
Algebra Universalis, 31 (1994) 196 203 0002-5240/94/020196-08501.50 + 0.20/0 
�9 1994 Birkh/i.user Verlag, Basel 

Homogeneous almost disjoint families 

SHARON SHELAH 1 AND JURIS STEPR,~NS 2 

Abstract. An almost disjoint family is constructed which is isomorphic to any almost disjoint family 
which can be constructed from it by taking subsets and finite unions. This is applied to the construction 
of a Boolean algebra with related properties. 

Introduction 

The mot ivat ion for this paper  stems f rom the still unsolved Toronto Problem 

which asks if there is a non-discrete Hausdorf f  topological space which is homeo-  

morphic  to every subspace of  the same cardinality as the whole space. Clearly such 

a space must  be of  cardinality N~ and it can also be shown that any such space must  

be scattered o f  height co~. One can ask similar questions for different structures. In  

particular, R. Bonnet  and M. Rubin,  and independently A. Dow,  have recently [1] 

shown that it is consistent that  there is a Toronto Boolean algebra ( that  is, a 

Boolean algebra which is isomorphic to every one of  its subalgebras o f  the same 

cardinality). This algebra, like a Toron to  space, is necessarily superatomic. How-  

ever, unlike the Toron to  space problem, it is known that  a Toron to  Boolean 

algebra must  be of  height co 1 . The results of  this paper  will be shown to be relevant 

to this problem. 

The general problem which is being considered can be thought  o f  as an 
extension of  the study of  Jonsson algebras. To see this let E be an equivalence 

relation on structures. A structure A will be said to be E-Jonsson if and only if 

every substructure o f  A of  the same cardinality as A is E equivalent to A. I f  E is 
equality then E-Jonsson algebras are nothing more  than the familiar Jonsson 

algebras but if E is isomorphism, or homeomorph i sm in the case o f  topological 
spaces, then a broader  definition is obtained. In this paper, the equivalence relation, 
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g ,  to be considered can be defined as follows. Define two Boolean algebras A and 

B to be equivalent with respect to -~ if and only if A is isomorphic to B and, 

moreover,  the A has the same set of  atoms as B. 
While it is easy to see that there are no Jonsson Boolean algebras, it is equally 

easy to see that there is a ~-Jonsson  Boolean algebra consider the algebra of  

finite and co-finite subsets of the integers. As in the Toronto space problem, the 

question arises of  whether this is the only such algebra. It  will be shown in this 

paper  that the answer is consistently negative by constructing an uncountable 

_~-Jonsson Boolean algebra with only countably many atoms consistently with 

ZFC. This is the best one can hope for since 2 ~1 > 2 ~ implies that there are no such 

algebras. 

The method of proof  will be to introduce iteratively isomorphisms for a 

generically constructed algebra. The difficulty will be in showing that the partial 

order is ccc. This will be done, not by showing that each factor is ccc, but rather, 

by showing that the eventual iteration is ccc. 

Throughout  this paper the term almost disjoint family will always refer to 

families of  subsets of  co. Two almost disjoint families ~ '  and ~ will be called 

isomorphic if there is a bijection �9 : co --.co such that there is a bijection @* : d ~ N  

such that for every A e s~ ~b"A - * q~*(A) where = * refers to equality modulo a 

finite set. For  any almost disjoint family d let DISJ ( d )  be a collection of almost 

disjoint families defined as follows: ~ e DISJ ( d )  if and only if there is a collection 

{X~ : (~ ~: col } of disjoint non-empty finite subsets of  d such that ~ = { 0x~ ; ~ e col }. 

An almost disjoint family ~r will be said to be homogeneous if and only if ~r is 
isomorphic to 9~ for every ~ e DISJ ( d ) .  

Section 1 

This section is devoted to constructing the parital order which will force, for a 
certain almost disjoint family d ,  an isomorphism between ~r and N for any 

~) e DISJ ( d ) .  This partial order will then be iterated for all instances of  ~ .  Given 

almost disjoint families d and ~ and a bijection ~u : d ~ ~ define the partial order 
Q(~ ,  7-') as follows: p e Q(~ ,  70 if and only if p = (~O, F) where 

1. 0 is a finite partial function from co to co 
2. F is a finite subset of  d 

3. if x and y are distinct members of  F then x c~y___domain(O) 
7J(x) c~ qJ(x) ___ range (~9) 

4. IAc~domain (~)1 = 2;{IB c~range (0); B ~ 7~(A)} for A e F. 

and 
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Define (r < (q~, A) if and only if 

5. r ___ ~,b a n d / "  ___ A 
6. (Vn �9 domain (~\qS))(VA �9 �9 A ~ r  e 7"(A)). 

LEMMA 1. The following sets are dense in Q(~, 7")for any ~ and 7": 

(a) Dn = {(~,/") �9 Q(~, 7"); n �9 domain (r 
(b) R n = {(~,/") �9 Q(~, 7"); n e range (r 
(c) E A = {@t, F) E Q(~, 7"); A �9  

Proof. Given n �9 co the only difficulty in extending r to include n its domain is 
that (6) must be satisfied. However note that by (3) there is at most one A E/" such 
that n �9 A. But it is easy to find m �9 (7"(A)\U{7"(B); B �9  (r and 
hence (r u{(n, m)},/") > (r F) and (~ u{(n,  m)},/-) e D,.  This proves that D, is 
dense. A similar proof shows that Rn is dense. 

For part (c) it suffices to show that: 
7. for each (r �9 Q(r162 7") and A ~/-  it is possible to find (~9d, F) > (r 

such that [ (Au 7"(A))ndomain ( I / / d \ l / / ) [  = 1 and (0r,/-) > (~',/-) such that 
I (Au 7"(A)) n range (~'r\7')] = 1. 

It now follows that E A is dense for each A e s~' because if (r F) �9 Q(~, 7") is such 
that A r F then it is possible to use (7) to find r  ~_ 0 so that domain (~,') _ Ac~A' 
for every A' �9  It is then possible to apply (7) once more to find ~" ~_ r  such that 
I A n domain[(~,") = 22 {]B n range (r B e 7"(A)} and (r �9 Q(~ ,  7'). It is then 
immediate that ( r  u {A}) �9 Q(~, 7") and (0" , / -  u {A}) -> (~,,/-). 

To prove (7) choose m �9 A\U{B �9 s~';B e F  } and k �9  � 9  B � 9  7""F}. 
Let ~,' = ~, u {(m, k)} and note that (0 ' , /")  e Q(~,  7") since (4) and (6) have not 
been violated by the choice of m and k. A similar proof establishes the second half 
of (7). [] 

It now follows that i f G  is Q(~, 7") generic and CG = U{~'; (~', F) �9 G} then r  
is a permutation of co which witnesses that ~r is isomorphic to ~ .  Moreover ~ -- 7". 
The largest part of this paper will be devoted to proving that Q(gL 7") satisfies the 
countable chain condition. The following lemma will be useful in doing this. 

LEMMA 2. Suppose that (r F) and (r A) are in Q(~,  7"). Then (~k, F) and (~, A) 
are compatible i f  there is k ~ co and a bijection go : F --* A such that the following 
conditions are satisfied: 

(a) go is the identity when restricted to F n A  
(b) Ango(B) ~_kfor  every {A, B} e [ / - ] 2  

(c) 7"(A) n 7"(go(B)) c_ k for every {A, B} �9 [F] 2 
(d) Ac~k = go(A) n k  and 7"(A) c~k = 7"(go(A)) n k f o r  all A ~ F 
(e) [A~ go(a)\domain (~9)[---[7"(A) n 7"([go(A))\range (~9)[ for  A �9 F. 
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Proof. First note that (~, F ~ A) satisfies conditions (1) and (2) in the definition 
of Q(~,  }/I) but that ~ must be extended in order to satisfy (3). In particular ~ must 
be extended so that domain (~) ___ ~{(~a; a ~ [F wA] 2} and range (~) ~_ ~ {  0a;  a 
[7~"(F wA)]~}. From the facts that (~, F) and (~b, A) are both in Q(~, ~P), and hence 
satisfy (3), and that (d) is satisfied it follows that it suffices to extend ~ so that 
domain (~) ~_ ~ { A ~ p ( A ) ;  A ~ F} and range (~b) ___ ~{7~(A) c~ ~(r A ~ F}. 
Note that {A~ ~0(A)\domain (~); A 6 F} and {~(A) c~ 7~(q~(A))\range (~b); A ~ F} 
are both disjoint families because, according to (3) of the definition of Q(~,  7t), 
{A\domain (~); A e F} and {q~(A)\range (~); A ~ F} are. But it now follows from 
(e) that it is easy to extend ~ to ~ '  so that ( ~ ' , F ~ A )  is in Q ( ~ , ~ )  and 
(~b', F ~ A) --- (~, F) and (~', F ~ A) -> (~b, A). [] 

Section 2 

The almost disjoint family mentioned in Section 1 will be constructed generi- 
cally. In particular let /~ be the partial order consisting of finite partial functions 
from co • co I to 2. For f ~  A define A ( f )  = {~ ~ o)1; (i, ~) ~ domain ( f )  for some 
i E co}. If  f and g are in & then define f > g if and only i f f ~  g and for every i ~ co 
there is at most one ~ ~ co, such that (i, ~)~ domain ( f \ g )  and f( i ,  ~ ) =  1. For 
f ~ / ~  define A f ( a ) =  {i ~ c o ; f ( i , a ) =  1} and if G is /~ generic define AG(a )=  
{i ~ ; i  ~ Af(~) for s o m e / 6  G}. 

If G is & generic over V then it is possible to define a finite support iteration of 
partial orders P(a) for ~ ~ co2. Let sO' = {A~(~); c~ ~ ~ } .  If ]z(c 0 has been defined, 
~ is a P(c~) name for a member of DISJ ( ~ )  and ku is a P(a) name for a bijection 
from ~r to M which have been chosen according to some scheme then P(a + 1) is 
defined to be P(a)*Q(r ku). The choice of ~ will be according to some plan 
which will ensure that all candidates will have been encountered by the end of the 
iteration. The choice of 7 / i s  a bit more complicated. 

Let F~ 'co~--.~ be a bijection. Let {M~ 'z  ~ COl} be a continuous increasing 
sequence of elementary submodels of 

(H(co2), s~r N'~, {Q(Ma, 7J~); f l e  ~}, F~, e). 

Define S~(X) to be the least ~ such that x E M~. For any bijection (b : sO' ~ ,  where 
s DISJ (d ) ,  define a relation Z(q~) on col according to the rule: Z(4~)(r ~) holds 

if and only if S~(A)= ~ and S,(~b(A))=~ for some A e d .  The bijection 
~ : d  ~ is defined so that: 

1{7 e r/; Z(kU=)(7 , t/)}[ < 1 for  every  I /~  co, 

0 < ICA~I < ~0 if  Z(7'=)(ff, 4). 

(1) 

(2) 
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This is easily done by induction on co~. It will occasionally be more convenient to 
deal with the associated function 7~+" col ~[co,]<~ defined by 7~+(q)= a if and 
only if 7~(A,) = U{A~ ; v �9 a}. 

The remainder of this section is devoted to showing that/xx*p(co~) satisfies the 
countable chain condition. Suppose that {p~ �9 c~ �9 col} are given. It may 
be assumed that all the conditions are determined in the sense that 

(P~ t ~) IF "p~(~) = (~(~),  F~(~))". Let p~ = (f~, q~) and let 22(e) -- support (q~). It 
may be assumed that {12(c~); e ~co,} form a A-system with root 12 and that 
{A(f~); e ~ co,} form a A-system with root A. By extending f~ it is also possible to 
assure that 

{# �9 col; # �9 (F~(~) u kg'~F~(~)) for some ~ �9 12(a)} ~ A(f~) 

and that there is a fixed k �9 co such that domain (f~) = k x A(f~) for each e. Finally 
it may be assumed that there is a bijection I~,. : A(f~) x k x 22 ---, A(f~) x k x 2 
which is an isomorphism of the structures (A(f~), k, 22, {(~(~), F~(~)); ~ �9 I2}) and 
(A(f.), k, 22, {(~k~(~), F.(~)); ~ �9 22}) and which is the identity on A x k x 22. 

Now choose ~ �9 co~ such that if ~ �9 ~ and {~, ~} _ I; then S~-l~ __c ~. Next choose 
c~ and/~ in co I such that (A(f~)\A) w(A( f~) \A)  c~ 7 = 0. Notice that this implies that 

If { 4 , ~ } - 2 a n d  ~ � 9  and 7 � 9  I then M~nco l__M~nco I for 0 � 9  

(3) 

Note that i f f '  =f~ u f t  ~ t h e n f '  � 9  a n d f '  >f~ a n d f '  >f~. To show that p~ and p~ 
are compatible it suffices to show that there is f ~ _ f '  (not f > f ' )  such that: 

f IF "tAr n AI~,r162 ) \domain (0 )1 

= I U{Ao; 0 �9 ~'Z (~)} n ( U{Ao ; 0 e 7J~ (I~,~(~))}\range 

for ~ �9 22 and ~ �9 A(f~) 

f ->f~ and f > f ~ .  

(4) 

(5) 

The reason that this suffices is that the isomorphism I~.p ensures that (a) and (d) of 
Lemma 2 are satisfied whi lef '  forces that (b) and (c) will be satisfied because of (5). 

To find f suffices to find positive integers z~ satisfying the following system of 
equations: 

{zr - d~(~) = 22{zv - r~(~); v �9 T~-([)}; ~ �9 A(f~) and ~ �9 22} (6) 
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where d~(~)= ]A~\domain (~9~(~))1 and r~(~)= ]A~\range (~(~))]. To see this let 
{J((); ~ �9 A(f~)} be disjoint subsets of o)\k such that [J(~)l--z~. Let J = U{J((); 
( �9 A( f~}  and define f so that domain ( f )  = domain ( f ' )  w(J x (A(f~) wA( f~ ) ) )  
and if i -> k thenf(i ,  () = 1 if and only if i �9 J(~) or i e J(I~, e(~)). It is easily checked 
that f is as required. 

To prove that it is possible to solve the system of equations note that the 
equation z ~ -  d~(~) = 2 { Z v -  r~(~); v �9 7~-(()} is equivalent to the equation 

z~ - (]A; ] -  ]A c c~ domain (0~(~))1) 

= Z{zu - (]A~ ] - ]A v n range (0~(~))1); v e ku~- (()} 

which, in turn, by ( t .4) is  equivalent to z~ -IA~I = ~{z= -IA~I; v ~ ~ (C)}. Conse- 
quently, the system of equations (6) is equivalent to 

{zc - IAcl = Z{z~ - l A y  l; v �9 ~'3 (C)}; C �9 A(f~) and ~ �9 I;}. (7) 

Clearly solving (7) with positive integers is equivalent to solving the homogeneous 
equations 

{z c = 2;{z~; v �9 k~-(()}; ( �9 A(f~) and ~ �9 2} (8) 

with nonzero rational solutions. 

To find non-zero rational solutions for (8) proceed by induction on 121. Assume 
that the assertion is true when ]Z] -< k and that 12] = k + 1. Let/~ be that largest 
member of Z and let {z~;(eA(f~)}  be non-zero rational solutions for 
{z~ = Z{zv; v �9 ~ (~)}; ( �9 A(f~) and ~ �9 2;\{#}}. Now proceed by induction on 
to solve the family of equations 

{zr = X{zv; v ~ tpf(()};  ( �9 A(f~) and ~ E Z\{p}} 

{zr = Z{zv;V �9 ~P+(()}; ( �9 A(f~)c~M; and 7 j+( ( )  ___ M;}. (9) 

Suppose that the family of equations (9) has been solved and that 0 is the first 
ordinal bigger than r such that the family of equations 

{z~ = 2;{Zv; v e 7Jr (()}; ( e A(f~) and ~ e 2;\{#}} 

w {z~ = 2{zv; v ~ 7~+ (()}; ( e A(f~) nM~ ~ and ku+ (~) _~ M0} (10) 

contains a new equation. Property (2.1) of Z(7~.) ensures that (10) contains 
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precisely one more  equat ion than (9). Moreove r  (3) implies that  

{z~ = I;{z~; v e ~ - ( ~ ) } ;  ~ e A(f~) and ~ e 22\{#}} 

= {z~ = X{z~; v ~ ku~- (~)}; ~ e A(f~) c~M~ and kuu+ (~) __ M~} 

u { z c = 2 { z ~ ; v s ~ ; ( ~ ) } ; ~ r  ~g~+ (() c~M~ = 0}. (11) 

Hence  the equat ions in (9) can be divided into two disjoint sets with no variable 
appear ing in bo th  sets. Hence  mult iplying these (non-zero)  solutions by appropr ia te  

constants  will yield a solution to (10). This completes  the p r o o f  of  the countable  

chain condit ion and proves  the following. 

T H E O R E M  1. It is consistent with ZFC that there is a homogeneous almost 
disjoint family of size N1. 

Section 3 

In this section it will be shown how to construct  a Boo lean  algebra which is 
somewhat  like a Toron to  Boolean algebra but  has small height. The following 
definition will clarify what  is mean t  by this. I f  ~3 is a Boolean algebra then define 
at ( ~ )  to be the ideal generated by the a toms of  ~3. I t  is now possible to define a 
sequence of  quotient  algebras in a fashion similar to the const ruct ion of  derived 

subspaces of  a topological  space. Let ~3 ~ = ~3. Let , ~  = [_){,~B; f l e  ~} and define 
~3 ~+1 = ~3/(,3~ u at (~3~)). I f  ct is a limit ordinal  then let ~3 ~ = ~3/,3 ~. The  height u r n  
is defined to be the least ordinal  c~ such that  ~3~= ~ + 1  

Let ~r be the homogeneous  a lmost  disjoint family of  subsets o f  co of  size N 1 such 
that  for  each n s co there is a finite subset o f  d whose intersection is {n} - trivial 

modif icat ions to any a lmost  disjoint family always make  it possible to assume that  
this is the case. Let ~3(d)  be the subalgebra  of  P(co) generated by d .  Clearly ~ is 
a Boolean algebra of  height 2 and cardinali ty No + IsC]. No te  that  at (~3(d) )  = co. 
N o w  let 9.1 be a subalgebra  of  ~3(d).  Fo r  each A e N there is a finite subset 
a(A,  d )  of  d such that  A - * [_) a(A,  d )  or A\co - * [_) a(A,  so'). Let 

A if A = * ~ a(A, d )  
A + ( N )  = cg\A if co\A - * U  a(A,  d ) .  

Call A e 91 minimal  for 9.1 if A is infinite and for  every B e ~ I ,  if B ___ A then either 

B is finite or AA B is finite. 
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T H E O R E M  2. I f  there is a homogeneous almost disjoint family of subsets of co 
of size N1 then there is a Boolean algebra ~ of height 2 and cardinality N 1 such that 
if 11 c_ ~ is any subalgebra of ~ containing at (~3) then 21 is isomorphic to ~3. 

Proof. Let d be a homogeneous almost disjoint family of size Nj and let ~3 = 
~3(d). It suffices to show that if 21 is a subalgebra of  ~3 containing co then 9.1 is 
isomorphic to ~3. For  each A e 21 such that A+(21) = A there is B _ A such that B 
is minimal. Hence it is possible to find a family @ such that if B and B' are distinct 
members of  N then B 7~ * B' and, furthermore, for every A e 9.1 there is B ~ N such 
that B __%_* A+(21). Then {a(B); B e ~}  e DISJ ( d )  and consequently {a(B); B e ~}  
and d are isomorphic. Since 21 contains co it follows that if A e 9.1 and A' --* A 
then A ' e  21. Hence the isomorphism between {a(B); B ~ ~}  and d induces an 
isomorphism of 2I and ~3. 

For  an almost disjoint family d and X _~ co let s~c(X) = {A ~X;  A ~ d } .  An 
almost disjoint family will be called hereditary if d is isomorphic to d ( X )  
whenever ] d  I = ] d ( X ) ] -  the isomorphism going from X to co. This definition is 
relevant to the present discussion because of the following fact. 

T H E O R E M  3. I f  there is a homogeneous hereditary almost disjoint family of 
subsets of co of size N1 then there is a Toronto boolean algebra of height 2. 

Proof. Let d be a homogeneous hereditary almost disjoint family of size N1 
and let ~ = ~3(d). Let 21' be an uncountable subalgebra of ~.  Let X' = ~) at (21') 
and then choose X_~X'  such that [anX] = 1 for each a ~ at (21'). Let 9.1 be the 
subalgebra of  ~3 generated by X w {A ~ 21'; A is infinite} and note that 21 is 
isomorphic to 21'. 

Using the fact that d is hereditary it follows that d ( X )  is isomorphic to d and 
hence ~3 is isomorphic to ~ ( X ) = - t h e  algebra generated by X u { B  e ~3; Bc~X is 
infinite}. Then use the fact that d ,  and hence d ( X ) ,  is homogeneous together with 
the fact that d ( X )  and 21 satisfy the hypothesis of Theorem 2 to establish that 
~3(X) is isomorphic to 9.1. This completes the proof. [] 

The question of whether it is consistent that there is a homogeneous hereditary 
almost disjoint family of size N1 remains open. 
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