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Abstract. We investigate the existence of strong colorings on successors of singular cardi-
nals. This work continues Section 2 of [1], but now our emphasis is on finding colorings of
pairs of ordinals, rather than colorings of finite sets of ordinals.

1. Introduction

The theme of this paper is that strong coloring theorems hold at successors of
singular cardinals of uncountable cofinality, except possibly in the case where the
singular cardinal is a limit of regular cardinals that are Jonsson in a strong sense.

Our general framework is that A = u™, where u is singular of uncountable
cofinality. We will be searching for colorings of pairs of ordinals < A that exhibit
quite complicated behaviour. The following definition (taken from [2]) explains
what “complicated” means in the previous sentence.

Definition 1.1. Let A be an infinite cardinal, and suppose x + 6 < u < A.
Pri(X, i, k, 0) means that there is a symmetric two—place function ¢ from A to
k such thatif § < 6 and fori < u, (a; ¢ : ¢ < &) is a strictly increasing sequence
of ordinals < A with all «; ;’s distinct, then for every y < «k therearei < j < u
such that

G <éand & < & = c(@ig, Qi) = V. (1.1)

Just as in [1], one of our main tools is a game that measures how “Jonsson” a
given cardinal is.

Recall that a cardinal A is a Jonsson cardinal if for every ¢ : [A]=? — A, we
can find a subset I C A of cardinality A such that the range of c [/ is a proper subset
of A. A reader seeking more background should investigate [4] and [3] in [5].

T. Eisworth: Department of Mathematics, University of Northern Iowa, Cedar Falls, IA
50614, USA. e-mail: eisworth@uni.edu

S. Shelah: Institute of Mathematics, Hebrew University of Jerusalem, Jerusalem, Israel.
e-mail: shlhetal@math.huji.ac.il

Keywords or phrases: Jonsson cardinals — coloring theorms — successors of singular cardinals

This is publication number 535 of the second author.


Used Distiller 5.0.x Job Options
This report was created automatically with help of the Adobe Acrobat Distiller addition "Distiller Secrets v1.0.5" from IMPRESSED GmbH.
You can download this startup file for Distiller versions 4.0.5 and 5.0.x for free from http://www.impressed.de.

GENERAL ----------------------------------------
File Options:
     Compatibility: PDF 1.2
     Optimize For Fast Web View: Yes
     Embed Thumbnails: Yes
     Auto-Rotate Pages: No
     Distill From Page: 1
     Distill To Page: All Pages
     Binding: Left
     Resolution: [ 600 600 ] dpi
     Paper Size: [ 595 842 ] Point

COMPRESSION ----------------------------------------
Color Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Grayscale Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Monochrome Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 600 dpi
     Downsampling For Images Above: 900 dpi
     Compression: Yes
     Compression Type: CCITT
     CCITT Group: 4
     Anti-Alias To Gray: No

     Compress Text and Line Art: Yes

FONTS ----------------------------------------
     Embed All Fonts: Yes
     Subset Embedded Fonts: No
     When Embedding Fails: Warn and Continue
Embedding:
     Always Embed: [ ]
     Never Embed: [ ]

COLOR ----------------------------------------
Color Management Policies:
     Color Conversion Strategy: Convert All Colors to sRGB
     Intent: Default
Working Spaces:
     Grayscale ICC Profile: 
     RGB ICC Profile: sRGB IEC61966-2.1
     CMYK ICC Profile: U.S. Web Coated (SWOP) v2
Device-Dependent Data:
     Preserve Overprint Settings: Yes
     Preserve Under Color Removal and Black Generation: Yes
     Transfer Functions: Apply
     Preserve Halftone Information: Yes

ADVANCED ----------------------------------------
Options:
     Use Prologue.ps and Epilogue.ps: No
     Allow PostScript File To Override Job Options: Yes
     Preserve Level 2 copypage Semantics: Yes
     Save Portable Job Ticket Inside PDF File: No
     Illustrator Overprint Mode: Yes
     Convert Gradients To Smooth Shades: No
     ASCII Format: No
Document Structuring Conventions (DSC):
     Process DSC Comments: No

OTHERS ----------------------------------------
     Distiller Core Version: 5000
     Use ZIP Compression: Yes
     Deactivate Optimization: No
     Image Memory: 524288 Byte
     Anti-Alias Color Images: No
     Anti-Alias Grayscale Images: No
     Convert Images (< 257 Colors) To Indexed Color Space: Yes
     sRGB ICC Profile: sRGB IEC61966-2.1

END OF REPORT ----------------------------------------

IMPRESSED GmbH
Bahrenfelder Chaussee 49
22761 Hamburg, Germany
Tel. +49 40 897189-0
Fax +49 40 897189-71
Email: info@impressed.de
Web: www.impressed.de

Adobe Acrobat Distiller 5.0.x Job Option File
<<
     /ColorSettingsFile ()
     /AntiAliasMonoImages false
     /CannotEmbedFontPolicy /Warning
     /ParseDSCComments false
     /DoThumbnails true
     /CompressPages true
     /CalRGBProfile (sRGB IEC61966-2.1)
     /MaxSubsetPct 100
     /EncodeColorImages true
     /GrayImageFilter /DCTEncode
     /Optimize true
     /ParseDSCCommentsForDocInfo false
     /EmitDSCWarnings false
     /CalGrayProfile ()
     /NeverEmbed [ ]
     /GrayImageDownsampleThreshold 1.5
     /UsePrologue false
     /GrayImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /AutoFilterColorImages true
     /sRGBProfile (sRGB IEC61966-2.1)
     /ColorImageDepth -1
     /PreserveOverprintSettings true
     /AutoRotatePages /None
     /UCRandBGInfo /Preserve
     /EmbedAllFonts true
     /CompatibilityLevel 1.2
     /StartPage 1
     /AntiAliasColorImages false
     /CreateJobTicket false
     /ConvertImagesToIndexed true
     /ColorImageDownsampleType /Bicubic
     /ColorImageDownsampleThreshold 1.5
     /MonoImageDownsampleType /Bicubic
     /DetectBlends false
     /GrayImageDownsampleType /Bicubic
     /PreserveEPSInfo false
     /GrayACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /ColorACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /PreserveCopyPage true
     /EncodeMonoImages true
     /ColorConversionStrategy /sRGB
     /PreserveOPIComments false
     /AntiAliasGrayImages false
     /GrayImageDepth -1
     /ColorImageResolution 150
     /EndPage -1
     /AutoPositionEPSFiles false
     /MonoImageDepth -1
     /TransferFunctionInfo /Apply
     /EncodeGrayImages true
     /DownsampleGrayImages true
     /DownsampleMonoImages true
     /DownsampleColorImages true
     /MonoImageDownsampleThreshold 1.5
     /MonoImageDict << /K -1 >>
     /Binding /Left
     /CalCMYKProfile (U.S. Web Coated (SWOP) v2)
     /MonoImageResolution 600
     /AutoFilterGrayImages true
     /AlwaysEmbed [ ]
     /ImageMemory 524288
     /SubsetFonts false
     /DefaultRenderingIntent /Default
     /OPM 1
     /MonoImageFilter /CCITTFaxEncode
     /GrayImageResolution 150
     /ColorImageFilter /DCTEncode
     /PreserveHalftoneInfo true
     /ColorImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /ASCII85EncodePages false
     /LockDistillerParams false
>> setdistillerparams
<<
     /PageSize [ 576.0 792.0 ]
     /HWResolution [ 600 600 ]
>> setpagedevice


Sh:535

598 T. Eisworth, S. Shelah

Definition 1.2. Assume p < A are cardinals, y is an ordinal, n < w, and J is an
ideal on 1. We define the game Gm'J' [X, i, v] as follows:

A play lasts y moves.

In the ath move, the first player chooses a function Fy : [A]=" — wu, and the
second player responds by choosing (if possible) a subset A, C A such that

o ACI < mﬁ<a Aﬁ
e A, eJt
e ran(F, [[Ay]=") is a proper subset of .

The second player loses if he has no legal move for some « < y, and he wins
otherwise.

In the previous definition, if J = J)\bcl then we may omit it. Note that it causes
no harm if we use a set E of cardinality A instead of X itself; in this case, we write
Gm'j[E, u, y].

Note that X is a Jonsson cardinal if and only if Player I does not have a winning
strategy in the game Gm®[X, A, 1]. One may view the lack of a winning strategy
for Player I in games of longer length as a strong version of Jonsson-ness or a weak
version of measurability — if A is measurable, then Player II can make sure her
moves are elements of some A—complete ultrafilter.

The following claim investigates how the existence of winning strategies is
affected by modifications to the game; the proof is left to the reader.

Claim 1.3.

(1) If " <  and the first player has a winning strategy in Gm’; [, u, y], then
she has a winning strategy in Gm’;[A, i/, y].
(2) Suppose we weaken the demand on the second player to

“(3¢ < M[ran(Fy|[Aq \ ¢]7)is a proper subset of u].” (1.2)

Ifcf(A) >yandJ 2 J )E’d, then the first player has a winning strategy in the
revised game if and only if she has a winning strategy in the original game.

(3) If J is y—complete, then the same applies to the case where we weaken the
demand on the second player to

“@3Y € J)[ran(Fy [[Ax \ Y]1™") is a proper subset of u].” (1.3)

(4) We can allow the second player to pass, i.e., to let A, = ﬂﬂ<a Ag (evenif
this is not a legal move) as long as we declare that the second player loses
if the order—type of the set of moves where he did not pass is < y.

(5) If Player I has a winning strategy in Gm’; [, u, y] for every u < u* where
w* is singular and y > cf(u*) is regular, then Player I has a winning strat-
egy in Gm';[A, u*, y]. We can weaken the requirement that y is regular and
instead require that cf(y) > cf(u*) and w? = y.

In Section 2 of [1], the existence of winning strategies for Player I in variants
of the game is investigated. We will prove one such result here; the reader should
look in [1] for others.
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Claim 1.4. If 2X < A < Zxy+(x) then Player I has a winning strategy in
Gm“[x, x, 20)T].

Proof. At a stage i, Player I will select a function F; : [A]=“ — x coding the
Skolem functions of some model M;.

For the initial move, we let the model M have universe A, and include in our
language all relations on A and all functions from A to A of any finite arity that are
first order definable in the structure (H (A1), €, <§i+> with the parameters x and A.

For subsequent moves, M; is an expansion of M with universe A that has all
relations on A and all functions from A to A of any finite arity that are first order
definable in the structure (H(A 1), €, <3t+> from the parameters x, A, My, and
(Aj . j <i). .

To obtain the function F;, we let (F, : n < w) list the Skolem functions of M;
in such a way that F,’l has m;(n) < n places. Let h : @ — w be such that for all n,
h(n) < n and h~1({n})) is infinite. We then define

— FZ(M)({O‘ €u:luNal <min)}) ifthisis < x
0

Fi(u) = (1.4)

otherwise

The point of doing this is that whenever Player II chooses A;, we know that
ran(F; [[A;]1°%) will look like the result of intersecting an elementary submodel
of M; with x; in particular, this range will be closed under the functions from M;.

Note that My (and all expansions of it) has definable Skolem functions and
so for any i and A C A, the Skolem hull of A in M; (denoted by Sk, (A)) is
well-defined.

Let ((F;, A;) : i < (2X)7) be a play of the game in which Player I uses this
strategy (with M; the model corresponding to F;). For each 7, define

a; = minfa : [Ska, (A) N T (0| > x}. (1.5)

By the choice of M\ and M;, clearly « (i) is a successor ordinal or a limit ordinal
of cofinality x T, and

| Skago (Ai) N 3o, (O] < 27 (1.6)

Since A; € Aj fori > j, we know the sequence (o; : i < (2¥)T) is non—
decreasing. Furthermore, for each i we know

o; <min{B: x <Jp()} < 20T (1.7)

This means that the sequence {(o; : i < (2X)*) is eventually constant, say with
value o*. Let i * be the least ordinal < (2%) such that o; = o* fori > i*.

Proposition 1.5. Ifi* < i < (2X)*, then Sk, (A1) N3+ () is a proper subset
of Sky (Ai) N T (X).
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Proof. Note that i*, *, and J,+ () are all elements of M; | as they are definable
in (H(A1), €, <;+) from the parameters Mg and (A j o j <i). Furthermore,

y* = min{y < :|Sky,(A) Nyl = x) (1.8)

is also definable in M; ;| (and < (2X)*). Thus the language of M; includes a
bijection between Sk, (A;) N y* and .

If Player I has not won the game at this stage, after Player I selects A; 41 we will
be able to find an ordinal 8 < x such that 8 ¢ ran(Fj+1[[A;+1]=*). By definition
of h, we know B’ := h~!(B) is an element of Sk, (A;) N Jyx (). However, g’ is
not an element of Sk, , (A;41) —since F; 1| codes the Skolem functions of M; 1,
the range of Fiy[[A;11]7% is Sk, (Ajx1) N x. Since Skyy,,, (A;41) is closed
under £, this contradicts our choice of 8. Since Sk, (Aiy1) S Sk, (Ait1), we
have established the proposition. O

Note that the preceding proposition finishes the proof of the claim — if play of
the game continues for all (2X)* steps, then (Skpg, (A;) N Jgx(x) 1 i < (X)) is
a strictly decreasing family of subsets of Sk, (A;*), contradicting (1.6). O

2. Club-guessing technology

In this section, we prove that if A = ut, where p is singular, then under certain
circumstances we can find a complicated “library” of colorings of smaller cardi-
nals. In the next section, we will use this library of colorings to get a complicated
coloring of A.

The basics of club—guessing are explained in [4], but we will take a few minutes
to recall some of the definitions.

Let us recall that if S is a stationary subset of A, then an S—club system is a
sequence C = (Cs : § € S) such that for (limit) § € S, Cs is closed unbounded in
3.

In this section, we will be concerned with the case where A is the successor of a
singular cardinal, i.e., A = u+ where cf() < w. In this context, if C is an S—club
system, then for § € S we define an ideal J;’[“] onCs by A € J;’[”] if and only if
A C Cs, and for some 0 < p and y < 4,

B € ANnacc(Cs) = [B <y orcf(B) <0].

Note that it is a bit easier to understand the definition of J Sb L] by looking at the

contrapositive — a subset A of Cs is “large”, i.e., not in J;’[“], if and only if
A Nnacc(Cy) is cofinal in §, and the cofinalities of members of any end segment
of A N nacc(Cs) are unbounded below .

Claim 2.1. Let . = p™, where u is a singular cardinal of cofinality ¥ < u. Let
S C A be stationary, and assume that sup{cf(§) : § € S} = u* < u. Let C be an
S—club system, and for each 6 € §, let Js be the ideal Jf[“]. Let (x; :i <k)bea
non—decreasing sequence of cardinals such that

K* = ZKi <u, (2.1
i<k

and let y* < u.



Sh:535

Coloring Theorems 601

Assume we are given a A—club system ¢ and a sequence of ideals I = (I, : o <
A) such that

(1) 1, is an ideal on e, extending Jet:yd
(2)if § € S, then for each i < «,

{o € nacc(Cs) : Player I wins sz leq, kiy ¥*1} = nacc(Cs) mod Js
(3) for any club E C A, for stationarily many § € S,
{a € nacc(Cs) : BolE, eq] ¢ 1o} & Js,
where
BolE, €] = {B € nacc(ey) : E meets the interval (sup(B Ney), B)}.

Then there is a function & : A — (x + 1) and a sequence

F=(Fs:8 <A, §alimit)
such that
®1 Fs : [es]=” —> kp(s)(where k™ 1= k)
and

®» for every club E C A, for each i < « there are stationarily
many § € S such that the set of 8 € nacc(Cs) satisfying the
following

o h(B) =i

o BylE, egl ¢ Ig

o forall y < B, kpp) S ran(fg [[BO[E, egl\ y]<w)
is not in Jg.

Now admittedly the previous claim is quite a lot to digest, so we will take a
little time to illuminate the basic situation we have in mind.

Claim 2.2. The assumptions of Claim 2.1 are satisfied if

() A =put where k =cf(n) < u

2)SC {5 <A:cf(d) =«}

B)seS—>5l=nGe,SCA\un

(4) C is an S—club system

(5)J = (Js : § € S) where Js = Jo!

(6) id p(C’ , J) is a proper ideal

(7) (ki : i < k) is a non—decreasing sequence of cardinals with supremum
K*<pu

(8) y* < u, and for each i < «, Player I wins the game Gm®|[6, «;, y*] for all
large enough regular 8 < p

(9) e is a A—club system such that |eg| < u

(10) fora < A, Iy = J24
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Proof of Claim 2.2. We need only check items (2) and (3) in the statement of Claim
2.1 — everything else is trivially satisfied. Concerning (2), given § € S and i < «,
we need to show

{a € nacc(Cs) : Player I wins Gm®[eq, k;, y*1} = nacc(Cs) mod Js.

Let A consist of those o € nacc(Cs) for which Player I does not win the game
Gm®[ey, ki, ¥ *]. By our assumptions, there is a & < p such that |e,| < 6 for all
o € A, and therefore A is in the ideal Jg(g” - Js and we have what we need.

Concerning (3), given E C X club, we must find stationarily many § € S such
that

{a € nacc(Cs) : BolE, eq] & 1o} ¢ Js.

Let E' = {§£ € E : otp(E N&) = &and y divides £}. Clearly E’ is a closed
unbounded subset of E, and since id,(C, J) is a proper ideal, the set

S*:={8 e SNE: E Nnacc(Cs) ¢ Js)

is stationary.

Fix § € §*, and suppose we are given § < p and & < 8. Since E' Nnacc(Cs) ¢
Js, we can find o € E' Nnacc(Cs) such that @ > max{&, u} and cf () > 6. Since
the order—type of E N« isa > u > |ey|, we know that Byo[E, e, ] is unbounded in
e, hence a member of /. This shows that the set of such « is in J 5+, as required. O

Now we return to the proof of Claim 2.1.

Proof of Claim 2.1. Let 0 = cf(o) be a regular cardinal < p that is greater than
w* and y*. For each limit 8 < A, if there is an i < « such that Player I wins the
version of Gm‘;; leg, ki, o] where we allow Player II to pass, then we let 2(8) be

the maximal such i — note that i exists by (5) of Claim 1.3 — and let Strg be a
strategy that witnesses this.

Note that since y* < o and Js = .If“” for § € S, we have that for § € S and
i < k that

{B € nacc(Cs) : Strg is defined and i < h(B)} = nacc(Cs) mod Js.

We will make ot attempts to build F witnessing the conclusion. In stage ¢ <
o, we assume that our prior work has furnished us with a decreasing sequence
(Ee : & < &) of clubs in A, and, for each 8 < A where Strg is defined, an initial

segment (Fg, Af’; : & < ¢)ofaplay of Gm‘;; les, /c;f(ﬁ), o 7] in which Player I uses
Strg. (Note that our convention is that if Player II chooses to pass at a stage, we let
A% be undefined.)

For each such 8, let Fé : [eg]=“ — kn(p) be given by Strg, and for those § for

which Strg is undefined, we let F, f be any such function. Now if (F é B < A=



Sh:535

Coloring Theorems 603

F¢is as required then we are done. Otherwise, there is a club E/ C A and ir <k
exemplifying the failure of F%, and without loss of generality,

(V8 € S)[Bi,[E;,Cs,1,& F*]] € Js. (2.2)
Now let E; = acc(E; N (¢, Eg). For each B where Strg is defined, we let

Player Il respond to F é by playing the set By[ E, eg] ifitis a legal move, otherwise
we let him pass. We then proceed to stage ¢ + 1.

Assuming that this construction continues for all o stages, we will arrive at
a contradiction. Let E = ﬂ§ <o+ E¢. By assumption (3) there is a §(x) € § for
which

Ay = {B € nacc(Cs(x)) : BolE, epl & Ig} & Js(x)-
By assumption (2), we have
Ay :={B € Ay : Strg is defined } ¢ Js(x).

For B € A, look at the play (Fé, Af; : ¢ < o). Since Player I wins, there is

a g < o such that Player II passed at stage ¢ for all { > ¢g. Since 0 > pu* and
Js(x) is p*—based, for some ¢* < o,

A3 ={B € Ay : Strg isdefined and {g < ™} ¢ Jsx).
Now E+ was defined so that for some i;+, forall § € S,
B .[Ec+, Cs, 1.2, F< '] € s, (2.3)
but (again by assumption (2))
Ay ={B € Ay : Strg isdefined, g < ¢*, and iz < h(B)} ¢ J5x)-

For 8 € A4, we know that at stage ¢* of our play of Gm% leg, knp), 0] the set

Byo[E;+, eg] was not a legal move. Since our sequence of clubs is decreasing, we
know that Bo[E;+, eg] is a subset of By[ E¢, eg] for all £ < ¢*], so we have

3
BolE;+. el € (1) Ap.
§<¢

Since B € A1, we know that Bo[E;+, eg] ¢ Ig. Thus the reason for Bo[ E¢+, eg]
being an illegal move must be that for all y < 8,

K;,‘(ﬂ) C ran(Fé [BolE¢+, egl \ y1=°).

All of these facts combine to tells us that 8 € B,'{* [E¢+, Cs, I, e, I:“g*], and thus
Ay C Bi [Egr, Cs, 1.8 F<1 ¢ Jsa).

contradicting (2.3). O

The proofs in this section (and the next) can be considerably simplified if we
are willing to restrict ourselves to the case k* < u, as we can dispense with the
sequence (k; : i < k).
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3. Building the Coloring

We now come to the main point of this paper; we dedicate this section and the next
to proving the following theorem.

Theorem 1. Assume A = ™, where u is a singular cardinal of uncountable cofi-
nality, say Rg < k = cf(u) < p. Assume (k; : i < k) is non—decreasing with
supremum k* < u, and there is a y* < pu such that for each i, for every large
enough regular @ < u, Player I has a winning strategy in the game Gm®[0, «;, y *].
Then Pri(A, A, k™, k) holds.

Let (S; : i < «) be a sequence of pairwise disjoint stationary subsets of
{§ < A:cf(8) =«}. Fori < «, let C' be an S;—club system such that
o A ¢id,(C', Ji), where Ji = (Jg,[‘“ :5eS)
§

o for§ € S;, otp(Cl) = cf (8) = k = cf(n)

Such ladder systems can be found by Claim 2.6 (and Remark 2.6A (6)) of [2] —
for the second statement to hold, we need that  has uncountable cofinality.

Claim 3.1. There is a A—club system e such that |eg| < cf(B) + cf(u), and e

“swallows” each C', i.e., if § € S; N (eg U {B}), then C} C ep.

Proof. Let § = U; ., S;, and let 8 < A be a limit ordinal. Let €% be a closed co-
final subset of B of order—type cf(8). We will construct the required ladder eg in
w-stages, with ¢/, denoting the result of the first n stages of our procedure. The
construction is straightforward, but it is worthwhile to note that we need to use the
fact that each member of S has uncountable cofinality.

Given eg, let us define

B,=S8N (eg U{BhH. 3.1

Now we let egﬂ be the closure in 8 of

e U U{c(; .8 € B,). (3.2)

Note that [e" 1| < cf (u) + cf(B) as |Cs| = cf (u) = « foreach § € S. Finally,
we let eg be the closure of U,Kweg in .

Clearly |eg| < cf(u) + cf(B). Also, since each element of S has uncountable
cofinality, if § € § N eg, then there is an n such that § € eg, and therefore

Cs Sep™ Cep, (3.3)
as required. O
For each i < «, there are h; and Fi = (Fg 18 < A, 6limit) as in the con-

clusion of Claim 2.1 applied to C? and &; note that we satisfy the assumptions of
Claim 2.1 by way of Claim 2.2.
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Let (A; : i < k) be a strictly increasing sequence of regular cardinals > « and
cofinal in u such that

a=tef([ [ai/2%). (3.4)
i<k
and let (fy : @ < A) exemplify this. Finally, let i : k — w and A} : k — « be
such that
(Vn)(Vi < k)(3j < ©[h{(j) =nand h](j) = i]. (3.5)
Before we can define our coloring, we must recall some of the terminology of
[2].
Definition 3.2. Let 0 < o < 8 < A, and define

y(@, B) =min{y €eg:y > a}.

We also define (by induction on ¢)

v, B) =B,
Yer1(a, B) = y(a, ye(a, B)) (if defined).

We let k(«, B) be the first £ for which y, (e, B) = «. The sequence (y; (o, B) :i <
k(a, B)) will be referred to as the walk from B to o along the ladder system e.

We now define the coloring ¢ that will witness Prj (X, A, k*, k). Recall that ¢
must be a symmetric two—place function from A to «*.

Givena < f,weleti = i(a, B) bethemaximal j < « suchthat fg(j) < fo(j)
(if such an j exists). Next, we walk from 8 down to « along e until we reach an
ordinal v(e¢, B) such that

Jfa(i) < fv(a,ﬁ)(i)v

(again, if such an ordinal exists.) After this, we walk along e from « toward the
ordinal max (o N e, (¢,8)) until we reach an ordinal n(«, B) for which

So.p)@) < fo@p@).

The idea now is to look at how the ladders ey, g) and e;(«,g) intertwine. Let
us make a temporary definition by calling an ordinal § € e, («,g) relevant if ey, g)
meets the interval (sup(§ N ey g)), &).

If it makes sense, we let w(a, B) C ey(a,p) be the last h§(i (a, B)) relevant ordi-
nalsin ey, g) (so we need that the relevant ordinals have order—type y +hf§ (i(a, B))
for some y).

Finally, we define our coloring by

c@ B) = Fyiyp” we B). (3.6)

If the attempt to define c(«, B) breaks down at some point for some specific

o < B, then we set c(a, B) = 0.
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We now prove that this coloring works, so suppose (f, : & < XA) are pairwise
disjoint subsets of A such that |ty] = 6; < « and j* < «*, and without loss of
generality « < mint, and 6] > w. We need to find §p and §; such that

actg,and B ety => o < Bandce(e, B) = j*. 3.7

L_e; Jj1 be the least j such that j* < «;, and let S, C, and F denote Sips Ch,
and F/! respectively.
Given § < A, we define the envelope of ts (denoted env(#s)) by the formula

env(ty) = | J{ye(8.0) : € <k(3,0)). (3.8)
CEts
The envelope of 75 is the set of all ordinals obtained by walking down to § from
some ¢ € ts using the ladder system e. This makes sense as we have arranged that
& < mint5. Note also that | env(zs)| < |ts| = 6.

Next we define functions g(’snin and g™ in [[;_, A by
g™ (i) = min{f, (i) : y € env(1s)}, (3.9
and
g5 (i) = sup{f, (i) + 1 :y €env(ts)}. (3.10)

Note that gi"** is well-defined as we assume that ¥ < min{}; : i < «}.
The following claim is quite easy, and the proof is left to the reader.

Claim 3.3.
(D) fo =y g5

(2) giMin (i) < g (i) forall i < k |
(3) There is a 8’ > § such that g™ < e g™,

Now let x* = (2*)T, and let (M,, : @ < 1) be a sequence of elementary sub-
models of (H(x™), €, <§*) that is increasing and continuous in « and such that

each My NAisanordinal, (Mg : B <o) € Myy1,and (fy @ < A),8,¢,¢, S, C,
(ty : @ < A) all belong to My. Note that & + 1 S M.
Theset E = {a < A : My N A = «} is closed unbounded in A, and furthermore,

o <deFE=supty <é. (3.11)

By the choice of C and F, for some 8§ € S N E we have the set

A = {B € nacc(Cs) : (Yy < B)ran(Fg[[BolE,ep]\ v]™") 2 «;,}  (3.12)
is not in Jg[m.

Note that A C acc(E), as Bo[E, eg] is unbounded in g for 8 € A. For 8 € t;,
if £ < k(8, B) then ey, 5,8y N 6 is bounded in §, and since it is closed it has a
well-defined maximum. Since |t5| < k = cf(§), this means the ordinal

y® := sup{max|ey, .5 N8]: B € ts and £ < k(8, B)}

is strictly less than 4.
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For B € ts, let us define

Api={B € A: (B < k(B,)IcE(B) < ley,5,p1)- (3.13)

Since the cardinality of each ladder in e is less than u, each set Ag is an element of

Jgg“ | The ideal Jgg“ 1is k—complete, so the fact that |¢5] < k and k(B, 8) is finite
for each B € ts5 together imply that

L ap e 22 (3.14)

Bets

By the definition of A and our choice of §, this means it is possible to choose
B* € A\ (y®+1) thatis notin any Ag, i.e.,

B €tsand £ < k(8, B) = cf(B*) > ley, .- (3.15)
Claim 3.4.

(1)Ife € t5,and £ = k(8, €) — 1, then B* € nacc(ey,(s,e))-
(2)Ife € ts and y® < y’ < B*, then

o yi(8,€) =yp(y', €) for £ < k(8, €), and

* Vi) (v',€) = p*

Proof. For the first clause, note that § is an element of e, (s5,¢) and hence by our
choice of e, C5 C ey,(s,¢). Thus B* € e,,(s,¢), and since cf(B*) > |ey,5.¢)], We
know that 8* cannot be an accumulation point of e, (s.e).

The first part of the second statement follows because of the definition of y©. As
far as the second part of the second statement goes, it is best visualized as follows:

We walk down the ladder system e from € to y’, we eventually hit a ladder
that contains § — this happens at stage k(§, €) — 1. Since Cs is a subset of this
ladder, the next step in our walk from € to y’ must be down to 8* because y® <
y < B*. o

We can visualize the preceding claim in the following manner: 8* is chosen so
that for all sufficiently large y’ < 8%, all the walks from some element of 5 to y’
are funnelled through 8* — B* acts as a bottleneck. This will be key when want to
prove that our coloring works.

Since B* € A, we can choose a finite increasing sequence &y < &} < -+ < &,
of ordinals in acc(E) Nnacc(eg+) \ (y® + 1) such that Fi ({&o, ..., & }) = j*, the
color we are aiming for.

For each £ < n, we can find ¢y € E \ (y® 4 1) such that

sup(egs N &) < Lo < &¢.

Now we let ¢ (x0, Yo, X1y Y1y« -5 Xns Yns 205 21) be the formula (with parame-
ters y®, (i <k),C,e, {ty : o < M), h, hg, j*) that describes our current
situation with xg, y, standing for ¢;, &, and zg, z; standing for 8*, § , i.e., ¢ states

o ¥® < xg<yo<-- <Xy <VYn <20 < 21 are ordinals < A
e 71 € Sand zp € nacc(Cy))
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e y® = sup{max[ey, ;) Nzil: € <k(z1,¢{)and ¢ € 17}
e 20 € nacc(ey,, . (x.¢) foralle € 1
o FL (o, ) = j*

Now clearly we have

H(X) '=¢[§Oa$09’§n7£n7ﬂ*58] (316)
Recall that all the parameters needed in ¢ are in M, except possibly for y®, so
the model M,o contains all the parameters we need. Also, {¢o, &0, - .., {n, &n} €

Mg+, B* € M5\ Mg+, and since § € A\ Ms, we have (recalling that 3*z < A means
“for unboundedly many z < 1)

Ms = 321 < V90580, - - -+ Sns Ens BT, 21)- (3.17)
Therefore, this formula is true in H () ) because of elementarity. Similarly, we have
H(X) |= (H*ZO < )")(H*Zl < )")¢(€01 %‘07 ey ;n’ Env ZOv Zl)‘

Now each of the intervals [y® + 1, ¢o), [¢0, £0), - . . , contains a member of E, so
(by the definition of E) similar considerations give us

H(x) B @x <) ... @ < MHF20 < V@21 < M@ (x0, Y0, - - -, 20, 21)-

Now we can choose (in order)

{6’<§é’<§g<§fl<§g<§f’<~~<§f<,]l’_l<§,’l’<§,f (3.18)
such that
F'z0 < M) F*21 < VPG, -, &1, 8y & 20 2D, (3.19)
and

F*yn < W20 < V@21 <SS, .- &1, &0 yn 20,201, (3.20)

Our goal is to show that for all sufficiently large i < «, it is possible to choose
objects B¢, 8¢, &b, ¥, and §” such that
Table 1

(1) g7 < B* < 8 < min(50) < max(150) < &7 < B < &
Q) P, - EL B8

3G, - &0, B2, 8"

(4) for all € € env(isa), g™ li, k) < felli, i) < g™ [li, )
(5) for all € € env(tyn), g I[i k) < fe i, k) < g™ Ili. k)
(6) gm™(i) < g (i) < g™ (i) < fgo (i) < fpa(i)

(7) g5 Il + 1, ) < g™ i + 1, )
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Claim 3.5. If for all sufficiently large i < « it is possible to find objects satisfying
the requirements of Table 1, then we can find §¢ < 8% such that c(e?, eb) = j* for
all €@ € tsa and €® € t5p.

Proof. Let us choose i* < « such that
e suitable objects (as above) can be found, and
e 1j(i*) = jrand hj(i*) =n
Choose €% € 5« and €? € ts»; we verify that c(e, e’y = j*.
Subclaim 1. i (€9, €?) = i*.
Proof. Immediate by (4)—(7) in the table. |
Subclaim 2. v(e?, €b) = pP.

Proof. Note that y® < €* < BP. Clause (3) of the table implies that the assump-
tions of Claim 3.4 hold. Thus by Claim 3.4, for £ < k(8?, €”) we have

ve(e?, €’ =y, (8", "),
hence yy (€4, eb) € env(fs) and (by (6) of the table and the definitions involved)
Frea e (i) < gHG*) < gla™(i*) < fea (i%). (3.21)
For £ = k(8”, €%), Claim 3.4 tells us
ve(e?, ") = g,
and we have arranged that
Jea(i*) < g5a™(i™) < fpo(i). (3.22)
This establishes 82 = v(e?, €?). O
Subclaim 3. n(e®, €?) = p°.
Proof. Leta = max(eﬁb N €%). We have arranged that
{,}l’<ﬂ“<8“<e“<§,}l’

and y® < max(eg N 8%), hence y® < o < B For £ < k(8 €*), Claim 3.4
implies

ye(a, €*) = yp(8%, €*) € env(tsa).

By our choice of i*, we have

fw(mea)(i*) < g (i*) < fﬁb(i*). (3.23)
For ¢ = k(§%, €*), Claim 3.4 implies y; (o, €*) = ¢, and we have ensured
flgh(i*) < fpa () (3.24)

Thus B¢ is the first ordinal 7 in the walk from € to max(eg» N €“) for which
[a(i*) > fgp(i*), and therefore n(e“, ) = p*. O
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Subclaim 4. w(e®, €*) = (g}, ... &P}

Proof. Our previous subclaims imply that an ordinal § € egy is relevant if and only
if the ladder e« meets the interval (sup(eg» N &), &). Since hi(@i*) = n+ 1, we
know that w(e?, el ) consists of the last n + 1 relevant ordinals in egb.

Fori < n, clearly éib € egp and sup(sib N eﬁb) < ;“,f . We have made sure that
ega N ({ib , éib ) # ¥ (for example, & is an element in this intersection) and so each
Sib is relevant.

Since B¢ < &), it is clear that there are no relevant ordinals larger than £°.

Giveni < n,if & € e N (§7, &7, )), then
gl'b <sup(§ ﬂeﬂb) <éc< C,’lig.y
Since ¢ | < Sih < Cib+1 < &, it follows that

[SUP(“E N eﬁb)v &) C [é‘ia+] s s[a+1)s

and so £ is not relevant. Thus {sé’, R é,f } are the last n + 1 relevant elements of
egv, as was required. O

To finish the proof of Claim 3.5, we note that as 47 (i*) = j*, we have

c(e?, e’y = Fé,‘,({gg, L EPY = (3.25)

O

4. Finding the required ordinals

The whole of this section will be occupied with showing that for all sufficiently
large i < «, it is possible to find objects satisfying the requirements of Table 1.
We begin with some notation intended to simplify the presentation.

e ¢“(z0, z1) abbreviates the formula ¢(§§, &8 20, 21)

e »”(y,, 20, z1) abbreviates the formula ¢(§é’, Ch's Yns 205 21)
e Fori < «, ¥ (i, z1) abbreviates the formula

(Ve € env(tz Vg™ [Ti, ©) < fellio ) < g™ [l 0] (4.1

We have arranged things so that the sentence

(328 < M3 28 <@ < n)
(325 < VA < DI, 2D A PO 25, 2D 4.2)
holds.
There are far too many alternations of quantifiers in the above formula for most

people to deal with comfortably; the best way to view them is as a single quantifier
that asserts the existence of a tree of 5—tuples with the property that every node of
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the tree has A successors, and every branch through the tree gives us five objects
satisfying ¢¢ A ¢P.
Let (i, zg, o, zlf ) abbreviate the formula

eI WL Qi O WV (R D WV ()
(g;“a*r[z 10 < gl + 1, K)) :

By pruning the tree so that every branch through it is a strictly increasing 5—tuple,
we get

(328 < VT8 <@ <)
325 < MFZ < NV < O)[DG, 28, ..., Z2D)]. (4.3)

We now make a rather ad hoc definition of another quantifier in an attempt to
make the arguments that follow a little bit clearer. Given i < «, let the quantifier
EI*’izg < ) mean that not only are there unboundedly many z;’s below A satisfying
whatever property, but also that for each ¢ < A;, we can find unboundedly many
suitable z;;’s for which fz(’; (i) is greater than «.

Claim 4.1. If we choose 8% < §¢ < S,f such that

@20 < WA < DV <G, B, 8%, 8L, 20, 2D, (4.4)
then

(Vi < K)(352h < MFZL < DIPG, B9, 89, €2, 25, D). (4.5)

Proof. Suppose that we have 8¢ < §¢ < E,f such that (4.4) holds but (4.5) fails.
Then there is an unbounded I C « such that foreachi € I,

-3 < ML < WIOG, B, 8%, €L, 2, D). (4.6)
In (4.4), we can move the quantifier “V*i < «” past the quantifiers to its left, i.e.,
(Vi < )32 < WDE2] < VIPG, B, 8%, &7, 26, 2D, 4.7)

so without loss of generality, for alli € I,
325 < MF 8 < MIDG, B4, 89, &L, 28, 2. (4.8)

Since (4.6) holds for all i € I, it must be the case that for each i € I, there is a
value g(i) < A; such that for all sufficiently large 8 < A, if

@b < nlea, g, 8% &k, g, 21, 4.9)
then

fpi) < g@). (4.10)
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Since { fo : @ < A} witnesses that the true cofinality of []; _, A; is A, we know
V*x < VD)V e D[g@) < f: ()] 4.11)

When we combine this with (4.4), we see that it is possible to choose B? < A such
that

(V*i € DIg@) < fpr ()], (4.12)
and
322 < MV <D, B9, 89, &L, B2, 2. (4.13)

(Note that we have quietly used the fact that || < A = cf(}) to get a B” that is
“large enough” so that (4.9) implies (4.10) for all i € I for this particular 8°.) This
last equation implies

(V') < 10)@2) < WG, B, 8% &), B, 2D,
s0 it is possible to choose i € I large enough so that
gi) < fa (i)
and
32 < VIPG, .88, B, 2D,

This is a contradiction, as (4.9) holds for our choice of i and 8 = ,Bb , yet (4.10)
fails. m]

Notice that an immediate corollary of the preceding claim is
328 < VI8 < x)(a*yf; < MV < k)
(EI*’ < /\)(EI* < AM[®(3, B, 87, Sn,zo, zl)]. (4.14)
Claim 4.2. If B* < A is chosen so that
324 < MY < Vi < k)
320 < ME* < VIOG B 2,y 20, 2D, (4.15)

then
Vi <k)@Fv < 1) T2 <MY AY"]
where
Y o= g?{,ax(i) <,
and

Y= @) < 0@ < L)
[v < £ and @2} < MIOG. B, 2. 30 26, 21
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Proof. In (4.15), we can move the quantifier “(V*i < «)” past the other quantifiers
to its left, so

(Vi < k)32 <03 <)
FHizh < D@L < VPG, B 28, 8,28 21 (4.16)
holds. The claim will be established if we show that for each i < x for which
328 < 0@ <)
35 < 0@ < VDG, B 24,38, 25, D] 4.17)
holds, it is possible to find v < A; such that

3@z < k)|: max(z) < vand

F*yb < 0n@h <) [v < fp(i) and 328 < MIDG, B9, 28,38, 25, 2 )]]
(4.18)

Despite the lengths of the formulas involved, this is not that hard to accomplish.
Since A; < A = cf()1), we can find v < A; such that

@z < Vg ma"(l) < vand
@b < 0@ < 0@ < VOGBS 8, 2, 2D,
and now the result follows from of the definition of “3* ’zl < A", O

Thus there are unboundedly many zj < A for which there is a function g €
[1; =« Ai such that for all sufficiently large i < «,

Fz{ < A) [g?%a"(i) < g(i) and
3y < VEG < [g@) < fp(0)
and (32} < V[P, 28, 2§, ¥8, 25, 21)]]} (4.19)
Now this is logically equivalent to the statement

@8 < 0EY <0@E* L <
[g;l}d"(z) < 8(i) < f.p(i) and 325 < VPG, 2§, 21, ¥2. 25, ZD1]- (4.20)

Suppose we are given a particular zg < A for which a function g as above can
be found, and let us fix i < x “large enough” so that (4.19) holds. Also fix ordinals
8% < A and é,i’ < X that serve as suitable z{ and y,’; . Just to be clear, this means that
for these choices we have

(32 < M[gh™0) < g() < fp() and (T2} < WIS, B, 8%, &7, 25, Z2D]]-
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Since A; < A = cf(}), there must be some value w satisfying
325 < M[g() < fp() < wand @] < VPG, B 8§, 25 D).
This implies for our particular 8¢, g, i, §¢, and é,’l’ that
(V'w < a) @25 < M[gf™() < g() < fp(i) < wand
325 < VIPG, B, 8%, yE. 25, Z2D1)- (4.21)

Since A; < A = cf(A), the quantifier (V*w < A;) can move to the left past the
quantifiers (3*z{ < k)(E!*yfj < A). This tells us that for our 8¢ and g,

Vi <) (V'w < 1) 328 < DEFYE <03 <)
[gzmcllax(i) < g(i) < fb(i) < w and
When we put all this together, we end up with the statement
Tz < MV <k)@v < 1) V'w < 4)FZ <))
GV <03 < Mg W) <v < fpl) <w
and (32} < MIOG, B4, 24, v2, 25, 2D1]. (4.23)

Since both « and A; are less than A = cf (%), we can move some quantifiers around
and achieve

Vi <i)(V'w < 1) 3 z5 < M) @v < 2)FZf < 1)

3y <032 < ,\)[g“},ax(i) <v<fp@)<w
and (32} < MG, B, 2{, 7, 26, ZD1]- (4.24)
Thus there is a function & € [ [, _, A; such that

(Vi < k)(T'z§ < ) QAv < 1) FzZ{ <)
Ve <03 < Mg 5 < v < fp(i) < h(D)
and (322 < V[P, B, 2$, y2, 28, Zl)]] (4.25)

After all this work, it is finally time to prove that we can select objects 8¢ <
8% < é,’l’ < Bb < 8" that satisfy all of our requirements.
Clearly, for every unbounded A C A,

i <) @*x € A(R[i, k) < fe|li, k).

Thus we can choose i* < k such that h7(i*) = j; and h§(i*) = n, and
(Fz5 < )»)|:hf[i*, K) < fz(a) Ili*, k) and (v < )3z < X)(H*Y,}; <)
3z <M)|g W) < v < fp (") < hG*) and

38 < WOG*, 28, . ..,z’l’)]]]
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So now we choose B¢ such that 2(i*) < fga(i*) and for some o < A;x,
(F'z{ < A)(EI* < A)(H*z < A)[g;]}ax(i*) <a< fzg(i*) < h(i*) and
G < VPG, 2, ... 2D])-

Now we choose §¢, S,f, ,8”, and 8° such that

o B <8 <b < gt
° gg}lax(i*) <a< fﬁb(i*) < h(@*) < fﬂn(i*)
o O(i*, 4, 8% &b, b 8")

It is straightforward to check that these objects satisfy all the requirements listed
in Table 1, so by Claim 3.5, we are done.

5. Conclusions

In this final section, we will deduce some conclusions in a few concrete cases.

Theorem 2. If u is a singular cardinal of uncountable cofinality that is not a limit
of regular Jonsson cardinals, then Pri(u™, u™, ™, cf(u)) holds.

Proof. The proof of this theorem occurs in two stages—we first show that
Pri(u™, ut, w, cf (u)) holds, and then we show that this result can be upgraded to
obtain Pri(u™t, ut, ut, cf(u).

Let u be as hypothesized, and let us define A = u* and « = cf (u).

Claim 5.1. Pri(A, A, i, k) holds.

Proof. Let (k; : i < k) be a strictly increasing continuous sequence cofinal in .
Let S € {6 € [u, X) : cf(8) = «} be stationary. Standard club—guessing results tell
us that there is an S—club system C such that id (C J) is a proper ideal, where J;

is the ideal Jg;“ lfors e § , and furthermore, satisfying |Cs| = «. (Note that this
last requires that k = cf(u) is uncountable.)

At this point, we have satisfied all of the assumptions of Claim 2.2 except pos-
sibly for clause (8). It suffices to show that for each i < «, for all sufficiently
large regular 6 < u, Player I has a winning strategy in the game Gm®[0, «;, 1].
Since p is not a limit of regular Jonsson cardinals, it follows that for all sufficiently
large regular 6 < p, Player I has a winning strategy in Gm®[6, 6, 1]. This implies,
by Lemma 1.3 (1), that for all sufficiently large regular 6, Player I has a winning
strategy in Gm® [0, k;, 1], and so clause (8) of Claim 2.2 is satisfied. |

To finish the proof of Theorem 2, it remains to show that we can increase
the number of colors from p to A = pu* — we need Pri(A, A, A, k) instead of
Pri(h, A, i, k).

Lemma 5.2. There is a coloring c : [A]? — A such that whenever we are given

° 0 <k,
o (to : o < A) a sequence of pairwise disjoint elements of [M1?,
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® ly €ty fora < A, and
o < A,

we can find a < B such that t, € min(tg) and
(V¢ € t)lc1(8, 8p) = T1. (5.1

Proof. Let ¢ : A2 — W be a coloring that witnesses Pry (X, A, i, x). For each
o < A, let g4 be a one—to—one function from « into ©. We define

ci(a, B) = g5 (c(@, B)). (5.2)

Suppose now that we are given objects 0, (t, : ¢ < A), ({y : & < A), and Y as
in the statement of the lemma. Clearly we may assume that min(#y) > «.

Fori < p, we define X; := {o € [y, 1) : g, () = i}. Since A is a regular
cardinal, it is clear that there is i* < u for which | X;«| = A. Since ¢ exemplifies
Pri(A, A, i, k), for some o < B in X;+ we have t, € min(#g) and

(V¢ € ta)lc(¢, &) = i7]. (5.3)

By definition, this means
(V¢ € Dlei(, Zp) = g~ (c(e, B)) = g~ (%) = 7], (5.4
hence « and B are as required. O

To continue the proof of Theorem 2, we define a coloring ¢; : [A]> — A by

c2(a, B) = ci(a, v(a, p)), (5.5)

where v(a, B) is as in the proof of Theorem 1.

It remains to check that ¢y witnesses Pry (A, A, A, ). Toward this end, suppose
we are given 0 < k, (f, : @ < A) a sequence of pairwise disjoint members of [1]?,
and Y < A. We need to find 8% and 8 less than A such that

e ety nel e tsp = ca(€“, ) =. (5.6)

Lemma 5.3. There is a stationary set of y1 < A such that for some yy < y1 and
B €y, M), if yo < o < y1, then the function v is constant on ty X tg.

Proof. Let E be an arbitrary closed unbounded subset of A, and let W be the set
of ordinals < A satisfying the properties of y;. In the proof of Theorem 1, without
loss of generality we can have E € M. This means that the ordinal §* found in
the course of that proof will be in E, so we finish by observing that 8* € W. O

An application of Fodor’s Lemma gives us a single ordinal y and a station-
ary W' € W such that for all y € W', there is a 8, € [y, 1) such that for all
a € [yo, ), v[(ty x tg) is constant.

Using properties of the coloring c1, we can find « and y such that

e N=<=u<A
e y € W\ (sup(ty) + 1), and
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e lcty=rc1(L,y)=T.

Now given €“ € t, and eb e 1g,, we find
(e, ") =1, y) =T, (5.7)
and therefore ¢y exemplifies Pr(i, A, A, «). O

Theorem 2 strengthens results in [1] as clearly Pry (u™, ut, ut, cf (n)) implies
that 4" has a Jonsson algebra (i.e., ™ is not a Jonsson cardinal). The question of
whether the successor of a singular cardinal can be a Jonsson cardinal is a well—
known open question.

We note that many of the results from Section 2 of [1] dealing with the existence
of winning strategies for Player I in Gm®[A, u, y] can be combined with Theorem
1 to give new results. For example, we have the following result from [1].

Proposition 5.4. If T < 2° but (V6 < k)[2? < 1], then Player I has a winning
strategy in the game Gm® (1, k, k).

Proof. See Claim 2.3(1) and Claim 2.4(1) of [1]. O

Armed with this, the following claim is straightforward.

Claim 5.5. Let u be a singular cardinal of uncountable cofinality. Further assume
that x is a cardinal such that 2<X < p < 2X. Then Pri(u™, u™, x, cf (1)) holds.

Proof. 1f 2<X < p, then Claims 2.3(1) and 2.4(1) of [1] imply that for every suffi-
ciently large & < u, Player I has a winning strategy in the game Gm® (@, x, x ™).
If £ = 2<%, then cf (u) = cf(x). Let (k; : i < cf(u)) be a strictly increasing
continuous sequence of cardinals cofinal in x. Giveni < cf(u), we claim that for all
sufficiently large regular t < u, Player I has a winning strategy in Gm® (z, «;, x).
Once we have established this, Pry(u™, u™, x, cf(u)) follows by Theorem 1.
Given t = cf(7) satisfying 2 < 7 < pu, let  be the least cardinal such
that t < 27. Clearly xk; < n < x. By Proposition 5.4, Player I wins the game
Gm®(z, n, n7). This implies (since n™ < x and x; < n) that Player I wins the
game Gm®(t, k;, x) as required. O

We can also use Claim 1.4 to prove similar results. For example we have the
following.

Claim 5.6. Let u be a singular cardinal of uncountable cofinality. Further assume
that x < p satisfies 2% < o < Jx)+ (x). Then Pri(u't, u™, x, cf(n)) holds.

Proof. Again, the main point is that for all sufficiently large regular 6 < u, Player
I has a winning strategy in the game Gm®[6, x, (2%)*]. This follows immediately
from Claim 1.4. Since (2X)™ < u, Theorem 1 is applicable. O

In a sequel to this paper, we will address the situation where X is the suc-
cessor of a singular cardinal of countable cofinality. Similar results hold, but the
combinatorics involved are trickier.
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