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We show that if M is a stable unsuperstable homogeneous structure, then for 

Throughout this paper we assume that M is a stable unsuperstable homogeneous 
model such that (MI is strongly inaccessible (= regular and strong limit). We can 
drop this last assumption if instead of all elementary submodels of M we study only 
suitably small ones. Notice also that we do not assume that T h ( M )  is stable. We as- 
sume that the reader is familiar with [3] and use all the notions and results of it freely. 
In [l] a strong nonstructure theorem was proved for the elementary submodels of M 
assuming the existence of Skolem-functions. In this paper we drop the assumption on 
the Skolem-functions and prove the following nonstructure theorem. 

1 T h e o r e m .  Let X be the least regular cardinal 2 X(M). Assume K is a cardinal 
(< (MI) such that K = cf(K) > A. Then there are models (=elementary submodels 
of M )  di, i < 2”, such that for a l l i  < 2“, Jdil = K and for  a l l i  < j  < 2“, di ydj. 

R e m a r k  . By using the model construction of this paper and [5, Chapter 111.51, 
we can improve Theorem 1. The assumption K = cf(rc) > X can be replaced by the 
assumption IE > ITh(M)( .  

See [l] for nonstructure results in the case M is unstable. 

We prove Theorem 1 in a serie of lemmas. Let X and K. be as in Theorem 1. By 
X-saturated, X-primary etc., we mean FAM-saturated, FAM-primary etc. Notice that 
M is Astable. 

The notion X-construction (i. e. FAM-construction) is defined as general F-con- 
struction in [4]. 

‘)The research of the second author was supported by the United States-Isreal Binational Science 
Foundation, Publ. 632. 
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2 L e m m a .  Assume (C, {aj : i < a } ,  {Ai : i < a } )  is a A-construction and u is 
C U { b j  : j < i} for all 

0 

We write nSW for (9 : a - n : a 5 w } ;  ncw and nZw are defined similarly. Let 
J c nSw be such that it is closed under initial segments. If 9, 6 E J ,  then by r ’ ( ~ , ( )  
we mean the longest element of J which is an initial segment of both 7 and <. If 
u ,  v E I = Pw(J )  (=the set of all finite subsets of J ) ,  then by r (u ,  v )  we mean the 
largest set R which satisfies 

a permutation of a. Let b, = a,,(,) and Bi = Bo(j) .  I f  B, 
i < a,  then (C,  { b i  : i < a } ,  {Bi : i < a } )  is a A-construction. 

P r o o f .  Exactly as [4, IV Theorem 3.31. 

(9 R G {r/(77,€) 9 E 21, t E v } ;  
(ii) if u,  v E R and u is an initial seqment of v ,  then u = v .  

We order I by u 5 v if for every 71 E u there is t E v such that 7 is initial seqment of (, 
i.e. r(u,  v )  = ~ ( u ,  u )  (= (7  E u : -+I< E u )  (7 is a proper initial segment of t )}) .  

3 D e f i n i t i o n . Assume J c nSw is closed under initial segments and I = P, ( J ) .  
Let C = {A, : u E I }  be an indexed family of subsets of M of power < ]MI. We 
say that C is strongly independent if 

(i) for all u ,  v E I ,  u 5 v implies A, g A,; 
(ii) if u, ui E I for i < n, and B C Ui<nA,, has power < A, then there exists 

of M such that f 1 ( B  fl A,) = idBnA, and C B  
an automorphism f = f(,’,,, ,,,,,, n-l) 
f ( B  n U i )  c A+,,,). 

The model construction in Lemma 4 below is a generalized version of the con- 

4 L e m m a .  Assume that C = {A, : u E I } ,  I = P,(J), is strongly independent. 

struction used in [4, XII.41. 

Then there are sets A, c M ,  u E I ,  such that 

(i) for all u ,  v E I ,  u 5 v implies A, c A,; 
(ii) for all u E I ,  A, is A-primary over A,, (and so b y  (i), UuEIAU is a model); 

(iii) if v 5 u ,  then A, is A-atomic (= FAM-atomic) over UuEIAU and A-primary 

(iv) if J’ c J is closed under initial segments and u E P,(J’), then U,Ep,(J,) A, is 
over A, U A,; 

A-constructible over A, U U,Ep,(J,) A,. 

P r o o f .  Let {ui : i < a*} be an enumeration of I such that u 5 v and v $ u 
implies i < j .  It is easy to see that we can choose a, y; < a for i < a*,  a, and B, 
for 7 < a ,  and s : a - I so that 

(a) 70 = 0 and (-yi)i<,p is increasing and continuous; 
(b) if 7i 5 y < yi+ll then ~ ( y )  = ui; 
(c) if y < a,  lB,l < A and we write for 7 5 a ,  A2 = A, U (a6 : b < y, s(6) 5 u } ,  

(d) for all y < a ,  if we write A, = U u E I  A:, then t(a,, B,) A-isolates t (a , ,Ay ) ;  

then B, C_ A:(,); 
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(e) for all i < a*, there are no a and B c A;',+' of power < A such that  t (a ,  B )  

(f) if ag E B,, then Bg E B,. 
A-isolates t ( a ,  AT*+l); 

For all u E I, we define A, = A,". We show that these are as wanted: 
(i) follows immediately from the definitions and for (ii) it is enough to  prove the 

C l a i m .  For all i < a*, 
following claim (Claim (111) implies (ii) easily). 

instead (I) Ci = {A;. : u E I} i s  strongly independent, and we write f[,fu0 , . - . , U l t - l )  

x . 3  
of f (u ,u 0 , .  . . , u " - 1 ) ; 
(11) the functions f[:uo ,..,,un- 1 )  can be chosen so that if j < i, u ,  Uk E I, k < n, 

B C UiCn A;; has power < A and a, E B implies By E B ,  and B' = B n ATj, then 

fiABU 0 , .  . . ,u n - 1 ) 1 BI = f j B B '  (u,uo, ..., %-l)  t B'; 
(111) zfj < i, then A:+' i s  A-saturated. 

P r o o f .  Notice that if a, E A: n A:, then a, E Af(u,v).  Similarly we see that the 
first half of (I) in the Claim is always true (i. e. if u 5 v ,  then for all S < a, A: C A: .) 
We prove the rest,b induction on i < a*. We notice first that  i t  is enough to  prove 

only in the case when B satisfies the condition B 
the existence of f;;,uo ,,,.,u n-l) 

(*) 
For i = 0, there is nothing to prove. If i is limit, then the Claim follows easily 

from the induction assumption (use (11) in the Claim). So we assume that the Claim 
holds for i and prove it for i + 1.  We prove first (I) and (11). For this let u, uk E I 
for k < n,  and B c Uk<nA:;+l be of power < A such that (*) is satisfied. If for 
all k < n, s(yi) $ U k ,  then (I) and (11) in the Claim follow immediately from the 
induction assumption. So we may assume that s(yi) 5 uo. Let B' = Bn(U,., A?;;). 
By the induction assumption there is an automorphism f = f(;:io,...,un-l) of M such 
that f 1 (B'n A;.) = id,,,,:, and f(B'nA?;;) C A:;U,uk). If s ( 7 i )  5 u ,  then, by (*) 

of M and (d) in the construction, we can find an automorphism g = f(u,uo ,,,,, 

such that g r B' = f I B' and g 1 ( B  - B') = idB-B!. Clearly this is as wanted. 

So we may assume that s(y;) $ u.  Since s(yi) 5 uo, uo $ r(u,uo). By the choice 
of the enumeration of I there is j < i such that uj = r(u, uo). Then by the induction 
assumption (part (111)), A::+' = AT1 = ATJ+' ,,, 1s ' A-saturated, and by the choice of f ,  
f(B' n A;;) c A?;;. So by (d) in the construction and (*) there are no difficulties in 
finding the required automorphism !(,,do ,,,,, 

So we need to  prove (111): For this it is enough to show that A:',+' is A-saturated. 
Assume not. Then there are a and B such that B E A;','', IBI < A and t (a ,  B )  is 
not realized in A;',''. Since A 2 A(M), there are b and C such that  B c C 5 A:',+', 
ICI < A ,  t(b, B )  = t (a ,  B )  and t(b, C) A-isolates t ( b ,  A::"). But since (I) in the Claim 
holds for i + 1, t(b, C) A-isolates t(b, A,*+'). This contradicts (e) in the construction. 

0 Claim 

if a, E B ,  then By E B. 

i + l , B  

"j 

i+l  B 
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Conditions (iii) and (iv) in Lemma 4 follow immediately from the construction, 
0 

Since M is unsuperstable, by [3, Lemma 5.11, there are a and A(M)-saturated 

Claim (111) and Lemma 2. 

models A,, i < w , such that 

( i ) i f j < i < w , t h e n A j C _ A i ;  
(ii) for all i < w,  a d d , d j + l .  

It is easy to  see that we may choose the models Ai so that they are A-saturated 
and of power A. Let A, be A-primary over a U Ui<, A,. As in [l, Section 11, for all 
q E .Iw, we can find A, such that 

(a) for all 11 E KS,,  there is an automorphism f, of M such that f,(dlength(,)) = A,; 
(b) if 7 is an initial segment of c ,  then fc 1 Alength(,) = f, 1 Alength(0); 

(c) if 9 f K<,,  a E K and X is the set of those E E ~ 5 ,  such that ~ - ( a )  is an initial 
segment o f < ,  then U.CEX dcld,, U C E ( ~ < ~ - X ) & .  

For all q E K=,, we let a, = f,(a). 

5 L e m m a .  Assume 9 E K<,  , a E K and X is the set of those [ E K<,  such that 
9- ( a )  is an initial segment of [. Let B c U g E ( n + ,  At and C c UcEX At be of 
power < A. Then there is C’ c A, such that t(C’, B )  = t ( C ,  B) .  

P r o o f .  By [2, Lemma 81 (or [3, Lemma 3.151 plus little work) we can find D c A, 
of power < A such that for all b E B ,  t (b ,A ,  u C )  does not split over D. So if we 

0 

K < ~  and Z = P,(J). For all  u E Z let A,  be the set 

0 

be a strictly increasing sequence 
such that Ui<, qu( i )  = a .  Let S c {a < K : cf(a) = w } .  By Js we mean the set 
K<,  U {‘la : a E S} .  Let Is = P , ( J s )  and As be the model given by Lemmas 4 
and 6 for { A ,  : u E I s } .  

choose C‘ 5 A, so that t(C’, D )  = t ( C ,  D ) ,  then C’ is as wanted. 
6 L e m m a .  Assume J 

UVEu A,. Then { A ,  : u E Z} i s  strongly independent. 
P r o o f  . This follows immediately from Lemma 5. 
For each a < K of cofinality w,  let qa E 

7 L e m m a .  

(1) Assume 11 E K<,, u E Is ,  a < K ,  (7) 5 u and {q - (a ) }  f u.  Let X be the set of 
those < E J s  such that 9 - (a )  is an initial segment of E .  Then 

U ~ E X ~ E ~ A ~  U ( E J ~ - X A ~ .  

A, i d v  U w E P w ( J s n a S W ) d W .  

(ii) Assume a E K ,  u E Zs and v E P,(Js nd”)  is maximal such that v 5 u.  Then 

P r o o f .  
(i) Let C = UtEX A{.  By (c) in the definition of Ag, < E dW, there is C’ such 

that t ( C ’ , U g E j s - ~ A ~ )  = t (c ,Ug, j , -xAc)  and C’l A,,& U UEEjs-xA<. S O  the 
claim follows from the first half of Lemma 4(iii). 

(ii) By (i), A,  la ,  UwEPw(Jsna<W) A,,  from which the claim follows by Lemma 
4(iii) and (iv). 0 
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8 L e m m a .  Assume S, R C_ {Q < K : cf(a) = w }  are such that (S- R)U(R-S)  
as stationary. Then As is not  isomorphic t o  dR. 

P r o o f .  Assume ds ?Z d R .  Let f : As - d R  be an isomorphism. We write I,” 
for the set of those u E I s ,  which satisfy that for all t E u ,  Ui<length(o[(i) < a. The 
set I;E is defined similarly. Then we can find Q and ai, i < w ,  such that (cri)icw is 
strictly increasing, for all i < w ,  f(UUEI;, A,) = UuEI;, A,, and Q = Ui<w a, belongs 
to ( S  - R) u ( R  - S). Without loss of generality we may assume that Q E S - R, and 
so 7, E Js. Let A:* = uuEI;, A, and A; = UuEI;, A,. Then it easy to see that 
for all i < w there is j < w such that arlp &A;.d? (use [3, Lemma 3.8(iii)]). so there 
is u E IR such that for all i < w there is j < w such that A, tA2d?. Since Q 4 R, 

We can now prove Theorem 1. By [4, Appendix 1, Theorem 1.3(2) and (3)], there 
are stationary Si {a < K : cf(a) = w } ,  i < n, such that for all i < j < n, 
S, n Sj = 0. For all X C_ n, let Ax = AU,EXst. Then by Lemma 8, if X # X ’ ,  then 

0 

this contradicts Lemma 7(ii). 0 

Ax is not isomorphic to Ax, .  Since clearly IJu,Exs,I = n, IdxI = n. 
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