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Abstract. The PCF Trichotomy Theorem deals with sequences of ordinal
functions on an infinitee modulo some ideal. If a <;-increasing sequence

of ordinal functions has regular length which is larger tihdn then by the
Trichotomy Theorem the sequence satisfies one of three structural condi-
tions. It was of some interest to find out if the Trichotomy Theorem could
hold also for sequences of length. It is shown that this is not the case.

1. Introduction

The Trichotomy Theorem[5], I1,1.2, specifies three alternatives for the struc-
ture of an increasing sequence of ordinal functions modulo an ideal on an
infinite cardinalx — provided the sequence has regular lengénd ) is at
leastx ™.

The natural context of the Trichotomy Theorem is, of course, pcf theory,
where a sequence of ordinal functions erusually has length which is
larger than<*". However, the trichotomy theorem has already been applied
in several proofs to sequences of lengttt, (n > 2) (see [4], [1] and [3]).

Therefore, a natural question to ask is, whether the Trichotomy Theorem
is valid also for sequences of length, namely, whether the condition on
the minimum length of the sequence can be lowered by one cardinal.
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Below we show that the assumption> «* in the Trichotomy The-
orem is tight. For every infinite, we construct an idedl overx and<;-
increasing sequengeC On* so that all three alternatives in the Trichotomy
theorem are violated by.

2. The counter-example

Let x be an infinite cardinal. Denote by Othe class of all functions from
k to the ordinal numbers.

Let I be an ideal ovek. We write f <; g, for f,g € On, if {i < x :
f(@) > g(i)} € I andwe writef <; gif {i < r: f(i) > g(i)} € I. A
sequence = (f, : a < \) C Onf is <;-increasingif o < 8 < X implies
that f, <; fg and is<;-decreasingf o < 8 < XA implies thatfs <; fa.

A function f € Orf is a least upper bound mddof a sequencg =
(fo:a< ) CONMif f, <y fforalla < A and whenevef, <; g forall
athenf <; g. Afunction f € O is anexact upper boundf f if f, < f
forall &« < A, and wheneveg <; f, there existsx < X such thayy <; f,.
For subsets, s of k, writet C; sif s —t € 1.

The dual filter/* of an ideall overk is the set of all complements of
members of . The relations<;, <; andC; will also be written as<j«, <j«
andCy-«.

Let us quote the theorem under discussion:

Theorem 1. (The Trichotomy Theorem) B
Suppose\ > «* T isregular,/ is an ideal ovelc and f = (fo : @ < A)

is a <j-increasing sequence of ordinal functions/arThenf satisfies one
of the following conditions:

1. f has an exact upper bounfiwith cf f(i) > « for all i < ;

2. there are set$/(i) for i < x satisfying|S(i)| < x and an ultra-filter
U over k extending the dual of so that for allax < )\ there exists
ha € [, S(i) and 8 < A such thatf, <y ha <v fs.

3. thereis a functio : kK — On such that the sequente= (t, : o < \)
does not stabilize modulf wheret,, = {i < K : fa(i) > g(i)}.

Proofs of the Trichotomy Theorem are found in [5], II,1.2, in [3] or in
the future version of [2].

Theorem 2. For every infinites there exists an ultrafiltet/ overx and a
<p-increasing sequencg = (f, : a < mﬂg On” such that conditions
1, 2 and 3 in the Trichotomy Theorem fail fér

Proof. Let A = .
Let us establish some notation.
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We recall that every ordinal has an expansion in bgsemely can be
written as a unique finite sum’, _, My so thatBy; < By anday, < .
We limit ourselves from now on to ordinalz< A“. For such ordinals, the
expansion in basg contains only finite powers of (that is, everys;, is a
natural number).

We agree to write an ordingl= Ma; + A 1a;_1 + - - - + o Simply as
a finite sequence;o;_1 . . . ag. We identify an expansion with digits with
one withn > [ digits by adding zeroes on the left.df= ajay_1 . .. g, we
call oy, for k < [, thek-th digit in the expansion of.

Fora < A and an integet, define:

Afl ={oa_1...ap:ap < aforallk <[} D

Al isthe set of all ordinals below” whose expansion in bagecontains
[ + 1 or fewer digits fromo.
Fact3. Forall « < Aand! < w,
1. Uyey AL = A1
I+1
2. The ordinaly_}_, A\* = Ga. - is the maximal element iA’, |
3. if( = qoy_1 ... a9 € AL, isnotmaximalind! , |, thentheimmediate
successor of in Al,_, is obtained from( as follows: letk be the first
k <[ forwhichay < a. Replacev; by oy + 1 and replace,,, by 0 for
allm < k

Fix a partition{ X,, : n < w} of x with | X,,| = « for all n. Letn(z), for
1 < K, be the unique: for whichi € X,.
By induction ona < ™, definef,, : kK — On so that:
1. fu(i) € AT — An®
2. Foralln,! < w and finite, strictly increasing, sequences : k£ < 1) C
A it holds that for every sequencey : k£ < [) which satisfies(;, €
AR, +1 — Aay, there ares manyi € X, for which A, ; fa, (9) = G-
The firstitem above says th4t(7) is an ordinal below\*” whose expan-
sion in base\ has< n(i) digits, at least one of which is. The second item
says that every possible finite sequence of valiggs k& < [) is realized
x many times asf,, (i) : £ < A) for an arbitrary increasing sequence
(o s k< D).
The induction required to define the sequence is straightforward.
Define now, for everyy < ™, a functiong,, : x — On as follows:

o (i) = min[(A7]) U QA" — fo (i) 2)
Sincef, (i) < "D+ fori € X,,, the definition is good. I, (i) is not

maximal inAZSf)l, theng, (i) is theimmediate successor ¢f (i) in AZ@I

Let us make a note of that:
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Fact 4. There are no members df*"") betweenf, (i) and g, (7)

a+1
We have defined two sequences:
? = <fa a< )‘>

g=(ga:a <))
Next we wish to find an ideal modulo wfﬂ&his <-increasing ang is
a <j-decreasing sequence of upper boundg.of
Claim 5. For every finite increasing sequenag < a3 < - < a; < A
there existg < « such that for allk < [
fOék (Z) < fl)ék+1 (Z) < gOék-H (Z) < gak (Z) (3)

Proof. Supposeyy < a; < -+ < oy < Ais given and choose > [. Let
I+1

Co = apag...ag € Ay, . Let (11 be obtained front, by replacing the
firstl + 1 — k digits of {,; by aj41:

oy .. OOy ... O = Cl
Qo ... 01k ... = (i

(670105 I ozl...a1:§1
gy ... Oé()...OéO:C(]
l . - .
Thus¢p < (1 < ... < g and(; € 4,, C A, is not maximal inA7,

(becauser > [). Let ¢, be the immediate successorfin A% .
By Fact 3 above, we have

I+1
10... ...0... ...0=¢&

ozoal...(ak_1+1)0...0:§k

(677705 T (al—l + 1)0 =

Therefore(p < (1 < ... <& < &1 < ... < &. To complete the
proof it remains to find someé € X, for which f,, (i) = ¢, for k& <,
and, consequently, by the definition (2) aboyg, (i) = &x. The existence
of suchi € X, is guaranteed by the second condition in the definitiofi.of

O
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Fora < 8 < A let

Cop={t <k:fali) < fa(i) < gp(i) < gali)} 4)
Claim 6. {C, g : a < 3 < '} has the finite intersection property

Proof. Suppose thaty, 59, a1, 51, ..., q, 6; are given andy,, < G <
Afor k < I. Let (y,, : m < m(x)) be the increasing enumeration of
Uk<i{ak, B }. To show tha("),, C,, g, is not empty, it suffices to find
somei < « for which the sequencg,,, (¢) is decreasing im: andf,,, (i) is
increasing inn. The existence of such a@n< « follows from Claim 5. O

Let U be any ultrafilter extendingCl, 5 : o < 5 < A}. Since for every
a < Bitholds thatf, <y fs <uv 93 <u ga, We conclude thaf is <y -
increasing, thay is <y-decreasing and that evegy, is an upper bound of
fmodU.

Claim 7. There is no exact upper bound pimodU.

Proof. It suffices to check that there is o€ On® that satisfiesf, <y
h <y gq forall o < x*. Suppose, then, that € On* satisfies this. Since
h <y go, we may assume thali) < \*)+! for all i < « (by changingh
on a set outside df).

Leti < x be arbitrary. Since J,_, An” = A"()+1 there is some

a(i) so thath(i) € Azgg By regularity of A it follows that there is some
a(x) < A such thath(i) € AZE?) for all i < . By our assumption about
h, fa) <u h <uU ga(x)- Thus, there is some< & for which f,,) (i) <
h(i) < ga(s (i). However, all three values belong 14)22?)“, while by
Fact 4 there are no membersAfnyi))+1 betweenf, i) andga) (i) —a
contradiction. O

Claim 8. there are no sets(i) C On fori < s which satisfy condition 2
in the trichotomy forf andU.

Proof. Suppose tha$ (i), fori < x, andh, € [],.,. S(i) satisfy 2. in the
Trichotomy Theorem. Findv < A such thatS(:) C AZ(Z) for all 7. Thus

fa <U ha <u ga — contradiction to 4. O

Claim 9. there is nog : x — On such thay, f and the dual o/ satisfy
condition 3. in the Trichotomy Theorem.

Proof. Letg : x — On be arbitrary, and let, = {i < s : fa(i) > g(i)}.
As f is <y-increasing, for every < 8 < A necessarily, Cy tg. Since
U is an ultrafilter, everyC-increasing sequence of sets stabilizes. O

O
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