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ABSTRACT

We continue our investigation on pcf with weak forms of the axiom of
choice. Characteristically, we assume DC+2(Y’) when looking at [ [, cy-s-
We get more parallels of pcf theorems.
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[We continue [Sh:938, §5] to try to generalize the pcf theory for N;-
complete filters D on Y assuming only DC + ACg(y). So this is
similar to [Sh:b, Ch. XII]. We suggest replacing cofinality by pseudo
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cofinality. In particular, we get the existence of a sequence of
generators, get a bound to Reg N pp(u)\po, the size of Reg Nu\ o
using a no-hole claim and existence of lub (unlike [Sh:835]).

§2. Composition and generating sequences for pseudo pcf 203
[We deal with pseudo true cofinality of [[;., [[,cy, i, also with
the degenerated case in which each (\; ; : j € Y;) is constant. We
then use it to clarify the state of generating sequences; see 2.1, 2.2,
2.3, 2.5, 2.11, 2.12]

§3. Measuring reduced products 215
§3 A). On ps-Tp(g) 215
[We get that several measures of "u/D are essentially equal.]

83 B). Depth of reduced powers of ordinals 221

[Using the independence property for a sequence of filters
we can bound the relevant depth. This generalizes [Sh:460]
or really [Sh:513, §3].]
§3 C). Bounds on the depth 229
[We start by basic properties dealing with the No-Hole
Claim (1.12(1)) and dependence on (|as| : s € Y)/D only
(3.23). We give a bound for A**1) /D (in Theorems 3.24
and 3.26).]
References 231

0. Introduction

In the first section we deal with generalizing the pcf theory in the direction
started in [Sh:938, §5], trying to understand the pseudo true cofinality of small
products of regular cardinals. The difference with earlier works is that here
we assume ACy for any set Z of power < |Z(Z£(Y))| or, actually working
harder, just < [Z(Y')| when analyzing [ [,y a, whereas in [Sh:497] we assumed
ACqup{a,:tey} and in [Sh:835] we have (in addition to AC (5 (yy))) assumptions
like “[sup{a; : t € Y}]®0 is well ordered”. In [Sh:938, §1-§4] we assume only
AC.,,+DC and consider Ri-complete filters on y, but in the characteristic case
1 is a limit of measurable cardinals.

Note that generally in this work, though we try occasionally not to use DC, it
will not be a real loss to assume it all the time. More specifically, we prove the
existence of a minimal Ny-complete filter D on Y such that A = ps-tef(lla, <p)



Sh:955

Vol. 201, 2014 PSEUDO PCF 187

assuming AC gy and (of course) DC and o of large enough cofinality. We then

Nj-comp

prove the existence of one generator, that is, of X C Y such that J_) [@] =
JELCOMPG] 4+ X, see 1.5 and even (in 1.7) the parallel of the existence of a

<p,-lub for an <p-increasing sequence (%, : o < A), generalize the no-hole
claim in 1.12, and give a bound on pp for non-fix points (in 1.10).

In §2 we further investigate true cofinality. In Claim 2.2, assuming AC)
and D an Rj-complete filter on Y, we start from ps-tcf(Ila, <p), dividing by
eq(a) = {(s,t) : as = az}. We also prove the composition Theorem 2.5: it tells
us when ps-tef([[; ps-tef(J[; Aij, <p,), <g) is equal to ps-tcf([]; ;) Aij, <p)

We then prove the pcf closure conclusion, giving a sufficient condition for
the operation ps-pcfy;-comp to be idempotent. Lastly, we revisit the generating
sequence.

In §(3A) we measure [],.y g(f) modulo a filter D on Y for g € ¥ (Ord\{0}) in
three ways and show they are almost equal in 3.2. The price is that we replace
(true) cofinality by pseudo (true) cofinality, which is inevitable. We try to sort
out the “almost equal” in 3.5-3.7.

In §(3B) we prove a relative of [Sh:513, §3], again dealing with depth (in-
stead of rank as in [Sh:938]), adding some information even under ZFC. As-
suming that the sequence (D,, : n < w) of filters has the independence property
(IND) (see Definition 3.12), with D,, a filter on Y,, we can bound the depth of
((Y")g, <p,,) by ¢, for every ¢ for many n’s; see 3.13. Of course, we can gener-
alize this to (Ds : s € S). This is incomparable with the results of [Sh:938, §4].
See a continuation of [Sh:835] and [Sh:1005]

Note that the assumptions like IND(D) are complementary to ones used in
[Sh:835] to get considerable information. Our original hope was to arrive at a
dichotomy. The first possibility will say that one of the versions of an axiom
suggested in [Sh:835] holds, which means “for some suitable algebra” there is
no independent w-sequence; in this case [Sh:835] tells us much. The second
possibility will be a case of IND, and then we try to show that there is a rank
system in the sense of [Sh:938]. But presently for this we need too much choice.
The dichotomy we succeed to prove is with small o-Depth in one side, the results
of [Sh:835] on the other side. It would be better to have ps-o-Depth in the first
side.

Question 0.1: [DC + AC g (y)]
Assume
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(a) @€Y Ord,
(b) cf(ay) > hrtg(L(Y) for every t € Y,
(¢) At € pefy, —comp(@) for t € Z; in fact, Ay = ps-tef(Ila, <p, ), Dy is an
Ni-complete filter on Y,
(d) X = ps-tefy, —comp((Me 1 t € Z)),
(e) (a possible help) X; € D;, (X, : ¢t € Y) are pairwise disjoint.
(A) Now does A € ps-pcfy,_comp(@)? (See 2.5.)
(B) Can we say something about D) from [Sh:938, 5.9] improved in 1.27

Question 0.2: How well can we generalize the RGCH, see [Sh:460] and [Sh:829];
the above may be relevant, see [Sh:938] and here in §(3C).

Recall
Notation 0.3: 1) For any set X let
hrtg(X)=min{«a:«a an ordinal such that there is no function from X onto a}.
2) A <4u B means that either A = () or there is a function from A onto B.
Central in this work is

Definition 0.4: For a quasi order P we say P has pseudo true cofinality A\
when ) is a regular cardinal and there is a sequence .% such that:

)

)yagpa

(c) if a1 < ag,p1 € Fo, and py € F,,, then p; <p pa,

(d) if ¢ € #, then for some a < A and p € %, we have ¢ <p p1,
)

We may consider replacing AC4 by a more refined version, AC4 p defined
below (e.g., in 1.1, 2.5), but we have not dealt with it systematically.

Definition 0.5: 1) AC4 p means: if (X, : a € A) is a sequence of non-
empty sets then there is a sequence (Y, : a € A) such that Y, C X, is
not empty and Y, <, B.
2) AC4,<x,AC4 <p are defined similarly but |Y,| < &,|Y,| < |B| respec-
tively in the end.

Observation 0.6: 1) AC4 iff AC4 ;.
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2) ACy4 p fails if B = 0.
3) If AC4 g and |A1]| < |A| and B <q, Bi, then ACy4, 5,.

1. On pseudo true cofinality

We continue [Sh:938, §5].
Below we improve [Sh:938, 5.19] by omitting DC from the assumptions, but
first we observe

CLAIM 1.1: Assume ACy.
(1) We have 6 > hrtg(Z) when & = (ot : t € Y) and 0 € ps-pcf(Ila) and
t €Y = cf(ay) > hrtg(2).
(2) We have cf(rkp(a@)) > hrtg(Z) when & = (oq : t € V), t € ¥ =
cf(ay) > hrtg(2).

Proof. (1) If we have AC,, for every o < hrtg(Z), then we can use [Sh:938,
5.7(4)] but we do not assume this. In general, let D be a filter on Y such that § =
ps-tef(Ila, < p), exists as we are assuming 6 € ps-pcf(Ila). Let # = (F, : a < 0)
witness 0 = ps-tef(Ila, <p), i.e., as in [Sh:938, 5.6(2)] or see 0.4 here; note
teY = a; > 0, as we are assuming .%, C Ila is non-empty for some « < 6;
also we can assume %, # () for every a < 6.

Toward a contradiction assume 6 < hrtg(Z). As 6 < hrtg(Z), there is a
function A from Z onto 6, so the sequence (F,(;) : z € Z) is well defined. As
we are assuming ACyz, there is a sequence (f, : z € Z) such that f, € Fy(,)
for z € Z. Now define g € ¥ (Ord) by g(s) = U{f.(s) : 2 € Z}; clearly g exists
and g < @. But for each s € Y, the set {f.(s) : z € Z} is a subset of a; of
cardinality < 6 < hrtg(Z), hence < cf(as), hence g(s) < as. Together g € Tla
is a < p-upper bound of (J{.Z. : € < #}, a contradiction to the choice of .%.

(2) Otherwise let 8 = cf(rkp(@)) so 6 < hrtg(Z), let (o : € < 0) be increasing
with limit rkp (&) and again let g be a function from Z onto 6. As ACz holds,
we can find (f. : z € Z) such that for every z € Z we have rkp(f.) > ay(.) and
f» <p @ and, without loss of generality, f, € Ila. Let f € Ila be defined by
f(t) = sup{fu)(t) : z € Z} so tkp(f) > sup{a. : z € Z} = rkp(@) > rkp(f),

a contradiction. 1.1

THEOREM 1.2 (The Canonical Filter Theorem): Assume AC g y).
Assume & = (o :t € Y)Y € YOrd and t € Y = cf (o) > hrtg(2(Y)) and
9 € ps-pefy, —comp (@), hence it is a regular cardinal. Then there is D = DY, an
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Ny -complete filter on Y such that @ = ps-tcf(Illa/ D) and D C D’ for any other
such D' € Fily, (D).

Remark 1.3: (1) By [Sh:938, 5.9] there are some such 0 if DC holds.

(2) We work more to use just AC gy and no more.

(3) If k > Ny we can replace “Nj-complete” by “k-complete”.

(4) If we waive “0 regular” so just 9, an ordinal, is a pseudo true cofinality
of la, <p) for D e D C Fﬂixl (Y), exemplified by .#P D # (), the proof gives
some &', cf(9') = cf(9) and F witnessing (Ila, <p,) has pseudo true cofinality
0 where D, = ({D : D € D} for D as below.

Proof. Note that by 1.1
B 0 > hrtg(2(Y)).
Let
H: (a) D= {D: D is an Ry-complete filter on Y such that (Ila/D) has
pseudo true cofinality 9},
(b) D.={D: D e D}.
Now obviously
Hs; (a) D is non-empty,
(b) D, is an Nj-complete filter on Y.
For ACY let Dy ={DeD:(Y\A) ¢ D} andlet 22, ={ACY : Dy # 0},
equivalently . = {A CY : A # () mod D for some D € D}. As ACgpy)
holds also AC 4, holds, so we can find (D4 : A € &,) such that Dy € Dy for
Ae P, Let D, ={Dy: Ac P}, clearly
By (a) D.={D:D eD.,},
(b) D, C D is non-empty.
As AC4, holds, clearly
(¥)1 we can choose (ZF4 : A € 2,) such that .F4 exemplifies Da € D as in
[Sh:938, 5.17,(1),(2)], so in particular .# 4 is Rg-continuous and, without
loss of generality, #4 # (), #2 C Ila for every a < 0.
For each 8 < 0 let
(¥)2 Fy={f = (fa: Ae P.): [ satisfies A € P, = fa € T4},
(¥)3 for f € F}i let sup{fa : A € 2.} be the function f € Y Ord defined by

f(y) =sup{faly) : A € 2.},
(¥)a Fj ={sup{fa: Ae P.}: f=(fa: A€ P.) belongs to F}.
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Now
(x)5 (a) <§é : B < 0) is well defined, i.e., exists,
(b) 75 C Ta.
[Why? Clause (a) holds by the definitions, clause (b) holdsast € Y = cf(ay) >
hrtg(2(Y)).]
(*)6 F5 # 0 for f <.
[Why? As for 5 < A, the sequence (ﬁg‘ :Ae 2,) is well defined (as (FA: A€ 2,)
is) and A € &, = ﬁg‘ # 0, so we can use AC g (y) to deduce .75 # 0]
Define
(x)7 (a) for f € lla and A € P, let fa(f) =min{B8 < 90: f < gmod Dy
for every g € ﬁé“},
(b) for f € Ha let B(f) = sup{Ba(f): A € L.}
Now
(¥)s (a) for A € &P, and f € Ila, the ordinal B4(f) < 0 is well defined,
(b) for f € Ila the sequence (Ba(f): A € £.) is well defined.
[Why? Clause (a) holds because (Z:* : v < 9) is cofinal in (I, &, <p, ), clause
(b) holds by (x)7(a).]
(¥)9 (a) For f € Ila the ordinal B(f) is well defined and < 9,
(b) if f < g are from Ha then S(f) < B(g).
[Why? For clause (a), first, 8(f) is well defined and < 9 by (x)s and the
definition of B(f) in (x)7(b). Second, recalling that 9 is regular > hrtg(Z(Y)) >
hrtg(Z.) clearly 8(f) < 0. Clause (b) is obvious.]
Now
(x)10 (a) if A€ P,y <8 and f € .F: then Ba(f) >,
(b) if y < @ and f € Z] then B(f) > 7.
[Why? Clause (a) holds because 8 < v A g € 3‘\5‘ = g < f mod D4 and
B =v=Ffc¢€ 3‘}‘4 A f £ f mod Ds. Clause (b) holds because for some
(fs: Be 2.) e I{FP : B € 2.} we have f = sup{fp : B € .}, hence
B e P, = fp < f, hence in particular f4 < f; now recalling 8(fa) > v by

clause (a) it follows that S(f) > 7.]
(¥)11 (a) For £ <9 let v¢ = min{B(f) : f € FL},
(b) for £ < O let ﬁg ={fe ﬁg :B(f) = el
(x)12 (a) ((75,9752) : £ < 0) is well defined, i.e., exists,
(b) if &€ < O then & < ¢ < 0.
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[Why? ~¢ is the minimum of a set of ordinals which is non-empty by ()¢ and
C 9, by (%)9(a), and all members are > v by (*)19(b).]
(*)13 For £ < 9 we have FZ C Ila and F¢ # 0.
[Why? By ()11 as F} # 0 and .#¢ C Tla]
(¥)14 We try to define 8. < 0 by induction on the ordinal € < 0.
e=0: B =0.
e limit: B, = U{Bc : ¢ < e}
e=(¢+1 ﬂsi’yg(.
(¥)15 (a) If € < O then B. < 9 is well defined > &,
(b) if ¢ < ¢ is well defined then 8, < S..
[Why? Clause (a) holds as 0 is a regular cardinal, so the case € limit is O.K.;
the case e = (41 holds by (x)12(b). As for clause (b) we prove this by induction
on ¢; for € = 0 this is empty, for € a limit ordinal use the induction hypothesis
and the choice of S in (x)14, and for € = £ + 1, clearly by (x)12(b) and the
choice of 7. in (x)14 we have B¢ < 5 and use the induction hypothesis.]

(¥)16 If f € Ta, then for some g € (J{-F3 : e < 9} we have f < g mod D..
[Why? Recall that S4(f) for A € &2, and S(f) are well defined ordinals < 9
and A € &, = Ba(f) < B(f). Now let ¢ < 0 be such that B(f) < B¢, exists
as we can prove by induction on e (using (*)15(b)) that 8. > e. As F4 is
<p,-increasing for A € &, clearly A € Z, Ng € ﬁé‘; = f < gmod Dy. So
by the definition of ﬁé( we have A € P, Ng € yé( = f < g mod D4, hence
g€ yg{ = f < gmod D,. As ﬁgq - ﬁﬁlg we are done.]

(*)17 If(<§<8amdf€3‘}2 and g € F, then f < g mod D,.

[Why? As in the proof of (x)16 but now S8(f) = ~v¢.]

Together by (*)13 + (¥)16 + (*)17 the sequence (F3 : e < 9) is as

required. 1.2

A central definition here is

Definition 1.4: (1) For a € Y Ord let

le)\—comp[o_é] ={X CY : ps-pefy, _comp(@ [ X) €A}

So for X C Y, X ¢ JX4 °°™P[a] iff there is an R;-complete filter D on Y such
that X # 0 mod D and ps-tcf(Ilev, <p) is well defined > A iff there is an
N;-complete filter D on Y such that ps-tcf(Ila, <p) is well defined > A and
X eD.
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(2) J;;fcomp is Jﬁ;comp and we can use a set a of ordinals instead of a.
CrLAM 1.5 (The Generator Existence Claim): Let & € ¥ (Ord\{0}).

(1) Jj?l_comp(d) is an Wi-complete ideal on Y for any cardinal A except
that it may be Z(Y).

(2) [AC»(y)] AssumeteY=cf(a;) > hrtg(Z(Y)). If X € ps-pefy, —comp(@)
then for some X CY we have
(A) JPla) = JELTOMPa) + X,

<At A
(B) = pS—th(H@7 <J§§\*C0nlp[d]) where Jiifcomp[d] = Jil}\*Comp[d] +
(Y\X),

(C) A ¢ ps-pefy; —comp(@ [ (Y\X)).

Remark 1.6: Recall that if AC gy then without loss of generality ACy, holds.
Why? Otherwise by AC 5y we have Y is well ordered and ACy, hence |[Y| =n
for some n < w and in this case our claims are obvious, e.g., 1.5(2), 1.7.

Proof. (1) Clearly J<<§1'C01np(6¢) is a C-downward closed subset of Z(Y). If the
desired conclusion fails, then we can find a sequence (4, : n < w) of members
of JX\7°™[a] such that their union A := (J{A, : n < w} does not belong
to it. As A ¢ J53 “*™P[a], by the definition there is an R;-complete filter D
on Y such that A # ) mod D and ps-tcf(Ilev, <p) is well defined, so let it be
w=cf(p) > Xand let (%, : @ < A) exemplify it.

As D is Xj-complete and A = |J{A, : n < w} # 0 mod D necessarily for some
n, A, # 0 mod D, but then D witnesses A4,, ¢ Jﬁi\fcomp[@], a contradiction.

(2) Recall A is a regular cardinal by [Sh:938, 5.8(0)] and A > hrtg(2?(Y)) by
1.1.

Let D = DY be as in [Sh:938, 5.19] when DC holds, and as in 1.2 in general,
i.e.,, Ha/D has pseudo true cofinality A and D contains any other such Ni-
complete filter on Y. Now if X € DT, then

A= ps_th}h—COmp(a r Xa <(D+X)ﬂ9(x))7

hence X ¢ J257°"P[al, so

(*)1 X € JE\°"Pla] = X = 0 mod D.

A major point is

(x)2 some X € D belongs to ng)\fomp[d].
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Why (%)2? The proof will take awhile; assume that not, so we have AC 5y,
hence ACp, so we can find (X, Dx, \x) : X € D) such that:

(a) Ax is a regular cardinal > AT, i.e., > A,

(b) Dx is an Nj-complete filter on Y such that X € Dx and Ax =
ps-tef(Ila, <py ),

(c) FX =(FX :a < \x) exemplifies that Ax = ps-tcf (Ila, <p. ),

(d) moreover .ZX is as in [Sh:938, 5.17(2)], that is, it is No-continuous and
a<Ax = yé( # 0.

Let

(e) Dy ={ACY: forsome X; € Dwehave X € DAX C X; = A€ Dx}.
Clearly

(f) Dj is an Nj-complete filter on Y extending D.

[Why? First, clearly D C Z(Y) and ) ¢ Dy as X € D = () ¢ Dx. Second,
it Ae Dthen X € DAX C A= A € Dx by clause (b), hence choosing
X1 = A the demand for “A € D7” holds, so indeed D C Dj. Third, assume
A= (A, :n <w)and “A, € D} for n < w; then for each A, there is a
witness X,, € D, so by ACy,, recalling 1.6, there is an w-sequence (X, : n < w)
with X,, witnessing A, € D}. Then X = N{X, : n < w} belongs to D and
witnesses that A := ({4, : n < w} € D} because every Dx is Rj-complete.
Fourth, if A C B C Y and A € D7, then some X; witnesses A € D7, i.e.,
XeDAX CX; = A€ Dx; but then X; witnesses also B € Dj.]

(g) Assume (Z, : a < \) is <p-increasing in a, i.e., a« < A = %, C lla
and a1 < ag A f1 € Fo, N fo € Fa, = f1 <p fo and F, # 0 for every
or at least unboundedly many a < A; then (J,_, %o has a common
< pz-upper bound.

[Why? For each X € D recall (Il&, <p, ) has true cofinality Ax which is reg-
ular > A hence by [Sh:938, 5.7(1A)] is pseudo AT-directed, hence there is a
common < p,-upper bounded hx of J{Fs : a < A}. As we have ACg(y)
we can find a sequence (hx : X € D) with each hx as above. Define h € Il
by h(t) = sup{hx(t) : X € D}; it belongs to IIa as we are assuming
teY = cf(ay) > hrtg(P(Y)) > hrtg(D). So h € Ila is a <p, -upper bound of
U{#a : @ < A} for every X € D, hence by the choice of D7 it is a <px-upper
bound of J{Fu : o < A}]
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But by the choice of D in the beginning of the proof we have A =
ps-tef(Ila, <p), so there is a sequence (Z, : @ < \) witnessing it. By clause
(f) we have D C D7, so clearly (%, : o < \) is also < p;-increasing, hence we
can apply clause (g) to the sequence (ﬁa s < \) and get a <p;-upper bound
f € Ila, a contradiction to the choice of (%, : a < ) recalling 0.4(d) because
D C Dy, contradiction. So (%) really holds.

Choose X as in (x)2; now

(*)3 D= dual(JXy ™P[a] + (Y\X)).

[Why? The inclusion D holds by (x); and (x)2, i.e., the choice of X as a
member of D. Now for every Z C X which does not belong to Jﬁ{comp[&], by
the definition of le)fcomp[&] there is an Nj-complete filter Dz on Y to which
Z belongs such that 6 := ps-cf(Ila, <p) is well defined and > A\. But 0 > A7 is
impossible as we know that Z C X € Jii\'fomp[@], so necessarily 8 = A, hence
by the choice of D by using 1.2 we have D C D, hence Z # () mod D. Together

we are done.]

(%)a A = ps-tef(Ila, <J§1;comp); see clause (B) of the conclusion of 1.5(2).
[Why? By ()3, the choice of JX\"“P[a], and as A = ps-tcf(Ila, <p) by the
choice of D.]

(*)5 A ¢ ps-pehy, —comp(@ [ (Y\X)).

[Why? Otherwise there is an Ry-complete filter D’ on Y such that Y\X € D’
and A = ps-tcf(lla, <p/). But this contradicts the choice of D by using 1.2.]

So X is as required in the desired conclusion of 1.5(2): clause (B) by ()4,
clause (C) by (*)5 and clause (A) follows. Note that the notation J3 “™P[a]
is justified, as if X’ satisfies the requirements on X then

X' = X mod Jil)\_comp[d]. 1.5
Conclusion 1.7: [ACg(y)] Assume @& € Y'Ord and each oy a limit ordinal of
cofinality > hrtg(£?(Y)) and ps — pcfy, _comp(@) is not empty.
(D) IfteY = cf(a) > hrtg(Fil%z1 (Y)) then there is a function A such that:
e, the domain of h is Z(Y),
e> Rang(h) includes ps — pcfy, —comp(@) and is included in
ps — pClefcomp(o_é) U {0} U {M CH= sup(u N pS_pClefcomp(a))}v

also Rang(h) includes {cf(ay) : t € Y}, but see 5,
s ACBCY = h(A) <h(B)and h(A) =0« A=10,
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o, h(A) = min{\: A € JE, "P[a]},

o5 if h(A) = A and cf(\) > g then A is regular and A € ps-tefi, —comp (@),
i.e., for some Nj-complete filter D on Y we have A € D and
ps-tef(lla, <p) = A,

o; the set ps-pcfy, —comp(@) has cardinality < hrtg(£(Y)),

o7 if h(A) = X and cf(\) = Ry then we can find a sequence (A, : n < w)
such that A = {4, : n <w} and h(4,) < A for n < w,

o5 JU4O™P[a] = {ACY : h(A) < A} when cf()\) > Ry,

oy if cf(otp(ps-pefn, —comp(@))) > Vo then ps-pefy, —comp(@) has a last
member.

(2) Without the extra assumption of part (1), still there is h such that:

e, h is a function with domain Z(Y),
e, the range of h is

Ps-Pefy; —comp (@) U {0} U {p i = sup(p N ps-pefy, —comp(@)) and cf(u) = Rg
or just cf(u) < hrtg( ps-pcfy, —comp(@)) and
TP a] # U{IZ ™Al x < ),

o3 ACBCY = h(A) <h(B)and h(A)=0& A =10,

o, h(A) = min{\: 4 e J3 " "P[a]},

o5 if h(A)=A and cf(\) > hrtg(ps-pcfy, comp|@]) then A €ps-pety, —comp (@),
i.e., there is an Nj-complete filter D on Y such that (Ila, <p) has true
cofinality A,

o; as above,

o7 as above,

eg as above.

(3) The set ¢ := ps — pcfy, _comp(a) satisfies ¢ <qu P(Y). If also AC,, holds
for o < hrtg(Z(Y)) or just ACps—pefy, _comp(a) then we can find a sequence
(X : X € ¢) of subsets of Y such that for every cardinality y, JNl OMPIa] is the
N;-complete ideal on Y generated by {X : A < g and A\ € ps- pchl_Comp(a)}.

Proof. (1) Let © = ps-pcfy, —comp(@). We define the function h from &?(Y") into

©% which is defined as the closure of © U {0}, i.e., © U {u: u = sup(unNO)},

by h(X) = Min{\ € O : X € JS, “™[a]}. It is well defined as ps-

pefy, —comp(@) 1s a set (see [Sh:938, 5.8( )]), non-empty by an assumption and
] =

ng)\ “MPla] = 2(Y) when X > sup(ps-pefy, comp(@)). For this function, its
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range is included in O, but otp(©T) < otp(O©)+1; also clearly o1 of the conclu-
sion holds. Also, if A € © and X is as in 1.5(2) then h(X) = A; so h is a function
from 2(Y) into ©F and its range includes ©, hence || < hrtg(2(Y)) so e5’s
first clause holds; the second clause of ey holds as trivially A()) = 0 and the
definition of ©F, and the third clause by t € Y = h({t}) = cf(a;) holds. Now
first by 1.1 we have § € © = 0 > hrtg(Z(Y)), hence 6 € © = 0 > sup(© N ),
so the range of h is as required in e5.

Second, if A € ©7F and cf(\) = Xy then clearly A € ©T\0, and we can
find an increasing sequence (X, : n < w) of members of ps-pcfy,-comp (&) with
limit A\. For each n there is X,, € Jﬁl)\;comp[éz]\gfii\fomp[@] by 1.5(2), but
ACy, holds (see 1.6), hence such a sequence (X, : n < w) exists. Easily
A:=U{X, :n <w} e P(Y) satisfies h(A) = A, hence A € Rang(h). Third, if
A = sup( ps-pefy, —comp(@)) and cf(A) > Ro, then U, J<pu[a] # Z(Y) because
Y does not belong to the union while J_y+(a@) = Z(Y), so h(Y) = \.

Fourth, assume A = h(A4), A ¢ ps-pchyy —comp(@) and cf(A) > Ry We can
find (A\; : i < cf()\)), an increasing sequence with limit A, but by the def-
inition of h necessarily AN ps-pcfy; —comp(@) is an unbounded subset of A,
so without loss of generality all are members of ps-pcfy, —comp(IIa). Now
(J; == Jii;comp [@] : i < cf()\)) is a C-increasing sequence of R;-complete ideals
on Y, no choice is needed, and by our present assumption Xy < cf()\), hence
the union J = (J{J; : ¢ < cf(\)} is an Nj-complete ideal on Y and obviously
A ¢ J. So also D; = dual(J) + A is an R¥y-complete filter hence (recalling
the extra assumption t € Y = cf(a;) > hrtg(Fily, (Y))), by [Sh:938, 5.9] for
some Nj-complete filter Dy extending Dy we have p = ps-tef(Ila, <p,) is well
defined, so by 1.5(2) we have some Dy N Jgit_comp[d] #0;but O = DN J; =
DgﬂJilAjcomp[d], hence p > \;. Hence pu > \; for every i < cf()\); but \ is singu-
lar, so p > X and p € ps-pefy, —comp(@). Hence x := min(ps-pefy, —comp (@) \A)
is well defined and Jﬁ;comp[&] = J trivially x > A, but as x is regular while A
is singular clearly y > \. But as h(A) = A < x we get that A € J2. "P[g], a
contradiction to the definition of h.

So we have proved e5, the fifth clause of the conclusion. The other clauses
follow from the properties of h.

(2) A similar proof.

(3) We define a function g with domain Z(Y") by

g(A) =min{\: A € J_ +|a]}.
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This function is well defined as if A = hrtg(Ila), then A CY = A € J<,[al;
and the cardinals are well ordered. Also ¢ C Rang(h) because if A € ¢, then by
1.5(2), we are done recalling that we are assuming AC g y.

So clearly ¢ <q, Z(Y), so as cis a set of cardinals, clearly otp(c) <hrtg(Z(Y)),
hence |¢| < hrtg(2(Y)).

For the second sentence in 1.7(3), by the last sentence it suffices to assume
AC.. For Aeclet Z, ={X CY : X asin 1.5(2)}, so £, # 0. By AC, there
is a sequence (X : A € ¢) € [[ o Px. For X € ¢, let J{ be the Rj-complete
ideal on Y generated by {X, : € ¢ A}, so by the definitions of &2\ we have
w<AAp€c= X, € Joua] C Jan[a], also Jcp[@] is Ni-complete, hence
ANEc=> J; - J<)\[54].

If for every A equality holds, we are done, otherwise there is a minimal coun-
terexample and use 1.5(2). 1.7

Definition 1.8: Assume cf(u) < hrtg(Y) and p is singular of an uncountable
cofinality limit of regulars. We let
(a) ppy (u) = sup{A : for some &, D we have

(a) A= pstef(lla, <p),
(b) D is an Ny — complete filter on Y,
(¢) a={a:teY), each ay regular,
(d) p= limpa},
(b) ppy (1) = sup{AT : X as above},
(c) similarly ppk_comp v (1), pp:_compy(,u) restricting ourselves to k-com-
plete filters D; similarly for other properties,

(d) we can replace Y by an Xj-complete filter D on Y, which means we fix
D but not & above.

Remark 1.9: (1) Of course, if we consider sets Y such that ACy may fail, it is
natural to omit the regularity demands, so & is just a sequence of ordinals.
(2) We may use & a sequence of cardinals, not necessarily regular; see §3.

Conclusion 1.10 (DC + ACgyy): Assume 6 = hrtg(Z(Y)) < p,p is as in
Definition 1.8, o < g and @ € Y (Reg N puf) A ps — pefy, —comp(@) # 0 =
PS — Pefy, —comp(@) C . If 0 = [Reg N p\po| < pand k = [Reg N ppy- (1) \ kol
then k < hrtg(d x Y o).

Remark 1.11: In the ZFC parallel the assumption on pp < i is not necessary.
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Proof. Obvious by Definition [Sh:938, 5.6] noting Conclusion 1.7 above and 1.12
below. That is, letting = := RegNppy- (1) \1o so || = k and A = Reg N pu\po,
for every @ € YA by Definition 1.8 the set ps-pefy; —comp(@) is a subset of
Reg N ppy- (1) \1o, and by claim 1.7 it is a set of cardinality < hrtg(Z2(Y)). By
Definition 1.8 and Claim 1.12 below we have 2 = [J{ps—pcfy, _comp(@):a€ YA}
Clearly there is a function h with domain hrtg(Z2(Y)) x Yo such that ¢ <
hrtg(2(Y)) Aa € Yo = (h(e,a) is the e-th member of ps-pefy, —comp(@) if
there is one, min(A) otherwise). So h is a function from hrtg(Z(Y)) x ¥ o onto
a set including = which has cardinality x, so we are done. 1.10

CLAM 1.12 (The No Hole Claim [DC]):

(1) If @ € YOrd and Ay € ps-pefy, —comp(@), for transparency t € Y =
ar > 0 and hrtg(2(Y)) < A\ = cf (A1) < Ag, then for some &' € Ila
we have A\ = ps-pcy, —comp(@').

(2) In part (1), if in addition ACy then without loss of generality
&' € YReg.

(3) If in addition AC gyy + AC<, then even witnessed by the same filter
(onY).

Proof. (1) Let D be an Ry-complete filter on Y such that Ay = ps-tef(Ila, <p);
let (F a0 < A2) exemplify this.

First assume hrtg(Filél(Y)) < Ay; clearly f € %, = rkp(f) > « for every
a < Mg, hence in particular for & = A;, hence there is f € Y Ord such that
rkp(f) = A1 and now use [Sh:938, 5.9], but there we change the filter D, (extend
it), so it is O.K. for part (1). In general, i.e., without the extra assumption
hrtg(Fily, (Y)) < A1, use 1.13(1),(2) below.

(2) Easy, too.

(3) Similarly using 1.13(3) below. 1.12
CLAIM 1.13: Assume D € Fil'(Y),x > Ro,.Z, C ¥ Ord non-empty for a < §

and .F = (F, : a < ) is <p-increasing, § a limit ordinal.

(1) [DC] There is f* € Ua which satisfies f € | J{Fa:a <M} = f<p f*
but there is no such f** € Ila satisfying f** <p f.
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(2) [AC.,] For f* as above, let

Dy =Dy g :={Y\A:A =0 mod D or
A e DY and there is f** € Y Ord such that

[ <piaffand feU{Z:a<M}=f<pia f}

Now D is a k-complete filter and § ¢ D1, Dy extends D, and if cf(§) >
hrtg(Z2(Y)) then (%, : a < §) witnesses that f* is a <p,-exact upper
bound of ., hence (Il,ey f*(y): <p,) has pseudo true cofinality cf(J).

(3) [DC + AC<x+ AC g (vy] If cf(0) > hrtg(Z(Y)) then thereis f' € ¥ Ord
which is an < p-exact upper bound of .Z, i.e.,

f<pf = EFa<d)(3g € ZF,) [f <g mod D]

and

fe Uﬁaéjkpf’.

a<d
Proof. (1) If not, then by DC we can find f = (f,, : n < w) such that:

(a) fn €Y Ord,
(b) fa+1 < fn mod D,
(c) if f € UyesFa and n < w then f < f, mod D.

So A, ={t €Y : fuy1(t) < fn(t)} € D, hence {4, : n < w} € D, contradic-
tion.

(2) First, clearly D1 C Z(Y) and by the assumption ) ¢ D;. Second, if f**
witnesses A € D; and A C B CY then f** witnesses B € D1.

Third, we prove D; is closed under intersection of < kK members, so assume
¢(<kand A= (A, :e<() is asequence of members of Dy. Let A := {A.:e<(},
B, =Y\A, fore < ( and B, = B\ J{B: : { < e} and B = |J{B: : ¢ < (}.
Clearly B=Y\A, A CY and (B! : ¢ < () is a sequence of pairwise disjoint sub-
sets of Y with union B. But AC, holds and ¢ < ( = A. € Dy, hence we can find
(f2* 1 e < ¢) such that f** € YOrd and if A. ¢ D then f* witnesses A. € D;.
Let f** € YOrd be defined by f**(t) = f**(t) ift € BL or e = OAt € Y\ B; easily
BLe DY ANfeUycs Fa= [ < f*=f*mod (D+B.) but B=J{BL:e<(}
and D is k-complete hence f € |J,.5%a = f < f**mod (D + B). So as A =

Y\ B clearly f** witnesses A =()._. A: € D; so D; is indeed k-complete.

e<(¢
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Lastly, assume cf(6) > hrtg(Z2(Y)) and we shall show that f* is an exact
upper bound of .# modulo D;. So assume f** € YOrd and f** < f* mod D,
and we shall prove that there are « < § and f € %, such that f** < f mod D;.

Let o = {A € Df: thereis f € J,.s5 %a such that f** < f mod(D + A)},
yes, not D!

CASE 1: For every B € D} thereis A € o/, A C B.
For every A € o/ let

as = min{f: there is f € F3 such that f** < f mod(D + A)}.

So the sequence (a4 : A € &) is well defined.

Let a(*) = sup{aa+1: A € &}; it is < 0 as cf(d) > hrtg(L(Y)) > hrtg(«).

Choose f € Fu(v) and let By := {t € Y : f**(t) > f(t)}. Now if A € &
(so A € DY) and f' € F,, witnesses this (i.e., f** < f/ mod (D + A)), then
A ¢ By as otherwise f** < f' < f < f** mod (D + A). So By contains
no A € &/, hence necessarily By is = () mod D; by the case assumption; this
means that f** < f mod D;. So recalling f € Z,.) € Uycs Fa, we have “f
is as required” thus finishing the proof of “f* is an exact upper bound of .#
mod D”.

CASE 2: B € D and there is no A € & such that A C B.

For f € Uycs Fa let By = {t € B : f(t) < fu(t)}, and for o < & we
define B, = {By : f € Z,} and we define a partial function h from Z(Y)
into § by h(A) = sup{a < 0 : A € HB,}. As cf(d) > hrtg(F(Y)) necessarily
a(x) = supd N Rang(h) is < . Choose g € F (441, hence

u:={a:a € a(x),d] and B, € B,}

is an unbounded subset of §.

Let A= BNBy. Nowif A€ D* thena € u= V.5 [ < fuxmod (D + A)
but .# is < p-increasing and d =sup(u) hence fe€|J, 5 Fa =[< frx mod (D+A)
hence by the definition of Dj, fi. witnesses that Y\A € D;, hence A =
mod D;. As B € D} and A = BN B, it follows that B\B, € D", and by the
choice of & the set B\B, belongs to «/. But B\B, C B by its definition, so
we get a contradiction to the case assumption.

(3) By [Sh:938, 5.12], without loss of generality, .# is Np-continuous. For

every A € D the assumptions hold even if we replace D by D + A, and so

)

3

there are D1, f* as in part (2); we are allowed to use part (1) as we have DC
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and part (2) as we have AC.,. As we are assuming AC 5y there is a sequence
((Da, fa) : A€ D%) such that:

(¥)1 (a) Dy is a k-complete filter extending D + A,
(b) fa € YOrd is a <p,-exact upper bound of ..
Recall |A] <qu |B| is defined as: A is empty or there is a function from B onto
A. Of course, this implies hrtg(A4) < hrtg(B).
Let % = (% :t € Y) be defined by

%= {fat): A€ DU {sup{f(): e | Zal .
a<d

hence t € ¥ = 0 < |%]| <qu Z(Y) even uniformly, so there is a sequence
(h¢ : t € Y) such that hy is a function from 2 (Y') onto %, hence | [[,cy %| <qu
PY)xY <qu (Y xY); but AC gy holds, hence Y can be well ordered.

However, without loss of generality Y is infinite, hence |Y x Y| = Y, so
ey % <qu |Z(Y)].
Let

%:{9:96 H%andnotforeveryfe Uﬁa do we have f < g modD},
tey a<s

s0 9| < |Tliey %| <qu |2 (Y xY)| = |Z2(Y)], hence hrtg(¥) < hrtg(2(Y)) <

cf(9).

Now for every g € ¢ the sequence ({{t €Y :g(t) < f(t)}:f € Up., Tt <9)
is a C-increasing sequence of subsets of Z(Y), but hrtg(Z2(Y)) < cf(d), hence
the sequence is eventually constant and let «(g) < ¢ be minimal such that

(1) (B)[atg) <B<s={{tey gt) < f@0)}:fe | 7}

v<B
={ttevigm <smrfe J %}
y<a(g)
But recalling hrtg(¥4) < cf(d), the ordinal a(x) := sup{a(g) : g € ¥} is < 4.
Now choose f* € F ()41 and define g* € [[,oy % by g*(t) = min(%\f*(t)),
well defined as sup{f(t) : t € U .5 Fa} € %- It is easy to check that g* is as
required. 1.13

Observation 1.14: (1) Let D be a filter on Y.
If D is k-complete for every s then for every f € YOrd and A € Dt there is
B C A from DV such that f|B is constant.
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2Ufa=(as:s€Y)and X, CY fore<(<kand X =
ps — pCfnfcomp(@ fX) = U5<€ ps — pCfnfcomp(O_‘ rXe)

< X, then

Remark 1.15: (1) Note that 1.14(1) is not empty; its assumptions hold when
Y is an infinite set such that: for every X C Y, |X| < &V |[Y\X]| < k and
D={XCY:|Y\X| <&}

Proof. Straightforward. 1.14

2. Composition and generating sequences for pseudo pcf

How much choice suffices to show A = ps — tcf([[(; j)ey Aij/D) when A; is the
pseudo true equality of ([[,cy, Aij. <p,) for i € Z, where Z = {i: (i,j) € Y}
and Y; = {(4,5) :i € Z,j € Yi} and A = ps-tcf([[;c 4 Ai, <g)? This is 2.5, the
parallel of [Sh:g, Ch. II, 1.10, p. 12].

CramM 2.1: If 8 below holds then for some partition (Y1,Y2) of Y and club E
of A we have
& (a) ifY1€D' and f,g € U{Z,:a > min(E)} then f=g mod(D+Y7),
(b) if Yo € D then (%, : a € E) is <p.y,-increasing,

Proof. For Z € Dt let
(#)1 (a) Sz ={(e,B) : @« < B < A and for some f € F#, and g € F3 we
have f < g mod (D + Z)},
(b) S5 ={(a,B) : @ < B < X and for every f € %, and g € Fj we
have f < g mod (D + Z)}.
Note
(¥)2 (a) if o1 <ag <ag <ayg and (ag,a3) € Sz then (ar,a4) € Sz,
(b) similarly for S},
(c) fag <ag <ag <agand (a1 # az)A(az # aq) and (az,a3) € Sz
then (a1, a4) € S,
(d) Sz < S3.
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[Why? By the definitions.]
Let
(¥)3 J:={Z CY:Z€edual(D) or Z € D* and (Va < \)(38)((ov, B) € SF)}.
Next
(¥)4 (a) J is an Ny-complete ideal on Y,
(b) if D is k-complete then J is k-complete!,
(¢) J={ZCY:Ze dual(D) or Ze D" and (Va<\)(38)((e, ) €Sz)}.
[Why? For clauses (a), (b) check, and for clause (c¢) recall (x)2(c).]
Let
(x)5 (a) for ZeJT let
a(Z)=m
(b) a(x) =sup{az:Z e Jt}.
(a) For Z € J* we have a(Z) < A,
(b) a(x) < A
[Why? Clause (a) by the definition of the ideal J, and clause (b) as A = cf(\) >
hrtg(2(Y)).
Let
(x)7 (a) for Z € DT let fz : X — X+ 1 be defined by fz(a) =
min{3: (a, 8) € S} or B = A},
(b) f«: A — X Dbe defined by f.(a) =sup{fz(a): Z € DTN J},
(c) E = {d:4 alimit ordinal < X such that o < § = fi.(a) < §}\a(x).

infa < A: for no 8 € (a, \) do we have («a,3) € Sz},

(*)s

Hence
(x)s (a) if Z € Dt N J then fz is indeed a function from A to A,
(b) f« is indeed a function from A to A,
(c) f« is non-decreasing,
(d) Eis a club of A.
[Why? Clause (a) by the definition of J and of f,, and clause (b) as A = cf(\) >
hrtg(2(Y)), and clause (c) by (x)2, and clause (d) follows from (b)+(c).]
(¥)g Let ap = min(E), oy = min(E\(ag + 1)), choose fo € Fa,, f1 € Ty
and let Y1 ={y €Y : fo(y) = fi(y)} and Yo = Y\ Y3,
(x)10 (Y1,Y2, E) are as required.
[Why? Think.] 2.

1 Not used. Note that AC, holds in the non-trivial case as ACg(y) holds; see 1.14.
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CLAIM 2.2: We have A = ps — tef(Ilag, <p, ) = ps — tef(Ila, <p), which means
also that one of them is well defined iff the other is, when

(a) @€ YOrd and t € Y = cf(ay) > hrtg(Y),

Proof. First, the “only if” direction holds by 2.3.

Second, for the “if direction”, assume that ps — pef(Ilay, <p, ) is well defined
and call it A\;. Let (%1 4 : a < \) witness this, for f € Z) , let fl € YOrd be
defined by fl%(s) = f(s/E) and let Z, = {fl%: f € F, ,}. It is easy to check
that (%, : a < \) witnesses \; = ps — tef(Ila, <p) recalling t € Y = cf (o) >
hrtg(Y") by clause (d), so we have proved also the “if” implication. 2.2

By the following claims we do not really lose by using a C Reg instead
@ € YOrd as by 2.4 below, without loss of generality, oy = cf(c;) (when ACy)
and by 2.2.

CrLAIM 2.3: Assume @ € YOrd, D € Fil(Y) and A\ = ps-pcf(Ila, <p), so A is
regular and y € Y = oy < A

If (Fo : o < ) witnesses A = ps-tcf(Ila, <p) andy € Y = cf(ay) > hrtg(Y)
and A > hrtg(Y) then for some e:

(a) e € eq(Y) = {e: e an equivalence relation on Y},

(b) the sequence F,=(F,o:a < \) witnesses ps-tcf({a, e 1 y € Y/e), D/e))
where

(¢) ayje = ay,Dje = {AJe: A € D} where Aje = {y/e : y € A} and
Feo = M f e Z}, ¥ Y/e — Ord is defined by fUl(t/e) =
sup{f(s) : s € t/e}, noting hrtg(Y/e) < hrtg(Y),

(d) e ={(s1,82) : sy, = s, }-

Proof. Let e = eq(a) = {(y1,y2) : v1 € Y,y2 € Y and o, = oy, }. For each
f € Ta let the function fI*1 € TIa be defined by f1*!(y) = sup{f(2) : z € y/e}.
Clearly f*! is a function from Hyey(ay + 1) and it belongs to lla asy € Y =
cf(ay) > hrtg(Y). Let H : A — A be H(a) = min{8 < A: f > « and there are
f1 € #, and f> € F3 such that fl*] < fo mod D}, well defined as & is cofinal
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in (I&, <p). We choose a; < A by induction on i by a; = J{H (aj)+1:j < i}.
So ap = 0 and (o : i < A) is increasing continuous. Let

Fl={f": fe Z,, and there is 9€ FH(a;)=F iz, —1 such that < g mod D}.

So

()1 F/ C {f € Tla : eq(@) refine cq(f)}.
[Why? By the choice of .%#] and of e.]

()2 #/ is non-empty.
[Why? By the choice of H(«;).]

(x)s Ifi(1) <i(2) < A and hy € F], for £ = 1,2, then hy < hy mod D.
[Why? For £ = 1,2 let g¢ € Fir(a,,,) be such that he = f'1 < g¢ mod D
exists by the definition of F/,,. But H(a;1)) < ai1)+1 < (2, hence g1 < fo

mod D so together h; = fl[*] <qg < fa < fQM = hy mod D, hence we are
done.]

(#)a Ujen Zi is cofinal in (Ila, <p).

[Easy, too.]
Lastly, let .Z = {f/e : e € Z!} where f/e € Y/¢Ord is defined by
(f/e)(y/e) = f(y), clearly well defined. 23

CrLamM 2.4: Assume ACy and ay = (af, : y € Y) € YOrd for £ = 1,2. If
y €Y = cf(ay) = cf(af) then X = ps-tef(Ilan, <p) iff X = ps — tcf(Ilag, <p).

Proof. Straightforward. 2.4

Now we come to the heart of the matter

THEOREM 2.5 (The Composition Theorem): [Assume ACz and k > N.]
We have A\ = ps—tcf(H(i,j)ey Xij,<p) and D is a k-complete filter on Y
when :

)
) (\i:i € Z) is a sequence of regular cardinals,
) A= ps-tef([[cz Mis <E),
(d) Y=(Y;:ie 2),
) D={(D;:i€ Z),
) D; is a k-complete filter on Y,
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(g) A= (\ij:i € Z,j€Y;) is a sequence of regular cardinals (or just limit
ordinals),

(h) Ai = pS'th(H]‘eYi /\iyj’ <Di)7

i) Y={(,4):jeY,and i€ Z},

(G) D={ACY: for some B € E we havei € B={j : (i,j) € A} € D;}.

Proof. (%) D is a k-complete filter on Y.

[Why? Straightforward (and we do not need any choice).]

Let (%o« < A;,i € Z) be such that

()1 (a) Fi = (Fia:a <)) witnesses \; = ps — tef([ ey, Aijs <pi)s

(b) Fia #0.

[Why? Exists by clause (h) of the assumption and ACyz; for clause (b) recall
[Sh:938, 5.6].]

By clause (c) of the assumption let ¢ be such that

(¥)2 (a) ¥ = (9 : B < \) witnesses A = ps-tcf([ [, Mi, <m),
(b) 95 #0 for g < A

Now for 8 < A let

(¥)s Fp:={f:f € H Ai,; and for some

(i.5)eY
g€9sand h=(hi i€ Z) € [| Zi g we have
icZ
(i,5) €Y = f((i,4)) = hi(5)}-

()4 The sequence (Fp : f < A) is well defined (so exists).
[Why? Obviously.]

()5 If B1 < Bo, f1 € Fp, and fo € Fp, then f1 <p fo.
[Why? Let go € 95, and hy = (hf : i € Z) € [,c; Fi,g.(i) Witnesses f; € Fp,
for £ = 1,2. As 1 < B2 by (x)2 we have B :={i € Z : ¢1(i) < ¢2(¢)} € E.
For each i € B we know that g1(i) < g2(i) < A; and h} € Z; 4.3, hi € FZ; g,0);
hence recalling the choice of (%; o : o < A;), see (x)1, we have A; € D;, where
for every i € Z we let A; := {j € Y; : h}(j) < h2(j)}. As hy, hy exists clearly
(A; :i € Z) exist, hence A ={(i,7) : 4 € B and j € A;} is a well-defined subset
of Y and it belongs to D by the definition of D.

Lastly, (¢,5) € A= f1((i,5)) < f2((i,7)), shown above; so by the definition
of D we are done.]

(¥)g For every < A the set .Z3 is non-empty.
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[Why? Recall 95 # () by (x)2(b) and let g € ¥5. As (F 44 : 1 € Z) is
a sequence of non-empty sets (recalling (x)2(b)), and we are assuming ACy,
there is a sequence (h; : i € Z) € [[;c, Fiqa)- Let f be the function with
domain Y defined by f((¢,7)) = hi(j); so g, h witness f € Fg, so Fz # 0 as
required.]
(*)7 It fo € Il ey Aiyj then for some B < A and f € F5 we have
f« < fmod D.

[Why? We define f = (ff :i € Z) as follows: f; is the function with domain
Y, such that

jeYi= fi(j) = f((E9))
Clearly f is well defined and for each i, fF € [L;ev, Aij, hence by (x)1(a) for
some a < \; and h € .%; o we have f < h mod D;, and let o; be the first such
a, 80 (a; : 1 € Z) exists.

By the choice of (43 : 8 < \) there are 8 < A and g € %3 such that
(aj 11 € Z) < gmod E, hence A := {i € Z : a; < g(i)} belongs to E. So
(Zig(iy + 1 € Z) is a sequence of non-empty sets, hence recalling ACz there is
a sequence h = (h; : i € Z) € [[,c, % 4(:)- By the property of (F; o : a < \;),
we have i € A = f < h; mod D;.

Lastly, let f € H(i,j)eY Ai,; be defined by f((i,j)) = hi(j). Easily g, h witness
that f € %, and by the definition of D, recalling A € E and the choice of h
we have f. < f mod D, so we are done.]

Together we are done proving the theorem. 25

Conclusion 2.6 (The pcf closure conclusion.): Assume ACg(q). We have ¢ =
ps-pefy, —comp(€) when

(a) ais a set of regular cardinals,

(b) hrtg(2(a)) < min(a),

(c) ¢ = ps-pefr, —comp(a).

Proof. Assume A € ps-pcfy, —comp(c), hence there is F, an N;-complete filter
on ¢, such that A = ps-tcf(Ile, <g). As we have ACgp(,) by 1.2 (as the D
there is unique) there is a sequence (Dyp : 6 € ¢), Dy an Ny-complete filter on
a such that 6 = ps-tcf(Ila, <p,); also by 1.7 there is a function h from Z?(a)
onto ¢. Let By = {S C P(a) : {# € ¢ : h"1{0} C S} € E}. By Claim
2.2, the “if” direction with £(Y) here standing for Y there, we have A\ =
ps-tcf(II{h(A) : A € P(a)},<g,) and E; is an Ny-complete filter on & (a).
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Now we apply Theorem 2.5 with E1, (Dpp) : b € Z£(a)), A, (h(b) : b € F(a)),
(0 : 8 € a) here standing for E,(D; : i € Z),\,(\; 1 i € Z),(\i; : j €Y;) for
every j € Z (constant here). We get a filter Dy onY = {(b,0) : b € &(a),0 € a)
such that A = ps — tef(I1{0 : (b,0) € Y}, <p,).

Now |Y| = |Z(a)| as a can be well ordered (hence Xy < |a| or a finite and all
is trivial), so applying 2.2 again we get an Ry-complete filter D on a such that
A = ps-tef(la, <p), so we are done. 2.6

Definition 2.7: Cornsider a set a of regular cardinals.
1) We say b = (by : X € ¢) is a generating sequence for a when:
( y g g seq
(Oé) b)\ CaCcC pS_pCfﬁlfcomp(a)a
(B) Jea+la] = Jexla] + b for A € ¢ hence (8) U ¢ = ps — tefy, —comp(a) and
A a card then Jcy[a] is the 8y-complete ideal on a generated by
{bg : 0 € pefy, _comp(a) and 6 < A}
(2) We say .7 is a witness for b = (by : A € ¢ C ps-pefy, —comp(a)) when:
(a) :752\:<<752\)\2/\€C>,
(B) Fx = (Fra:a <) witnesses ps-tef(Ia, <;_, [q])-
(3) Above, b Es closed when by = an ps-pefy, —comp(ba)-
(3A) Above, b is smooth when 6 € by = by C b,.
(4) We say above b is full when ¢ = ps — pefy, comp(a).

Remark 2.8: (1) Note that 1.7 gives sufficient conditions for the existence of a
full b as in 2.7(1).
(2) Of course, Definition 2.7 is interesting particularly when a =

pS_pClefcom(a)-
THEOREM 2.9: Assume AC. and ACg(q). Then ¢ = ps-pcfy, —comp(c) has a
full closed generating sequence for N-complete filters (see below) when:

(a) a is a set of regular cardinals,

(b) hrtg(#(a)) < min(a),

(¢) ¢ = ps-pefy, —comp(a).
Proof of 2.9.

()1 ¢ = ps-pefy, —com (€.
[Why? By 2.6 using AC 5 (q).]

(*)2 There is a generating sequence (by : A € ¢) for a.
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[Why? By 1.7(3) using also AC..]
(x)3 Let by = ps-pcfy, _com(br) for A € c.
(¥)1 (a) b* = (b} : X € ¢) is well defined,
(b) by C b C,
(c) b3 = ps-pefy, com(b3);
(d) A =max(b}),
(e) A ¢ pef(c\by).
[Why? First, b* is well defined as b = (by : A € ¢) is well defined. Second,
by C b} by the choice of b} and b} C ¢ as by C a, hence

bY = Ds-pcfy, —com(b}) € Ps-pefy, —com(c) = ¢,
the last equality by 2.6, and third, by = ps-pcfy, com(b}) by Conclusion 2.6;
it is easy to check that its assumption holds recalling by C a. Fourth, A € b}
as J_y[a] witnesses A € ps — pcfy, _com(ba) = b} and max(b}) = A by (¥)2
recalling Definition 2.7.
Lastly, note that
PS = PCfig; —comp(@) = DS = Pefie; —comp(ba) UPS = Pefiy, —comp (\b2)
by 1.14(2), hence pu € ¢\by = p € ps — pcfy, _comp(@\by); so if
A € ps — pefy, comp(c\bY) by 2.6 it follows that A € pcf(a\b}), which con-
tradicts 1.7(3), 1.5(2), so A & ps — pefy, _comp(€\b3), that is, clause (e) holds.]
We can now choose % such that
(¥)5 (a) F =(Fr:AEq),
(b) Fy\ = <3‘\>\7a o< /\>7
(c) Zx witnesses A = ps-tef(Ila, <;_, (q]);
(d) if A€a,a< Xand f € %y 4 then f(A) = a.
[Why? For each A there is such .# as A\ = ps-tef(Ila, <;_,[q). But we are
assuming AC, and for clause (d) it is easy; in fact it is enough to use AC 5 (q) and
h as in 2.6, getting (Zp : b € H(a)), Fp witness h(b) = ps-tcf(Ila, <;_, [a])
and putting (% : b € h~1{\}) together for each A € ¢]
(x)6 (a) For A € ¢ and f € TIby let fN € TIb% be defined by: fN(9) =
min{a < A: for every g€ .%y o we have fby <(g[bx) mod J—gy[bA]},
(b) for A€ cand @ < Alet F5 , = {(f1b2)N : f € Fra}.
Now
()7 (a) fNa> f for f € by, € c,
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(b) (FXa:AEc,a <)) is well defined (hence exists),
(c) ﬁ)’f,a C 1Ib3.
[Why? Obvious.]
(*)s Let Jx be the N;-complete ideal on b} generated by {b;Nb3 : § € cNA}.
(¥)o Jx C J2NPlb3].
[Why? As for 6p,...,0,,... € ¢cN A by 1.14(2) we have

ps — pCle—comp(U{b;n n< W}) = U{pS - pCle—comp(bzn) tn < w}
= J{b5, 1 n <w} e 5P ]

@1 IfAecand g <ap <Aand fr€ Fy q, for £=1,2 then fiN< N mod Jy.
[Why? Let a. = {6 € by : f1(0) > f2(0)}, hence by the assumption on
(Zra @ < \) we have a. € JE5“™[a], hence we can find a sequence (0, :
n < n < w) such that 8, € cN X and a, C b, := (J{bg, : » < n}, hence ¢, :=
ps-pefi; —com(ax) € U{bj :7n <n} € Jy. So it suffices to prove flm [(b3\ei) <
B3\, s0 let 6 € b3\ U, b5 . By (¥)4(d) we have 6 < A, let a := f5(9),

so by the definition of fQW (0) we have

(Vg € Z9.0)((f21bx) < (glbx) mod J=g[b2r]).
But a. € (U, bg, and n < w = 6 ¢ by = ps — pcfy, _comp(bo, ), hence by
1.14(2) we have 6 ¢ ps — pcfy, _comp(U, bo,), hence |, by, € IOy,

hence a, € J25™P[b,]. So (first, inequality by the previous sentence and the
choice of a,, second, by the earlier sentence)

(f1162) < (f21b2) < (g1b2) mod T2~ [by],
hence by the definition of flp‘], fl[’\] 0) <a= fQ[’\] (0). So we are done.]

©2 If A € ¢ and g € IIb} then for some a@ < A and f € %, we have
g < f mod Jy.

[Why? We choose (hg : 6 € b}) such that hy € Fy 4 for each 6 € b}. Let
hi1 € 1163 be defined by hi(k) = sup{hg‘](fi) : k € bg and 0 € b}}, hence there
are o < A and hg € F) o such that h; < hy mod J=y[a]. Now [ := h[;‘] € IIb%
is as required, in particular f € .%# ;a]

©®3 The sequence (Fy o : o < A) witness A = ps — tef(IIb}, <, ).
[Why? In (¥)7(b), (¢) + ©1 +®2.]

@4 If X € ¢ then Joy = Jo3 P [b3].
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[Why? By ()4, (*)s, (x)9 and ®3.]
So

®s b* = (b% : A € ¢) is a generating sequence for c.
[Why? By ©4, (*)7 recalling that A ¢ ps—pcfy, _comp(€\b3) by (*)a(e).] 2.9

Remark 2.10: Clearly b* is full and closed, but what about smoooth? Is this
necessary for generalizing [Sh:460]?

Discussion 2.11: Naturally the definition now of .Z as in 2.7(2) for Ila is more
involved, where . = (%) : A € ps-pcfu_com (), Fr = (Fxro < A) exempli-
fies ps-tcf(Ila, J=x(a)).

CLAamM 2.12: [DC + AC.,] Assume

(a) a a set of regular cardinals,
) k is regular > R,
(C) = ps_pCfnfcomp(a%
(d) min(a) is > hrtg(Z(c)) or at least > hrtg(c),
) F=(Fr:\Eq), Fr=(Fra:a<\) witness® \=ps-tcf(Ily, </ " [a]).

B for every f € Ila for some g € llc, if ¢ < ¢1 € Ilc and
h € I{.Fy g,(n) : A € ¢} then (30 € []<%)(f < sup{hx: A €d}).

Proof. Let f € Ila. For each A\ € ps-pcf, _ ..., (a) let
apy =min{a < X: f <g mod J=y[a] for every g € Fy o},

so clearly each o is well defined hence & = (ay ) : A € ps-pcty_com(a)) exists.
So g = (apx: A €c) € Ilc is well defined. Assume g1 € Ilc and g < g;. Let
(ha = A € ¢) be any sequence from [], . .Fx 4,(1); at least one exists when AC,
holds. Let ayx = {0 € a: f(0) < hx(0)} so (asx : A € ¢) exists, and we claim
that for some ? € [¢]<" we have a = (J{ay : A € 9}. Otherwise let J be the
k-complete ideal on a generated by {af : A € ¢}; it is a x-complete ideal. So
by [Sh:938, 5.9], applicable by our assumptions, there is a k-complete ideal J;
on a extending J such that A\, = ps-tcf(Ila, <, ) is well defined. So A, € ¢ and
arx, € Ji, easy contradiction. 2.12

2 30 we are assuming it is well defined, now if AC gy such F exists.
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CramM 2.13: [ACy,] We can uniformly define a Ry-continuous witness for A\ =
ps — pcf,ifcomp(l:[@, <p) where:
(a) @€ YOrd,
(b) each ay is a limit ordinal with cf(az) > hrtg(S),
(¢) A is regular > hrtg(S),
(d) F=(F,:a€8) satisfies: each .Z, is a witness for \= pef . comp (I1@,<D),
(e) ifa € S then %, is Xg-continuous and f1, fo € %4 o = f1 = f2 mod D.

Proof. (%) hrtg(S x S)is < A and < cf(ay) for t € Y.
[Why? As A, cf(ay) are regular cardinals.]
For a,b € S let

(*)1 (a) Eap={0 <\:if a <0 then for some S € («,d) and
f1 € Za.a, f2 € Fpp we have fi < fa mod D},
(b) define gop : A — X by
ga,p(@) = min{B < X :there are fi € %, , and fo € Fp
such that f1 < fo mod D},

(*)2 ga,p is well defined.
[Why? As %, is cofinal in (Ila, <p).]

()3 gq,p is non-decreasing.
[Why? As .%, is <p-increasing.]

Hence

(x)a Eqp={6 < X:0 alimit ordinal and (Voo < 6)(gap(c) < d)}.
Also

(¥)5 Eqp is a club of A.
[Why? By its definition, Eqp is a closed subset of A and it is unbounded as
cf(A) = A > Ny, because for every o < A letting ap = o, a1 = gap(n)+1 < A
clearly f:= H{an :n <w}lis<dand vy < d = (In)(y < an) = (In)(gap(y) <
1))

(¥)s Let g: A — A be g(a) = sup{ga () : a,b € S}.

(¥)7 g is a (well-defined) non-decreasing function from A to A.
[Why? “Non-decreasing trivial”, and it is “into \” as hrtg(S x S) < A, recalling
(*)o]

(x)s E=({Eap:a,beSt={0<X:(Va<d)(g(a) <d)}isaclub of A
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[Why? Like (x)7.]
(%)g Let By ={d € E: cf(§) =Ro} so By C A =sup(A),otp(E1) = A
(¥)10 For ¢ € E of cofinality g let
Fs = {sup{fn :n <w} : for some a € S

and @ = (o, : 1 < w) increasing of cofinality Rg

we have (f, :n <w) € Hﬁa,aTL)}.

(x)11 (%5 : § € Ey) is <p-increasing cofinal in (Ila, <p), in particular %5 # ().
[Why? %5 # 0 as § € E,cf(6) = Rp and ACy, |

We can correct (%5 : & € FEi) to be Ny-continuous easily (and as in
[8}19387 §5]) 2.13

Question 2.14: 1f 2.9 suffices to assume AC 5 (q) (and omit AC,), we can con-
clude that ¢ = ps — pefy, _comp(c) has a full closed generating sequence.

We may try to repeat the proof of 2.9, only in the proof of ()5 we use Claim
2.15 below.

CLAIM 2.15: In 2.9 we can add “b is weakly smooth”, which means 0 € by =
0 ¢ ps — PCfyr, —comp(€\b)-

Proof. Let (by : A € ¢) be a full closed generating sequence.
We choose b} by induction on A € ¢ such that
()1 (a) Jeala] = T2 [a] + b,
(b) s = pefy, - comp(B3) = b3,
(c) max(b}) =\,
(d) if @ € b} then b} D b) mod J = ], i.e., bj\by € Jo5 “"P[a].
Arriving at Alet 9y = {0 € by : bj\b} ¢ J54 *""[a]},0} = PS—DPCfy, —comp(OA)-
Now
()2 Ps — pefy, —comp(®x) C bANA.
[Why? C by is obvious, if ¢ X recall 9} = ps — pefy, _comp(@2); nOW 05 C by
hence 9} C ps — pefy, comp(ba) S AT, So the only problematic case is A €
2} = ps — Pcfy, —comp(®2). But then, as 9x € ps — pefy, —comp(c\ba) by the
composition theorem we have A\ € ps — pcfy, _comp(c\ba), contradicting an as-
sumption on b.]
(¥)3 There is a countable ey C 9} such that 05 C |J{bl : o € ¢}.
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[Why? Should be clear.]
Lastly, let b = (J{b} : 6 € ex} U b, and check. 2.15

3. Measuring reduced products

3(A). ON Ps-Tp(g). Now we consider some ways to measure the size of " /D
and show that they essentially are equal; see Discussion 3.9 below.

Definition 3.1: Let & = (ay : t € Y) € YOrd be such that t € Y = a; > 0.
(1) For D a filter on Y let

ps-Tp(a) = sup{hrtg(F) :F is a family of non-empty subsets of II& such that
for every #; # % from F we have
h € ZiNf2 € Fo= fiL #p fo},
recalling f1 #p fo means {t € Y : f1(t) # f2(t)} € D.
(2) Let
ps-Tr—comp(@) = sup{hrtg(F) : for some k-complete filter D on Y,
F is as above for D}.

(3) If we allow oy = 0 just replace Ila by

a:={f:fe]J(a:+1)and {t: f(t) =} =0 mod D}.

THEOREM 3.2: [DC + AC 5 (y)] Assume that D is a k-complete filter on' Y and
k > R and g € ¥ (Ord \{0}); if g is constantly o we may write a. The following
cardinals are equal or at least A1, Ao, A3 are Fil® (D)-almost equal which means:
for l1,05 € {1,2,3} we have Ay, S%ailli(D)
included in the union of S sets each of order type < Ag,:
(a) A1 =sup{|tkp, (9)|* : D1 € FilL(D)},
(b) Ay = sup{AT : there are D; € Fil.(D) and a

ey, which means if o < Ay, then « Is

<p, -increasing sequence (%, : a < A) such that

Fo C H g(t) is non-empty},
tey
(¢) A3 =sup{ps — Tp,(g) : Dy € FilL(D)}.



Sh:955

216 S. SHELAH Isr. J. Math.

Remark 3.3: (1) Recall that for D a k-complete filter on Y we let
FilL (D) = {E : E is a x-complete filter on Y extending D}.

(2) The conclusion gives slightly less than equality of A1, A1, As.

(3) See 3.10(6) below; by it Ao = ps-Depth™ (“u, <p), recalling 3.10(5).
(4) We may replace k-complete by (< Z)-complete if Ry < |Z|.

(5) Compare with Definition 3.10.

(6) Note that those cardinals are < hrtg(IT*g).

Proof. STAGE A: A\ < Fl1( ) A2, As.
Why? Let x < A1, so by clause (a) there is D; € Fil (D) such that rkp, (g) >
x- Let

Xp, = {a < x:some f € H g(t) satisfies® Dy = dual(J[f, D1])
tey

and a = rle(f)},

for any Dy € Fil}(D;). By [Sh:938, 1.11(5)] we have x ={J{Xp, : D2 € Fill (D;)}.
Now
® D3 € FilL(D1) = |otp(Xp,)| < A2, As; this is enough.
Why does this hold? Letting

Fpyi={f€Yp: rkp,(f) =i and J[f,D1] = dual(Ds)},

by [Sh:938, 1.11(2)] we have: i < jAi € Xp,Aj € Xp,Af € Fp,iNg € Fp, ; =
f < g mod Dy, so by the definitions of A2, A3 we have otp(Xp,) < A2, As.
STAGE B: Ay < Flll 1 (D) A1, Az, moreover Ao < A1, As.

Why? Let x < Ag and let Dy and (%, : a < x) exemplify y < Ao. Let
Yo = min{rkp,(f) : f € Fo} so easily « < < x = 7o < 7, hence
rkp(g) > x. So x < A1 by the definition of A1, and as for y < Az this holds by
Definition 3.1(2) asa < fA f € Fo Ng € F3 = f < gmod D = f # g mod
Dy as xT = hrtg(x) < As.

STAGE C: A3 ;ﬂl(D) A1s Ag.

Why? Let x < A3. Let (Z, : a < x) exemplify x < A3. For each a@ <
let D, = {dual(J[f,D]) : f € .Z,}, so a non-empty subset of Fil’(Y). Now
for every D1 € D, := J{Dqo : @ < A} let Xp, = {a < x: D; € D,} and for
a € Xp, let (p,,o = min{rkp(f): f € %, and D; = dual(J[f, D])} and let

3 Recall dual(J[f, D1]) ={X CY : X € D1 or tkp, 4 (x\v)(f) > rkp, ()}
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Fpia=1{f € Fo:D1=J[f, D] and tkp, (f) = (p, o} S0 a non-empty subset
of Z, and clearly ((Cp,.a, FD,.a) : @ € Xp,) exists.
Now

(a) @+ (p, .« is a one-to-one function with domain Xp, for D; € D,

(b) x = U{Xp, : D; € D,} noting D, C Fil} (D),

(c) for D € Dy, if @ < 8 are from Xp, and (p, .o < Cpy g, f € FDy,arg €
Fp,,5 then f < g mod D;.

[Why? For clause (a), if « # 8 € X¢,, f € Fp,.a,9 € Fp, p then f # g mod
D, hence by [Sh:938, 1.11] we have (p, .« # (p, g. For clause (b), it follows by
the choices of Dy, Xp,. Lastly, clause (c) follows by [Sh:938, 1.11(2)].]

Hence (by clause (¢c))

(d) otp(Xp,)is < Ag and is < tkp, (g) for D; € J{D4 : a < x} C Fil} (D).

Together clause (d) shows that D € D, = |Xp| < A1, A2 so, by clause (b),

A3 S;ailll(D) A1, Az, hence we are done. 3.2

Observation 3.4: If D is a filter on Y and & € ¥ (Ord\{0}) then

ps — Tp (@) = sup{\T : there is a sequence (Z, : a < \)
such that .Z, C a, #, # 0
and a # BA fr € Za A fa € Fpg = fi1 #p fa}.

Proof. Clearly the new definition gives a cardinal < ps — Tp(a). For the
other inequality assume A < ps — Tp(a), so there is F as there such that
A < hrtg(F). As A < hrtg(F) there is a function h from F onto A. For av < A
define 7! = | J{.7 : & € F and h(F) = a}. So (F. : a < \) exists and is as

required. 3.4

Concerning Theorem 3.2 we may wonder “when does A1, A2 being S-almost
equal imply they are equal?”. We consider a variant this time for sets (or
powers, not just cardinals).

Definition 3.5: (1) We say the power of %, is S-almost smaller than the
power of %, or write |21 | < |%| mod S or |%| <™ |%| when: we can find
a sequence (uj s : s € S) such that %4 = (J{u1,s:s€ S} and s € S = |7 5| <
|Us).

(2) We say the power |2 |,|%| are S-almost equal (or |%;| = |%]| mod S
or |%| =¥™ | %) when |2 | <™ || <™ |%|.
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(3) Let |2 | <% |%]| be defined naturally.

(4) In particular, this applies to cardinals.

(5) Let |24 | <¥™ |%| mean there is a sequence (uj  : s € S) with union %4
such that s € S = |%| < |%]|.

(6) Let |241| <! |%| mean that if |%| < |2 | then |% | <¥™ |%|.

Observation 3.6: (1) If |2 | < |%| and S # 0 then |24 | <¥™ |%)|.

(2) If )\1 S )\2 and S 75 (Z) then )\1 S%a‘l )\2.

(3) If A2 = A and cf(\2) < hrtg(S) then the power of Ay is S-almost smaller
than S.

Proof. Immediate. 3.6

Observation 3.7: (1) The cardinals A1, A2 are equal when A; = alm A2 and cf(\),
f(As) > hrtg(2(S)).

(2) The cardinals A1, A2 are equal when Mg :aslm Ao and Aq, Ao are limit
cardinals > hrtg(Z(9)).

(3) If Ay <¥™ Xz and 0 = hrtg(2(S)) then A <U9 X,

(4) It Ny <dlm Ao and cf(A;) > 6 then A\ < Aso.

(5) If A\ <dlm A2 and @ < AJ then A\; < AJ.

Proof. (1) Otherwise, let 9 = hrtg(Z?(S)), without loss of generality As < Ap,
and by part (3) we have A; <alm A2, and by part (4) we have A\; < Ao, a
contradiction.

(2) Otherwise, letting 0 = hrtg(Z(S)), without loss of generality A2 < A;
and by part (3) we have \; <a1’[n Ao, but 9 < Ao is assumed and )\2 < A, as
A2 is a limit cardinal, so together we get a contradiction to part (5).

(3) If (us : S € S) witnesses A\ <™ Ay, let

w={a <A1 : for no f < a do we have (Vs € S)(a € us = € us)}
so clearly |w| < hrtg(22(S)) =0, and for o € w let
Vo ={8<M:(VseS)(acus=p€us}

S0 (Vg : @ € w) witnesses A\ <alm Ao, hence A\ <alm Aa.

(4), (5) Let o < 6 be such that A\; <™ )y and let (u. : £ < o) witness
Ap <M N\, that is [uc| < A for e < o and [J{ue 1€ < o} = A;.

For part (4), if Ao < A1, then we have ¢ < 0 = |uc| < A1, but cf(A;) > o
hence [{{J{ue : € < o}| < A1, a contradiction.
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For part (5), fore < o, let u. = u:\ [J{uc : ¢ < e} and so otp(ul) < otp(u) <

lue|t < >\ , s0 easily (M| = [ H{ue e <o} =[H{ul e <o} < o->\2+ <
A5 AT =T 3.7
Similarly

Observation 3.8: (1) If Ay <™ X3 and 9 = hrtg(2(S)) then Ay <2 X,.
(2) If Ay <2 Xy and cf(A;) > 6 then A, < A,
(3)If A < alm Ao and 6 < )\Jr then \; < \g.

(4) It Ay <Sal A2 and 9 = hrtg(22(S)) then A\; <52} Xo.

(5) If A\ <Sal A2 and 9 < AJ,0 < Ag and cf(\2) > 6 then \; < Ao.

(6) If Ay <Sal Ao and 6 < A\J then A; < AJ.

Discussion 3.9: (1) We like to measure (¥ u)/D in some ways and show their
equivalence, as was done in ZFC. Natural candidates are:

(A) ppp(u): say of length of increasing sequence P (not p, i.e., sets) ordered
by <p,

(B) ppy (1) = sup{ppf(p) : D an R;-complete filter on Y7},

(C) Asin 3.1.

(2
(3

) We may measure ¥ i by considering all 9-complete filters.
) We may be more lenient in defining “same cardinality”. For instance:
(A) we define when sets have similar powers, say by divisions to Z(Z(Y))
sets, we measure (¥ p)/ ~ (2 (v)), where ~p is the following equiva-
lence relation on sets:
X ~p Y when we can find sequences (X, :b € B), (Y, : b € B)
such that:
(a) X =J{Xp:be B},
(b) Y =U{Ys:be B},
(e) [Xp| = [Ys);
(B) we may demand more: the (X} : b € B) are pairwise disjoint and the
(Y : b € B) are pairwise disjoint;
(C) we may demand less: e.g.
(©) [Xp] <s Vo] < [Xal,
and/or
(¢)« (Vb€ B)(3c € B)(|Xp| < [Ye|) and (Vb € B)(3c € B)(|Vy| < |Xe|)-

Note that some of the main results of [Sh:835] can be expressed this way.
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(D) rk-supy,s(p) = rk-sup {rkp(p) : D is O-complete filters on Y'};
(E) for each non-empty X C ¥y let

spL(X) ={(D,J) : D an X;-complete filter on Y,
J = J[f,D],Oé = I'kD(f) and f € X}a

sp1 (X) = J{sph(X) : a;

(F) question: If {sp(X;) : s € S} is constant, can we bound J?
(G) X,Y are called connected when sp(X;),sp(Xz)) are non-disjoint or
equal.
(4) We hope to prove, at least sometimes, v := Y(Yu) < pp,(u), that

is, we like to imitate [Sh:835] without the choice axioms on
f = (fa:a <) witnessing v < T(¥ 11). We define

. So there is

u=ug={a: there is no € “a such that (Vit € Y)(fo(t) € {fs,(t) : n <w})}.

You may say that uy is the set of v < ¢ such that f, is “really novel”.

By DC this is O.K., i.e.,

M; for every a < § there is 8 € “(ug N ) such that (V& € Y)(fa(t)) =
{fs,(t) :n < w}.

Next, for a € uy we can define Dy ,, the Ny-complete filter on Y generated by
HteY : fs(t) = fa(t)} : B < a}. Soclearly a # 8 € ug A D, = D53 =
fo #D fs. Now for each pair D = (Dy, D) € Fily (i.e., for the ®;-complete
case) let Ay p = {a €us: Df, = D and J[fa, D1]} = dual(Dz). So 7 is the
union of < Z(L(Y))-sets (as |Y] = |Y| x |Y|, well ordered).

So

()1 v < hrtg((Yw x “()),
()2 u is the union of F(F(k))-sets each of cardinality < pp}*}yb21 ().

(I) What about hrtg(“u) < ps-ppy y, (1)?

We are given (Fo :a < k) # Fo #0, %, C p,a# = Fo N Fg = 0.
Easier: looking modulo a fix filter D,

(¥)2 for D € Filyy,, let Fop={f € %o :-(39€ Fu)(g<p )}

Maybe we have somewhere a bound on the size of %, p.
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3(B). DEPTH OF REDUCED POWER OF ORDINALS. Our intention has been to
generalize a relative of [Sh:460], but actually we are closed to [Sh:513, §3]. So
as there we use IND but unlike [Sh:938] rather than with rank we deal with
depth.

Definition 3.10: (1) Let sucx («) be the first ordinal 8 such that we cannot find
a sequence (%, : * € X) of subsets of 3, each of order type < « such that
B=U{% :x <€ X}.
(2) We define suc[;] () by induction on € naturally: if e =0 it is o, if e = (+1
it is sucx (suc[)g] (), and if € is a limit ordinal then it is U{suc[)? (o) : ¢ <e}.
(3) For a quasi-order P let the pseudo ordinal depth of P, denoted by
ps-0-Depth(P), be

sup{~:there is a < p-increasing sequence (X,: a<~y) of non-empty subsets of P}.

(4) o-Depth(P) is defined similarly, demanding | X,| =1 for a < 7.

(5) Omitting the “ordinal” means  is replaced by |v|; similarly in the other
variants including omitting the letter o in ps-o-Depth.

(6) Let

ps-0-Depth™t (P) = sup{v + 1 :there is an increasing sequence (X, : a < 7)
of non-empty subsets of P}.

Similarly for the other variants, e.g. without o we use |y|* instead of v+ 1 in
the supremum.
(7) For D a filter on Y and & € ¥ (Ord \{0}) let

ps-0-Depth}, (@) = ps-o-Depth™ (Ila, <p).

Similarly for the other variants and we may allow a; = 0 as in 3.1(3).
(8) Let ps-o-depth}; (@) be the cardinality of ps-o-Depth},(@).

Remark 3.11: Note that 1.13 can be phrased using this definition.
Definition 3.12: (0) We say x is a filter w-sequence when
x = (Y., D) :n <w) = Yxn, Dxn:n<w)

is such that D, is a filter on Y,, for each n < w; we may omit Y,, as it is
\{Y :Y € D} and may write D if A, D,, = D.
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(1) Let IND(x),x has the independence property, mean that for every
sequence F' = (Fp, 1 m < n < w) from alg(x) (see below), thereis ¢ € [T, Y
such that m < n < w = t,,, & Fin(t](m,n]). Let NIND(x) be the negation.

(2) Let alg(x) be the set of sequences (Fj, ,, : m < n < w) such that
Fon: H?:m_i_l Y, — dual(D,,).

(3) We say x is k-complete when each Dy ,, is a k-complete filter.

THEOREM 3.13: Assume IND(x), where x = {(Y,,, Dy,) : n < w) is as in Defi-
nition 3.12, D,, is kp-complete, K, > V1.

(1) [DC + ACy, for n < w| For every ordinal ¢, for infinitely many n,
ps-0-Depth((Y")¢, <p. ) < C.

(2) [DC] For every ordinal ¢, for infinitely many n, o-Depth(®)¢, <p ) < ¢;
equivalently there is no <p, -increasing sequence of length ¢ + 1.

Remark 3.14: (0) Note that the present results are incomparable with [Sh:938,
§4]—the loss is using depth instead of rank and possibly using “pseudo”.

(1) [Assume ACy,] If, for every n, we have rtkp,(¢) > sucpy (p,)(¢) then
for some D}, € Fily, (Yy) for n < w we have NIND((Y,,,D}) : n < w). (Why?
By [Sh:938, 5.9]). But we do not know much on the D}’s.

(2) This theorem applies to, e.g., ( =N, Y, =N, D,, = dual(sz’f). So even
in ZFC, it tells us things not covered by [Sh:513, §3]. Note that Depth and pcf
are closely connected but only for sequences of length > hrtg(Z(Y)), and see
3.19 below.

(3) If we assume IND((Y},(n), Dyn)
which is quite reasonable, then in Theorem 3.13 we can strengthen the conclu-

i n < w)) for every increasing n € “w,

sion, replacing “for infinitely many n” by “for every n < w large enough”.
(4) Note that 3.13(2) is complimentary to [Sh:835].

Observation 3.15: (1) If x is a filter w-sequence, x is Ry-complete and n, < w
and IND(x[[n.,w) then IND(x).

(2) If x is a filter w-sequence and IND(x) and 7 € “w is increasing and
Y = (Y ) Dxy(n) 1 » < w) then y is a filter w-sequence and IND(y).

Proof. (1) Let
F={(F,m:n<m<w) € alg(x),

80 (Fum : n € [ny,w) and m € (n,w)) belongs to alg(x[[n.,w), hence by the
assumption “IND(x[[n.,w))” there is ¢ = (t, : n € [n.,w)) € [[,>,, Yn such
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that t,, ¢ Fy m(t](n,m)) when n, < n < w. Now by downward induction on
n < n. we choose t, € Y, such that t, ¢ F, . ((t[[n+1,m]) for m € [n+ 1,w).
This is possible as the countable union of members of dual(D,,) is not equal
to Y,. We can carry the induction and (¢, : n < w) is as required to verify
IND(x).

(2) Let F = (F,; i < j < w) € alg(y). For m < n we define F,

m,n

as the
following function from [, _,. | Yx into dual(Dx ) by
o if i < j,m =n(i),n =n(j) and 5 = (s : k € (m,n]) € [[p_.11 Yo
then F), ,.(5) = Fi j({sy(iqr) : k € [L,5 —1)])),
e if there are no such ¢, j then F,, ,, is constantly 0.
As IND(x) holds there is ¢ € [],, Yx,, such that m < n = t,, ¢ F, n(t](m,n)).
Now t' = (t, ) :k<w) €[], Yx,nm) =11, Yy,n is necessarily as required. 3.15

Proof of Theorem 3.13. We concentrate on proving part (1); part (2) is easier,

(i.e., below each .%, . is a singleton, hence so is @1 so there is no need to

m,n,e?
use ACy,).
Assume this fails. So for some n, < w for every n € [n.,w) there is a counter-
example. As ACy, holds we can find a sequence (%, : n € [n.,w)) such that:
©® for n € [n.,w)
(a) jn:<9n,si€§0,
(b) Fn.e C Y( is non-empty,
(c) Z, is a <p, -increasing sequence of sets, i.e., 61 < g2 < (A f €
jﬂﬁl A\ fg S 3‘\”752 = f1 <D, f2.
Now by ACy, we can choose (f, : n € [n,w)) such that f, € %, for
nE Ny,w).
(¥) Without loss of generality n, = 0.
[Why? As x[[n.,w) satisfies the assumptions on x by 3.15(2).]
Now
EEIlformSn<w1etY79w: n71Yg3bndformn<wlet
= U{YY, : ke [mn]},s0Y)  =0=Y,, if m>nand
—{()}— Y, if mo=n; 501f77€Y 41n and s € Vit € Vi
we deﬁne (s)"'ne Yy ,and (t) € Yy q1n41 naturally;
By for m < nlet 4} , be the set of functions g such that:
(a) g is a function from Y, , into ¢ 41,
(b) () #n €Y, =gn) <
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(c) if k € [m,n) and n € Yk0+1 ,, then the sequence (g((s)"n) : s € Yy)
belongs to ﬁk 9(n)3
Bs G e ={9€9,,:9(() =c}fore <Candm <n<w.

Now the sets ¢4 are non—trivial, ie.
B, if m <n and € < ¢ then %}Ln,a £ .

[Why? We prove it by induction on n: First, if n = m this is trivial because
the unique function g with domain {()} and value & belongs to ¢, , .. Next,
it m < n we choose f € %,_1,, hence the sequence <g#1,n—1,f(s) i85 € Y1)
is well defined and by the induction hypothesis each set in the sequence is
non-empty. As ACy, _, holds there is a sequence {gs : s € Y,_1) such that

seY,_1=9s € %ﬂll_’nfl_’f(s). Now define ¢ as the function with domain Ynll_’n:

g (s)) =gs(v) forveY, ,  ,ands€cY,.

It is easy to check that g € ¥ . _,
Bs If g,h € 9}

m,n

indeed so Hj holds.]

and g({)) < h({)) then there is an (m,n)-witness Z for
(h, g) which means (just being an (m, n)-witness means we omit clause
(@)
- is closed under initial segments, i.e., if n € N 4 an
(a) Z C Y3, is closed under initial segments, ic., if § € Y2, 1 Z and
m <k < ¢ <mnthen nl[l,n) € Ye?n nZ,
(b) (€
(c) ifne ZﬂYkOHn,m <k<mnthen {s€Yy:(s)'ne€ Z} € Dy,
(d) if n € Z then g(n) < h(n).
Why? By induction on n, similarly to the proof of Hy.
y y y
BHe (a) We can find g = (g, : n < w) such that g, € %01%4 for n < w;
(b) for g as above for n < w,s € Yy, let gni1,s € 4, be defined by
In+1,s(V) = gnt1(v"(s)) for v € Yy .
[Why? Clause (a) by B4 as ACy, holds, clause (b) is obvious by the definitions
in EHQ + Eﬂg]
We fix g as in Hg(a) for the rest of the proof.

Br Thereis ((Z,s:s €Y,) : n < w) such that Z, s witness (g, gn+1,s) for
n<w,s e Yy.
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[Why? For a given n < w, s € Y;,, we know that g,1({s)) < ¢ = gn({)), hence
Zn,s as required exists by Bs. By ACy, for each n a sequence (Z,, s : s € Yy,)
as required exists, and by ACy, we are done.]

Bs Z, ={()}U{v(s):s€Y,_1,v € Z,_15}is a (0,n)-witness.
[Why? By our definitions.]

By There is F such that:
(a) F=(Fpnn:m<n<uw),
(b) Fn : Ying1mpr = dual(D),
(€) Fron(v)is {s € Yy : v (s) ¢ Z,_1} when v € Z,, and is () other-

wise.
[Why? As clauses (a), (b), (c) define F]
MBio F witnesses IND({(Y,,, D)) : n < w)) fails.

Why? Clearly F = (F,,, : m < n < w) has the right form.
So toward a contradiction assume t = (t, : n < w) € [[,,,, Y is such that

(x)1 m<n<w=ty ¢ Fy,nE(m,n]).
Now
()2 t][m,n) € Z, for m <n < w.

[Why? For each n, we prove this by downward induction on m. If m = n then
tlm,n) = (), but () € Z,, by its definition. If m < n and t][m+1,n) € Z,, then
tm & Frnn—1([(m,n]) by (x)1, so tl[m,n) = {tm) (E[m+ 1,n)) € Z, holds by
clause Hy(c).]

(*)3 gn-‘rl(ﬂ[m’n]) < gn(ﬂ[m’n))

[Why? Note that Z, ., is a witness for (¢n,gn+1,.,) by Hrz. So by Hs (see
clause (d) there) we have n € Z,+, = gn+1,,(M) < gn(n). But m < n =
ti[m,n] € Zpt1 = tl[m,n) € Z,4,, the first implication by ()2, the second
implication by the definition of Z,; in Hg. Hence by Hg(b) and the last
sentence, and by the sentence before last g,41(¢][m,n]) = gnt1.t, El[m,n)) <
gn(tl[m,n)) as required. So (x)3 holds indeed.]

So for each m < w the sequence (g, (t/[m,n) : n € [m,w)) is a decreasing
sequence of ordinals, a contradiction. Hence there is no ¢ as above, so indeed
10 holds. But Hig contradicts an assumption, so we are done. 3.13
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Remark 3.16: (1) Note that in the proof of 3.13 there was no use of completeness
demands; it is still natural to assume R;-completeness because: if D/, is the Ry-
completion of D,, then IND((D}, : n < w)) is equivalent to IND(D,, : n < w).
(2) Recall that by [Sh:513, 2.7], iff pp(R,,) > R, then for every A > N, for
infinitely many n < w we have (Vu < X)(cf(p) = N, = pp(p) < A).
(3) Concerning 3.17 below recall that:

(A) if Y, is a regular cardinal, D,, witnesses Y,, is a measurable cardinal,
then clause (a) of 3.17 holds, but [Sh:938, §4] says more:

(B) if p = p<* and P, is the Levy collapse, of a measurable A cardinal
to be ut with D a normal ultrafilter on A, then IFp, “the filter which
D generates is as required in (b) with u in the role of Z,”, by Jech—
Magidor—Mitchell-Prikry [JMMPS&0].

So we can force that n < w = Y,, = Ny,,.
(4) So
(a) if pp(Ny) > Ny, and X, divides §, cf(d) < X, and § < Ny, then pp(Ns) <
N5+,
(b) we can replace X,, by any singular © < X,,,
(c) if, e.g.y 6 < Ay = N5, , 0, < dpg1 and cf(d,) < Ap for n < w, then,
except at most one n, pp(Ry,) > Ny+.

n?

(5) We had thought that maybe: (in ZFC) if p is singular and pp(u) > N+
then some case of IND follows, because by [Sh:513, 2.7] this holds if p < N+
(even getting IND((dual(Jf\’S) :m < w)). Moreover for some increasing sequence
(An 1 n < w) of regular cardinals < g (with limit p if cf(p) = R and C {A1 :
A € E} for any club E of y if cf(i) > Rg) provided that u = N5 A [5]%0 < p; see
[Sh:513, 2.8]).

Cram 3.17: [DC] Forx = (Y,,, Dy, : n < w) with each D,, being an R-complete
filter on Y,,, each of the following is a sufficient condition for IND(x), letting
Y(<n):=]lhcn Ym and for m <n, let

n—1
L = {t : t is a function from H Yy into Ym}
{=m+1

and let Z, =[] Zmon:

m<n
(a) D, is a (< Z,)-complete ultrafilter,
(b) e D, is a (< Z,)-complete filter,
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e for each n in the following game Ox , the non-empty player has
a winning strategy. A play lasts w-moves. In the k-th move the
empty player chooses Ay, € D,, and (XF :t € Z,), a partition of
Ay and the non-empty player chooses ti, € Z,. In the end the
non-empty player wins the play if (), ., thk is non-empty,

(c) like clause (b) but in the second part the non-empty player instead of
ti chooses Sy C Z, satisfying |Sk| <x |S| and every Dy, is (< S)-
complete, S is infinite,

(d) if m <n <w then Dy, is (< [;_,, ., Yi)-complete®.

Proof. Straightforward; for instance:

CLAUSE (B):

Let ( st, : n < w) be such that st,, is a winning strategy of the non-empty
player in the game Ox .

Let F' = (F,,, : m <n <w) € alg(x) and we should find a member of [] Y,
as required in Definition 3.12(2). We now, by induction on ¢ < w, choose the
following objects satisfying the following condition:

(¥)i (a) for k <m and j < i, Gjm is a function from [,~, | ¥y into Yy;
(b) (a) for m < w, {((Xjm,tm) : J < i) is an initial segment of a
play of the game Ox , in which the non-empty player uses

the strategy st.,;

(8) we have ijm = (Xjmt:t € Zp) and tjp, = (tjpm k<m)
and tj .m € Z) and we have Xj t = (<, Xjk,m,t, When
t=(tr:k<m), \p.tk € Zim;

a) VimisY,ifj=0;

B) Yim is W Ximkit;pm : t<J} C Y if j€(0,4);

a) If j =0 <ithen Gjkm is Fim;

B) if j € (0,4) then G, m is defined by: for (yxt1,...,Ym) €
[1/Zs 1 Ye we have

(
(
(
(

Gj,k,m(<yk+1a cee 7ym>) = Gj—l,k,m+1(<yk+1, s 7ym+1>)

for any ym+1 € Yjm+1 (so the value does not depend on

ym-‘rl!);

4 36 the Y}, ’s are not well ordered! If o < hrtg(Y) = Dy, is |a|t-complete, then a¥7 /D,, =
«a. If a is a counterexample, D projects onto a uniform Ni-complete filter on some p < a.
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(e) for k <m and t € Zy p, let X jm,: be

m—1
{y e Yy if (Ykt1,-- -, Ym—1) € H Y, then
t=k+1

Gkeom(Ykt1s -3 Ym=1:Y) = Uk41r-- > Ym—1)}-

Clearly (*)o holds emptily.
For i > 1, let j =i — 1; clearly (Yj,, : m < w) is well defined by (c), hence
we can define (X gt 1t € Zgm) by clause (e) and let

Xj,m,t = ﬂ{quk-,m,tk k< m}

when t = (¢ : k < m).

So Xjﬁm = (Xjmt : t € Zy) is a legal j-move of the empty player in the
game Oxm, SO we can use stp, to define t;,, = ({jrm : £ < m) as the j-th
move of the non-empty player.

Lastly, the function Gk m is well defined. Having carried the induction, for
each m clearly ((Xjm,tjm):j < w) is a play of the game Oy, in which the
non-empty player uses the strategy st,, hence win in the play, so
(W Xjmzt;.. :J <w} is non-empty, so by ACy, we can choose § = (ym : m < w)
such that ¥, € ({Xjmt,.. :J <w}.

It is easy to see that ¢ is as required in Definition 3.12(2). 3.17

Conclusion 3.18: [DC] Assume (k, : n) is increasing and &, is measurable as
witnessed by the ultrafilter D,, or just D,, is a uniform® YT (2 (k,_1))-complete
ultrafilter on k,,.

Then for every ordinal ¢, for every large enough n we have O-Depthgn €) <¢.

Proof. By 3.17 we know that IND((D,, : n < w)) and by 3.13(2) we get the
desired conclusion. 3.18

CLAIM 3.19: (ZFC for simplicity).
If (A), then (B), where
(A) (a) Ay = cf(\) and (M) < Apg1 and p = S{\, : n < w} and
A=put,
(b) P, is the natural \,-complete Al -c.c. forcing adding (fn o : @ < )
of members of *»(\,), < e -increasing,
(c) P is the product [, P, with full support;

5 Recall T(A) = min{6: there is no one-to-one function from 6 into A}.
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(B) in V¥ we have NIND((dual(J{?) : n < w)) and a cardinal 6 is not
collapsed if 0 ¢ (u™, u™°].

Proof. So peP,, iff pis a function from some u € [A*]<*» into U{S(\,,) : (< An 1,
ordered by P, = “p < ¢” iff @ € Dom(q) = « € Dom(g) A p(a) C ¢g(ar). Now
use 3.13. 3.19

3(C). BouNDs ON THE DEPTH. We continue 3.2. We try to get a bound for
singulars of uncountable cofinality, say for the depth, recalling that depth, rank
and ps-Tp are closely related.

Hypothesis 3.20: D is an Xj-complete filter on a set Y.
Remark 3.21: Some results do not need the N;-completeness.

CLAIM 3.22: Assume & € Y Ord.

(1) [PC] (No-hole Depgh) If ¢ + 1 < ps-o-Depth},(a) then, 7for some
B€YO0rd, we have B3< a@amod D and ( +1 = ps—o—Deptth(B).

(2) In Definition 3.1 we may allow .%. C*Ord such that g € .%. = g < f modD.

(3) If 3 € YOrd and @ = B mod D then ps-o-Depth™ (&) = ps-o-Depth™(f).

(4) If {fy € Y : ay =0} € DT then ps-o-Depth™(a) = 1.

(5)

5) Similarly for the other versions of depth from Definition 3.10.

Proof. (1) By DC, without loss of generality, there is no 3 <p @ such that
¢ +1 < ps-o-Depth®(B8). Without loss of generality, @ itself fails the desired
conclusion hence ¢ + 1 < ps-0-Depth™(8). By parts (3), (4), without loss of
generality, s € ¥ = a; > 0. As (+1 < ps—o—Deptth(d) there is a <p-
increasing sequence (%, : ¢ < ¢ + 1) with .%. a non-empty subset of I[Ia. Now
any 3 € Z¢,(+1 < ps-o-Depth™ (5) as witnessed by (Z. : £ < (), recalling part
(2), contradicting the extra assumption on @ (being < p-minimal such that...).

(2) Let . = {flel . f € 7.}, where flo(s) is f(s) if f(s) < as and is zero
otherwise.

(3), (4) Obvious.

(5) Similarly. 3.99
Cram 3.23: [DC + ACy] Ifa, 3 € YOrd and D is a filter on Y and s € Y =

|as| = |B8s| then ps-Tp(a) =ps — Tp(B).

Proof. Straightforward. 3.23
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Assuming full choice the following is a relative of the Galvin—Hajnal theorem.

THEOREM 3.24: [DC + ACy] Assume a(1) < a(2) < AT, ps-0-Depth™ () <
Ate) and ¢ = hrtg(Y a(2)/D). Then ps-o-Depthf(ATe(?) < \H((D)+6),

Proof. Let A = {p: At <y < \*M+EY "and for every p € A

($)1 let #, = F(u) ={f: feY{AT:a < a(2)} and u = ps-Depth},(f)},
(*)2 obviously (%, : p € A) is a sequence of pairwise disjoint subsets of
Y'a(2) closed under equality modulo D.

By the no-hole-depth Claim 3.22(1) above we have

(#)3 if pn < po are from A and fo € F#,, then for some f; € #,, we have
f1 < fo mod D,
(%) € >sup{¢+1: F(A\T@FTD) £ () implies the conclusion.

Lastly, as ¢ = hrtg(¥ a(2)/D) we are done. 3.24

Remark 3.25: (0) Compare this with Conclusion 1.10.
(1) We may like to lower ¢ to ps-Depth}, (c(2)); toward this let

(*)1 #, ={f € Z, : there is no g € F, such that g < f mod D}.
By DC
(x)2 if f € #, then thereis g € ﬂl; such that g <p f mod D.
2) Still the sequence of those %’ is not < p-increasing.
W g

Instead of counting cardinals we can count regular cardinals.

THEOREM 3.26: [DC+ACy] The number of regular cardinals in the interval
(At ps-depthf (A\T(?) is at most hrtg(¥ «(2)/D) when:

(a) a(l) < a(2) < AT,
(b) £ > No,
)
)

Proof. Straightforward, using the No-Hole Claim 1.12. 3.26
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