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Abstract: Here we correct and improve a theoren: of G.E.Reyes (in this journal) which gener-
alizes a resnlt of Chang and Makkai, on weak definaoility.

In Reyes [6], Theorem 3.2.1. p. 132 the following error occurs:
in (i), and (ii) 2* should be repl: ced by 2*, and the sequence of models
(%gng))f&i};)a,pefz is defined »nly for & < «, for if k < a < u may be
212l > u, and so he gets a mode. of cardinality > p.

We shall show that a stronger ilicorem follows, and that this theorem
is the besi possible.

Let L be a (first-order) language, L(P) — a language obtained from L
by adding a new predicate P. T will be a fixed theory in L, LIP)C L,.
Let | Ly] be the number of formulas of L;. We say an L(P)-model is a
model of T if it is a reduct of a model of 7. T, L, L(P), L will be fixed.
Let

Definition 1. (1) Df()\) is the first cardinal u such that for every L-model
B of cardinaliry A

{P (B,P)isamodelof TH< .
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(2) Df;(7) is the first cardinal p such that for every L(P)-model”(‘B,P)
of T of cardinality A

H{P: (B, P)=(B,P}H<p.

Remark. Clearly for every A, Df(\) 2 Df; (\); and we can restrict the
definition to A 2 | L | (and we shall assume it implicitly).

Definition 2. Ded(]) is the first carinal u, such that there is no ordered
set /; with a dense subsetJ, |J{| = u, 1JI =\ (Where |4] is the cardi-
nality of A.)

Definition 3. Ded, (A) is the first cardinal u such that there is no
ordered set J; with a dense subset J, [ J;1 2 p, |JI £ X which satisfy:
for every s € J;, s € J there are in Jsk k < K, 53 5 < K, such that:

(1)  k<2=sk<sf<s<sp<sy
(2) foreveryteJ,t#s

either for some &, t < s¥; or for some €, 59 < ¢
3 Ky tKy =K.

Remark. By Theorem 1 we can replace (3) by k; = k, = K, as the number
of s € J;, for which k; # K, is <A (as s is the last or first element in

every high enough member of the branch A, defined in the »roof of th.1.)
Clearly k < A, otherwise Ded, (A) = 0.

Definition 4. Ded*(\) = 2J ., Ded, (\)

Clearly A < Ded*(A) < Ded) < (2M*. (Let k = inf{k: 2* > Xk},
and J, be the set of sequences of ones and zeroes of length «, ordered
lexicographically. Then clear’ y A < 2% < Ded*(A).) If u = Ded*(A) <
Ded(} " then u* = Ded()), and the cofinality of u, cf(u) is < | e, where
A= R,. It is known that ZFC + [Ded(X ) < (281)*7 is consistent. See
Baumgartner [1, 2], Mitchell [ 5].
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Theorem 1. The following conditions are equivalent (in Reyes [6], their
negations appear)
(i) there is N2 |L,| such that Df(\) > \*
(ii) for every A2 |L,1, Df; (A) = Ded*(A) (hence Df()\) >2Ah)
(iii) there are no formulas 0 (X,¥) i =1, ..., n such that

n
TH i-\*!l @ANVX)P() = 0,(X, V)] .

Remark. If in L the equality sign appears, and every model of T has at
least two elements, then we can replace (iii) by

(ili)* there is no O(X, ¥) such that T | (3P} VX (P(X) = 0(X, ).

For clearly (iii) implies (ii1)*, and if (iii) does not hold, then

n
(X, ¥, 20, o0y Z3,) = ,/"1 {2;_1=29; ~ 0;(X, )]
l'—:

show that (iii)* does not hold.
Remark. Makkai [4] proved if (iii), A* =2 > | L, | then Df; A\") = 22y

Chang [3] proved this and, in addition, that (iii), p < A = 2# < A and
A > {L,| implies Df; (A) = (22)*. Reyes [5] proved, in iact, that if A =

EK iL,| 2%, and (iii) then Df{ (A) > 2lLs!, Of course it is trivial that

(i) -~ (i) - (iii).

Theorem 1 cannot be improved as shown by

Theorem 2. (1) There exist a language L, and a finite theory T in L(P)
such that for T for every X, Df(X) = Ded(\), Df; (A) = Ded*().

(2) There exist languages L C L(P) C Lyand a finite theory Tin Ly,
such that for T~ for evary X, Df(A) = Df; (A) = Ded*(0).

Proof of Theorem 2. We shall only give T for 2.1. The construction of
the other example is similar; and the proofs depend on *he remark to
Definition 3, and the definition itself.

Let L contain the equality sign and the predicate x < y;and Pbe a
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one place predicate. Now T will be the theory of order with that axiom
that P is a head. That is

T={(Vxyz)x<yAny<x-—-+x<2),
Wxy)x<yvy<xvx=y), (¥x)(x < x),
(Vx3)x < y A P(y) > P(x)]}

Remark. So in the case L; = L(P), and when (IN)[Ded*(A) < Ded(A)],
and (iii), we do not know whether (VA)[Df(A) = Ded(A)] can be proved.
Naturally arise the conjecture:

Conjecture. If for at least one A, Df(A) > Ded(A) then for ev.ry u,
Df; (1) = (2#)*.

As we have already mentioned, by Mitchell [5], Ded(8,) < (2¥1)*
is consistent with ZFC, hence the conjecture is not meaningless. There
is a correspon-ing syntactical condition; which implies that for every
u. Dfy (u) = (?*)*. But the condition is not elegant, and there is no
proof of the other part. A similar weal er theorem is Shelah {7] Tkeo-
rem 4.3.

Proof of Theorem 1. As has been mentioned, (ii) - (i) - (iii) is trivial
So we should prove only (iii) = (ii). Hence suppose (iii) holds. So let
A2 |Lyl, u< Ded*(\). We should prove only that Df; (A) > u. So we
should prove only that for some model (8,P) of T

HP': (B,P)= (B, 2 4.

Clearly without loss of generality we can assume T is complete. For
simplicity we assume cf(u) > \. (See remark at the end.)

The pair (1, <) is a tree if < is a well-ordering of /, which can be a
partial order. For any s € I, the level of s, &(s), is the order type of
{t€ I:t<s} which is an ordinal. Let /= {s€ I: 2(s) = a}. A branch
B of I is a maximal totally ordered subset of 7; its level, £(B), is its
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order type, and Br,(/) = { B: B a branch, 2(B) = a}.
Now we shall prove that there is a tree (/, <) and ordinal @y <A
such that:

(A) IS, and |1%=1,

(B) forevery s€l, ¢s)<aqq,

(C) forevery se€lf, |{teF*l:s< 11 £2,

(D) for every s€ I except one lireftl.s< =1,

(E) if{te/:t<s}={rel:t<s,}and (s;) is a limit
ordinal, then s; =s,.

(F) 1B, (D12 p.

It suffices to find a tree satisfying A, B, C, E, F, as from it we can
easily build a tree satisfying all the properties. This is the bisection tree.

By definition there is an orderec setJ;, | J; | = u, with a dense
subset J, 1J1 = X\; and their order is <. We can assume J, J; are dense.
LetJ; = {2;: kK <A}

Let us define by induction on a < A a family K, of subsets of Jy,
such that foreach4 € K,;a, b€ 4, a<c<b=cEA.

(1) LetKy={J;}.

(2) Suppose K, is defined. For every 4 € K, 141 > 1, we define a,
as the first a; € A N J that is not the first or last in 4 N J (that is, with
the smallest index k). We define

Fl(4)={a€J:a€4,a<a,},

F*(4)={a€J,:a€ A ay <a},
and
Koy = FLA) A€ K, 141> 1) U (F3(4): A€ K1 41> 1},

(3) Suppose K, is defined for every a < §, where & is a limit ordinal.
Then

Ky={ N Ay A, €Kpa<B=A,C A1 N Agl> 15
a<s§ a<é
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Now on K = Uy, K, we define an order < : 4 < B iff B C A. Clearly
(K, <)isatree, and 4 € K, ifT it is in the a-th level. It is also clear that
the tree satisfies conditions A, C, E. Clearly, if s € /{, s ¢ J then
A = {A € K: 5 € A} is a branch of the tree, and every branch of the
tree is of level < X; hence p < [ J;1 < | Upge, Bry (K) = anlBra(K)i .
As cf(p) > A, for some ¢y < A |Br,, (K > p. Now for / =Ua<aa Ko»

(I, <) is the required tree. :

Now after we have the tree (J, <), we shall describe shortly the con-
struction, which is like Reyes’s construction. For simplicity we assume
L(P) = L. We shall define by induction on a the following: a model
B, relations Py for s € I%, and isomorphisms f; , fors, t € 1 @ such that:

(1) If s € 19, then (B, P,) is any model of 7, of cardinality A.

(2) If s < t, t € IU)*1 then (By,), P,) is an elementary submodel of
(Bg(s)> P,), and their cardinalities are .

VIt t, €I 5€]% 5<ty,s<t, t{# 1 thenP, # P, .

(4) If a = 2(s) is a limit ordinal, then (B, P) is the union of
{(Bg, P): (=<, t<s}

(5) If 5, t € I®, then f; , is an automorphism between (B, Ps) and
(By, Fp). Ufs=1¢, f; , is the identity.)

(6)Ifs, te % s, t, €%l §<sy, t <1y, then the reduction of
Sspt, 10 By isf ;.

(N If s, t € I8, 6 alimit ordinal, then f; , is the union of
Uipto: < 8,55 <5, tg < 15 Sg tg € 1%},

The definition is straightforward, with the use of the Robinson
Theorem in the case a + 1. (Only here (iii) is used.)

Now if ¥ is the union of { B4: « < ag} and forany B € Bry (1)
we define Py = U,gp P,, then the cardinality of B is A, and for any
Bl = Bl'ao(n

{P':(B,P")=(B,Ps,)} D {Pp: BE Brg (N},
hence

1P (B,P) = (B,P)iiZn.

‘So the theorem is proved.
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Remark. If cf(u) < A, then we will have < A trees I, ik <kgSA},
each of them satisfying (A)—(E) with «, instead of a, and cf(e; ) =
cf(ag); and Zsg g | Brg, (/x| = p. Then we do a similar construction
using all the trees together. (We use that u < Ded*(Q), to insure

cf(ay ) = cf(ag).) (Here is the only place where 4 < L «d*(\) and not

1 < Ded(Q) is used.)

Added in proof, 8 December 1970

1) Baumgartner tells me that for very A, Ded(}\*) = Ded“‘(k*), and the consistency of ZFC im-
plies the consistency of ZFC + [Ded* Ny <Ded Ny for limit cardinal Rg, < 280, The proof
is by the construction of Easton [8] for singular 8¢, and by Baumgartner {2] for regular
N So by 2.1 it is possible that Df(A) # Dfy (A) for some A

2) Theorem 2.2. can be improved to T C L(P), L, = L(P).

Conjecture. If for one A Df{A) > Ded*(A) then for every u Dfy(u) = (219",
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