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Cardinal arithmetic 1. if j(t) is a cardinal then j(t)=rt;

pcf-generators 2. [j@)=1iGEnls
Revised GCH 3. for any k-complete ultrafilter W on «, |j(T)| = |jw (T)].

The first two items provide affirmative answers to questions from Gitik and Shelah (1993)
[2] and the third to a question of D. Fremlin.
© 2013 Elsevier B.V. All rights reserved.

1. Introduction

We address here the following question:

Suppose « is a measurable cardinal, U a k-complete non-trivial ultrafilter over ¥ and j:V — M the corresponding
elementary embedding. Can one characterize the cardinals moved by j?

There are trivial answers. For example: 7 is moved by j iff cof(t) = x or there is some § < T with j(§) > 7. Also,
assuming GCH, it is not hard to find a characterization in terms not mentioning j.

However, it turns out that an answer is possible in terms not mentioning j already in ZFC (Theorem 3.12):
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Let T be a cardinal. Then either

1. T <k andthen j(t) =T, or

2. Kk <t <2X and then j(t) > T, 2¥ < j(T) < )T, or

3. T > (2" and then j(t) > T iff there is a singular cardinal ;v < T of cofinality « above 2¥ such that PPro) (1) = T, and if
T* denotes the least such (1, then T < PP (T*) < j(T) < PP (T)T.

Straightforward conclusions of this result provide affirmative answers to questions mentioned in the abstract.
A crucial tool here is PCF-theory and especially the Revised GCH Theorem [5]. A new result involving weakly compact
cardinal is obtained (Theorem 2.1):

Assume that k > Rg is a weakly compact cardinal. Let (t > 2% be a singular cardinal of cofinality k. Then for every regular
A< pp]f(,()(u) there is an increasing sequence (A; | i < k) of regular cardinals converging to j such that » = tcf([];_, Ai, <]£d).

Also a bit sharper version of [5, 2.1], for uncountable cofinality is proved (Theorem 2.5):

Let w be a strong limit cardinal and 6 a cardinal above . Suppose that at least one of them has an uncountable cofinality. Then
there is o, < pu such that for every x < 6 the following holds:

0> Sup{sup pCf(r*—complete(a) laC Regﬂ(/ﬂr, X) and |a| < M}-

The first author proved a version of 3.12 assuming certain weak form of the Shelah Weak Hypothesis (SWH)? and
using [3]. Then the second author was able to show that the actual assumption used holds in ZFC. All PCF results of the

paper are due solely to him.
Let us recall the definitions of few basic notions of PCF theory that will be used here.
Let a be a set of regular cardinals above |a|.

pcf(a) = {tcf((l_[ a, <])) ) J is an ideal on a and (l_[ a, <]> has true coﬁnality}.
Let p a cardinal.

PCf 5 —complete (@) = {tcf(( o< ,)) ‘ J is a p-complete ideal on a and (]‘[ a, < ,) has true coﬁnality}.
Let 7 be a cardinal.

J<plal = [b Ca ‘ for every ultrafilter D on b, cf(l_[ b, <D) < A].
Let » be a singular cardinal.

PPrucyM) = PPrc+ ) (A)
= sup[tcf(( 1_[ a, <1)) ‘ a is a set of k regular cardinals unbounded in A,

J is a k-complete ideal on a which includes j';d and (1_[ a, <]) has true coﬁnality}.
ppr(K)(A) denotes the first regular without such representation.*
2. PCF results

Theorem 2.1. Assume that k > R is a weakly compact cardinal. Let ;« > 2 be a singular cardinal of cofinality k. Then for every reg-
ular A < ppF(K)(,u) there is an increasing sequence (A; | i < k') of regular cardinals converging to p such that » = tcf([ [;_, Ai, <jEd).

Remark 2.2. It is possible working a bit harder to remove the assumption p > 2%, Just [4, §6, 6.7A] should be used to find
the pcf-generators in the proof below. See also 6.3 of Abraham-Magidor handbook article [1].

Proof. By the No Hole Theorem [3, 2.3, p. 57], there are a x-complete ideal I; on «x and a sequence of regular cardinals
A= (] i <k) with o =1limy, AT such that A =tcf([T;_ A}, <p,).

Denote the set {A! |i <«} by al. Let a? = pcf(al). Without loss of generality assume that A = max pcf(al). Note that by
[3] the following holds:

3 Consistency of negations of SWH is widely open except for very few instances.
4 Note that ppJP(K)()L) < (PPrgy(W)* and it is open if pplf(K)(A) < (PPrgy(A)F can ever occur (see [3, p. 41]).
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1. a' Ca? CReg\k 1T,
2. pcf(a?) = a?,
3. |pcf(a?)| < 2.

By [3, 3.6, 3.8(3)] there is a smooth and closed generating sequence for a' (here we use 2 < 4 in order to insure that
a? is progressive) which means a sequence (by | 8 € a?) such that

1. 6 e by Ca?,

2. 6 ¢ pcf(a® \ by),

3. by = pcf(by),

4. 01 € by, implies by, < bg,,
5. 6 = max pcf(bg).

Then by [3, 3.2(5)]:
(")1: if ¢ € a2, then for some finite d C pcf(c) we have ¢ C pcf(c) € U{bg | 6 € 0}.
The next claim is a consequence of [5, 2.1]:

Claim 1. There is o, < K such that for every a C RegN(x ™, 1) of cardinality less than « there is a sequence (a, | @ < o) such that

1L a= Ua<o* O,
2. max pcf(ay) < u, forevery a < o,.

Proof. The cardinal « is a strong limit, so we can apply [5, 2.1] to k and w. Hence there is o, < k such that for every
a C RegN(x ™, i) of cardinality less than x we have pcf(,;_complete(a) C . This means that the oF-complete ideal generated
by J<u(a) is everything, i.e. P(a). See 8.5 of [1] for the detailed argument. So there are ay’s in ., (a), for @ < oy such
that a = Ua«,* ay. But then also maxpcf(ay) < i, for every ¢ <o,. 0O

Let 0, < k be given by the claim. Let i < k. Apply the claim to the set a,.l = {)»}. | j <i}. So there is a sequence {dajy |
o < 0y) such that

1_ )
1 a4 = Uoc<(7* Qi
2. max pcf(ajy) < u, for every o < o,.

Now, by (*), for every o < oy,

pef(aig) < (_J{bo 16 € dia},

for some finite 9;, C pcf(aiy). Set 0; = Ua«,* 0iq. Then 0; is a subset of u of cardinality < o,. In addition we have d; C

pef(al) and a} € J{bs | 6 €0;}. Let (¢ | € <o0,) be a listing of ;.
Claim 2. There are a function g and il = (u | € < o) such that

1. g:k — K isincreasing,
2. £ < g&), forevery & <k,

3. k= Ue<a* Ue,
4. forany € < o, and & < n < k the following holds:

1 .
Ag €bgy . U & €ue.
Proof. Here is the place to use the weak compactness of «.
We will define a k-tree T and then will use its x-branch.

Fix n < k. Let P C 0, x n. Define a set

Ap:={ae(.k)|VE <nV¥e <o.((€.§) € P& A} €by,,)}.

Note that always there is P C o, x n with |Ap| = k. Just |P(ox X )| < &, so the function

ar— ((€.&) |€ <o, & <nand A} € by,)
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is constant on a set of cardinality k. Also for such P we will have rng(P) = n, i.e. for every & < n there is € < o, (which
may be not unique) such that (¢, &) € P. Thus pick @ € Ap. Then o > 71 > & and a}x C |U{bg | 6 € 0y}. Clearly A; appears in

ay = {A} | v < @}. Hence there is € < 0, such that A} € by, ., and so (€,%) € P.
Let

T:={P|3n<k(PCo,xnand|Ap| =k)}.
If PC o, xn, P Co,xn' are both in T then set P <7 P’ iff

o<1,
e P'N(ox xn)=P.

Then (T, <7) is a k-tree. Let X € 0, X k be a k-branch. Define now an increasing function g:kx — k. Set g(n) =
min(Axn, xn \ Sup{g(®’) | n" < n}). Let now € < o,. Define u, as follows:

& eue iff for some n > £ and some (every) & € Axn (o, xn)> )\g € by, .-

Then for any € < 0, and & < n < k the following holds:

Mt € by, iff & cue.

Finally |X| =« implies that for every & < « there is € < o, with & € uc. Thus let & < k. Pick some 1, < n < k. Consider
XN (o« x n). Then, as was observed above, there are o € Axn, xy and € < oy such that )Lé € bgw. Hence § eue. O

Claim 3. Suppose that uc € IT,for some € < 0. Then |u¢| = k and the quasi order Hieue (Ogiy, e < b ) has true cofinality A.
ue

Proof. k-completeness of I; implies that |uc| = k, since clearly {{} € I, for every & < k. Suppose now that the quasi
order ]_[,-eue(eg(i)yé, <JE§) does not have a true cofinality or it has true cofinality # A. Recall that A = max pcf(a;). So by
[3] there is an unbounded subset v of u such that [];c, (0., <;u) has a true cofinality i, <. We can take A, to be
just the least § such that an unbounded subset of u appears in J<s[ue]. Without loss of generality we can assume that
Ay = max pcf({fgiy.e | 1 € v}). We have A, € pcf({fg(iy,e |1 € v}) € pcf(ar) = ap. Set vq :={i € v | gy, € b;,}. Then vy is
unbounded in v. By smoothness of the generators, i € v1 implies by, . < by, . Then

ieviand € ue Niimply A} € b,

But v; is unbounded in k, hence for every & € u. there is i € vq1,i > &. So, {A; | £ € u¢} C by,. By the closure of the

generators, pcf(b,,) = b,,. Hence pcf({)»é | € € uc}) € by,. This impossible since ue € IT and so A € pcf({)»é | & € ue}), but
A« < A. Contradiction. O

Claim 4. There is € < o, such that u¢ € IT and u = lim]Ed Ogiye |1 < k).

+(K\Us)(

Proof. Suppose otherwise. Set s:={€ <0, | uc € IT}. Then for every € € s there is v an unbounded subset of k such that
0F 1= sup{fg(i.e | i € ve} is below . Set 0, :=sup{6; | € € s}. Then 6, < p, since cof(u) =k > 0,. Set wq :=J{ue | € €
o, \ s}. Then wq € I as a union of less than « of its members. Also the set wy :={i <k | Ail < 0,4} belongs to I; because
©o=limy, {A} |i<«k}. Hence w:=wq1Uw; € ly. Let § € « \ w. Then

)‘g celaplo<s+ijc U{[’9g(s+1>,e l€ <0u}).

1 .
Hence for some € < oy, Ag € 9,1y - Then & € ue. Now, & ¢ w and so & ¢ wy. Hence € €. Pick some 7 € ve, T > §. Then
‘l .
Ag S bgg(r)_é, since & € u¢. Then

hg <max(bay, ) = Og().e <O < b

But then & € wj. Contradiction. O

Proposition 2.3. Let a be a set of regular cardinals with min(a) > 2!, Let o < @ < |a|. Suppose that . € pcfy-complete (@), 4 < A and
pcfy-complete (@) € 1. Then there is ¢ C pcfy_complete (@) Such that |c| < 6, ¢ € p and A € pcf,_complete (©)-

Remark 2.4. It is possible to replace the assumption min(a) > 2!% by min(a) > |a| using [4, §6, 6.7A] in order to find the
pcf-generators used in the proof.
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Proof. Let (bs | & € pcf(a)) be a set of generators as in Theorem 2.1. We have A € pcfy_complete(@) S pcf(a), hence b, is
defined and maxpcf(b;) = A € pcf,-complere (@) € pcf(a). By [4, 6.7F(1)], there is ¢ C pcfy-complete(@ M b)) € p of cardinality
< 6 such that b, Na € [ J{bg | & € ¢}. Then, by smoothness, & € ¢ = bg C b;. Also pcf(c) € pcf(b;) = b,. Hence max pcf(c) < A.

Now, if A € pcf;-complete (¢), then we are done. Suppose otherwise. Then there are j(x) <o and 6 € A N pcf;_omplete (),
for every j < j(x), such that ¢ C U{bgj | j < j()}. So if 7 € by Na, then for some x € ¢ we have n e by, as by Na S (J{bg |
& € c}. Hence for some j < j(x), x € bp;, and so by C by; and 7 € by;. Then b, Na C Uj<j(*) bg;. Recall that j(x) <o and
0j < A, for every j < j(x). Note that A € pcfy_complete(@) implies that A € pcfy_complee (b2 N @), see for example 4.14 of [1].
So there is a o-complete ideal J on b, Na such that A = tcf([[(b) Na), <j). Then for some j < j(x), by; € J* which is
impossible since max pcf(bgj) =0; < A. Contradiction. O

The next result follows from 2.1 of [5].

Theorem 2.5. Let ( be a strong limit cardinal and 6 a cardinal above w. Suppose that at least one of them has an uncountable
cofinality. Then there is o, < (u such that for every x < 0 the following holds:

0> sup{sup pCfo*-complete(a) | ac Regﬁ(,u*, X) and |a| < /’L}
Proof. Assume first that cof(u) # cof(9). Suppose on contrary that

vt < udx < 6(0 < sup{suppcf,complete(@) | a S RegN(i™t, x) and [a| < u}).
If cof(9) < cof(u), then there will be x <6 such that for every u* < u

0 < SUP{SUD pCf,u*—complete(a) ‘ a C Reg ﬂ(,u*, X) and |a] < M}-
But this is impossible by 2.1 of [5] applied to i and . If cof(8) > cof(u), then still there will be x < 6 such that for every
wr<p

0 < sup{sup pCf,u,*—complete(a) | ac Regm(M+3 X) and |a| < :u'}-

Just for every p* < p pick some .+ such that

0 < sup{sup pcfs_complete (@) | a S RegN(1 ™, xy+) and |a] < 1},
and set x = U, Xpur-

So let us assume that cof(9) = cof(it). Denote this common cofinality by «. By the assumption of the theorem « > R.
Let (u;|i < k) be an increasing continuous sequence with limit p such that each w; is a strong limit cardinal. Let 6 > © be
singular cardinal of cofinality k. Fix an increasing continuous sequence (6; | i < ) with limit 6 such that 6y > . Suppose
that there are no o, < @ which satisfies the conclusion of the theorem. In particular, for every i < «, ; cannot serve as o.
Hence there is x; <6 such that

0= sup{suppcf ,-—complete(a) ‘ ac REgﬂ(M+a Xi) and |a| < M}-
So, for each j < «, there is a; j € RegN(ut, x;) of cardinality less than g such that Pty -complete (%4, j) Z0;.
Set 6, :=0. For every i < k, we apply Theorem 2.1 of [5] to w and 6;. There is 0;* < 1 such that
ifa CRegN (™, 6;) and |a| < 11 then pcfscomplete(@) S ;.

Define now by induction a sequence (i(n) | n < w) such that

i) <iin+1) <k,
. OF < [Li(0)»

. a,ﬁ((n) < Hi(n+1),

- Xim) < Gi+1)-

AW N~

Let i(w) = U, i(n). Then i(w) < k, since k is a regular above Rg. So b < 6. Now, for every j <« and n < w the
following holds:

timy,j S RegN(1 ™, Ximy) S RegN(1™, bini1)) S Reg (1™, bie)) and

pcfy«

I(HH)—complete(ai(n)J) S int1) < bi(w)-

Let n <w and j € (i(w), k). Then by the choice of a;),j the following holds:

Aim),j € Regﬂ(u+, Xi(n)) - REgm(M+, 9i(n+1)) and pCfu,-(n,—complete(ai(n),j) g 0;.
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By the choice of Oi(ns1) WE have
pefor  —complete (Gi(n), j) S Oitn+1)-

i(n+1)
By 2.3 there is bjm),j € pCfUi’ZnH)—complete(ai(n).j) such that [bim), j1 < O'ijzn_,_]) < Wim+2) < Mi(w) and pCfui(n)—complete(bi(n),]’) ,¢_
0. Obviously, bim) j S RegN(iL™, Oins1)), since pefe  _complete(@icn). ) < fit1)-

Apply Theorem 2.1 of [5] to () (recall that it is a strong limit) and 6;(y). So, there is o, < i) such that

if b C Reg N (14l b)) and [b] < i)  then pefy _complete(B) S biw)-

Now take n, < @ with fjm,) > 0x. Then bjy,) j © Regﬂ(u&w),ei(w)) and [bim,) jl < Mi), but pefy, . —complete (Bim,).j)) €
0j > Oi(w). Which is impossible. Contradiction. O

3. Applications

Let k be a measurable cardinal, U be a x-complete non-principle ultrafilter over ¥ and let jy:V — M ~*V /U be the
corresponding elementary embedding. Denote jy further simply by j.

Lemma 3.1. Let i > 2% be a singular cardinal of cofinality k. Then j(j4) = PP ) ().

Proof. Let A < pij(K)(u) be a regular cardinal. Then, by Theorem 2.1, there is an increasing sequence of regular cardinals

(A |i < k) converging to p such that A = tcf([];_, A, <]Ed). The ultrafilter U clearly extends the dual to ],t(’d. Hence
[(Ai|i < k)]y represents an ordinal below j(ut) of cofinality A. Hence j(u) > A and we are done. 0O

Let us denote for a singular cardinal w of cofinality x by u* the least singular & < u of cofinality ¥ above 2¢ such that
PPr ) () = . Then, by [3, 2.3(3), p. 57, PP () () <T PPy ().

Lemma 3.2. Let ju > 2% be a singular cardinal of cofinality «. Then j(u) = ppp o) (L5).

Proof. By 3.1, j(i*) 2 pPr(c)(k*)- But u* <, hence j(u*) < j(p). O

Lemma 3.3. Let i > 2 be a singular cardinal of cofinality k. Let , u < 1 < j(u) be a regular cardinal. Then 1 < PP ) (W*).
Proof. Let n, u <n < j(u) be a regular cardinal. Let f,:x — u be a function which represents n in M, ie. [flu =n.
We can assume that rng(f;) € RegN((2¥)*, ), since |j(2¢)| =2* and so j(2) < u <n. Set T := U-limit of mg(f,,).5
Then T > 2“. Note that cof(t) = k. Otherwise, f, is just a constant function mod U. Let § be the constant value. Then
8 < j(8) = n. By elementarity § must be a regular cardinal. But then j”§ is unbounded in 7, which means that 7 is a
singular cardinal. Contradiction. Denote f(c) by 74, for every o < k. Then each 7, is a regular cardinal in the interval
((2°)*, 1) and T =limy (74 | @ < k). We have n = tcf([ [y <« Ta» <u). Note that once U is not normal we cannot claim that
the function o — 7, is one to one. So there is a slight tension between the true cofinalities of the sequence (7, | & < k)

and of the set {7y | @ < k}. We will show in Lemma 3.4 that this does not effect pp(,) (7). Namely, n = tef([ Ty < Tars <U)
implies ppp ) (7) = n > .5 Then, by the choice of w*, we have u* <t By [3, 2.3(3), p. 57], PPry(W*) 2 PProo (7). O

Lemma 3.4. 7 Let « be a regular cardinal and t be a singular cardinal of cofinality k. Then
PP (T) = sup{tcf( H Ty, <,) | (to | @ < k) is a sequence of regular cardinals with
a<K
lign('ca |a < k) =1, lis ak complete ideal over k which extends ],t(’d}.

Proof. Clearly,

5 It is possible to force a situation where such T < p. Start with a n*+-strong 7, k < T < . Use the extender based Magidor to blow up the power of

7 to n* simultaneously changing the cofinality of T to «. The forcing satisfies x *+-c.c., so it will not effect pp structure of cardinals different from t.
6 Actually, the original definition of pp [3, II, Definition 1.1, p. 41] involves sequences rather than sets.
7 A version of this lemma was suggested by Menachem Magidor.
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PPy (T) < sup{tcf( H Ty, <,> | (to | @ < k) is a sequence of regular cardinals with

a<K

li}n(ta |a <k)=r1,Iisak complete ideal over k which extends ],Ed}.

Just if n =tcf(([Ta, <;)), where a is a set of x regular cardinals unbounded in 7, J is a xk-complete ideal on a which in-
cludes ]Ed. Then we can view a as a k-sequence. Let us deal with the opposite direction. Suppose that n = tcf([ ], . Ta, <1).
where (74 | @ < k) is a sequence of regular cardinals with lim;(ty | < k) =7, I is a k¥ complete ideal over k¥ which extends
]Ed. Without loss of generality we can assume that k < 7y < 7, for every o < «. Set a = {1, | @ < k}. Define a projection
T Kk — a by setting (o) = Ty. Let

J={Xca|xVXel}.

Then J will be a «-complete ideal on a which extends Jb¢.
Let us argue that n = tcf([]a, <j). Fix a scale (f; | i <n) which witnesses n = tcf([], ., Ta, <i). Define for a function
f €y Te a function f €[], ., T« as follows:

fa)y=sup{f(B)| s =1a}.

Note that for every o < k, f(&) < Tq, since Ty is a regular cardinal above k. Consider the sequence (f; | i < «). It need not
be a scale, since the sequence need not be I-increasing. But this is easy to fix. Just note that for every i < n there will be i’,
i <i’ <n, such that

fi<fi<ifi
Just given i < 7, find some i’,i <i’ <7, such that fi <t fy. Then f; <; fy < fv. Now by induction it is easy to shrink the
sequence (f; |i < k) and to obtain an [-increasing subsequence (gg | § < n) which is a scale in (T],_, Ta, <1). For every
& < n define hg € []a as follows:

he(p) = ge (@), if p =14, for some (every) o < «.
It is well defined since g: (o) = g¢(B) once 7, = Tg. Let us argue that (hg | £ < n) is a scale in (J]a, <j). Clearly, & <&’
implies hg < her, since g¢ <j ger. Let h € []a. Consider g € [, ., 7o defined by setting g(ar) = h(zy). There is £ < n such
that g <; g¢. Then h < hg, since
—1n
n"pealhp) <hs(p)} 2 {a <k |g@ <ge@}. O
Theorem 3.5. Let (> 2¥ be a singular cardinal of cofinality k. Then pp ., (n*) < j(p) < ppr(,()(u*)+.

Proof. Note that j(u) is always singular. Just w is a singular cardinal, hence j(w) is a singular in M and so in V. Now the
conclusion follows by 3.2, 3.3. O

We can deduce now an affirmative answer to a question of D. Fremlin for cardinals of cofinality x8:

Corollary 3.6. Let W be a non-principal « -complete ultrafilter on k and jw : V — Mw the corresponding elementary embedding.
Then for every w of cofinality «, | j(u)| = |jw (@)!.

Proof. Let p be a cardinal of cofinality «. If < 2¥, then 2¢ < jw () < jw (2€) < (2X)7, for any non-principal «-complete
ultrafilter W on . If u > 2%, then, by 3.5, pp (¢, (t*) < j(1) < PP (u*)F. But recall that j was the elementary embed-

ding of an arbitrary non-principal x-complete ultrafilter U on « and the bounds do not depend on it. Hence if W is an
other non-principal x-complete ultrafilter on «, then ppp ., (1*) < jw (1) < ppr(K)(M*)+. m]

Corollary 3.7. For every 1 of cofinality k., | j()| = |j(G ().
Proof. It follows from 3.6. Just take W = U? and note that JUW) =jy2(w). O

Our next task will be to show that the fist inequality is really a strict inequality.

8 Readers interested only in a full answer to Fremlin’s question can jump after the corollary directly to 3.12. The non-strict inequality in its conclusion
suffices.
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Lemma 3.8. Let . > 2¥ be a singular cardinal of cofinality . Then pp e, (1) < (PP ey (W)HM.2

Proof. Let n, u <n < pp,f(K)(/L) be a regular cardinal. By Theorem 2.1, there is an increasing converging to @ sequence
(ni |1 < k) of regular cardinals such that

n =tcf<l—[ni, <]Ed).

i<k
Note that both (n; |i < «) and ],Ed are in M. Also ¥M C M, hence each function of the witnessing scale is in M, however

the scale itself may be not in M. Still we can work inside M and define a scale recursively using functions from the V-
scale. Thus let (f; | T < n) be a scale mod j}?d which witnesses n = tcf([];_, i, <],l3d)- Work in M and define recursively

an increasing mod ],Ed sequence of functions (gz | £ <n') in [[;_, m as far as possible. We claim first that cof(n’) =7,
as computed in V. Thus if n < cof(n’), then there will be 7% < n such that fi« 2 jba 8¢, for every & < 1, since for every

& < n/ there is T < n such that f; > b 8- But having f« > b 8e» for all £ < 7', we can continue and define g,/ to be
fr«. If n > cof(n’), then again there will be 7% < n such that fi« > b Ze for every & < 1/, and again we can continue and

define g,y to be fr+. So cof(n’) =n. Let (n; | T <n) be a cofinal in " sequence (in V). Now, for every T < n there is 7/,
T < 7/ <1 such that f; Z]Bd gy, since the sequence (gz | & < n’) is maximal. Hence there is A; C k, |A;| =« such that

fr 1 Ac <bd 8y, [ A7. But n > u > 2%, hence there is A* C k such that for 7 many t's we have A* = A;. Then for every
T < n there is T/, T < 7 < n such that f; | A* < b &y | A*. It follows that the sequence (g¢ | A* | £ <7’} is a scale in
bd &nl,

tcf([Tic p Mis <le1). Hence, in M, 1’ < pp,f(K)(u). But cof(n’) =1, hence, in M, n <7’ < pp,f(,()(u). O
Lemma 3.9. Let ;u > 2 be a singular cardinal of cofinality k such that u* = . Then j(§) < pu for every & < .

Proof. Suppose otherwise. Then there is & < p such that j(¢) > u. Necessarily £ > 2%, Let n be a regular cardinal £ <7 < .
Pick a function fy:k — & which represents 7 in M. Without loss of generality we can assume that min(rng(f;)) > 2. Let
8y <& be the U-limit of rng(fy). Then cof(8,) =« and j(8;) > 1. Also n < ppr()(8y), by the definition of ppp . (8y). By
Lemma 3.2, we have j(8;) = ppru)((8y)*), and by [3, 2.3(3), p. 57], PP () (8n) < PPrc) ((8y)*). Set

8 :=min{§, | £ <n < p and 7 is a regular cardinal}.

Then ppr ) (8) = PPr ) (8y), for every regular n,& < n < w. But ppp(8y) = n. Hence ppp()(8) > p which is impossible
since u* = . Contradiction. O

Lemma 3.10. Let i > 2% be a singular cardinal of cofinality k. Then pp ) (L*) < j(w).

Proof. By 3.2 we have j(ut) 2 ppr () (). Suppose that j(u) = ppr) (™). Then pu = u*, since by 3.2 we have j(u*) >
PPr (o) (™). By Theorem 2.5, there is o, < k such that

VX < /’L(/’L > sup{sup pCfa*-complete(a) ’ ac Regﬂ(;c*, X) Alal < K})

Then, by elementarity,

M=V < j(w) (i) > sup{sup pcfq, ) -complete (@) | a S RegN(j(k ™), x) A lal < j()}).
Clearly, j(04) = 0. Take x = u. Let n be a regular cardinal (i.e. of V') such that

(*) M= j() > 1> sup{sup pcfy, —complere (@) | a S RegN(j(k ™), ) Alal < jGo)}.
Note that there are such n's since j(u) is a singular cardinal of cofinality cof(j(«)). By Lemma 3.3, then 7 < pppc)(i4)-
Now, by Lemma 3.8, pp ) (1) < (ppp(,()(,u,))M. Hence M =1 < pPr ) (1). But then there is a € M such that

M= aSRegN(j(k™), 1) Alal =k A1 < maxpef_complete ().

Which clearly contradicts (x). O
So we proved the following:

Theorem 3.11. Let 1« > 2 be a singular cardinal of cofinality k. Then pp ., (i1*) < j(10) < PPr ) (u*T.

o (PPF(K)(M))M stands for ppr (1) as computed in M. Note that it is possible to have (ppp(K)(M))M > ppr) (), just as (26)M 5 2K,
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We deal now with cardinals of arbitrary cofinality.

Theorem 3.12. Let T be a cardinal. Then either

1. T <k and then j(t) =1, or

2. k <t <2¥andthen j(t) > 1,2° < j(1) < )T, or

3. T > (2°)" and then j(t) > t iff there is a singular cardinal u < T of cofinality k above 2 such that PProo () = T, and if T*
denotes the least such (u, then T < ppp (%) < j(T) < ppp(K)(t*)+.

Proof. Suppose otherwise. Let T be the least cardinal witnessing this. Then clearly T > (2€)*. If cof(t) = «, then we ap-
ply 3.11 to derive the contradiction. Suppose that cof(7) # «.

Claim 5. There is a singular cardinal & of cofinality « such that j(§) > 1.

Proof. Thus let f; :x — T be a function which represents 7 in M. Without loss of generality we can assume that

vermg(f;) = (v>2“andvisacardinal).

Then either f; is a constant function mod U or & := U-limit rng(f;) has cofinality k. Suppose first that f; is a constant
function mod U with value &. If &€ = 7, then j(t) = t. Suppose that & < t. Then j(§) =t > & and also £ is a cardinal above
2¥. By minimality of t then &* exists and

. +
PPr (§%) <T=j&) <pPPru (&%) -
But this is impossible since 7 is a cardinal. Contradiction. So cof(§) =« and j(§) >t. O
Let u < T be the least singular cardinal above 2% of cofinality x such that j(u) > t. We claim that u = u*. Note that

by 3.11, we have ppp (") < j(u*) < ju) < ppr(,()(u*)Jr. T is a cardinal below j(i), hence T < ppp ) (™) < j(u*). The
minimality of x implies then that x = u*. Note that also t* = p. Thus ppy(7*) > 7 > u=u*, and so 7* > u. Also T <
PPr ) (i) implies ©* < . Apply finally 3.7. It follows that |j(j(u))| = [j(u)|, but j(u) > T, hence j(j()) > j(T) > j(1).
So

PPy (M) < () < J(T) < PPrge, ()T,

and we are done. O
Now affirmative answers to a question of D. Fremlin and to questions 4, 5 of [2] follow easily.'%

Corollary 3.13. Let W be a non-principal k -complete ultrafilter on k and jw :V — Mw the corresponding elementary embedding.
Then for every T, |j(T)| = |jw (T)].

Proof. Let W be a non-principal k-complete ultrafilter on « and jw :V — My the corresponding elementary embed-
ding. Let T be an ordinal. Without loss of generality we can assume that 7 is a cardinal, otherwise just replace it
by |7|. Now by 3.12, j(t) > T iff jw(r) > T and if j(r) > T then either j(7), jw(r) € (2¢,(2X)"), or j(T), jw(T) €
(PPr ) (T, PPru (THT). O

Corollary 3.14. For every 7, | j(T)| = |j(j(T))I.

Proof. Apply 3.13 with W = UZ2. Recall that U? is an ultrafilter on x% defined by X € U2 iff {& <k | {8 <k | (@, ) € X} €
UleU. O

It is straightforward to extend this to arbitrary iterated ultrapowers of U:

Corollary 3.15. Let T be a cardinal with j(t) > 7. Let @ < 2%, if T <2, and & < ppr ) (T%), if T > 2°. Then |j(T)| = |ju (T))I,
where jo : V — M, denotes the a-th iterated ultrapower of U.

Corollary 3.16. For every 7, if j(t) # T, then j(t) is not a cardinal.

10 Non-strict inequality PPruo(T%) < Jj(T) < 1313”,()(1'*)4r suffices for a question of D. Fremlin and 4 of [2].
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Proof. Follows immediately from 3.12. O

The following question looks natural:

Let o be any ordinal. Suppose j(o) > «. Let W be a non-principal k -complete ultrafilter on k and jw : V — Mw the corresponding
elementary embedding. Does then jw (@) > a?

Next statement answers it negatively assuming that o(k) - the Mitchell order of x - is at least 2.

Proposition 3.17. Let W be a non-principal k -complete ultrafilter on k and jyw : V — My the corresponding elementary embedding.
Suppose that U < W, i.e. U € M. Then jw (@) > a = j(a), for some o < (2)*.

Proof. Let o = j,(k), i.e. the w-th iterate of k¥ by U. Then j(o) = «, since j, (k) = Up~wjn(k). Let us argue that jw (o) > .
Thus we have U in My. So j, (k) as computed in My is the real j, (k). In addition
. + .
Mw E |jo(k)| =2 < (2°)" < jw ),

and so k <a = j, (k) < jw (k). Hence
jw @) = jw (o)) > jwk) >a. O
Let us note that the previous proposition is sharp.

Proposition 3.18. Suppose that there is no inner model with a measurable of Mitchell order > 2. Let W be a non-principal k -complete
ultrafilter on k and jw :V — My the corresponding elementary embedding. Then j(«) > « iff jw (@) > «, for every ordinal c.

Proof. Assume that U is normal or just replace it by such. Let W be a non-principal x-complete ultrafilter on x« and
jw :V — My the corresponding elementary embedding. The assumption that there is no inner model with a measurable
of the Mitchell order > 2 guarantees that there exists the core model. Denote it by K. Let U* = U N K. Then it is a normal
ultrafilter over « in K. Denote by j* its elementary embedding. Then jw [ KC = j;, for some n < w, since “My C M there
are no measurable cardinals in C of the Mitchell order 2. Hence we need to argue that

Jflaoy>a &  ji@) >a,

for every ordinal & and every n < w. But this is trivial, since j*(a) > a implies j5(a) = j*(j*(@)) > j*(@) > a and in general
j,’:ﬂ(a) = j*(Jjp (o)) > ji(a) > a, for every k,0 <k < w. On the other hand, if j*(«) = @, then j;;(a) =, for every £&. O

4. Concluding remarks and open problems

Question 1. Is weak compactness really needed for Theorem 2.1? Or explicitly:
Let x a regular cardinal. Let . > 2% be a singular cardinal of cofinality k. Suppose that 1 < ppji(,()(u). Is there an increasing

sequence (A; | i < k) of regular cardinals converging to (v such that » = tcf([];_, Ai, <]2d)?
See [3, pp. 443-444, 5.7] about the related results.
Question 2. Does Theorem 2.5 remain true assuming cof(u) = cof(0) = w?

Suppose now that we have an wi-saturated x-complete ideal on k instead of a k-complete ultrafilter. The following
generic analogs of questions 4, 5 of [2] and of a question of Fremlin are natural:

Question 3. Let W be an w1-saturated filter on k. Does each the following hold:

1 IFw+ VT (jw () > T — T is not a cardinal).

2. Ik YT (ljw (D) = Ljw Gw (D).

3. Let W1 be an other w; -saturated filter on k. Suppose that for some T we have 6, 81 such that
o b+ jw(T) =3,
o Iy jw, (0) =61,
Then |§| = |81].
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Note that in such situation 250 >« and so 2.1 does not apply. Assuming variations of SWH and using [3], it is possible
to answer positively this questions for t > 2.
Recall a question of similar flavor from [2, Problem 6]:

Question 4. Let W be an w1 -saturated filter on k. Can the following happen:

IFw+ jw (k) is a cardinal? Or even Iy + jw (k) =k++?
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