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EXAMPLES IN DEPENDENT THEORIES
ITAY KAPLAN AND SAHARON SHELAH

Abstract. In the first part we show a counterexample to a conjecture by Shelah regarding the existence
of indiscernible sequences in dependent theories (up to the first inaccessible cardinal). In the second part
we discuss generic pairs, and give an example where the pair is not dependent. Then we define the notion
of directionality which deals with counting the number of coheirs of a type and we give examples of the
different possibilities. Then we discuss nonsplintering, an interesting notion that appears in the work of
Rami Grossberg, Andrés Villaveces and Monica VanDieren, and we show that it is not trivial (in the sense
that it can be different than splitting) whenever the directionality of the theory is not small. In the appendix
we study dense types in RCF.

§1. Introduction. This paper gives some examples of dependent theories that
exemplify certain phenomenons. Recall,

DEFINITION 1.1. A first order theory T is dependent (NIP) if it does not have
the independence property which means: there are no formula ¢ (x.y) and tuples
(ai.by|i < w.s Cw)inCsuch that ¢ (a;.by) if and only if i € s.

1.1. Existence of indiscernibles. Indiscernible sequences are very important in
model theory. Usually one uses Ramsey’s theorem to prove their existence. Some-
times we want to have a stronger result. For instance, we may want that any large
enough set contains an indiscernible sequence and indeed this was conjectured by
Shelah for dependent theories. We will show that at least in some models of ZFC,
one cannot hope for such a result to be true.

1.2. Generic pairs. In a series of papers ([21.22.23,25]). Shelah has proved
(among other things) that dependent theories give rise to a “generic pair” of models
(and in fact this characterizes dependent theories). The natural question is whether
the theory of the pair is again dependent. The answer is no. We present an example
of an w-stable theory all of whose generic pairs have the independence property.

1.3. Directionality. The directionality of a theory measures the number of finitely
satisfiable global extensions of a complete type (these are also called coheirs). We
say that a theory has small directionality if for every type p over a model M, the
number of complete finitely satisfiable (in M) A-types which are consistent with
p is finite for all finite sets A. The theory has medium directionality if this number
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is bounded by |M|, and it has large directionality if it is not small or medium. We
give an equivalent definition (Theorem 4.23 below).

We provide examples of dependent theories of each kind of directionality, and
calculate the directionality of some theories, including RCF and ACVFE.

1.4. Splintering. This section is connected to the work of Rami Grossberg,
Andrés Villaveces and Monica VanDieren. In [7] they study Shelah’s Generic pair
conjecture (which is now a theorem) and in their analysis, they came up with the
notion of splintering which is similar to splitting. We show that in any dependent
theory with medium or large directionality, splintering is different than splitting.
We also provide an example of such a theory with small directionality, and prove
this cannot happen in the stable realm.

1.5. Dense types. In the appendix, we study dense types in RCF. Namely, we
show that ded A—the supremum of the number of cuts of a linear order of size
A—equals the supremum of the number of dense types in a model of RCF of size /.
This is useful for the calculation of the directionality of RCF.

1.6. Notation. When o and f are ordinals, we use left exponentiation o to
denote the set of functions from f to «. as to not to confuse with ordinal (or
cardinal) exponentiation. If there is no room for confusion, and 4 and B are some
sets we use 458 instead. The set </ is the set of sequences (functions) | {7a |y < B }.

We do not distinguish elements and tuples unless we say so explicitly.

¢ will be the monster model of the theory.

Sy (A) is the set of all complete types in n variables over 4. S, (A) is the union
U<, Sn (A). S (A) is the set of all types (perhaps with infinitely mane variables)
over 4.

For a set of formulas with a partition of variables, A (x, y), La (A) is the set of
formulas of the form ¢ (x,a) .- (x.a). where ¢ (x.y) € Aand a € A. Sy (A4) is
the set of all complete Lx (A4)-types. Similarly we may define tp, (b/A4) as the set of
formulas ¢ (x, @) such that ¢ (x, y) € Aand € |= ¢ (b, a). For a partial type p (x)
over A, p [ A= pnNLx(A).

Usually we want to consider a set of formulas A without specifying a partition
of the variables. In this case, for a tuple of variables x, A* is a set of partitioned
formulas induced from A by partitioning the formulas in A to (x, y) in all possible
ways. Then L) (A) is just La (4) and Sy (4). p | A* are defined similarly. If x is
clear from the context, we omit it. So for instance. when p is a type in x over 4,
then p [ Ais the set of all formulas ¢ (x. a), where ¢ (z, w) € A.

82. Few indiscernibles.

2.1. Introduction.

DEeFINITION 2.1. Let T be a theory. For a cardinal k, n < w, and an ordinal 9,
Kk — (0), means: for every set A C €" of size k. there is a nonconstant sequence of
elements of A of length o, which is indiscernible.
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This definition was suggested by Grossberg and Shelah in [19, p. 208, Definition
3.1(2)] with a slightly different form' .
There it is also conjectured:

CONJECTURE 2.2. [19, p. 209, Conjecture 3.3] If T is dependent then for every
cardinal u there is some cardinal A such that . — (u) .

In stable theories this holds: it is known that for any A satisfying 2 = A7, A+ —
(A7), (proved by Shelah in [20]. and follows from local character of nonforking).
In [19, p. 209] it is proved that this conjecture does not hold for simple unstable
theories. In [24], Shelah proved this conjecture for strongly dependent theories:

Fact 2.3. If T is strongly dependent (see Definition 2.10 below), then for all
2> |T], Dy (A) = (%) g, foralln < w.

This conjuncture is connected to a result by Shelah and Cohen: in [5], they proved
that a theory is stable if and only if it can be presented in some sense in a free algebra
in a fixed vocabulary but allowing function symbols with infinite arity. If this result
could be extended to: a theory is dependent if and only if it can be represented as an
algebra with ordering, then this could be used to prove existence of indiscernibles.

In this section, we shall show:

THEOREM 2.4. There is a countable dependent theory T such that if k is smaller
than the first inaccessible cardinal, then for alln € w, k # (),

Thus, Conjecture 2.2 fails in a model of ZFC with no inaccessible cardinals. It
appears in a more precise way as Theorem 2.18 below.
An even stronger result can be obtained, namely:

Fact 2.5. [12] For every @ there is a dependent theory T of size 0 such that for all

kandd. k — (), if and only if & — (5),;“

where:

DEFINITION 2.6. & — (3);” means: for every function ¢ : [k]~” — 0 there is

an homogeneous sub-sequence of length J (i.e., there exists (o |i <) € °k and
(cpln <) €“ such that ¢ (ozio, ... ,a,-”_l) =cp forevery iy < -+ <i,_| <0).

By [12]. whenever |T| < 0. k — (), always implies that & — (5);, for all
n < o, so this is the best result possible. However, the proof of Theorem 2.5 is
considerably harder, so it is given in a subsequent work.

The second part of this section is devoted to giving a related example in the field of
real numbers. By Fact 2.3, as RCF is strongly dependent, we cannot prove Theorem
2.4 for RCF, but instead we show that the requirement that n < w is necessary:

THEOREM 2.7. If k is smaller than the first strongly inaccessible cardinal, then

K 7 (w)RCE(u'
This is Theorem 2.23 below.

Notes. It was unknown to us that in 2011 Kudaibergenov proved a
related result, which refutes a strong version of Conjecture 2.2, namely that

IThe definition there is: kK — (& )7, if and only if for each sequence of length x (of n-tuples), there
is an indiscernible sub-sequence of length 6. For us there is no difference because we are dealing with
examples where & /4 (1), Itis also not hard to see that when ¢ is an infinite cardinal these two definiti
ons are equivalent.
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Zoto (W +|T|) = (1)7,. He proved that for every ordinal o there exists a depen-
dent theory (we have not checked whether it is strongly dependent) T, such that
|To| = || + N9 and 3y (|7a]) # (Ro)7, ;. and thus seem to indicate that the bound
in Fact 2.3 is tight. See [13].

The idea of the construction. The counterexample is a “tree of trees” with func-
tions connecting the different trees. For every # in the tree 2<” we shall have a
predicate P, and an ordering <, such that (P,,<,) is a dense tree. In addition,
we shall have functions G,y : P, — P, for i = 0. 1. The idea is to prove
that & /4 (u)7; by induction on «. To use the induction hypothesis, we push the
counterexamples we already have for smaller ’s to deeper levels in the tree 2<¢.

2.2. Preliminaries.

DEFINITION 2.8. We shall need the following fact:

Fact 2.9. [20, Chapter 11, Section 4] Let T be any theory. Then for alln < w, T
is dependent if and only if O, if and only if Oy, where for all n < o,

O, For every finite set of formulas A (x, y) with n = 1g (x), there is a polynomial
f such that for every finiteset A C M = T, |Sa (4)| < f (|4]).

Since we also discuss strongly dependent theories, here is the definition:
DEerFINITION 2.10. A theory is called strongly dependent if there is no sequence of
Sormulas (@, (x,y,)|n < @) such that the set {cp,, (x,,,y,,,k)”("):k ln:w— a)} is

consistent with the theory (where p174€ = o, (pFalse = —p).

See [24] for further discussion of strongly dependent theories. There it is proved
that Th (R) is strongly dependent, and so is the theory of the p-adics.

2.3. The example. Let S, be the finite binary tree 2<”. On a well ordered tree
such as S,,, we define <y, as follows: 17 <g,c v if v is a successor of 7 in the tree.
Let L, be the following language:

L, ={P,.<;.Ny.Gyy |1V €Sy <suc v }.
Where:

e P, is a unary predicate; <, is a binary relation symbol; A, is a binary function
symbol; G, is a unary function symbol.

Let T)Y be the following theory:
e P,NP,=0forny+#v.
e (P,.<,./,)is a tree, where A, is the meet function on P, i.e.,
xXANyy=max{zeP,|z<,x&z<,y}.

e G, : P, — P, and no further restrictions on it.

e In all the axioms above, for elements or pairs outside of the domain of any
of the functions A, or G,,. these functions are the identity on the leftmost
coordinate, so for example if (x, y) ¢ P2, then x Ny =X.

Thus we have:

Cram 2.11. T} is a universal theory.
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CLam 2.12. T\ has the joint embedding property (JEP) and the amalgamation
property (AP).

Proor. Easy to see. =

From this we deduce, by e.g., [8, Theorem 7.4.1]:

COROLLARY 2.13. Tv has a model completion, T,, which eliminates quantifiers, and
moreover: if M |: V.M =M | L,and M' C N' |= T\ then N’ can be enriched
to a model N of T a1 S0 that M C N. Hence if M is an exzslenllally closed model of
Ty .1 then M is an e.c. model of T). Hence T, C Tyi1 (for more see [8, Theorem

n

8.2.4)).

PrOOF. The moreover part: for each € S,.1\S,. we define P)’ = P} and in
the same way A,. The functions GN forn € S, andv € S,11 w1ll be extenswns
of G 4

Now we show that T}, is dependent, but before that, a few easy remarks:

OBSERVATION 2.14.

(1) If A € M & Ty is a finite substructure (so just a tree, with no extra
structure), then for all b € M. the structure generated by A and b is
Au{b}U{max{bNalae€ A}}.

(2) If M =T, andn € 2=", we can define a new structure M, = T:_lgw) whose

universe is | J {Pﬂ,\1 | y € 25n—leln) } by: P P”,\v, and in the same way
we interpret every other symbol (for instance. va G"ﬁvl ,,Avl) For every

Jormula ¢ (x) € L,_iy,) there is a formula ¢’ (x) € L, such that for all
a € M, M ¢ (a)ifandonly if M, = ¢ (a) (we get ' by concatenating n
before any symbol ).

(3) For M as before and y € 2=", for any k < w there is a bijection between

{p oo oxin) € S§E (M) Vi< ke (Py (i) € p) }

and
{pGoooxin) € SYE (M) Vi< ke (Py (i) € p) |

ProoF. (3): The bijection is given by (2). This is well defined, meaning that
if p(xo.....xx_1) is a type over M, such that Py (x;) € p for all i < k. then
{¢' | € p} determines a complete type over M, such that P, (x;) € p for all
i < k. The point is that all atomic formulas over M which mention elements from
M\M, or any v # 5 are trivially determined. -

ProposITION 2.15.  T), is dependent.

Proor. We use Fact 2.9. It is sufficient to find a polynomial f (x) such that for
every finite set 4, |S; (4)| < f (|4]).

First we note that for a set 4, the size of the structure generated by 4 is bounded
by a polynomial in |4]: it is generated by applying Ay on Py N A. applying Gy, (1)
and Gy (o). and then applying Ay, /Ay and so on. Every step in the process is
polynomial, and it ends after n steps.

Hence we can assume that 4 is a substructure, i.e., 4 = T.

The proof is by induction on n. To ease notation, we shall omit the subscript 7
from <, and A,.
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First we deal with the case n = 0. In T, Py is a a tree with no extra structure,
while outside Py there is no structure at all. The number of types outside Py is
bounded by | 4| + 1 (because there is only one nonalgebraic type). In the case that
P (x) € p for some type p over A. we can characterize p by characterizing the
(tree) order-type of x’ := max {a A x |a € A}, i.e., the cut that x’ induces on the
tree, and by knowing whether x’ = x or x > x’ (we note that in general, every
theory of a tree is dependent by [14]).

Now assume that the claim is true for n. Suppose 7 € 25" and 1 < Ig (7).
By Observation 2.14(3), there is a bijection between the types p (x) over A where
P, (x) € pandthetypes p (x)in T}, 1_jg(, over 4,.where Py € p. 4, = T:+1—1g(;7)»
and so by the induction hypothesis, the number of types over 4, is bounded by a
polynomial in |4,| < |A]. As the number of types p (x) such that P, (x) ¢ p for all
n is bounded by | 4|+ 1 as in the previous case, we are left with checking the number
of types p (x) such that Py (x) € p.

In order to describe p, we first have to describe p restricted to the language
{<y.Ap}. and this is polynomially bounded. Let x’ = max{a A x|a € A}. By
Observation 2.14(1). if 4 U {x} is not closed under A(y. x’ is the only new element
in the structure generated by 4 U {x} in P(y. Hence. we are left to determine the
type of the pairs (G 1y (x). Gy (x7)) over A for i = 0.1 (if X’ is not new. then
it’s enough to determine the type of Gy (;y (x)). The number of these types is equal
to the number of types of pairs in 7, over 4 ;. As T, is dependent, we are done by
Fact 2.9. B

DEFINITION 2.16. Let L=\J,_ L, T =, , Toand T =J,_ T .

n<mw n<w n
We easily have:

n<w

COROLLARY 2.17. T is complete, it eliminates quantifiers and is dependent.

We shall prove the following theorem (which implies Theorem 2.4 from the
introduction):

THEOREM 2.18. For any two cardinals u < k such that in [, k] there are no
(uncountable) strongly inaccessible cardinals, k > (1) 1,

We shall prove a slightly stronger statement, by induction on «:

PROPOSITION 2.19.  Given u and k. such that either k < u or there are no (uncount-
able) strongly inaccessible cardinals in [u. k). there is a model M |= T such that

‘Pé‘;[ ‘ > Kk and P?;I does not contain a nonconstant indiscernible sequence (for
quantifier free formulas) of length u.

From now on, indiscernible will only mean “indiscernible for quantifier free
formulas”.

Proor. Fix u. The proof is by induction on . We divide into cases:

Case 1. k < p. Clear.

Case2. k = p = Ny. Denote ; = (1,....1), i.e., the constant sequence of
length j and value 1. Find M |= TV, such that its universe contains a set
{aij|i.j <w}. where a;; # ay o for all (i. j) # (i'.j'). aij € P, and in
addition Gy, 5., (ai;) = a;j1 if j <iand Gy, ., (ai;) = aoj+1 otherwise.
We also need that Pg = {aio|i < w}. Any model satisfying these proper-
ties will do (so no need to specify what the tree structures are). Now, if in
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Pé” = {a0|i<w} there is a nonconstant indiscernible sequence.
(ai, 0|k < w), then for j > iy, i1,

G’?j"?jﬂ ©---0 G’70J71 (aio‘o) = G'?j"?jﬂ 0--:0 G'?o-,m (ail‘O) .

But for every k such that ix > j, Gy, 5., 00 Gy, (@i0) # Gy © 000 0
Gy (@i, 0)—contradiction.

Case 3. k is singular. Suppose k = J,__ A;, where g, 1; < k for all i < ¢. By the

i<o
induction hypothesis, for i < ¢ thereis amodel M; |= T such that ‘Pg" ‘ > A

and in Pg" there is no nonconstant indiscernible sequence of length u. Also,

there is a model N such that ‘P?)’ ‘ > ¢ and in Pé\; there is no nonconstant

indiscernible sequence of length x. We may assume that the universes of all
these models are pairwise disjoint and disjoint from k.
Suppose that {a; |i <o} C P?)’, and {b; ‘ S <<} C P?;I” wit-

ness that ‘P?)" > ¢ and ‘P?ﬂ > i\ Y ;i /- Let M be a model extending
each M; and containing the disjoint union of the sets | J,_, M; (exists by JEP).
Define a new model M = TV: (PZ‘;I,<<>) = (k.<) (so Ay = min);

(Pé‘f>ﬁ”,<,7) = (P,;V,<,7) and (P%>A”,<(o>‘;7) = (P,;‘Z,<,7). In the same

way define A, for all # of length > 1. The functions are also defined in the

same way: Gl _ .y, = G, and G{f\ _ o, = G% We are left to define
G<>‘<0> and G(><]> So let: G(>_]<1> (oz) = Amin{i| a</; } and G(>_]<0> (a) = ba for
all a < k.

Note that if / is an indiscernible sequence contained in P% then 7 is an
indiscernible sequence in N contained in Pg’ . and the same is true for Pé‘g>
and M.

Assume (a;|j<u) is an indiscernible sequence in Pg . Then
(Gyy.qy (o) | j < w) is a constant sequence (by the choice of N). So there is
i< asuchthatzki A < aj < Aiforall j < u.So <G<>{<0> (avi) = baj < ,u>
is a constant sequence (it is indiscernible in ng and in fact contained in Pé‘f ),
hence («; | j < u) is constant, as we wanted.

Case 4. k is regular uncountable. By the hypothesis of the proposition, « is
not strongly inaccessible. so there is some 4 < & such that 2* > . By the
induction hypothesis on /, there is a model N |= TV such that in P?)’ there

is no nonconstant indiscernible sequence of length . Let {a; |i <A} C Pa’

witness that ‘Pg ‘ > A

Define M |= TV as follows: P} = 2%/ and the ordering is inclusion
(equivalently, the ordering is by initial segment). Ay is defined naturally:
fAyg=fTminfalf(a)#g ()}

For all 7, let Pé‘f%” = P, and the ordering and the functions are naturally
induced from N. The main point is that we set Gy (1y (/') = aig( ). Now choose
P?Ol%n’ G (0)~y.(0)~v- €tc. arbitrarily, and let Gy (o) be any function.
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Suppose that (f; | i < u) is a nonconstant indiscernible sequence:

If 1 < fo (ie. f1 < fo). we shall have an infinite decreasing sequence
in a well-ordered tree—a contradiction.

If fo < f1.(fi|i<u) is increasing, so <G(1‘>/{(1> (fi) = awgsy i <,u>
nonconstant—contradiction (as it is an indiscernible sequence in M and hence
in Pég))

Let h; = fo A fip1 for i < u (where A = /\<>). This is an indiscernible
sequence, and by the same arguments, it cannot increase or decrease, but as
hi < fo.and (Py.<(y) is a tree. it follows that A; is constant.

Assume fo A f1 < f1 A fa then foi A faiv1 < faus1) A faxiz1)4 for all
i < u, and again (f2 A f2+1|i < ) an increasing indiscernible sequence
and we have a contradiction.

By the same reasoning, it cannot be that foA /1 > f1Af2. As (P(y. <)) isa
tree, we conclude that foA f2 = foA f1 = f1A f2. Butthatisa contradiction

(because if a = 1g (fo A f1). then [{fo (a). f1 (). f2 ()} = 3).
_|
2.4. In RCF there are few indiscernibles of w-tuples. Here we will prove Theorem
2.7. Since RCF is strongly dependent, Fact 2.3 (which discusses finite tuples) holds

for it, so we will show that a similar phenomenon as in the previous section holds
for w-tuples in RCF. So assume € = RCF'.

NOTATION 2.20. The set of all open intervals (a,b) (where a < b and a.b € €) is
denoted by 3.

DEFINITION 2.21. For a cardinal x, n < o and an ordinal 6, k — (5)3“6“131

means: for every set A of n-tuples of (nonempty, open) intervals (so for each I € A,
I ={(I'|i<n) €J") of size k. there is a sequence (I, | < 5 ) € A° of order type

J such that I, # I/f Jor a < B < J, and there is a sequence <b la < 5> such that
bo € I, (ie. by = (bS.....02" ") and bl, € I1) and such that <b la < 5> is an
indiscernible sequence.

REMARK 2.22. Note that:

( ) Ifﬁ _>( )mterval then Kk —s (6)1ntervdlf0ra”m <n.
2) If s £ (0 )Lntervale then k +» (0) gepn (WhY? if A witnesses that k +» (0 )‘mer"al/

then for each I € A, choose by € I (as above) in such a way that {b,— ‘ TeA }
has size . By definition this set witnesses k 7+ (0) gcpn)-
(3) If 2 < K and k +# ()™ then 2 £ (5)™™,
We shall prove the following theorem (which immediately implies Theorem 2.7):
THEOREM 2.23. For any two cardinals u < k such thatin [u, k] there are no strongly
inaccessible cardinals, s/ (u)™™.
The proof follows from a sequence of claims:

CLamM 2.24. If k < u. then s # (u )mtem11 foralln < .
PrOOF. Obvious. —|
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CLam 2.25. If k = u = Ny, then k /4 (Iu)i]nterval.
ProOF. Forn < w.let I, = (n.n +1). y

diand n < w. Then, if 6 4 ()™ and

n

CramM 2.26. Suppose k& = 3,
/li 7L> (Iu):znterval then & 7L> (ﬂ)lzriezr’:/al.

PROOF. By assumption. we have a set of intervals {R;|i <o} that witness
A (Iu)interval and for each i < ¢ we have {Sﬁ ‘ i hi < B< i } that witness

n
) i 1
/li\ Z_/<,’ /Lj 7L> (Iu)znterva )

Fix an increasing sequence of elements (b; | i < 7).
Fora<k.let f=f(a)=min{i<o|a < }andfori <2+ 2n, define:

o Ifi = 0, let Ici = (b2ﬁ(a)eb2/f(a)+l)-

o Ifi = 1, let Ié = (b2ﬂ(a)+lab2ﬂ(a)+2)-
o Ifi =2k +2.letl, =Ry,

o Ifi =2k +3,let I! = Sk.

Suppose <55 le < u> is an indiscernible sequence such that b, € I, fore < u.
Denote b, = (b5.....b5,,, ). Note that b < b5 if and only if f (e) < 8 (awer)
(we need two intervals for the “only if”” direction).

Hence, (f (o) |e < u) is increasing or constant. But if it is increasing then we
have a contradiction to the choice of {R; |i < o }. So it is constant. and suppose
B (ae) = ip for all e < u. But then a. € 4;\ >, 4, foralle < u and we get a

contradiction to the choice of (S |3, 4 < B < /i, ). 4

CLAM 2.27. Suppose /. /5 ()™ ™. Then 2* 4 (u)i{fzr;al.

interval

PROOF. Suppose {1, | o < 4} witnesses that 2 /4 (u),

By adding two intervals to each I, we can ensure that it has the extra property
thatif ¢, € I,, and ¢; € I_a2 then ‘311 < cg if and only if o1 < a3 (as in the previous
claim). By this we have increased the length of I, to 2 + n (and it is still a witness

of 4 7L> (Iu);nterval).
We write ¢; <* ¢ for ¢} < ¢J . but note that it is not really an ordering (it is not

transitive in general).
We shall find below a four-place definable function f such that:

Q Forevery two ordinals. d, {, if <I_€a la <o > isa sequence of {-tuples of intervals,
then there exists a set of 2{-tuples of intervals, {5,7 ‘ ne’2 } (of size 21°l) such
that for all i < { and n % N2, if b € S,?]i,bz S S,?IH'] and b3 € S,?zi,b4 € S,?ZH_I,

then f (b], by, b3, b4) is in Rlig(m/\nz)‘

Apply Q to our situation to get {J_,, ne 22} such that J, = (J!'|i <4+ 2n) and
forallk < 2+mnandy; # . ifb; € J,flk,bz € J,?lk“ and b3 € J,?zk,b4 € J,fzk“, then

S (b1,ba, b3, bs) is in Ilg(nmnz)'
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This is enough (the reasons are exactly as in the regular case of the proof of
Theorem 2.18, but we shall repeat it for clarity): B o
To simplify notation, we regard f* as a function on tuples, so thatif by € J,,, by €

fm, then f (131,52) is in I_1g<,71m72) (namely, f (l_)l,l_)z) = (ax |k <2+ n), where
a = [ (Dyy- by 03 b3 ) € Illgf(mmn) fork <2+ n).
Suppose (;|i<u) C *2 is without repetitions and <l_’m li< ,u> is an

indiscernible sequence such that b,, € J,,.
Let by = no A nig1 for i < wu. If 1g(h;) < 1g(h;) for some i # j then

S/ (5,70, E,MI) < f (5,70, 5,7/.“) and so by indiscernibility, (Ig (4;) | i < u) is increas-
ing (it cannot be decreasing). and so f (5,70,[3,7,.“) contradicts our choice of
(I, |a < 2). Hence, (because h; < 59) h; is constant.

Assume 779 A 71 < 171 A 72, then f (5,70,[3,71) <t f (5,71,5,72) so f (5,71,[3,72) <*
f (5,72,5,73), and so Ig (o A1) < 1g (1 An2) <lg (2 An3) hence, f (5,70,5,71) <*

f (5,72,[3,73) and it follows that (Ig (72; A#2i41) |7 < ) is increasing. And this is
again a contradiction.

Similarly. it cannot be that 7o A 771 > 11 A 2. As both sides are less or equal than
1. it must be that 7o A 72 = o A 71 = 1 A 172 But that is impossible (because if
a =1lg(no Am). then [{no (a) .1 () .72 (@) }] = 3).

Cram. Q is true.

ProOF. Let f (x.y,z,w) = (x — z) / (y — w) (do not worry about division by 0,
we shall explain below).

It is enough, by the definition of ©, to assume { = 1. By compactness, we
may assume that o is finite, and to avoid confusion, denote it by m. So we have
a finite set, "2, and a sequence of intervals (R;|i < m). Each R; is of the form
(ai.bi). Let ¢; = (b; +a;) /2. Let d € € be any element greater than any member
of A := acl(a;.b;j|i<m). For each 5 € "2, let a, = > ,_,,n(i)c;d™". and
b'? = Zi<m n (l) dmt.

Let S) = (a;, — l.ay; + 1) and S; = (b, — 1.b, +1).

This works:

Assume that i7; # 72, b € Sgl,bz S S,;l and b3 € S,?z,b4 € S,;z.

We have to show (b —b3) / (by — bs) € Rigiyny,)- Denote k = lg (71 Ana)
(so k < m).

ay, — ay, is of the form ec;d™ % + F (d) where, e € {—1.1}, and F (d) is a
polynomial over 4 of degree < m—k—1.by,, —b,, is of the formed™ % +G (d). where
¢ is the same for both (and G is a polynomial over Z of degree < m — k — 1). Now,
bi—bs e (ay, —ay, —2.ay, —ay, +2).and by — by € (b, — b, —2.b,, — b, +2).
and hence we know that b, — by # 0. It follows that (b; — b3) / (ba — bs) is inside
an interval whose endpoints are { (ecyd™ " + F (d) £2) / (ed™ % + G (d) £2)}.
But

(eckd'"_k L F(d) £ 2) / (5d’"—k LG (d)+ 2) € Ry

by our choice of d., and we are done.
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Note that for #; # 7>, S,?] #* S,?Z regardless of the R;’s (which can be a constant
interval). -

The proof of Theorem 2.23 now follows by induction on «: fix u, and let k be
the first cardinal for which the theorem fails. Then by Claim 2.24, k > u. By Claim
2.25. Xy < k. By Claim 2.26, k cannot be singular. By Claim 2.27, k cannot be
regular, because if it were, there would be a 4 < « such that 2% >k (because & is
not strongly inaccessible). Note that we did use Claim 2.24 to deal with cases where
we couldn’t use the induction hypothesis (e.g.. in the regular case, it might be that
A< u).

Further remarks. Theorem 2.23 can be generalized to allow parameters:
Suppose € = RCF,and 4 C €.

DEFINITION 2.29. K —4 ()™ means the same as in Definition 2.21, but we

require that the indiscernible sequence is indiscernible over A.
Then we have:

THEOREM 2.30. For any set of parameters A and any two cardinals u, k such that
in [max {|4|, u} . k] there are no strongly inaccessible cardinals or k < max {|4|, u}.

K 7L>A (lu);r)lterval )

Proor. The proof goes exactly as the proof of Theorem 2.23, but the base case
for the induction is different. If max {|4|.u} = u, the proof is exactly the same.
Otherwise, we have to deal with the case k < |4]:

Enumerate 4 = {a; |i < u'}. Let e € € be greater than 0 but smaller than any
element in acl (A4). For i < u'. let I; = (a;.a; +¢). Then {I; |i < k} witnesses
K 7L>A (lu)i;lterval. 4

83. Generic pair. Here we give an example of an w-stable theory. such that for all
weakly generic pairs of structures M < M (see below for the definition) the theory
of the pair (M;, M) in an extended language where we name M by a predicate has
the independence property.

DEFINITION 3.1. A pair (M., M) as above is weakly generic if for all formula ¢ (x)
with parameters from M . if p has infinitely many solutions in M , then it has a solution
in M, \M

This definition is induced by the well known “generic pair conjecture” (see [23,
25]). and it is worth while to give the precise definitions.

DEFINITION 3.2, Assume that ). = A~* > |T| (in particular, 1 is regular) and that
2* = AT, The generic pair property for A says that there exists a saturated model M
of cardinality A", an increasing continuous sequence of models (M, |a < A™) and a
club E C A% such that \J,_,« Mo = M. and for all « < f € E of cofinality 1. the
pair (M 3. Ma) has the same isomorphism type. We call this pair the generic pair of
T of size A.

PROPOSITION 3.3, Assume that . = A~* > |T| and that 2* = J*. The generic pair
property for A holds iff for every saturated model N of cardinality 1 and for every
increasing continuous sequence of models (N, | < AT) with union N there exists
aclub E C )" such that for all « < p € E of cofinality A, the pair (N/f,Na) has
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the same isomorphism type. Moreover, this type does not depended on the particular
choice of N or N,.

PrOOF. Left to right:

Suppose M, (M,, | a < A1) and E witness that T has the generic pair property for
A.If N is another saturated model of size A" and (N, |« < AT) is as in the propo-
sition. Then N = M. so we may assume N = M. Let Eg = {0 < A" | Ns = M; }.
This is a club of A%, and so E N Ej is also a club of 2T such that (Ny. N ) has the
same isomorphism type for any a < f € E N Ej of cofinality 4.

Right to left is clear. -

Justifying Definition 3.1 we have:

Cram 3.4. Assume that T has the generic pair property for A, then every generic
pair of size A is weakly generic.

PrOOF. Suppose that M, (M, |a < A™) and E are as in Definition 3.2. Suppose
a, i € E and a < ff are of cofinality . We are given a formula ¢ (x) with parameter
from M, such that Xy < |¢ (M, )|. By saturation of M, A = | (M)]|. Since M =
Up crcfip)—: Mp thereissome a < f € E of cofinality 2 such that ¢ (Mp) \M,, #

0.butas (Mg, My) = (Mg, M,). we are done. -

Proposition 3.3 implies that the generic pair property and the the generic pair are
both natural notions. It is important in the study of dependent theories as it lead to
the development of a theory of type decomposition in NIP. Using this theory, the
second author’s [23, 25] prove that the generic pair property holds for dependent
theories and large enough A’s. On the other hand, [21,22] prove that if 7" has IP
then it lacks the generic pair property for all large enough /.

Hence it makes sense to ask whether the theory of the pair is dependent.

The answer is no:

THEOREM 3.5. There exists an w-stable theory such that for every weakly generic
pair of models M < M, the theory of the pair (M. M) has the independence
property.

We shall describe this theory:

Let L = {P.R. Q1. 0>} where R, P are unary predicates and Q;. Q, are binary
relations.

Let M be the following structure for L:

(1) The universe is:
M={uCo|lu<w}u

{(uv.i)|lu.v Co.|Jul <w.|v|<wi<w&uCv=i<|v|+1}.

(2) The predicates are interpreted as follows:
o PM =luCuwllul <N}
o RMis M\ (PM).
o 0 = {(u, (u,0.1)) ‘ ue Ph }
e« 0 = {(v.(wov.i))|vePr
Let T = Th (M).
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As we shall see in the next claim, 7 gives rise to the following definition:

DEFINITION 3.6. We call a structure (B,U,N, —, C,0) a pseudo Boolean algebra
(PBA) when it satisfies all the axioms of a Boolean algebra except:
There is no greatest element 1 (i.e., remove all the axioms concerning it).

Pseudo Boolean algebra can have atoms like in Boolean algebras (nonzero
elements that do not contain any smaller nonzero elements).

DErINITION 3.7. Say that a PBA is of finite type if every element is a union of
finitely many atoms.

DEerFINITION 3.8. For a PBA A. and C C A a sub-PBA, let Ac =
{a€A|3ceC(achc)}. andfor asubset D C A. let at (D) be the set of atoms
contained in D.

PROPOSITION 3.9.  Every PBA of finite type is isomorphic to (P<oo (k) , U, N, —, C, 0)
Jor some k., where P (k) is the set of all finite subsets of k. Moreover: assume A, B
are PBAs of finite type and C C A, B is a common sub-PBA. Then, if:

(1) lat(4)\at(4c)| = |at(B) \at(Bc)|.
(2) For every ¢ € C. A and B agree on the size of ¢ (the number of atoms it
contains).

Then there is an isomorphism of PBAs f : A — B such that f | C =1id.

ProoF. The first part follows from the easy observation that in a PBA of finite
type, every element has a unique presentation as a union of finitely many atoms. So
if 4 is a PBA, and its set of atoms is {a; | i < k }, then take a; to {i}.

For the moreover part, first we extend id¢ to an isomorphism from A¢ to Be:
consider all elements in C of minimal size, these are the atoms of C. For each such
¢, map the set of atoms in 4 contained in ¢ to the set of atoms in B contained in c.
This is well defined and can be extended to all of A¢.

Now, |at (4A)\at (Ac¢)| = |at (B)\at (Bc)|, so any bijection between the set of
atoms induces an isomorphism. -

Cram 3.10. T is w-stable.
ProoF. We prove that an expansion of 7" to a larger vocabulary is w-stable, by
adding new relations to the language, which are all definable—
{S}’l’ G112, Ny Uy, —ps e | n>1 } s

where S, is a unary relation defined on P, C, is a binary relation defined on P,
71, My are two unary functions from R to P, N,, —, are binary functions from S,, to
S,. and e is a constant in P. Their interpretation in M are as follows:

m ((u,v,0)) =u, ma ((u,v,0)) =v.
Foreachl <n<w, S, (v) & |v| < n.
Foreach | <n,u C, v ifand only if |u| < n,

v|<nmandu Cv.

unN,v=unuvforallu.v e s,.
e u—y,v=u\vforv.ucs,.

uU,v=uUwvforuves,.

e=10.
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Note that they are indeed definable:

(1) m (x) is the unique y such that Q; (y. x), and similarly 7, is definable.

(2) Let E (x. y) by an auxiliary equivalence relation defined by 7, (x) = 7y (y) A
m (x) =m ().

(3) e is the unique element x € P such that there exists exactly one element
z € Rsuch thatz; (z) = x = w2 (2).

(4) x C, yisdefined by “P (x), P (y) and the number of elements in the E class
of some (equivalently any) element z such that n; (z) = x, n, (z) = y is at
most n + 17,

(5) S, (x) is defined by “P (x) and e C,, x” (in particular, e € S, for all n).

(6) N, and —, are then naturally definable using C,. For instance, x —, y = z if
and only if x, y. z arein S,, z C, x. and foreache #w C, y. w &, z.

(7) xU,y =czifandonlyifx.y € S,.z € Sy,. x.y Cy, zand z —2, x T,y .

Furthermore, C[ S, = C, for n < k. Hence, every model M of T gives rise
naturally to an induced PBA: BM := (|J, SY .UM . nM M CM M) where UM =
U{u¥ |n < w}. and similarly for C¥, —* and N™ (see Definition 3.6 above).

CrLAM. In the extended language, T eliminates quantifiers.

PRrROOF. Suppose M, N = T are saturated models, |M| = |[N|and 4 C M, N is
a common substructure (where |4| < |M|). It is enough to show that we have an
isomorphism from M to N fixing 4.

By Proposition 3.9. we have an isomorphism f from B™ to B" preserving
AN BM (by saturation and the choice of language. the condition of the proposition
are satisfied).

On PM\ (BM U A) thereis no structure and it has the same size as P\ (BY U 4)
(namely |N|). so we can extend the isomorphism f to PM.

We are left with RM:leta € R, and a; = n; (a) fori = 1,2. We already defined
f(a1), f (a2). Suppose a; C, a, for minimal n. Then there are exactly » elements
z € RM with n; (z) = a1.7m2 (2) = ay. This is true also in RY, and the number of
such z’s not in 4 is the same for both M, N. Hence. we can take this E-equivalence
class from M to the appropriate class in V.

If not, i.e., @i €, a> for all n, then there are infinitely many elements z in N and
in M with 7 (z) = ay, m2 (z) = ay, and again we take this E-class in M outside of
A to the appropriate E-class in N. -

Now we can conclude the proof by a counting types argument. Let M be a
countable model of 7. Let p (x) be a nonalgebraic type over M. There are some
cases:

Casel. S, (x) € p for some n. Then the type is determined by the maximal
element ¢ in M such that ¢ C, x (this is easy. but also follows from the proof
of Proposition 3.9).

Case2. S, (x) ¢ pforallnbut P (x) € p. Then x is already determined — there
is nothing more we can say on x.

Case 3. R (x) € p.Thenthetype of x is determined by the type of (71 (x) .72 (X))
over M.

So the number of types over M is countable. -
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PropoSITION 3.12. Every weakly generic pair of models of T has the independence
property.

PRrROOF. Suppose (M), M) is a weakly generic pair. We think of it as a structure
of the language L. where Q is interpreted as M. Consider the formula

p(x.y)=PX)ANP () A3z ¢ 0 (01 (x.2) AODa(y.2)).

This formula has IP: let {a; | i < w } C M be elements from P such thata € SM
(as in the language of the proof of Claim 3.10), i.e., they are atoms in the induced
PBA. and a; # a; for i # j. For any finite s C @ of size n. there is an element
bs € PM be such that a; CM b, for all i € s. Then for all i € w. ¢ (a;, by) if and
onlyifi ¢ s:

If ¢ (a;. by) there are infinitely many z’s in M such that Q; (a;.z) A Q2 (by. z)
(otherwise they would all be in M ). This means that a; ¥ b, soi ¢ s.

For the other direction, the same exact argument works, but this time use the fact
that the pair is weakly generic. -

84. Directionality.

4.1. Introduction.

DErFINITION 4.1. A4 global type p (x) € S (€) is said to be finitely satisfiable in a
set A, or a coheir over A if for every formula ¢ (x,y), if ¢ (x.b) € p, then for some
a € A, ¢ (a.b) holds.

It is well known (see [1]) that a theory T is dependent if and only if given a type
p(x) € S (M) over a model M, the number of complete global types ¢ € S (€)
that extend p and are finitely satisfiable in M is at most 2/™! (while the maximal
number is 22"").

We analyze the behavior of the number of global coheir extensions in a dependent
theory and classify theories by what we call directionality:

Say that T has small directionality if and only if the number of A-coheirs (for
a finite set of formulas A) that extend a type p € S (M) is finite. T has medium
directionality if this number is |M |, and it has large directionality if it is neither
small or medium. In that case we will show that it is at least ded | M|.

We give an equivalent definition in terms of the number of global coheir extensions
(see Theorem 4.23).

As far as we know, the first person to give an example of a dependent theory with
large directionality was Delon in [6].

We give simple combinatorial examples for each of the possible directionalities,
and furthermore we show that RCF and some theories of valued fields are large.

We do not always assume that 7" is dependent in this section.

4.2. Equivalent definitions of directionality.
DEFRINITION 4.2, For a type p € S (A), let:

uf (p) = {q € S(€) | q is a coheir extension of p over A} .

For a partial type p (x) over a set A, and a set of formulas A,
ufa (p) ={q(x) € Sa(€)|qU pisfs.inA}.
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Note: this definition only makes sense if p is finitely satisfiable in A. The notation uf
refers to ultrafilter.

And here is the main definition of this section:

DErFINITION 4.3. Let T be any theory, then:

1. T is said to have small directionality (or just. T is small) if and only if for all
Sfinite A, M =T and p € S (M), uf (p) is finite.

2. T is said to have medium directionality (or just, T is medium) if and only if for
every A > |T

A =sup{|ufa(p)||p €S (M),A finite,| M| = 1}.

3. T is said to have large directionality (or just, T is large) if T is neither small nor
medium.

OBSERVATION 4.4. If' T has the independence property, then it is large. In fact, if
© (x,y) has the independence property, then there is a type p (x) over a model M,
that has 22" many {¢ (x, y) }-extensions that are finitely satisfiable in M .

ProoOF. We may assume that 7 has Skolem functions. Let 1 > |T'|, and let
a={a;li<A).(bs]s C L) besuch that (a; |i < 1) is indiscernible and ¢ (a;. b)
holdsiffi € 5. Let M be the Skolem hull of @. Let p (x) € S (M) be the limit of @ in
M (so v (x.¢) € piff w(x,c) holds for an end segment of @). Let P C P (1) be an
independent family of size 2* (i.e.. such that every finite Boolean combination has
size A). Then for each D C P, p(x) U {cp (x.bs)*P | s € P} is finitely satisfiable
in M. -

4.2.1. Small directionality. The following construction will be useful (here and
in Section 5):

CoNsTRUCTION4.5.  Let T be any complete theory and M |= T . Suppose that there
is some p € S (M) and finite A such that ufa (p) is infinite, and contains {q; | i < w }.

For all i < j < w, there is a formula ¢;; € A and b;; € € such that
wij (x.bi;) € qi. ~pi; (x.bi;) € q; (or the other way around). By Ramsey’s Theo-
rem we may assume ; j is constant—ep (x.y). Let N be a model containing M and
{bijli<j<w}.

Suppose {(¢;|i <) are in € and ¢; | qi|y. Let N' be a model containing
{cili<w}UN. Let M* = (N’,N,M,Q,f'), where Q = {ci|i<w} and [ :
Q? — N isa tuple of functions of length g (y) definedby f (ci.c;) = f (cj.ci) = bi
fori< j.

Soif N |= Th (M*). then N = (NO’,NO,MO, Qo,f'o) and
My <Ny <NjE=T.

NoU Qo € Ny,

fo are functions from Q3 to Ny,

Foralle.d € Qo, c =u, d,

tpa (¢/No) U tp (¢/My) is finitely satisfiable in My for all ¢ € Qo, and

® (c, folc. d)) Ny (d, fo (c,d)) (where I\ denotes symmetric difference) holds
forallc #d € Qy.
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Cram 4.6. Let T be any theory. Then T is small if and only if for every M = T
and every type p (x) € S (M), |uf (p)| < 271 (here p can also be an infinitary type,
but then the bound is 271121,

In addition, if T is not small, then for every A > |T|, there is a model M = T of
cardinality 2, a type p € S (M), and a finite set of formulas A such that |uf (p)| > A.

Proor. Assume that 7" is small. The injective function uf (p) — [],c; uf(y,y (p)

shows that |uf (p)| < 2I71.

Conversely (and the “In addition” part): assume that there is some p and A such
that uf, (p) is infinite. Use Construction 4.5:

Forevery A > |T| wemay find N |= Th (M™*) of size A such that | M| = |Qo| = 4.
and we have a model M, of T" with a type p over it, which has at least 4 many
A-coheirs. -

We conclude this section with a claim on theories with nonsmall directionality.

Cram 4.7. Suppose T has medium or large directionality. Then there exists some
MET.peSM),y(x.y)and{c;|i<w} C € such that for each i < w the set

p(x)U {z,u (x, c_/)'i:i |j< a)} is finitely satisfiable in M .

Proofr. We consider the structure M* introduced in Construction 4.5 and
the formula ¢ chosen there. Find an extension of M* with an indiscernible
sequence (d;|i € Z) inside Q. Assume without loss that ¢ (do, f (do,dl)) A
—p (d],f_ (do, d])) holds. This means that ¢ (dof_ (do,dl))/\—\go (d(),f_ (d_1, d()))

We claim that ¢ (d,,f‘ (d;. d_m)) A = (di,f_ (d_/_l,d_/)) holds if and only if
i=j:

Suppose this holds but i # j. If i > j then, since —¢ (d|, f (do.d;)). it must be
thati > j+1, but then we have a contradiction to indiscernibility. Similarly, it cannot
be that i < j. Thus, the claim is proved with v (x;y,z) = ¢ (x, ) A =¢ (x.z), and
i =(f (di.dir1). [ (di-1.d;)). B

4.2.2. Some helpful facts about dependent theories. Assume T is dependent.

Recall,

DEFINITION 4.8. A4 global type p (x) is invariant over a set A if it does not split
over it, namely if whenever b and ¢ have the same type over A, ¢ (x,b) € p if and only
if o (x,¢) € p forevery formula ¢ (x,y).

DEFINITION 4.9. Suppose p (x) and g (y) are global A-invariant types. Then
(¢ ® p)(x.y) is a global invariant type defined as follows: for any B 2O A. let
ap = pl and bg = q|pa,. then p ® g = Up>,tp(ap.bp/B). One can easily
check that it is well defined and A-invariant. Let p") = p @ p--- @ p. where the

product is done n times. So p" is a type in (xo.....X,_1). and p'®) = Un<o p\" s
a type in (xo, . . ., Xn....). Forn < . p" is a type of an A-indiscernible sequence of
length n.

Fact 4.10. [9, Lemma 2.5] If T is NIP then for a set A the map p (x) —
') (x0....) |4 from global A-invariant types to w-types over A is injective.

In the rest of the section, A will always denote a finite set of formulas, closed
under negation.
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CLam 4.11. For every set A C C, any type q (x) € Sa (€) which is finitely
satisfiable in A and any choice of a coheir ¢’ € S (€) over A which completes q:

o (ap.....an—1) | (¢"™|c) I Aifand only if ag |= q|c. a1 |= q|ca,. etc.

This enables us to define ¢ (xo. ... x,_1) € Sa (€) as ¢'™ | A.
It follows that ¢\") is a type of a A-indiscernible sequence of length n.

Proor. The proof is by induction on #:

Right to left: suppose a; = ¢lcagq;, for i < n. @ (xo.....x,.y) € A and
© (X0.....xn.c) € ¢'"*V for ¢ € C but —¢ (ag.....a,.c) holds. Then by the
choice of a,, —p (ay....,an—1,x.¢) € q. Suppose (bo,....b,—1) E q’<”> c. then
@ (bo,....by—1.x,¢) € g so there is some ¢’ € A4 such that ¢ (by,....b,_1,c’.c) A
- (ao, ..., an—1,c’. c)holds. But thisis a contradiction to the induction hypothesis.

Left to right is similar. =

The following is a local version of Fact 4.10, which will be useful later:

ProOPOSITION 4.12. (T dependent) Suppose A is a finite set of formulas, x a finite
tuple of variables. Then there exists n < w and finite set of formulas Ay such that

Jor every set A, if q1(x).q2(x) € S(€) are coheirs over A and (qﬁ") i AO) =
(qé") I Ao) latheng, | A=q | A

ProoOF. By compactness and NIP,

e there exists some finite set of formulas A and some n such that forall ¢ (x, y) €
A and all Aj-indiscernible sequences (. . ... dn,—1), there is no ¢ such that
¢ (a;,c¢) holds if and only if 7 is even. We may assume that A C A,.

By Claim 4.11, we can conclude:

e Suppose that (ql("> [Ao) 4= (qé") I Ao) |4.but q; | A # q> | A. Then there
is some formula ¢ (x.y) € A and some ¢ € € such that ¢ (x.c¢) € ¢ and
—p (x.¢) € qo.

Since (g1 1 A0)" [+ = (g2 1 80)" 14 (g1 180)" |4 = (g2 | 80)™ | for
every m < n, and it follows by induction on m that the sequence defined by

ao = (q1 1 Ao) lac. a1 = (q2 1 Do) |acar- @2 = (@1 ] Do) lacagars -+ @m—1 =
(gi | Ao) |acag--a,_» (i € {1,2}) realizes this type. But this entails a contradic-
tion, because (ay. . ... a,—1) is a Ag indiscernible sequence (even over A), while

¢ (a;, ¢) holds if and only if i is even.
_|
PrOBLEM 4.13. Does Proposition 4.12 hold for invariant types (not just for

coheirs)?

4.2.3. Large directionality and definability. Let us recall the definition of ded /.
DEFINITION 4.14. Let ded A be the supremum of the set:

{/I]|1 is a linear order with a dense subset of size < A} .

FACT 4.15. It is well known that & < ded 2 < (ded )™ < 2%, If 4<% = A then
ded /. = 2% so ded A = (ded 1)™ = 27,
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For more, see Section 6 and [4, Section 6].

DEFINITION 4.16. Suppose M is a model and p € S(M). Let M, be M
enriched with externally definable sets defined over a realization of p. Namely,
we enrich the language to a language L, by adding new relation symbols
{dyxp (x.y) ¢ (x.p) isaformula} (so d, is thought of as a quantifier over x),
and let M, be a structure for L, with universe M where we interpret d,x¢ (x.y) as
{beMlp(x.b)ep}.

REMARK 4.17.  Every model N = Th (M) gives rise to a complete L type over N
namely pV = {¢ (b.x)|b € N.N = d,xp (x,b)}.

Cram 4.18. Let T be any theory, M = T. Suppose p € S (M), q € uf (p), and
a={ag,ai...) = q"\y. Iftp(a/M) is not definable with parameters in M,, then
T is large.

Moreover, in this case

® There exists a finite A such that for every A > |T|.
ded 7 < sup{lufs (p)] | p € S (N).IN| = 7}

ProOF. We may assume that |M| = |L|:let r = ¢®)|y, and N < M, |N| = |L|.
Then N gives rise to a complete type ' (xo. x1,...) € S(N). Let p’ =" | xo. It
is easy to see that r’ = ¢’ |y for some ¢’ € uf (p’). Also. ' is not definable with
parameters in N .

Let us recall a theorem from [17] (we formulate it a bit differently):

Suppose L is a language of cardinality at most A, P a new predicate (or relation
symbol), and S a complete theory in L (P).

DEFINITION. dfis, 4 is the supremum of the set of cardinalities:
{B'C M|(M.B")= (M.B)}|.

where (M, B) is an L (P) model of S of cardinality .
TuEOREM. [8.17. Theorem 12.4.1] The following are equivalent?

(1) P isnot definable with parameters in S, i.e., there is no L-formula 0 (x, y) such
that S = 3y¥x (P (x) <> 0 (x.,)).

(2) Forevery A > |L|, dfiso (A) > ded 4.

Let n < o be the integer first such that tp(a [ n/M) is not definable with
parameters in M,. So 1 < n and r = tp(ao.....a,—2/M) is definable but
tp (ao, ..., a,—1/M) is not.

For a formula « (xo. ....x,—2.y) let (d,a) (y) be a formula in L (M) defining
a(@ln—1,M).If M, < N = T, then, as in Remark 4.17. there is a complete
L type rV (xo. ..., Xu—2) over N defined by a (xo.....x,_2,b) € r"V if and only if
N E (d,a) (b).

There is some formula ¢ (xo,....x,—1.y) such that the set By, :=
@ (ao.....a,—1, M) is not definable with parameters in M,. Let S = Th (M. By)
in the language L (M,) (P) (naming elements from M. so that N = S implies
M, < N).

2The original theorem referred to ded* /. which counts the number of branches of the same height in
a tree with 4 many nodes. but it equals ded /., see [4, Section 6] and Fact 6.4.
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”

By the theorem cited above, for every 4 > |L| and k < ded 4, there exists
a model (N,..B;,) = (N.B) &= S of cardinality / such that, letting BY =
{B'|(N.B") = (N.B)}.|B"| > .

Leta" = (al’.....aY ;) E r" and for every B’ € BY, let

gz = p" (x)U{e (. x.) }5 eB'}u{p(a".xb) \5 #B'}.

By choice of S, B and B. ¢ is finitely satisfiable in N and for B’ # B"” < B,

g | ¢ # qpr | ¢.sonow N | L is a model of T with a type p" such that

|uf{<p} (p)| > K. B
If T is small we can say more:

Cramm 4.21. Assume T is small, M = T. Suppose p € S (M), q € uf (p), and
a={ap.ar....) = q"“\y. thentp (a/M) is definable over acl*® (0) in M.

Proor. By Claim 4.18 it is definable with parameters in M,. Let n < w be
minimal such that ¢ |5 is not definable over acl® () in M. Suppose that for
some formula ¢ (xo, ..., Xn—1.¥). tp, (@/M) is not definable over acl®® (0) in M.
This means that while the set {b € M | € |= ¢ (a.b)} is definable by w (y.c) for
some y in L (M), ¢ ¢ acl®d (). We may assume that ¢ € M, is the code of this set
(for every automorphism ¢ of the monster model € of M}?, o fixes v (€. ¢) if and
only if o (¢) = ¢). So in some elementary extension M, < N, there are infinitely
many conjugates of ¢ over acl® (0). {¢; |i < w }., such that y (N.¢;) # w (N, ¢;) for
i # j. This implies that uf,y (p") > Ny just as in the proof of Claim 4.18. .

COROLLARY 4.22. (T dependent) T is large if and only if for every A > |T|,
sup{|ufa (p)||p € S (M).A finite,|M| = 1} = ded A.

PRrOOF. Suppose T is large, i.e., for some A, M of size A > |T|and p € S (M),
[ufa (p)| > A. By Proposition 4.12, find some A and n such that

lufa (p)| < H(qw on) v lq € uf(p)}‘.

Hence. there is some ¢ € uf, (p) such that g™ | Ay is not definable with parameters
over M,. and we are done by Claim 4.18 (also note that [Sa (M)| < ded |M| for
every finite A in dependent theories (see e.g., [18. Theorem 4.3])). -

4.2.4. Concluding remarks.

THEOREM 4.23. For every theory T,

(1) T is small iff forall M |= T, p (x) € S (M), |uf (p)| < 2171+l

(2) T is medium iff for all M |= T. p(x) € S(M). |uf (p)| < |M|/TIH1E
and T is not small.

Proor. (1) is Claim 4.6.

(2) Left to right is clear. Conversely, since 7 is not small, by Claim 4.6, for all
2> |T).

sup {|ufa (p)||p € S (M).Afinite, | M| =1} > /.

On the other hand, if it is strictly greater than 4, then by definition 7 is large. For
J large enough, ded 1 > A = AT+ 50 by Corollary 4.22, we get a contradiction
to the right hand side. -
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In Section 4.3, we will show that these classes are not empty. and thus:
COROLLARY 4.24. For 1 > |T|, the cardinality:

sup {[ufs (p)|| p € S (M)A finite.

has four possibilities: finite | Vg : A: ded /: 22
This corresponds to small, medium, and large directionality (the last one happens
when the theory has the independence property, see Observation 4.4).

M| =i}

PrROBLEM 4.25. Suppose T is interpretable in T', and T is large. Does this imply
that T' is large or at least not small?

4.3. Examples of different directionalities. Here we give examples of the different
directionalities.

4.3.1. Small directionality.

EXAMPLE 4.26. Th (Q. <) has small directionality. In fact, every 1-type over a
model M, has at most 2 global coheirs, and in general, a type p (xo,...,Xp—1) is
determined by the order type of {xo,....xp—1} and p | xo. p | x1, etc.

PrOPOSITION 4.27.  The theory of dense trees is also small.

PrOOF. So here T is the model completion of the theory of trees in the language
{<, A}

Claim *. Let M = T and p(xo.x1.....x,—1) € S (M) be any type. Then
Ui,j<n pl (xi’xj) Uplp - p.

fier elimination, the formulas in p are Boolean combination of formulas of the form
Noeam Xje Na < N\, X, Nbwhere b.a € M and jo..... jk—1.70.....71—1 < n.

If a, b does not appear, a satisfy this formula because we included p|y. Consider
Ni<m Xji /A a: by assumption we know what is the ordering of {x; ANa|k <m}
(this set is linearly ordered—it is below a). Hence, as @ = 2. A\,_,, aj, /A a must
be equal to the minimal element in this set, namely a; A a for some k. which is
determined by X. Now a;, Aa < \\,_, a, A b holds if and only if for each r < /. we
have a; Na < a,and a; Aa <b. both decided in X.

Note that we can get rid of p|y but we should replace 2-types by 3-types. -

Claim **. Forany A C M =T, and p (x).q (y) € S (A), there are only finitely
many complete type r (x,y) that contain both p and q. In fact, there is a uniform
bound on their number.

ProOOF. We may assume that A4 is a substructure. For any ¢ € M, the struc-
ture generated by A and a, denoted by 4 (a). is just A U {ay.a}. where a4 =
max {b Aa|b € A}. Note that a4 need not exist, but if it does, then it is the only
new element apart from a (because if by A a < by A a then by Aa = by A by).

Now, leta |=pandb |=q.Let B= B (p.q) ={d € A|d <a&d <b}. This
set is linearly ordered, and it may have a maximum. If it does, denote it by m. Note
that m depends only on p and ¢.

Now it is easy to show that tp (a, a4, b, b4, a Nb/m)Utp (a/A) Utp (b/A) deter-
mines tp (a.b/A) by quantifier elimination. This suffices because the number of
types of finite tuples over a finite set is finite. -
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Let M =T, p(%) € S(M) and I be the set of all types r (Xo. Xy....) over M
such that realizations of r are indiscernible sequences of tuples satisfying p.

Let V' = {(»0. 1) | y0. y1 are any 2 variables from X, X; }. By Claim **, for any
(yo. 1) € V. theset {r | (yo.y1)|r €I} is finite. By Claim * and indiscernibility,
the function taking r to (r|g. (r [ (¥o.»1)|(»0.»1) € V')) is injective. Together, it
means that |7| < 2%+1€5)l and we are done by Fact 4.10. 4

4.3.2. Medium directionality.

ExaMPLE 4.28. Let L = {P. Q. H. <}, where P and Q are unary predicates, H is
a unary function symbol and < is a binary relation symbol. Let T" be the following
theory:

e PNQO=0.

e H isa function from P to Q (so H | Q =1id).

e (P.<.N)isatree.
And let T be its model completion (so T eliminates quantifiers). Note that there is no
structure on Q. So as in Section 2, T is dependent (this theory is interpretable in the
theory there).

Let T' be the restriction of T to the language L' = L\ {H }. The same “moreover”
part applies here as in Corollary 2.13. so T’ is the model completion of TY | L' and
also eliminates quantifiers.

Cramm 4.29. T’ has small directionality.

Proor. The only difference between T’ and dense trees is the new set Q which
has no structure. Easily this does not make any difference. -

ProposITION 4.30. T has medium directionality.

PrOOF. Let M = T. Let B be a branch in PM (ie., a maximal linearly ordered
set). Let p (x) € S (M) be a complete type containingXp := {b < x | b € B}. Note
that ¥ “almost” isolates p: the only freedom we have, is to determine what is H (x).
So suppose H (x) =m € p form € Q.

Letc = p (soc ¢ M). Foreacha € QM. let p, (x) = pU{H (c Ax) = a}.

Then p, is finitely satisfiable in M: Suppose I' C p, is finite. By quantifier
elimination, we may assume that ' CZp U{H (¢ A x) = a} U{H (x) = m}. Since
B is linearly ordered, we may assume thatI' = {b < x, H (¢ Ax) = a, H (x) =m}
forsome b € B. Since T is the model completion of 77 which has the amalgamation
property, there are two elements d,e € M such that b < d,e, e € B. d ¢ B,
H(d)=mand H (d Ne)=a.Sinced Ac =d Ae.d =T. We have found | Q¥
coheirs of p, and since M was arbitrary 7 is not small.

This gives a lower bound on the directionality of 7', and we would like to find an
upper bound as well. We shall use the same idea as in the proof of Proposition 4.27.

Let M = T. p(X) € S(M) and I be the set of all types r (X. X1....) over M
such that realizations of r are indiscernible sequences of tuples satisfying p. Let
I' = {r | L'|r € I}. By the proof of Proposition 4.27, |I'| < 28+lle(®)],

Let V' = {¢|tisaterm in L in the variables X¢. X1,... over () }. Suppose r € I,
then, as in the proof of Proposition 4.27, for every term 7 such that P (z) € r, let
tr =max{a At|a € M} —aterm over M (it need not exist). To determine r, it is
enough to determine the equations that occur between the images under H of the
t,’s and the #’s over M. This shows that || < |M|N“+“g(f)|. 4
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4.3.3. Large directionality.

ExampLE4.31. Let L = {P,.Q.H.<p.<g}. where P and Q are unary predicates,
H is a unary function symbol and < p. < are binary relation symbols. Let T" be the
following theory:
PNQ=10.
H is a function from P to Q.
(P.<p.N) is a tree.
(0.< ) is a linear order.

PropoSITION 4.32. T has large directionality.

Proor. This is similar to the proof of Proposition 4.30.

Let M = T. Let B be a branch in PM. Let p(x) € S (M) be a complete type
containing X := {b < x| b € B} saying that H (x) = m for some m € Q™.

Letc |= p (soc ¢ M). Foreach cut I C QM let:

p,(x)zpu{e<H(c/\x)<f|e€1,f€QM\1}~

Then py is finitely satisfiable in M as in the proof of Proposition 4.30. So for every
cut in Q we found a coheir of p, and since M was arbitrary 7" is not small nor
medium (because for every linear order, we can find a model such that Q contains
this order). 4

4.3.4. RCF. Tt turns out that even RCF has large directionality, as we shall
present now.

Apparently, that RCF was not small was already known and can be deduced from
Marcus Tressl’s thesis (see [26. Proposition 18.13]), but here we give a direct proof
that RCF is in fact large and even more.

DEFINITION 4.35. Let M = RCF. A type p € S (M) is called dense if it is not
definable and the differences b — a witha.b € M anda < x < b € p, are arbitrarily
(w.r.t. M) close to 0.

For example, if R is the real closure of Q, then tp (z/R) is dense.

Fact 4.36. Any real closed field can be embedded into a real closed field of the
same cardinality with some dense type.

PrOOF. [due to Marcus Tressl] Let R be a real closed field. Let S be the (real
closed) field R ((¢?)) of generalized power series over R. Let K be the definable
closure of R (7) in S and let p be the 1-type of the formal Taylor series of e’ over
K:tp(1+¢'/11+¢2/21 4. /K) . Then p is a dense 1-type over K. =

Cram 4.37. Suppose p is dense and q is a definable type over M |= RCF and both
are complete. Then q and p are weakly orthogonal, meaning that p (x)Ugq (y) implies
a complete type over M .

ProoF. [Remark: this is an easy result that is well known, but for completeness
we give a proof.]

Letw E ¢q.a = p.

Note that since p is not definable over M, for every m € M, and even for
every m € € such that tp (m/M) is definable, there is some €, € M such that
0<en <l|a—m|.
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Now, suppose that ¢ (x, y) is any formula over M. Then, as ¢ is definable, there
is a formula y (x) = (d,») ¢ (x.y) over M that defines ¢ (M. w). We claim that
p(x)Uq(y) E ¢ (x.p)ifandonlyif p (x) = (dgy) ¢ (x. 7).

We know that i is equivalent to a finite union of intervals and points from M.
We also know that ¢ (€, @) is such a union, but the types of the end-points over
M are definable over M (since we have definable Skolem functions). So. denote the
set of all these end-points by 4. Let 0 < € € M be smaller than every ¢, for each
mé€ A.Leta.b € M suchthata < a < bandb — a < e. Then:

v («) holds if and only if

(m) holds for all m € M such that ¢ < m < b if and only if
(m,w) holds for all m € M such that a < m < b if and only if
(a, @) holds.

17
%)
%)

_|

We claim that RCF has large directionality. Moreover, we seem to answer an open
question raised in [6] (at least in some sense, see below), as she says there:

Mais il laisse ouverte la possibilité que la borne du nombre de cohéritiers soit ded |M |
dans le cas de la propriété de I'ordre et (ded [M])“ dans le cas de I'ordre multiple.

So let us make clear what the question means:

DEFINITION 4.38. (Taken from [10,11]) A theory T is said to have the multiple
order property if there are formulas ¢, (x, y,) for n < w such that the following set
of formulas is consistent with T':

r= {Lp,, (x,,,y,,,k)”(kkn ne®w } .

REMARK 4.39. If T is strongly dependent (see Definition 2.10), for example. if
T = RCF. it does not have the multiple order property.

Proor. Suppose 7' has the multiple order property as witnessed by formulas ¢,,.
Consider the formulas w, (x.y,z) = ¢, (x.¥) < ¢, (x,z). It is easy to see that
{w,|n < o} exemplify that the theory is not strongly dependent. -

Fact 4.40. [11] If T is countable and has the multiple order property, then for
every cardinal A, sup{S (M)|M = T.| M| = 1} > (ded 2)”. If T does not have the
multiple order property, then sup{S (M) | M | T,|M| = A} < ded 1.

So the question can be formulated as follows:

e [s there a countable theory without the multiple order property such that for
every A > Vo, sup{|uf (p)||p € S<co (M) .|M| =2} = (ded 2)” (recall that
S<w (M) is the set of all finitary types over M ).

It is a natural question, because of 2 reasons:

(1) In general, the number of types (in o variables) over a model of size / in a
dependent theory is bounded by (ded 2)!"1*1**® (by [18, Theorem 4.3]). so
by Fact 4.10 this is an upper bound for sup {|uf (p)||p € S (M) .|M| = A}.

(2) Itis very easy to construct an example with the multiple order property that
attains this maximum: for example, one can modify example 4.31, and add
N, independent orderings to Q.
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DErINITION 4.41. For M = RCF, let Syense (M) be the set of dense complete
types over M .

THEOREM 4.42. Suppose M |= RCF. Then there is a type p € S, (M) such
that |uf (p)| > |Sdense (M)|”.

PrOOF. We may assume Sqense (M) # (). Suppose r, is a dense type. Let a = 7.,
and let w € € be an element greater than any element in M. Then ¢ = tp (w/M) is
definable and we can apply Claim 4.37. Let p(x,., xo) = tp(w,a/M).

For every dense type r (x) over M, choose a realization a, € €. For every sequence
7= (r;|i < @) of positive dense types over M (i.e., r; = x > 0) . we define a coheir
pr of p as follows: B

Fix @ = (a,, |i <w). For every sequence b = (b;|i<w) € M® such that
ri = x <b;foralli <w.andforeachn <wlet [, (a.x) =a+ 3" (a,/x)
and g, (d,g,x) =a+ Z,tol (ar, /x) + by /x"T1

Now, let pr (x4, X4) be:

D7 (X, Xo) = P (X, Xo) U {f,, (@.Xe) < Xo < gn (d,E,xw) ‘5 as above, n < w}

CLAIM. p; (Xg, Xq ) (Which is over M\U{a}U{a,, | i < w })isfinitely satisfiable in M.
PRrROOF. Suppose we are given a finite subset py C p7 (X, Xo ), and a finite set
of inequalities S' = {fk (a@.x0) < Xo < &k (c'z,l_),xw) ‘k <n bcB } where B is

some finite set of tuples (b; |i < n) such thatr; = x < b; fori < n.

Let b be a tuple (b; | i <n) € M"+' such thatfori < n,r; = x < b; and b; < b/
for any tuple (b} |i < n) € B. We may assume that po = r. o (xo) U qo (x). Where
r«o C re and go C ¢. We may assume in addition that both r, o and ¢ are intervals

over M (i.e., types in the language {<}). Finally, we may assume that B = {5}

We will show:

© Forallo € M largeenough, thereissome 0 < ¢, € M such thatforallk,/ < n,

€0 < Gk (d,l;,o) — fi(a,o).

Once © is established, let o be large enough so that it has such an ¢,, o satisfies
qo (x,,) and for every k < n, f4(a,o).gk (d,E,o) E r.o(xq) (so also every
element between f and gi). Suppose / < n is such that f,(a,o) is maximal
and k < n is such that g (d, b, 0) is minimal. For i < n, let ¢; € M be such that
a, < ciandc;—a,, < &,- (0”1) / (I + 2) (these exist since the r;’s are dense), and let
a < ag € M besuchthatay —a < e,/ (I +2). Letd = ao+2§:0 (cifo™) e M.
Then f;(@.0) < d andd — f;(d.0) = (g — a) + Y1, (¢i — ay,) [0 < &,. S0
d< gi (&,5,0), and so (0,d) = po.

So. we only need to show ©. Itisenough to show thatforeach k, ! < n, for all large
enough o, there is some 0 < €,,; € M such that e, ;; < gx (6,5,0) — fi1(a.o).
Suppose k > [. In that case,

8k (67,13,0) — f1(a@.o) = b /0" >0
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(since the types r; are positive). Suppose k < /. So.

i
8k (ﬁ,l_),o) — fi(a,o) = (b — ark)/0k+l _ < Z an/oz’ﬂ) _

i=k+1

Since ry is dense, there is some 0 < € € M such that e < by — a,,. Also. there are
some a; € M such that a,, < a. The difference above is greater than:

/

g/ok ! — Z al/o™ e M,
i=k+1

and for o large enough this number is positive, so let it be €, 4 ;. o

Note that for 7 # i, p; U pw is inconsistent. Also, since r,, 7. + 1.7, +2.... are
all dense types, | Sdense (M)| > Ry, so the number of positive dense types over M is
equal to the number of all dense types over M. Together, we are done. -

We conclude:

COROLLARY 4.44. RCF has large directionality. In addition, RCF does not have the
multiple order property but for every A > R, with cof (ded 1) > w,

sup {[uf (p)| | M |= RCF. p € S, (M). |M| = 1} > (ded )"

Proor. We will use results from Section 6.
By Theorem 6.2, we know that:

sup{[uf (p)|| p € 2 (M).[M| =7} = sup {[Sqense (M)|” [ |M] =2}
On the other hand, Corollary 6.12 says that:
sup {Saense (M)[” | |M| = 4} = sup { (29) " | < Jcof () = u }.

so this already implies that RCF is large (by Fact 6.4, the right hand side is > ded 4).
Corollary 6.14 says that for any cardinal A, if cof (ded 1) > Ry, then

sup { (NM)”’ | i < A, cof (i) = ﬂ} — (ded 2)° .

Together we are done. -

REMARK 4.45. For an easy proof that RCF is large, using the same notation from
the proof of Theorem 4.42, for every bounded cut I C M, define:

Pr (Xo. Xa) =1 (Xa) U q (x0) U{a+a/x, < Xa <o +b/x,|aclb¢l}.

Marcus Tressl has pointed out the type tp (o, w) to us as a type with infinitely
many coheirs. We thank him for that. This proof that the theory is large is ours.

4.3.5. Valued fields. We can combine the techniques of Theorem 4.44 and
Example 4.31 in order to prove a similar result for valued fields.

DEFINITION 4.46. The language L of valued fields is the following. It is a 3-sorted
language, one sort for the base field K equipped with the ring language {0.1,+, -},
another for the valuation group T equipped with the ordered abelian groups language
Lr = {0, +, <}, and another for the residue field k equipped with the ring language Ly
We also have the valuation map v : K* — T and an angular component map
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ac : K — k. Recall that an angular component is a function that satisfies ac (0) = 0
and ac | K* : K* — k> is a homomorphism such that if v (x) = 0 then ac (x) is
the residue of x.

For more on valued fields with angular component, see e.g., [3. 15]. which also
gives us the following fact:

Fact 4.47. [15. Theorem 4.1] The theory of any Henselian valued field of charac-
teristic (0,0) in the language L has elimination of field quantifiers: every formula
o (XK. X, xr) (where xg. xi and xr are tuples of variables in the base field,
the residue field and the valuation group respectively) is equivalent to a Boolean
combination of formulas of the form ¢ (ac (fo(xk)),....ac (fu—1(xk)).xr) and
7 (w(go(xk)).....v(gm_1 (xk)),xr), where @ is a formula in Ly, y is a formula in
Ly and g; and f'; are polynomials over the integers.

THEOREM 4.48. Let T = Th (K, T, k) be any theory of valued fields in L which
eliminates field quantifiers. Then T has large directionality.

PrOOF. Let My = (Ko.To. ko) E T be a countable model such that I'y contains
a copy of the rationals {y,|¢ € Q} with the usual order and group structure, so
70 = Or (by compactness. one only needs to embed a copy of a finitely generated
subgroup of (Q, +, <) in a model of 7', but any such subgroup is contained in a
subgroup generated by one element, which is isomorphic to (Z, +. <)).

Let S be the tree 2=® and let Sy C S be 2<?, so0 S is countable.

Let X (x, | s € So) be the following set of formulas with variables in the field sort
(over My):

{v(xs = x1) = Viev(sar) | 8.1 € S0, s At < st} U{v(xg —x) > Viev(s) | 5.1 € So. sgt}.

Then X is consistent with Mj: to realize £ | 2<", choose a; € Ky with v (a;) = y;
and let x, = EKIW(S) s(i)a; for s € 2<". Let M = (K,,T'1.k;) be a countable
model containing M, and some {a, | s € Sp } realizing X.

For each 5 € S with domain w (this is a branch of S). let p, (x) be the following
type in the valued field sort:

{'U (x - as) > Vlev(s) |S < ’7} .
It is consistent since any finite subset if realized by «a, for any 7 < 7 large enough.

If 1 # 2 then p,, U p,, is inconsistent:

Suppose s = y1 Ay and s < t < 1. s < t' < . If p,, is consistent
with v (X — @) > Jiey(s). then there is some a such that v (¢ — a;) > iy and
v(a —ap) > Pevrry. SO (a; — ap) > Min {Piev(rr). Vevr) J- bUt 1 At' = s < t.1" and
S0 v (a; — @) = Yiev(s)- This is a contradiction Since Yiey(r)- Viev(r') > Viev(s)-

Let Q be the algebraic closure (as a valued field) of the monster model € of
M. let M = (15 1,1"_1,k_1) be the algebraic closure of M as a valued field in Q.

Since M is countable. there is some branch # € S such that Py 1s not realized
in M. Then, for every polynomial f (x) over K; and every s < # large enough,

py = ac (f(x)) =ac(f (as)) ANv(f (x)) = v (f (as)) (decompose f into linear

factors ] (x — b;). For every large enough s. v (b; — ay) < yiey(s) for all i, and so if

d | pyin €, then ac (f (d)) = ac (f (as)) (because res (_ﬁ(i))) = 1—we do not

assume that ac extends to M) and v (f (d)) = v (f (ay))). Since field quantifiers
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are eliminated in 7", this implies that p, is a complete type. Moreover, we have the
following claim:

CLAaM. For any type r(y) € S (M) such that y is a tuple of variables in the
valuation group sort, p, and q are weakly orthogonal, meaning that p, (x) U r (y)
implies a complete type over M.

ProoOF. By elimination of field quantifiers, we need only to determine whether

2 (v (g (x)).- v (gm-1(x)).y)

isin p, (x) Ug (y) for any formula x in L over M and polynomials g; over M. By
the remark above, p, = v (g; (x)) = v (g (ay)) for any s < 5 large enough and all
i<m.Sop,Urkyiffr =y (v(go(as)).....v(gm-1(as)).y). .

Letr (y) € S (M) be a type in the valuation group sort which is finitely satisfiable
in {y,|¢ € Q} and contains {y > y, |¢ € Q}. By the claim, r and p, are weakly
orthogonal. Fix some d |= p, in €. For each bounded cut 7 C Q. let p; (x. y) be
the following type:

py(X)Ur(U{y+y <vx—d)<y+yylgel g ¢1}.

Then p; (x. y) is finitely satisfiable in M:

Suppose we are given finite subsets po C p, and rg C r. Iy C I and IO’ C Q\7. Let
g = max Iy and ¢’ = min ;. Note that there is some s < # such that forany a € K.
if v (a — a5) > Yiev(s) then a = po. Let go € Q be larger than lev (s). larger than
lev (s) — ¢ and such that y,, = ro. Let ¢” € Q be in the interval (g9 + ¢.q0 + ¢’)
and let b € K be such that v (b) = y,». Let s < t < 7 be such that lev (#) > ¢ and
leta = a,+ b € K;. Then po (a) U rg (4 ) holds, and in addition,

via—d)=v(a,—d+b)=v(b)=y,.

Moreover,
Yoo T V4 = Vaora < Vg < Vaorq' = Vg0 + Vg
Obviously, for different cuts 7 and J. the types p; and p; contradict each other.
Together this shows that, letting p (x, y) be the complete type determined by
Py (X)Ur (), [ufa (p)] > 2%, where A = {¢ (x. y:29.21.22)} and:

o(x.yizo.z1, )=y +z1<v(x—z0) <y+ 2.

So T is large as promised. =

There are other languages of valued fields in addition to the one in Definition
4.46 that would make the proof above work. The only requirements are that we
can construct the tree S inside the field, that I' is a sort, and that field quantifiers
are eliminated. This can be done in the theory of the p-adics. when we add to the
language ac, for n < w as in [16], and also in ACVF—algebraically closed valued
fields (where there is quantifier elimination in any reasonable language. and in fact
there is no need for ac).

COROLLARY 4.50. The theory of any Henselian valued field of characteristic (0, 0)
(in the language described in Definition 4.46), ACVF (in any characteristic and any
reasonable language with quantifier elimination and a sort for the valuation group).
and the theory of Q,, (in the language of Pas with ac,) are large.
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85. Splintering. This part of the paper is motivated by the work of Rami
Grossberg, Andrés Villaveces and Monica VanDieren. In their paper [7] they study
Shelah’s Generic pair conjecture (which is now a theorem— [22,23.25]). and in
their analysis they came up with the notion of splintering, a variant of splitting.

DErINITION 5.1. Let p € S(€). Say that p splinters over M if there is some
o € Aut (€) such that

(1) a(p) # p-

(2) o (plu) = plu.

(3) o (M) = M setwise.

REMARK 5.2. [due to Martin Hils] Splitting implies splintering, and if T is stable,
then they are equal.

PROOF. Suppose p € S (€) does not split over M, then, by stability, it is definable
over M, and p is the unique nonforking extension of p|ys. Then for any o € Aut (€),
o (p)is the unique nonforking extension of ¢ (p|ar). Soif o (p|y) = p|m. thismeans
that o (p) = p so p does not splinter over M. -

CrLam 5.3. OQutside of the stable context, splitting # splintering.

ProOOF. Let T be the theory of random graphs in the language {I}. Let M =T
be countable, and let ¢ # b € M with an automorphism ¢ € Aut (M) taking «
tob. Let p(x) € S(C) say that x I ¢ foreveryc € M andif ¢ ¢ M then x I ¢
if and only if ¢ is connected ¢ and not connected to ». Obviously, p does not split
over M. However, let ¢’ € Aut (€) be an extension of ¢. Let ¢ € € be such that ¢ is
connected to @ butnottobh. Thenx I ¢ € pbutx I ¢ ¢ o' (p). =

However,

Cram 54. If T = Th (Q, <), then splitting equals splintering.

PrOOF. Observe that by quantifier elimination every complete type r (x; |i € T)
over a set A is determined by tp ({x; |i € I') /0) U J{tp (x;/A4)|i € I }. Assume
q (x;|i € I')is a global type that splinters but does not split over a model M. Then
it follows that for some i € I, ¢ [ x; splinters, so we may assume |/| = 1. Suppose
o € Aut(€) is such that ¢ (M) = M, o (¢|m) = ¢|m. and o (¢) # g. Note that
c(¢®) =0 (¢)“). so by Fact 4.10, ¢ () |m # ¢ . We get a contradiction
by quantifier elimination again. -

We shall now generalize Claim 5.3 to every theory with the independence property.
In fact, to any theory with large or medium directionality.

THEOREM 5.5. Suppose T has medium or large directionality then splitting #+
splintering.

ProOF. We know that there is some p and A such that uf, (p) is infinite. Let us
use Construction 4.5: B

We may find a saturated model N = (Né, No. My. Qy. fo) of Th (M™*) of size

. where 1 is big enough. Then there is ¢ # d € Qy such that tp (¢/0) = tp (d/0)
in the extended language (with symbols for Ny. My. Qp and fy). So there is an
automorphism ¢ of this structure (in particular of Nj) such that o (¢) = d. By
definition, o (Ny) = Ny and o (My) = My. So tp (¢/Ny) is finitely satisfiable in M
and hence does not split over Mj. But it splinters since o (tp (¢/My)) = tp (d/My) =
tp (¢/Mp) but g (tp (¢/No)) = tp (d/No) # tp (¢/No) as witnessed by .
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If there are no saturated models, we can take a big enough special model (see [8.
Theorem 10.4.4]).

Note that we may also find an example of a type p € S (M) with a splin-
tering, nonsplitting, global extension, with |M| = |T'|: consider the structure
(N§. No. My.0.c.d). and find an elementary substructure of size |T'|. -

DEFINITION 5.6. Let T be a complete theory. We say that (M, p,p (x:y) . A1, A2)
is an sp-example for T' when:

e M E T; A1, A2 C M are nonempty and disjoint; p = p(x) is a com-
plete type over M. finitely satisfiable in A;; Th(M,. A1) = Th(M,.A,)
(see Definition 4.16); For each pair of finite sets si C A and sy C A,
M 3y (Ayes, 2 (@.3) A Npes, ~0 (b 7).

PrROPOSITION 5.7. T has an sp-example if and only if there is a finitely satisfiable
type over a model which splinters over it (in particular, splitting is different than
splitting).

PRrOOF. Suppose (M. p.p (x,y), A1, A2) is an sp-example for 7. Let M’ be the
structure (M, 4. A>) (in the language L, U{P;. P»}, where P;. P, are predicates).
Assume |T| < 4 = p~*, and let N’ = (N,.Bi.B>) be a saturated extension
of M’ of size u where N = N’ | L and ¢ = ¢" is as in Remark 4.17. Since
(Ny. B1) = (Ny. By). there is an automorphism ¢ of Ny, such that ¢ takes B; to B,
and so o (¢) = ¢. Let ¢’ be a global extension of ¢, finitely satisfiable in B; and ¢’
a global extension of .

So ¢’ does not split over N, but it splinters:

Considerthetype {¢ (a.y) |a € B }U{—¢ (b.y) |b € B, }.Itis finitely satisfiable
in N by choice of . Let ¢ € € satisfy this type. Then ¢ (x,¢) € ¢’ but ¢ (x,¢) ¢
a (q') (because g (¢’) is finitely satisfiable in B,).

If we do not assume the existence of such a u, we can use special models.

Now suppose that splitting is different than splintering, as witnessed by some
global type p that splinters over a model M but is finitely satisfiable in it.
Then there is some automorphism ¢ of € that witnesses it. There is a for-
mula ¢ (x,y) and ¢ € € such that ¢ (x,a) € p.—p(x.a) € o(p). Let
By = {meM|p(m.a)N—p (moco~'(a))}. B, = o (B). It is easy to check
that (M. p, . B, By) is an sp-example 5

The following theorem answers the natural question:

THEOREM 5.8. There is a theory with small directionality in which, splitting #
splintering.

PrOOF. Let L = {R} where R is a ternary relation symbol. Let M, = (Q. <)
and define R (x,y,z) by x < y < zorz < y < x, i.e, y is between x and z. Let
T =Th(M,|L).

Cram. T has small directionality.

ProoOF. Suppose M = T. Let (a,b) denote {c | R (a.c.b) }.

Then, for any choice of a pair of distinct elements a, b there is a unique enrichment
of M to a model M’ of Th (Q. <) such that R is defined as above and a < b:

For w # z, w < z if and only if

(a.b)N(a,z) # 0 and ((a,w) C (a.z) or (a,w) N (a,z) = 0) or

(a.b)N (a,z) =@ and (z,b) C (w.b).
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From this observation, it follows that there is a unique completion of any type
peS(M)toatype p’ € S(M’). Soif Ais a finite set of L formulas and uf (p) is
infinite, then ufy, (p’) is also infinite—contradiction to Example 4.26. =

Cram. T has an sp-example

PrOOF. Let M = My | L. Let p(x) = tp(n/M). Let A} = {x €Q|x > =}
and A, = Q\A4;. and let o (x:y1.y2) = R(y1,x,y2). We claim that
(M, p,o (x,y1,y2) . A1, Az) is an sp-example:

First, let M’ be the reduct of (QU {n}, <) to L. There is some g € Aut (M’ /=)
such that ¢ (4;) = A,. Hence, (M), A1) = (M,, A>). Also, since tp (n/My) (in
{<}) is finitely satisfiable in both 4, and 4, (by quantifier elimination), p is finitely
satisfiable in both A; and 4,. Finally, for finite s; C 4, and s» C 4,, there exists
c1.¢2 € Qsuch that R (¢, a,¢;) foralla € sy and =R (¢1,b. ¢;) forall b € 5. a

86. Appendix: Dense types in RCF.

DEFINITION 6.1. For M |= RCF , let Sqense (M) be the set of dense complete types
over M (see Definition 4.35).

Here we will prove the following theorem:
THEOREM 6.2. ded A = sup {|Sqense (M)|| M = RCFE.|M| = 1}.
For the proof we will need some definitions and facts:

DEFINITION 6.3. (1) By atree we mean a partial order (T. <) such that for every
a €T.Tey ={xeT|x<a}liswell ordered. For a € T, the order type of
T, is a’s level. By a branch in T we mean a maximally linearly ordered subset
of T. Its length is its order type.

(2) For two cardinals /. and u. let %)= be:

sup {k | there is some tree T with ). many nodes and & branches of length u } .

Fact 6.4. (See [2, Theorem 2.1(a)]) The following cardinalities are the same:

(1) dedA.
(2) supik| thereis aregular w and a tree T with k branches of length y and | T| < 1}.
(3) sup {AWw | u < Ais regular}.

It is somewhat easier to consider trees, which are sub-trees of 4<“ (with the
usual “first-segment” order) for some A, u. Given any tree 7', and any cardinal u.
suppose we are interested in computing the number of branches of length u. For
this we may assume that the level of each element in 7 is < . Suppose |T| = 4,
so we may assume that its universe is 4. Let 77 be {T<,|a € T }. This is easily
seen to be a tree with the inclusion ordering, and moreover it is isomorphic to a
complete sub-tree 7" of A<# (in the sense thatif » € T” and v is an initial segment
of #, then v € T"): if lev(a) = a. map T, to n : a — A, where 5 (f8) is the
p’th element in T,. If B C T is a branch of length u. let B’ = {T.,|a € B}.
Then B’ is also a branch of length u, and in addition if B; # B, are branches
of T, then B] # B} in T’. This shows that 7" (so also 7") has at least as many
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branches as 7', and so in calculating ded 4 we can add to our list of cardinalities from
Fact 6.4:

(4) sup { x| there is a regular x and a tree T C A<* with x branches of length u
and |T| < 4}
Theorem 6.2 follows from:

PROPOSITION 6.5. For every tree T C A< of size A, there is a model M = RCF
of size A such that |Sgense (M)| is at least the number of branches in T of length u.

PrOOF. We may assume that 4 < A. Fori < u,let T; = T N i/l, Tei =T N,
By induction on i < u we construct a sequence of models M = (M; |i < u) and
(ay.by |n € T<;) such that:

M is an <-increasing continuous sequence of models of RCF: for all € T,
ay.by € Mygyi1: ay < by by —ay, < cforall0 < c € My: If « < f < 4and
n~—~{a).n ~(B) €T thenb, (4, < a,(p:Forv<mn a <a, <b, <b,.

The construction:

Let M, be any model of size 4.

For i limit, let M; = {J,_; M; (there are no new (ay;.b,)’s).

Fori = j + 1 for j a successor, let M; be a model of size A containing M; and
an increasing sequence (¢, | < 4) such that 0 < ¢, < d forall 0 < d € M;. For
neTi_1.ifn ~ (o) e T.leta, (o = ay+croand b, 4y = a, + 2041 (note that
by~(ay < by).

Fori = j+ 1 for j limit (or j = 0), let M; be model of size 4 containing M; and
ay. by, forn € T;, where ayj» < a, < by, < by forall j* < j (so for j = 0 this just
means a(y < byy) and b, —a, < d foralld € M;.

Finally, we let M = UKﬂ M;. For each branch n € “1 of T. let p, =
{ayi < x <by;i|i<pu}. This is easily seen to be a dense type. Also, it is very
easy to see that p, # p, forn #n'. B

REMARK 6.6. Note that this proof only used the fact that the order is dense, and so
this holds in any densely ordered abelian group.

Next we will show that Proposition 6.5 is “as good as it gets”.

ProposITION 6.7. If M = RCF, |M| = A and u = cof (M.<). then
|Sdense (M)| < i(,u)“_.

ProOF. We shall construct a tree of size 4 with |Sqense (M )| branches of length x.

Let (d;|i<u) be an increasing cofinal sequence of positive elements in
M. Let <* be a well ordering on M?. We define a sequence of pairs
((aip.bip)|i < pt.p € Sdense (M) ) by induction on 7 < u such that:

(aip.bip) € M?*is the <*-first pair such that p (x) |= a;, < x < b . bip—ai, <
1/dl and fij <1, ajp < dijp, biip < bj,p~

Claim *. (a; . b; ) exist for all p € Sgense (M) and i < p.

ProoF. Fix some p € Sgense (M). Suppose i < p is the first such that (a; . b; )
do not exist. For j < i,let 0 < ¢; € M be such that p (x) = x +¢; < b;, and
p(x) = a;p+c; < x (exists since p is dense, since otherwise it would be definable).
Since the cofinality of M is u, there must be some ¢ € M such that e > d; and
e > 1/c; forall j < i.Since p is dense there must be some a.b € M such that
p(x)Fa<x<bandb—a<1/e. Bychoiceofeforall j<i.a;,<a.b<bj,
andb —a < 1/d,. =
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Fori < u, let:
T; = {77 i M? | 3p € Sdense (M) V) <i [’7 ()= (aj-,mb./‘-,pﬂ }

Claim **. Ifn € T; thenn | j € T; forall j < i.
Claim ***|T;| < A
ProoF. By Claim *, if # € T; then it can be extended to some v in Tj,y. So it is

enough to show that |77, | < A. For that it is enough to show that the map 7 — 7 (7)
from T;, to M? is injective. But this follows from definition of (a;. p.bip). a

Let T = Ui<,u
can find a branch 57, : 4 — M? defined by 5 (i) = (a; . b; ). The following claim
finishes the proof:

Claim ****. For py # p2, p, # 1p,-

PROOF. Suppose p; (x) = x < band pr (x) =b < x.andlet 0 < e € M be such

that p; (x) = x +e < band ps(x) E b + e < x (exists since p; and p, are not
definable). For some i < u, d; > 1/e. Then it follows that 5, (i) # #,, (i). —|

COROLLARY 6.12. The following equality holds for all cardinals A > Ny:

T;. Then T a tree, and for each dense type p € Sgense (M). We

w
sup {|Sdense (M)”|| M = RCF. [M| =1} = sup{(/lmtr) |u < A.cof (u) = u }

Proor. The inequality < follows immediately from Proposition 6.7. For > we
will show that for every regular 4 < 4. (A%)«)” < sup {|Sdense (M)”| || M| =2}

Suppose 4w is attained, i.e., there is a tree of size A with A{*)« branches of length
4. Then by Proposition 6.5, for some model M |= RCF of size . |Sqense (M)| >
2 so in that case we are done.

Suppose 4“)v is not attained. In that case cof (A%)«) > 7. Indeed. if not. then
e = U<, oi for some cardinals ¢; < 2. For each i < A, there is a tree T}
of size A with more than ¢; branches of length x. Let 7' be the disjoint union of
T; for i < 2. Then T is a tree of size A, with at least A¢*)« branches of length u —
contradiction. In particular, cof (2*v) > w, so every function f : @ — A%u is
bounded, and hence:

(ﬂ”)tr) = sup {fc“’ ‘ K< A } .

So it is enough to show that for each k < M there is a model M of size / with
more than x dense types. which follows from Proposition 6.5. -

EXAMPLE 6.13. In[4, Section 6] it is shown that it is consistent with ZFC that there
is an uncountable cardinal 1 such that:

(1) cof (ded A) = cof (1) = Ny, so (ded 1)” > ded /.
(2) For all regular cardinals u < A, * < ded 4.

So in this case,

sup { (/l<”>1r)w | < 2, cof (1) = ,u} = ded /.

However,
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COROLLARY 6.14. For any cardinal 7, if cof (ded 1) > Ry, then
sup { (M“) | u < J.cof (u) = ,u} = (ded 2)”.

Proor. <is clear. For >, we use a similar argument as in the proof of Corollary
6.12. Since (ded 1)” = |J{x® |k < ded 1}, we only have to show that every x <
ded /. k < A% for some regular x4 < /. But that already follows from Fact 6.4. -
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