
THE EXISTENCE OF LARGE ^-HOMOGENEOUS
BUT NOT co-HOMOGENEOUS PERMUTATION GROUPS IS

CONSISTENT WITH ZFC + GCH
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ABSTRACT

Denote by Perm (A) the group of all permutations of a cardinal A. A subgroup G of Perm (A) is called
K-homogeneous if and only if for all X, Ye [A]* there is a ge G with g"X = Y. We show that if either (i) O +

holds and we add co1 Cohen reals to the ground model, or (ii) we add 2<a» Cohen reals to the ground model,
then in the generic extension for each A ^ co2 there is an coj-homogeneous subgroup of Perm (A) which is
not co-homogeneous.

1. Introduction

Denote by Perm (X) the group of all permutations of a cardinal X. The subgroups
of Perm (X) are called permutation groups on X. We say that a permutation group G
on X is K-homogeneous if and only if, for all X, Ye [X]K with \X\X\ = \X\Y] = X, there is
a g € G with g"X = Y. Given cardinals X, K and p we write H(X, K, H) to mean that every
^-homogeneous permutation group on X is /^-homogeneous, as well. P. M. Neumann
has raised the problem whether X>K>H implies H(X,K,fi). He proved [3] that
H{X,K,fi) holds for X > K $S CO and // < co. P. Nyikos [4] and independently S. Shelah
and S. Thomas [5] showed that -> H(2°, cox, co) is consistent with Martin's Axiom.
Recently A. Hajnal [1] proved that D^ implies -> H(co2, co^ co). The aim of this paper
is to construct models of ZFC in which -> H(X, cov co) for each X ̂  co2.

We shall use the standard notation of set theory, see [2]. For sets A and B let us
denote by Fin (A, B) the poset whose underlying set consists of all functions mapping
a finite subset of A into B and whose ordering is inclusion.

The O + principle asserts that there is a sequence <5a:a < coxy of countable sets
such that for each X a cox we have a closed unbounded C a co1 with X(]veSv and
C(]veSvfor each veC.

THEOREM 1.1. Assume that either (i) O + holds and P = Fin((»1,2), or (ii) P =
Fin (2°\ 2). Then

Vp N " - H(X, colt co)for each X^col".

The proof of this theorem is based on the following observation. To formulate
it we need some definitions. Let G be a permutation group on X. Given X, Y a X
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194 S. SHELAH AND L. SOUKUP

we say that X is (G, Y)-large if and only if for each neco and g0,..., gn_x e G we have
U Si' Y\ = \X\; G is called K-inhomogeneous if and only if there are X, Ye[Xf

such that X is (G, 7)-large.

OBSERVATION 1.2. Assume that Vo c Vx are ZFC models and X ^ co2 is a cardinal
in Vv If

(a) Vo N " \X\ = co," iff Vx N " |JT| = co,"for each Xe Vo,
(b) VJT e [Af* n V1 3 r e [Al̂ i n Vo X c 7,
(c) Kx N " f/iere is an co^homogeneous, but co-inhomogeneous permutation group

G on (Dx containing

then F1N

Proof of the observation. We shall work in Vv For each geG define
g* e Perm (X) by taking g*\co1 = g and g*(a) = a for a e X\cov Let G* be the subgroup
of Perm (A) generated by the set {g*:geG} U Perm"0 (A). We claim that G* witnesses
->H(X,covco). First we show that G* is not co-homogeneous. Pick X, ye[a?1]

0> such
that Xis (G, y)-large. We shall show that A'is (G*, y)-large. Assume on the contrary
that X <=. \J g'{ Y, where g{eG*. Then there must be an / < n such that Xf]g'{ Y is

i<n

(G, F)-large. So we can assume that n = 1, that is, Xcz g"Y for some geG*. Write
g = h0o(g0)*ohxo... o(gm_!)*ohm, where htePermK«(X) and gteG. We can assume
that X and Y were chosen such that m is minimal. Define the function d: Y^> m by
the equation

= max{j--(hjo(gj)* o...ohj(y)eco1}.

Take Ĵ  = ^~1{/} fory ^ m. For _ye Yt we have

Since Perm^c^) c= G, for eachy ^ m there is an fie G such that

•/5(jO = ( ^ o hi+10...0 hj (y)

for each ye Yr Putting ^ =f"i Y} and Ẑ  = gj_x Wt = ig*-J'Wp this means that

Xcz U (A,o(g/...oVirZ,.

But Zy cz (gJ_iO-/J)"y, gj^ofjeG, so there is ay ^ AW such that, taking

we have that X* is (G, Z^-large. But X* cz (h0 o (gQ)*... o hi_J'Z] andy— 1 < m, which
contradicts the minimality of m. So G* is oMnhomogeneous.

If X, Ye[XY* first pick XQ,Yoe[X}^C\ Vo with X^ Xo and 7 c ro such that
IJToVTI = | ro\ r | = cov Fix /,/iePermK»(2) with f"XQ = co, and h"Y0 = cov Since G
is (^-homogeneous, we have a geG with g"(f"X) = h"Y. Then (hr1ogof)"X= Y
and/i^ogo/eG*.

By this observation the following theorem yields Theorem 1.1.
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LARGE C^-HOMOGENEOUS BUT NOT ^-HOMOGENEOUS PERMUTATION GROUPS 195

THEOREM 1.3. If either (i) O + holds and P = Fin (co,, 2), or (ii) P = Fin (2°\ 2),
F p 1= " there is an co,-homogeneous, but co-inhomogeneous permutation group G on

co, with GDPerm^K)".

2. Proof of Theorem 1.3

Since the proof of Theorem 1.3 is quite long and technical, we first sketch the main
ideas.

In both cases we shall define an iterated forcing system with finite support

and an increasing sequence of permutation groups <Gv:v < K), Gv^<PermK "(w,),
simultaneously, where K = co, in case (i) and K — X°i in case (ii).

Take Go = ?ermv(co,) and Po = Q_, = Fin(co,2). Denote by r the Cohen real
given by the F-generic filter over Po. By standard density arguments it is easy to see
that co is (<J0, r)-large. We try to carry out the inductive construction of the sequence
(Gv:v < K) in such a way that

p

(a) for each v < K we pick Xv, Yve([coXl)v \ then we construct a permutation
gveVp>+1 with g"Xv= Yv and take Gv+l as the subgroup of PermKPv+l(<»i)
generated by Gv U {gv},

(b) co is (Gv, r)-large,

and we hope that the sequence <GV: v < /c> will give us a required permutation group.
In case (ii) we use a book-keeping function to ensure that every pair X, Ye ([co^Y 20>1

with |<ax\^| = l^iXyi = coy will be chosen as Xv, Yv in some step. Then G = (J Gv

will be co1-homogeneous. So the question is whether we can preserve (b) during the
induction. In case (i) we can pick only co^many pairs (X, Y}, so we cannot expect that
G' = [j Gv will be (^^homogeneous. But in this case we use the O + principle to pick

V <O)j

the sets Xv, Yv for v < cox in such a way that, if we consider the elements of G' as the
family of countable approximations of our required group, and if we take

G = {gePerm^K^Vv < co,3g'sG'g \v = g'\v),

then G will be o^-homogeneous. Obviously, co is (G,r)-large provided that co is
(<7, /0-large.

So the question is whether one can preserve (b). Unfortunately we cannot prove
a preservation theorm for the (G, r)-largeness of co, but we shall introduce the notion
of goodness of a pair (G, r) which can be preserved during a suitable iteration and it
will be clear from the definition that the goodness of (G, r) implies that co is (G, r)-
large.

After this introduction let us see the details.
For g e Perm (co,) and r c: co, we shall write, by an abuse of notation, g(r) for g"r.

Given sets Zand Y let us denote by Bijp(Z, Y) the set of all bijections between subsets
of X and Y.

If a0, a,, b0 and b, are subsets of co, with ao(]a, = bQ0b, = 0 take

,bl = {go Ug^&eBij^,^) and \gt\ < cofor/e2}

7-2
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196 S. SHELAH AND L. SOUKUP

DEFINITION 2.1. Let !F c Bijp(<y15 coj and r c w b e given.

1. A sequence % = (xv: v < pi) a [c»1]
<co is called (#", r)-large if and only if for

each neco and ho,...,hn_1€^ there exists a v < /i such that

2. We say that the pair (#>, r) is goo*/ if and only if every uncountable sequence
(jv:v < (#!> of pairwise disjoint, finite subsets of cox has a countable initial
segment (yv:v < fi) which is (J*\r)-large.

Case (i): O + Ao/^s and P = Fin(cox, 2). We shall define an iterated forcing system

<PV: - 1 ^ v ^ cov Qv: -1 ^ v ^ cox>

with finite support, such that Po = Q_x = Fin (co, 2) and for each v < cox either
0v = Fin(ft),2)or

Vp*t="Qv = QA\A\B\BV for some infinite, countable subsets Av
0> A\,BV

Q,B\ of(ox".

Since Vp* \= " the completions ofQv and Fin (co, 2) are isomorphic", we have Vp = Vp<»i,
and sa we may construct our desired permutation group in Vp°>i. For v ^ cox let ^v be
the Pv-generic filter. Take g = U %:co -> 2 and r = g'1^}.

Fix a large enough regular cardinal K and let (Nv:v KCO^ be a sequence of
countable, elementary submodels of JFK = (HK,e, <}, where HK consists of the sets
whose transitive closure has cardinality less than K and -< is a well-ordering of HK,
with the property that <A^:// < v}eNv for each v < cov Fix a O+-sequence

If v ^ JU < ©! and ^ is a Pv-generic filter, then take

A P^-name x of the characteristic function of a subset of c^ is called a canonical
v-name if and only if v ^ co1 and there exist maximal antichains D | c P^ and
functions /i|:Z)|-» 2 for ^ev such that

^ is called a w/ce v-name if and only if £ is a canonical v-name and (J Z>| c= Pwv. We
<f < v

shall usually identify sets and their characteristic functions. To simplify our notation
we shall writepIf— " / ? e / " for/?If— "/(/?) = 1".

If A is a nice v-name and 0 is a Pwv-generic filter, then we write

ei).
Given a Pw -name ^ and v < c^ take

A triple (A, B, C> is called v-remarkable if and only if C c= v is a club, A \ *fj, and
B \ *fi are nice //-names and (A \*fi,B\ */x, C n //> e N^ for each // e C U {v}.

Take
Rem (Nv) = {</, B, C>: <^, 5, C> is v-remarkable}.

First we construct the family J5"' of 'countable approximations' of elements of
our required permutation group.
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LARGE CWX-HOMOGENEOUS BUT NOT CO-HOMOGENEOUS PERMUTATION GROUPS 197

By induction on v we shall define the posets £>wv+( for i < co, functions/^ ^ c> for
(A, B, C> e Rem (Nv) and families «FV c Bijp(cox, cox) in Vp*i such that

(a) #0 = Bi}p(cov coj (1 V,
(b) < ^ :
(c) * > _

(d) dom/ a B- c> = ranfa B- c> = y<̂ B->c> for some ya,B,c)GCU{v},
(e) if (A, B, C) e Rem (#„), ^e C, then

J{A\*n,B\*n,C(\n) = J(A,B,C) I 7<If*//,Bf*/i,Cn^>*

Assume that < ^ : ^ < v> is constructed. From now on we shall work in V[%v].
Put &<. v = |J J^. For a triple (A, B, C> e Rem (Nv) take

J(A,B,C}= U J(A\*n,B\*n,

and

y <!*, B, c> = S U P y<i? [ •/!. B f v .

Clearly / ^
Let

Then Nv[%v]eNv+l[^J implies that ^v*eA^v+1 [&J and &f is countable in
Nv+1[^wv]. So we can fix an enumeration

in iVv+1[^wv]. To simplify our notation we shall write

J v,i —J(A),B),C)y

We define the posets gIDV+i and the functions

by induction o n / Assume that we have done it for i <j. Take

Put

Take ^ = ov+y. Let A\ = IV<}(\A)[<#J, A{ = IVtt\A;[9J, B* = I9tl I) %[9J,
B[ = IVtj\B;[%v) and ̂  = ^ . ^ ^ ^

If the sets A\, A[, B\ and B{ are all (#"{, r)-large, then put Q{ = &. Let ^ be the
(^-generic filter over Vp<. Take

and let

and so yav 5; cp = v.
Otherwise, if at least one of the sets A\,A\,B\ and 1?̂  is not (#^, r)-large, put

(LV-H = F i n (®»2)' /< -̂;, Bj. c;> = 0 and /^-v S]< c? = /^-^ ̂  c?.

Sh:389



198 S. SHELAH AND L. SOUKUP

The inductive construction is complete.

Take & = | J ^ Let &' be the closure of & under composition and inverse

image.

LEMMA 2.2. The pair {$?', r) is a good pair.

Since its proof is quite long we postpone it for a while.

Having the family &' of countable approximations we are ready to construct G.
A pair (A, B) is called nice if and only if both A and B are nice a^-names of

uncountable, co-uncountable subsets of cov Using the O+ principle, for each nice pair
(A, By choose a club set C = C&t§ c (ox such that A\*v and B \*v are nice v-names
and (A\*v, B\*v, Cf]v)eNv for all veC, and put

JA,B= U A^f*v,Bf*v,Cnv>-
veC

Let G be the subgroup of Perm (coj) generated by the set

{/A,B '• (d, B} is a nice pair with domfcg = ©J.

We claim that G satisfies the requirements of the theorem

Since cofinally many countable initial segments of the elements of G are in $F\
Lemma 2.2 implies that (G,r) is a good pair. Applying this fact for a)1 as an
uncountable sequence of pairwise disjoint finite subsets of (ox we obtain that there is
a countable ordinal a which is (G, r)-large. This means that G is co-inhomogeneous.

Next we show that G is a^-homogeneous. Pick a nice pair (A,B). Let C = C^§
and consider the function

J=JA,B=

veC

If dom (/) = (ox then fe G and f"A = B, so we are done. Assume that dom (/) =
[i<cov Then [ieC. But the pair (J5"', r) is good, so there is a v > fi, ve C, such that the
sets (v\fi) n A, (v\fi)\A, (V\/J) n B and (v\fi)\B are all (J^/O-large. So we get

Thus dom(/) => v which gives a contradiction, so G is G^-homogeneous.

Finally we present the postponed proof of Lemma 2.2.

Proof of Lemma 2.2. First we introduce some notion.
A condition pePWi is called determined if and only if, for each £ < cox if/?(^) # 1Q ,

then p\£\\—"Q( = Fin (o>, 2)" or p \ £ If— " Q^ = J { " and there is a function FPt ̂  in the
ground model such that/?(< )̂ = ^,>{. Put

!„ :/? is determined}.

The proof of the following sublemma is straightforward.

SUBLEMMA 2.2.1. We have D e t ^ ) is dense in P^.
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LARGE ft^-HOMOGENEOUS BUT NOT CO-HOMOGENEOUS PERMUTATION GROUPS 199

Consider a condition p e Det ( / y . For each (A), B), q > e Rem (Nv) take

q {v} and
(A?, B?, Q> = (A) \ *», B] \*n,qt\ //>}.

The finite function/^ gathers all the information contained in/? about f(?,§",c*y
An IF-term t is a sequence (h^h^...,^^ where ^ =fi or /i( = / ^ for some

. We also use t to denote the function hQo...ohn_v We say that f' is a subterm
oft iff' = < / J ( , . . . , / I ( > , where 0 ^ i0 < ... < i, < n — 1.

Given an «^-term t = ^ho,h1,...,hn_i} and a condition />GDet(Pa,) take
f[p] = /i;o...oA;_j, where

/*; = if K =f<Al,B],cp for some <ij,B), q>eRem(ATv),

k V™)-1 if ^ = (/<^ g.t cp)-1 for some (A;, B), q > e Rem (Nv).

If T is a set of J^-terms let Tlp] = {tlp] :teT}.
Given p e Det ( / y , <̂  e cox and a function .Fe Bijp(w15 coj, if/? [ <̂  II— "/>(<!;) U

then write p AiFfor the condition </eDet(Pw) defined by the formula

)[)F ifC = ^,
?(O otherwise.

and

If a c Wj then, by an abuse of notation, we shall write t(a) for fa and T(a) for

U «")•
teT

Assume now on the contrary that
p'W—"Z = {fa:a < ft>x} is a sequence of pairwise disjoint finite subsets of cov

{Up'.fi < ft?x} is a sequence of finite sets of&-terms such that za n U^r) ^ 0 for each
a <P<co1".

For each a < a)x choose a condition pa e Det (Pw), a set ya e [c»1]
< w and a finite set

of J^-terms Ta such that/>a If- "fa = j5a and C/a = fa". We can assume that every Ta is
closed under subterms.

SUBLEMMA 2.2.2. There are a < /? < cox and a condition / j e D e t ^ ) such that
p ^pa, pfi andp\\-"T))

PXr)nya = 0 " .

Proof Without loss of generality we can assume that {supp (pj: a < a^} forms
a A-system with kernel d, such that —led and pa\d= q for each a < cov Then
?(-l)GFin(co,2). Take D = dom(?(-l)) .

Consider a re Ta. If a0 < ax < co then « = (/**<„Up-iUp»])~1 is a 1 - 1 function, and
so «(^a0) n « ( ^ ) = 0 . Thus

|{a < co-Xt^^r^yJ n D * 0 } | < |D|.

But JTW is finite, so there is an a < co such that r^-up«»I(Z))nj'a = 0 . Take
E = ( r ^ 0 ^ 1 ) " 1 ^ . Then D n £: = 0 . Put p = pa hpm A qf, where ^' is defined by the
equations supp(^) = { — 1} and g'(— 1) = {Oz,0>:me£}. Then/? is determined and
p Ih-" r^](r) n y« = 0 " , because (7V1)"1 W c= £ and /? IH"r n £ = 0 ".
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200 S. SHELAH AND L. SOUKUP

Take T = (T^1 ='{r1 :teTp} andy = ya. Then

p\\-"F*\y) fl r = 0 but

We shall find />• < /> such that />* If- " Tlv*\y) fl r = 0 " and />* ' fully decides' TO),
that is, p* Ih- " 71( >0 = T[v*\y)" contradicting /> II- " 7{}0 n r # 0 ".

DEFINITION 2.3. Let />* e Det (P ), 5 be an J^-term, 5 be a set of J^-terms, psco^
z cz GJ15 tecov s = <,hothlt ..., AB-i>-1

1. We say that p* fully decides s(p) if and only if there is a sequence (p0, ...,pm}
such that po = p and p* II— "/^(pj = A+i" f°r ' < m an(i either m = n or
m < n and /?* lh-"^m^dom(/ij".

2. We also say that p* fully decides S(z) if and only if it fully decides s(p)
whenever seS and pez.

3. Take dcd(p*,S,z) = {<>,p}eSxz:p* fully decides s(p)}.
4. Ifp* \Zefy then put dcd(^*,5,z)[^] = \J{dcd(p* Aq,S,z):q€%}.

If ^ e D e t ^ ) , ye[co1]
<(0 and 51 is a set of J^-terms we shall define the set of

undecided evaluations as follows: let Und (q, S,y) be the set of triples <x, <v j>, e} for
which there exist seS, s = </i0, ...,hl), and rjey satisfying (a) to (d) below:

(a) xeco^ ee{-\, +1} and ht = (/<i4-v B-v c^)e,
(b) taking u = </i0,...,/if_1> we have u[Q\r}) — x,
(c) ^ d o m / g 1

j > i f e = l ,
(d) j c ^ r a n / ^ i f e ^ - 1 .

For (fijye^xco define Und+(<?,71,>>,//,/), the set of undecided evaluations
which will be decided in step p., as follows: it contains a triple (x,(vjy,e}e
Und (q, T, y) if and only if (A) to (C) below are satisfied:

(A) <ij, BI, qy = (A) \ *M, B) \ *?, q n /<>,
(B) 9II—"jcedom/j^^^" provided e = I,
(C) # II—"x e ran/J^ ^, cp " provided e = — 1.

Let Und~ (q,T,y,ii,i), the family of undecided evaluations which remain
undecided in step p,, be the set of triples <x, <vJ>,e>eUnd(#, T,y,fi,i) with

(Ai,Bi,qy # a;[V^J[V5qn^> or with qu-y^g^ = 0".
If q \£e% ^ w/z + /5 then take

Und (q, T,y) [ STJ = U (Und (̂  Aq',T,y):q'e %,
Und+ (9> T,^,//, i){%} = [} {Und+ (̂  A q', T,y,/i, i):q'e%

and
und- to, r, ̂ , ̂ , o [ ay = U i U n d " to A <?'>r' J'. A«. 0 : 4

SUBLEMMA 2.3.1. There is a condition p*^p which fully decides T(Y) and

Proof. We shall define a finite, decreasing sequence of determined conditions,
po,Pi,--,Pi* =P* satisfying (I) and (II) below for each / ^ /*:

(I)
(II) \dcd(pl_1,T,y)\<\dcd(pl,T,y)\.
Put pQ= p and assume that pt is constructed.
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LARGE C^-HOMOGENEOUS BUT NOT CO-HOMOGENEOUS PERMUTATION GROUPS 201

Choose the minimal <^, /> in the lexicographical order of cox x co with the property
(*) below:

(*) there is a p'ePm+i,p' ^pt \(cofi + i), such that taking p\ =p' Npx we have
\Jnd+(p'l,T,y,fi,i)*0.

To simplify our notation take £ = con + i. Let <SX be a i^-generic filter wi th/ /e^ , .
By the minimality of </*,/> we have Tiv$\%{y) = Tlp'\y) and so

(t)
Clearly

Und(/>;, T,y)[%] = Und + (^ , T,y,iu,i)[^] U

The condition pl+1 will be constructed by a finite induction. Working in F[^J we
shall define a natural number o, and determined conditions />J,0>/>M> •••>A,o, s u c n

that for all k ^ o, (i) to (vi) below are satisfied:

(i)
(")
(hi) / ^ J ^ + l , ^ ) =/>,[[£+1,^),
(iv) F[^]N"r[p'.*][arj(3;) n r = 0 " ,
(v) Idcd^ , , . , , T,y)[%]\ < \dcd(pl<k, T,

(vi)

LQtpl0 =pt. Then (iv) holds by (f). Assume that/?, fc is chosen. If

then put ol = k. We remark that (v) and |dcd(^ fc+1, T,y)[%]\ < \Txy\ imply that
o^lTxy]. Suppose now that (vi) fails for k and pick a witness

Let Tk = T[v^[%, choose a

U Tk(r U j;)) if ek = 1,
W U T\r U ^)) if ek = -

and take
i fe f c = l ,

We remark that zk is chosen from a non-empty set, because both ^ [ ^ J and
^]are(^J , r ) - large .
Chooseplke% such that

rf* •= "A,» A tFk€PWi and <xt, <vfcJfc>,efc>eUnd+ (Pl>Jt, T,^,

and put plk+1 = {p*k/\Pi<k) ^^Fk. We need to check only (iv). Working in
assume on the contrary that there are txey and teT, t = </i0, ...,hm_1), such that
fiPi.k+ii [fy] (a) e r. We can assume further that t is of minimal length. Write a0 = a and
ag+1 = /is(ag) for s <m. Since (iv) holds for k, it follows that f[Pjfc][^,](a)^r. Suppose
first that ek = 1. Then there must be an s < m such that
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202 S. SHELAH AND L. SOUKUP

or
<xa = zk and hs = (f^gn^Y1,

where
<iijf [ */i, B] \ *fi, Q n /*> = <A1, K Q>.

Pick the minimal s. Then ccseTlPlk][^l](y), because T is closed under subterms.
But zk^Tip^] [<$] (y), so ag = xk and ag+1 = zk. But t is of minimal length and T is
closed under subterms, so we have that there are no s' > s with QLS. = xk and
hS'=f<^i^cny or with <xs. = zk and hs, = {f<^,gnc-l>)~1. But this means that
z* = a»+'ie'(^[p'fcl[^])~1(r)5 which contradicts the'cnoice of zk. If efc = - 1 , then a
similar argument works. Condition (v) obviously holds by the construction.

So we have /?, 0. Choose a condition pfefy such that

and taking pl+1 = /?* A/?,,„, we have

Since tlpW [%]{y) = tlp^ [%] (y), it follows tha.tpl+1 satisfies (I); (II) is clear from the
construction.

If there are no more </z, i> with property (*), then we finish the construction of the
decreasing sequencepQ,pr,... ,/>,*. This must happen after at most \Txy\ steps, because
(II) holds and |dcd(/?j, T,y)\ ^\Txy\. Let p* =/?,*. Since there are no more </i, />
satisfying (*), it follows that/)* fully decides T(y) and/?* It—" Tip*\y) n r = 0", and
so p* satisfies the requirements of the sublemma.

We continue the proof of Lemma 2.2. Let # be any /^-generic filter with
p*e<&. Then in K[^,j we have Tlp*\y) = T(y), because/?* fully decides T(y), and
so T(y) n r = 0 . But j p e ^ , and p II—" r(>>) n r # 0 " . Contradiction, the lemma is
proved.

We return to the proof of Theorem 1.3.

Case (ii): P = Fin (24"1,2). Since the proof in this case is simpler than in Case (i)
and it does not require any new ideas, we shall sketch it only and leave the details to
the readers.

Consider the iterated forcing system <Pv:v < 2a\ Qv:v < 2Wi> with finite support,
where Qo = Fin (a>, 2) and Qv = Fin (colt co) for 1 ^ v < 2°\ Since P is isomorphic to
a dense subset of P^, we must show that Vp*mi contains a suitable permutation group.

Let r be the Cohen real in VQ° given by the go-generic filter. We shall define, by
induction on ft, permutation groups GM on a^ for 1 ^ // ^ 2^ such that

(a) GvcG/ i forv</ / ,
(b) Vp" 1= " the pair (GM, r) is good".

Case 1: n = 1. Take Go = Perm^tt^). Standard density arguments show that Go

satisfies (b).

Case 2: fi is a limit. Take Gft= \J Gv. A suitable modification of the proof of
V < ft

Lemma 2.2 shows that GM satisfies (b).
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Case 3: n = v+1. We shall work in Vp\ Pick sets Xv, Yv <= CDX with

Since (Gv,r) is a good pair, we can fix partitions {X^a:a<o)1},{Y°<x:(x<o)1},
{Xl a:a < ©j} and {7J a:a < wj of Xv, Yv,co1\Xv and toAF,,, respectively, such that
each of the X\ a and yj>a are countable and (Gv, r)-large. Let

i?v = {/eBijpCco!,coj:|/j < c o J ^ X ^ c rvaforeacha<fi)1and/G2}.

Take $v = (Rv, ^>. Then ^v is isomorphic to Qv, so the ()v-generic filter over Vp>
gives us an ^.-generic filter <SV over Vp\ Take gv = U ^v and let Ĝ  be the subgroup of
PermK "(wi) generated by Gv U {gv}. The proof of that (b) remains true is a suitable
modification of the proof of Lemma 2.2 and it is left to the readers.

So G = G^! is oMnhomogeneous, because the pair (G, r) is good. Using a book-
keeping function we can ensure that {(Xv, Yv): v < 2Wi} enumerates all the pairs (X, Y)
of uncountable, co-uncountable subsets of cot in VP^K Since g"Xv = Yv, it follows that
G is (^-homogeneous.
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