
A n o t e  on  ~ - f r e e n e s s  of  abe l i an  g r o u p s  

I n t r o d u c t i o n :  Lately  F o r e m a n  p roved  t h a t  the  a s s e r t i o n  (*)n below 

follows f rom some  ax ioms  (speaking on the  ~n, s e e m i n g l y  of c o n s i s t e n c y  

s t r e n g t h  like t he  d e t e r m i n a n c y  axioms) ,  and  (*)2 c o n s i s t e n t  if s o m e  large  

c a r d i n a l  ax ioms  (~ t h e r e  is a huge  card ina l )  are  cons i s t en t .  

(*)n e v e r y  t~ n free abe l ian  g roup  of power  ttn is t he  un ion  l~ 1 f ree  sub-  

g roups .  

Let  in th i s  n o t e  a g roup  m e a n  an abe l i an  g roup .  

We c o n s i d e r  m a i n l y  s o m e  va r i an t s  (which his proofs  eas i ly  gives); give 

some sufficient conditions in ZFC, and find the consistency strength for 

n=2 which is Mahlo, and prove the consistency of (*)n using super compact 

cardinals. 

1. Definit ion : 1) P(A,~) ~I  if G is A-free of power  A, 

G : C) Gi, 1G~] < A,G~ inc rea s ing  c o n t i n u o u s  t h e n  l i : G / G  i not  ~-free t is no t  
i<A 

s t a t i ona ry .  

2) Let P+(A,m) m e a n  t h a t  every  k-free  g roup  of power  A is m-freely 

r e p r e s e n t e d  ( see 3(4)). 

2. Defini t ion : 1) A g roup  G is (/z,tc)-coverable if we can  find H a ( a  < Ix), 

f ree  p u r e  s u b g r o u p s  of G, s u c h  that :  for e v e r y  A c G of power  < ~, for  

s o m e a ,  A C H a . 

2) We define "weakly (/~,~)-coverable" s imi la r ly  if o m i t t i n g  the  "pur-  

i ty".  

3) G is (/z,~)-freety r e p r e s e n t e d  if it has  a (/~,~) f ree  r e p r e s e n t a t i o n  i.e. 
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< G ~ : i < i ( * ) > ,  G i i n c r e a s i n g  con t i nuous ,  G O = I0 I, Gt(°)= G, and  G~+I/G ~ is ~¢- 

f r ee  of power  --/~. (g-f ree  means :  e v e r y  su b g ro u p  of r a n k  < ~ is f ree ,  so *: 

m a y  be f ini te) .  

3. L e m m a  : If G, is i nc r ea s ing  c o n t i n u o u s ,  G,(.) = G, G o = IO], lz <-- h t hen  

G is ( # , g ) - c o v e r a b l e  p rov ided  tha t :  

(*) there are sequences </-/~,t : ~ </2> of pure subgroups of Gt+, such that 

(a) H~, t + Gi /G~ is a f ree  and  a p u r e  s u b g r o u p  of G i + l / G  i. 

(b) i fA  ~ G, IAJ < ~ t h e n f o r s o m e s e t S ~ i ( * ) ,  a n d  ~ s u c h t h a t :  

(a) A C EH~,~ and 
gEs 

(fl) (Vi < j ) ( [ i  c S A j C S -" Hy,~ C~ G~+I c tt~, t + G~] and  

(7) (v j  • s )  ( w  < j )  [Hj,~ C~ (G~+~-Q) # ¢ ~ ~ • s ] .  

Proof :  Define/Q,~ by i n d u c t i o n  on  i < i (  "5: 

Ko,~ = 10], K,~,~ = ~ ~,~, 

/Q+L~ is/Q,~ + H~,~ if H/,~ C~ G~ C/Q,~, and/Q,~ o therwise .  

Easi ly  by (a) of (*) /Q(.),~ is a p u r e  s u b g r o u p  of G. Now we shou ld  prove:  for  

e v e r y  A C G, if I A I < ~ ,  t h e n  ( ~  </z)A O K ; ,  t. Let  b',~ be as in (b) of (*) (for 

t h e  s e t  A). We prove  by i n d u c t i o n  on i ~ S tha t :  

(ii5 H~,t c &+l,t 

For  i = O, e v e r y t h i n g  is t r iv ia l  as G~ = I0]; when  we a r r ive  to  i ,  if (i), fail, 

c h o o s e  j *: i m i n i m a l  such  t h a t  H.~.ti N Gj ~ Ki,ti, n e c e s s a r i l y  j is su e e e s so r ,  

so H~,¢ N (Gi--Gj-1)  # dp so by ('5 (b) (75 ( j - l )  c S. By t h e  m i n i m a l i t y  of j ,  

H~,~ f'~ Gj_ 1 ~ Kj_I, ~ and  as by (fl) of (b) H~,~ N G0"-I)~I C Hy_l, ~ + Gj_ 1, by t h e  

c h o i c e  of K/, t = KU_I)Lt, H~,~NG i ~ K~.,~, c o n t r a d i c t i n g  t h e  c h o i c e  of j .  Now 

we c a n  p r o v e  (ii). 
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So IKx,~:~ < tz] e x e m p l i f y  G is ( /~ ,~) -coverable .  

4. L e m m a :  If G is ( /~ ,g)- f ree ly  r e p r e s e n t a b l e ,  g > 1~ 0, a n d  p<~(/~) h a s  a 

s t a t i o n a r y  s u b s e t  S of p o w e r / ~ l  ( see  below) then G is ( /~ l ,~ ) -coverab le .  

Proof: We u s e  L e m m a  3. 

Le t  < Gi:i <--i(')> be a (/L,~)-free r e p r e s e n t a t i o n  of G, a n d  l e t  L t C G~+ 1 

be  s u c h  t h a t  G~+ 1 = G~ + L t, (Lt a p u r e  s u b g r o u p  of G~+i) a n d  I A I  = ~ <but 

m a y b e  G~ (3 Lt # |0J) .  Le t  g~ be a o n e - t o - o n e  m a p p i n g  f r o m  ~ o n t o  Lt. 

Le t  S = I s t : ~  < / ~ l  t, be  an  e n u m e r a t i o n  of S in i n c r e a s i n g  o r d e r ,  a n d  ~ , ,  

be  t h e  s u b g r o u p  of  G¢+ 1 (of  L t in  f ac t )  g e n e r a t e  by  Ig~(x):x E s~]. We c a n  f in i sh  

a s :  

® < Hi,t:~ < tz> (i<i(*)) sa t i s f i e s  (*) 

( app ly  s e c o n d  s e n t e n c e  of 5(2)).  R e m e m b e r :  

5. D e f i n i t i o n :  1) p < . ( A )  = l s : s  E A, Is ] < *~t- 

2) S ~ p<x(A)  is s t a t i o n a r y ,  if f o r  e v e r y  < x ( f in i t a ry )  f u n c t i o n s  f r o m  A 

t o  A, s o m e  s ¢ S is c l o s e d  u n d e r  all of t h e m .  

Note: if /9 D A , 7 <  ~, f i  is a n n t - p l a c e  f u n c t i o n  f r o m B  to  B f o r i  < 7 ,  a n d  

f r o m  e a c h  a c B,g a is a o n e - t o - o n e  m a p  f r o m  A o n t o  s o m e  B a c B, t h e n  fo r  

s o m e  s E p<~(B)  c l o s e d  u n d e r  t h e  f i ' s ,  s N A E S a n d  fo r  e v e r y  

a c s ,  s N B~  = t g ~ ( = ) : =  c (s AAt). 

6. F a c t :  1) tf ~ is r e g u l a r ,  /z = ~+n t h e n  p<=(/z) h a s  a s t a t i o n a r y  s u b s e t  

of p o w e r / z .  

2) ]D<~(/z)has  a s t a t i o n a r y  s e t  of power/~<~.  

7. L e m m a  : If *~<--/z, p<~(/~) h a s  no  s t a t i o n a r y  s u b s e t  of p o w e r  /z then 

0 # exis t ,  t h e r e  is a n  i n n e r  m o d e l  wi th  a m e a s u r a b l e  c a r d i n a l  B, e tc .  

Proof: By [Sh 3] Ch. XIII. 

8. I ~ m m a :  S u p p o s e  II GII = A,G h a s  a ( /~,~)-free r e p r e s e n t a t i o n ,  ~ = ~0, 
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2~ >_ A. Then  G is ( /*,~)-coverabte.  

P r o o f  : Let  < G~:i --- i (  *)> be a ( i z ,~ ) - represen ta t ion  of G, 

t4 C Gi+ 1,[L/[ = ~ ,  G~+ i =  G~ +L~ , /~ a pu re  s u b g r o u p  of G~+ t. Let  

< HOE :~ < 1~> be a l ist  of all pure subgroups of L~ of finite rank .  

Let  g t : ;~ - , /~  (i < i ( * )  be f u n c t i o n s  s u c h  t h a t  for eve ry  d i s t i n c t  

i l  . . . . .  i m ( m  < ~0) a n d  ~1 . . . . .  ~m </~  for  s o m e  a < ~  gi~(a) : ~e for  £ : l , m  

(exis ts  by Engelk ing  and  Karlowiz [EK] as w.l.o.g. [i( *)[ ~ II a II <- 2~.) 

Let  H~a = H°m(~t). 

Now apply 3 to  ( <  Hi,a:a </z>:i  < i (*)>.  

9. LeInma : Suppose  II c II = ~, ~ 2~, c has  a (;z,tc)-free r e p r e s e n t a t i o n ,  

< II 0. Then  G is (/z,m)-coverable. 

P r o o f  : Like 8 bu t  G{+ I = L t and  vie r e s t r i c t  ou r se lves  to H = HOt dis- 

jo in t  to G t (more  exac t ly ,  t I ° (  N Gi = Iol)  • 

We prove  by i n d u c t i o n  on i, t h a t  for A ~ G i, IAI < ~, the  (*) (b) of 

L e m m a  (3) holds. For { = 0,i  l imi t  no problem.  For  i + i :  le t  

J = lae :e  < I J  11, w.l.o.g, ae  be long to the  pu re  c losu re  of < G{,a 0 . . . . .  a e _ l >  

iff £ -~ m .  We first define by i n d u c t i o n  on g < m ,  be~ E G~+I, ce. c G{. 

(i) Ib o + G{ . . . . .  be  + G~.I is i n d e p e n d e n t ,  and g e n e r a t e s  a pure  sub-  

g r o u p  of G~,+I/G~ (of c o u r s e  b e + G  { is not tors ion) .  

(ii) a g e  < b o . . . . .  b e - l , b e ,  ce> a ( :  the  s u b g r o u p  g e n e r a t e d  by then) .  

As rr~ _ - ] A I  <;c  in t h e e - s t a g e ,  a { + l / ~ C { , a o  . . . . .  a ~ _ l )  is ( ~ - e ) - f r e e ,  so 

t h e r e  is a m a x i m a l  i n t e g e r  n~ dividing ae. + < G{,bo . . . . .  be_~>, and let  b~ 

be s u c h  t h a t  nebe- -a ,  e e < Gib o . . . . .  b e _ l > .  So for  s o m e  

ne.,o . . . . .  n~.,e-~ ; ae--n~.be+ne. ,obo + ' - ' + ne.,e_~b~z_l c G{, and call it c~. 

Nowwe define f o r m  __e < IA l,c~ s u c h  t h a t  

(iii) atZ c < ¢ 0  . . . . .  c£> 
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Arriving to 6, for  some  m E # 0 m ~ a £  c ( G i , a  0 . . . . .  a ¢ _ l > ,  h e n c e  

m ~ a ~ + g  i E ( a 0 + g  , . . . . .  a ~ _ , + g i > £ ( b 0 + g  t . . . . .  b m _ , + g , > ,  but  the  l a t t e r  

is pure  so or  s o m e  hE, 0 . . . . .  hE,m_ I, aE+G, c ( b 0 ÷ G  t . . . . .  bm_ l+Gi> ,  so for  

s o m e  he,  0 . . . .  , h e , m _  1 the  following e q u a t i o n  holds  

a ¢ - - r ~ ¢ , o b o - . . . - - n ¢ , m _ l b  m = ct ~ G t .  

Now use  t h e n  i n d u c t i o n  h y p o t h e s i s  on ICo,C 1, " " " ]. 

10. Fac t :  If P(A,~), k =/~+ t h e n  eve ry  A-free g r o u p  of power A is (/~,/c)- 

r e p r e s e n t e d .  

The following is a (s t rong)  c o n v e r s e  to 4,8,9 (so u n d e r  su i tab le  cond i t i on  

(/~,~;)-coverable -= weakly  (/~,~)-eoverable.) 

11. I ~ m m a  " 1) Suppose h =/~+, I GI = A and G is (/~,~)-coverable t h e n  

G is (/~,A;)-freely r ep r e sen t ed .  

3) Then ~; > ~0 G weakly (/~,~;)-coverable is enough.  

P roo f :  1) Let I g t  = k (i.e., t he  un ive r se  = the  se t  of e l e m e n t s  of G, is 

X), G = L/ H~, e a c h  H I is a f ree  pu re  s u b g r o u p  of G, and  (Y 
~<~ 

A c C)[ ]A t < ~ (3¢)A c Ht]. 

Let  O = kJ Gt, Gt i nc r ea s ing  c o n t i n u o u s ,  I lo t I ]  < k  and  let  S =  ii < k :  

G / G  t i s  no t  ~-free],  we a s s u m e  S is s t a t i o n a r y  and will a r r ive  at  c o n t r a d i c t i o n  

t h u s  finishing. For i c S, let  L, be a pu re  s u b g r o u p  of G of r a n k  < m, s u c h  

t h a t  L t + G i / L  t no t  ~ree. Let A t c L t be s u c h  t h a t  l&l < ~, and  Lt+G * is t he  

pure  c lo su re  of t g~ L /At ) .  

So for  eve ry  i c S for  s o m e  ~(i) </~,At ~ H~(t). So for s o m e  

~,T = li E S:~( i )  = ~] is s t a t i ona ry .  Let  N be an e l e m e n t a r y  s u b m o d e l  of an 

a p p r o p r i a t e  expans ion  of G, with un ive rsa l  I Gi I  = i  c T. We shall  p rove  

tha t :  ( the  pu re  c lo su re  of GtL/A t in G ) / G  t % pure  c losu re  of ( H ( r ~ G t ) L J A  ~ in 

This suffices.  So it  suff ices to  show. 
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n 
(*) if a 1 . . . . .  a n c a t ,  0 < k  <~o, b c Gi, b + ~ , m  a~ is  d i v i s i b l e  b y / c  

i=1 

( in  G), t h e n  we c a n  f i n d  s u c h  b c H t  0 G~ d i v i s i b l e  b y / c  e v e n  in  H f, 

P r o o f  o f  ( * ) : A s  N is  a n  e l e m e n t a r y  s u b m o d e l ,  b E N a s  b c Gi = i  we 

c a n  f i nd  a ~  c H f C~ N = H f F~ Gi s u c h  that b +Emea~ i s  d i v i s i b l e  b y  1¢ ( in  G 

a n d  e v e n  i n  Gi). Now l e t  b' = O - ~ , m ~ a ' ~  c_ H f C~ Gi, a n d  d i v i s i b i l i t y  i s  in  H I 

u s i n g :  H f c G p u r e l y .  

2) J u s t  t a k e  c a r e  t h a t  A t = L  t , L t , G  i + L  t a n d  G ( ~  L i wil l  b e  p u r e  s u b -  

g r o u p s  of G. 

We n o w  r e s t r i c t  o u r s e l v e s  fo r  a w h i l e  t o  k = l~ 2 Am = l~ 1- 

12. L e m m a  : The  f o l l o w i n g  a r e  e q u i v a l e n t .  

A) P(s2,s 1) 

B) e v e r y  ~12-free g r o u p  of p o w e r  l~ 2 i s  ( t~ l , l~ l ) - coverab le .  

C) e v e r y  l~a-free g r o u p  of p o w e r  t~ 2 is  ( b l l , 2 ) - c o v e r a b l e .  

D) If S c [ 6 : 6 < l ,  la,c f 6 = l ~ 0 ]  is  s t a t i o n a r y .  A a C 6  ( is  c o u n t a b l e  f o r ~ c  S 

t h e n  t h e r e  i s  a s t a t i o n a r y  Y Ct~ 1 a n d  f : Y - - * S  o n e - t o - o n e  s u c h  t h a t  

~ c T :Af ( t )  C u A I ( ¢ ) I  is  s t a t i o n a r y .  
¢<4 

Proof  : (A) ~ (B) b y  10, 4+6(1). 

(B) ~ (C) t r i v i a l  

(C) ~ (D). We prove -(D) ~ -(C). 

Let ~A~:~ c SI be a counterexample to (D). Let Aa = |a~,n:n < ml. Let G 

be freely generated by xn(~ 7 c ~>~2), ya,n(n < ~,6 c S) except the relations 

( l e t t i n g  ~ ,  = < aa.o, a a , l , . - .  > )  

Y~,n+l = Y~,n--Xr/~tn 

(p  a f i x e d  p r i m e  b u t  y o u  c a n  m a k e  i t  a n a t u r a l  n u m b e r  - 1 d e p e n d i n g  o n  

~ , n )  E a s i l y  G is  n o t  ( l l l , 2 ) - f r e e l y  r e p r e s e n t e d  a n d  b y  1) we g e t  a c o n t r a d i c t i o n .  
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(D) --> (A): See [Sh 3] for much more 

13 Theorem : (D) is equi consistent with Mahlo., 

Proof : See Harrington Shelah [H Sh]. 

14. Lemma: We can move the cardinals in ii, e.g. let ~=/~<~ , ~>I~ 0 

then the following are equivalent. 

(A)' P(~÷,~). 

(B)'  e v e r y / z + - f r e e  g r o u p  of p o w e r / z  + is ( /~ ,g) -coverable .  

(C)' e v e r y / z + - f r e e  g r o u p  of p o w e r / z  + is weak ly  ( /~ ,~)-eoverable .  

(D)' for  s o m e  r e g u l a r  X, ~ < ~+1~1, t h e r e  a r e  a s t a t i o n a r y  

S c t6 < tz+:cf 6 = ~] ,  and  A~ c ~ of o r d e r  t y p e  ~x, Sup A~ = ~, 

A a =  UA~,t,A~,i  <Aa , j  f o r i  < j  o top  (Aa,a) =X, s u c h  t h a t  for  e v e r y i  < / z  + w e  

c a n  find pa i rwise  d i s jo in t  B a C A a, s u c h  t h a t  (N<~i)(H<xj ~ Aa,t) j ¢ Ba (if 

=t~ 1, (D)' c a n  be r e p l a c e d  by "A~ of o r d e r  type  co , IA~-B~I <~0"- 

The c o n s i s t e n c y  s t r e n g t h ,  fo r /~  r e g u l a r  is as in I3. 

P roo f :  As in [Sh 3]. 

However .  

15 O b s e r v a t i o n :  Suppose  k 0 ~ k, (Nn)/~ --< k$  n ik is r e g u l a r ,  a n d  

(A) fo r  e v e r y  X, ~ < X + <- k, e v e r y  (X+)-free g r o u p  of p o w e r  X + is x - f r ee ly  

r e p r e s e n t e d  (i.e P(X+,X). 

(]3) e v e r y  ;k0-free g r o u p  of power  k 0 is ( /z ,~)-f reely  r e p r e s e n t e d .  

Then e v e r y  ~ - f r ee  g r o u p  of e a r d i n a l i t y  k is (/z,~)- f r e e l y  r e p r e s e n t e d .  

P roo f :  By i n d u c t i o n  on/~. For  X = 7~ 0 th i s  is (]3) fo r  ~ a s u c c e s s o r  ca rd i -  

nal  use (A). 

Remark. We can phrase similar things for k ~ k~ ~, but then for k 

singular every h-free group of power k will by free be [Sh I] so this is not an 
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i n t e r e s t i n g  case .  

The e o n s i s t e n e y  s t r e n g t h  is m u c h  h i g h e r  by  Magidor  [Ma]. 

Now by 14 and  15 and  known se t  t h e o r y  we can  g e t  pos i t ive  r e s u l t s  e.g. 

(us ing  ~1 fo r  s i m p l i c i t y ) .  

16 T h e o r e m :  1) Suppose  2 < n  < w  and  P(~m+l,Rm) ho lds  w h e n  

1--- m < m .  Then  e v e r y  R,~-free g r o u p  of c a r d i n a l i t y  R,~ is (R1,R1)-freely 

r e p r e s e n t e d  h e n c e  in (R 1,~ 1) - e ° v e r a b l e .  

2) F r o m  the  e o n s i s t e n c y  of ( n - l )  s u p e r e o m p a c t  c a r d i n a l s  we can  g e t  
n - - 1  

t h e  c o n s i s t e n c y  of / k  -P(Rm+I,~ m) and  G.C.H. [~0 < g l  < " " " <gn a re  s u p e r -  
rt%----t 

c o m p a c t ,  w.l.o.g, s a t i s fy ing  Laye r ' s  c o n c l u s i o n  [L], and  use  Levi co l l apse  to  

m a k e  ~g to Ilg (g = 1,n)  a n d  use  B a u m g a r t n e r  [B] a r g u m e n t . ]  

Note 

17. Lerorna  " i)  Le t  U be  an  abe l i an  g roup ,  a n d  l e t  

F= I(A,B):< A U B> G/ < B> G is (/z,m)-represented{. 

Then  (in t h e  c o n t e x t  of [Sh 1], §1, or [Sh 2] §1 the  following a x i o m s  holds)  

wi th  X t h e r e  s t a n d i n g  f o r / z  he re :  iI, III, IV, VI, VII. 

18. L e m m a :  t) If G is ( /~ ,g) -coverable  t h e n  G is ( / z ,~ ) - r ep re sen t ed .  

2) If m > I~ 0 we ak l y  ( /~ ,~)-coverable  suff ice.  

P roof :  We c a n  p r o v e  t h i s  by  i n d u c t i o n  on ]] G[].  If ]] G]] --</z th i s  is 

t r iv ia l .  For  ]1G ]] > / z  a s i n g u l a r  c a rd i na l  u se  t he  c o m p a c t n e s s  t h e o r e m  of [Sh 

1] (where  L e m m a  17 shows t h e  a s s u m p t i o n  holds .  For  ]]G 1] > / z  a r e g u l a r  

c a r d i n a l  r e p e a t s  t h e  p roof  of 11. 

19 Conc lus ion :  S u p p o s e  m > I~ 0 a n d  ]9<.(/2) h a s  a s t a t i o n a r y  s u b s e t  of 

c a r d i n a l i t y / z .  

For  a n y  g r o u p  G, G is ( /z ,~ ; ) - represented  i f f  G is ( /z ,~) -eoverab le  if G is 

weakly  ( /~ ,~)-coverable .  
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P r o o f :  The  f i r s t  i m p l i e s  t h e  s e c o d  by L e m m a  4, t h e  s e c o n d  i m p l i e s  t h e  

t h i r d  t r i v i a l l y ,  t h e  t h i r d  i m p l i e s  t h e  f i r s t  by  L e m m a  18. 
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