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Abstract. The PCF Trichotomy Theorem deals with sequences of ordinal
functions on an infiniteκ modulo some idealI. If a <I -increasing sequence
of ordinal functions has regular length which is larger thanκ+, then by the
Trichotomy Theorem the sequence satisfies one of three structural condi-
tions. It was of some interest to find out if the Trichotomy Theorem could
hold also for sequences of lengthκ+. It is shown that this is not the case.

1. Introduction

The Trichotomy Theorem [5], II,1.2, specifies three alternatives for the struc-
ture of an increasing sequence of ordinal functions modulo an ideal on an
infinite cardinalκ – provided the sequence has regular lengthλ andλ is at
leastκ++.

The natural context of the Trichotomy Theorem is, of course, pcf theory,
where a sequence of ordinal functions onκ usually has length which is
larger thanκ+κ. However, the trichotomy theorem has already been applied
in several proofs to sequences of lengthκ+n, (n ≥ 2) (see [4], [1] and [3]).

Therefore, a natural question to ask is, whether the Trichotomy Theorem
is valid also for sequences of lengthκ+, namely, whether the condition on
the minimum length of the sequence can be lowered by one cardinal.
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Below we show that the assumptionλ ≥ κ++ in the Trichotomy The-
orem is tight. For every infiniteκ, we construct an idealI overκ and<I -
increasing sequencef ⊆ Onκ so that all three alternatives in the Trichotomy
theorem are violated byf .

2. The counter-example

Let κ be an infinite cardinal. Denote by Onκ the class of all functions from
κ to the ordinal numbers.

Let I be an ideal overκ. We writef <I g, for f, g ∈ Onk, if {i < κ :
f(i) ≥ g(i)} ∈ I and we writef ≤I g if {i < κ : f(i) > g(i)} ∈ I. A
sequencef = 〈fα : α < λ〉 ⊆ Onκ is <I -increasingif α < β < λ implies
thatfα <I fβ and is<I -decreasingif α < β < λ implies thatfβ <I fα.

A function f ∈ Onk is a least upper bound modI of a sequencef =
〈fα : α < λ〉 ⊆ Onκ if fα <I f for all α < λ and wheneverfα <I g for all
α thenf ≤I g. A functionf ∈ Onκ is anexact upper boundof f if fα ≤ f
for all α < λ, and wheneverg <I f , there existsα < λ such thatg <I fα.
For subsetst, s of κ, write t ⊆I s if s − t ∈ I.

The dual filterI∗ of an idealI overκ is the set of all complements of
members ofI. The relations≤I , <I and⊆I will also be written as≤I∗ , <I∗

and⊆I∗ .
Let us quote the theorem under discussion:

Theorem 1. (The Trichotomy Theorem)
Supposeλ ≥ κ++ is regular,I is an ideal overk andf = 〈fα : α < λ〉

is a<I -increasing sequence of ordinal functions onk. Thenf satisfies one
of the following conditions:

1. f has an exact upper boundf with cff(i) > κ for all i < κ;
2. there are setsS(i) for i < κ satisfying|S(i)| ≤ κ and an ultra-filter

U over k extending the dual ofI so that for all α < λ there exists
hα ∈ ∏

i<κ S(i) andβ < λ such thatfα <U hα <U fβ.
3. there is a functiong : κ → On such that the sequencet = 〈tα : α < λ〉

does not stabilize moduloI, wheretα = {i < κ : fα(i) > g(i)}.

Proofs of the Trichotomy Theorem are found in [5], II,1.2, in [3] or in
the future version of [2].

Theorem 2. For every infiniteκ there exists an ultrafilterU overκ and a
<U -increasing sequencef = 〈fα : α < κ+〉 ⊆ Onκ such that conditions
1, 2 and 3 in the Trichotomy Theorem fail forf .

Proof. Let λ = κ+.
Let us establish some notation.
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We recall that every ordinal has an expansion in baseλ, namely can be
written as a unique finite sum

∑
k≤l λ

βlαl so thatβk+1 < βk andαk < λ.
We limit ourselves from now on to ordinalzζ < λω. For such ordinals, the
expansion in baseλ contains only finite powers ofλ (that is, everyβk is a
natural number).

We agree to write an ordinalζ = λlαl + λl−1αl−1 + · · · + α0 simply as
a finite sequenceαlαl−1 . . . α0. We identify an expansion withλ digits with
one withn > l digits by adding zeroes on the left. Ifζ = αlαl−1 . . . α0, we
call αk, for k ≤ l, thek-th digit in the expansion ofζ.

Forα < λ and an integerl, define:

Al
α = {αlαl−1 . . . α0 : αk < α for all k ≤ l} (1)

Al
α is the set of all ordinals belowλω whose expansion in baseλ contains

l + 1 or fewer digits fromα.

Fact 3. For all α < λ andl < ω,

1.
⋃

α<λ Al
α = λl+1

2. The ordinal
∑l

k=0 λk =
l+1︷ ︸︸ ︷

αα . . . α is the maximal element inAl
α+1

3. ifζ = αlαl−1 . . . α0 ∈ Al
α+1 is not maximal inAl

α+1, then the immediate
successor ofζ in Al

α+1 is obtained fromζ as follows: letk be the first
k ≤ l for whichαk < α. Replaceαk byαk + 1 and replaceαm by0 for
all m < k

Fix a partition{Xn : n < ω} of κ with |Xn| = κ for all n. Let n(i), for
i < κ, be the uniquen for which i ∈ Xn.

By induction onα < κ+, definefα : κ → On so that:

1. fα(i) ∈ A
n(i)
α+1 − A

n(i)
α

2. For alln, l < ω and finite, strictly increasing, sequences〈αk : k ≤ l〉 ⊆
λ it holds that for every sequence〈ζk : k ≤ l〉 which satisfiesζk ∈
An

αk+1 − Aαk
, there areκ manyi ∈ Xn for which

∧
k≤l fαk

(i) = ζk.

The first item above says thatfα(i) is an ordinal belowλω whose expan-
sion in baseλ has≤ n(i) digits, at least one of which isα. The second item
says that every possible finite sequence of values〈ζk : k < l〉 is realized
κ many times as〈fακ(i) : k < λ〉 for an arbitrary increasing sequence
〈ακ : k < l〉.

The induction required to define the sequence is straightforward.
Define now, for everyα < κ+, a functiongα : κ → On as follows:

gα(i) = min[(An(i)
α+1 ∪ {λn(i)+1}) − fα(i)] (2)

Sincefα(i) < λn(i)+1 for i ∈ Xn, the definition is good. Iffα(i) is not

maximal inA
n(i)
α+1, thengα(i) is theimmediate successor offα(i) in A

n(i)
α+1.

Let us make a note of that:
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Fact 4. There are no members ofA
n(i)
α+1 betweenfα(i) andgα(i)

We have defined two sequences:

f = 〈fα : α < λ〉
g = 〈gα : α < λ〉

Next we wish to find an ideal modulo whichf is <I -increasing andg is
a<I -decreasing sequence of upper bounds off .

Claim 5. For every finite increasing sequenceα0 < α1 < · · · < αl < λ
there existsi < κ such that for allk < l

fαk
(i) < fαk+1(i) < gαk+1(i) < gαk

(i) (3)

Proof. Supposeα0 < α1 < · · · < αl < λ is given and choosen > l. Let

ζ0 =
l+1︷ ︸︸ ︷

α0α0 . . . α0 ∈ An
α0

. Let ζk+1 be obtained fromζk by replacing the
first l + 1 − k digits of ζκ by αk+1:

α0α1 . . . αkαk+1 . . . αl = ζl

...

α0α1 . . . αk−1αk . . . αk = ζk

...

α0α1 . . . . . . α1 . . . α1 = ζ1

α0α0 . . . . . . α0 . . . α0 = ζ0

Thusζ0 < ζ1 < . . . < ζl andζk ∈ Al
αk

⊆ An
αk

is not maximal inAn
αk

(becausen > l). Let ξk be the immediate successor ofζk in An
βk

.
By Fact 3 above, we have

1
l+1︷ ︸︸ ︷

0 . . . . . . 0 . . . . . . 0 = ξ0

(α0 + 1) 0 . . . . . . . . . . . . 0 = ξ1

...

α0α1 . . . (αk−1 + 1)0 . . . 0 = ξk

...

α0α1 . . . . . . (αl−1 + 1)0 = ξl

Thereforeζ0 < ζ1 < . . . ζl < ξl < ξl−1 < . . . < ξ0. To complete the
proof it remains to find somei ∈ Xn for which fαk

(i) = ζκ for k ≤ l,
and, consequently, by the definition (2) above,gαk

(i) = ξk. The existence
of suchi ∈ Xn is guaranteed by the second condition in the definition off .

ut
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Forα < β < λ, let

Cα,β = {i < κ : fα(i) < fβ(i) < gβ(i) < gα(i)} (4)

Claim 6. {Cα,β : α < β < κ+} has the finite intersection property

Proof. Suppose thatα0, β0, α1, β1, . . . , αl, βl are given andαk < βk <
λ for k ≤ l. Let 〈γm : m < m(∗)〉 be the increasing enumeration of⋃

k≤l{αk, βk}. To show that
⋂

k≤l Cαk,βk
is not empty, it suffices to find

somei < κ for which the sequencegγm(i) is decreasing inm andfγm(i) is
increasing inm. The existence of such ani < κ follows from Claim 5. ut

Let U be any ultrafilter extending{Cα,β : α < β < λ}. Since for every
α < β it holds thatfα <U fβ <U gβ <U gα, we conclude thatf is <U -
increasing, thatg is <U -decreasing and that everygα is an upper bound of
f modU .

Claim 7. There is no exact upper bound off modU .

Proof. It suffices to check that there is noh ∈ Onκ that satisfiesfα <U

h <U gα for all α < κ+. Suppose, then, thath ∈ Onκ satisfies this. Since
h <U g0, we may assume thath(i) < λn(i)+1 for all i < κ (by changingh
on a set outside ofU ).

Let i < κ be arbitrary. Since
⋃

α<λ A
n(i)
α = λn(i)+1, there is some

α(i) so thath(i) ∈ A
n(i)
α(i). By regularity ofλ it follows that there is some

α(∗) < λ such thath(i) ∈ A
n(i)
α(∗) for all i < κ. By our assumption about

h, fα(∗) <U h <U gα(∗). Thus, there is somei < κ for which fα(∗)(i) <

h(i) < gα(∗)(i). However, all three values belong toAn(i)
α(∗)+1, while by

Fact 4 there are no members ofA
n(i)
α(∗)+1 betweenfα(∗)(i) andgα(∗)(i) – a

contradiction. ut
Claim 8. there are no setsS(i) ⊆ On for i < κ which satisfy condition 2
in the trichotomy forf andU .

Proof. Suppose thatS(i), for i < κ, andhα ∈ ∏
i<κ S(i) satisfy 2. in the

Trichotomy Theorem. Findα < λ such thatS(i) ⊆ A
n(i)
α for all i. Thus

fα <U hα <U gα – contradiction to 4. ut
Claim 9. there is nog : κ → On such thatg, f and the dual ofU satisfy
condition 3. in the Trichotomy Theorem.

Proof. Let g : κ → On be arbitrary, and lettα = {i < κ : fα(i) > g(i)}.
As f is <U -increasing, for everyα < β < λ necessarilytα ⊆U tβ. Since
U is an ultrafilter, every⊆U -increasing sequence of sets stabilizes. ut

ut
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