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Abstract: A necessary comdition is given for a very wide separable p-group

to be determined by its n-secle (the set of elements of order at most p"). A
group G is very wide if it has a direct summand of final rank |G| which
itself is a direct sum of cyelic groups. In the case, m = 1 (as Shelah has
shown) this condition is su%rei‘ent but for n> I examples are given to show
that this condition is net sufficient.

0. Introduction. Many important properties of a separable abelian p-group
are determined by the socle of group viewed as a valuated veetor space. To
be precise let G be am abelian pgroup (from now on when we refer to a
group it will always be an abelian pgroup and usually separable). Then
Gl = {g€ G: pg = 0} is said te be the n-socle of G and G[p] is called

simply the socle. We view G[p}"’f as & valuated group by equipping it with
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the height function (i.e. G[p"] is viewed as having both a group structure and
a function with domain G[p"] whose values are among the ordinals and w).
In any group H the height of & € H, written ht(h), is the least ordinal a
so that h ¢ paH if such an ordinal exists and « otherwise. Here pOH = H,

pa+1H = p(paH) and for limit ordinals 4, péH =N YH A group is

a<é?
separable if the height of any element other than 0 is always finite. The
length of a group is the supremum of the heights of its non-zero elements.
Whether or not a group G is a direct sum of cyclic groups (E-cyclic)
is determined by G[p] as a valuated vector space. More generally for any »

< w, whether or not G is pwn-projective is determined by G[p"+1]

as a
valuated group. (See Nunke's characterization of pw+ " projectives below.) In
his solution to Crawley's problem for groups of cardinality R, Megibben [6]
was able to deal with valuated vector spaces rather than groups.

However the valuated vector space may not perfectly mirror the
structure of the group. Consider the situation HC G and a € G[p]. Then
looking at H[p] C G[p] we can tell if the height of ¢ + His 2 w (in G/H).
But it is not clear how to tell if the height is say . The question we consider
in this paper is

Which separable groups are determined by their n-socles?

For n = 1, there are two obvious classes of candidates; the E-cyclic groups
and the torsion complete groups. Dugas and Vergohsen (2] showed assuming
V = L that the only separable groups of cardinality Nl which are
determined by their socles are the X-cyclic groups and the torsion complete
groups. Shelah [12], independently, was able to prove this result for groups of
arbitrary cardinality assuming GCH. That some hypothesis is needed can be

seen from the independence results in [8). There it is shown to be consistent
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that there is a group which is determined by its socle and which is neither Z-
cyclic nor torsion-complete.

One way to avoid the set theoretic difficulties is to restrict the class of
groups. Shelah was able to prove the result with no set theoretic hypotheses
for groups which are wide (as defined in his paper). A class of groups which is

more easily understood are the very wide groups which are defined as follows.

Definition. A group G is very wide if G = G1 ® F where F is a Y-cyclic

group of final rank |G]|.

In the current paper we will attempt to extend the results of [12] to
determine which groups are determined by their n-socles. Let G be an
abelian p-group. We say G is determined by its n-socle if for all H, H[p"] v
G[pn] as valuated groups implies G ~ H. The answer to our problem,
suggested by analogy to the case n = 1, is that a very wide group G is
determined by its n-socle if and only if G is pwn—l—projective. We will see
that the methods of [12] generalize to arbitrary z. Indeed a secondary aim
of this paper is to provide an account of the methods of [12] in the simple
case where only very wide groups are considered. In the case n = 1, Shelah
establishes that if a very wide separable group is determined by its socle then
it is 0-pseudo-free (see the definitions below). Since the 0-pseudo-free groups
coincide with the Y-cyclic groups which are also the pw—projectives the
theorem is proved. In the general case we will be able to show as well that if
G is very wide, separable and determined by its n-socle then G is (n— 1)-

wtn—1

pseudo-free. As well the p -projectives are determined by their n-socles.

However, as we will see in section 2, there are examples which show there are
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(n — 1)-pseudofree groups which are not determined by their n-socles.
Assuming V = L, we believe that there should be very wide separable groups

which are determined by their n-socles which are not p“)'{'n'—1

-projective.
However our attempt to construct such a group did not succeed. There does
not seem to be a good characterization of the groups determined by their n-
socles for n > 1.

Dugas and Vergohsen (2] also consider the problem of constructing
two non-isomorphic groups with a predetermined n-socle (as before assuming
V = L and the groups have cardinality ¥,). Cutler {1] has also considered

the problem of n-socles and he obtained results similar to those obtained by

Dugas and Vergohsen.

1. Reconstructing Groups If a separable group A of cardinality Nl is not
Y-cyclic, then it is possible to understand why it is not E-cyclic. Namely we

can write A = U a<w, A o where each Aa is countable, for each limit

ordinal & Ag=1U, A, and {& A6+1/A6 has length > w} is
stationary. The basic idea in [12] for the case where » = 1 is that the
lengths of the quotients can be varied without changing the socle. In order to
understand how separable groups of cardinality > Nl can fail to be -
cyclic, we need to use the notion of a  A-system. This notion is a
generalization of being stationary and was introduced in [11] (see also [4]).
We are aware that this definition is complicated at first reading. However we

believe it is worth the effort to understand the definition.

Definition Suppose A is a regular uncountable cardinal. A A-system is a

labeled subtree (S, B’?’ /\n: nes) of <Y\ (ie. S is a set of finite
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sequences of ordinals < A closed under subsequences) satisfying:
A=A
(1) O
(2) for all ne S, )\77 is a regular cardinal
(3) ne Sf(the terminal nodes of S} if and only if ,\n =w
(4) suppose 7 is not terminal then

(a) Eﬂ = {# 5" (i) € S} is stationary in /\n

b) f ] cra € 7

) orall i€ ET]’ /\n <Z> S ’Bn (i)l < /\n

(
if ¢ ] ~sa € -
(C) lf 1 < _]E En, then B77 <Z> L Bn <]>
(d)if je E‘17 and j is a limit point of E’I’ then B’f(]) =U B’f@)
(

i<ji€kE).

To simplify notation we let B” = Uy ) an , {where {(n) denotes the
length of 7). Alsoif ne § and j is a limit point of E’7 then we say 5" {5
€ Sc and we can define Bn,.“.) = U Bn.“) (i < j, i € E). Notice that any
sequence 7, 7y, --- of elements of ' § such that Mot 1 extends 1, must be

finite, since the associated sequence of cardinals A_, A

T is strictly

me
decreasing.

If G is a group then a A-system of subgroups for G is a sequence
(S, B’f A, /\n: neES, ve Sf> such that: (S, Bﬂ’ /\n: ne S isa Asystem;
if i<je E)7 and 9 (i) =ve Sf then A, ¢ BnAO);forall vE Sf’ 14,1 <
Ry for all 7, A” (if it exists) and B77 are subgroups of G; and for all
(), (P €S, if i<j and v extends p°(i) then B C B’f(])’
We call such a system a A-system of pure subgroups if in addition all the
subgroups are pure.

With these definitions in hand we €an define one of the key concepts

of this paper.
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Definition A separable group G is n-pseudo-free if and only if there does
not exist a A-system {5, B’)’ A, /\n: nesS, veS f> of pure subgroups of G
such that for all 7€ Sf the length of Aﬂ/<Bn> > w+ n+ 1. (Notice the A 's
play no real role in this definition, but it will be convenient to refer to them
later on. It would be enough to have the length of G/ (B”) >w+n+ 1, for

all neE Sf.)

By Shelah's singular compactness theorem (10} and the analysis in {11] a
separable group G is Z-cyclic if and only if G is 0-pseudo-free.

For convenience we will often assume that our groups are subgroups
of some large torsion complete group B. The effect of this is that if G is a
pure subgroup of B then the height of an element a € G[p"] in G is the
same as its height calculated in B. In particular if we can show that G, H
are pure subgroups of B and G[p"] = H[p" then G[p"] 2 H[P"] as
valuated groups where the height functions are calculated in G and H
respectively.

In order to show that only (n — 1)-pseudo-free groups are determined
by their n-socles we will prove results on realizing valuated groups as n-

socles.

Theorem 1.1 If G is very wide, pure subgroup of B then for all n > 1
there is a pure subgroup H of B so that H is n-pseudo-free and H)p"] =
Glp").

If fact we can do better. We can construct the group H so that it is p“H' n

projective. The next series of results prove this stronger theorem. Rather
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than defining what it means for a group to be p“H' "—projective we will give a

characterization of these groups due to Nunke.

Theorem 1.2 [9] A group H s pwn—projective if and only if there is a
subgroup A C H[pn] so that H/A is T-cyclic.

Proposition 1.3 A separable p“H' "-projectz've group is n-pseudo-free.

PROOF: Suppose A C H[p"] is such that H/A is Zcyclic. Choose a set X
so that {z + A: z€ X} is an independent set of generators for H/ A. Suppose
now that (S, B’)’ Ay A gyl €S, veS f> is a A-system of pure subgroups of
H which witnesses H is not n-pseudo-free. Let C0 =U,e E() B( " Since

E<> is stationary thereis (a) € S and Xp& X so that B(a) + A=z
€ XO) + A)n (C0 + A). Proceeding by induction we can find 5"(3) € Sf $0

. _ ) i C B ., A
that if welet C=U B,-(j thereis X, € X such that <Bn (z)> +

jeE’n
= <B7IU CU A) n (X, U A4). Since the length of <B77U Y/ <Bn‘(i)> is at
least w+n+1 and A C H[p", <B7IU Gy + A (BnAw) + A isnot Z-
cyclic. But (<B77U CU 4) + (X; U A))/ (X, U A) is separable since it is
isomorphic to a subgroup of ({(X U A4)/A4) / ((X1 U A)/A) which is -
cyclic. Further by the second isomorphism theorem the first group is
isomorphic to <B77U CuUAd)/ ((BUU Cu A) n(X U 4))= <B77U Oy + A
/ <Bn‘(i)) + A. This is a contradiction. o©

Proposition 1.4 Suppose G is very wide pure subgroup of B then there is a

pwm—projective group H which is a pure subgroup of B such that H[pm] =

Glp™.
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PROOF. Let G and F be asin the definition of very wide. Choose {tT;: n
< w and i€ In} a maximal pure independent subset of Gl’ where the
order of t’; is p"+1. Next choose {z, & < &} gGl[pm] so that

{pn—m+1t?: n<wand i€l }U{z,; a< Kk} is a set of free generators for
n—m+1 o
!
> n.) Choose a?a so that for each a, Ty = D) p"—m+1a?at7. For k <
n ¢
w, let F=3 z pn_kan t". (The oF are formed by removing some terms
[P ia’i o

from the sum and then formally dividing by p.) If we let Gy be the

Gl[pm’]. (By convention we can assume that p denotes t’; when m

subgroup of B generated by the t?'s and the zZ‘s, then GQ[pm] = Gl[pm]
and G’2 is a pure subgroup of B. So we can work with 62 ® F rather than
G, ® F. Let F be generated independently by {s?: n<wand je J },
where the order of s’} is pn+1. For simplicity we will assume each J n 2

For k> m, let y(’; = z(’; + = pn+m—k+183. Finally let H be the group
n>k

generated by the y?'s, sgl.'s and y a's. Again it is not hard to see that
Hp™) = G[p™] and that H is a pure subgroup of B. Finally H/ G2[pm]
is T-cyclic. In fact it is independently generated by the images of the 't?'s (n

> m), yz's and s?‘s (jgkorn<m) @

We have now completed the proof of Theorem 1.1.
Theorem 1.5 If G is a pure subgroup of B and G is not (m - 1)-pseudo-
free, then there is H a pure subgroup of B such that Hp™ = G[p™) and

H is not m-pseudo-free.

PROOF. Let (S, Bﬂ’ A, A”: neES Ve Sj> witness that G is not (m—1)-

_ . - n_ s
pseudoree. Let C = UaEE(> B(a)' Inductively choose X = {ti' n<w i€
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I} a maximal pure independent subset of C where the order of t? is

an. Further we can assume that for all 7€ Sf Xn u Bvﬁk is a

ke(n)

maximal pure independent subset of ¥ B e For each n€e S I choose
kl(n) 7

z_€ A [p" so that, modulo £ B ,, z has infinite height and the
U we(n) 1

order of z, is pm. Note this means that zn is in the closure of X n

p and r  witnesses that the length of A + ¥ B

“ /
e " n Kby T
Zg;( P ptk 18 8l least w + m. Further {(»" ti: n<wandi€l}U {x ‘nE

} is pure independent in C{p™]. So we can extend this set by adding on
{y, @ < &} to get an independent set of generators for C{p ™. Choose
- n n n—-m+1 n,n _
integers ip and b, so that z, = 2213 au}tz and y = %X:
k_ o) n——k+1an ;L and yk

nk i I

L k+1b’: Now let Hl be the subgroup of B generated by
n2k i a v

n—m+lbn

za P Now for all k> mlet z

P

Xu {zf’: k<wand ne Sf} U {yk: k< wand a < «}. It is not hard to show
that H, is a pure subgroup of B and that H[p ™= ™.

In the construction of H 1, we have built a A-system which witnesses
that H1 and any group which contains H1 as a pure subgroup is not m-
pseudo-free. (In fact it is not kpseudo-free for any k.) The next lemma shows
that there is a pure subgroup H 2 H; so that Hp™ = G[p™]. So modulo

this lemma we are finished the proof. o

Lemma 1.6 Suppose A C G is a pure subgroup and G is a pure subgroup of

B and H, is a pure subgroup of B such that Hl[pm] = A[pm}. Then there is
H2 Hy, a pure subgroup of B so that Hp™ = G[p™).
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PROOF. Choose X = {t?: n<w and i€ In} a maximal pure independent
subset of A and Y= {s?.: n<w and j€J } sothat XU Y isa maximal

pure independent subset of G. Choose next {z ra <k} sothat {r ;o<

K} U {pn m+1 7]1
G[p™) mod A[p™]. Now for each & < k choose integers a b" so that

_ n—m+1 n ,n n—m+l,n n k _
za-—Epr aiati+22.p b]azFor kZmlet z, =

n<wand jeJ } is an independent set of generators for

EZz n—-k+1 %tz + ?L EJ) " k+1b?a7 Then we can let H be the
subgroup of B generated by H1 together with {s’}: n< wand jE€ Jn} U
{z(k;: a<k and m<k} o

Putting Theorems 1.1 and 1.5 together we have proved our first main

theorem.

Theorem 1.7 If for some 1 < n < w a very wide separable p-group G 1is

determined by its n-socle then G is (n—1)-pseudo-free.

Corollary 1.8 [12] A very wide separable group is determined by its socle if
and only if it is T-cyclic.

Theorem 1.7 appears (in different terminology) in [2] for the special
case of groups of cardinality Nl and under the hypothesis that V = L, but
without the restriction that the group be very wide. It is possible to prove a
weak converse to Theorem 1.7, by adding the stronger assumption that the
group is p“)"'m-projective. However we will see in section 2, that the
converse of 1.7 is not true and so (for separable groups) m-pseudo-free does

not imply pw+m~projective. We include a proof of the following theorem

although it is essentially due to Fuchs (it also appears in [1]).
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Theorem 1.9 [5] If G s pwm~projective, then G is determined by
G[pm+1]. In fact if G[pm+1] = H[pm+1] and G, H are pure subgroups of

some torsion complete group, then the isomorphism can be taken over G[p].

PROOF. Choose P C G[p"] sothat G/P is T-cyclic. Next choose {z, a
< K} sothat {z, + P: a < k} is a set of independent generators of
(G/P)[p} (as a valuated group) and for all n, p" divides z,, if and only if

p" divides z, + P. Note that each z, € G[pm+1

]- In G, choose yZ 50
that pnyZ =7z, and pn is the maximal power of p which divides T,
Similarly in H choose zZ S0 that pnzz =1, We attempt to define a map
¢ G — H by setting ¢lP =1p and cp(yZ) = zZ. The only possible
difficulty with such a definition is to show that the map is well defined. More

exactly for integers a,, b, (a < & all but finitely many 0) and elements

u, V€ P, if EAayn+u= Ebyn+vthen T el+u= T b"
a<k a<k ¥ ¢ a<k *@ a<k ¥
+ v Since ¥ (a, - ba)yz + (u—wv) = 0, it also equals 0 mod P. Hence

a<k

1 ... .
for all ¢, pn+ divides (aa_ba)‘ Write a, — b, as pnkn. So agn(aa—
b +(u—v)= T k" +(u—-v)= T kz +(u—0v)= I
o ack @ Yo a<k ¥ a<k

kapnzg + (u—v). Hence ¢ is well defined. Since G[p] C (P U {za: a< K},

¢ is the identity on G[p]. @

Note that in the above theorem if we want ¢ to be the identity on
G[pk] we will need G to be p“tT™-projective and that G[pm+k] -
fi[pm+k]. This restriction on how closely ¢ can resemble the identity is

real.
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™ if for any H

Definition We say that G is strongly determined by Glp

and isomorphism ¢ G[p"] — H[p"] (as valuated groups), there is an

isomorphism ¢ G — H extending .

Theorem 1.10 If G is a very wide separable group which is strongly
determined by G[pk}, then G is Z-cyclic.
PROOF. We will work inside a torsion complete group B. Consider any

very wide G, a pure subgroup of B, which is not Z-cyclic. Write G = G1 &

R

e is p"+1. We are not

8 <SZ: n < wand @ < |G|). (Here the order of s
really guaranteed a large set of sg for all a, only a large set for infinitely
many n. The assumption that we we have sZ, for all n is only made to
simplify the notation.)

Let A be a pure subgroup of Gl such that A is not X-cyclic and
| A| is minimal. Let A = |A|. We will now describe a particular filtration
of A, relative to an ordered index set which is order isomorphic to A. We
could simplify the construction by the use of known facts about A-systems.
Although our proof will not use A-systems, we will in part be repeating the
construction of a particular A-system from a non-Z-cyclic groups. By the
singular compactness theorem [10], A is regular. Rather than indexing with
ordinals < A we will index with finite sequences of ordinals which are to be
lexicographically ordered. We will define the groups and the sequences of
ordinals by induction on the length of the sequences. For n = 1, write A =
U Aﬁ where (i) 4y = {0} and each Aﬂ is pure, and (ii) if A/Aﬂ is not A-
Y-cyclic then Aﬂ+1/Aﬂ is not T-cyclic and Aﬂ+1/Aﬂ is of the minimum
such cardinality, otherwise |A B+l /A ﬁl = R,. Note that for all 8, |A ﬂl <
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| A|. As well, by the singular compactness theorem, for all f, lAﬁ+1/A5| is
regular. Let A = A g Let Sn denote the set of 5 for which A 7 has been
defined. Let n+n be the successor (in the lexicographic order) of 7 inside

S, Suppose now 7 € S, is given. If |A”+n/An| = Ry, then 7 has no
extension in S, ;. Otherwise, we can choose Aﬂ‘(ﬂ} (B< IAn+n/A7/') 80
h oy = A B<|A L |4

that A77 (0) A’7 and the sequence (An (ﬂ)/ . g<| n+n/ ﬂl)

satisfies properties (i) and (ii) with respect to A +n/ ATI' Notice that that §
n

=us, has no infinite branches, so it is well ordered by the lexicographic

order (and order isomorphic to A). Let 77+ denote the successor in S of 7.
Inductively choose a basis (i.e. a maximal pure independent set) Y =

{t?z n<w and i€l } where the order of t? is pn+1 and for all 5, ¥n

A_ is a basis for A77' Next choose inductively choose X = {z o @< Kk} so
XU { pn+1_kt7l.l: n<w and i€ In} is an independent set of generators for

A[pk]. (If n < k, then we declare pn+l_kt7} to be t?.) Further (X U

i
{ pn+1—kt';: n<wand i€l })nA 7 is an independent set of generators for

An[pk]. For convenience, we can assume that if A /A’7 is not Z-cyclic
n

. k ..

then there is zn+ € A77+ \ A’7 so that p'r 4 Isin the closure of A’l and
z , € X For each a, wite z,= & X pn+1_ka?at? . Now we will
/] n>k i€ In

define the two groups. For all o < xand k< m, define

yrg_ > .E pn+1—ma1izat1;+ > pn+k+1—msz
anzEIn n>m

and define

n>m i€ In
Note that ny =1,= yZ. Let H1 be the group generated by the {'s, s's and
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y's. Let H2 be the group generated by the t's, s's and 2's. It is easy to check

that Hl[pk] = G[pk] = HQ[pk] and that all these groups are pure subgroups

of B.
Suppose now that ¢ H1 — H2 is an isomorphism which is the
identity on Hl[pk]. Since A is not E-cyclic, we can find an 7 so that

An+/An is not E-cyclic and CC H, such that: Cn An+ = A, for all t’;e
n . n
ATI’ t; € ©(C); and for all z, € A77+ \ A77 and n < w, sasé C. Choose a

k+1)

o . This element is zk+1

so that ¢ , = z,. Consider oy o

-+

n
u€ Ap] and v is a finite linear combination of elements of the form pnsz.
(Here A[p] is the closure in H[p] of A[p).) Note that o({CU A[p"] U {1}))
= (e(O) U A[pk] U {v}). Now y§+1 has finite height modulo (C U A[pk] U

{v}) but :,o(yg"'l) has infinite height modulo {(C) U A[pk] u{e}). o

+ u + v, where

2. Examples To complete the paper we give an example which shows that
the (very wide) groups which are determined by their n-socles is a smaller

class than the (n — 1)-pseudo-free groups.

Theorem 2.1 For all n> 1 there ezists an n-pseudo-free group G which is

not determined by G[pn+1].

PROOF: For simplicity we will consider only the case where n = 1. The
proof can be given using either ¢ or one of the Black Box principles. We
will gi‘ve the proof using <. The proof using the Black Box is a straight-
forward modification (see [4] for details on the Black Box and how to modify

¢ arguments). Of course the proof which uses ¢ is not a proof from the
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usual axioms of set theory, whereas the Black Box is provable in ZFC. As we
will point out later the ¢ construction builds a group with additional
properties. It is not provable in ZFC that a group with the additional
properties exist. For the rest of the proof assume .

The general strategy of the proof is to construct a group A so that
A[pz] is rigid in the appropriate sense and then to use our control of A[p2]

to complete the proof.

2
D Aa and Ba so that Aa[p]

= Ba[pQ]. Further if welet A =U A and B=U B then there is no

We will inductively define for o < w

embedding of A into Be & & <373> = C where for all n and 3 the
n<w ,B<w1

order of SZT is pn+1. Before beginning the construction we will commit

ourselves to having {z?: n< w and i < a} as a maximal pure independent
subset of both A4 , and B o Further we will construct the groups so that for

all ¢, A4 and Ba L1 are direct summands of A and B respectively.

a+1
Because of the constraints on the construction, we know the torsion-

completion of C (although we do not C itself). Let D denote the torsion-
completion of C. The whole construction will take place inside D.
Using >, we have a sequence of maps { 9, @< wl} where each

ga:{z?:n<w and i< o} — D.

We view any element of D as (uniquely) a countable sum of the zz

n

and the SZ‘ For de D, let supp d denote the set of IZ and S, with a

non-zero coefficient in the expression for d. Further we say that d has o

as an accumulation point if and only if for all n < w and § < « thereis n

< m and B < 7< a sothat either 2 or Sr;z is in supp d. We will

Y
construct A so that it satisfies the following condition.
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For all ordinals o there is an element y € Afp] so that for all
elements z € Alp] there is some k€ I sothat =+ ky does not have
*) a as an accumulation point. Further this element y is a member of
Aa+1‘

The only interesting case of the construction occurs when § is a Himit

ordinal and 95 induces an embedding of Aé into Béea $5®<s . In the
a<<én

— n —
other cases, let A 4 = Aaez (z,) and B ., = Baez (za) and at

limit ordinals take unions. The main case breaks into three subcases.

Subcase I: Forall n< w, a< é§ and kel thereis m>n and a< < §
such that ¢ é(p # kp™x B Choose an increasing sequence {8(n): n < w}
with limit § and an increasing sequence {m(n): n < w} of natural numbers
so that for all ke T {m: gé(pm(n)xrgg Z;) # kpm(n)zrggzg} is infinite. As well
we can assume that f{n + 1) is greater than any « such that zZ or 52 is
in supp gé(xiggzg) for some £ As a consequence of this assumption, if
I?EZ; is in supp gé(pkxglég) then k= n. (The assumption bars ztg%zg from
being in supp %“’k’”’géf;)’ for n> k For n <k, I%Z; cannot be in supp
gé(pkxmgkg) since g, does not decrease heights. ) By taking a subsequence,
we can assume that for all n the height of ¢ é(p m(n) TEE g) is less than the

height of 95(1’ (n+l)xﬂggi%;). So there is a such that for all F,

6(p En; has « as an accumulation point. Let & be the least
k<n

such ordinal. If & < 4, we may need to thin the sequence again. By taking a

subsequence if necessary we can assume that I g #pm(")z'ggzg) is barred by
n

hypothesis (*) from being an element of C[p] (i.e. there isno y € Aa+1[p]
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«and k so that Egé(pm(n)zm%g) + ky does not have o« as an

accumulation point). Let yg Lp m(n) ?gzg and for k>0 let

k_ m(n)—k mE ; n+1-k n
ys= L p T + £ T
57 vk A sk’ é

Now let Ay , = (AzU {ylg: E<wiU {z’;«: n< w}) andlet By , = (BsU
{y’g: k<whu {zg: n< w}).

It should be clear that A4 641 and Bé+1 satisfy the inductive
hypotheses including (*). Let us now see that, if A is constructed according
to our promises, then gs cannot be extended to an embedding ¢ of A into

C. Since g(y6 z gé(pm(n) mé ;) it is enough to see that y(yé) ¢ Clp).

Let a be the accumula,tlon point of g(y 5) considered in the construction. I
a < §, we have already guaranteed that g(yg) ¢ Clp]. f a = §, then for
some k not congruent to 0 modulo p, g(y%) + Icy?S does not have & as an

accumulation point. So g(y%) 2 —k pm(n) mg ; + @, for some a in

Bge 2& o(s” ) Hence for all but finitely many n, ¢(p"" m(n) mg ;) =
a<é n

—kp m(n )x%l§ ng’ & contradiction. In the following cases, similar arguments are

used but we will not give as many details.

Subcase 2. There is an integer ko # 0, a natural number o and an ordinal
oy < & so that for &< <6 and n<m gé(pmz?) = kopmzrg (i.e.
subcase 1 does not hold) but forall n< w, k€ and a < 6 thereis m >

mlm)#kpmlm

n and o< 8< § sothat gé(p Ty Notice in this case for

m—1 m m-1l_m _ m
m > ny and §> ay that yé(p ﬁ)‘k zg =g has order p.
Choose increasing sequences {B(n): n < w} of ordinals with limit § and

{m(n): n < w} of natural numbers such that for all n, a; < B(n), ng <
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m({n) and for all % {m gé(p - 73%"3) - kpm(n)—lzggzg # 0} is
infinite. As well we can assume that f(n + 1) is greater than any « such

that zﬁ or s(’; is in supp gdxrggzg) for some k, and that m(n) + 1 <

m(n + 1). By thinning we can assume that for all n, the height of zrggzg is

less than the height of 2 ﬂ2n+1§ So there is & such that for all £,

Yz ﬂgzg has @ as an accumulation point. Let a be the least such
k<n

ordinal. As before, if a < §, we can assume that = z%z; is barred from
n

and for k> 0 let
k_ m(n) kmg g n+1 k n
ys= L1 + X p
é n2k ﬁ nk K A
Let Ag (= (Aéu{y§:k< w}U{zg:n<w}) and let B;, ;= (B;U {yy

being an element of A[p]. Let y% =% pm(n)zm n

k<whu {zg: n< wh).

Now, we will explain why gs cannot be extended to an embedding ¢
of A into C where g(p"zg) = kqp x5 for all but finitely many n. Suppose
not, consider g(y}s) Oyé' > zﬂg g+ ¥ g(xé) zé for some m. By

subtracting X g(z(s) k zé, we have I ZEEZ; is an element of C. Let «
n<m n

be the accumulation point of ¥ z’ﬁézg used in the construction. If a < §,
n

this sum is not in  C{p] by the construction. Suppose « = & Arguing as case

1, we can show that there i3 k so that for all but finitely many =,

o pm(n)—l z%gzg) = kpm( n)-1 z’é’% Again we have a contradiction.

Subcase 3. Thereis ke Z, ny < w and o < § sothat for all n < m and a
<f<é gé(pm_lz;?) = kpm—lz%z. Choose an increasing sequences {m(n): n
< w} of natural numbers and {f(n): n < w} of ordinals with limit & such

that for all n, m(n) > ny and B(n) > ay- Let yg =X pm( n)xrggzg and for
n
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k_ m(n)—k m§ng n+1-k n
k>0 let yi= X p T + X z:. Nowlet B = (B
6= 5k aln) * 3,7 5 s+1 = (Bs

U {ylgz k< whu {zg: n < w}). We now consider two strategies for extending

Ag. For k=0, 1, let &=k For k> 1, 1et 2f=4f+

2~k 1 2
ngkp""_ zg. Let A" = (AzU {y'g: k<w}u {z’é: n<w}) and A% = (4

U {zlgz k< w}u {zg: n < w}). We claim that 95 does not extend to both gl,
g2 from Al and A2 respectively to C such that for all but finitely many
n, gi(pn—lzg) = kpn“lxg. Otherwise gl(y%) - gz(y%) € Cfp] and has 6+1
as an accumulation point. There are no elements of C[p] with this property.
Choose A5+1 to be either A' or A2 so that g does not have an
extension as above.

Assume now that g A — C is an embedding. Let E = {& glA, =
g 5}. Suppose first there is no o and m and kl such that for all g > @
and n> n), g(p"zg) = klpnzg. In this case there is 6§ € E, so that & falls
under subcase 1. But in the construction of A s+10 95 was prevented from
extending to an embedding of A into C. Hence a5 1y kl exist as above.
Next suppose there is no 0y and No and k2 such that for all 3> @ and
n > n, g(p"_lzg) = kan_lxg. In this case there is § € E, so that 6> o
and & falls under subcase 2. Since 6 > @), g5 was prevented from
extending to an embedding of A4 into C. 50 ay, 1, k2 exist as above. If §
> oy, o and 6 ¢€ E, then § falls under subcase 3. So g5 was prevented

{rom extending to an embedding of A into C. In any case the existence of

¢ leads to a contradiction. O

The group constructed in the preceding example under the assumption

of & has the additional property that it is Nl-separable. There may not be




Sh:306

306 MEKLER AND SHELAH

examples with this additional property. In [7}, it is shown that it is
consistent that an Nl-separable group of cardinality Nl is pwn-projective
if and only if it is n-pseudo-free. Our example is, of course, not p"‘H'l—
projective. Assuming <, an example is given in [7] (using the techniques of
[3]) of & n-pseudo-free R,-separable groups of cardinality R, which are not

pw+ n—projective.
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