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ABSTRACT

This is a continuation of Harrington and Shelah [3]; however, the contents of
this paper are self-contained.
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§1. On the density of linear ordering

THEOREM. Suppose P is a co-k-Souslin relation (on R) which is a linear order
(so we shall denote it by =) even after adding a Cohen real.

Then either (R, =) has a dense subset of power = k or there is a perfect set of
pairwise disjoint intervals.
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REMARK. Insummer 1979, Friedman and Shelah (see [1]) proved this for P a
Borel relation. Shelah proved that (R, =) cannot be Souslin: If it is, by forcing by
the set of intervals, we made it to have a strictly decreasing sequence of intervals
(ai, b)) (i < w1). So {(asi, asi+2): i <N} is a set of N, pairwise disjoint intervals.
But then, by the completeness theorem for L, .. (Q) (see Keisler [4]), this holds
in the original universe (we use hereby the absoluteness). So assuming (R, =
has no countable dense sets, it has N, pairwise disjoint intervals. This Friedman
uses to prove the Theorem for P Borel, adapting Harrington’s proof of Silver’s
[6] theorem, using “there are N, disjoint intervals” as a ‘‘bigness” property.

That proof does not seem to apply for the present theorem.

This proof uses the method of [3] (with choice) but is represented fully.

If you have difficulties, read §2 here and/or [3] and they may be explained in
more detail there.

Proor. First we choose by induction on i < k", reals a;, b; such that

(*) a; < b;, and for every j <i, a;<b; =a; <b;, or

a; <b <a;<bjora<a<b<b
and

(*+) if there are x* pairwise disjoint (closed intervals) then {(a;, b:): i <k}
are such intervals (i.e. for i <j, b; < a; or b < a;).

Why can we do this? If we cannot choose a;, b;, let A ={a;, b; : j < i}, then in
every Dedekind cut of A, there is at most one element of R— A [by the order
= ; more exactly, one equivalence class modulo x =y Ay =x],so (R, =) hasa
dense subset of power [2i|= .

Taking care of (*x) is trivial.

Let f:““k — “the family of open subsets of R X R” be such that

TPy =3An €%) A [x, VEf(nln)

Extend (H(x*"), €) by Skolem functions and get a model €, and let N < € be a
countable elementary submodel such that g, h, f € N where g, h: k" — R, g(i) =
ai, h (l) = b,‘.
We define a forcing notion (¢ ranges over the rationals, y, =(y.; : i <o), but
the formula ¢ involves only a finite initial segment)
O = {‘P(xk)’ y'o, xlx’ ylw T C—):
<+ <t in@, EEN, ¢ F;“x; an ordinal < «™”,

and €3 x, 35,3 x, 37, ¢},
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the order is ¢ < ¢ if ¢+ ¢; we shall omit the parameters from N.
Clearly Q is equivalent to Cohen forcing, and we can naturally define a
Q-name M of an elementary extension of N, with set of elements {x,, y,, : t €Q,

’

[ <w} in which “sets of power = k" are not enlarged.

A. Fact. If CH(3"x<ke(x,C), n<w, ¢EE then (I"x,<k')--
(Fx. <k') [Al-1@(x,C) nthe intervals [g(x), h(x)] (I =n) are pairwise
disjoint].

If not, then easily there is (in€)aset A Ck",|A|=«", (Vx € A)p(x,¢)such
that for no x,<---<x, in A are the intervals [g(x;), h(x:)] (I = n) pairwise
disjoint. Let {x;:i <m}C A be such that {{g(x), h(x,)]: ! < m} are pairwise
disjoint, and m is maximal (hence <n), so for every zEA'=*"A —
{y :(3)y = x)} for some i(z)€E{0,---, m —1} the interval [g(z), h(z)] is not
disjoint to [g (X)), h (Xi))]- By the choice of the (a;, b;)’s (see (¥)), as xi) < z,

8(xi)) < g(z) < h(z) < h(xiey).
Clearly |A — A'| =« hence |A’| = ", hence for some l,<m
B={Z EA,Ci(Z)zl()}

has power «*. For z, < z, in B the intervals [g(z.), h(z21)], [g(z2), h(22)] cannot
be disjoint [otherwise {x, : | < m, [ # I} U{z,, z,} contradict the maximality of m]
hence (by (*) again)

8(z21)< g(z2) < h(z)< h(z)),
so {g(z):z € B} is strictly increasing; but this means there are in (R, =) «~

pairwise disjoint closed intervals, and so we could have chosen the (a;, b;)’s to be
pairwise disjoint; in this case by (**) the Fact A is trivial.

B. Fact. K o(xy, ¥y " X0 P )EQ, 1<+ <ty < lyry <+ ++ < b, In @, and
among any k' ordinals < k" there are i < j such that =V (i, j), m €{1,- -+, n},

0 = ‘p(xll’ y’n T x'n’ y’n) A (P(x',.ﬂ’ yr,.m Y x'zn’ y’zn) A 'r,’(xlmv yfm-m)’
then 8 € Q.

ProoF. We choose by induction on a <k*, N, <€, « CN., NEN,,
NG| < 6", (N; i = @) € Nyuy, for limit @, N, = U, N.. For each a we can by
induction on ! =1, n choose

‘ylﬂ E K+ n (Nna+l - Nna+l-l), ‘i;x E Nnn+l
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such that

(*)’% (3ﬁx’l+|)(3yn+n) o (3K+x'n)(3)7',.)¢('y?’ gtll’ T ‘YT’ &T’ Xops 9':».11 T Xy, Y. )

Note that (x), holds as ¢ (x,, ¥, - - ) € Q. So to choose for | we know (x),_;, then
we can choose first y§ (as 3*'x, and the relevant parameters are in Ny, as
Noosio1 € Noit 80 Nuwi N 7 1s “considered” by N,..; as a bounded subset of
x*) and then d:.

Lastly {y%:a < "} is a subset of k* of power k*,s0 as a < B & yn<7f, by
a hypothesis for some a < B, = ¥(ym, ym). SO

Gk O[ys,ds, yids, -, yade, v8 ds, - -, 5 d%).
Now we can prove by downward induction on [ =1, 2n that
@F ax*‘xlhxayiin e ax‘xm ayﬂzno [‘}"f, d-lllv Y xtnn itun o ]

We identify r, M" k= “r areal” with a true real r' s.t. [r'(n) = 0iff M" = “‘r(n) =
0] if we identify R with “2, or [r'>1 iff M"r>1t] for any t EQ.

C. Facr. In the forcing notion Q X Q we have two names M, M", M®, one
for each Q. Now for each t,s € Q

Foxo “the intervals [g(x,), h(x)]¥", [g(x.), h(x.)]¥" are disjoint”.
Proor. Otherwise there is a condition (¢, )€ QO X Q
(¢, ¥) Foxo “the intervals [g(x,), h(x)]"", [g(x,), h(x,)]*" are not disjoint”.

Let

(P = (p(xlp 9:,, v .,xl,.’ yl,.)y (l, = l//(xsv y-‘l’ ot .’x-‘m’ ysm)

andw.lo.g. t €{1, -, .}, s E{s1," - -, 5.} (as we can add to ¢ dummy variables).
So let t = tyey, § = Sme- Choose 4,5 € Q (n <l =2n), such that

b < L1 <+ < by, Sp L Sne1 <" < Son.
By Facts A, B, ¢* € Q where
@* = @ (X Fur " "> X5 Fion)
= @ (Xus Fas "+ " X To ) A @ (Xrp Fnrs ™" " X o)
A [the intervals [g(x,.), h(x...)], [8(%,...,) B(X,...,)] are disjoint].

Similarly we can show ¢* € Q where
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ll/* = !?[’(xﬁ’ ysl’ T xSn’ y“n) A (ll(x%u’ y‘nﬂ’ T x»‘zn’ ysZn)
A [the intervals [g(x.,..,). h(x,..)) [8 (%) B (X)) are disjoint].

So (¢*,¢*)EQ X Q and let G CO X Q be generic, (¢*, ¥*)E Go. As O 1s
equivalent to Cohen forcing also Q X Q is equivalent to Cohen forcing, hence by
a hypothesis, in V[G], =, i.e. P (i.e. its definition) is still a linear order. Now for
reals, i.e. in M'[G], M*[G] we have two definitions of =: the one in V[G], and
the one as an elementary extension of N. Now if x €{L,R}, r,,r.€ M*[G],
M*[G)}E=r <r, in M[G] we can find a branch of “”x which witnesses it, and
clearly it continues to witness it in V[G]. But in M*[G], «¥ 16IC N. So

Li=[g(x ) hx M, L=[gx,...) hix,., )"

are disjoint intervals (and they are intervals, i.e.

LG

g (x".(-)) < h (x’n(‘))’ g(x’n+n(.)) < h (x‘n +n(-)))'

Similarly
R|G
J‘ = [g(xsm(.))’ h(xsmm)]]g ]’ J2 = [g(xl‘mn..(.))s h(xx,,ﬂm(-))][g
are disjoint intervals.
As (¢, ¥) = (¢*, ¢*) € G, and by the choice of (g, ¢), the intervals I,, I, are
disjoint. Using the natural automorphisms of Q X Q, I is disjoint to J; for
i=1,2, j=1,2. But no linear order can have four such intervals.

R{G]

D. Factr. There is a perfect set of pairwise disjoint intervals.

Easy by Fact B (we do not have to really construct generic sets, just enough to
compute the branches of ““« witnessing the x-Souslin relation).

§2. Generalizing the model theory

(A) Looking at the proofs of the theorem on number of equivalence classes,
non-existence of a monotonic w;-sequence in a linear order, in [3] and the
theorem of §1, we see that a large part is common. We try to catch this part, and
phrase it here in a general way.

We do not try to see how much choice and which cardinals we need (i.e., can
we replace ZFC by second-order arithmetic, etc.).

(B) We let & be an expansion of some (H(A), €) (by countably many
relations and functions). Let « * be a regular cardinal. Let A* €8 beaset, I €E
an ideal of subsets of A*, which is «*-complete, let I*x¢(x) mean
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{x€A*:p(x)} &L If not mentioned otherwise I ={B CA*:|B|<k*} and
A*=k*.

We choose a countable elementary submodel N of €. In formulas we suppress
parameters from N.

We define a forcing notion Q whose members are the ¢ = ¢ (x,, 9., - *, X, 1)
satisfying

(a) ¢ is a first order formula with parameters in N,

(b) each 4 is a rational number and f, <, <.+ - <1{,,

©) ¥ ={Yuo, Y1, " ) (We can replace it by a finite initial segment as ¢ is first
order),

@) NE{(3*x)(37)(F*x)(FF) - (F*x,)(3T.)e};
the order in Q is: ¢ < ¢ if Y} .

(C) If G is a generic subset of Q, we let M[G] be a model with universe
IN|U{x,, y.i : 1 €Q, | <w} and G giving the complete diagram of M. Clearly
N < M[G], and for all this it is enough that G C Q is directed and not disjoint
to countably many dense subsets of Q. Moreover if a € N, N “a has power
< k*” then (Vb € M[G]) (MEb Ea] > b € N) (by the «*-completeness of
I).

NotaTiON. For any index 7 let

Q" ={e(xi, yi ) @M, Ju )EQ Y= (yu: [ <)},

G’ a generic subset of Q"
MI[G"] is defined similarly. For ¢ = ¢(x,, ¥, - )€ Q let

@ = @(x1, Vi)

Let z, =(x,)" ¥ ; 3%z means 3*x, 3j.. Let 5, ¢ denote increasing sequences
from Q; if { =(1,- -, t,) then

— A A =

Zr=z,"- "7 ; 3*7; means 3*7,--- 3*Z, .
Let

A s A A=

Zu= <xt,i> " y.,i, Vi = (y.,o,i, AR >, 2?,:‘ = 5:,':' Zyi "t 2y

(D) We now describe the construction:

We shall define by induction on k<w, for every n €2, ¢, =
@a (""" X0, Y1, " * * Jieum), such that:

(a) U(n) is a finite subset of @,

(b) Un)CU(n +1),

(c) for I <k, ¢, F @an.
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We call the set of such ¢ = (¢, : 7 € “72), ®. A natural topology is defined on ®.
We shall prove that various facts holds for “almost all ¢, i.e., for all but a first
category set; later on we usually ignore the “‘exceptional” ¢’s.

(E) For (/_J E(I), n €“2 let Gg = {(Pnfk 1k < (l)}

It is easy to prove that for every n, ¢, G is directed, and for every dense
D C Q, for almost all ¢ for every 5, G} N D # & (note the order of quantifica-
tion).

(F) Hence for almost all ¢, M[G;] is as in (C) (for all n € “2). We denote the
elements of M[G}]] by x7,y/=(yl:l<w) to avoid confusion. Let M} =
M|[G3}]. Note: if M “‘says” x is a natural number or a real, then it really is (or at
least we can consider it as such). Clearly if ¢ is a k-Souslin relation on reals,
whose definition belongs to N, k < «*, and Mj F ¢[r,,- -, r.] then really (in
V)E¢[r, -, r.] (note that Mz “x is in “"x” then x € N hence really
X E€°7k).

(G) Let ¢ be «-Souslin relations on reals, in N.

For almost all ¢ the following holds:

for arbitrarily large k < w, for every distinct vy, - - -, v € “2 1, -, Inincreas-
ing and  C{*l/n:Ln<k}NU(k), for some ¢ E{Yy, ¢}, fi, . f EN
function into R (or "R)

(@b @L) baixotmcon “W((E D) ) o (1)
1 2 m
{for this the “x-Souslinity” is not necessary).

(H) In (G)’s notation when ¢’ = (for almost all ¢’s) if » <m €2 then
EYfE]) (27, ).

PrOOF. There isa Q'x Q”X---Xx Q™ name 7 of n € “x which witnesses
the satisfaction of ¢ (for some specific k, vy, -+, t1, "< *).

So it is sufficient that for arbitrarily large | < w

(*) if p1,* -, pm €'2, v < 7 then for some 7y € 'k

ER]

(@5 @) Forxon“n 1 =7

and this holds for almost every ¢.

(I) Now we come to the point which in each application is the heart of the
matter. So we assume (remember we can add to ¢' and ¢ dummy variables)

(@ @™ koot xom “(fi(ZD), -, fu (D)),
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¢ = @ (Z;), ¥ a conjunction of k-Souslin and negation of k-Souslin formulas for
k < k*. Then

(o) for every generic G'X--- X G™ CQ'x---x Q" there are § (i <w),
§o< 5, <--- such that

(@) M[G']k¢'[Z,,.] when j<o, i=1,m;

(b) if =1 mod m for [ =1,---,m then F ¢[fi(Z;), ", fm (25 )];

(c) moreover if j<w, =1 mod m, and i\, -, i, is a permmutation of
{1,:--,m} then

FfED, o ED)):
ReMARK. Note that fi(Z;) is computed in M[G'].

(B) Suppose in addition that I* ={A CA*:|A|< «*}, n(§)E{L, -, m} for
Ee{l,- -, j}, 60=6( x4, ¥, - * " Ji=1.umy (I =1, m) are such that:

() if at, by, ar by'€C, Cr@at! b, -]
(for @ <«), the a§' (e <«k,B =1,n) are distinct, then for each I for some
a(DN<---<a(j)

L almE+DS palmErDd _
E 01[ anm§+n{+r’ bnm§+n;+r ]§=1J;[=1-'";'=1'"'

Then for some generic G' X-+- X G™ C Q' X ---X Q™ s.t. (in addition to (a)
(a) and (@) (b)):
d) forl=1,---,m

ey METLL gmé+ed L,
'= 01[ xnm§+n§+r’ ynm{+r{+r ]§

¢
r

I

RN

1

_-—

The proof is like that of (2) (B)

§3. Variants and consequences

(A) Here we remark on various variations of §2.

(A1) We can use the quantifier 3* directly (and not the ideal): so instead of
P(A*)—I we can have any family of subsets of A* such that if (3*x)
[@:1(x) v ¢2x)] then TF*x @y(x) or T*x @(x).

(A2) In [3] we use an M generated by one element x ; here it is generated by
{x.7. € @} (but use more the Skolem functions, which are not needed here). I do
not see any difference (the phrasing of §2, (I) will be a little different).

(A3) In (I)(B) instead I* ={A CA*:|A|<«k*};if A* = k* we can also use
{A C«*:A not stationary}. Also for any I* we can just demand that the
suitable conditions exist.
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(A4) We can phrase §2 as a partition theorem.

(AS5) In §2, (I), instead of discussing V°""°" we can look at a game in which
the players build G'x---x G™ C Q' x---x Q™, each giving a finite approxi-
mation. The outcome of a play is determined by the satisfaction of some
z{;(ii,- e, z’,—':). We shall require that such games are determined.

(B)(a) How do we use §2? We want to find a perfect set of reals satisfying
something.

We define A*, I* (usually the standard one). And take a ¢ which is like
almost all ¢’s. Then we want to show that {xJ: n € “2} (or something similar) is
as required. We assume not, and use (I) ((o) or (B)) to show that in y o
there are some reals satisfying some «-Souslin and co-k-Soulsin formulas
Kk <Kk* Q'X---xQ" is equivalent to Cohen forcing, and so in V™"
supposedly we got something forbidden by a hypothesis in the specific theorem
we are trying to prove.

(B)(b) Instead of assuming that even after adding Cohen reals there are no
reals ry,- - -, r, satisfying A gi[r, - ] A Alma $irs, - -, 1] (¥ k-Souslin),
we can demand

(*) if fi, - - -, fo define ¥y, - - -, Y., r areal, then in V there is a real generic over
L[r,fi, -, f.]- This holds if R is not the union of « nowhere-dense sets.

If each ¢ is 3 hence N;-Souslin, we can omit f;,- -, f, in (¥), and then, of
course, Nr"T< N, is sufficient.

(C) THEOREM. If = is a co-«-Souslin relation on R, (R, =) is a quasi-linear
order (even after adding a Cohen real), then there is no (strictly) increasing
sequence of length k”.

REMARK. This essentially appears in [3] (for kK =Ng); x =y A y = x may be
here a non-trivial equivalence relation.

PrROOF. We use (2) with k* = «*, A* ={r, : i < k*} strictly increasing, i and
the definition of = is in N, I'* standard. Let ¢ € ® be as usual.

So for n# v, xJ, xo are comparable, so w.l.o.g. xJ = x¢; s0 —1(x6 < xg) hence
for some (g1, @3) € Q' X Q% (o1, @) F“1(x5< x0)” (as it cannot force the
negation) hence (¢}, ¢3)Foxo?“x6=x5". By §2 (D(a)(b) for some
(W, ¢H)EQ'xQ%and to< t;, (Y, ¥) Foixo? “x1, = x1 A x} = x.,”. But we know
that

(‘pl, ¢,2) "-(3”‘02 “x:o< x:I A xfo < x?l”'

So (¢', ¢?) forces that x,, < x! = xi < x} = x,, contradiction.
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(D) THEOREM. Suppose M =(R,---.f,* " )i<. is an algebra, d(-,-) a semi-
metric on R. Suppose each relation (v a term of L(M)) d(x,7(y,-- -, y))< €
(g rational) is k-Soulsin. If R has no dense subset of power « then for some ¢ >0
(e €Q) there are x, ER (1 €“2), such that the distance of each x, to the
subalgebra generated by {x, : v E“2,v# n} is >e.

We assume, of course, that adding a Cohen real does not change the hypothesis.

REMARKS. (1) We can apply it to an algebra by using a trivial d : d (x, y) is 1 if
x#y, 0 if x = y. This case, for Borel relations, appears in Friedman [1].

(2) This also holds for a metric space (no functions), also for Banach spaces
(operations x +y, x —y, qy (¢ €Q)), and we get d(x,,Sp{x,:vE“2—-{nh=¢
(clearly adding rx (r €R) does not change), and we can replace ¢ by 1.

PrOOF. Let k*=«"; as R has no dense subset of power «k, there is
A*={x; i<k}, d(xi,x;)> & for every j<i, wlo.g. & =¢.

Let & be as usual, ni,---,m, €2 (distinct), 7 a term. We shall show
d(xo", 7(xo', -, Xa®))Z £/2. Otherwise (by §2(I)(w)) for some generic
GX--XG"CQX:+xQ" and t,< 1,

d(xi, 7(xé, - xs"N<el2  (=0,1).
But also (see §2)
d(xi,x0)Z ¢

This contradicts d being semi-metric.

§4. Subsets of uncountable cardinals

(A) Can we replace N, by some other cardinal x (and R by ?(x))? Clearly we
have a chance for positive results only for y strong limit of cofinality No. The
results are quite weak.

(B) It is not hard to prove, and it is known, that

THEOREM. If A* C P(x) is k-Souslin of power >k, x <k < x™o then |A|=
x"e.

ProoF. Let A be large enough, N<(H(A),€), ACN, HY)CN, N=
Uico N, INHI<x, P(N)C Nea. And f:“ k= “family of open subsets of
P(x)”’ exemplify A being k-Souslin, f € N. We can find elementary extensions
N, of N for n €*y and X, EN,, N, F“X, C x” and so identifying X, and
{i<y:N,Ei€X,}the X, are distinct. Just let [* ={BC A*:|B|=«}. (See
Magidor, Shelah and Stavi [5] on related problems.)
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(C) Another approach is to consider relations on 2 (x) which are Borel (i.e.,
the closure of the family of open subsets by complementation and countable
intersection). As a result we shall get a perfect set (i.e., like “2 not “y).
Remembering §3(AS) it is not hard to repeat §2 (and the consequences).

So it is sufficient to show we cannot have a too long Borel well-ordering.

(D) Can we, in (C), replace Borel by analytic? (The quantification is (3B C
x).) The problem is to make the games determined which holds if there are
enough B* (B a set of ordinals). But we know they exist if G.C.H. fails for
strong limit cardinal = Sup B.

(E) Another approach is to replace Borel by X§ = II§ which we define to be
HAEP(K): (A, a)acx E@}: @ €EL,+,} and 2 TIX are defined naturally.

The parallel of §2 holds if we replace Cohen forcing by Col(R, x)={f:f a
finite function from w to y).

§5. A consistent counterexample

We would have liked to remove the hypothesis “even after adding a Cohen
generic real, R still defines, e.g., an equivalence relation”. Unfortunately

5.1. THEOREM. ZFC+ “2%=N,"+“there is a co-R,-Souslin equiva-
lence relation E with 2" equivalence classes but with no perfect set of pairwise non-
E-equivalent elements” is consistent.

PrROOF. We start with a universe VE2% =N, and we shall define a finite
support iteration (P;, Q; : i < w,) of forcing satisfying the c.c.c., letting V; = V",
In V% a sequence B, =(B,:j < wi) will be defined, such that B; is a Borel
function from “2 to “2. We define relations R;, R; on “2: and xRy iff
Vm[y = Buiem (x)]. Then we define xRy = (Vj < i)[-1xR;y A —1yR;x]. Now
R, will be the relation we need. Clearly R;, R; are Borel relations and R,, is a
co-N-Souslin relation. However it is not apriori clear that R,, is an equivalence
relation. Note that R; is (defined) in V7+ R, in V.

We shall define by induction on i < w, (in V") a c.c.c. forcing notion Q;, an
equivalence relation E; on (“2)"", and a sequence (F,: a < ) of functions such
that:

(a) for j<i, E [(“2)"" = E;, moreover if x € (“2)"" then x/E, C (“2)"";

(b) Q: has power N., and satisfies the c.c.c.;

(c) each F. is a one-place function from (“2)"" to itself, = (xE.Fi(x)) and

T(Ey) > V (x =Fuy)vy=Fux))



Sh:202

150 S. SHELAH Isr. J. Math.

(d) for odd i if x = Fi(y), j <i, « <i then xRy (in V"),

(e) for even i for every perfect non-empty set A C“2in V7, whose definition
is in V% for fome j < i, there are x,y € A, xEiy;

(f) if j<i, xR;y then ¥ xEy (in V"),

(e) E, has at least two equivalence classes.

Case I: iis odd

First we choose any E; satisfying (a). Second we define F. (a < w,) as
explained below. Third let {A}: a < w.} list all perfect non-empty sets A C “2 in
V% A= Aj..iand let Q; force, for each & <N,, a generic real inside A%, i.e.,

Q: ={g : g is a finite function with domain C w,, such that
for each « EDomg, f(a)E“2 and (In € A)[g(a) < ]}

Let r.=U{g(a):g€ G}

Case II: i is even

We define E;: for x, y € V%, xE;y iff xE;_1y (so x,y € VFi-1), or x =y or for
some a < wy, {X, y} ={riavi, rsa'}.

(This takes care of (e).) Second we define F, (@ < w,) as explained below.
Now we take care of (d).

Let 2 be the set of f, f a finite one-to-one function from “=2 to “=2, preserving
the order <, i.e., for n,v EDomF, n<v iff f(n)<f(v) (< is an initial
segment), [(n)=w iff I(f(n))=o, and if n# v EDomf then for some p €
Domf, p <n, p 4 v and

Q. ={{fo," -+, f): foreach { < n, f, € P and if x € (Dom f;) N (*2)"
then fi(x) E{Fu(x):j <i e <i}}.

The order is (fo, -, fa) ={fo, -, fm ff n=m, and fi Cf for [ =n.
As the number of possible values of fi(x) is countable Q; satisfies the c.c.c.,
and in V%+ we will define B,...« as the unique continuous function extending

U{f. :forsome n = k and fo," * *, fe-i, fiestr " * > far for ==, fa) € GO}

The only point left is defining F, (a < w,). So let (*2)"" = {r}: £ < w5}, and for
each ¢ < w, we define (F.(ry): a < w,) such that

{ri:e <& rEr} C{FL(rd): a < w} C{ri: { < w,, 1 riErd

as [{¢ : ¢ < &}/ =N, and by (g) this can be done trivially.
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§6. More on partial order

In summer 1983, in answer to a question of D. Marker, we proved the
following, which was added to the paper after it had already been sent to the
press.

THEOREM. Suppose P is a co-x-Souslin relation (on R) which is a partial
quasi-order (i.e., satisfies transitivity) even after adding a Cohen real. We denote
the relation by =:x =y.

Suppose further that there is no perfect set of reals which are pairwise
incomparable. Then for every sequence (a;:i < k") of reals there are sets X,
Y C k" each of power ™, such that for every i€E X and j € Y, a: = q;.

REMARKS. (1) We can replace «* by any regular x, > «.
(2) We could use the general method of §2, but we present it as in §1.

PROOF. Suppose (a; 1i < k") is a counterexample to the conclusion.

Let A be a regular, large enough cardinality. Let N be an elementary
submodel of € = (H{A), €, =,<*) which is countable and to which {a; :i <«*)
belongs, where <* is a well-ordering of H(A).

Let € be an expansion of (H(A),E,=) by Skolem functions and N a
countable elementary submodel of €.

As = is a co-k-Souslin relation, there is a function f from “”« to the family of
open subsets of R X R such that

x=yifffornon €“x, (Vn)[(x,y)E f(nn)]
Let

Q ={¢(X): ¢ a (first order) formula with parameters from N (in its language)
{x EN:E ¢[x]} is an unbounded subset of «*}

with the order: ¢, =< ¢, iff N (Vx)[@2(x)— @:1(x)]-
We consider Q as a forcing notion; clearly it is equivalent to Cohen forcing.

For G C Q generic and variable y we can define an elementary extension
N[G, y] of N which is the Skolem hull of N U{y}, and for ¢(x)E€ Q

N[G ylFely] iffe(x)EQ.

We can also define a real 1 =176:50 1€°2, r1(n)=0iff [a.(n)=0]EG.

If we force by Q X Q we get a generic subset G, X G, and two elementary
extensions of N, say N[Gj, y\}, N[Ga, y.). Now we may ask (in V[G, X G3])
whether 7, = 76, holds.
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By standard methods it will be enough to prove

MAIN Fact. If ¢(x)€ Q then there is {(¢'(x), ¢*(x)) € Q X Q such that
@) ¢'Z¢, ¢’Z¢ (in Q),
(b) <‘Pl, ‘PZ) Foxo “TGl Z TG, and TG, Z Tc,”-

ProoF. We can use the forcing notion Q X Q X Q (calling the generic set
G X G2 X G5). So (e, ¢, ¢) € O x O X Q. Hence there is a condition (¢, ¢z, ¢3),

(0,0, 0)=(@1, 92,0 EQ X Q X Q,
which, for each of the following statements, force it or its negation:
76, = 7o, (!I=1,2,3and m =1,2,3).

Clearly already (¢:, o) forces this (in the right naming).
By absoluteness, if 7q,, 76, are forced to be = -incomparable, then (@;, ¢m) is
as required. So we assume this does not hold. By symmetry, w.l.o.g.

’ 9
(@1, 2, ¢3) Foxoxo “76, = T6, = 76,

Let X, ={i<k :q@(a:)} so clearly |X;|=«". Also, as (a;:i<k") is a
counterexample to the conclusion, X,, X; cannot serve as X, Y there; and
moreover, for every a < k', X, ~a, X;— a cannot serve as X, Y there. So we
can find X C X, of power " and order (of the ordinals) preserving h : X — X;
such that a; Z au for i € X. We can assume h € N.

Now (¢0n¢ne)=(xEX, vy, h ' (X)EX)EQ, XxQ,XQ; and suppose
G xG,XxG;C0OXQxQ is generic (over V),

(x EX, (Pz(x), hiI(X)EX>E Gl X G:X G3.

By our assumption on (@@ @), T6,=T6,=17c. Now let GT=
{o(x): (' (X)E Gy}, Gt ={e(x):@(h(x))E Gs}. Clearly G} G,x G*
0O x Q% Q is generic (over V).

As ;€ G¥, ¢ € G%, clearly 16;= 76, = 76;. So together 7, = 76;. But in
N[G.,y]. 76,, 7c; are represented by a,, any, respectively (i.e., 7g;(n)=0 iff
N[G\, ylE “anyy(n)=0" and similarly for y). Also, by h’s definition
N[G,ylF“a,Z any,”. As fEN (and its choice), this implies that really (in
VIG, X G, X G;]) 76, £ 76;, contradicting the previous paragraph.
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