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A note on k-freeness of abelian groups

Introduction: Lately Foreman proved that the assertion (*), below
follows from some axioms (speaking on the N,, seemingly of consistency
strength like the determinancy axioms), and {*), consistent if some large

cardinal axioms {~ there is a huge cardinal) are consistent.

{*), every 8, free abelian group of power 8, is the union N, free sub-

groups.
Let in this note a group mean an abelian group.

We consider mainly some variants (which his proofs easily gives); give
some sufficient conditions in ZFC, and find the consistency strength for

n =2 which is Mahlo, and prove the consistency of {*), using super compact

cardinals.
1. Definition : 1) P{Ax)% if G is Afree of power A,
G = |G, |G| <A,G; increasing continuous then {i:G/ G; not x-free} is not
<A
stationary.

2) Let P*(A,k) mean that every A-free group of power A is k-freely

represented ( see 2(4)).

2. Definition : 1) A group G is (u,k)-coverable if we can find Hy(a < u),
free pure subgroups of G, such that: for every 4 € G of power <k, for

some a, A C H,.

2) We define "weakly (u,x)-coverable” similarly if omitting the “pur-

13

ity”.

3) G is {u.x)-freely represented if it has a (u,k) free representation i.e.
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(Gi:i <i(‘)>, G; increasing continuous, Gy = {04, Gy+) = G, and G4,/ G; is -
free of power =< u. {(k-free means: every subgroup of rank < « is free, so &

may be finite).

3. Lemma : If G; is increasing continuous, Gysy = G, Gg = {0}, <A then
G is {u,k)-coverable provided that:

{*) there are sequences <H.i,€ CE< p.> of pure subgroups of G;,; such that
(a) H,  + G;/ G, is a free and a pure subgroup of G;,,/ G;.
€ i (2 141 1
{(b)if 4 € G,]A| < k then for some set S C i(*), and ¢ such that:

(@) AC Y Hgand

ie§
(B) (Vi<j)[i€5nj€S>Hj,n Gy CHy+ Gland
(7)) (Vj € S) (Vi <j)[Hj ¢ N (Gyy—G) # ¢ » 1 € S].

Proof: Define K; ¢ by induction on i < i(*):
Kog =10}, Kse= U K,

1<é

&4‘1,{ is &,f + &,f if fi@,f M G‘i - }C‘:-f’ and Kb.f otherwise.

Easily by (a) of (*) K;(+)¢ is a pure subgroup of G. Now we should prove: for
every A C G, if |A[<«k, then (3¢ < u)A C K¢ Let S.¢ be as in (b) of (*) (for
the set A}. We prove by induction oni € S that:

(i) Hyg N Gy € Ky g
(ii) Hi¢ CKiyy¢

For 1 =0, everything is trivial as G; = {0}; when we arrive to 1, if (i), fail,
choose j <=4 minimal such that H; ¢ ny G; € Kj 4 necessarily j is successor,
so Hy e N {G;—Gj_;) # ¢ so by (*) (b) () (j—1) € S. By the minimality of j,
Hy ¢ N Gj_1 € Kj_¢and as by (B) of (b) Hy ¢ N G(j—1)e1 € Hj_1 ¢+ Gj_4, by the
choice of K ¢ = Kj_1)y1&. H; ¢NG; C K; ¢, contradicting the choice of j. Now

we can prove (ii).
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So {Ky ¢ € < uj exemplify G is (u,k)-coverable.

4. Lemma: If G is (u,k)-freely representable, & > 8y, and P (u) has a

stationary subset S of power u! (see below) then G is (u!,k)-coverable.

Proof: We use Lemma 3.

Let < G;i < i(*)> be a (u,k)-free representation of G, and let L; € G;qq
be such that Gy,; = G; + L;, {I; a pure subgroup of Gi,) and |L;| = u (but
maybe G; Ny L; # {0}]). Let g; be a one-to-one mapping from u onto ;.

Let § = isgé < u'l, be an enumeration of § in increasing order, and H; ¢
be the subgroup of G;4y (of L; in fact) generate by {g;(2):x € s¢}. We can finish
as:

®<Hi,t35 < p.> (i<i(*)) satisfies (*)
(apply second sentence of 5(2)). Remember:
5. Definition : 1) P (A) = {s:s C 4,|s| < «}.

2)S ¢ /9<,C(A) is stationary, if for every < & {finitary) functions from 4

to A, some s € S is closed under all of them.

Note:if B 24,y < k, f; is an n; -place function from B to B for i <7, and
from each a € B,g9, is a one-to-one map from A onto some B, C B, then for

some s € P (B) closed under the f;'s, s A€S and for every
ac€s, s N\ By=1lgalz)zr €(s nA4j).

6. Fact: 1) If x is regular, u = £*™ then P (1) has a stationary subset
of power u.

2) Pee(p) has a stationary set of power p<F.

7. Lemma : If k=< pu, /9“(;1.) has no stationary subset of power u then

0f exist, there is an inner model with a measurable cardinal B, etc.
Proof: By [Sh 3] Ch. X1l

8. Lemma: Suppose ||G|| = A, G has a (u,k)-free representation, & = Ng,
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2# > A. Then G is (u,k)-coverable.

Proof : Let < Gt =< i *)) be a (u,k)-representation of G,
Li Gl il =, Gy =G +L; , I, a pure subgroup of Gy Let
<H.,;?€ £ < y.> be a list of all pure subgroups of L; of finite rank.

let g;:u—-»pu {1 <i(*) be functions such that for every distinct
iy, .. 0p(m <) and €&, ... &, <p for some a<u g (a) =§ for £ =1,m
(exists by Engelking and Karlowiz [EX] as w.l.o.g. [i(*)]| = || G || = 2#.)

lLet Hi?a = 'i?g‘(a)'

Now apply 3 to <<Hi,a:a < ,u,> 1 <i(')>.

9. Lemma : Suppose ||G{] = A< 2", G has a (u,k)-free representation,

K <8y Then G is (u.x)-coverable.

Proof : Like 8 but G;,; = L; and we restrict ourselves to H = Hfé dis-
joint to G; (more exactly, H% n G, = {0}).

We prove by induction on i, that for 4 € G;,|4]| <k, the (*) (b} of
Lemma {3) holds. For 4 =04 limit - no problem. For i+1: let
A =fagl < |A|}, wlo.g. ayg belong to the pure closure of < Gi@g .., Q»Q_1>
iff € =2m. We first define by inductionon € <m, bg € G4, Cg € G;.

(i) tbo+ G;, ... ,bp + G;} is independent, and generates a pure sub-

group of G;,,/ G; (of course by+G; is not torsion).

(ii} ag € <bo, ... bg by, cQ> ¢ (= the subgroup generated by then).

As m =< |4] <k in the £-stage, G¢+1/< Gi g - -, ag_1> is (k—€)-free, so
there is a maximal integer my dividing ag + < G;.bg, . .., bQ_.1>, and let by
be such that ngbp—ay € < Gibg, . .. ,bg_1>, So for some
ngo - Mgg—y i Ggngbgingobg+ -t ngg_1bg y € G, and call it cg.

Now we define form <€ < |4],cg such that

(iti) ag € o . - ., cg)
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Arriving to £, for some my # 0 mgag € < Gy.ag, ... ,ag__1>, hence
mpagtG; € <ao+Gv, o ,ag_1+Gi> C <bO+G-, - ,bm_1+G,;>, but the latter
is pure so or some Ngg, ..., Ng oy, QptG; € <b0+Gi, . ,bm_1+Gi>, so for
somée Mg, Mgy the following equation holds
az-ng’obo—..._',lz,m_lbm ‘i_'ifci € Gi'
Now use then induction hypothesis on {cg,cq, - - §.

10. Fact: If P(A,x), A = u* then every A-free group of power A is (@0}~

represented.

The following is a (strong) converse to 4,8,9 (so under suitable condition

{p,x)-coverable = weakly (u,x)-coverable.)

11. Lemma : 1) Suppose A = u*, |G| = A and G is (u,x)-coverable then
G is (u,x)-freely represented.

2) Then k > ¥y ¢ weakly (u,c)-coverable is enough.

Proof: 1) Let |G| = A& (i.e., the universe = the set of elements of G, is

A), G=uy Hg each Hg is a free pure subgroup of G, and (V
E<u

A CGH|Al <k (3E)A C Hel.

Let G =\ G;, Gy increasing continuous, [|Gl] <A and let S =§ <A
G/ G; is not k-free}, we assume S is stationary and will arrive at contradiction
thus finishing. For i € 5, let I; be a pure subgroup of G of rank < x, such
that L, +G;/ L; not free. Let A; C L; be such that [4;] < x, and L;+G; is the
pure closure of < Gy UA1>‘

So for every i€S for some §(1)<pA; C Heyy So for some
£ 7 =i € 5&(1) = &} is stationary. Let N be an elementary submodel of an
appropriate expansion of G, with universal |G| =71 € T. We shall prove
that: (the pure closure of G;\J4; in G)/ G; = pure closure of (H¢NG;) U4; in
He/ HeN\Gi

This suffices. So it suffices to show.
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ki3
(*)if @y, ...,a, €4, 0<k <w, b €G, b+Ym%a, is divisible by k

i=1

(in G), then we can find such b € H, n G; divisible by k even in H.

Proof of (*): As N is an elementary submodel, b € N as b € G, =1 we
can find ag € He \ N = H;  G; such that b+¥m%ay is divisible by k (in G
and even in G;). Now let b' = 0-Ymfa; € H, n G;, and divisibility is in H,
using: He € G purely.

2) Just take care that 4; = I; , L;,G; + I, and G ; will be pure sub-
groups of G.

We now restrict ourselves for a while to A =8, u =N,
12. Lemma : The following are equivalent.
A) P(NgNy)
B) every Nj-free group of power Njis (8;8;)-coverable.
C) every Ny-free group of power 8, is (8,,2)-coverable.

D)If S € §6:6 <8zcf & =Ny} is stationary. Az € & (is countable for § € S
then there is a stationary 7 CX; and f:7 » S one-to-one such that

f¢ € T4y 5y € U Af(p) is stationary.
{<¢

Proof : (A) => (B) by 10, 4+6(1).
(B) = (C) trivial
(C) = (D). We prove ~(D) = -(C).

Let {44:6 € S} be a counterexample to (D). Let 45 = {asgnn < @}. Let G
be freely generated by z,(n € “>8;), y5,(n < @,6 € S) except the relations
(letting ng = < 50251 " >)

P Ysn+1™ yé,n'—xngfn

(p a fixed prime but you can make it a natural number = 1 depending on

8,n) Tasily G is not (8,2)-freely represented and by 1) we get a contradiction.
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(D) = (A): See [Sh 2] for much more
13 Theorem : {D) is equi consistent with Mahlo.,
Proof : See Harrington Shelah [H Sh].

14. Lemma: We can move the cardinals in 11, e.g. let g =u<®, & > §

then the following are equivalent.
(A)" P(u* k).
(B) every u*-free group of power u* is {u,k)-coverable.
(C)' every ut-free group of power u' is weakly {u,«)-coverable.

(D) for some vregular x,?V <«+¥;, there are a stationary
Scid<urcf §=0], and A45CS6 of order type OxSup 45=34,
As= \UAgi.4s: <Agj fori <j otop (Asq) = X, such that for every i < u* we

i<B
can find pairwise disjoint Bs C As, such that (@<%)@<Xj € 45,)j & Bs (f
x =8, (D} can be replaced by "4 of order type @ , |45—Bs| <8y".

The consistency strength, for u regular is as in 13.

Proof: As in [Sh 2].

However.
15 Observation: Suppose Ag< A, @n)A < A" Ais regular, and

(A) for every x, A<x"=A, every {y¥")-free group of power x* is x-freely
represented (i.e P{x*,x).

(B) every Ag-free group of power Agis {(u,k)-freely represented.

Then every A-free group of cardinality A is (u,k)- freely represented.

Proof: By induction on A. For A = Ag this is (B) for A a successor cardi-
nal use {(A).
Remark. We can phrase similar things for A= Ad% but then for A

singular every A-free group of power A will by free be [Sh 1] so this is not an
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interesting case.
The consistency strength is much higher by Magidor [Ma].

Now by 14 and 15 and known set theory we can get positive results e.g.

(using ¥, for simplicity).

16 Theorem: 1) Suppose 2<n <w and P{8,,18,) holds when
1=m <m. Then every B, -free group of cardinality B, is (8 8;)-freely
represented hence in (8,8,)-coverable.

2) From the consistency of {n—1) supercompact cardinals we can get

n—1
the consistency of /\ P, .1 8,,) and G.CH. [¥; <%, < - <k, are super-
m=1

compact, w.l.o.g. satisfying Laver's conclusion [L], and use Levi collapse to

make kg to Bg (€ = 1,n) and use Baumgartner [B] argument.]

Note

17. Leroma : 1) Let U be an abelian group, and let
F= i(A,B):<A U B> G/<B> ¢ is {u,k)-representedj.

Then (in the context of [Sh 1], §1, or [Sh 2] §1 the following axioms holds)
with x there standing for u here: I, II1, IV, VI, VIL

18. Lemma: 1) If G is {u,x)-coverable then G is {u,x)-represented.
2) If k > 8y weakly (u.x)-coverable suffice.

Proof: We can prove this by induction on [JG||. I ||G]] = u this is
trivial. For || G || > p a singular cardinal use the compactness theorem of [Sh
1] (where Lemma 17 shows the assumption holds. For ]|G]| > u a regular
cardinal repeats the proof of 11.

19 Conclusion: Suppose k >R, and 7 (u) has a stationary subset of
cardinality u.

For any group G, G is (u.x)-represented yf G is (u,x)-coverable if G is

weakly (u,xk)-coverable.
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Proof: The first implies the secod by Lemmma 4, the second implies the
third trivially, the third implies the first by Lemmma 18.
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