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ADDING ONE RANDOM REAL
TOMEK BARTOSZYNSKI, ANDRZEJ ROSLANOWSKI, AND SAHARON SHELAH

Abstract. We study the cardinal invariants of measure and category after adding one random real. In
particular, we show that the number of measure zero subsets of the plane which are necessary to cover
graphs of all continuous functions may be large while the covering for measure is small.

§1. Introduction. Let ¥ be an ideal of subsets of the real line (where real line
means R, 2 or [0, 1]). Define the following cardinal invariants:
(1) add(#) =min{|#|: & C F & UL ¢ 7 },
(2) cov( ) =min{ |¥/|: ¥ C F & |J¥ =R},
(3) non(#) = min{ |X|: X CR&X ¢ 7},
(4) cof (F) =min{|&/|: 4 C F&VAc FIBc ¥ ACB}.
Let # and ¢ be the ideals of meager and of measure zero subsets of the real line
respectively. Finally let b be the size of the smallest unbounded family in w® and
0 the size of the smallest dominating family in «®.

The relationship between these cardinals is described in the following diagram,
where arrows mean <:

cov(#) —— non(#) —
T
b
T
(

add(#) —— add(#

) —— cof()

.

In addition add(#) = min{b, cov(#)} and cof (#) = max{o, non( )}
The proofs of those inequalities can be found in [1], [4] and [6]. In this paper we
show that except for cov(.#") and non(.#") values of these invariants do not change

when one random real is added. Let B be the measure algebra adding one random
real.

[@]

]
—»Cj——h-;z

N

) —— cov(A#) —

TueoreM 1.1 (Pawlikowski, Krawczyk). The following holds in VB:
(1) add(#') = add(#")Y and cof (#") = cof ()Y,
(2) cov(#) > cov(A)Y and non{#) < non(#)Y,
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(3) cov(#) > band non(#) <0,
4) b=bYando =2",
(5) cov(A) > cov(#)V and non(#) < non(#)Y,
(6) add(A#) > add(#)Y and cof (#) < cof (4 )V.
Proor. (1), (2)and (4) are folklore (see[7]). (3) is due to Krawczyk (see[7] or [5]),
(5) is due to Pawlikowski ([7]) and (6) follows from (5), (4) and the remarks above.-

Foraset H CRxRandx,y € Rlet (H)x = {y: (x,y) € H} and let
HY ={x:(x,y)€ H}.
We will use the following classical lemma:

LemmMma 1.2. Suppose that r is a random real over V. Then
(1) for every x € V[r] N R there exists a Borel function f: R — R such that
x = f(r),

(2) for every Borel measure zero set F € V|[r] there exists a Borel measure zero
set HCR xR, HE€Vsuchthat F = (H),.

We will need the following characterization of cov(.#) and non(.# ).
Let

S={S (@) :Vn|SH)| <(n+1)*}.
THEOREM 1.3 ([2]). The following conditions are equivalent:
(1) cov(A#) > &,
(2} for every family F C w® of size < k there exists g € w® such that
Vf € F3°n f(n) =gn).
(3) for every family F C w® of size < k there exists S € & such that
VfeF3®n f(n) e Sn).

Similarly,
(1) non(A) > &,
(2) for every family F C w® of size < k there exists g € w® such that
Vf € F¥Cn f(n) # g(n).

(3) for every family F C § of size < k there exists [ € w® such that
VS € FV*®n f(n) ¢ S(n).

§2. Cohenreals. In this section we will show that invariants cov(.#) and non(.#)
do not change when random reals are added.

THEOREM 2.1. The following holds in VB:
(1) cov(#) = cov(#)Y and non(#) = non(#)Y,
(2) add(#) = add(#)Y and cof (&) = cof (#)V.
Proor. (1) By L.1, it is enough to show that in VB, cov(#) < cov(.#)¥
and non(.#) > non(.#)V.
By 1.3, there exists a family F C w® of size cov(.#)Y such that

VS eSS 3f € FV°n f(n) ¢ S(n).
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By 1.3, to finish the proof it is enough to show that
VB Vg e w® 3f € FV°°n f(n) # g(n).

Let g be a B-name for an element of »®. Define for n € w,

S(n) = {kew:ﬂ([g'(n) = kls) > (n il)z}

where u is the Lebesgue measure. It is clear that |S(n)| < (n + 1)? for all n.
Therefore there exists f € F and N € o such that f(n) ¢ S(n) foralln > N. We
claim that

-8 ¥>n f(n) # &(n).
Let p € B. Find n > N such that 5.7k~ < u(p). Then

g=r-JIk) = f(k)ls >0
k=n
and
q -8 Yk >n f(k) # g(k).
To show that non(.#) > non(.4# )Y holds in VB, we “dualize” the above argument.
Suppose that F C w® is a family of size non(.#) in V® such that

VB Ve cw®3f € F3%n f(n) = g(n).

Let F = {f : f € F} be a set of B-names for elements of F. Without loss of
generality we can assume that ¥ € V. For f € F let S r € & be defined as

Sf(n)z {k Ew:ﬂ([f(n) Zk]IB) > ﬁ}

As before we show that
Vgew®af € F3%ngn) e Sy(n),

which, by 1.1, finishes the proof.
To show the second part use 1.1 and the fact that add(.#) = min{b,cov(#)}
and cof (#) = max{0,non(#)}. -

Recall that a set X C R has strong measure zero if for every sequence of positive
reals (e, : n € w) there exists a sequence of intervals (I, : » € w) such that the
length of I, is < €, and X C |J,, I». Note that, equivalently, we can request that

X < ﬂnEw Um>n Im

THEOREM 2.2. Suppose that X C R and X € V. Then X has strong measure zero
in'V if and only if X has strong measure zero in V.

ProoF. It is easy to see that for every sequence (&, : n € w ) € VP there exists a
sequence (3, : n € w) € V such thatd, < g, for all n. Therefore, if X has strong
measure zero in V then X has strong measure zero in VB,

Suppose that X does not have strong measure zeroin Vandlet (e, :n € w) bea
sequence of positive reals witnessing that. Suppose that X has strong measure zero
in VB, Let (3, : n € o) be a decreasing sequence of positive reals such thatd, < e
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forall k < n®. Let (6! : n € w) be a decreasing sequence of positive rationals
such that 65, = d;,,, and d, < &,. By the assumption we can find a sequence of
intervals (I, : n € w) € VB such that X C ﬂnew U,sn Im and the length of I, is
lessthand},,. Let (I(n,k) : k € w) be a partition of R into rational intervals of the
lengthé’,. Eachinterval I,,, is covered by I (2m, k)UI{(2m,k+1) forsome k = k(m).
Let (I, : n € w) be a B-name for the sequence (I(2m,k(m)),1(2m, k(m) + 1) :
m € w) (i.e., Iy is a name for I(2m, k(m)) and L, is that for I (2m, k(m) + 1)).
Thus
|8 “the length of 1, is 8’ & X C ﬂ U L.
ncw m>n

Nowdefineforn =2m +i (i =0, 1):

. 1
&, =< 1(2m,k) : I, =1(2m,k — -
{ 1m0 u, = 1Gm W) > (s |
Note that |%7,| < (n+ 1)? (some &,,’s may be empty). By the choice of the sequence
(dn : n € w) if we order lexicographically the intervals in | J, ., %, in a sequence
(J, : n € w), then the length of J, will be < g,. Let x € X be such that
x ¢ U,ce Jn- Note that then for each n € »

. 1
l‘(ﬂx € In]l) < m

Let p € B. Find n such that ;2 k2 < u(p). Then

g=p-JIx€lls>0
k=n

and
ql-sVk>nx¢l,. =

The proof of 2.2 seems to suggest that a filter & € V on w which cannot be
extended to a rapid filter in V cannot be extended to a rapid filter in V. However,
this is not the case. First, let us recall that a non-principal filter  on w is called rapid
if for every increasing function f € w® thereexists X € & suchthat | XN f(n)| < n
for all n.

THEOREM 2.3. Suppose that D is a rapid filter on w. Then there exists a filter F
such that:
(1) & cannot be extended to a rapid filter in V,
(2) VB =“F can be extended to a rapid filter.”

ProOF. Let # be the family of all subsets 4 of & such that for some set X € &

the sequence
AN [n%, (n+ 1)) nex
— 1.
2n +1

It should be clear thatif 4 C B, 4 € & then B € & and the same set X €¢ &
witnesses it. Moreoverif 4, B € & iswitnessed by X4, Xp € & then the intersection
X4N Xp € 2 witnesses that AN B € ¥ . Consequenlty F is a non-principal filter
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on w. We claim that & cannot be extended to a rapid filter. Suppose that a set
A C wis such that |4 N »n*| < n for n € w. Then for each m € w we have

|Aﬂ[m2’(m-|-1)2)| - [(m + 1)2/3]+1 - (m + 1)2/3_+_1

2m+1 - 2m +1 - 2m 41
and hence
2 2
m—o0 2m+1

Consequently the complement w \ A of the set A belongs to & and A4 cannot be in
any filter extending & .

To prove the assertion {2) we work with the measure algebra on the space
[T,eeln?, (n + 1)?) equipped with the natural product measure 4 (we use the same
symbol as for the Lebesgue measure since this measure corresponds to Lebesgue
measure under canonical mapping of underlying space onto the interval [0, 1]).
Suppose that r € Hnem[nz, (n + 1)?) is a random real over V and work in V[r].
First note thatforaset 4 €¢ ¥ and X € 9,

ﬂ({x e [0 (n + 1)%) s vm € X x(m) ¢ 4 })

new
e |4 N [m?, (m + 1)2)]
< — = 0.
N H (1 2m +1 0
n=0 Mk

In particular, since r is a random real,
VX e IVAE€F Anrange(r1X) # 0.
Consequently # U{range(r| X) : X € & } generates a filter 7 *. We are going to
show that it is a rapid filter. Suppose that /€ w® N V[r] is an increasing function.
Since random real forcing is w®-bounding we can assume that £ € V. Since & was

arapid filter in V we find a set X € D such that |[X N f(n)| < nforn € w. Look at
theset 4 = {r(n) : n € X }. For every n € » we have:

AN f(n)| <X N f(n)] <n.
The theorem is proved. =
§3. Random reals. Theorem 1.1 shows that in VB,
cov(#) > max{cov(#)¥,8"}.
In this section we will show that it is consistent that
cov(/l/)VB > max{cov(.#)",b"}.

We will need the following notation:
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DEerFINITION 3.1. Let 45 be the ideal of measure zero subsets of R x R and let
Borel(R) be the collection of all Borel mappings from R into R. Define

cov* () = min{ 5| o4 C N, &V € Borel(R) VB € Borel\.# 3H € &
(xeB:(xf(x)ecH) ¢./1/}
and
non* (#) = min{ 1X]: X C Borel(R) &VH € #, VB € Borel\.# 3f € X
{xeBi(xf()gH} ¢}
As a consequence of 1.2, we get:

LemMa 3.2. cov*(#) = cov(#)Y" and non*(#) = non(#)¥".

The goal of this section is to show that the coefficient cov*(#") can be large while
both b and cov(.#") are small and that non*{.#") can be small while both non(.#)
and 0 are large.

The key to our construction is the following theorem:

THEOREM 3.3. There exists a forcing notion P, adding generically a continuous
function hg . R — R, such that
(1) P is a-centered,
Q) Vfew”NVZ¥3g c VNw® I3°n f(n) < g(n),
(3) forevery H € #>NV, {x:(x,hg(x)) € H} has measure zero.

PrOOF. Let I consist of all pairs (g, ¢) where ¢ is a rational number in (0, 1) and
¢ 2% x 2< — [0, 1] is a function such that for s, ¢ € 2<“:
(1) ¢(0,0) >0,
(2) (s, 1) < 27 (sl
(3) ¢(SAO: t) + ¢(Sﬁ1: t) = ¢(S: t) = ¢(S’ tf\o) + ¢(S: tﬁl)
We define the partial order . Conditions are pairs p = (h, u) such that
(1) u e [T]
(2) h: 25" — 2<¢ for some m = m(p),
(3) if s C ¢t € 2<" then h(s) C h(2),
(4) if (e, ¢) € u then

> 2y (s, h(s)) > .

sg2m
The order < on £ is the natural one:

(hyu) > (W, u') < hDOh &u2Du'.
LemMa 3.4, Suppose that p = (h,u) € P. Then there is q = (h',u) € F such
that g > p, m(q) > m(p) and if s € 29 then [h'(s)| > |h'(sTm(p))|.

PrOOF. What we have to do is to extend 4. Note that if we put 4'(s™i) = h(s)
(for s € 27(7)) then (A’,u) is a condition stronger than p. So the only problem is
to extend the “values” of 4.
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Take & > 0 such that for every (¢, ¢) € u

5 - Z 21HAG)] Z olhls )|¢ s h(s ))

sE€2mip) s€2m(p)

LEMMA 3.5. There are m’ > m(p) and e: 2" — 2 such that for each (e, ¢) € u
s € 2mp):

S6(sh(s) ~5< Y p(hls)eln). ()

sCre2’

PROOF. Let n = |u| and let m’ > m(p) be such that 2= /62 < 1/n. Fix s €
2m(r), We are going to find a function e,: {¢ € 2" : s C t} — 2 satisfying the
condition (®) for each (e,¢) € u. Consider the space Q of all functions from
{t € s C t} to 2. The space carries the natural (product) probability
measure P. For (g,¢) € u define a random variable Y,: Q — [0, 1] by

Z #(1,h(s)"e(t)).

sCream’

By the Tchebyshev inequality we know that
D’Y,
(|1~ [ voaa]25) <2

If we put X/(e) = ¢(t,h(s)"e(t)) (fort € 2" s C t) then X}’s are independent
random variables on Q and Yy = 3, c,m Xj;. Now,

D2Y¢=/(Y¢—/Y¢dﬂ)2dﬂ 2
:/{ ) (Xg—/xqug)} dQ

sCream’

= Y /(X¢ /den) dQ

sCream’

(for the last equality we use the independence of X/’s). Since | X, — [ X, dQ| <
2=+ RS+ we get

D2 Y¢ < 2m'—m(p) i 2—2m/—2\h(x)|—2 < 2-m'.
Hence ,

2-m 1

|y > L <z

P( Y¢ / ¢dQ{_5)< 52 <n

and therefore we can find e; € Q such thatforeach (e, ¢) € uwehave [ Y, ~5dQ <
Y,(ey). Since

[Yeda= ¥ [xpa0=1 T 6(0h6) = o5 h)

sCrea’ sCre2n’
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we get that e, is as required.

Define h’: 25" — 2<¢ by the following conditions:
(1) h'12sme) = p,
(2) if s € 2<”"\ 25m0) then h'(s) = h(sIm(p)),
(3) if s € 2 then #'(s) = h(sIm(p)) " e(s).

Thus m(g) = m’, but we have to prove that ¢ = (#', u) is a condition.

Note that for <e ¢) € u we have then:

Z 2|h/(l)‘¢(t’h’(t))

te2m’

_ Z Z 21+\h(x)|.¢(z,h(s)’\€(t))

se2mip) \‘Cl€2"’/

> > 2Mlg(s,h(s)) —a- Y 2S¢

semip sc2amip)

87

Suppose that G C & is generic over V. Let hg = U{%: (hu) € G} and for

every x € 29, let hg(x) = U, c., he(x In). It follows immediately from 3.4 that

LEMMA 3.6, hg(x): 2% — 2% is a continuous function in V[G].

LemMa 3.7. For every measure zero set H C 2% x 2% which is coded in 'V, the set

{x€2¥: {x,hg(x)) ¢ H}

has measure one.

Proor. Fix H as above. Suppose that p = (h,u) € 2 and € > 0 are given.

It is enough to show that u({ x € 2% : (x,hs(x)) ¢ H }) > 1 — € holds for every

rational £ > 0. Suppose that p = (h,u) € & and m = m(p).

Choose a perfect set F' disjoint with H of measure so close to one that

Z Z‘h(‘v)l,u([s] x[A(s)INF)>1—e.

se2m
Define the function ¢z : 2<% x 2<® — [0, 1] by

¢r(s,t) = u([s] x [(]1NF)

and note that (1 —¢,¢F) € 9. Moreover, g = <h, uU{(l—e¢, ¢p>}> is a condition.

We show that
gleu({xe2?: (x,hs(x)) ¢ H}) >1—e.

Let F, = U{[s]x[f]: 5,1 € 27& ([s] x 1) NF #0}. Obv1ously F=N

Given n € w there is/q’ = (W', u’) stronger than g such that m’ = m(q’) > n and
|h'(s)| > nfors € 2™ . Since (1 —¢,¢r) € u Cu'alsog” = (W', u’ U{{l—¢,¢r,)})
is a condition stronger than p and for s € 27", ([s] x [A'(s)]) N F, # 0 if and only

if [s] x [/ (s)] C F,. Hence

#(U{[S] 15 €27 &[s]x [W ()] C F, }) = 2"Vl (s 4 () > 1 —¢

se2am’
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and
q" o p({x: (x,he(x)) € Fr}) = 1—¢.

Using density argument and passing to the limit we get
u({x:{(xhg(x))eF})>1-e —1

LeMMA 3.8. There exist centered families { & 1 i € I}, I countable, such that
Uies i is dense in P and for every maximal antichain{ p, : n € w } in P there exists
a natural number M (i) such that for every condition q € P; there exists n < M (i)
such that q and p,, are compatible.

In particular, P does not add dominating reals.

Proor. For simplicity we will think of the second coordinates of conditions in 2
as finite sequences from 7.
Let

I ={(N,kh(ei:i<N)) :k, New, h:2" — 2%,
g; €(0,1)NQforj < N.}

Fori = (N,k,h,{e; :i<N)) €I let
P, = { (h,(ei,$i)icn) € P Vi< N (¢i(@,@) > 1/k

& Y " 2Mg (s, h(s)) > & + l/k) }

se2m

Clearly each %, is centered (conditions in & with the same 4 can be put together)
and they cover £.

We want to show that the families % have the required property. Assume
not. Thus we have a maximal antichain (py : k¥ € w) in & and a sequence
(g, :n € 0) C P (for some i = (N,k,h,{e; : i < N))) such that g, L px
fork <n.

Let gn = (h, (e, ¢! )icn ), ¢7(0,0) > 1/k, 3 c0n 2000 (5, h(s)) > &; + 1/k.
Passing to a subsequence we may assume that for each i < N the sequence { ¢! :
n € ) is pointwise converging (note that the space [0, 1] is compact).

Let ¢;: 2<¢ x 2<% — [0, 1] be the limit functions, i.e.,

¢,’(S, t) = nllvnolo ¢;‘(S’ t)

The functions ¢; satisfy conditions (1)—(3) of the definition of J (for the first
condition remember that ¢7(@,0) > 1/k). Moreover

Y 2" (s,h(s)) = lim D 2"lgr (s, h(s)) > & + 1/k.

se2m sEm

Consequently (h, (e, ¢;)icv ) € P. We find kg € w such that the conditions py,
and (h, (e;, ¢;)i<n ) are compatible. Let (h*, (i, ¢i)icn+) = (b, (i, di)ien ) Pho
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where A*: 257" — 2<¢  N* > N. Then we have for i < N:

<y 2W Vg (s, h7(s)) = tim Y7 2MCgr (s, 7 (s)).

sgam” sEm*

Consequently for sufficiently large n we will have

e < Y 2W Wl (s h(s)).

sg2m”

So take n > ky such that the above holds for each i < N. Then <h*, (€1, ®)ic N> is
a condition in £. Since it is stronger than ¢,, and compatible with <h*, (€7, Pi )iy >
we conclude that ¢, £ px,, which contradicts the choice of g, (n > ko !!!). -

Let {i, : n € w} be an enumeration of J with infinitely many repetitions.
Suppose that ||~» f € o®.

Define a function g € VN w® as g(k) = M(iy), where M (i) is the number
obtained by applying the first part of the lemma to &, and to the antichain p, =
[/ (k) =n]s, n € w. Itisclear that

|~z 3%n f(k) < g(k). =

THEOREM 3.9. It is consistent with ZFC that cov* (/") > max{cov(/#),b} and
that non* (') < min{non(.#"), 0}.

Proor. To construct the first model let %, be the finite support iteration of %
of length w,.

LetV pLalg R,. Itis clear that V¥ |= cov*(#') = R,. Since & is o-centered
neither & nor a finite support iteration of # adds random reals (see [9] or [3]).
Similarly, property stated in 3.8 implies that finite support iteration of % does not
add dominating reals. Thus cov(.#") and b are both equal to R; in V%2,

The second part of the theorem is proved similarly. Let V = MA & 280 = N,
and let &, be the finite support iteration of Z of length ¥;.

By “dualizing” the above argument we show that

VP ':non*(./V):Nl&non(/V)Zszz. -

THEOREM 3.10. Any of the inequalities cov* (') > b, non*(#') < b is consistent
with ZFC.

ProoE. For the first model add R, random reals (simultanously) to a model
of CH. Then, in the extension we will have © = R; and cov*(#) = R, (for the
last note that if r is a random real over V then the constant function A(x) = r
“omits” all measure zero subsets of the plane coded in V). The second model can

be obtained by adding N, random reals to a model of MA + 2R =, -

For the sake of completeness of the picture let us mention the following resuit
which will appear in [8] (the forcing notion applies for it is a special case of the
scheme presented there):

THEOREM 3.11. [t is consistent with ZFC that cov*(#') < non{(4).
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