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Abstract: A necessary codition is given for a very wide sepmble  p-group 
ta be determined by itis w d e  (the set d e k n m n t s  of oadex at m a t  pn). A 
group G is v e  y wide if it bas S: direct ~ ~ ~ n d  of find ramk I GI which 
itself is a direct sum of €tic groups. In the case, ~c = 1 (as Shelah has 
shown) this condition is s g c i e n t  but for n > 1 examples me given to show 
that this condition is mt, zi.dfiient. 

0. Introduction. Many important prope~tics of a separable abelian p-group 

are determined by the sack of group viewed a a valuated vector space. To 

be precise let G be an aM&m pgroup (from now on when we refer to a 

group it will always be an ahhm W o n p  and usually separable). Then 

G [ ~ ~ ]  = {g E G: prig = 0) is said to be the n-socle of G and G[p] is called 

simply the socle. We view G [ ~ ?  as a valuated group by equipping it with 
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2 88 MEKLER AND SHELAH 

the height function (i.e. ~ [ p ~ ]  is viewed as having both a group structure and 

a function with domain G[pn] whose values are among the ordinals and m ) .  

In any group H the height of h E H, written ht(h), is the least ordinal cr 
0 so that h g' p'H if such an ordinal exists and w otherwise. Here p H = H, 

6 
p ' + l ~  = p ( p ' ~  and for limit ordinals 6, p H = fla<6 pa& A group is 

separable if the height of any element other than 0 is always finite. The 

length of a group is the supremum of the heights of its nonzero elements. 

Whether or not a group G is a direct sum of cyclic groups (C-cyclic) 

is determined by G[p] as a valuated vector space. More generally for any n 

< w, whether or not G is pYCn-projective is determined by ~ [ p ~ ' ~ ]  as a 

valuated group. (See Nunke's characterization of pu+n-projectives below.) In 

his solution to Crawley's problem for groups of cardinality N1, Megibben [6] 

was able to deal with valuated vector spaces rather t,han groups. 

However the valuated vector space may not perfectly mirror the 

structure of the group. Consider the situation H G and a € G[p]. Then 

looking at q p ]  E G[p] we can tell if the height of a + H i s  2 LJ (in GIH). 

But it is not clear how to tell if the height is say W. The question we consider 

in this paper is 

Which separable groups are determined by their nsocles? 

For n = 1, there are two obvious classes of candidates; the C-cyclic groups 

and the torsion complete groups. Dugas and Vergohsen [2] showed assuming 

V = L that the only separable groups of cardinality N 1  which are 

determined by their socles are the C-cyclic groups and the torsion complete 

groups. Shelah [12], independently, was able to prove this result for groups of 

arbitrary cardinality assuming GCH. That some hypothesis is needed can be 

seen from the independence results in [8]. There it is shown to be consistent 
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DETERMINING A B E L I A N  P-GROUPS 289 

that there is a group which is determined by its socle and which is neither C- 

cyclic nor torsion~omplete. 

One way to avoid the set theoretic difficulties is to restrict the class of 

groups. Shelah was able to prove the result with no set theoretic hypotheses 

for groups which are wide (as defined in his paper). A class of groups which is 

more easiiy understood are the very wide groups which are defined as follows. 

Definition. A group G is very wide if G = G1 @ F where F is a C-cyclic 

group of final rank 1 GI. 

In the current paper we will attempt to extend the results of [12] to 

determine which groups are determined by their n-socles. Let G be an 

abelian pgroup. We say G is determined by its n-socle if for all H, qpn] p 

G[~"]  as valuated groups implies G 2 H. The answer to our problem, 

suggested by analogy to the case n = 1, is that a very wide group G is 

determined by its n-socle if and only if G is pW+n-l-projective. We will see 

that the methods of [12] generalize to arbitrary n. Indeed a secondary aim 

of this paper is to provide an account of the methods of [12] in the simple 

case where only very wide groups are considered. In the case n = 1, Shelah 

establishes that if a very wide separable group is determined by its socle then 

it is 0-pseudo-free (see the definitions below). Since the 0-pseudo-free groups 

coincide with the C-cyclic groups which are also the pw-projectives the 

theorem is proved. In the general case we will be able to show as well that i f  

G is very wide, separa.ble and determined by its n-socle then G is (n - 1)- 

pseudo-free. As well the p W+n-l-projectives are determined by their n-socles. 

However, as we will see in section 2, there are examples which show there are 
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290 MEKLER AND SHELAH 

(n - 1)-pseudo-free groups which are not determined by their n-socles. 

Assuming V = L, we believe that there should be very wide separable groups 

which are determined by their nsocles which are not p Wtn-l-projective. 

However our attempt to construct such a group did not succeed. There does 

not seem to be a good characterization of the groups determined by their n- 

socles for n > 1. 

Dugas and Vergohsen [2] also consider the problem of constructing 

two non-isomorphic groups with a predetermined n-socie (as before assuming 

V = L and the groups have cardinality N1). Cutler [l] has also considered 

the problem of n-socles and he obtained results similar to those obtained by 

Dugas and Vergohsen. 

1. Reconstructing Groups If a separable group A of cardinality N1 is not 

C-cyclic, then it is possible to understand why it is not C-cyclic. Namely we 

can write A = U ru< wl Aa where each Aa is countable, for each limit 

ordinal 6, A6 = Ua<6 A@, and (6:  A6+l/A6 has length > w} is 

stationary. The basic idea in [12] for the case where n = 1 is that the 

lengths of the quotients can be varied without changing the socle. In order to 

understand how separable groups of cardinality > N1 can fail to be C- 

cyclic, we need to use the notion of a X-system. This notion is a 

generalization of being stationary and was introduced in [ll] (see also [4]). 

We are aware that this definition is complicated at first reading. However we 

believe it is worth the effort to understand the definition. 

Definition Suppose X is a regular uncountable cardinal. A A-s~stem is a 

labeled subtree (S, B X : 17 E 5') of < w X  (i.e. S is a set of finite 
17' 17 
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DETERMINING ABELIAN P-GROUPS 291 

sequences of ordinals < X closed under subsequences) satisfying: 

(1) X = X 0 
(2) for all q E S, A is a regular cardinal 

17 
(3) q E Sf(the terminal nodes of S) if and only if X = w 

4 
(4) suppose q is not terminal then 

(a) E = {i: qA(i) E S) is stationary in X 
rl r;r 

(b) for all Z E  Eq, Xq-(i) 2 lBq-(i)l < X v  
(c) if i< j E  E , then Bq.(i) E Bq-(n 

1 
(d) if j E E and j is a limit point af E , then B 

17 17 n* (3) = Bn- (i) 
( i <  j, i~ E). 

To simplify notation we let B - - u ~ ~ ( ~ ~  BqI1 (where I(q) deootes the 

length of q). Also if q E S and j is a limit point of E then we say q" (3) 
PI 

E S, and we can define B 
7- (1) 

= U Bq. ( i )  ( i  < j, i E E). Notice that any 

sequence qO, ql, ... of elements of S such that v ,+~  extends q,  must be 

finite, since the associated sequence of cardinals X X , ... is strictly 
970' 71 

decreasing. 

If G is a group then a A-system of subgroups for G is a sequence 

(S, B , Av, X : q E S, v E S ) such that: (S, B X : q E S) is a Xsystem; v rl f 11' 17 
i f 8 ' < j ~ E  a n d q A ( i ) = v ~ S  t h e n A v E B  f o r a l l v ~ S  IA,I-< 

9 f ?lA (3) ; f 
No; for all q, A (if it exists) and B are subgroups of G; and for all 

9 D 
qA(i), qA(> E S, if i < j and v extends q-(i) then Bv c B 

7- (9. 
We call such a system a A-system of pure subgroups if in addition all the 

subgroups are pure. 

With these definitions in hand we can define one of the key concept8 

of this paper. 
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292 MEKLER AND SHELAH 

Definition A separable group G  is n-pseudo-)%ee if and only if there does 

not exist a A-system (S ,  B , Av, X : q E S, v E S ) of pure subgroups of G 
9 'l f 

such that for all 1) E S  the length of A / ( B  ) > w + n + 1. (Notice the A,% f 9 1 7 -  
play no real role in this definition, but it will be convenient to refer to them 

later on. It would be enough to have the length of G / ( B  ) > w + n + 1 ,  for 
'l - 

all Q E S  . )  f 

By Shelah's singular compactness theorem [lo] and the analysis in Ill] a 

separable group G is C-cyclic if and only if G is 0-pseudo-free. 

For convenience we will often assume that our groups are subgroups 

of some large torsion complete group B. The effect of this is that if G is a 

pure subgroup of B then the height of an element a E ~ [ p ~ ]  in G  is the 

same as its height calculated in B. In particular if we can show that G, H 

are pure subgroups of B and G'[pn] = qpn] then G[$] 2 Npn] as 
valuated groups where the height functions are calculated in G and H 

respectively. 

In order to show that only ( n  - 1)-pseudo-free groups are determined 

by their n-socles we will prove results on realizing valuated groups as n- 

socles. 

Theorem 1.1 If G is very wide, pure subgroup of E then for all n > 1 

there is a pure subgroup H of B  so that H is n-pseudo-fiee and qpn] = 

G I P ~ I .  

If fact we can do better. We can construct the group H so that it is p&n- 

projective. The next series of results prove this stronger theorem. Rather 
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DETERMINING A B E L I A N  P-GROUPS 293 

than defining what it means for a group to be p*n-projective we will give a 

characterization of these groups due to Nunke. 

Theorem 1.2 [9] A group H is pw-tn-projective if and only if there is a 

subgroup A C H [ ~ ~ ]  so that H / A  is C-cyclic . 

Proposition 1.3 A  separable p*n-projective group is n-pseudo-&ee. 

PROOF: Suppose A E H[pn] is such that H / A  is C-cyclic. Choose a set X 

so that {z + A: z E X )  is an independent set of generators for H/A. Suppose 

now that (S, B , A , A : q  E S, v  E S ) is a A-system of pure subgroups of 
9 v 9  f 

H which witnesses H is not %pseudo-free. Let Co = U M E  
0 B ( 4 .  Since 

E is stationary there is ( a )  E S and Xo 5 X so that B + A = ( (2 .  z 
(> ( 4 

E XO) + A )  "Co + A ) .  Proceeding by induction we can find q ' ( i )  E S so f 
that if we let C = U  

jEEq Bn- (3) 
there is X1 < X such that (Bq . ( i ) )  + A 

= ( B  U  C U  A)  n ( X I  U  A ) .  Since the length of (B U  C)/  (Bq . ( i ) )  is at '/ 9  
least u + n + 1  and A E ~[p" ] ,  ( B  U  F) + A/ ( B ~ .  (i)) + A is not C- 

5' 
cyclic. But ( ( B q  u C U A )  + ( X I  U  A ) ) /  ( X 1  U  A )  is separable since it is 

isomorphic to a subgroup of ((X u A ) / A )  / ( ( X I  U  A ) / A )  which is C- 

cyclic. Further by the second isomorphism theorem the first group is 

isomorphic to ( B  u C U  A )  / ( ( B  U  C U  A )  n ( X 1  u A ) )  = ( B  U  C )  + A 
71 rl 6' 

/ ( B  - . ) + A. This is a contradiction. o 
17 ( 2 )  

Proposition 1.4 Suppose G is very wide pure subgroup of B then there is a 

pw-tm-projective group H which is a pure subgroup of B such that qpm] = 

qpml .  
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PROOF. Let GI and F be as in the definition of very wide. Choose (1: :  n 

< w and i E In} a maximal pure independent subset of GI ,  where the 

order of t: is pn+'. Next choose { x i  a < r }  L G ~ [ ~ ~ ]  so that 

{pn-m+lt:: n < w and i E In) U {xa: a < r )  is a set of free generators for 

~ ~ [ p ~ ] .  (By convention we can assume that p R-m+lt: denotes t: when m 

> n.) Choose a:& so that for each a, xa = P E p n-m+lo?et:. For k < 
n i 

k k n-kan t?. (The X~ are formed by removing some terms q l e t  x a = E  C p  i a ,  
k<n i 

from the sum and then formally dividing by p.) If we let G2 be the 

k subgroup of B generated by the ti's and the x i s ,  then G2[pm] = Gl[pm] 

and G2 is a pure subgroup of B. So we can work with G2 @ F rather than 

G1 @ F. Let F be generated independently by {sn. n < w and j E Jn},  
j' 

where the order of s? is pn+l. For simplicity we will assume each Jn 2 r .  
3 

k k  For k > m, let y,  = x, + C p Finally let H be the group 
n>k 

k generated by the yC's, sn's and yds.  Again it is not hard to see that 
3 

qpm] = G [ ~ ~ ]  and that H is a pure subgroup of B. Finally H / ~ ~ [ p ~ ]  

is Z-cyclic. In fact it is independently generated by the images of the 1:'s ( n  
k z m),  1 6 s  and snls ( j  @ r or n c m.) 

3 

We have now completed the proof of Theorem 1.1. 

Theorem 1.5 If G is a pure subgroup of B and G is not ( m  - 1)-pseudo- 

free, then there is H a pure subgroup of B such that qpm] = G [ ~ ~ ]  and 

H is not m-pseudo-tee. 

PROOF. Let (S ,  B , A,, X : q E S, v E S ) witness that G is not ( m  - 1)- 
'? 'I f 

pseudo-free. Let C = u . Inductively choose X = (1:: n < w, i G 
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In} a maximal pure independent subset of C where the order of ta is 

pn+l. Further we can assume that for all q c S X n u Bnlk  is a 
hl(n) 

maximal pure independent subset of C Bqlk.  For each q E S choose 
k.<_ [ (q )  f 

z E A [pm] so that, modulo B Bqlk  zq has infinite height and the 
3 17 Icc l ( n )  

order of x is pm. Note this means that z is in the closure of X n 
5' 71 

U B and z witnesses tha t the leng thof  A + I: B q l k /  
& l ( n )  n t k  17 hl(d 

E Bqrk  is at least w + m. Further {pnt:: n < w and i E In} U { x  : q E 
h [ ( a )  71 
S ) is pure independent in qpm]. So we can extend this set by adding on f 
{y,:  Q < K )  to get an independent set of generators for qpm]. Choose 

integers an and b:, so that z = B X p n-m+l n n 
i l ainti and pQ = C C 

n i  n i 

P 
n-m+1 biati. n n Now forall k 2  mlet z k = I: Xpn-k+la? t? and y k = 

n>k i $71 2 
Q 

I: C pn-k+lb:& Now let HI be the subgroup of B generated by 
n>k i 

k k X U  { z  : k <  wand V E  S )  U {vQ: k <  wand a <  K ) .  It is not hard to show 
l f 

that HI is a pure subgroup of B and that Hl[pm] = q p m ] .  
In the construction of H1, we have built a Xsystem which witnesses 

that H1 and any group which contains H1 as a pure subgroup is not m- 

pseudo-free. (In fact it is not &pseudo-free for any k.) The next lemma shows 

that there is a pure subgroup H HI so that H[pm] = G[pm]. So modulo 

this lemma we are finished the proof. o 

Lemma 1.6 Suppose A C_ G is a pure subgroup and G is a pure subgroup of 

B and H1 is a pure subgroup of B such that H ~ [ ~ ~ ]  = ~ [ p ~ ] .  Then there is 

H 2 H1, a pure subgroup of B so that qpm] = G[pm]. 
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PROOF. Choose X = (1:: n < w and i E In) a maximal pure independent 

subset of A and Y = {sn: n < w and j E Jn} so that X U Y is a maximal 
3 

pure independent subset of G. Choose next {x,: a < n) so that {x,: a < 

n} U {pn-m+ls? n < w and j t Jn )  is an independent set of generators for 
3 

c[prn] mod ~ [ p ~ ] .  Now for each a < r choose integers a l b  bya so that 

x , = C . Z p  n-mS1an t? + c c p k 
i a  z n-m+lb? s?. For k 2 m let xa = 

n i n j .la 

c c pWk+lan i ( ~  t? z + c c p n-k+lb? s?. Then we can let H be the 
n i n j  J a  
subgroup of B generated by HI together with {s? n < wand jE Jn} U 

3 
k {xa: a <  6 and m <  k). o 

Putting Theorems 1.1 and 1.5 together we have proved our first main 

theorem. 

Theorem 1.7 If for some 1 5 n < w a very wide separable pgroup G is 

determined by its n-socle then G is ((n - 1)-pseudo-fi-ee. 

Corollary 1.8 [12] A very wide separable group is determined by its socle if 

and only if it is C-cuclic. 

Theorem 1.7 appears (in different terminology) in [2] for the special 

case of groups of cardinality N 1  and under the hypothesis that V = L, but 

without the restriction that the group be very wide. It is possible to prove a 

weak converse to Theorem 1.7, by adding the stronger assumption that the 

group is pwSm-projective. However we will see in section 2, that the 

converse of 1.7 is not true and so (for separable groups) m-pseudo-free does 

not imply pwSm-projective. We include a proof of the following theorem 

although i t  is essentially due to Fuchs (it also appears in [l]). 
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Theorem 1.9 [5] If G is pw+m-projective, then G is determined b y  

~ [ p " + ~ ] .  In fact ij ~ [ p ~ + ~ ]  = ~ [ p ~ + l ]  and G, H are pure subgroups o f  

some torsion complete group, then the isomorphism can be taken over G[p].  

PROOF. Choose P g ~ [ p ~ ]  so that G J P  is C-cyclic. Next choose {xCY: CY 

< K )  SO that { x ,  + P: a < K )  is a set of independent generators of 

(GJP)[p]  (as a valuated group) and for all n, pn divides x, if and only if 

pn divides x, + P. Note that each x, E ~ [ p ~ " ] .  In G, choose y; so 

n n that p y ,  = x, and pn is the maximal power of p which divides xo. 
n n Similarly in H choose z: so that p I ,  = 2,. We attempt to define a map 

p: G - H by setting pIP = l p  and dy:) = 2:. The only possible 

difficulty with such a definition is to show that the map is well defined. More 

exactly for integers a,, b, ( a  < K all but finitely many 0 )  and elements 
n n n n u , v E P , i f  C .  a,y,+u= C b,y,+v then C a z + u =  C b,zCY 

a< K 
a a 

Q<K a< K CY< K 

+ v Since C ( a ,  - bJy: + ( u  - v) = 0, it also equals 0 mod P. Hence 
a< K 

n for all a, pn+l divides (a,- b d .  Write a,- b, as p kn. SO B ( a ,  - 
Q< K 

n n n 
b , )~ ,  + ( u -  4 = C k g  y, + ( u -  v) = C k,x, + ( u -  v) = C 

ff<K ff< K a< K 

kgnz: + (U - v). Hence p is well defined. Since G[p] L (P U { x g  o < K ) ) ,  

p is the identity on G[p]. 

Note that in the above theorem if we want 9 to be the identity on 

G[pk] we will need G to be p"m-projective and that ~ [ p ~ ' ~ ]  = 

m+k f lp  1. This restriction on how closely p can resemble the identity is 

real. 
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Definition We say that G is strongly determined by G [ ~ ~ ]  if for any H 

and isomorphism cp: ~ [ p ~ ]  -, qpn] (a valuated groups), there is an 

isomorphism cp: G --, H extending cp. 

Theorem 1.10 I f  G is a v e v  wide separable group which is strongly 

k determined by G[p 1, then G is C-cyclic. 

PROOF. We will work inside a torsion complete group B. Consider any 

very wide G, a pure subgroup of B, which is not Ccyclic. Write G = G1 @ 

@ (8:: n < w and a < I GI) .  (Here the order of s: is pn+l. We are not 

really guaranteed a large set of s: for all a ,  only a large set for infinitely 

many n. The assumption that we we have s:, for all n is only ma& to 

simplify the notation.) 

Let A be a pure subgroup of G1 such that A is not C-cyclic and 

I A 1 is minimal. Let X = I A 1 .  We will now describe a particular filtration 

of A,  relative to an ordered index set which is order isomorphic to A. We 

could simplify the construction by the use of known facts about X-systems. 

Although our proof will not use A-systems, we will in part be repeating the 

construction of a particular A-system from a non-C-cyclic groups. By the 

singular compactness theorem [ lo] ,  X is regular. Rather than indexing with 

ordinals < X we will index with finite sequences of ordinals which are to be 

lexicographically ordered. We will define the groups and the sequences of 

ordinals by induction on the length of the sequences. For n = 1, write A = 

I: A where (i) A. = { O )  and each A is pure, and (ii) if A/Aq is not X- P P 
C-cyclic then Aq+l/AD is not Bcyclic and A P+l/Aq is of the minimum 

such cardinality, otherwise I A /A I = No. Note that for all P, I A I < P+l P P 
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I A 1 .  As well, by the singular compactness theorem, for all P, I A P+~/A,$  is 

regular. Let A A Let S ,  denote the set of 7 for which A has been ( P S =  P S 
defined. Let 77+n be the successor (in the lexicographic order) of 77 inside 

Sn. Suppose now q E Sn is given. If I A / A  I = No, then has no 
77+n 77 

extension in S n S 1  Otherwise, we can choose A s A ( ~ )  ( @ <  1' + n / A B I )  So 

77 
- AS and the sequence (A77. (B) /A+ P < I A + , / A g ] )  that A77A(0) - 

77 
satisfies properties (i) and (ii) with respect to A / A  . Notice that that S 

g+n 77 

= U Sn has no infinite branches, so it is well ordered by the lexicographic 

order (and order isomorphic to A). Let denote the successor in S of 17. 

Inductively choose a basis (i.e. a maximal pure independent set) Y = 

{t:: n < w and i E In) where the order of 17 is pn+l and for all 7 ,  Y fl 

A is a basis for A . Next choose inductively choose X = {xa: a < K )  SO 
17 77 

XU {pn+l-ktf: n < w and i E I,) is an independent set of generators for 
k Alp 1. (If n < k, then we declare pn+l-ktl to be t:.) Further ( X  U 

{pn+l-kty: n < w and i t  I,)) " A is an independent set of generators for 
S 

k A [p  1. For convenience, we can assume that if A / A  is not C-cyclic 
77 77+ 

then there is x + E An+ \ An so that pkx + is in the closure of A and 
77 77 71 

x E X. For each cr, write xcr = C C p n l k c r t  . NOW we will 
71+ n> k i€ I~ 

define the two groups. For all cr < K and k 5 m, define 

and define 

k Note that z, = rcr = y:. Let H1 be the group generated by the 1's. s ts  and 

Sh:306
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y's. Let H2 be the group generated by the t's, s's and 2's. I t  is easy to check 
k  k k  that H1[p  ] = G [ p  ] = H2[p ] and that all these groups are pure subgroups 

of B. 

Suppose now that cp: H1 -4 H2 is an isomorphism which is the 

k  identity on H1[p  1. Since A is not C-cyclic, we can find an q  so that 

A / A  is not Esyclic and C g H1 such that: C n  A + = A ; for all t: E 
1+ 1 II 

A , tf E y(C); and for all x, E A + \ Aq and n < w ,  s: t C. Choose a 
1 

1) 

so that r + = za. Consider d y p l ) .  This element is 6' + u + v, where 
1) 

u E and v  is a finite linear combination of elements of the form pnsn P' 
(Here A[p]  is the closure in p ]  of A [ p ] . )  Note that y ( ( C  U A[pk] U {v))) 

= ( d C )  U A[pk] U { u ) ) .  Now y E 1  has finite height modulo ( C  U ~ [ p ~ ]  U 

{ v } )  but c p ( y F 1 )  has infinite height modulo (W(O U A [ ~ ~ ]  U (4). o 

2. Examples To complete the paper we give an example which shows that 

the (very wide) groups which are determined by their n-socles is a smaller 

class than the ( n  - 1)-pseudo-free groups. 

Theorem 2.1 For  all n  > 1  there exists an n-pseudo-tee group G which is 

not determined by ~ [ p ~ " ] .  

PROOF: For simplicity we will consider only the case where n = 1. The 

proof can be given using either 0 or one of the Black Box principles. We 

will give the proof using 0. The proof using the Black Box is a straight- 

forward modification (see [4] for details on the Black Box and how to modify 

0 arguments). Of course the proof which uses 0 is not a proof from the 
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usual axioms of set theory, whereas the Black Box is provable in ZFC. As we 

will point out later the 0 construction builds a group with additional 

properties. It is not provable in ZFC that a group with the additional 

properties exist. For the rest of the proof assume 0. 
The general strategy of the proof is to construct a group A so that 

2 A [ ~ ~ ]  is rigid in the appropriate sense and then to use o m  control of A[p ] 

to complete the proof. 

2 We will inductively define for cr < wl, A ,  and Ba so that A,[p ] 
2 = B,[p 1. Further if we let A = U A ,  and B = U B,  then there is no 

embedding of A into B @ @ @ ( sn )  - C where for all n and P the 
n<w P<wl P - 

order of sn is pn+l. Before beginning the construction we will commit P 
ourselves to having (17: n < w and i < a)  as a maximal pure independent 

subset of both A,  and Ba. Further we will construct the groups so that for 

all a,  A,+l and BoS1 are direct summands of A and B respectively 

Because of the constraints on the construction, we know the torsion- 

completion of C (although we do not C itself). Let D denote the torsion- 

completion of C. The whole construction will take place inside D. 

Using 0, we have a sequence of maps {g,: a < wl)  where each 

g : {zn: n < w and i < cr)  + D. 
CY 2 

We view any element of D as (uniquely) a countable sum of the z: 

and the s:. For d E Dl let supp d denote the set of z: and s: with a, 

nonzero coefficient in the expression for d. Further we say that d has a 

as an accumulation point if and only if for all n < w and P < a there is n 

< rn and p < 7 5 a so that either zm or sm is in supp d. We will 
Y Y 

construct A so that it satisfies the following condition 
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For all ordinals cr there is an element y E A[p] so that for all 

elements x  E A[p] there is some k  E B so that x  + ky does not have 

(*I a as an accumulation point. Further this element y is a member of 

A,+l. 

The only interesting case of the construction occurs when 6  is a limit 

ordinal and g g  induces an embedding of A6 into B6 ts @ @(s:). In the 
(w<6 n  

other cases, let = A, a ts (x:) and B,+l = B f f  ts @ (x:) and at 
n  n  

limit ordinals take unions. The main case breaks into three subcases. 

Subcase 1: For all n < w, a < 6  and k  E I there is m  2 n and a < P < 6 
m  m  such that gg(p x P )  # kpmxm Choose an increasing sequence {B(n): n  < w) P' 

with limit 6 and an increasing sequence { m ( n ) :  n  < w) of natural numbers 

so that for all k  E l {n:  gg(pm(n)xm[$ P # kpm(")z7[:]) is infinite. As well 

we can assume that fin + 1) is greater then any a such that x: or $ is 

) for some k. As a consequence of this assumption, if 

k m k  x P [ k ] )  then k = n. (The bars x ~ [ : ]  from 

being in supp gb(pkx7[$), for n > k  For n  < 
k m k  g 6 ( p  x p [ $ )  since g6 does not decrease heights.) By taking a subsequence, 

we can assume that for all n the height of g 6 ( p m ( n ) x ~ [ $ )  is less than the 

height of g 6 ( p  m ( n + l ) x m [ n + l ] ) .  f l  n+l So there i s  o such that  for a l l  k, 

B g 6 ( p m ( n ) x ~ ~ ~ ] )  has n as an accumulation point. Let a be the least 
k< n 
such ordinal. If a < 6, we may need to thin the sequence again. By taking a 

subsequence if necessary we can assume that P 
n  

hypothesis (*) from being an element of q p ]  (i.e. there is no y  E Af fS1[p]  
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.and k so that L g&pm(")z;f$ + ky does not have a as an 
n 

0 accumulation point). Let y6 = P and for k > 0 let 

k. Now let = (A6U {yp k <  W} U {z:: R < w)) and let B6+l = (B6U 

ty$ k < uj u lz:: n < w}). 

It should be clear that A h l  and Bhl satisfy the inductive 

hypotheses including (*). Let us now see that, if A is constructed according 

to  our promises, then g6 cannot be extended to an embedding g of A into 

0 0 C Since g(g6) = P g&pm(n)z$~]), it is enough t o  see that d p 6 )  P q p ] .  
n 

0 Let a be the accumulation point of g(ys) considered in the construction. If 
0 cr < 6, we have already guaranteed that gfy6) $ Gp]. If a = 6, then for 

0 0 some k not congruent to 0 rnoduIo p, g(y6) + ky6 does not have S as an 

accumulation point. So dd) = P -k + a, for some a in 
n 

B6@ @ @($. Hence for all but finitely many n, g(pm(n)z~[$ = 
(r<6 n 

-kpm(n)zm , a contradiction. In the following cases, similar arguments are 
Pin1 

used but we will not give as many details. 

Subcase 2. There is an integer ko # 0, a natural number no and an ordinal 
m m m m a. < 6 so that for a < p < 6 and n < m g&p zP) = kop xp (i.e. 

subcase 1 does not hold) but for all n < w, k E B and a < 6 there is m > 

m-l m-l Notice in this case for n and a < B < 6 so that g&p xP) # kp zp. 
m-1 m m-1 xm m > no and P > erg that g&p zP)  - kop has order p. P = 

Choose increasing sequences {P(n): n < w) of ordinals with limit 6 and 

{m(n): n < w) of natural numbers such that for all n, a. < P(n), no < 
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m(n)  and for all k, {n :  g6(pm(n)-1xm Pin) ) - kpm(n) - l x~[ : )  O }  is 

infinite. As well we can assume that P(n + 1 )  is greater than any cr such 

k k that xa or sa is in supp gb(x?[:]) for some k, and that m(n)  + 1 < 

m(n  + 1 ) .  By thinning we can assume that for all n, the height of zm 

less than the height of So there is a such that for all k, 
. , 

B z?l;j has a as an accumulation point. Let a be the least such 
k< n 
ordinal. As before, if cr < 6, we can assume that C 

n, 

being an element of A[p]. Let 4 = B and for k > 0 let 

k n+1-k n 
Y g =  P n>k "6' 

k. n Let = ( A 6  U { y g  k < w }  U {x6: n < w ) )  and let B6+l = ( B 6 u  { y $  

Now, we will explain why g6 cannot be extended to an embedding g 

of A into C where g(Pnx$ = kopnx: for all but finitely mnny n. Suppose 
1 1 not, consider g(y6) - k0y6 = B I;[:) + E g(r!) - kox! for some m. By 

n n< m 
subtracting E g ( z 3  - k0$, we have B is an element of C. Let o 

n< m n 
be the accumulation point of B used in the construction. If a < 6, 

n 
this sum is not in q p ]  by the construction. Suppose cr = 6. Arguing as case 

1, we can show that there is k so that for all but finitely many n, 

s(pm(n)-lxm[:]) = . Again we have a contradiction. P 

Subcase 3. There is k E 2, no < w and % < 6 so that for all n < m and cr 
m-1 m m-1 m < P < 6 g&p x P )  = kp z P .  Choose an increasing sequences { m ( n ) :  n 

< w )  of natural numbers and {P(n): n < w )  of ordinals with limit 6 such 

0 that for all n, m(n)  > no and f ln)  > no. Let y - E p m ( n ) x ~ [ : {  and for 
6-. 
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k r > o let y6 = B p m ( n ) - k x ~ [ ~ ]  + B pn+l-kz;. NOW let B ~ + ~  = 
n>k  n?k (B6 

k 
U {yb k < u} U {I:: n < u}) .  We now consider two strategies for extending 

k k  k k Ag. For k = 0 ,  1 ,  l e t  z6 = y6. For k > 1 ,  l e t  z6 = yb + 
1 2 B pn+2-k~:. Let A = (A6u { y i  k < u) u {I:: n < u) )  and A = (A6 

n> k 
1 

U (2: k < u}  U ($1 n < w } ) .  We claim that gb d m  not extend to both g , 
2 2 g from A' and A respectively to C such that for all but finitely many 

n, gi(pn-l~$ = kpwl I;. Otherwise &(& - g2( y;) E q p ]  and has 6+ 1 

as an accumulation point. There are no elements of q p ]  with this property. 

Choose to be either A' or so that g6 does not have an 

extension as above. 

Assume now that g: A -+ C is an embedding. Let E = ( 6 :  gr Ab = 

g6). Suppose first there is no al and nl and kl such that for all /3 > cul 

n n and n > nl, g(p I$ = klpn$. In this case there is 6 E E, so that 6 falls 

under subcase 1. But in the construction of g6 was prevented from 

extending to an embedding of A into C. Hence cul, nll kl exist as above. 

Next suppose there is no a2 and n2 and k2 such that for all /3 > a2 and 

n-1 n n-1 n 
n > n2, g(p I& = k2p x In this case there is 6 E El SO that 6 > al P' 
and 6 falls under subcase 2. Since 6 > cul, g6 was prevented from 

extending to an embedding of A into C. So cu2, n2, k2 exist as above. If 6 

> a l ,  a2 and 6 6 E, then S falls under subcase 3. So gg was prevented 

from extending to an embedding of A into C. In any case the existence of 

g leads to a contradiction. 

The group constructed in the preceding example under the assumption 

of 0 has the additional property that it is N1-separable. There may not be 
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examples with this additional property. In [7], it is shown that it is 

consistent that an N1-separable group of cardinality N1 is pYCn-projective 

if and only if it is n-pseudo-free. Our example is, of course, not pYC1- 

projective. Assuming 0, an example is given in [7] (using the techniques of 

[3]) of a %pseudo-free N1-separable groups of cardinality N1 which are not 

n-projective. 
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