function F : 1 — ) defined by

F(a) = Min{B : Sy = Sp}.

3) For B < A let wh o = {a <1: Fg e () =Bl

8.0
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Proofof 1.6. Let $; = {p € IP’2 aP > i}, by 1.3(2) this is a dense open subset
of ]P’i, hence by the assumptlon there is a directed G C ]P’2 such thati < A =
$: NG # @. Define Sy = SP, Cy = Cl forevery p e G such that a” > «.

Now check. O

1.8. Observation. Let (S, C) be a witness for A and F = F5.6

1) Ifa < Athen F(a) < «a.
2) If o < A is limit then F(¢) < a.
3)Ifo < Athena € WF(O‘)

HIfa <Xrandi —F(oz)andﬂeC then BSy = ;.

Proof. Easy (remember that each S, is a set of limit ordinals < A and that for limit
a<al, pe IP’% we have o = sup(Cy)). O

1.9. Claim. Assume (S, C) is a h-witness and S* C X satisfies § € S* = cf(8) >
0 > Vo and Fg <) [ S* is constant and S* is stationary. Then there is a club E*

of A such that: (S, C, S*, E*) is a strong (A, 0)-witness, where

1.10. Definition

1) We say that p = (S, C, S*, E*) is a strong A-witness if
(a) (S, C) is a A-witness
(b) S* C A is a set of limit ordinals and is a stationary subset of A
(c) E* is a club of A
(d) for every club E of A, for stationarily many § € S* we have

S=supfa € Cs:a < Suclcs(a, E*) € E)

where
(%)(i) Suc%{S (@) = Min(Cs\(a + 1)),
(ii) Sucg, (@, E*) = sup(E* N Sucl. (a)).

2) We say (S, C, S*, E*) is a strong (A, 0)-witness if in addition
(e) 8 € S* = cf(d) > 0.

3) For (S, C, S*, E*) astrong A-witness we let C' = (C5:8 €8N acc(E™)), Cs=
Cs U{Succs(ot E*) :a € Cs); ifp = (S, C, §*, E*) we write C' = C/ and
Sp =38, Cp =C, Sp =S8 Ey = E*. We call (S,C, S*, E*,C’) an expanded
strong A-witness (0r (A, 0)- wztness).

1.11. Observation. In Definition 1.10(3) for § € §* N acc(E*) we have:

® Cjisaclub of §, Min(Cy) > sup(E*N Min(Cs)) and if y; < y» are successive
members of Cs then C g N (y1, y2) has at most one member (which necessarily
is sup(E* N y2)) hence acc(Cy) = acc(Cs) anda € Cs A < Suc}:5 (@) =
o ¢ C5\Cs and acc(Cj) = acc(Cy).

Proof of 1.9. As in [Sh:g, III], but let us elaborate, so assume toward contradiction
that for no club E* of A is (S, C, §*, E*) a strong (X, 6)-witness. We choose by
induction on n sets E}}, E,, Ay such that:



Sh:784

Forcing axiom failure for any A > &, 289

(a) E, Ey are clubs of A
b) Ea‘ =
(c) E, is aclub of A such that the following set is not stationary (in A)

A, =1{8€ S*: 8§ € acc(E}) and
S=suplea €Cs:a < Suclcs(a, E;) € Eu}}

(d) E,isaclubof A included in acc(E, N E,) and disjoint to Aj,.

Forn = 0, E} is defined by clause (b).

If E}} is defined, choose E,, as in clause (c), possible by our assumption toward
contradiction, also A,, € S* is defined and not stationary. So obviously E:l‘ 41 @s
required in clause (d) exists.

So E* =: N{E} : n < w}is aclub of A and let «(x) be the constant value of
F5.¢) | S*, exists by an assumption of the claim. Recall that Se () is a stationary
subset of A, so clearly E** =: {§ € E* : § = sup(6 N E* N Sy(x))} is a club
of A. As S* is a stationary subset of A, we can choose §* € S§* N E**, For each
n < w we have §* € $* N E™ C E* C E* C E; | hence §* ¢ A, hence
By =sup{f € Cs: B < Succs* (B, E}) € Ep}is < 8% but € Cs+. But §* € S* so
cf(6*) > 0 > Rp, hence 8* = sup{B;}, Min(Cs+) : n < w}is < §*but> Min(Cs+)
and it belongs to Cs+. As 6* € E**, we know that §* = sup(6* N E* N Sy(«)) hence
there is y* € E* N Sy N ( Suc% L(B*),8%). But §* € §* C Sy (4 recalling by
the choice of a(*) above F g (5.6) (6) = a(x) hence by Claim 1.8(4), i.e., Defini-
t10n 1.2(1), clause (A)(h) and Deflnltlon 1.7(1) we have Cs« N Sq+) = ¥ hence

* ¢ Cs+. But 8* > y* > B* > Min(Cs+) and Cs« is a closed subset of §* hence
g‘* = max(Cs+ N y*) is well defined and so, recalling 8* € Cs+ we have

(Vn < o) (B < B* < Sucg, (B%) < ¢* € Cso).

Let&* = Suc%a* (¢*) so clearly y* € (¢*, £*). Now for every n we have sup(§* N
E¥) e[y*. " asy* € E* N Sy € E* C Ejr.

Sorecalling {* < y*clearly {* < sup(§*NE));ifalsosup(§*NE}) € E, then
recalling &* = Suc%a* ", Suclc,;* (&%, EY) =sup(§*NE})wehave ¢* < B (see
its choice and see the choice of S, above), but this contradicts ¢* > Sucgs* (B*) >
B* = By and the definition of A, (see clause (c) of (x)), contradiction. So neces-
sarily sup(§* N E) does not belong to E, hence does not belong to E*, |, hence
sup(§* N E)) > sup(§* N E*+1)

So (sup(é *NE}) :n < w)is a strictly decreasing sequence of ordinals, con-
tradiction. O

n+1°

1.12. Definition. Assume
()1 (S, C, S*, E*, C') is an expanded strong \-witness so C' = (Cs : 68 €
§*), C§ = Cs U {Sucg,, (o, E*) - a € Cs} or just

(¥)2 S* C A is a stationary set of limit ordinals, C' = (C5:8 € 8%),Cyisaclub
of 8, E* a club of X .
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We define a forcing notion P = Pg,

(A)celP ﬁ
(a) c is a closed bounded subset of A
(b) if 8 € S*Nc then{a € Cj : Sucg, () € c} is bounded in §
5

Let a“ = sup(c).

(B) order: c1 < ¢ iff c1 is an initial segment of c;.

1.13. Claim. Let P = P, be as in Definition 1.12.

1) P is a (non empty) forcing notion.
2) Fori < Athe set $; = {c € P : i < sup(c)} is dense open.

Proof. 1) Trivial.
2) IfceP,i <Xandc ¢ $; thenletcy = cU {i + 1}, clearly (c2\c) N §* = P as
S* is a set of limit ordinals hence ¢, € P and obviously ¢ < ¢; € §;. O

1.14. Claim. Assume p = (S,C,S*, E*,C)is an expanded strong \-witness.
Forcing with P = P, add no new bounded subsets of A, no new sequence of
ordinals of length < A and preserve stationarity of subsets of A.

Proof. Assume p € P, y* < A and f is a P-name of a function from y* to the

ordinals or just to V and S C A is stationary and we shall prove that there are g, &
satisfying (the parallel of) X of 1.4, i.e.,

K@) p<qeP
() a? =5+1
(iii)) § € Sif y* = A
(iv) ¢ forces a valueto f | (§ N y™)

(V) if f <8N y*andlFf:y* — A" theng Ibp “ f(B) < 6.

This is clearly enough for all the desired consequences. We prove this by induction
on y*, so without loss of generality y* = |y*| and without loss of generality y* <
A= y* = cf(y*),butif y* < A then S is immaterial so without loss of generality
y* <A &8 €S = cf(§) > y*. Also we can shrink S as long as it is a stationary
subset of A and recall that F§ ) is regressive on limit ordinals (see Observation
1.8(2)) so without loss of generality F5 &) [ S is constantly say o (x).

Let x be large enough and choose N = (N; : i < A) such that

@) N; < (#(x), €, <j‘() is increasing continuous
(b) A, p, f, S belongs to N; hence P € N;

© IINill < 2

(d NiNnxea

() (Nj:j<i)belongto Ny (hencei C N;,soA CU{N; :i <A})
() Niz1 N A € Sy and No N A € Sy(x)-
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Letd; = N;NAandi(x) = Min{i : i < X is a limit ordinal and §; € S}, it is well
defined as (§; : i < A) is (strictly increasing continuous) hence {§; : i < A}isa
club of A, hence y* < A — cf(i(%)) = cf(8i) = y*.

Let! W =: {i <i(%):i > Oandifi < i(x)and j < ithenCéi(*)ﬂ(SiH Z 81}
Clearly W Ni(x) is a closed subset of i (x) and as 8;(x) = sup(Cs;,,)» also WNi(x)
is unbounded in i (x). Also as by 1.11 we have (o € acc Céi(*)) = a € Cy,) =
Cl, = C(Q[(*) N« clearly

(x) ifi e Wthen (N;: je WN(@{+1)) € Niqi.
Also note that

(xx) ifi < i(x) is nonlimit, then §; > sup(Cs;,, N §;) hence §; > sup(Ctgi(*> Né;).
[Why? By 1.8(4) as ;(x) € S € Sq(x) recalling the choice of a(*) clearly
Cs:y N Sa(x) = ¥ but by clause ©(f) we have §; € Sy(x) s0 8 ¢ Cs.
But C(;i(*) is a closed subset of §;(x) hence §; > sup(C(;i(*) N §;), and Cgi(*) N
8i\ sup(C,gi(*) N §;) has at most two members (see 1.11) so Cgi(*) Ng;isa
bounded subset of §; so we are done.]

Now by induction on i € W we choose p;, p;” and prove on them the following:

()(@) pi, p; €PN N4y
(i1) p; is increasing (in PP)
(iii)) max(p;) > §; (of course §;+1 > max(p;) as p; € PN Nj11)
(iv) p; = p U {sup(s; U (Cgi(*) Ndi+1)) + 1} if i = Min(W)
(v) if0 <i=sup(WnNi)and y; = max(Cgi(*) N §i41) s08; < y; < 8i41 then
pi =UlpjjeWwWnitu{s,yi+1}
(vi) if j <iarein W then p; < p;” < p;
(vil) i e W,i <i(x)and j = Max(WNi)soj <iandy; = max({(Si}U(Cé*ﬂ
8i+1)) 808 < yi < dit1then p; = p; U{y; + 1}
(viii) p; is the <} -first g € P satisfying
(@) pj <qeP
(B) ify* < Athengq forcesavalueto f(otp({j <i:j € Wandotp(jNW)
is a successor ordinal})
(y) if y* = A then g forces a value to f [ §;

(ix) p;\ U pj and p;\p~ are disjoint to Céi(*)\ acc(Cél_(*)), which include the

j<i

1 *Y . 1
set {Succsl_(*) (o, E*) 1 € Cgl.(*) and o < Succai(*) (@)}.
Note that clause (ix) follows from the rest; we now carry the induction.

Case 1. i = Min(W).
Choose p; just to fulfill clauses (iv), note that §; < y; < §;y1asi € W Ni(x)
and then choose p; to fulfill clause (viii).

! ifo(Si(*)) > NO then W = {l < l(*) : 8,‘ S C5 }U {5,’(*)} is O.K.

i ()
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Case2.i = Min(W\(j+ 1)) and j € W.
Choose p;” by clauses (vii) and then p; by clause (viii).

Case 3.0 < i =sup(WNi).

A major point is (p; : j < i) € N;41, this holds as (p;,pj,j einNw)
is definable from N [ §;, f D, Cém*) N N4 all of which belong to N;;; and
Nit1 < (9(x). €, <%).

Let p;” be defined by clause (v), note that §; < y; < §;11asi € Wand p; € P
as:

(@) (Vj <i)[p; € Pland

(B) 6 =sup(Uf§; : j <iandj € W}).[Why?As §; < max(p;) < di+1 by
clause (iii)] and

(y) @ € p; NS* = sup(p; N C,\ acc(Cy)) < a. [Why? If « < §&; then for
some j € i N W we have @ < §; so p; is an initial segment of p;,” hence
sup(p; NC,) = sup(p; NC,) < a.If @ = §; we can assume o € S* but
clearly ¢ = §; € Cgi(*) by the definition of W and the assumption of case 3;

so by (S, 0) being a A-witness, Céi = Cgi(*) N §; so by clause (ix) the demand
(in (y)) hold.]

So easily p;” is as required. If i < i(*) we can choose p; by clause (viii) using the
induction hypothesis if y* = A. So we have carried the definition and Pic) is as
required. o

1.15. Conclusion.

D) Ifp = (S,C, S* E*) is a strong A-witness and C’ = C_‘l/) and P = Pg,, then
FA(P, 1) fails.

2) Inpart (1), P is a forcing of cardinality < 2<*, add no new sequence of ordinals
of length < A and preserve stationarity of subsets of any 6 = cf(9) € [Ry, A].

Proof. 1) Recall that by Claim 1.13(2), $; is a dense open subset of P. Now if
G C Pg is directed not disjoint to $; fori < A,let E = U{p : p € G}. By the
definition of Pz and $; clearly E is an unbounded subset of A and by the defini-
tion of P and G being directed, p € G = E N (max(p) + 1) = p and (p is
closed) hence E is a closed unbounded subset of A. So E contradicts the definition
of “(8, C, §*, E*, C") being a strong A-witness”.

2) Follows from 1.14 and direct checking. O

1.16. Conclusion. Let X be regular > Rj. Then there is a forcing notion IP such that:

(o) P of cardinality < 2*

(B) forcing with P add no new sequences of ordinals of length < A

(y) forcing with IP preserve stationarity of subsets of A (and by clause (8) also of
any 0 = cf(0) € [R1, 1))

(6) FA(P, 1) fail.
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Proof. We try P2, it satisfies clause (&), (B), (v) (see 1.3(1), 1.5, 1.6). If it satisfies
also clause (8) we are done otherwise by Claim 1.6 there is a A-witness (S, C). Let
S* C {8 < A cf(§) > Np} be stationary, so by 1.9 for some club E* of A, the
quadruple p = (C_', S, S*, E*) is a strong A-witness (see Definition 1.10), and let
C = Cl’).

Now the forcing notion P = P, (see Definition 1.12) satisfies clauses (@), (8),
(y) by claims 1.15(2) and also clause (§) by claim 1.15(1). So we are done. O

§2. There are {8{}-semi-proper not proper forcing notion>

By [Sh:f, XIL§2], it was shown when no “remnant of large cardinal properties

holds” (e.g. —0;,) then every quite semi-proper forcing is proper, more fully UReg-

semi-properness implies properness. This leaves the problem

(%) is the statement (for every forcing notion PP, “IP is proper” follows from P is
“semi-proper, i.e., {®1}-semi proper”) consistent or is the negation provable in
ZFC.

David Asparo raises the question and we answer affirmatively: there are such forc-

ing notions. So the iteration theorem for semi proper forcing notions in [Sh:f, X]

is not covered by the one on proper forcing notions even if 0* does not exist.

2.1. Claim. There is a forcing notion P of cardinality 282 which is not proper but
is {N1}-semi proper. This follows from 2.2 using k = R.
2.2. Claim. Assume k = cf(k) > R, A = 2%. Then there is P such that

(a) P is a forcing notion of cardinality 2*
b)if x >A, pePeN < (¥#(x), €), N countable, then there is q € P above p
such that g I- “N N« < N[Gpl Nk ” (< means initial segment); this gives P is

{R1}-semi proper and more
(c) there is a stationary ¥ C [T such that \Fp “S is not stationary”
(d) P is not proper.

Proof. We give many details.

Stage A. Preliminaries.
Let M* = (A, Fym)n.m<w» With F, ,, an (n + 1)-place function, be such that
for every n < w and n-place function f from « to k there is m < w such that

Vit, ..o in <)@ < [ f(1, ... 00) = Fn,m(aa i, ..., i)l
Let S1, S> be disjoint stationary subsets of « of cofinality 8¢ (i.e.§ € S;US; =
cf(§) = Rp). Let

S = {a € [A]RO : forsome b € [A]RO we have

(¢) a C b areclosed under F;, ,,, forn, m < w,
(B) sup(ank) e Sy,sup(bNk) e S

(y) (ank)<(bNk)(«isbeing an initial segment)}

2 done 2001/8/8
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P=Py = {a : a = (a; :i < «a)is an increasing continuous sequence
of members of [A]\¥ of length o < oy }
Clearly clause (a) of 2.2 holds.

Stage B. & is a stationary subset of [A]0. Why? Let N* be a model with universe
A and countable vocabulary, it is enough to find @ € ¥ such that N* [ a < N.
Without loss of generality N* has Skolem functions and N* expands M*. Choose
fora < k, Ny < N*,|INgll < k,B <o = Ng C Ny, a C Ny, N, increasing
continuous. So C =: {§ < « : § a limit ordinal and Ns Nk = §} is a club of «.
Choose §; < 8, from C such that §; € S1, 52 € S». Choose a countable ¢c; C §;
unbounded in §;, and a countable ¢y C §> unbounded in §5.

Choose a countable M < Ns, such that M N N5, < N5, and cf U cp C 6. Let
a=MNNs,b=MNNs,. As N* expands M*, clearly a, b are closed under the
functions of M*. Alsoc; € MN&; = MN (N5, Nk) = aNk € N5, Nk = 81 hence
81 = sup(c1) < sup(a Nk) < &1 so sup(a Nk) = §;1. Similarly sup(b N k) = ;.
Lastly, obviously a Nk <b Nk so b witnesses a € ¥, as required.

Stage C. IFp “¥ is not stationary”. Why? Define a;, = {aq : @ € Gp, £g(a) > a}.
Clearly

(*%)o P # 0. [Why? Trivial.]
(%) for @ < wy, 9; ={a € P: £g(a) > «} is a dense open subset of P. [Why?

If (q; ;i < j)eP,j <y < w weleta; =: aj fori € (j,y] and then
(@i i=j)=plai:i=<y)l]
Also

(x)2 for B < A,}% ={aeP: B € a,forsomea < £g(a)}is a dense open
subset of P. [Why? Given a = (a; : i < j). Choose § € S, such that
8 > sup(k N (a; U {B}) let ¢ € & be countable unbounded in § and let
ajy1 = a; U{B}Uc; so trivially sup(aj1 Nk) =38 € S henceajy ¢ .
Now leta™ = (a; : i < j + 1). Now check.]

So

()3 IFp “(a; : i < wi) is an increasing continuous sequence of members of

([A1%)V\& whose union is A" hence
(x)4 IFp “{a 11 < w) witness & is not stationary (subset) of [A]R0”,
i

So we have finished Stage C.
Stage D. Clauses (c),(d) of 2.2 holds. Why? By Stage B and Stage C.

Stage E. Clause (b) of 2.2 holds.

So let x > A, N a countable elementary submodel of (#(x), €, <;‘() to which
P and p € P belong hence M*, k, A, S € N (they are definable from PP or demand
it). In the next stage we prove

X there is a countable M < (#(x), e<;‘() suchthat N < M, (NNk) < (MNk)
and M NA ¢ &.
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Let ($, : n < w) list the dense open subsets of P which belong to M. Choose by
inductiononn, p, € NNP : po = p, pn <p pn+1 € $,.Soletp, = (a; : i < yn),
by ()1 of Stage C the sequence (y, : n < w) is not eventually constant. Define
gby:q ={a; :i <y)wherey =U{y, : n < w}and a, = M N A. Trivially
a; € M N A and by (x); of Stage C clearly a,, = U{a; : i < y}hence (a; :i < y)
is increasing continuous and i < y = a; € [\ andi < y = a; € [A]N\Y.
So the only non trivial point is @, ¢ S which holds by X.

Clearly p < ¢ and ¢ is (M, P)-generic hence ¢ IF “N[G] € M[G] and
NNk C(N[G]Nk) €S M[G]Nk =M Nk”soas (N Nk)<(M Nk) necessarily
(N[G]N«k) < (N[G] N k) as required.

Stage F. Proving X.

ENNXAL ¢ Slet M = N and we are done so assume M N A € &. Let
a=NNX e [A™ andlet b € [A]N witnessa = N N1 € & [the rest should
by now be clear but we elaborate]. Let M be the Skolem Hull in (#(x), €, <>';()
of N U (b N k) (exists as <;‘( is a well ordering of #(x) so (#H(x), €, <j‘() has
(definable) Skolem functions).

If y € M Nk then we can find a definable function f of (#(x), €, <*)and x €

N (recall in N we can use m-tuple for every m) and o1 ... ¢, € bk suchthaty =

f(x, a1, ...,a,). Fixing x, f the mapping («1, ..., a,) — f(x,a1,...,0,)isan
n-place function from « to « definable in N hence belong to N and M* € N hence
for some § € N NAand m < w we have Vo, ..., < kK)[f(x,01,...,a,) =

Fom(B, a1, ..., an)].

Butag,...,ap e bNk ChbandB € NNA S bNA=>bandasbbeingin ¥ is
closed under F,, ,, clearly y = f(x,o1,...,00) = Fym(B,0t1,...,a,) € b but
yeksoy ebNy.SoMNk C bbutofcoursebNk C MNksobNk =MNk.
SoanNk = (NNX) Nk = NNk;buta Nk<bNk by the choice of b so
NNk=aNk<bNk=MnNk.

Lastly, sup(M Nk) = sup(bNk) € S> hence M Nk ¢ S. So M is as required
in X and we are done.
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